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Chapter 1 

Towards Matrix String Theory 

1.1 PERTURBATIVE STRING THEORY 

1.1.1 T H E POLYAKOV APPROACH T O STRING THEORY 

As strings move through space-time, they sweep out a two-dimensional surface. On this 
surface, called the world-sheet, the coordinates of the strings are defined. The history of a 
collection of strings is thus described by a map from the two-dimensional world-sheet into 
the d-dimensional space-time. This space-time is endowed with a metric that in principle 
should be derived from the string configuration. We will take the strings however in a 
fixed background metric, usually just flat. 

In the Polyakov approach to string theory, the string perturbation expansion appears 
as a sum over two-dimensional Riemann surfaces. These Riemann surfaces are of a certain 
genus g (the counting parameter of the perturbation expansion) and have a number of 
boundary curves that correspond to the external states. They are the Feynman diagram 
representations of scattering amplitudes at g-loop order. An actual calculation of the con
tribution to the scattering amplitude in principle involves a path-integral over all maps 
of the surface into the space-time manifold, as well as an independent integration over all 
two-dimensional metrics gai, on the genus g surface. 

Figure 1.1 A typical world-sheet of genus two. The four tubes correspond with 
the external strings and extend to infinity. 

More concretely in the Polyakov path integral approach, a general (/-loop amplitude is 
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given by the expression 

Ag{*1,---,*n) = ±JvgabJ PX"exp(~S). (1.1) 

Here AT is a normalization factor and the ^ ' s indicate the external state wave functionals, 
that are defined on the boundaries of the world-sheet at infinity. For bosonic strings the 
action S is given by 

S=hJ d(TdTV99abG^daX"dbX
v. (1.2) 

Here a and r are world-sheet coordinates taking values on a cylinder and GßI/ is the metric 
of space-time. 

The action (1.2) has local symmetries, namely reparametrizations (diffeomorphisms) 
and Weyl rescalings. Weyl rescalings act on the world-sheet metric as 

gab -> engab (1.3) 

and it easy to verify that the action (1.2) is invariant under this transformation. 
One can use this Weyl invariance to make, at least locally, the world-sheet metric to be 

flat. Then there is still a gauge degree of freedom left over, namely arbitrary holomorphic 
coordinate transformations acting on the complex coordinate w = a + ir combined with 
an appropriate Weyl rescaling, so that the metric remains flat. These combined transfor
mations are precisely conformai transformations, that will prove to be an important tool 
in string theory. 

Figure 1.2 The world-sheet in figure 1.1 is conformally equivalent to a genus 
two Riemann surface with four punctures. 

The most obvious parameterization of a world-sheet has boundaries at infinity (we as
sumed this up to now), like in figure 1.1. By a particular conformai transformation this 
surface can be mapped to a compact Riemann surface with punctures, that correspond 
with the external string states. 

Figure 1.3 The conformai transformation w -> z = e™, that maps cylinders to 
annuli in the complex plane. 
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1.1 PERTURBATIVE STRING THEORY 

This can be visualized by locally applying the exponential mapping that transforms a 
tube to an annulus in the complex plane. A world-sheet as in figure 1.1 is thus confor-
mally equivalent to the Riemann surface in figure 1.2. 

The conformai mapping that transforms the Riemann surface 1.1 to the one in figure 
1.2 should be combined with the replacement of the boundary states ^i(X) by local op
erators Vi on the world-sheet. These operators called vertex operators create the external 
states on the world-sheet by introducing extra momentum and/or other quantum num
bers. The most simple vertex function is the one that represents the emission of a tachyon, 
with no other degrees of freedom then the momentum. It is given by the expression 

V = eipX, (1.4) 

where p2 = 8 is the on shell condition for tachyons. In terms of the vertex operators the 
amplitude (1.1) becomes 

Ag(l,---,n) = ±jvgabfvX>'exp(-S)V1---Vn. (1.5) 

As mentioned before making use of the local symmetries of string theory greatly reduces 
the moduli space of world-sheet metrics over which one has to integrate. This simplifica
tion of the path integral is obtained after constructing a good slice through the space of 
metrics on the Riemann surface, that modulo Weyl transformations and diffeomorphisms 
covers all of moduli space only once. For external tachyons whose vertex operators are 
given by (1.4) the expectation value of the vertices is a simple Gaussian integral over the 
fields X, that can readily be calculated to be 

A(l,--- ,n)=g2/+2 J[dm]]\jd2zi^gl^{det's)exp[-^^2Pi-PjGM(zi,Zj)], (1.6) 
i 

where Gm(zi:Zj) is the scalar Green function on the genus g world-sheet (depending on 
the moduli m, which have to be integrated over). In the integrand of (1.6) we abbreviated 
the fluctuation determinants that appear after integrating out the coordinate fields and 
reducing the path integral to a finite dimensional integral. In the limit that all pt • 
Pj become large, the leading behavior of the integral can be derived by saddle point 
techniques [49]. Later on in chapter 3 these saddle points will prove to be crucial when we 
establish an alternative approach to string theory, called matrix string theory [65] [10] [29], 
that is also able to include non-perturbative corrections. 

1 .1 .2 L lGHT-CONE STRING THEORY 

In this section we will discuss some geometric facts of yet another approach to perturbative 
string theory: light-cone string theory. As background material we refer to [47][38] and 
[37]. 

Quantization of strings in the light-cone gauge formalism has two particular features. 
One is the absence of ghosts, only physical degrees of freedom are present, the other is the 
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existence of a globally well-defined world-sheet time [39]. Covariance is broken in light-
cone string theory, but the formalism has been proven to be equivalent to the covariant 
PolyakoV path integral formulation of string theory [57]. 

In the light-cone gauge, light-cone time and world-sheet time are identified via 

X+(z,z)=p+T, (1.7) 

where p+ is one of the light-cone momenta. This parameterization together with taking 
the world-sheet metric to be flat leads to the mass-shell condition 

2p+p- = J daddrX1)2 + (dcX1)2) := H, (1.8) 

with H the world-sheet Hamiltonian and p_ and p+ the integrated light-cone momenta. 
The index I runs over all directions transversal to the light-cone directions. 

NlPl O N*ft 

Figure 1.4 This figure indicates the kinematics of a two particle scattering 
process in string theory. The pi are the eight dimensional transverse momenta 
that lie in one plane; the JV's stand for the p+ momenta. 

A two particle scattering process like in figure 1.4 can be conveniently summarized in 
light-cone string theory by drawing a so called light-cone diagram or Mandelstam dia
gram. A light-cone diagram is a geometrical way of representing a scattering process 
in string theory. The external states are represented by tubes that extend to infinity. 
Together with a collection of other cylinders that correspond to internal strings they 
are glued together at interaction points. Thus a two-dimensional surface is formed that 
contains all essential information about the interaction process. 

It is customary to rescale the spatial coordinate a on the world-sheet, so that its 
range becomes 0 < a < 2irp+. Because of this rescaling the radii ai of the cylinders 
are proportional to the light-cone momenta p\ of the corresponding strings. The total 
momentum p+ is conserved during a scattering process, and therefore the sum of the radii 
of the cylinders is also conserved. An example of a light-cone diagram that describes 
the tree level contribution to the scattering process indicated in figure 1.4, is shown in 
figure 1.5 where we have two incoming strings that join to one string and split again 
into two strings. In the diagram the interaction times and possible twist angles are 
indicated. These twist angles are the angles under which the internal tubes are allowed 
to rotate before undergoing another interaction. As these twistings cannot be undone 
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1.1 PERTURBATIVE STRING THEORY 

by a conformai transformation or reparametrization, they belong to the moduli of the 
light-cone string diagrams. x 

Figure 1.5 A tree level light-cone diagram. Two incoming strings join to one 
string and then split again into two outgoing strings. The interaction times T are 
indicated, as well as one twist angle 0, over which the internal tube is allowed to 
rotate before undergoing another interaction. 

For fixed external momenta p+, a light-cone diagram is uniquely characterized by its mod
uli: the interaction times, the twist angles and the internal p+ momentum fractions. In 
calculating the contribution to the scattering amplitude of a diagram like in figure 1.5 one 
has to do a path integral over these moduli. This path integral is equal to the analogous 
expression in the Polyakov approach (1.1). The general form of an /i-loop contribution to 
the amplitude of n scattering strings is 

(1.9) A.JJ 

M 
I'[dr}[da}[de} f VX'e 

where the functional integral is taken over the moduli of the light-cone diagram. The 
integral is weighted with the exponential of the light-cone action that is just the action 
of free strings 

Slc = f dadri-idrX1)2 + (daX
l) (1.10) 

As discussed in the previous section light-cone diagrams like figure 1.5 are conformally 
equivalent to Riemann surfaces of genus equal to the number of internal strings, and a 
number of punctures on it, that correspond to the external strings. 

An important feature of these Riemann surfaces is that the X+ coordinate defines a 
one-form w on it, that contains all relevant geometrical information. We can turn this 
around: each Riemann surface has a unique one-form that can be used to define a local 
coordinate on the string world-sheet w — r + ia via 

w = dw = dX+(z). (1.11) 

1A twisting over an angle of 2-JT, called a Dehn twist, is a global symmetry of the light-cone string 
action. The twist angles are therefore defined modulo 2TT. 
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This gives a precise relation between the parameterizations of the world-sheet z, w and 
the holomorphic component X+{z) of X+{z,z). 

The abelian differential w has simple poles at the punctures, with real residues that 
add up to zero. It moreover has purely imaginary periods on any homology cycle. Because 
the periods are purely imaginary the world-sheet time defined via (1.11) is well-defined, 
and can therefore be extended to all over the world-sheet of any genus [39]. The other 
coordinate a in (1.11) is the multivalued space-like world-sheet coordinate. 

The simple poles of the abelian differential (1.11) mark the locations of the vertex 
operators of the external states on the Riemann surface. This can be seen by noting that 
when the abelian differential (1.11) has a simple pole at a certain point wt, with residue 
PÎ 

dw 
p+dz 

(« - Zi) ' 

we have for the local coordinate w in a neighborhood of the pole 

Wi • Pi log(2 

(1.12) 

(1.13) 

Hence a punctured neighborhood of Z{ in the complex plane is mapped by the logarithm 
to infinity, the inverse mapping of the conformai mapping illustrated in figure 1.3. 

There are also specific points on the world-sheet at which strings join or split. These 
interactions take place at zeros of u, that is critical points z — ZQ of the light-cone 
coordinate X+. In the neighborhood of a simple zero of the abelian differential w we have 

dw ~ (z ~ z0)dz —> (i w0 )~(* zo) (1.14) 

From this equation we see that if we follow a contour around z0 in the complex z-plane 
once, an angle 47r is swept out in w. This angle is the same one that is swept out when 
circling around an interaction point in the light-cone picture. We conclude that zeroes of 
ut correspond to points on the world-sheet where string interactions take place. Higher 
order zeroes correspond to higher order interactions. 

Figure 1.6 A critical point of a» corresponds with a string interaction point. 

The abelian differential also contains information about the internal p+ momenta and 
the twist angles via its integral along the a- and 6-cycles of the Riemann surface. We have 

f u = wf, f w = ip+Ml
ja6a, 

Joci J0i 
(1.15) 
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where M.)a is a real-valued matrix that can be chosen to have integer coefficients. 
As an example for the location of the interaction points, we consider an n particle 

scattering process at tree level. For a given set of locations z1 of the corresponding vertex 
operators, the classical location of the world-sheet is described by 

X + ( M ) = ^ ; > > / , + l o g | z - z , | 2 , (1.16) 

i 

i 

where e = 1 for incoming and —1 for outgoing particles. The interactions take place at 
critical points z = z0 of the light-cone coordinate X+, cf (1.14) 

dX+ | 2 = 2 0 = 0. (1.18) 
Inserting the explicit form (1.16) for X+ gives 

n + 
eiPi £ . n ZQ — Zi 

(1.19) 

In case of n-point scattering, this condition can be reduced to an equation of degree 
n — 2 in z0, after a conformai transformation that maps one of the locations of the vertex 
operators to infinity. The n — 2 zeroes correspond with elementary splittings or joinings 
of strings that occur at the interaction points of the corresponding tree level light-cone 
diagram. 

1.1.3 H I G H ENERGY SCATTERING IN STRING THEORY 

In chapter three we will be particularly interested in high energy four string scattering. 
The motivation to study string theory in this kinematic regime is to explore strings at short 
distances and to learn more about the structure of string theory. The high energy behavior 
of scattering strings has been studied in the past [3] [49] by making use of perturbation 
techniques. An important result of this study, is that the dominant world-sheets at 
every order of the genus expansion, are all determined by the same saddle-point. As a 
consequence the dominant world-sheets have the same form at any genus (up to scaling 
factors), and their contribution to the scattering amplitude can be calculated in principle. 

However the analysis revealed two apparent difficulties as well. One is that the size 
of scattering strings tends to grow with increasing energy. Strings are therefore not 
suitable as probes to investigate the short distance behavior of string theory. The other 
difficulty is the fact that the higher order amplitudes grow as an exponential of the energy. 
This behavior is completely different from most field theories. It leads to the disturbing 
conclusion that higher order corrections are important. This means, in less mild words, 
that the perturbation expansion breaks down for high-energy string scattering processes. 

These two problems might be cured when we take non-perturbative effects into ac
count. Firstly non-perturbative objects called D-branes can be used as probes for much 
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smaller distance scales then the string scale a' [78] [23] [34]. Secondly non-perturbative 
effects will give important corrections to scattering amplitudes, as already was suspected 
in [49]. 

The need of a better knowledge of non-perturbative effects in string theory will be 
one of the main motivations to introduce the matrix string theory model. Before we do 
this, we will first explain some features of string theory in the so called discrete light-cone 
gauge (DLCQ) formalism. We will moreover review a reformulation of it in terms of an 
orbifold model. 

1.1.4 STRING THEORY IN THE DLCQ FORMALISM 

In the DLCQ gauge one compactifies one of the light-like directions on a circle of radius 
R, so one identifies 

x- X~ + 2-KR. (1.20) 

The other light-like coordinate X+ gets the interpretation of time. Compactification of 
X~ modifies the theory in two ways: the Hilbert space gets truncated to sectors with 
total p+ momentum that is integer valued (in 1/R units) 

P' N. (1.21) 

In each sector the p+ momenta of states take values in a finite positive set only (namely 
the integers 0 . . .N). Another modification of the theory is that we allow for winding 
modes around the X~ direction. These winding modes again decouple from the theory 
in the large TV limit, which should lead us back to light-cone gauge string theory. 

The fact that in DLCQ string theory p+ momenta are integer valued, is an important 
first step towards defining matrix string theory. It will enable us to define matrices out 
of the string coordinates. 

% \ \ 

A () 

\ 
f\ \J | 

\J 

1 
1 
1 

\ \ 

Figure 1.7 In this light-cone diagram we indicated three time slices. In the 
first time slice we have the two incoming strings, in the second the intermediate 
string and in the last slice we have the outgoing string configuration. 

Consider the light-cone diagram, illustrated in figure 1.7 with total p+ momentum equal 
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to N. Out of the eight transversal coordinate fields of the strings we construct eight 
diagonal matrices in the following way. 

The spatial world-sheet coordinate a runs over an interval [0, TV]. We cut this interval 
into N equal pieces of length one and define new fields X-(a, T) 

X'(*,T)=XI(*+(ï-1),T) (1.22) 

where i runs from 1, • • • ,N and I = 1, • • • ,8 are the transversal directions and a now 
runs over the interval [0,1]. These fields are then interpreted as the eigenvalues of an 
N x N matrix 

/X[(a,r) 

X'(a,r) 

\ 

X'N{°,T)) 

(1.23) 

The light-cone action on the cylinder (1.10) becomes in terms of these matrix eigenvalues 

5 = h ƒdGdT (dX'dx* + i0?de?+tfiwï) - (L24) 
where we included 167V fermionic fields 6f,6f which together form N 16-component 
Majorana-Weyl spinors. The action (1-24) is left invariant by two space-time left-moving 
and two right-moving supersymmetries. The corresponding left-moving supercharge is 

Qa = ^NJdaJ2^, Q 
y/NJ 

daGa, 

where 

&(z)=Y,TJJ%dX!. 

(1.25) 

(1.26) 

The right-moving charges have analogous definitions. 
The eigenvalues in the matrix (1.23) are not single-valued, but multivalued with respect 

to the coordinate a. For different time slices the eigenvalues Xi in (1.23) satisfy different 
quasi-periodic boundary conditions. For example we have for the first time slice ra two 
blocks of eigenvalues as indicated in the next equation 

X'{a,Ta) (1.27) 
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The collection of eigenvalues in the blocks each satisfy cyclic boundary conditions. The 
eigenvalues of the first block satisfy 

Xl(a + 1) = Xl+1{a) 

X^ia + l) = X[{o). 

We can write this condition as an ni x ni matrix equation 

XI(a+l)=VXI(a)V-\ 

with V the cyclic permutation matrix on the «i eigenvalues 

/ i 0 \ 

1 - - - 7 1 1 - 1 

(1.28) 

(1.29) 

V 

\ 1 

(1.30) 

/ 

At time slice rc in figure 1.7 the blocks have changed; we then have an n3 x ra3 matrix 
and an n4 x n4 matrix, representing the outgoing states with p + momenta n3 respectively 
714. 

Figure 1.8 A configuration of long strings is determined by the particular 
boundary conditions on the fields X\. Here we have two strings of length 3 and 
4. Figure taken from [29]. 

For a general string configuration the coordinate matrix (1.23) will satisfy a periodic
ity condition of the form (1.29) with V a block diagonal matrix consisting of (say) s 
blocks of order n{, such that each block can be taken of the form (1.30), and thus, as 
described above, defines a string of length Tij. 

Each sector contributes to the total world-sheet energy and momentum via 

/—1 TLi 
E iL, if) (1.31) 

where we normalized the LQ operators of each separate string, such that the oscillator 
levels are canonically counted. They moreover satisfy the level matching condition in the 
DLCQ formalism 

r( i ) = « _ 71; m; , (1.32) 
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so that each contribution to the total world-sheet momentum is integer valued. Here m,-
are the winding numbers along the light-like circle X~. In the large TV limit the usual level 
matching condition L0 — L0 = 0 gets restored [29], because in this limit the winding states 
decouple. This arises, because when TV —• oo, only long strings survive with p\ = n,-/7V 
finite. These strings necessarily have zero winding number, because else they become 
infinitely massive compared to the energy of strings with vanishing winding number. 

1.2 D L C Q STRING THEORY FROM AN ORBIFOLD MODEL 

The numbers n; that stand for the p+ momenta of the separate strings in the preceding 
section, form a partition of total rank TV. Thus they define a conjugacy class of the 
symmetric group SN, that is the permutation group of TV elements. One can write each 
group element g of S^ as a product of irreducible cyclic permutations. By conjugating 
g with an appropriate group element of Sjv its (disjunct) cycle decomposition has the 
particular simple form 

g = (1 • • - m X n i + l • • •n1+n2) {N-nk • • • TV). (1.33) 

Other elements in the conjugacy class of g have an equivalent decomposition, that is their 
cycle decompositions all have the same number TV„ of cycles of length n, with the obvious 
restriction 

5 > 7 V n = TV, (1.34) 
n 

so that the conjugacy classes of 5jv are in one-to-one relation to partitions of TV. 
The now established fact that in the DLCQ formalism, one can associate to each col

lection of free strings, a conjugacy class of the symmetric group Sjv, naturally suggests the 
following conjecture: free moving strings in the DLCQ sector p+ = TV can be reformulated 
in terms of a supersymmetric two dimensional conformai field theory with 8TV free bosons 
X], (here i = 1 . . . TV and ƒ = 1 • • • 8) defined on the symmetric product orbifold 

SNR8 = (R8)N/SN, (1.35) 

that together with their fermionic partners are described by the action of free strings 
(1.24), where it is understood that all field configurations (X, 6) related by SN transfor
mations are identified X ~ gX, 9 ~ g9 for permutations g. 

In the next subsections we will review evidence for this conjecture. First we will show 
that the model is able to recover the complete Fock space of second quantized type IIA 
string theory in the large TV limit. Subsequently we will perturb the action of the model 
(1.35) by an appropriate interaction term that describes elementary splitting and joining 
of strings. After this we will review work that was done in [4] and [5], where the authors 
were able to reproduce all tree level four particle scattering amplitudes in string theory. 

We will start however by making some general remarks about orbifold theories and 
their partition functions. The results we derive will be useful both for understanding 
matrix string theory, and for the next chapter, where we will calculate the degeneracy 
formula of BPS states in M = 4 Yang-Mills theory on a three torus. 
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1 .2 .1 HlLBERT SPACE OF AN ORBIFOLD THEORY 

Before we derive the Hilbert space of the orbifold model (1.35), we will first discuss 
the Hilbert space in the more general case of a conformai field theory defined on an 
orbifold target space M/G, that consists of a smooth manifold M divided out by a discrete 
group G. Again we take the two dimensional world-sheet of our model to be a cylinder 
parameterized by coordinates (U,T), where 0 < a < 1. As we divide out by the group G 
all field configurations (X, 0) are identified when they can be mapped to each other by a 
group element, X ~ gX, 6 ~ gQ for g G G. Because of this identification the coordinate 
fields of the string are no longer necessarily periodic in the spatial coordinate a. Instead 
it is allowed that they satisfy so called twisted boundary conditions 

X(a + 1) = gX{a). (1.36) 

When we act with a group element h on the coordinate field X satisfying (1.36) we get 
another coordinate field Y = hX with boundary condition Y(a + 1) = hgh~1Y(a). The 
field Y is to be identified with X, so the twisted boundary conditions are well defined for 
conjugacy classes only. The group element g in (1.36) must therefore be thought of as a 
representative of its conjugacy class [g]. 

In order to construct the G-invariant Hilbert space of the orbifold model, we first 
consider the subspace Hg which consists of states with sigma winding g (that is the 
coordinate fields satisfy the boundary condition (1.36)). The subspace Hg will be mapped 
to Hhgh-i, when acting with a element h on the states, so we have to include the subsector 
Hhgh-1 a s w e l l- In c a s e that h is an element of the centralizer of g, Hg is mapped to itself. 
This implies that all states in Hg have to be invariant under the action of the centralizer 
Cg of g. 

We thus conclude that the total Hilbert space of the orbifold model is determined 
by the conjugacy classes of the group G, with each twisted sector invariant under the 
centralizer. In other words the Hilbert space of an orbifold conformai field theory has the 
decomposition 

W(M/G) = 0 ^ ( M ) , (1.37) 
M 

where g is an arbitrary representative of the conjugacy class [g] and where T-Lg
3 is the g-

twisted subsector of the total Hilbert space that is invariant under conjugation by elements 
in the centralizer Cg. 

At the level of partition functions we can see the just described structure of the Hilbert 
space as follows. We start with the path-integral representation of the orbifold partition 
function on a torus with two homology cycles along spatial and time direction 

,4 £ Z^h). (1.38) 

lsM= 

Here Z(g, h) represents the partition function evaluated with twisted boundary conditions 
by the group elements g and h along the two different cycles. For consistency the elements 
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g and h have to commute. The next step is then to recognize that the partition functions 
Z(g,h) depend only on the conjugacy classes of G : Z(xgx~1,xhx~1) = Z(g,h) for all 
x € G. Hence we can write (1.38) as follows 

Z = zZjrlT,Z^h), (1.39) 
[g] l ° 9 l h E C g 

where we used the identity |C9 | |[5]| = \G\. As the operator 

pw = lei E h (L4°) 
projects onto Cg invariant states we conclude that the partition function can indeed be 
written 

Z = ^H[g]P[9]q
LaqLo- (1.41) 

[»] 

The form of this partition function precisely corresponds with the structure of the Hilbert 
space of the orbifold model we have just discussed. 

1.2.2 THE LONG STRING PICTURE 

We have seen in the previous section that the Hilbert space of an orbifold model is 
determined by the conjugacy classes of the symmetry group that is divided out. For the 
symmetric product orbifold model (1.35) this group is the permutation group S V 

As explained before a conjugacy class of the symmetric group SN is labeled by a 
partition J ] nN„ = N oi N. The corresponding centralizer subgroup takes the form 
Cg = Y[n %nn * SN„ where S^n permutes the Nn cyclic permutations of length n, and where 
each subfactor Z n acts within one particular cyclic permutation. Due to the factorization 
of the conjugacy classes in irreducible elements of SN, one can express the twisted sectors 
of the Hilbert spaces %g

3 as a product over the sectors of graded Nn-îo\à symmetric 
tensor products of smaller Hilbert spaces 'H/n"\ 

n°g' = (g ) S^'-Hfty (1.42) 
n>0 

Combining the ingredients we get the decomposition for the total Hilbert space 

%{SNX)= 0 ®SN»Hf:y (1.43) 
«n n>0 

The space %?", is a particular Z^-invariant subsector of the total Hilbert space. It can 
be interpreted as the space of states of a single string living on X x S1, winded n times 
around the circle. 
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Figure 1.9 An illustration of the long string picture introduced in [28] [29]. 
Three strings are shown, of length 2,3 and 4. 

This single string has a description in n coordinate fields I J é I , with the cyclic bound
ary conditions (1-28) . Thus we are back to the string coordinate configurations of section 
1.1.4. One can glue the coordinates X; of a single string into one single field X(a) via 

X(a + k)=Xk+l(a), (1.44) 

where now the argument of the field X runs over a circle of radius N. 
This string coordinate has fractional oscillators modes, but invariance under the group 

Z„ implies that the fractional left moving minus right moving oscillator numbers add up 
to an integer. This can be easily seen by noting that Z„ acts by cyclic permutations on 
the fields Xj and therefore acts by translations a —• a + 1 on the field X of the single long 
string. In other words the Z„ invariance implies that the contribution from each single 
string sector to the total world-sheet momentum P = L0 — L0 is integer-valued. So we 
are back to the decomposition of the total world-sheet energy and momentum in (1.31), 
combined with the level matching condition (1.32). 

1.2.3 T W I S T E D VACUA AND EXCITATIONS 

In this subsection we will discuss the twisted vacua of the model (1.35). It is convenient 
to change coordinates from the cylinder w = r + io to the complex plane w —> z = e™ 
(cf. figure 1.3). 

A string of maximal length (i.e. a long string, whose length equals the total p+ 

momentum) has coordinates that satisfy the quasi-periodic boundary conditions (1.29). 
In the CFT we are considering these boundary conditions can be used to define a bosonic 
twist field crn(z, z) [41] via the monodromy relation 

X\e2^z,e-Mz)an{Q) ujnX
I(z,z)a{n)(0), (1.45) 

where now X should be viewed as an operator and where uin is the generator of the Z„ 
group that acts cyclically on the long string sector of length n. The twist operator an 

defined by (1.45) can be used to create the vacuum in the twisted sector by acting with 
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it on the untwisted vacuum 

|(n)) = <x (n)(0,0)|0). (1.46) 

In this twisted sector the left-moving component of the field X(z, z) has the Laurent type 
power series expansion 

dX\ = -i-YJ<Jmz-^im^-\ (1-47) 
m 

where the a!
m are the usual creation and annihilation operators that satisfy the commu

tation relation 

[aI
m,aJ

n}=mSIJSm+nfi. (1.48) 

The conformai weight of the twist field cx(n) can be found by reading off the singular term 
in its OPE with the bosonic stress-energy tensor. This stress-energy tensor is defined as 

TW = -\ E £ : 9Xl(z)dX!(w) : . (1.49) 
I i 

By a straightforward calculation one finds the conformai weight of <j(n). The result is 

h»n = \{n-1-). (1.50) 

The most singular term in the operator product expansion of the bosonic twist field <7(n) 
and the field dX\ is 

dX]{z) • a{n)(w,w) ~ (z - w)-^e^rln){w,w), (1.51) 

where 

r (
I
n )(0J0)|0) = - V _ 1 | ( n ) ) , (1.52) 

is the first excited state in the twisted sector |(n)) . By dimensional counting we find that 
the conformai dimension of T(

7
n) is | ( n + | ) . The operator T1 will be used later for the 

construction of the interaction vertex. 
One obtains excitations of the twisted vacuum states by applying the usual vertex 

operators. For instance a scalar particle with momentum k1 in a sector \n > is obtained 
by acting on this vacuum state with the vertex operator 

:eik'x'^:\(n)>, (1.53) 

Here k1 — X)"=i H i s t n e t o t a l momentum of the collection of long strings in the transversal 
direction I. 
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In a long string sector of length n the expansions of the left and right-moving compo
nents of the fermions are 

~(z) = A='Z(àe-S&m*-*-k>- (1-54) y/n-

Tn^{ (1.55) 

The creation and annihilation operators satisfy the commutation relations 

K,€} = SaßSm+n,0. (1.56) 

These commutation relations imply that the zero modes form a Clifford algebra. This 
means that the vacuum state must represent this algebra. Because of triality in the 
transversal spatial index I and the spin indices a and à the vacuum state can be chosen 
as a 16 component vector with components |V) and |à) normalized in the standard way, 
that moreover satisfy the relations [47] 

Oo\I) = ^ L \ à ) , 0S\a) = ^ L \ I ) . (1.57) 

The vacua \I) and \a) are created by primary fermionic twist fields (spin fields) which we 
denote by Ef > respectively E? -.. 

The most singular terms of the OPE of the fermionic twist fields and the fermionic 
fields 9a are 

TO • E f B ) M ~ -j={z - « O - ^ E f n j M , (1.58) 

9f(z) • E f B ) M ~ - L ( z - w)-VW^UM- (1.59) 

The stress energy tensor for the fermionic fields is defined as 

TF(z) = -±J2J2:0nz)deiïw):. (1.60) 

From the OPE of the twist operator £(„) with the fermionic stress energy tensor one can 
read off its conformai weight. 

It equals A{ = f + £ . 
Now we have defined the bosonic and fermionic twist operators we can construct 

vertex operators, that create the vacuum ground states of arbitrary twisted sectors. Each 
sector is represented by a particular conjugacy class of the symmetric group Sjy. For 
a given conjugacy class [g] the vertex operator can be written as a product of vertex 
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operators in correspondence to the decomposition of a representative g in irreducible 
cyclic permutations of length n 

V\A = J\V{n). (1.61) 
n 

Each vertex operator V(„) in equation (1.61) can be represented by products of bosonic 
and fermionic twist fields (1.51), (1.58)-(1.59), that together create the vacua of the 
twisted sectors. Explicitly the vertex operator (1.61) reads 

1̂ = M E ^-V.M- (1-62) 
heSpj 

The expression (1.62) is invariant under conjugation of elements of the symmetric group 
and therefore well defined. We assume that the vertex operators can be written as the 
tensor product of a left-moving part and a right-moving part, that can each be decomposed 
in a fermionic twist operator and a bosonic operator. 

Combining the fermionic and bosonic states, all the 256 massless states of IIA super-
gravity are obtained. For example in the long string sector a graviton with momentum 
k1 and polarization Ç is created by the vertex operator 

V^ik1\C]{z,z) = C/ Ja ( B )[* /](z,z)E(n )(z)Ëfn )(z). (1.63) 

Here o"(n)[^
7] is shorthand for the product of the twist operator an and the vertex operator 

(1.53) that introduces momentum k1. 
In the next section we will consider string interactions that can be described by the 

orbifold model after adding a deformation term. 

1.3 REPRODUCING TREE LEVEL STRING SCATTERING 

1.3.1 INTERACTION VERTEX 

The question arises, how interactions between strings can be formulated in the orbifold 
model (1.35). To include splitting and joining processes of strings we have to deform 
the model by adding an interaction term. It is clear from figure 1.7 that an interaction 
should somehow connect the block diagonal field configurations (1-27) of different ranks. 
In other words an interaction changes the quasi-periodic boundary conditions the matrix 
fields satisfy. Two eigenvalues of the field Xr will be interchanged at some intermediate 
stage, so that a group element g\ of S^ that represents the initial string configuration 
is changed into another element g2 (see figure 1.10). Then one naturally associates the 
group element g = g{Xgi to the interaction vertex, though of course this group element 
is not unique. 

As an example we take the scattering process of figure 1.7. The incoming state can 
be represented by an S^ group element that consists of two permutations (12 • • • rii)(ni + 
1 • • • N), whereas the intermediate string state has maximal length and therefore has an 
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associated permutation element (12- • -N). These two group elements are related by a 
simple permutation 

(12 • • • m ) ( m + l • • • N)(mN) = (12 • • • N), (1.64) 

or by any other transposition that exchanges an element of the integers 1 • • • n\ with 
another element of n i + 1 • • • N. 

Hence we see that the joining process in figure 1.7 can be described by simple permu
tations. Likewise the splitting of one string into two strings can be described with the 
help of transpositions. 

Figure 1.10 A splitting process of a long string corresponds to a change of 
the boundary conditions of the coordinate fields. To an elementary splitting of 
strings a simple permutation is associated, cf equation (1.64). Figure taken from 
[29]. 

It is quite natural to use twist fields [41] for the definition of the interaction vertex, 
as these twist fields change the boundary conditions of bosonic or fermionic fields. Join
ing and splitting of strings have a description in terms of Z2 twist operators, that are 
special cases of the operators defined in (1.51), (1.58) and (1.59). They are defined via 
the operator product expansions 

dX_{z) • <J(W, w) ~ (z — w) 2T 7 («; , i t ; ) , (1.65) 

ei{z) -T,{n)(w) r,hz - w)-ma^{w), (1.66) 

e°_(z).Y,*(w)~-(z-w)-iyiàZ
I(w) (1.67) 

Here the index — refers to the element of Z 2 with order 2. 
With the twist fields (1.65) - (1.67) one can construct a vertex that describes the 

joining and splitting of strings, and that is moreover supersymmetric and manifestly 
50(8)-invariant [29], 

i<3 J 

(1.68) 

3 3) Here A is a coupling constant of mass dimension —1, as the integrand is a weight ( | , 
conformai field. We take A to be proportional to the string coupling constant gs1 so that 
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in the zero string coupling limit the interaction vertex vanishes. The vertex operator is 
manifestly invariant under the supercharges Qa (1.25), as the QQ 's only depend on the 
zero modes Ö" . The other supercharge Qà in (1.25) acts in a non-trivial way on the 
terms in (1.68) but leaves the vertex as a whole invariant [29]: First we note that (no 
summation over a) 

Gà_n<jY.à~\ = - T 7 E 7 , (1.69) 

where G\ is the Fourier mode with a simple pole in the expansion of the supersymmetry 
2 

operator Ga which has conformai weight 3/2 

Gà= Yl G-nZn~V2- (1-70) 

Taking the commutator with G"± on both sides of (1.69), and using the Jacobi identity 
2 

we get 

[G\, r 7E 7] = [Lli, aT,à] = 9 2 (aE à ) . (1.71) 
2 

Because the right-hand side of (1.71) is a total derivative we conclude that the vertex 
operator is invariant under the supercharge Qa. 

The interaction vertex (1.68) is unique in the sense that it is the least irrelevant 
supersymmetric 50(8)-invariant operator we can form with the twist operators. 

Long time ago Mandelstam already proposed the vertex (1.68) in the context of in
teractions formulated in the NSR approach to superstrings [64]. In this formulation the 
twist fields E* play the role of the fermionic variables of the string. In the light-cone gauge 
the obvious geometrical three vertex function 

l[6(X<(a)-X!(a)), (1.72) 
a,I 

is not SO(9,1) invariant. Here X-t and X{ are the string states before and after the 
interaction. A Lorentz invariant vertex is obtained for the NSR formalism by adding an 
extra term factor at the joining point [64] 

Y.'dX1. (1.73) 

Remarkably when we consider the geometric joining and splitting that in the formalism 
of [29] takes the form of the twist operator er(0) and take into account the extra factor 
(1.73) we precisely arrive at the vertex operator (1.68) 

Ay 

| ^ E 7 c V ( z ) a ( 0 ) = r 7 E 7 ( 0 ) . (1.74) 

The fact that in the NSR formulation the factor (1.73) makes the three-vertex 5 0 ( 9 , 1 ) in
variant, gives a hint that matrix string theory also has ten dimensional Lorentz invariance, 
although of course we expect full Lorentz invariance only in the large N limit. 
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1 .3 .2 T R E E L E V E L S T R I N G S C A T T E R I N G 

Now we have derived the vertex operator for elementary joining and splitting processes 
we can in principle calculate amplitudes of string scattering processes and compare the 
results with light-cone string theory. 

In [4] the four graviton scattering amplitude was calculated at tree level and in [5] this 
result was extended to all (tree level) four particle scattering amplitudes. To compare 
these results with light-cone string theory, the large N limit should be taken, but it 
appears that for tree level amplitudes this limit is straightforward. 

As the calculations of the amplitudes are rather technical we will only sketch here the 
general ideas, and refer to [4][5] for the details. 

For a four graviton scattering process the 5-matrix is up to quadratic order in A [4] 

(/|s|i) = 40 (/l /^^i*iiMr£^(*^)î>«(^)i'>. (L75) 
^ ' J i<j k<l 

where Vij is defined as the integrand of the integral in (1.68), T is the ordering operator 
used in radial quantization [41] and \i) and | / ) are the initial and final states, each 
consisting of two gravitons with certain momenta and polarization, 

\i)=V[go][k1Xi,k2,C2}(Q,0)\0) (1.76) 

and 

(f\ = lim (0\V[gao][k3,C3;h,ù}(z,z)z2hz2'h. (1.77) 

The conjugacy class [g0] can be represented as the product of two irreducible (disjunct) 
cycles go = (fio)(N — n0), with according to the long string picture n0 and N — n0 the 
p+-momenta of the two scattering gravitons. Likewise [gx] has a representative (n^^N — 

The expression (1.75) gets simplified after the conformai transformation z —> f- and 
the introduction of a new integration variable u = a . The integral over Z\ contributes a 
delta-function of the fc_ momenta, so that the S-matrix reduces to a single integral 

(f\S\i) = ~t2\2N36(YJK) ] T J'<Pu\u\{f\TVii{ï,l)Vu(u,ü)\i). (1.78) 
i i<j)k<l 

The expression in (1.78) involves correlation functions of four vertex functions 

(Vg„(oo)Vh2(l,l)Vhl(u,ü)Vgo(Q,0))- (1-79) 

The vertex functions V9oo, Vga correspond to the twisted in- and out-states, the other 
two describe elementary splitting respectively joining of strings (and therefore the group 
elements /i1>2 are two-cycles). 

The vertex functions (1.79) vanish unless the 5/v group elements that label the vertex 
functions, satisfy the appropriate physical conditions. These conditions are determined 
by the particular process by which the incoming state gets transferred to the outgoing 
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state. For the four particle scattering process we consider, we have two possibilities: One 
of the two incoming strings splits into two strings; out of the three intermediate strings 
two join together again, so that there are two outgoing strings. In the other process two 
incoming strings join to one string; this intermediate string propagates and splits again 
in two outgoing strings. To these possibilities, that are illustrated in figure 1.11, particu
lar group elements of SN are associated, for which the expectation value (1.79) does not 
vanish. 

N,.k3 

4 ' 4 

N..*i KK 

N4, k, 
4 ' 4 

Figure 1.11 Two typical diagrams that contribute to the tree level amplitudes. 

The rest of the calculation is rather tedious; for the full details we refer to the original 
papers [4] [5]. There, firstly the correlation functions are factorized in left-moving/right-
moving and bosonic/fermionic parts. Then these bosonic and fermionic correlation func
tions are determined explicitly, together with the appropriate normalizations. 

The end result for four-graviton scattering at tree level is 

A22" ƒ d
2z\z ~kik4~ 2 

|i Z 2 
^ 3 * 4 - 2 K( ,0, (1.80) 

where K is a kinematic factor depending on the polarizations and momenta known from 
tree amplitudes in string theory. The result (1.80) coincides with known results of string 
theory [47]. 

For the above result the large N limit is needed. For tree level this limit is relatively 
simple, because there are no subleading terms in the scattering amplitude like l/N cor
rections. This is the case as all strings in the diagrams of figure 1.12 satisfy the standard 
level matching condition LQ - L0 = 0. Note that this is no longer necessarily true for 
higher loop string diagrams, where the intermediate strings may not satisfy the usual level 
matching condition. We therefore expect that the large N limit will be less trivial for 
higher genus contributions to the scattering amplitude. 

In [5] the results of [4] were further extended to all four particle scattering amplitudes 
of IIA string theory. They are all reproduced by the orbifold model. This gives clear 
evidence for the conjecture that the orbifold model is a reformulation of light-cone string 
theory. 

It is however not entirely clear -with the knowledge reviewed in this chapter- how 
non-perturbative corrections may be added. Therefore we will now turn our attention to 
a more direct way to add the non-perturbative degrees of freedom. This approach that 
will be explained starting in the coming section, and in more detail in the next chapters, 
has the orbifold model as a special limit. Using this relation it is possible to propose a 
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way to include the non-perturbative degrees of freedom to the orbifold model, but we will 
postpone this till the end of chapter three. 

1.3.3 T O W A R D S MATRIX STRING THEORY 

To get a quick understanding of matrix string theory (for a review see [30]) we will give 
here a somewhat heuristic introduction of the model. In the course of the next chapters we 
will become more precise. The ideas presented here are nevertheless important ingredients 
of matrix string theory, and we will need them throughout this thesis. 

In principle it is possible to say in one sentence what matrix string theory is all about: 
matrix string theory is a supersymmetric gauge theory that contains DLCQ string theory 
and extra degrees of freedom that represent the non-perturbative objects in string theory. 
The presence of these additional degrees of freedom is the very motivation to study matrix 
strings: their presence gives us a way to calculate non-perturbative corrections to processes 
in perturbative string theory. 

In the preceding sections we only did some reformulations of free strings and their 
interactions. The orbifold model we used for this alternative description of perturbative 
strings can be shown to flow out of a gauge theory in the infra-red. This gauge theory is 
M = 8 two dimensional supersymmetric U(N) Yang-Mills theory defined on a cylinder, 
that can be viewed as the dimensional reduction of Af = 1 SYM from ten down to two 
dimensions. The idea is that the matrices (1.23), which were formed out of the string 
coordinates in section 1.1.4, are identified as diagonal field configurations of Higgs fields 
in the gauge model, when the strings are widely separated. Then the differences between 
the eigenvalues of the Higgs fields X1 are large, so all charged fields in the SYM theory 
become very massive (as compared to the Higgs scalars) and they effectively decouple from 
the dynamics. Widely separated strings break the gauge symmetry U(N) to (U(1))N, but 
when they approach each other and/or interact, part of the broken gauge symmetry is 
restored. A description of interactions therefore needs the complete non-abelian theory. 

The action of the gauge model is given by 

fdr f da Til-
9iFlß-\iDaX'f + ^ Flß--{DaX

If + —[XI,XJf 

+i^p1p-^rI[Xr,^y. (1.81) 

We identified the Yang-Mills coupling constant with the inverse of the string coupling 
constant 

9YM = !/<??, (1.82) 

so that the relation between the gauge model (1.81) and DLCQ string theory is an example 
of a strong-weak coupling duality. String interactions are perturbative processes in string 
theory, but non-perturbative in matrix string theory. 

In equation (1.82) we wrote the Yang-Mills coupling constant (which has dimensions 
of inverse length) in units where the radius of the Yang-Mills cylinder is equal to one. 
The zero string coupling limit is therefore equivalent to the strong coupling limit and/or 

34 



APPENDIX A 

infra-red limit. We postpone a more concrete derivation why the gauge model (1.81) is 
related to DLCQ string theory, including the coupling constant identifications (1.82) till 
the next chapter. 

The basic dynamical variables of the theory are N x N hermitian matrices and include 
8 scalar fields X1 and 8 fermion fields V£ and V|- In the free string limit gs -> 0 (or 
strong Yang-Mills coupling limit) the gauge fields Aa decouple from the theory and the 
Higgs fields satisfy the commutation relations 

[XI,XJ}=0. (1-83) 

The equations (1.83) imply that the Higgs fields can be diagonalized simultaneously. They 
still can satisfy non-trivial boundary conditions, that are classified by the Weyl group of 
the gauge group. For U(N) this Weyl group is the symmetric group SN, so we are back to 
the orbifold model (1.35) we discussed before. We are thus lead to the conjecture that in 
the zero string coupling limit the gauge theory (1.81) flows to a supersymmetric conformai 
field theory that is defined on the orbifold (1.35). 

When we relax the limit gs -> 0 and take the string coupling constant to be finite, 
there can be non-diagonal terms in the matrix string configurations. These terms are 
responsible for the extra degrees of freedom present in matrix string theory as compared 
to light-cone string theory. 

For finite gs interactions will be included automatically, but we still have to find the 
appropriate solutions of the equations of motion that yield a (classical) description of 
joining and splitting of strings. Indeed in chapter 3 we will find an instanton-like solution 
that describes these elementary processes in matrix string theory. This instanton solution 
should be glued into a global solution that equals the asymptotic states far away from the 
interaction region. For a concrete comparison with string theory, the quantum fluctuations 
around the classical solution have to be taken into account. We will discuss this and other 
issues in chapter three. 

A P P E N D I X A: P A R T I T I O N FUNCTION O F A SYMMETRIC P R O D 

U C T ORBIFOLD MODEL 

In [28] an identity was proven that equates the elliptic genus partition function of a 
supersymmetric sigma model defined on an JV-fold symmetric product XN/SN to the 
partition function of a second quantized string theory on the space X X S1. Here X is a 
Kahler manifold. The elliptic genus of a supersymmetric sigma model is defined as the 
trace over the R-R sector of the evolution operator qLo times (-l)FyFL. Here F = FL + FR 

is the sum of left and right moving fermion number, and y is a complex parameter that 
counts the left moving fermion number. By virtue of supersymmetry the right moving 
sector contributes only via the ground states (and therefore we can put LQ = 0). In the 
special case that y = 1 the elliptic genus reduces to the Euler number. The orbifold Euler 
number can be read of from the generating functional [52] [85] 

z^(^)=n(T^W (A-1} 
JV>0 n>0 V ^ ' 
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The full partition function of the supersymmetric sigma model can also be related to 
a second quantized string theory. More concretely we claim that the following identity 
holds, 

E PNX(SNX; q, q) = I ] , * _ ) W l 0 . (A.2) 
— l,m>0 

Here d(m, I) are the degeneracies of the single partition function, that contribute at level 
k and / to the operators L0 and L0, 

x(H;q,q) = J2d(k,l)qkq'. (A.3) 
k,l 

The assumption we make is that the single Hilbert space H is discrete, i.e. the indices /, m 
in (A.3) run over a discrete set, but are not necessarily integer-valued (this in contrast 
to the case of the elliptic genus where all levels are integer-valued). Note that in (A.3) 
there are both zero mode contributions and oscillator modes contributions to the levels 
of q and q, but we did not make this explicit in order to keep the formulas as simple as 
possible. 

Before we prove (A.2) let us comment on the physical interpretation of the left-hand 
side and the right-hand side of (A.2). The right-hand side can be interpreted as the second 
quantized partition function of a string, whose Fock space is made up by applying creation 
operators i\>\mn, i = 1 • • .d(m,l). The parameter p counts the light-cone momentum p+, 
\q\ and q count two quantum numbers (not necessarily integer-valued). 

In the remaining part of this section we will proof (A.2), thereby heavily relying on 
the original proof for the case of the elliptic genus partition function [28]. 

In the preceding subsection we have seen that the Hilbert space of a closed string 
theory on a symmetric product space can be written as a direct sum of direct products 
of smaller Hilbert spaces, see equation (1.43). Repeatedly using the following rules for 
partition functions of direct sums respectively tensor products of Hilbert spaces 

x(H(BU';q,q) =x{n;q,q)+x{n';q,q), 
xCH®W;q,q) =x(H;q,q)-x(H';q,q), (A.4) 

we get for partition function of the orbifold model 

x(n(SNX);q,q)= J2 Rx(SN"n^q,q), (A.5) 
Nn n>0 

where we used the notations of the previous subsection. To proceed we first proof that 
the partition function of a symmetrized tensor product of identical Hilbert spaces can 
be written in terms of the partition function of one single Hilbert space only. This will 
enable us to reduce further the righthand side of (A.5). 

As already indicated we assume that the single Hilbert space % has a discrete spec
trum. The partition function of the symmetrized tensor product of H is given by the 
generating function 

J2pNx(SNn;q,q) = n ( 1 - U - V ^ - (A-6) 

N>0 k,l y FH H ' 
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This identity can be proven as follows [28]. We define the Vk,i to be the vector space 
whose dimension equals the degeneracy number d(k,l) of the single Hubert space H. We 
have 

oo oo 

Y,PNx{SNU;qA) = E P ^ E n^')^''dim(S^M), (A.7) 
JV=0 N=0 "k.l k,l 

where Nkj runs over all partitions of N. The summations in the expression of the right 
hand side in (A.7) can easily be rewritten as 

oo 

N=0 k,l N 

Finally by using the identity 

M, N _ fd(k,l) + N-l 
dim(SNVKl) = ^ v ' ' N j , (A.9) 

we arrive at the result (A.6). 
Now we return back to the goal of this section, namely calculating the partition func

tion of the symmetric product orbifold model. The partition function of the single Hilbert 
space Ti^" is given by 

X (q,q,n^)= E d(k,l)qk/nql^ = Y/d(l + nm,l)(qq)l/nqm. (A.10) 
k,l>0 

k-l=nm 

Combining this result with (A.8) we arrive at the result (A.2) 

J2pNx(SNX;q,q) = J2pN E Ux(SN"Hfcq,q) 
N>0 N>0 W n n>0 

= IIEf t ( s %^1 = Il (i-wLy/sr)*^ (A-n) 

n > 0 J V > 0 " > ° V r XHH' H ' 
- l,m>0 

where again it is understood that the labels m, / run over a discrete set, but are not 
necessarily integer valued. We will use the result (A.2) in chapter 3 when we calculate 
the degeneracies of BPS-states in supersymmetric Yang-Mills theory compactified on a 
three-torus. 
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