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Chapter 2 

U-duality in N=4 
Yang-Mills theory on T 3 

Toroidal compactified type II string theory is conjectured to be invariant under a discrete 
symmetry group, called [/-duality [59]. Relations between gauge models and string theory 
suggest that this string duality should be reflected in gauge theories as well. In this chapter 
we will review why this is indeed the case. We will moreover show that gauge theories 
know about extended [/-duality symmetries. That is, certain properties of the theories, 
like BPS mass spectra, or BPS state degeneracies, can be shown to be invariant under a 
larger symmetry group, than one might at first sight expect. 

In the gauge theory interpretation this extended symmetry group is a combination of 
electro-magnetic duality, the mapping class group of tori, and Nahm-type dualities. 

We will mainly concentrate on a supersymmetric Yang-Mills model defined on a three-
torus. We will study in detail the degeneracies of BPS states in this model, and show that 
they exhibit a [/-duality symmetry. In the last section we explain in detail the appearance 
of the duality symmetry, and its absence in the BPS mass spectrum. 

First, however, we will introduce some basic concepts. We start with a brief explana
tion of string duality. Then we give a review of D-branes, and their low energy description. 
After this we introduce M-theory, a conjectured eleven-dimensional model that unifies all 
known string theories. The notions of D-branes and M-theory naturally lead us to the 
matrix theory proposal of [9], which says that M-theory in a special regime has a partic
ularly simple description in terms of a matrix quantum mechanics. Matrix string theory 
is closely related to this model, and following [76] we will give arguments why it yields a 
description of non-perturbative IIA strings. 

2 . 1 D-BRANES AND STRING DUALITIES 

2.1.1 STRING DUALITY 

First we will briefly discuss string duality in closed string theory. The bosonic massless 
modes of closed string theory come from two sectors, the RR sector and the NS-NS sector: 
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^7 \ iv> &\IV1 ' NS - NS l/x >L ® \v >R 

R — R \a >L ® \ß >R —> antisymmetric forms A' 
(2.1) 

Here G is the ten-dimensional space-time metric, B an antisymmetric two form, 4> the 
dilaton field and the A1 are antisymmetric RR forms. The RR gauge fields that satisfy 
definite chirality conditions, form together with the NS-NS fields the ground states of 
either type IIA or IIB string theory. This is illustrated in the next table 

N S - N S R - R 

IIA G>„,</>,-B,j„ A\A3 

IIB Gnv, <f>i Bßl/ A°,A2,A4 

Table 2.1 The bosonic massless fields of type IIA 
and IIB string theory 

The low energy dynamics of these massless modes have a field theory description in terms 
of supergravity theories. 

A remarkable property of these field theories are the so-called duality symmetries. 
These classical symmetries are expected to be quantum mechanical symmetries in string 
theory. They come in two types: T-duality and 5-duality. A single T-duality trans
formation (for a review of T(arget space)-duality see [43]) changes the chirality of the 
theory from type IIA to type IIB [22] [31] and in the opposite direction. In its simplest 
non-trivial form it inverts the radius R of a compact direction to a'/R, and exchanges the 
momentum and winding modes of strings winded along the compact direction, thereby 
leaving the total mass spectrum invariant. The RR forms get an extra index or lose one, 
depending on whether the index was already there or not. It thus changes the rank of the 
RR tensor fields by ± 1 , so that we get a map from type IIA string theory to IIB and vice 
versa. Together with the mapping that acts by integral shifts in the fields, the R —> a'/R 
duality forms an 5L(2 ,Z) symmetry group. Generalized to d compactified dimensions 
the T-duality group becomes SO(d, d). For a detailed account of the action of T duality 
on the fields we refer to [16] and [43]. 

D d Sugra string theory 
10 1 
9 
8 
7 
6 
5 

2 
3 
4 
5 
6 

SL(2,R) 
SL(2,R) x 5L(3,R) 

5L(5,R) 
50(5, 5, R) 

E6{R) 

5L(2,Z) 
5L(2,Z) x 5L(3,Z) 

5L(5,Z) 
50(5,5,Z) 

£6(Z) 

Table 2.2 The {/-duality groups of type II string theory in dif
ferent dimensions 
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2 . 1 D-BRANES AND STRING DUALITIES 

Ten dimensional type IIB string theory is conjectured to have S-duality as a genuine 
symmetry [59]. It is a non-perturbative SL(2,Z) symmetry; it relates the weak coupling 
regime to the strong coupling regime, and it is therefore reminiscent of electro-magnetic 
duality in gauge theories. The dilaton forms together with the RR-field ^4° a complex 
scalar that transforms under fractional SL(2,Z) transformations. The two-forms B and 
A2 transform as a doublet. 

The generators of both types of duality groups do not commute, together they form a 
larger group that goes under the name of {/-duality [59]. The [/-duality groups become 
larger in lower dimensions and are discrete: As indicated in table 2.2, in eight dimensions 
the symmetry group is SL(2,Z) x SL(3,Z), in seven SX(5,Z) and in six dimensions 
SO(5 ,5 ,Z) . 

2 . 1 . 2 D-BRANES 

An immediate corollary of the conjecture that IIB string theory has .S-duality invariance 
is the existence of a dual string that transforms together with the elementary string in a 
doublet. This dual string has been mysterious for a long time, until Polchinski realized 
that the D-string could play this role [70]. A D-string is a particular example of p + 1 
dimensional D-branes, which were previously known as hyper-surfaces with the property 
that open strings can end on them [22], Polchinski also clarified the role of the RR-fields 
by noting that they should couple to the D-branes [70]. 

One explains the possibility that strings can end on a hyper-surface by considering 
the boundary conditions that the coordinate fields of open strings have to satisfy at their 
endpoints. There are two types of possible boundary conditions for the open string, 

d±X<1 = 0 (Neumann), 

(2.2) 
SX* = 0 (Dirichlet). V ' 

Dirichlet boundary conditions break Poincaré invariance, and hence represent topological 
defects in space-time. These topological defects are called D-branes, which is shorthand 
for Dirichlet branes. A static D-brane with p spatial dimensions is described by the 
boundary conditions 

d±X°'1'-'p = 0, Xp+1'-'9 = 0. (2.3) 

The massless modes of the open string tied to the world-volume of the brane have a 
description in terms of a low energy field theory on the D-brane. Thus we get a field 
Aß(£a), where £Q is a parameterization of the world-volume, that decomposes into a 
parallel gauge field Aa(Ça) on the brane and transversal components X1^") that form 
scalar fields. 

The effective action of a (fluctuating) D-brane was originally derived by requiring that 
its equations of motion reproduce the conditions that are implied by conformai invariance 
of open strings in the D-brane background [22] [63]. Another, less technical, way to derive 
the action is by noting that the D-brane low energy effective action is essentially fixed 
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by Lorentz invariance and T-duality [7]. To see this we start with the example of a D-
particle moving through flat spacetime [7]. We take its world-line through ten-dimensional 
space-time parameterized in the following way 

X\T) = T XI = XI{T). (2.4) 

The point particle Lagrangian is 

S = T0 [dT^l-idoXtf. (2.5) 

The action (2.5) is an effective action in the sense that higher order derivatives with 
respect to time, e.g. acceleration terms, are neglected. We have put the RR fields to zero, 
which would otherwise couple to the D-particle through Wess-Zumino terms. 

By a T-duality transformation in the 1 direction the boundary condition of the open 
string coordinate field X1 turns from Neumann to Dirichlet, the D-brane scalar field X1 

becomes a gauge field A1 and hence the D-particle becomes a D-string. The velocity of 
the D-particle in the 1 direction plays the role of a field strength on the D-string 

F0 1 = d0A1 = Xx/271-a'. (2.6) 

So we get for the effective world-volume action of the D-string 

S = n ƒ d2e y/\ - (d0Xi)2 - (27ra'F01)
2, (2.7) 

where I now runs from 2 . . . 9. The same argument can be repeated for other directions, 
so that we get higher dimensional D-branes. This leads us to the form of the bosonic low 
energy effective action of a p + 1 dimensional D-brane 

S = Tp f cP+1£ e-*sJdet(Gaß + Baß + 2na'Faß). (2.8) 

Here Tp is the brane tension. We included the pull-back of the antisymmetric NS-NS 
Bßl/-ue\d. Together with the pull-back of the RR field strength it forms the U(l) gauge 
invariant world-volume field strength 2na' Taß — Baß -t- 2ita'Faß that lives on the D-brane 
world-volume. The metric G is the pullback of the space-time metric to the D-brane 
volume 

Gaß = GTd^dpX*. (2.9) 

In addition to the action (2.8) there are couplings of the D-brane to RR fields in the form 
of Wess Zumino terms. 

The Born-Infeld action (2.8) as an effective description of D-branes can also be verified 
by a perturbative string calculation [71]. This open string calculation moreover gives the 
actual value of the brane tension Tp; the result is [71] 

T„ 1 1 , 
(2.10) 

gs g.Va' (2TT^)P 
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2 . 1 D-BRANES AND STRING DUALITIES 

where the string coupling gs is related to expectation value of the dilaton gs = e<<^>>. As 
expected the brane tension is proportional to the inverse of the string coupling constant, 
so that the D-branes are indeed non-perturbative objects. 

With some further restricting assumptions the form of the BI action (2.8) simplifies 
considerably: in the zero-slope limit a' —> 0 combined with additional restrictions, the BI 
action reduces to abelian Yang-Mills theory. 

To show this we take for simplicity the background metric and the D-brane to be flat. 
The pullback of the metric to the brane is then 

Gaß = r]aß + daX
IdßX

I + .... (2.11) 

Furthermore, we set the antisymmetric tensor B to zero, and assume that the terms 
2ira'Faß and daX

! are small. Then we can expand the Born-Infeld action as follows 

s=T>v'+*k I dP+1t ( c + w ^ d a X % X I ) + ' (2-12) 
where we made the identification 

5™ = 4 ^ R ) V (2-13) 

The action (2.12) is the bosonic part of 10-dimensional Af = 1 SYM, dimensionally 
reduced to p + 1 dimensions. Though this theory is a truncated model of D-branes, it has 
some peculiar properties in favor when compared with Born-Infeld theory. One can easily 
add fermionic degrees of freedom, and especially one can replace in a straightforward 
way the abelian gauge group by non-abelian U(N) groups. This extension to non-abelian 
groups is useful, because when we have more than one D-brane, the dynamics get naturally 
a description in terms of U(N) gauge theory. 

Thus D-branes shed new light on the intimate relation between string theory and 
(non-abelian) gauge theories. We will explain this in more detail in the next section. 

2.1.3 B O U N D STATES OF N D - B R A N E S 

In the simplest case of two parallel D-branes there are two hyper-surfaces on which open 
strings can end. These possibilities can be included in string theory by adorning the open 
strings with extra degrees of freedom at their endpoints, called Chan Paton factors, that 
simply indicate which brane the endpoint is restricted to. With the inclusion of these 
Chan Paton factors, string wave functions have decompositions like 

\k;a) = \k;ij)$j, (2.14) 

where the A", are, in this case, 2 x 2 matrices that label the Chan Paton factors. The 
matrices A£ are allowed to be simultaneously conjugated by U(2) transformations, as in 
string amplitudes only traces of products of Chan Paton factors appear.1 

xWe consider oriented open strings. For non-oriented strings the gauge group changes to SO(N) or 
USp{N). 
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On each of the two D-branes we have a U(l) gauge field that couples to open strings. 
These fields can be thought of as two abelian directions in a larger £7(2) group. This 
U(2) gauge group is equal to U(l) x 5£/(2)/Z2 . The U(l) subgroup describes the center 
of mass motion of the branes, while the non-abelian SU(2) part determines the relative 
motion. The Weyl group Z 2 of 5(7(2) acts by permuting the branes, corresponding to the 
fact that they are indistinguishable. 

Figure 2.1 The low energy dynamics of two separated branes has a description 
in terms of a (7(1) x (7(1) broken sector of (7(2) gauge theory. The open strings 
that begin on one brane and end on another, are coupled to massive charged 
W-bosons. The open strings beginning and starting on the same brane couple to 
the abelian (7(1) gauge fields on the brane. When the branes are on top of each 
other the complete gauge symmetry gets restored [86]. 

When the branes are separated the 5/7(2) gauge group is broken to (7(1) 

U(l) x 5(7(2) —y (7(1) x (7(1), (2.15) 

much like in spontaneously broken gauge theories. For example the role of the charged 
W± bosons is played by the ground states of strings beginning on one brane and ending 
on another brane, and the masses of the W± particles are proportional to the distance 
between the D-branes, and thus vanish when they are on top of each other (in this case 
the complete gauge group U(2) gets restored). Thus spontaneous symmetry breaking in 
gauge theory can be visualized in string theory by pulling D-branes apart. This is an 
example of a technique which is called geometric engineering, which can be used to give 
phenomena in gauge theories a geometric interpretation. 

In case of N parallel D-branes the total gauge symmetry group is U(N), which is 
broken to a subgroup, depending on the relative locations of the separate D-branes. The 
effective description of N D-branes has an obvious generalization in terms of non-abelian 
Yang-Mills theory. Also the fermionic degrees of freedom can be included in a straight
forward way. In this way we arrive at ten-dimensional M = 1 supersymmetric Yang-Mills 
theory, dimensionally reduced to the dimension of the D-branes, which has precisely the 
right field content. 

As noted above this Yang-Mills description of D-branes is only valid in the zero-
slope limit a' —> 0. When we add up all a' corrections we would expect to arrive at 
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2 . 1 D-BRANES AND STRING DUALITIES 

a generalization of Born-Infeld theory, like in the abelian case. The generalization of 
Born-Infeld theory to non-abelian gauge groups with or without inclusion of fermionic 
degrees of freedom is however not yet fully established. 2 There have been proposals for 
a non-abelian generalization [84]. By considering the equations of motion implied by the 
action, the right one can be singled out almost uniquely. There appears, however, to be 
an ambiguity in the choice of representation that is to be used for the trace over the gauge 
group. For a discussion of these matters see [84]. 

2.1.4 BOUND STATES WITHIN D-BRANES 

In supersymmetric gauge theories electric charged particles can combine with magnetic 
charged solitons to dyonic bound states. These states usually break part of the supersym-
metry and saturate a BPS mass bound. Their masses are smaller than the added masses 
of single electric and magnetic objects; in other words the binding energy is non-zero and 
the dyons are therefore truly bound. 

In a quite analogous way D-branes can form bound states with p-branes (extended 
fundamental objects in string theory) in type IIB string theory. As an example we take 
bound states of fundamental strings (F-strings) and D-strings. These two types of strings 
transform as a doublet under the 5L(2,Z) action of 5-duality, so string duality predicts 
the existence of a whole tower of bound states of p F-strings and q D-strings, with p and q 
relatively prime. It also suggests the following binding tension formula for a (p, q) string 
[75] 

+ 4- (2-16) 2" "'* 27ra'V g] 

This formula implies that for weak coupling the mass difference between a single F-
string plus a single D-string, and a (1,1) bound state is equal to the mass of a single 
fundamental string up to zeroth order of the coupling constant. Apparently the F-string 
dissolves almost entirely in the D-string when they form a bound state by minimizing 
their energy. This can be visualized by imagining the following procedure [87]. Consider 
a fundamental string (F-string) in type IIB wrapped around a compact dimension. In the 
absence of D-strings, the string winding number is conserved. This winding number is 
equal to the conserved charge of the gauge field that can be formed out of the NS-NS two 
form B by integrating it over the compact direction [72] [47]. In the presence of a D-string 
however the winding number of an F-string is no longer conserved. Instead the charge 
of the gauge field obtained from the /7(1) field strength T^ = Fßv + B^/2-ira' on the 
D-string is conserved. Now the closed F-string can break in two parts and "disappear", 
thereby leaving electric flux on the world-volume of the D-string behind, in such a way 
that the charge of the abelian gauge field on the D-string remains conserved. 

A D-string with electric flux on it is thus interpreted as a bound state of a D-string 
and a F-string. It is a BPS state, because the configuration can be mapped to a D-particle 
with non-zero momentum via T-duality, cf. (2.5)-(2.7). 

2The appropriate supersymmetric version of the Born-Infeld action, that describes both the fermionic 
degrees of freedom and the bosonic degrees of freedom has been constructed for the abelian case [1]. 
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A proof that the bound states really exist has been given by Witten. In [87] he argued 
that the existence of a D-string/F-string bound state can be proven by considering the 
relevant low energy effective theory, perturbed with a mass term. This mass term will 
break part of the supersymmetry but it does not affect the BPS mass. By tuning the 
mass parameter of the extra term in the supersymmetric Yang-Mills theory, the effective 
coupling constant can be made small. For this theory then, it can be shown that the 
relevant supersymmetric ground state exists (and is unique) [87]. The existence and 
uniqueness of the ground state is not affected by putting the mass term to zero again, 
so that the whole tower of (p, q) strings states with p and q relatively prime do exist in 
string theory. 

Analogous results hold for gauge theories that are associated with higher dimensional 
branes. By turning on electric and magnetic fluxes not only the D-brane itself is described 
but also bound states with lower dimensional branes and strings. 

YMflux String interpretation 

Rank N 

Electric flux 

Magnetic flux 

Instanten number 

# Max. dim D-branes 

F-string winding number 

# Codim 2 D-branes 

# Codim 4 D-branes 

Table 2.3 Bound states of a D-brane with lower dimensional branes and funda
mental strings have a low energy description in gauge theory. This table contains 
the translation code for the two theories. 

This is illustrated in table 2.3. We will come back to this in section 2.3 . 

2 . 1 . 5 M-THEORY AND I I A STRING THEORY 

M-theory is a conjectured model in eleven dimensions that should unify all known string 
theories, and whose low energy limit is eleven-dimensional supergravity. 

A concrete formulation of the model has not been established at present, but there 
are some proposals for particular sectors of the theory. A definition of M-theory could 
be the strong coupling limit of type IIA string theory. The motivation for this definition 
is, among other facts, the presence of D-particles in IIA theory whose masses depend on 
the inverse of the string coupling constant gs. When they are viewed as Kaluza Klein 
states of an eleven dimensional theory, the radius of the extra eleventh dimension should 
be proportional to gs 

Rn — gs (2.17) 

Then in the strong coupling limit an extra dimension in IIA string theory appears. An
other motivation is the already long known fact that the dimensional reduction of 11D 
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2.2 MATRIX THEORY 

supergravity theory on a circle is IIA supergravity, the effective field theory of 10D type 
IIA string theory. The bosonic field content of 11D Sugra [21] is the eleven dimensional 
metric gMN and an antisymmetric three-form gauge potential CMNP. Upon dimensional 
reduction we therefore get a scalar, a gauge field gßn, a two form Cßvu, a ten-dimensional 
metric and a three form, precisely the massless bosonic fields of IIA supergravity theory. 

A graviton with momentum N/Rn in the eleventh direction gets the interpretation as 
a bound state of TV D-particles, whose masses add up to m = N/Rn. The Kaluza Klein 
mode of the graviton g^u couples to these D-particles and gets the role of the RR gauge 
field. The membrane, an extended solitonic object in 11D supergravity, wrapped along 
the eleventh direction gets associated to the IIA elementary string (as was realized for 
the first time in [83].) 

M-theory IIA String Theory 

11D graviton D particle 

wrapped membrane fundamental string 

membrane membrane 

wrapped five brane D four brane 

five brane NS five brane 

KK gauge field RR gauge field 

Table 2.4 The dictionary between M theory (11D supergravity) compactified 
on a circle and IIA string theory. 

The other solitonic object in supergravity, the five-brane, gives rise to the D four-brane 
and NS five brane. These identifications and others are summarized in the table 2.4. 

One can also read off the spectrum of 11D Sugra and M-theory from the eleven di
mensional superalgebra [11] 

{Qa, Qß} = Wlv*ß + 2Z" l W7W Wo/s + 2Z«-"W7W-W«^> (2-18) 

where m = 0, • • • 10 and a, ß = 1, • • -32. The superalgebra (2.18) includes two central 
charges: a two brane charge Z ' " w and a five brane charge Z^'"^. These charges are 
infinite in non-compact eleven dimensional space, but in compact space they can have 
finite values. 

The superalgebra (2.18) is well known to have [/-duality invariance. The continuous 
versions of the [/-duality groups are classical symmetries of the action of dimensional 
reduced eleven dimensional supergravity. The symmetries can be thought of as being 
generated by two groups, namely the T-duality group and the mapping class group of the 
torus on which 11D Sugra (M theory) should be compactified to get supergravity theories 
(type II string theory) in lower dimensions. The [/-duality groups can thus be viewed as 
SO(d, d, R) cx SL(d, Z). We list the groups in different dimensions in table 2.2. 
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2.2 MATRIX THEORY 

2.2.1 THE MATRIX THEORY PROPOSAL 

In the previous section we saw that D-particles are the only objects that carry p n mo
mentum in M-theory. This was an important motivation for the following conjecture due 
to Banks, Fischler, Shenker and Susskind [9] 

Conjecture [9]: M-theory in the infinite momentum frame is exactly described by 
the N —> oo limit of 0-brane quantum mechanics 

s = ~ f dt a- (x2 + [x1, xJf + eT(iè - TJIX1, e]j), (2.19) 

where N/Rn plays the role of the 11D momentum, and where N/Rn and Rn are 
both taken to oo. 

In writing down the D-particle action (2.19) we used units where 2ira' = 1. The matri
ces X are elements of the gauge group U(N), and Ru is the radius on which M theory 
should be compactified to get type IIA string theory. When the fields X are large, the 
finite energy configurations lie in the flat directions. Along flat directions the fields X' 
are simultaneously diagonalizable and thus it is possible to interpret these diagonal ma
trix elements as coordinates of D-particles, with kinetic energy MooX2/2 = X2/2Rn. 
For small distances the fields no longer necessarily commute and the interpretation of the 
eigenvalues of the matrices as coordinates gets obscured. The off-diagonal components de
scribe strings stretched between the branes, with characteristic energies ~ \xt — Xj\RiiMph 

where MPt is the eleven dimensional Planck mass. The action neglects string oscillations 
and higher energy excitations (for example brane creation). 

Matrix theory has properties of a theory in the infinite momentum frame. It is an effec
tive theory of D-particles, so by construction it has only states with positive momentum 
in the eleventh direction. Furthermore the model (2.19) has ten-dimensional (super)-
Galilean invariance. Because of this it seems plausible that in the infinite momentum 
frame of M-theory the states are primarily composed of D-particles, whose effective low 
energy dynamics is determined by (2.19). 

Other important evidence for the model (2.19) is the natural appearance of super-
membranes in matrix quantum mechanics, as was originally observed in [24]. The matrix 
theory Hamiltonian is exactly the same as the light-cone Hamiltonian of the supermem
brane [24]. Due to supersymmetry this Hamiltonian has a continuous spectrum [25], 
which from the membrane point of view may be disappointing (as this would seem to rule 
out a generalization of strings in terms of membranes). Matrix theory, however, gives a 
new interpretation of this result. The continuous supermembrane spectrum belongs to 
the collective dynamics of (many) D-particles. Then the continuity of the spectrum is 
exactly what we want. 

Additional evidence for the model (2.19) came from calculations of D-particle scat
tering amplitudes, whose results are to be compared with supergravity [13] [14] [73]. The 
first calculation, presented in [9] was the remark that in the Born approximation the 
scattering amplitude of two gravitons in 11D supergravity corresponds with the leading 
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2.2 M A T R I X T H E O R Y 

potential term between two D-particles. In [13] this agreement was checked, up to a two 
loop calculation in matrix theory. 

One can also investigate in how far the symmetries of M-theory are present in matrix 
theory. These symmetries are Lorentz symmetry and U-duality symmetries. We will 
comment on this in the coming sections. 

In calculations the rank N is usually taken to be fixed and large. For finite N the 
model (2.19) has been conjectured to describe M-theory in the DLCQ formalism [80]. 
One might view this as a stronger conjecture than the original one in [9], as it tells us 
something about the matrix quantum mechanics for any rank N. But the large N limit 
needed in the conjecture of [9] is a rather subtle issue and should be considered with great 
care. 

We will go on with the proposal of [80] in the next section, and adapt it to matrix 
string theory. In particular we show how the close relation between matrix string theory 
and DLCQ string theory can be made plausible. 

2.2.2 T H E MATRIX STRING THEORY PROPOSAL 

We can now be more precise on the relation between string theory and matrix string the
ory: the matrix string theory proposal at finite N is type IIA string theory in the DLCQ 
formalism, with rank N and p+ momentum identified. The D-particle number in string 
theory has the interpretation of (integer) electric flux in matrix string theory. 

M-theory on S x S 

R, 
•--*•* "'"""'' * * " * • V - - " 

IIA on S 1 9-11 flip IIA on S 1 

M=D0# - C =S>- N=D0# 
P = N / R B P9=M/RA 

T„ 

IIB on S1
 B . r t HB on S1 

M=D1# S-duahty M = F 1 # 

N=F1# * * N=D1# 

Figure 2.2 This diagram illustrates the 9-11 flip which is one of the essential 
features of matrix string theory. All identifications only depend on the M-theory 
conjecture [86] and string duality. 

We can make this claim plausible by the following argument [76]. In figure 2.2 we consider 
M-theory compactified on two circles with radii RA and RB- Either of these radii can 
be chosen to be in the eleventh direction, so we can define two copies of type IIA string 
theories compactified on a circle of radius RA respectively RB-

The string coupling and string scale are determined by the eleventh radius and the 
11-dimensional Planck scale In through 

fin = 9sh = gV'lpi, (2.20) 

49 



[/-DUALITY SYMMETRY IN N = 4 YANG-MILLS THEORY ON T3 

so that the type IIA string theory obtained via compactification of the A direction has 
string coupling and string scale given by 

9. = {RA/IPI)3/2, a' = RAH3
Pl. (2.21) 

By a further T-duality in the nine direction on both sides of diagram 2.2 we get two type 
IIB theories that are related by an S-duality transformation. The type IIB theory in the 
lower-right corner in figure 2.2 is defined on a circle of radius R'A and has string coupling 
and string scale (see [16] for a translation code between IIA and IIB) 

R'A = l3
PlRA

lRB\ gs = RB/RA, à' = RBH3
Pl. (2.22) 

The idea now is to obtain a relation between DLCQ IIA string theory and Yang-Mills 
theory by an infinite boost in the RB direction of the equivalent IIA and IIB string theories 
(2.21) and (2.22). This infinite boost is accompanied by a zero size limit of radius RB 
such that 

RB = e~xR (x -> oo), (2.23) 

where x is the boosting parameter which we will take to be cosh x = (R2 + 4R2
B)1^2/2RB. 

This procedure has the effect that one of the light-like coordinates x± = xB±t becomes 
compactified. Namely, for finite x w e n a v e * n e simultaneous identifications 

x+ ~x+ + e~xR , x~~x~ + R ( x - > o o ) , (2.24) 

so that in the limit RB —>• 0 the light-cone coordinate x~ becomes compact, while x+ is 
identified with time. In this way we get on the left in figure 2.2, DLCQ IIA string theory 
in the sector p+ = N/R and D-particle number M, with finite string coupling and string 
scale given by (2.21). 

On the right we have weakly coupled type IIB theory with N D-strings and M F-
strings wrapped along a circle of large radius 

RA = l3
pRA

1RB
1=e*l3

pRA
1R-1 (x - • oo). (2.25) 

At the scale of this compactification radius, the string length à' vanishes 

R'1/à' = e*l3
pRA

2R-1 ( x ^ o o ) . (2.26) 

This means that the IIB theory gets a Yang-Mills theory description, which can be derived 

from the low energy effective D-string action (Born-Infeld theory) via the zero slope limit 

a' -» 0. Using (2.13) and (2.22) we find the Yang-Mills coupling constant of the gauge 

theory description 

In this formula g's is the string coupling constant of the type IIB theory on the right side 
of figure 2.2. 
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There is one additional condition for this reduction to make sense: namely finiteness 
of the Yang-Mills energy, as compared with the energy scale determined by the compact-
ification radius R'A. 

The relevant Yang-Mills Hamiltonian is the energy of a sector with integer electric flux 

M, 

M2 

HYM = 92
YMR'A^- (2-28) 

This follows from the remarks made in section 2.1.4 where we explained that a (p, q) string 
bound state has a low energy description in terms of Yang-Mills theory with electric flux 
turned on. The Yang-Mills energy (2.28) is finite with respect to the Yang Mills radius 
R'A, as can be verified by using (2.25) and (2.27). 

When we include transversal momenta p±_ of the strings the YM Hamiltonian becomes 

2 

HYM = ^T(P2
L + ^ ) , (2-29) 

2p+ 9Î 

which equals the DLCQ string theory Hamiltonian with D-particle charge M [80]. 
We come to the conclusion that DLCQ IIA string theory is equivalent to super Yang-

Mills theory defined on a cylinder, with dimensionless coupling constants identified via 

gvM = —• (2.30) 
9s 

The equivalence is thus an example of a strong-weak coupling duality as already empha
sized in chapter 1. 

The relation between matrix string theory and M-theory in the discrete light-cone 
gauge is reflected at the level of the superalgebras too. The superalgebra of DLCQ 
11-dimensional supergravity (2.18) on a d-dimensional torus is identical to the one of 
maximally supersymmetric Yang-Mills theory on the dual torus, after appropriate iden
tifications of the fluxes [11]. 

2.2.3 (DE)COMPACTIFICATION 

In the previous section we argued why matrix string theory yields a dual description of 
non-perturbative type IIA string theory. The gauge model describes type IIA strings in 
the DLCQ formalism, moving in eight transversal dimensions. 

The way of reasoning of the previous section can be repeated for type IIA string theory 
toroidally compactified to lower dimensions. The result is that the dual supersymmetric 
U(N) gauge model is defined on a higher dimensional torus. This procedure, however, is 
of limited use, as Yang-Mills theories are quantum mechanically well defined only up to 
4 dimensions. 

This is one of the reasons why we will focus on the well known M = 4 U(N) SYM 
model in 3+1 dimensions, which, according to the reasoning above, describes three-branes 
or DLCQ string theory in 8 dimensions. 
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Instead of repeating this reasoning again we will show that dimensional reduction of 
the gauge theory means decompactification of the associated string theory, and vice versa. 
To begin with let us consider the Lagrangian of the Af = 4 model 

i ƒ d 4 z t r ( ^ + \{DßX'f + VPAV-

+iprIlXI,iP} + ^[XI,XJ}2), (2.31) 

with I = 1 , . . . 6. When we compactify this model on a three torus of the form T2 x S1, 
and rescale the circle according to x3 -» Xx3, the bosonic part of the action (2.31) becomes 

S = ~? !dAxi^T\Fl + \XFï + à{°3Xl)2 + \X^X'? + ^,XJf). (2.32) 

In the limit A —» oo (2.32) is conjectured to flow to an effective supersymmetric conformai 
field theory in the infrared [51] [29]. In this limit finite energy configurations satisfy the 
flatness conditions 

Fij = 0, A I 7 = 0, [XI,XJ}=0. (2.33) 

These conditions are the same flatness conditions one gets in the strong coupling limit 
of matrix string theory (see also section 1.2 ). We thus see that the limit A ->• oo (or 
equivalently shrinking the transversal two torus to zero size) dimensionally reduces the 
model (2.31) to 1 + 1 dimensions, i.e. to matrix string theory. The associated string 
theory is however decompactified from six to eight transversal dimensions. 

Conversely compactifying string theory to lower dimensions lead to higher dimensional 
gauge theories. Note that we have to define what we actually mean by compactifying 
matrix string theory. Hereto we will follow the original argument due to Taylor [81], who 
discussed toroidal compactifications of matrix theory. 

Matrix string theory is equivalent to the low-energy description of a system of N 
D-strings moving in flat space R9. An obvious definition of compactified matrix string 
theory is therefore the low energy description of D-strings living on compact space. 

A collection of D-strings on a circle can be described by using orbifold techniques. The 
covering space of a circle S1 is the real line R, so we can study the D-strings by considering 
the motion of an infinite family of D-strings on R and then impose constraints that imply 
translation invariance of the D-string configuration. The matrices X1 get two type of 
indices: X^inj where n G Z and i runs over integers I , - - - , JV. The conditions the 
discrete symmetry Z imposes on these fields read [81] [82] 

(2.34) 

where we suppressed the indices i,j of the matrices. We took the compactified direction 
in the ninth direction. As a result of the constraints (2.34) the matrix X^n can be written 
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in the following form [82] 

/ 

X9 = 
X-! X0 - 2nRgl 

X_2 

X-2 
X-3 

x2 

Xo 
X2 

, \ 
X3 

X2 

X. 

X _ i X0 + 271-.R9I X i 

x_2 x_i •••/ 

(2.35) 

where we used the shorthand notation Xk = Xlk. One can interpret the matrix of the 
form (2.35) as a representation of the covariant derivative of YM theory defined on the 
dual circle 

X9 = id + A(i (2.36) 

acting on the Fourier components of a periodic function defined on the dual circle 

^ ) = ^ „ e - / * > . (2.37) 

Decomposing the gauge field A{x) into Fourier components 

A(x) = Y/Ane
ini/A\ (2.38) 

we see that the covariant derivative (2.36) has precisely the same action on the Fourier 
components of the function (2.37) as the matrix (2.35). Thus we conclude that compacti-
fication of matrix string theory on a circle means adding an additional compact dimension 
to the YM theory, plus replacing a Higgs field by a gauge field. This procedure is the 
counterpart of dimensional reduction. 

Of course one can repeat this for tori of other dimensions, keeping in mind that the 
gauge theory is well defined in low dimensions only. 

2.3 N = 4 S Y M AND M-THEORY ON T 3 

The M = 4 SYM model (2.31) has been thoroughly studied in the past. Elegant semi-
classical studies have revealed that the spectrum of dyonic BPS-saturated states in the 
theory exhibits an exact symmetry between electric and magnetic charges [66] [69] [88] [85] 
[42]. This ^-duality is expected to extend into the full quantum regime, thereby providing 
an exact mapping between the strong coupling and weak coupling sectors. Although recent 
breakthroughs in non-perturbative supersymmetric gauge theories and string theory have 
produced substantial evidence for the duality conjecture, finding an explicit construction 
of the duality mapping still seems as difficult as ever. 

The S-duality of the M = 4 model (2.31) forms an important ingredient in the matrix 
theory [9] formulation of 11-dimensional M-theory. As reviewed in section 2.2.2, matrix 
theory proposes a concrete identification between the U(N) SYM model defined on a 
three-torus T 3 and DLCQ type IIA or IIB string theory compactified on a two-torus 
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T2. A particularly striking consequence of this conjectured correspondence is that the 
S-duality of the gauge model gets mapped to a simple T-duality in the string theory 
language [79] [36]. 

Central in the correspondence with M-theory on T 3 is the following construction of 
the 11-dimensional supersymmetry algebra in terms of the SYM degrees of freedom. The 
generators of the four-dimensional M = 4 supersymmetry algebra can be conveniently 
combined into one single SO(9,1) spinor supercharge Qa, by considering the 4D SYM 
model as the dimensional reduction of ten-dimensional Äf = 1 SYM theory. In this ten 
dimensional notation the fermionic fields transform under the supersymmetry according 
to Sip = Y^F^e, and the corresponding supercharge Qa is equal to 

Q= f tr 
JT3 

YriPEr - Y°YrsiP-Frl (2.39) 

Here and in the following the indices r, s run from 1 to 9. As the spatial part of our 
space-time manifold is compact we have an additional global supersymmetry: the action 
is invariant under adding a constant spinor to ip via Sip = I. We denote the corresponding 
supercharge by Q 

Q= / trip, (2.40) 
JT3 

where we put the volume of the three torus (and the length of all its sides) equal to one. 
The supersymmetry algebra is 

{Qa,Qß} = NSaß, 

{Qa,Qß} = Zaß, (2.41) 

{Qa,Qß} = 2Y°H + 2YiPi, 

where the central charge term 

Z = r ° F e i - Y^rriij (2.42) 

consists of the total electric and magnetic flux through the three-torus, defined via 

ei= / trEu mij= I trF{j. (2.43) 
JT3 JT3 

H in (2.41) denotes the supersymmetric Yang-Mills Hamiltonian and the quantities Pi 
are the integrated energy momentum fluxes, defined (in 3+1 notation) as 

Pi= I triEjFji + n'DiXj + li^DirP), (2.44) 
JT3 2 

where Ü/ is the conjugate momentum to the Higgs scalar field AT/. In writing the above 
supersymmetry algebra we have assumed that the U(l) zero mode part of II/ vanishes. 
From the eleven dimensional M-theory perspective, this means that we assume to be in 
the rest-frame in the uncompactified space directions. 
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The superalgebra (2.41) has the same form as the one of eleven dimensional super-
gravity (cf.(2.18) ) in the DLCQ formalism: 

\Qa,Qß\ 

\Qa,Qßt 

\Qa,Qß\ 

°aß, 

2P
ajaaß + 2Z a i 0 2

7 o i 0 2 Q / 3 + 2Zai"°57a1...a5a/3, 

2p-5aß + 2Zayaaß + 2Zai~a*jai...ataß. 

(2.45) 

Here we split the 32-component supercharge of 11D supergravity into two sixteen-component 
supercharges Q and Q. As prescribed by DLCQ, x~ is defined on a circle and x+ plays the 
role of time. In writing up the supersymmetry algebra we have therefore set the charges 
with a + component to zero, while the charges with a — component do not necessarily 
vanish. These charges are indicated by Za and Zai'"a* and they belong to membranes 
respectively five-branes wrapped around the light-like circle and transversal directions. 
Comparing the superalgebras (2.45) and (2.41) we see that they have the same form, 
except for the five-brane central charge. But the five-brane is not included in M theory 
on low dimensional tori, because then it is infinitely massive, so the superalgebras are 
indeed identical. 

We thus get a dictionary for the various fluxes of 3 + 1 dimensional SYM theory in 
terms of charges of eleven-dimensional M-theory on T 3 and 10-dimensional IIA string 
theory compactified on T2. This leads to the following list of correspondences (here i, j 
run from 1 to 2): 

N H 

e-z e-i 

m3 mi 

Pi Pi 

•H-

p+ P-

P9 Pi 

TUij m9j 

m9_ m;_ 

•o-

p+ P-

Co Pi 

TUij Wj 

W^ mi-

(2.46) 

4D SYM M-theory on T3 IIA string on T 2 

Here q0 denotes the D-particle number in the IIA string theory. In the second and third 
table, the integers m^ - corresponding to the SYM magnetic fluxes - denote the wrapping 
numbers of the M-theory membrane around the T 3 and the D2-brane around the T2 

respectively. The M-theory membranes wrapped mgj times around the compact light-like 
direction turn into IIA strings with winding number w*. 

States with non-zero momentum flux Pi = pt in the SYM theory correspond to mem
branes that are wrapped around the longitudinal x~ light-like direction. In the original 
proposal of [9], M-theory arises in the limit N -> oo while restricting the spectrum of 
the M = 4 SYM model to the subspace of states that have energy of order 1/N. This 
limit amounts to a decompactification of the longitudinal direction. States with non-zero 
Pi will thus correspond to infinite energy configurations containing membranes stretched 
along the light-cone direction. All finite energy states therefore must have p{ = 0. 
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In the DLCQ setup, the longitudinal membranes are no longer infinitely massive, and 
must be naturally included in the spectrum. 

2.3.1 [/-DUALITY IN MATRIX THEORY ON T2 

The correspondence with string theory and M-theory gives a number of predictions con
cerning the duality properties of the gauge theory. These predictions in particular concern 
the BPS spectrum of the SYM model at finite N as well the behavior of the model at large 
N. For example, from the above table 2.46 it is seen immediately that electric-magnetic 
duality in the SYM theory follows from the T-duality on the two torus, as first noted 
in [51]. The T-duality that exchanges the D-particles with the D2-branes and the KK 
momenta with the NS winding numbers in type HA string theory, when translated to the 
first table indeed gives rise to the S-duality that interchanges all the electric and magnetic 
fluxes. Via this correspondence, the complete [/-duality symmetry SL(2, Z) x SL(3, Z) of 
M-theory on T 3 is expected to be realized as an exact symmetry of the matrix formalism 
[79][36]. 3 A discussion about the expected SL(5, Z) duality symmetry group of matrix 
theory on T 4 can be found in [74]. This case is more subtle as the theory is not simply 
described by 4 + 1 dimensional gauge theory, because it is not renormalizable. 

At finite N there are reasons to suspect that the duality group that acts on the BPS 
sector is in fact enlarged. As we have discussed in section 2.2.2, for finite N matrix theory 
describes M-theory in the DLCQ formalism, and correspondingly one no longer needs to 
restrict to states with vanishing momentum flux pi. BPS states at finite N can therefore 
carry a total of 10 charges, labeled by (N, e{, ro;,pj). 

The gauge theory descends from Born Infeld theory in the zero slope limit a' ->• 0 
(cf. section 2.1 ). Therefore we can interpret the U(N) SYM model as a low energy 
description of all possible bound states of N D3 branes of IIB string theory on T3. In this 
correspondence, e,- denotes the NS string and m* the D-string winding number, while p{ 

is the KK momentum. The SYM theory should thus encompass all BPS bound states of 
this system. 

It should be emphasized, however, that from this reasoning we should only expect the 
BPS degeneracy formula to be SL(5, Z) symmetric, while of course the energy spectrum 
is not, since the Yang-Mills model only represents a particular limit of the N D3 brane 
system. 

2.4 B P S SPECTRUM 

The goal of our study in this section is to determine the explicit form of the BPS degen
eracies for finite A'' as a function of the charges (N, eit mhpi), and thereby exhibit its full 
duality symmetry. We will approach this problem in two ways: first from M-theory and 
then directly from the M = 4 SYM model. Our main finding is that the spectral degen
eracy of individual bound states from both points of view is identical, and furthermore 
exhibits a full SX(5, Z) duality symmetry. Part of this large duality group also acts on 
the rank AT of the gauge group, an example of so called Nahm type transformations [67]. 

3 For a review of [/-duality in matrix theory we refer to [68], 
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The BPS-states that we will consider respect 1/4 of all supersymmetries. Every such 

BPS-state in a fixed multiplet satisfies 

(eaQa + laQa) |BPS) = 0, (2.47) 

for a certain fixed collection of 5 0 ( 9 , 1 ) spinors e and I. These spinors are, up to an 
overall factor, completely determined by these t of charges. 

By taking the commutator with Q and Q in the preceding equation we get two con

ditions for the spinors e and l 

2T°He + 2ViPte + r°Zi = 0, 

Ne+Z]e = 0. (2.48) 

Plugging e in the first equation gives the following equation for e 

{T°H' + VP!) e = 0, (2.49) 

where H' and P[ denote the Hamiltonian and momentum fluxes with the zero-mode 

contributions removed. Explicitly, 

Pi = {eA m)i/N + Pi- (2-50) 

From the last equation, we see that the eigenvalues of P[ are equal to p't = Ki/N with 

Ki = NPi - (e A m)i. (2.51) 

The operator in equation (2.49) should have eigenvalues equal to zero. This is only the 
case when the magnitude of H' and the length of P[ are equal, H' = \P!\. Using this 
relation, we can write equation (2.49) in the following way 

( r 0 + r%) e = 0, (2.52) 

where the vector ki denotes the unit vector in the direction of K{. 

2 . 4 . 1 B P S SPECTRUM FROM M-THEORY 

Now we are ready to determine the detailed BPS spectrum from discrete light-cone M-
theory. To this end it is useful to introduce the notion of an irreducible BPS state, as a 
state that contains only one single BPS bound state. Indeed, general BPS states can in 
principle combine more than one such bound state into one second quantized BPS state. 
The combined state will still be BPS, provided each of the irreducible constituent bound 
states is left invariant by the same set of supersymmetries, i.e. with the same spinors e 

and e. 
The degeneracy of irreducible BPS states is determined almost uniquely from U-duality 

invariance, and from the known BPS spectrum of perturbative string states. The relevant 
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U-duality group for our case turns out to be as large as the complete S'L(5,Z) duality 
group of string theory on T3 , i.e. M-theory on T4 . 

The 10 quantum numbers (N, et, nii,pi) can be combined into a 5 x 5 anti-symmetric 
matrix [92] 

/ 

V 

0 PS - P 2 ei mA 
-P3 0 Pi e2 m2 

P2 - P i 0 e3 TB 3 

-ei - e 2 - e 3 0 JV 
mi - m 2 - m 3 -N *) 

(2.53) 

on which SL(5,'Z) acts by simultaneous left- and right-multiplication. 4 The smaller 
5*1/(3, Z) x SL(2, Z) symmetry group is included in the group 5L(5, Z) and is represented 
by block-diagonal matrices, with an 5Z/(3,Z) group element in the upper left corner 
and an SX(2,Z) element in the lower right corner. Together with an 5L(5 ,Z) matrix 
that is not in this block-diagonal form the elements of SL(3,Z) x 5L(2,Z) generate 
the complete extended duality group. We will call the extra transformations Nahm type 
transformations, because they mix rank and electro-magnetic fluxes with each other. They 
resemble the well known Nahm duality mapping that exchanges instanton number and 
rank of gauge group in Euclidean U(N) Yang-Mills theory [19]. We come back to this 
issue in section 2.5. 

The following bilinear combinations of the fluxes 

Ki = (Npi - (e Am)i; p-m,p-e), (2.54) 

transform as a 5 vector under SL(5, Z) duality. It can be formed out of the fluxes by 
contracting the matrix (2.53) with its Hodge dual, a three tensor. From this we deduce 
that the relevant SL(5, Z) invariant scalar combination we can make out of the ten charges 
is the integral length of this five-vector 5 

\K\ = gcd(Npi - (e Am); , p-m, p-e). (2.55) 

Duality invariance thus predicts that the degeneracy of irreducible BPS bound states 
should be expressible in terms of the quantity li^l only. 

To determine the explicit degeneracy formula, we note that by using the U-duality 
symmetry, any irreducible bound state can be rotated into a state that carries only KK 
momentum and NS string winding (in the SYM language these states have zero momenta 
Pi = 0). Such a state must necessarily be made up from a single fundamental IIA string. 
The invariant \K\ for this perturbative string state simply reduces to the bilinear combi
nation of momenta and winding numbers that determines (via the BPS restriction) the 

4The SL(5, Z) transformations also acts on the metric of the torus and the coupling constant in a 
non-trivial way. We will discuss this in the last section of this chapter. 

5Another SL(5,Z) scalar is gcd(iV,p;,e;,r7ij) which is not relevant for the degeneracies of BPS states 
in Yang-Mills theory. This scalar will be important however when one considers the BPS spectrum of 
supersymmetric Born Infeld theory on T3 [92]. 
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oscillator level of the string. Single BPS states of toroidal compactified II string the
ory have only left-moving (or right-moving) excitations. The number of irreducible BPS 
bound states is therefore counted by means of the chiral string partition function [72] 

£ « ^ = ( 1 6 ) ^ ' ( £ £ ) ' ' (2-56) 

with K = \K\ as defined in (2.55) . 
General BPS states of discrete light-cone gauge M-theory may consist of more than 

one irreducible bound state. The total BPS condition requires that the charges of these 
separate bound states must be compatible. The complete second quantized partition sum 
is obtained by taking into account all possible such ways of combining individual bound 
states into a second quantized configuration with a given total charge. More detailed 
comments on the combinatorial structure of the second quantized BPS partition sum will 
be given in section 2.4.3. 

2 . 4 . 2 B P S SPECTRUM FROM N = 4 S Y M ON T 3 

The above description of the BPS spectrum can be reproduced directly from the U(N) 
gauge theory on T 3 as follows. First let us recall the definition of the electro-magnetic 
flux quantum numbers. To this end it is useful to decompose the U(N) gauge field into 
a trace and a traceless part 

i ^ A ^ l + A f W (2.57) 

and to allow the fields on T 3 to be periodic up to gauge transformations of the form 

A?uw(x + aj) =njAfm(x)nj\ 

AU
t
m (x + a3) = /Ç(1) (x) - 27TmlJ/N, 

with rriij integer. Here a, with i = 1,2,3 denote the translation vectors that define the 
three torus T3 . 6 The SU(N) rotations fit- must satisfy the ZN cocycle conditions 

fyfifc = nkn3e
27'i^k/N, (2.59) 

for integer ßjk. The quantities ßij/N define the 't Hooft ZN magnetic fluxes [58] and 
mij/N can be identified with the U(l) magnetic flux defined in (2.43). The integers /J,^ 
and rriij are restricted via the condition that the combined gauge transformation (2.58) 
defines a proper U(N) rotation. This requirement translates into the Dirac quantization 
condition that the total flux (/Xy - m,3)/N must be an integer. Hence m%j = /n„(mod N). 

Electric flux carried by a given state is defined via the action of quasi-periodic gauge 
rotations fi[n] defined via 

fyfi[n] = filnl^e2"1"^", (2.60) 

6We repeat here that for simplicity we mostly take T 3 to be cubic with sides of length 1. 
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with integer rij. Such gauge rotations will preserve the boundary condition (2.58) on the 
gauge fields. A state \I/J) is defined to carry SU(N) flux tj if it satisfies the eigenvalue 
condition 

fi^lVHeT^IV,), (2.61) 

where n[n] denotes the quantum operator that implements the gauge rotation 0[n] on 
the state 1 )̂- Similarly as for the magnetic flux, the electric flux receives an overall U(l) 
contribution e; defined in (2.43). The abelian and non-abelian parts of the flux must 
again be related via ê  = e^mod N). 

To determine the supersymmetric spectrum for a given set of charges, the idea is to first 
reduce the phase space of the U(N) SYM model to the space of classical supersymmetric 
configurations and then to quantize this BPS reduced phase space. The justification for 
this procedure should come from the high degree of supersymmetry in the problem, while 
furthermore the degeneracy of BPS states is known to be a very robust quantity. 

To obtain the reduced phase space, we recall that the SUSY transformation for the 
fermionic partners of the Yang-Mills fields reads (again using ten-dimensional notation) 

5%l> = (ETT0T + -Frsr
rs ) e + I. (2.62) 

The BPS restriction requires that the right-hand side vanishes for those e and ê determined 
in the previous section. Thus in particular we can use the equation (2.48) to express ë in 
terms of e and the f/(l) zero modes. The result is 

Sip = (E'rT
0r + ^ ; s r r s J e = 0. (2.63) 

where the primed quantities are equal to the un-primed ones with the constant U(l) parts 
removed. For BPS-states in a fixed multiplet, supersymmetry is unbroken for e satisfying 
the equation (2.49) above. Hence for these BPS-states the following must hold for all 
spinors 

E'rr°T + \Ksr
rs) (r° - rfcftfc) e = o. (2.64) 

Note that T° — Tkkk acts like a projection operator on the space of spinors satisfying 
equation (2.49). We conclude that the matrix in spinor space in the last equation has to 
vanish. This is the case when E' and F' satisfy the following two conditions 

E\kl = 0, (2.65) 

4 f t f ] = F'TS. 

From now one we shall omit the prime, and simply denote by E and Fij the U(N) fields 
without the U(l) constant mode. We will also return to a 3+1-dimensional notation, 
and for additional notational convenience, use the SL(3, Z) symmetry to rotate the three-
vector Ki defined in (2.51) in the 3 direction. So we will choose coordinates such that 

«3 = Np3 - e;77li3, (2.66) 

Kj = Npj - eiTUij - e3m3j = 0 i, j = 1, 2. 
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Here and from now on the indices i, j run from 1 to 2. From the second condition in 
(2.65) we read off that the gauge and Higgs fields are fiat on the plane perpendicular to 
K, meaning 

In addition we have 

F = o, 
DtXj = o, 

[XJ,XJ] = 0. 

Ei = Fsi, 

Uj = D3XT 

(2.67) 

(2.68) 

Finally, the first condition in (2.65) simply becomes 

E3 = 0. (2.69) 

We can interpret this constraint equation as a gauge invariance condition under arbitrary 
local shifts in the longitudinal gauge field A3. We can therefore exploit this gauge in
variance by putting A3 = 0. The relations (2.67) then simplify to the statement that the 
transversal gauge fields At and Higgs scalars Xj satisfy the chiral 2D free field equations 

d0A, = d3Ai, (2.70) 

d0Xj = d3Xj. 

Furthermore, the equations of motion imply that the fields do not depend on the coordi
nates of the transverse torus. Thus we conclude that the BPS reduced theory is described 
by the left-moving chiral sector of a two-dimensional sigma model with target space given 
by the space of solutions to the flatness conditions (2.67) subject to the twisted boundary 
conditions specified by the electro-magnetic flux quantum numbers. 

To determine the detailed properties of this sigma model, let us first consider the case 
with all electro-magnetic fluxes equal to zero. The only non-zero quantum numbers are 
therefore N and p3. In this case we can parameterize the space of solutions to (2.67) by 
means of the orbifold sigma model on the JV-fold symmetric product space 

(K^xTT ( 2 7 1 ) 

where S^ denotes the permutation group of JV elements, acting on the N copies of the 
transversal space T2 x R6. 7 To see that this is the right space, we observe that for 
solutions to (2.67) one can always choose a gauge in which all U(N) valued fields take 
the form of diagonal matrices. Each such matrix field thus combines JV separate scalar 
fields, corresponding to the N eigenvalues. The SN permutation symmetry arises as a 
remnant of U(N) gauge invariance, acting via its Weyl subgroup on the space of diagonal 

7This orbifold sigma model was first considered in relation with Af = 4 SYM theory on the three torus 
[51]. 
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matrices. Finally, the flat transversal gauge fields A{ with i = 1, 2 give rise to periodic 2D 
scalar fields, since constant shifts in At by multiples of 27r are pure gauge rotations. 

The model thus reduces to the free limit of type IIA matrix string theory [65] [10] [29] 
in the discrete light-cone gauge [80]. As explained in section 1.2 the Hilbert space of 
the model decomposes into twisted sectors labeled by the partitions of N, in which the 
eigenvalue fields combine into a collection of 'long strings' of individual length nk such 
that the total length adds up to ^ nk = N. Each such string is made up from, say, 
nk eigenvalues that , by their periodicity condition around the 3-direction are connected 
via a cyclic permutation of order nk. In the M-theory interpretation, all these separate 
strings will indeed correspond to separate bound states, i.e. particles that each can 
move independently in the uncompactified space directions. The general form of the 
BPS partition function of symmetric product sigma models of the form (2.71) has been 
described in detail in [28]. 

In the following we will mainly concentrate on the irreducible states, describing one 
single BPS particle. These necessarily consist of one single string of maximal length. 
In the present case, with zero total electro-magnetic flux, this maximal string has total 
winding number N around the 3-direction. Correspondingly, its oscillation modes have 
energies that are quantized in units of l/N. Thus the degeneracy of states as a function 
of N and p3 is obtained by evaluating the chiral superstring partition function, as given 
in (2.56), at oscillator level Np3. 

Next let us turn on the magnetic flux m3. The space of solutions to (2.67) with 
twisted boundary conditions (2.58) around the transverse torus again takes the form of a 
symmetric product 

(R6 xT2)N' 
ç — ^ . (2.72) 

but where now N' = gcd(7V, m3). In order to visualize this reduction, we note that gauge 
rotations fi; with S7if22 = fi2Oi exp(27rim3/Ar) that define the twisted boundary condi
tions, can be chosen to lie within an SU(k) subfactor oîU(N) where k = N/ gcd(N, m3). 
By decomposing the matrix valued fields according to the action of SU(k) ® U(N') with 
TV' = gcd(N, m3), we can thus factor out a sector of U(N') valued field variables that 
are unaffected by the twisted boundary conditions. Now following the same reasoning as 
before, these fields parameterize the symmetric product space of the above form. Note 
that in the particular case that m3 = 1, the whole SU(N) part of the moduli space of 
solution to (2.67) collapses to a point, so that only the U(l) part survives. 

By a very similar reasoning we can also include the electric flux e3 in our description. 
Like with the magnetic flux, an electric flux e3 = 1 has the effect of reducing the SU(N) 
part of the vacuum moduli space (2.67) to a point, or rather, it projects out just one 
single supersymmetric state in the SU(N) sector [87]. More generally, however, it can be 
seen that one can again factor out a U(N') subfactor of the model, that is unaffected by 
both the electric and magnetic flux e3 and m3, where now 

/V' = gcd(Ar,m3,e3). (2.73) 

The BPS sector for non-zero m3 and e3 is thus obtained by quantizing the supersymmetric 
orbifold sigma model on (2.72), with N' equal to (2.73). 
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The spectrum of irreducible BPS bound states is obtained as before, by considering 
the Hilbert space sector defined by the eigenvalue string of maximal length. The maximal 
winding number is now equal to N'. The total momentum along this string is determined 
by the remaining quantum numbers of the BPS state, and should be equal to 

p3 - etmi3/N, (2.74) 

which is the total momentum of the BPS state minus the contribution from the U(l) 
electro-magnetic fluxes. Notice that the latter contribution is in general fractional. How
ever, since the oscillation modes of the long string states also have fractional oscillation 
number quantized in units of l/N', this fractional total momentum (2.74) can in fact be 
obtained via integer string oscillation levels. The total oscillation level corresponding to 
this momentum flux is 

K = N' x (p3 - enna/N) (2.75) 

and it is easy to check using (2.66) that this is an integer. In fact, after taking the 
direction of K; again arbitrary, we find that the integer quantity (2.75) becomes equal 
to the 5L(5,Z) invariant length \K\ defined in (2.55) of the five-vector (2.54). In this 
way we reproduce the description of the BPS spectrum given in the previous section. In 
particular we find confirmation that the degeneracy of supersymmetric bound states has 
a discrete 51,(5, Z) duality invariance. 

2.4.3 C O M P L E T E B P S PARTITION FUNCTION 

As mentioned earlier, the complete supersymmetric spectrum of the N = 4 SYM model 
contains many more sectors, that in M-theory describe configurations of multiple BPS 
bound states. These correspond to the other twisted sectors in the orbifold model (2.72), 
describing multiple strings with separate lengths nk with J^k n>= = N'. Via their zero 
modes these strings each separately carry all the possible flux quantum numbers. The 
degeneracy of these separate states as a function of these charges is identical to the 
SL(5, Z) invariant result just described. However, it turns out that the combinatorics 
by which many such states can be combined into one second quantized BPS state no 
longer respects the full SL(5,Z) symmetry. For this it would be necessary that, via the 
compatibility of the individual BPS conditions, the 10 dimensional charge vectors of all 
constituent states must align in the same direction. It can be seen, however, from the 
second condition in (2.48) and condition (2.49) that this alignment is not entirely implied: 
in the above notation, all charges must indeed align, except for the individual pz momenta. 

In case of nonzero p 3 momentum (and other fluxes equal to zero) the multiple states 
are in one-to-one relation with partitions of rank N. One can distribute the pz momen
tum freely among the different sectors. We conclude that the degeneracies are simply 
determined by a second quantized string partition function 

iV,P3 r,s V y H > 
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where the integers c(K) are the degeneracies of long string states defined by equation 
(2.56). 

In the situation where we have general fluxes, the multiple BPS states are, as explained 
above due to supersymmetry, related to partitions ^ f c n'k = n', with n' defined by the 
greatest common divisor of all charges except p3 

n' := gcd(N,ei,mi,p1,p2). (2.77) 

A single short string has length nk = n'kN'/n' and oscillator level p\ = p\ — Ilk I e™'3 , Its 
degeneracy is equal to d(nkpz

k). Again the way the p3 momentum is divided among the 
different short string sectors is not limited by supersymmetry. 

Hence the total BPS partition function is again generated by a second quantized string 
partition function 

where 

N ( r (ex m)3\ 
Sr=r—[s i '-). (2.79 

n' \ n' N J y ' 

The degeneracy formula (2.78) is invariant under the Nahm type transformation that 
exchanges m3 and N. We therefore conclude that the BPS partition function of the U(N) 
SYM model does not exhibit the 51/(5, Z) symmetry, but still has a symmetry essentially 
larger than the manifest 5L(2 ,Z) x SL(3,Z) . In the next section we will discuss the 
geometric origin of this extra symmetry in some detail. 

2 . 5 N A H M D U A L I T Y 

An especially interesting class of duality transformations that act on BPS sectors of U(N) 
SYM theory are those that interchange the rank N of the gauge group with the magnetic 
flux. 

In the notation used in section 2.4.2 (with k rotated in the 3-direction) the BPS 
reduced quantum phase space exhibits a manifest symmetry under the interchange 

N —>• m3 m3 -» -N mi -J- é'rrij e; •(-> pu (2.80) 

as well as under its electro-magnetic dual counterpart 

N -> e3 e3 -> -N e,- -> elJej vrn -H- p t . (2-81) 

In particular one can verify that the last two relations and K3/N in (2.66) as well as the 
integers N' in (2.73) and n defined in (2.77) are invariant under these two mappings. 

The second type of duality symmetry (2.81) is particularly interesting, because from 
the M-theory perspective, this symmetry (2.81) must be some manifestation of 11-dimen-
sional covariance, as it exchanges the eleventh direction (more precisely a light direction) 
with a transversal direction. 
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Because of the possible relevance for Lorentz invariance of matrix theory, it is of 
interest to know whether the symmetry extends to the full M = 4 model. Although we do 
not expect that this is the case, 8 we cannot resist reviewing the geometrical origin of this 
duality mapping, which can in fact be defined for arbitrary non-BPS gauge configurations. 

The type of transformations (2.80) and (2.81) are very similar to the Nahm-type 
transformations, considered e.g. in [19]. There it was proven that a fc-instanton solution 
of U(n) Euclidean gauge theory on a four torus can be mapped to an n-instanton solution 
of U{k) gauge theory on the dual four torus. This mapping was shown to induce a 
bijection between the moduli spaces of the two instantons. In two dimensions it is possible 
to formulate an analogous mapping, where now rank and magnetic flux of an arbitrary 
gauge field configuration are exchanged. 

Consider an arbitrary U(N) gauge field A = Ax + iAy on T2 with magnetic flux M. 
This configuration can be related to a dual U(M) gauge field with flux N defined on the 
dual torus T 2 as follows. The key idea of the construction is to consider the parameter 
family of connections on T2 of the form (here a, b denote the U(N) color indices, we use 
the fundamental representation of the gauge group U(N)) 

Aab {x;z)= Aab (x) + 2irlabz (2.82) 

with z = 'z\ + iz2 a complex coordinate on the dual torus T2 . The mapping proceeds 
by considering the space of zero modes of the Dirac-Weyl equation defined by A. Let D 
and D* denote the corresponding Dirac operator acting on right- and left-moving spinors, 
respectively. We will assume that D* has no zero-modes (we can make this assumption 
because, depending on the sign of the magnetic flux, either DD* or D*D is a strictly 
negative definite operator on the two torus). According to a Dirac index theorem [47], 
the number of zero-modes of D then equals the magnetic flux M. We have 

DiPi(x;z)=0, (2.83) 

with i = 1 , . . . , M. We can choose an orthonormal basis of zero modes, satisfying the 
orthogonality relations 

ƒ' <fx V-jfo z)ij}j{x; z) = Sij. (2.84) 

The dual U(M) gauge field A on T2 is now defined as 

Âi:i(z) = / d2x ïj%(x; z)dißaj(x; z), (2.85) 

with d = -jfe. This definition is equivalent to the following formula for the dual covariant 

Dip=(l- P)dip, (2.86) 

derivative D 

8In the context of gauge theories on non-commutative tori, Nahm-type transformations are part of a 
larger manifest (classical) duality symmetry [54] [55]. We will briefly comment on this at the end of this 
section. 
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where P denotes the projection on the space of zero modes ip{ of the operator D. It can 
be shown that this dual gauge field has magnetic flux equal to N, and moreover that the 
mapping from A to A is a true duality (it squares to the identity). 

To make these properties more manifest, it is useful to obtain a somewhat more explicit 
form of the dual covariant derivative D. To this end, define the Green function 

AG{x,y)=5^(x~y) (2.87) 

of the Laplacian A = DD*, and introduce the notation 

(GV0(x; z) = Jd2y G(x, y)iP(y; z). (2.88) 

Then the projection operator P satisfies the relation 

1-P = D*GD. (2.89) 

Inserting this identity into the analogous formula for D*ip of the definition (2.86), we find 
that 

D*i> = D*GDd*xP = 0, (2.90) 

since [D, d*} = 0. Hence the zero modes of the Dirac-Weyl operator on the dual torus are 
equal to the ones on the original torus, with opposite chirality. By an explicit construction 
[53] one can indeed verify that the dual U(M) gauge field has magnetic flux equal to N, 
as predicted by the index theorem. Thus the Nahm transformation can be summarized 
in an elegant way bymeans of the two equations (2.83) and (2.90), which together specify 
the map from A to A. Note in particular that in this form, one of the 'magical' properties 
of the Nahm transformation has become manifest, namely that it is a map of order 2, i.e. 
it squares to the identity: 

A = A, (2.91) 

up to gauge equivalence. Notice further that the mapping is defined for arbitrary connec
tions A. 

When we translate the above construction back to our 3+1-dimensional setting, the 
resulting mapping indeed interchanges N and m3 as advocated. In addition, since it is 
a mapping from T 2 to the dual torus f2, the definition of the momentum flux in the 
direction of the T2 gets interchanged with that of the electric flux along this direction, 
as indicated in (2.81). Naturally, the electric flux represents the conjugate momentum to 
the constant mode of the gauge fields A{, and thus defines the total momentum on the 
dual torus T2. Further inspection also shows that the magnetic fluxes m, get reflected, as 
predicted. 

Finally, we should of course note that in the interpretation of the U(N) SYM model 
as describing N D3 branes, this Nahm duality is nothing other than a double T-duality 
along the 1-2 directions of the three torus. 9 From this perspective, it seems somewhat 

9To recognize this interpretation of the mapping (2.80), see the translation code summarized on page 
56. This interpretation of the Nahm transformation, as related to T-duality in string theory, was first 
suggested in [35]. 
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surprising that the Yang-Mills theory (via the Nahm transformation) still knows about 
this T-duality symmetry, despite arising from string theory via the zero-slope limit. We 
will give an explanation for this in the next section. 

2 . 5 . 1 N A H M D U A L I T Y F O R G A U G E T H E O R Y O N N O N C O M M U T A T I V E T O R I 

We end this section with some remarks on Nahm-type duality transformations of gauge 
bundles defined on non-commutative tori. These gauge theories are relevant for compact-
ifications of matrix theory with non-zero B fields [20] [33]. It is therefore of interest to 
investigate their duality symmetries. 

As we have seen above the Nahm transformation on commutative tori is somewhat 
involved. It requires knowledge about the zero modes of the Dirac equation. On non-
commutative tori however, Nahm type transformations can be made manifest [54] [55]. 
These transformations are part of a larger SO(d,d) symmetry, that is known in the 
mathematics literature as Morita equivalence. 

The most simple example of a non-commutative space is the non-commutative two 
torus T2,. The coordinates of this torus do not commute, but they satisfy the commutation 
relation 

[x1,a?] = 7?-. or UJJ2 = e™>U2U1. (2.92) 
Z7TI 

Here 9 is a real parameter and £/; = e2w'x' are exponentials that generate the Fourier 
modes of the functions which can be defined on the non-commutative torus. 

Trivial gauge bundles can be constructed by defining the gauge connection by V,- = 
dj + iAj(x) where xl = x' + ^^dj are modified coordinates that commute with the 
original coordinates. The connection depends on the modified coordinates and not on 
the coordinates x%, because this guarantees that the connection commutes with the full 
algebra of functions and therefore obeys the correct Leibniz rule [54] [55]. 

To construct a non-trivial gauge bundle with magnetic flux M modified Fourier modes 
have to be used to construct a gauge field that has the right properties (for example 
the translation operators should act like gauge transformation on the fields, as in (2.58) 
). Now the interesting thing is that these modified Fourier modes themselves generate 
an algebra of an abelian gauge theory on a non-commutative torus, with modified 9-
parameter that is related to the original 9 via an fractional SL(2,Z) transformation 
[54][55]. The gauge fields and fluxes also transform in a representation of 5L(2 ,Z) . We 
can turn this around, by starting with an abelian theory defined on a particular non-
commutative torus, apply an arbitrary SX(2,Z) transformation on the gauge fields and 
the non-commutative parameter, and thus get a SL(2,Z) family of equivalent gauge 
bundles. A Nahm transformation interchanging rank and magnetic flux of the gauge 
bundle is included in this 51/(2, Z) group. Thus Nahm duality can be made manifest in 
gauge theories on non-commutative spaces. 

Analogous results hold for gauge bundles on 4 dimensional non-commutative tori. 
The degeneracies of 1/4 BPS states of U(N) gauge theory on a non-commutative 

three-torus has been calculated in [62]. The result is the same as (2.56) in this chapter. 
This confirms the idea that the degeneracies of BPS states are rather robust quantities. 
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2.6 RELATION TO BORN INFELD THEORY 

In this chapter we have shown that the multiplicities of single BPS-states of Af = 4 
supersymmetric Yang Mills theory on T 3 has the extended 51,(5, Z) [/-duality invariance. 
This result may be remarkable, but it is clear that a possible explanation comes from 
the relation between Yang-Mills theory and Born-Infeld theory. Yang-Mills theory is a 
truncated theory of D-branes, whereas Born-Infeld is a more accurate low energy effective 
description. 

This is most clearly reflected in the BPS mass spectrum of the two theories: the BPS 
mass spectrum of BI theory compactified on a three torus has the expected 5L(5 ,Z) 
invariance, as has been shown in [56] [92]. This duality symmetry is broken however in the 
limit a' -> 0, that is needed to get SYM theory. Yet the symmetry in the degeneracies of 
irreducible BPS states remains preserved in the zero slope limit. It is the aim of this last 
section to explain how this can happen. 

2.6.1 B O R N INFELD B P S MASS SPECTRUM 

Let us first summarize the analysis that was done in [56] and [92] where the Bl-theory 
BPS mass spectrum was calculated explicitly. The spectrum was derived by starting from 
the bosonic action with abelian gauge group, (cf. (2.8)) 

S Bi = T3 d3xdt e-4,^det(Gaß + 2na'Faß). (2.93) 

For given electro-magnetic fluxes and momenta, the energies of the BPS states can be 
obtained from the BI Hamiltonian by a Bogomolny type of argument [56]. These masses 
are in agreement with the BPS masses that were obtained from the NS five-brane in 
[26][27], In units where 2ira' = 1 the BPS mass spectrum is [56] [92] 

£ B P S = 3s
4/5(det G)" 1 / 5 (^(N2 det G + G^m?) + ëGi3ë + PiG

ijp-, 

2 S r 1 / 5 ( d e t G)" 1 / 5y/det G KiG'iKj + (p • m)2 + gfo • e)2. 

Here Gtj is the string metric. Note that we have put the rank TV in the mass formula by 
hand. The mass spectrum (2.94) is invariant under the complete 51,(5, Z) symmetry. Part 
of this [/-duality symmetry is the electric-magnetic 5-duality under which the coupling 
constant is inverted and the string metric gets transformed [16] in the following way 

gs -> g-1, Gij -> —dj. (2.95) 
9s 

The other non-trivial symmetry of the mass spectrum (2.94) is a double T-duality (e.g. 
in the 1 and 2 direction), that as explained in section 2.5, can be interpreted in gauge 
theory, as a Nahm transformation. Under this duality the string metric and the string 
coupling constant transform according to [16] 

Gn^Gn\ G22^G22\ gs^gs(GnG22)-^
2. (2.96) 

68 



2.6 RELATION TO BORN INFELD THEORY 

When combined with the transformations of the fluxes it can be easily checked that the 
Born Infeld BPS mass spectrum is invariant under S-duality and Nahm transformations. 
Together with the manifest SL(3, Z) symmetry of the torus these duality transformations 
generate the complete 51/(5,2) symmetry, and therefore the mass spectrum (2.94) is 
indeed [/-duality invariant. Analogous duality symmetries hold for Born Infeld theory 
on 4 dimensional and 2 dimensional tori. For example in four dimensions the symmetry 
group of the BPS mass spectrum is 5 0 ( 5 , 5, 2 ) , the {/-duality group of string theory in 6 
dimensions [56]. 

The invariance can be made manifest by writing the BPS masses in the following way 
[92] 

B 
1 

BPS tT(ÇTÇr)+2y/Kpgp<'K„. (2.97) 

Here T is the 5 x 5 matrix (2.53) containing the fluxes, Ka = (Npi — (e A m)i,p • m,p • e) 
is the five vector (2.54) and Q is defined by 

f{detg) -V2, \ 

^(detff)1 /4 

V 97Hdetg)V*J 

The metric g^ is related to the string metric Gy via 

Gy= Siedet ff)-1/» fly. 

(2.98) 

(2.99) 

On both matrices T and Q the U-duality group SL(5, Z) acts by conjugation, and hence 
the SL(5, Z) invariance becomes manifest. 

It is instructive to extract the SYM BPS mass spectrum from Born Infeld theory. To 
this end we reintroduce the string scale a' and expand the expression (2.94) 

B BPS (27Ta')~:i/4NV1/2 + ~ (~m'gtjm> + gse'9lJe
j + 2 W 5 / V 1 / 2 p I p > J + 

1 

N 
v'5 /4 - I T 

K t g ^ K j + 2 7 r a ' ° / V 1 ^ 3 / 2 ( P • m ? + 2 T ö ' ' & 

v'5/4 V^l\p-
1/2 (2.100) 

+ 

where the volume is defined in terms of the metric, V = \ /det g. This expansion shows 
that in the large ./V limit (or large volume limit) and the string decoupling limit a' —> 0 
we recover the BPS mass spectrum of SYM, 

-ERPK — 
1 1 

2NV V 5 ™ 6 ' 5 ^ + Tf ml9iJm3 ) f \/Pi9ijP'j, (2.101) 

where p\ = pi — (e x m)i/N = K;/W. We identified the string coupling constant gs with 
the Yang-Mills coupling constant squared 

9YM (2.102) 

69 



C/-DUALITY SYMMETRY IN N = 4 YANG-MILLS THEORY ON T 3 

Obviously the SYM mass spectrum (2.101) is invariant under SL(2, Z) x SL(3, Z) but not 
under the complete 5L(5, Z) [/-duality group. For example the Nahm type transformation 
that exchanges rank TV and electric flux e3 does not leave the mass spectrum invariant. 
From the matrix theory point of view this is no surprise (at least for finite N) as for that 
theory the flux N is interpreted as a light-cone momentum, whereas e3 is momentum in 
a spatial direction. M(atrix) theory is not likely to be invariant under the exchange of a 
light-like direction and a space-like direction, so we do not expect the BPS mass spectrum 
to be invariant under Nahm-type transformations. 

2.6.2 DEGENERACIES 

What about the degeneracies of the 1/4 BPS states in Born-Infeld theory? For this theory 
the same philosophy that was used in the SYM case can be applied: first the phase space 
of the model is reduced to the space of classical supersymmetric configurations, and then 
this BPS reduced phase space is quantized. 

When doing this analysis an immediate important difference emerges between the BI 
case and the YM case: As emphasized in section 2.2.2 the superalgebra of SYM is equal 
to the one of 11D supergravity in the DLCQ formalism, whereas the superalgebra of Born 
Infeld theory 10 is just the 11D superalgebra with 4 spatial directions compactified [92]. 
The last mentioned superalgebra has an SL(5, Z)-invariance and therefore we expect that 
the degeneracies of the BI states exhibit this duality symmetry as well. Another difference 
is of course the square root in the Born Infeld action, that makes explicit calculations more 
complicated. 

As in section 2.4 the zero modes and fluctuations of the BPS states are restricted by 
the equation 

{Q,Q}e = 0, (2.103) 

where Q are the supercharges of supersymmetric Born-Infeld theory, and e is a 16 com
ponent spinor. The restriction on the zero modes can be rewritten with the help of a 
projection operator [92] 

{\K\ + Kai)e = 0, (2.104) 

for some suitable 7 matrices. Here K{ is again the five vector (2.54). In the a' -» 0 limit 
this condition reduces to the condition (2.52), which can be seen from the inverse of the 5 
dimensional metric (2.98), which collapses to a 3 dimensional metric in the a' -> 0 limit. 

Unlike the Yang-Mills case the BPS equations of Born-Infeld theory implied by condi
tions (2.103) and (2.104), are in general quite complicated. However, in the special case 
that the flux configuration consists of only non-zero rank N and momentum p3, they lead 
to the simple chiral 2D free field equations (2.70) [92]. Any configuration of electric and 
magnetic fluxes can be mapped to this simple case by an appropriate SL(5,Z) transfor
mation (see reference [17] in [92]). This transformation will also act on the gauge fields 

We repeat here that the action for supersymmetric abelian BI theory has been constructed [1], We 
make the assumption that results for the non-abelian case follow from the analysis of the abelian model. 
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and the rank N, that can be combined into an antisymmetric matrix of the form (2.53). 
The component of the 5 x 5 matrix that is supposed to represent the rank of a gauge 
group may therefore be non-constant in the transformed matrix. Then the relation to a 
gauge theory seems to be obscured. This apparent problem can be solved, however, by 
noting that the BPS equations only depend on the quotients of the gauge fields and rank 
N. As argued in [92] this observation makes it possible to use SL(5, Z) transformations 
to generate BPS solutions for general fluxes. 

The procedure just sketched extends to the BPS quantum theory [92]. The degeneracy 
formula for the irreducible states (the long string states) thus obtained is equal to the one 
in (2.56) and therefore agrees with the M-theory result. 

For the irreducible states (the long string states) both theories give the same counting 
formula (2.56) for the multiplicities. A difference appears when we consider the second 
quantized BPS spectrum. Single BPS states can be combined into a second quantized BPS 
state, provided these single states preserve the same supersymmetries. In BI theory the 
condition (2.103) implies that all 10 charges of the single BPS states align; in SYM only 9 
charges have to align. An alternative way to arrive at this conclusion is by considering the 
BPS energy (mass) spectra. The energies of BPS states add up when they are combined 
into a new BPS state. For SYM theory this precisely means that 9 charges align (not 
p3, when Ki is turned in the three direction); for BI theory all 10 charges have to align, 
because all fluxes come in quadratic form in the BPS energies. 

We thus see that Born Infeld gives more restrictions on the charges of single BPS 
states to combine into a second quantized BPS state, than SYM does. As expected the 
BI conditions are relaxed and become equal to conditions in SYM, in the a' —¥ 0 limit. 
We therefore conclude that SYM contains more second quantized states than BI does. 

Despite the success in finding appropriate string [/-duality symmetries in supersym-
metric gauge theories, it is not clear whether these symmetries are actually genuine duality 
symmetries of the Born Infeld theories. The problem one has in proving electro-magnetic 
duality for Af = 4 SYM theory appears here as well: it is difficult to find an explicit 
duality mapping for the fields. Another problem arises when one investigates Nahm du
ality, namely the rank N is not the zero mode of any field in the gauge theory. It may be 
possible to embed the 3+1 BI theory into a six dimensional string theory in the light-cone 
gauge. One could then think of N as the p+-momentum of this theory. For a discussion 
of ideas in this direction see [92]. 
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