APPENDIX: NOT FOR PUBLICATION. AVAILABLE UPON REQUEST.

A The Household Problem

The objective of the household is to maximize (1) subject to (3). As the household budget constraint
will hold with equality in every period, we can form the Lagrangian as
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where \{ is the Lagrange multiplier associated with household budget constraint in period ¢. In-
tuitively, it is the gain in utility by one extra unit of nominal income. The first-order conditions

(FOCs) with respect to Cy, N; and B4 are given as
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Substituting E; Q¢ +1 = R%v My = Pgl, we can write the FOCs as
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The stochastic discount factor is defined as
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B The Firm Problem

We work from top to bottom, first solving the allocation over the two intermediates sectors, then

solving the allocation over the individual intermediates.



B.1 Final Good Producer Problem - second stage

The second stage problem of the final good producer is to minimize the cost of production given

the demand for final output and sector-level price indices. Formally, we can state the problem as

P, Y.+ PriY Y, = 78ﬁt fl;n
min s.t. = - .
YoV sittst fitdfit t (1 n)l—n

We can form the Lagrangian as
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where /\f 2 is the marginal cost of production in period ¢t. The first-order conditions with respect

to Y, and Yy, are given as
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Taking the ratio of these two first-order conditions we get
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Substituting the ratio g;’; into the production function yields the demands for output from the

sectors s and f as a function of final demand Y; and the relative price level %. Using (27) to

Ys,t
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from (26) we obtain,
P2 1—
Define A2 = P;, where P; is the aggregate price index.

B.2 Final Goods Producer Problem - first stage

Here, we will solve for the demand by final goods producers for intermediates from sector s only, as
the derivation for sector f is analogous. The problem is to minimize the cost, given the aggregate

demand for output from sector s and the prices charged by the intermediate producers. Formally,



the problem is to:
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Forming the Lagrangian we get
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where )\f 1'is the sector marginal cost of production in period t. The first-order conditions with

L= / Py (i)Y (i)di + APV | Yiy —
0

respect to Y5 (i) and Y, 4(j), 4,j € [0,n) are given as
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Taking the ratio of these two first-order conditions we get
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From the first FOC we get,
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Substituting this into the production technology, and solving for AI"! we will get
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where )\f 1 — Py ; is the sector s price index. Now substituting




into the production function and solving for Y; ;(j) we obtain
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S

B.3 Intermediate Producer Problem and Derivation of the New-Keynesian

Phillips curves

The intermediate producer also solves its problem in two stages. First, it minimizes the cost of
production given the demand for its product, the factor prices and the technology. Second, subject
to the Calvo (1983) price-setting mechanism, when it gets the chance to change the price of its
product, it does so in order to maximize expected future nominal profits, while taking into account
the effect of its price choice on the demand for its product.

Formally, we write the first problem of the sector s intermediate producer as

. (ry)li]rvl (')Rngyt(i)—i—Wthvt(i) s.t. Yii(i) = Zs1 Xs4(3) Ny 1 (1)1 X

Forming the Lagrangian
L= PrXs(i) + Wiy (i) + N [Ye (1) — Zs,p X (1) Noa (1) 7],

where A" is the marginal cost of production for producer ¢ in sector s. The point to notice here
is that the marginal cost does not varying from producer to producer. This is because of the
assumption of the constant-returns-to-scale production technology. The first-order conditions with

respect to X, +(i) and N4 (i) are given as
NPXZst Xt (D) NGt (i)' = Py AT (1= X) Zs,0 X1 ()X Ny 1 (i) ™X = W

The ratio of the two first-order conditions is given as
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Rewriting the first first-order condition and combining with this expression we obtain
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where I' = ﬁ and 5" is the real marginal cost of production. We define MC,; = 5*. The

production technology for the intermediate producer ¢ in sector s can be written as

=2 (20) a0

Substituting for fi:gg we get

1—x ;
and hence X (i) = ri-x (%) YZ,(Z)‘

The second problem of the intermediate producer can be formalized as

max By Y 077 'Qp 7 [Po(i)(1+ 75) — MCy 2 Pr] Yay ().
T=t
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where Yy, - (i) = % <PI§:(:)) Y, r, Ts is the subsidy given by the government in order to remove the
monopolistic power which accrues to the intermediate firms because of monopolistic competition
and @y is the stochastic discount factor defined earlier. Substituting for Y;, (i) and Q¢ ,, and

taking the first-order condition we get
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The government sets 75, = 6%1, thereby removing the price markup, hence eliminating the distortion
in prices due to monopolistic competition. Hence, if producer ¢ in sector s gets the chance to change

his price, he sets it optimally at:

BT (0.8)71C7MC,  PSPY,
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Next, we log-linearize the optimal price around the steady state with constant prices. The

optimal price can be written as

o0 o0
PREY (0,8) T 'CT P, =By Y (0.8) ' CrOMCy P PY
T=t T=t
First, consider the left hand side. Define for some generic variable T; = Xt);x , where X is variable
X¢’s steady state. Using this notation we can write
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which reduces to
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Now log-linearizing the right hand side of the equation,
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Equating the left-hand and the right-hand side of the log-linearized equation and making repeated

use of the steady-state version of the initial equation, we obtain'®
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Combining the loglinearized versions of the relative price index, T3 = if o and the aggregate price

_ n
161n an efficient steady state, T = 1. As the aggregate price level is given by P, = P;’_’tP;;" = (Ilz;i) Py =
TZ’Pf,t, in an efficient steady state, P = Ps = Py. '



index (5), we obtain
Pt =Psy — (L —0)T; = pru + 0T
Combining this expression with the preceding expression, we can write
o
P = (1= 0B)E > (0:8) {Mitss + Por — (1 —n)Tr}.
T=t
Similarly, for sector f we have

PF = (1 —0B)E: Y (058) {mcsr + Brr +nlr}.

T=t

Now, we will derive the New Keynesian Phillips Curve (NKPC) for sector s. The derivation for

sector f is similar. The expression for 7, just derived can be written as:
b
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which can be written further as
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which, in turn, can be further written as
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Manipulating this further, we obtain
o0
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which results into
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Under the Calvo price setting mechanism we know that the price index in sector s evolves as
Piyc = 0P + (1= (PO
Hence, log-linearizing this equation yields
Tst = (1 — 95)@?{? — Pst—1)-
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Hence, we can write py, — Ps¢—1 as
K

P = Per1 = (1= 0sB8){mcsr — (1= Ty} + (1= 0)(BE — Pu1) + 0sBEAPL 1 — Pes},



or

R 1-6 - ~ ~
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Multiplying both sides by (1 — ;) and using the fact that 75, = (1 — (%)(ﬁ?f’tt — Psi—1), we get the

NKPC for sector s, which is given as

Tst = Hs{rﬁ\cs,t - (1 - n)ﬁ} + BEtﬂs,t—l—ly

where kg = %. Similarly, the NKPC for sector f is given as

e = kp{meps + 01} 4 BEmp 41,

(1-0;8)(1-6y)

where Ky = 5 .

C Aggregation

Demand faced by intermediate producer i in sector s is given by (7). Using the production tech-

nology of the intermediate producer we can write

Zs,th,t (i)XNs,t (i)lix

The constant-returns-to-scale of production implies

where X ; and N, are the aggregate output and labor demand from sector s, respectively. Hence,



Hence,

Hence,

X arl=x _
Zs,thths,t - s,tDs,t,

Poi(i)) €. . . . ..
where D, ; = % fon ( ;f@) is the measure of price dispersion in sector s. Similarly, we get
S,

vatX;(l,tN‘;;X = Yfzthyt'

Using Jensen’s inequality it can be proved that Dy, Ds; > 1. Hence, the presence of relative
price dispersion will push equilibrium output below its flexible-price equilibrium level. Now, labour

demand from firm 7 in sector s is given by (9). Aggregate labour demand by sector s is given by

n ) B Wt>_x 1 /n )
Ngi(i) =T"X[ = Y (3
[ v =r (3) 5 [ v

_rx (W) Yorl /“ (Ps,t<i>)‘e
Py Zs,t nJo Ps,t ’

which yields (and analogously for sector f)
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Similarly,

AR UARD
Xgp =T (Pt) LDy, Xy =TD1x <t> "Dy (29)
t

Now, the objective is to represent Dy; and Dy, in a recursive form. We will only focus on sector

s, because the derivation is analogous for sector f:

L P ¢
Dyy= - : d
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Now, use the transformation j = j* + 1:

*

PS —€ o0 Y PS* o —€ _PS B —€
o (B s S () ()
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)

P*t —€
=(1—10,) <PS’ > + 0115 Ds ¢ 1.
st

. Pr,\ "€ .. . . .
Now, we want to substitute for ( Pj:) . We know that under Calvo pricing, the price index in

sector s evolves as
1l—e __ *x1—e 1—e
Psyt =(1- GS)PS’t + Qsps,t—l'

Hence,
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Hence,

P'S*vt — 1 o 95 HE*l 1i€
Py, 1— 6 1—0s) 5t ‘

. . Py .
Substituting for ( Pji) gives

€

Dy, =(1—06 Lo (9 N\pet| ™" 4o b 30
s,t—( 5) 1-0 1-0 s,t + 051l 1 Dsp—1- ( )

D The Steady State

We derive the steady state of the endogenous variables. We now denote the steady state of some
generic variable X; by X. In the steady state, all endogenous variables are constant, and the
technology shocks Z,; and Z;; have the respective values Zs =2 ¢ = 1. Conjecture that in the
steady state the gross rate of aggregate inflation is 1, i.e. II = 1. Using the relative price identity,
I, = 1:If. Hence, using the conjecture about aggregate inflation, II = II, = flf = 1. Then, using

(30) we get Dy = Dy = 1. From the steady-state versions of (13) and (14) we have

I_?S/I:(S -1
Hy/Ky

From the steady-state versions of (12) we have

Hs 1 _
A A it — L
Hs K, ) 1254 Kf
Hence,
ot H/K,
e Hp /Ky
7 ps - _ 1= o B — Hp _ 1 . i
and, hence, T = e Defining p = pspy ©, we can write = = R = The steady-state versions
of (13) and (14) imply
_ .
He _T7X o joyix.
K X

12



Hence,

From (29) we can write:!'”

X, + X; = TX(CONO) X (=1 4 (1 — )TNV

— (ij) [Tt + (1= )T Y,

where we also used (6). Now, using the goods market clearing condition, C' + Xy + X r= Y, and
labor market clearing condition N = N, + N ¢, we can further write C =keyY and N = knyY,

where kcy and kyy are given as!®

X

koy =1 (z) T (=T, ey = (z) N )

We know that % = % = FlTW(C_’”]W’)l_X. Substituting for C' and N we get Y, which is given as

_1
n) T o |
K 1—‘kCYkNY

Since all the remaining steady-state values of the endogenous variables depend on Y, they can now

Y =

all be determined. Using (4) the steady-state value of short term nominal interest rate is given by

R=p""

E The Flexible-Price Equilibrium

The flexible-price equilibrium refers to the equilibrium when prices in both sectors are fully flexible.
In other words, the degree of price stickiness is zero in both sectors. Under the flexible-price equi-

librium and the assumption that the government subsidy eliminates the monopolistic distortions,

— =\ 1=X — = R
'"From equation (9), in the steady state one has X, = I''™X (%) Ys. Further, use % = C°N? and YV, =
nT"'Y. Similarly, for X;.

1

18 We make use of % =C°N® and C°N?¢ = (X) X
"

=
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(11) implies

Pf,t = PtMCf,ta Ps,t = R&Mcs,t-

Using (5), we can substitute for Ps; and Py,

MCI,MCy " =

Substituting for MCy; and MCy, using (10) we get

W, X X n r1-7
<Pt) = pixZetre

Log-linearizing around the steady state, and denoting log-linearized flexible-price variables by ,

we get

1
Wy =Py = ﬂ(ﬁzs,t + (L =n)zp).

Log-linearizing the marginal costs, using (10) we get

megy = (1= x)(wf —p;) — 2s1
= (1 - n)(zf,t - Zs,t)y
mcyy = (1 —x)(wy —p;) — 2f4

=n(2st = 2ft)-

14



Using the definition of the relative price, i.e. T} = ﬁj‘i, and the log-linearized versions of P, ; =

P,MCy, for a € {s, f}, we get the log-linearized flexible-price version as

Ty = p:,t - p},t
* J—

. k
-_— mC&t me’t

= Zth — Zs,t-

Using (6) we get

Yer = (n— DT} + vy,

y;,t = 77Tt* =+ y: .

The aggregate demand for the final good as an input by sector s is given by (note that Dy, =1

under flexible prices):

Wi ) XYy

X, =TIx .
ot ( P Lsit

Log-linearizing this equation yields

o= (1 =) (Wi —pi) +Yss — 2t

Using the preceding expressions for (wy —pjf), y;, and T3 gives z7, = y;. Similarly, 23, = yi. The
final goods market clearing condition implies Yyi = Ccf + Xoah, + X fxy 4 Hence, substituting,
and using the steady-state composition of final output, we get y; = c¢f. Aggregate labor demand

from sector s is given as

15



Wt)_x You

Ng,=T7X[ = .
ot <Pt Zst

The log-linearized version of this equation is given as

Ngt = _X(w;tk - p:) + y:,t — Zsyt-

Substituting for (w; — py) and y;,, after some manipulations we get

ngp = —(wi —py) + vy

Similarly we get ny, = —(w; — pf) + y;. Using the labor market clearing condition, i.e. N; =

Ngi+ Ny, we get

ny = —(w; —pi) + 4,

where we have used the fact that % =7 and % = 1—n. Using (4), i.e. the labor supply equation

derived from the household’s optimization problem, we get

which upon log-linearization yields

* ko ok *
on; + oc; = w;i — py.
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= Mzst + (1 = n)zp) and ¢ = yf, after some

Substituting n; = —(w; — pf) + 5, wf —p; = 1ix

manipulations we get

1
Ui = = = = o+ (1= 1))

Again using nj = —(w;} — p;) + y;, we obtain

1—0

We also obtain the sector level output, yg; and y7,

. <(1 —0)+ (¢+U)X> (N2ss + (1= 0)2ps) + 2o,

T\ (o)l -x)
* (1_0)+(¢+U)X . 5 5
Yre = < (o +0)(1—y) ) (77237,5 +(1—mn) f,t) + 25t

Log-linearizing the Euler equation, (4), yields

* * -1/, % *
cf = Biciyy — o7 (ry — Eemyyq).

Define the ex-ante natural real interest rate as ri"™* = ry — Eym;, ;. Hence,

it = o(Be(cia — 1))

o(l1+¢)
mEt(UAZs,tH +(1- n)Azf,tH)

o(l+ ¢)
Grod-—2 M(pzs — Dzsp + (1 =) (pap — 1)zpa] -
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F The Sticky-Price Equilibrium

For a generic endogenous variable X, we define ¥ = ¥ — x*, where 7 is the log-linearized value
of X in the sticky-price equilibrium, while x* is the log-linearized value of X in the flexible-price
equilibrium.!® Log-linearizing expression (10) for the marginal cost in sector s in the sticky-price

equilibrium yields

T/n\cs,t = (1 —=x)(w — pt) — Zsit
= (1 =x)(we = pe) + (1 = x)(wf = py) — 2
= (1 —x)(wr —pr) + (1 = )T,

where the last equality follows from the definition of flexible-price equilibrium. Substituting this

expression into the NKPC of sector s, we get

Tt = Ks{MCst — (1 — U)ﬁ} + BEms 141
= Tt = ks { (1= X)(@; — Pr) + (L= )T — (1 —)Tp} + BEemspin

= st = ks (1 — x)(w —pr) — (1 — n)ﬁ} + BEms 141

The log-linearized version of the marginal cost in sector f is given by

mery = (1 — x) (W —Pr) — 2f

= (1 =x)(we — pr) =T}
Substituting this into the NKPC of sector f we get

mre = k{1 = X) (@ — pr) +1Te} + BEes i1

19 For log-linearized values we use small letters, except, in order to avoid notational confusion, in the case of the
relative price, where 7" = T — T* and where T is the log-linearized value of T in sticky-price equilibrium, while T is
the log-linearized value of T in the flexible-price equilibrium.
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Now our aim is to substitute out (wy — p¢) and express NKPC’s in terms of the output gap, i.e.
(Yt — v7), and relative price gap, (YA} — T7) . The log-linearized versions of the household labor

supply equation, (4) are given as

(rbnt +oc = wy — b1,

ony + ocy = wy — py

So, if we can express n; and ¢; in terms of y;, then we can express the NKPCs in terms of the

output gap. From the labor-market clearing condition, equation (10), in sector s we get

Mgy = —x(We — Dt) + Ys,t — Zs,t-

Hence,

st + n:,t = —x(w¢ — pr) — x(wi — pf) + Yst + y:,t — Zst-

From the flexible price equilibrium we know,

Hence we get,
Nst = =X (Wt — Pt) + Ys -
Similarly, from the sector f labor-market clearing condition we get

ngy = —x(Wg — ) + Ypr-
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The sector-level goods market clearing condition is given by (6), which in log-linearized form is

given by

st = (n — DT} + T, U = nT; + i

= Ust = (N — 1)ﬁ + Yt Yrt = 0T + Ut

Substituting y,; and yy; into the sector-level labor-market clearing conditions yields
foe = —x(@ —P) + (0= DT+ T Ape = —x(@ — Bo) + 0T, + G-

The "overall” labor-market clearing condition implies

Ny +NfA
ny = —nN —nNn
ETN et N

Ny

~ =71 and % = 1 — 7. Substituting this into the preceding equation, we get

where

Ny = s + (1 —n)ngy,

ne+ng =nnse + (L —=m)ng +nng, + (L —n)n,.

From the flexible price equilibrium we know that ni = ng; = n},. Hence we can write
My = s + (L= ).
Substituting for ns; and ny; we get

ny = —x(w¢ — pt) + Yr.-

20



Substituting for (wy — py) = ¢ny + oc; we get

- X0 1 _
ng = — ct + . 31
t 1+X¢t 1+X¢yt ( )

The final goods market clearing condition implies

Yy, = Ce + XSES,t + Xfﬁ?\fyt =Yy =0C¢+ Xs:fs,t + Xfff,t.

The steady-state values of X,;, X; and C; are, respectively, X, = nxY, )_(f = (1 —n)xY and
C = (1 -x)Y.2% Our aim now is to express Z; and Zs; in terms of ;. We know from the

aggregation,

A UAN Yy (WYY,
Xpp=T1x (=2 “btp X, =Dx (2L d
it < Pt > Zf,t Ity s,t Pt

Log-linearization of these equations gives us

Tsp= (1= x)(Wr —Dpt) +Yst — 2st,  Tpr= (1= X)W — D) +Ypt — 271

= Tsp = (1 = x) (W — Dt) + Ys,t Ty = (1= x)(we — pe) + Ype

Substituting for ys; and ¥, and the above steady-state values of X,; and Xy, we get
XsTsp+ XpTpe = x(1 = x)Y (@0 — pr) + XY -
Substituting wy — py = ¢ng + o¢y, we get

Xsf&t + Xfff,t = X(l — X)Y(¢ﬁt + UEt> + X?ﬂt.

20 To obtain the expressions for the steady state values we used p =1 and T = 1.

21



Substituting this into the final goods market clearing condition implies

Y = Ct + XoTsy + XpZypy
= Yy = Ce + x(1 — x)Y (¢ny + 0c) + XY U
=Y - )y =C&+ Y (1 —x)x(¢n: + acy)

=y = (1 + xo)ct + xons,

where in the last equality we used the fact that C = (1 — x)Y. Substituting for 7; from (31) and

solving further we get

o =0+ x(¢+0))c.

Hence, n; can be expressed as

- XO - 1 _
ng = — ¢+ Yt
1+ xo 14+ xo
N AP (A P
14+ xo 1+ x¢

So w; — py can be expressed as

wy —pr = (¢ +0)¢
B o+o
Tl x@+0)

Define © = (}:LX)M Then, we can write the NKPC for sector s as
x(¢+o)

s = ks {(1 = x) (@ — Pr) — (1 — )T} + BBy i1

= Kks{Oyr — (1 — W)ﬁ} + BEims 141
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Similarly, the NKPC for sector f is given as
Tre = k{Oy + NI} + BEmf 141

The log-linearized household Euler equation is given by

G =ECry1 — o (re — Bympyn).
Combining with the log-linearized version under flexible prices we get

& = Eiryr — 0 (re — Bympgn — 17).

Using the aggregate price index (5) we can write

Tep1 = Nspy1 + (L —1)7Tf 41
Hence, the Euler equation becomes

e =Bl — o (r — Ey(nmsgpn + (1 — )pagn) — ).
Substituting away ¢ using 7; and defining o=1(1 4+ x (0 + ¢)) = =, we get
Ut = Eeyrr1 — E(re — Ee(mms 1 + (L= n)mpep1) —787).

Recall the expression for the relative price:

It can be rewritten as

)

Psy 1 Pry 1 Pry - Iy,

)

T — Ps,t Ps,tfl Pf,tfl . Hs tthl
t = _—.
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The log-linearized version is

j—\;ﬁ =Tst —Tft+ ﬁfl
=T =T =msp —mps+ o1 — Ty + T4 = T3
= Tp = ey —mps+ Tpo1 — (T} — T} 1)

= Aﬁ =Tt — Tft — ATt*

Note that, because T} = zy; — 254, we have ATy = Azp; — Azgy.

Summarizing, the sticky price equilibrium is given by:

Ut = Eeer1 — B(re — Ee(nms e + (L= m)mppq1) — rf"), (32)
Tot = ks{OTt — (1 = ) T3} + BEems i1, (33)
e = kp{OF +1Tp} + BEims i1, (34)
ATy = 7y — mpy — AT (35)

G Derivation of the Utility-Based Loss Function

Linearizations are done around the steady state with flexible prices and in which shocks are absent.
The government sets subsidies to eliminate the monopolistic competition distortions, hence the
gross markups in the two sectors are equal to one.

Repeating the expression for period ¢ utility:

(L1)
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We can write Cy as exp(log C;). Taking a second-order Taylor approximation yields:!

_ _ | _ _
Ct ~ exp(log Ct) = exp(log C') + exp(log C')(log C; — log C') + 3 exp(log C)(log C; — log C)*
=C [1 + ¢t + ;Ef}
Hence,

C,—C

1y
C’ = Ct + §Ct.
Similarly for NV; we get
N T

For notational simplicity, we denote U(Cy, Ny) = Uy, Uc(Cy, Ny) = Ucy, Un(Cy, Ni) = Uny and so
on. U,Ucq, Uy, - -+ have analogous interpretations, but are evaluated at the steady state. Taking a

second-order approximation of period t utility, and evaluating at the steady state, we get:

L _ 1_ _ _ _ 1_ _

U =U+Uc(Ct—C) + §UCC(Ct —C)? + Un(Ny — N) + §UNN(Nt — N2+ 0(l12°|))

(C=C\ 1. _o(Ci=C\> - _(N=N\ 1. ,(N—N\> 5
_ = _ N _ “UyyN _

cC( 5 )+2UccC ( 5 ) +Un < I )+2UNN 5 +O(|I2)),

=U+

Ci—C Ni—N
= and i

where O([|23|]) represents the terms of third- or higher order. Substituting for , We

get

21 The approximation is taken of the function exp(X:) and evaluated at log C.
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(1 1o ol 1 ,\° - (. 1. 1o o/ 1.\
Uy =U+UcC (Ct + 203) + §UCCC2 <Ct + 20?) +UnN <nt + 2”3) + §UNNN2 (nt + 27%2) +O(|12°|))-

Substituting UcC = C'77, UccC? = —aC'77, UyN = —N'¢ and UyyN? = —¢pN'¢, and

neglecting the third- and higher-order terms, we get

= o~ 1—0_ - ~ 140
U — U= ( L ) iy <n n 2‘%) +0(1%)- (12)
Our objective is to write this expression in terms of the output gap 7 and inflation. First, we

eliminate ;. Recall the economy-wide labor-market clearing condition

Ny = Nsi + Npy,

as well as the sectoral labor-market clearing conditions (28),

_ Wt X Yt; t _ Wt X th
Ny, =T"X[ = ~D Ny =T7X | — ~D¢y.
st (Pt > stt s,t» fit P, Zf,t fit

For a generic variable X;, we will use x; as short-hand notation for log X;. Taking logarithms on

both sides of the expression for sector s we get

Nst = —X(We — pt) + Ysp — 25t + dsy + log(I7X).

Subtract the steady-state counterpart
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Nst — ns = *X(wt - pt) + X(U_J *p) + Ysit — Ys — Zs,t + ds,t-

Here, we have used that the steady-state value Dy of Dy 4 is one, as all the prices in sector s are

constant and equal to the sector-level price index. Hence, log(Ds) = 0. We can further write

Nt = —X(We — Pt) + Yst — 2t + dst. (L3)

Although in the above log-linearizations we neglected d,;, when taking our second approximation
to utility we cannot do this as ds; is of second order. Before continuting with (L3) we focus on

ds ¢, which is given by

T (™[ Psu(i)\ ™ ° .
de; =log |~ ’ dil .
s [”/0 ( Pot ) Z]

From the definition of the sector s price index we have

Pl = [ " P €dz]

Por(i)\ 1€ . P\ ¢ . .
Hence, E; ( =5 = 1. Now, consider | —p-~= , which can be written as
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Define pg (i) = pst(i) — pss. Note that ps (i) is not the deviation of log(Ps (7)) from its steady

state counter part. Hence, we can write

(Ps,t(i)>16 = exp ((1 — €)ps ()

~ exp(0) + exp(0)(1 — paali) +exp(0) 15 Ly i)

(1—¢)?
2

=1+ (1 —e)pss(i) + Ps(i)?

A\ 1—e A\ 1€
. 1 Pst(d) . m [ Psi(d)
Hence, we can write 1 = - fo < Pot di = E; Ps.t as

P, (1 1-e .. 1—e?,
E(ﬁ“) =ma+a—mmm+<2)mmﬁ
s,t
o =2
= 1=14 (1 = )Eips (i) + —5—Ei(pss(0)°)
Therefore, we can write E;p, (i) as
.. 1—e .
Eipos(i) = — 0 VB (5us()?)

We can substitute this into our rewritten measure of price dispersion in sector s:

1 (™[ Ps(i)\ © .
Dy = — —— d
YT /0 < Py '

1 [ . . .
. / exp(—e(Psy(i))di

n Jo

1 [ e
~ /O (1= hogi) + 5 poa (0}

2
. € ..
=1-—c¢ El‘ps,t(’b) + 0} Ez’(ps,t(l)2)v

to give
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e(l—e) 2

~ . € ~ .
Ds,t =1+ Ei(ps,t(l)Q) + EEi(ps,t(z)Z)

€ A
= 1+ SEi(pua(i)?).

Since ds; = log(Ds,), we can write

ds,t - log(Ds,t)

= log(1 + gEi(ﬁs,t(i)Q))

€ ~ .
N SEi(por(0)).

Hence, we can write (L3) as

ﬁs,t = _X(ﬂ}t - ﬁt) + :/y\s,t — Zs,t + ds,t

—~ ~ ~ € X .
= —X(wt - pt) + Yst — 25t + §Ei(Ps,t(Z)2)-
Similarly, for sector f we have

N PO ~ € . .
npe=—x(Wr —pe) +Ype — 24+ iEi(pf,t(Z)Q)-

Recall the labor-market clearing condition

- N, . ]\_ffA
Ny = —=MNgt + —="Nry¢.
N VA A

Ne Ny

Using 5 =n and = =1 — 1), we can write
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—~ —~ —~ ~ € ~ . —~ ~ ~ € ~ .
ng=m (*X(wt — D)+ Yst — 2ot + iEi(ps,t(Z)2)> +(1—=mn) (*X(wt —pr) + Yt — 2+ §Ei(pf,t(z)2))

Q=R 5.,)).

~ ~ ~ ~ € “ .
= —x(Ws = Dt) + Yt + (L =0)Yre — Mzse + (L —1n)zpe) + %Ei(ps,t('l)Q) + 5

Recall that nzs; + (1 —n)zpe = (1 — x)(wy — pf). Substituting this into the equation above and

using the fact that w, = w; — wf, we can write

~ ~ ~ ~ ~ * * ne ~ . 1- n)e ~ .
B = X~ )+ 7l (U= )i — (= )+ T Ba(poai)?) + 5 R0,

Recall furthermore that ys; = (n — l)ﬁ + 7y and Yy = ?ﬂA“t + 7. Substituting this into the above

equation we get

~

~ . N N €., . 1—mle . .
ny = —x(we — pr) + Y — (wi —py) + %Ez‘(ps,t(i)z) + ﬂIﬁ‘:i(pf,t(l)z)'

+¢)(1-x)

We also recall that y; = ﬁ(nzs,t + (1 —n)zp) = &Jro)(l—x) (wf — pf). So, we can further

rewrite the above equation as

. ~ . ¢o+o , ne

~ .. 1—mn)e
A= x5+ - 0+ TRt + 50

R (10,

Using ¥y = y¢ + vy, this can be further rewritten as
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. o~ I 1-— L
= (@i =)+ e+ (1= 507 Yot + B Ep?) + 5 Bt

N o - 1—-0) ., € . L—mn)e . .
=Ny = —x(Wy — pr) + U + <1+¢>> yr + %]Ei(ps,t(z)Q) + MEi(Pﬁt(l)z)‘

Finally, recall that w; — p; = (%) ¥¢. Substituting this in the above equation we get
. 1 _ L—o\ , me . o (I=me .
e _—° A ASEPAS ) _
ny <1+X(¢+0—)>yt+ <1+¢> yt + 2 ’L(ps,t(z) )+ 2 ’L(pf,t(z) )

Let us now turn to the consumption part of period utility. First notice that C1=7 = N1+¢. We

know that C = kcyY and N = k:Nyi_lf, where kcy =1 — x and kyy = Xfﬁ. Using this and the

_ 1 ot+o — _
value of Y = [X 1-x (ﬂ) L 3 ] , we can show that C'~7 = N1+¢_ To see this, write

X k%YkNY

- 144
M _ Kﬂ}?a—i—(b

-0 =~ pl-0o
C key

k‘Ny 1 <1—X>
= lex R
kcy X

=1

where the second equality uses the value of Y and last equality uses the values of kcy and kyy.

Now, we can write ¢; + 177‘7 ¢, using ¢; = ¢; — ¢, as

~ l1l—-0_ ~ o« .
¢+ ch + (1 —o)ce; + t.i.p,

where t.i.p is short-hand for ”"terms independent of policy”. Then, using the relationship ¢ = k1,

where k1 = m, and y; = ¢, we can write this expression as

~ 1-0 ~ .
kifh + —5 K377 + (L= )i +tip + O(1I).
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Now, coming onto simplifying the notation of 7; + %ﬁf As we had derived above, n; is given as

ne = (H—X(lqb—i-o’)) Ut + <1+;) y: + %Ei(ﬁs,t(i)% + (1_277)6Ei(ﬁf7t(i>2)-

Defining ko = (ﬁ), and using the definition of k1, we can simplify our expression for 7; to

(1 —n)e

~ ~ * € ~ . ~ .
= kil + Koy + D BB (i)?) + o Balpra(i)?).

2

Hence, n; + %ﬁ? becomes

1+ - 1+ " - €. . 1—n)e_ .. . )
ny + 5 ¢n? =K1l + <2¢> ﬁ%yf + (1 + 9)k1kabiy; + %Ei(psvt(zf) + (ZU)EZ»(pﬂt(z)Q) +tip+ (’)(Hz3|])

Now, using C'=7 = N'*¢ and substituting 7; + #ﬁ% and ¢ + 15262 + (1 — 0)¢cf into (L2) we

get

-0 =~ | (T52) it + BEipna?) + S5 Bl + i + 021D 36)

We still need to express the price dispersions §E; (Ds.+(i)?) and SEi(p, .4(4)?) in terms of the inflation
rates. Because the derivation for sector f is analogous, we focus on sector s. We can write

El(ﬁst(z)Q) as

]Ei (ﬁs,t(i)Q) = Ez (ps,t(i) - ps,t)2
~ Ez (ps,t(i) - Eips,t(i))2

= var (ps.(1)),

which is the variance calculated over index i. We denote var (ps.(i)) by ®s¢. We first prove that
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D, can be written in a recursive form as

05
gs,t = esgs,tfl + <1 — 03) ﬂ-z,t‘

To this end, define ]53,,5 = E;pss. (Note that variables with upperbars and subscripts are NOT used
to denote steady state values, unlike variables with upperbars and no subscripts.) Hence, we can

write

Ps,t — Eips,t(i)
= Ps,t - Ps,tfl = Ei(ps,t(i) - -Ps,tfl)

= HSEZ (ps,t—l(i) - Ps,t—l) + (1 - 65)(13:71‘, - Ps,t—l)

= (1= 05)(psp = Pot-1);

where second line is an identity and the third line uses the Calvo (1983) pricing assumption that a

fraction 1 — 6, of the firms change prices in period t. The last line uses the fact that E;(ps¢—1(i)) =

Ps ;1. Furthermore, we can write

vari(ps(i)) = var;(ps,(i) — Pst—1)
=E; [(ps(i) — Psy—1)*] — (Ei(ps,e(i) — Ps,t—l))2

= QSE’L [(ps,tfl(i) - Ps,t71)2] + (1 - 98)(p:,t - ps,tfl)z - (ps,t - Ps,t71)2

. 0 = =
= Osvar; (ps—1(7)) + <1 ~2 ) (Psy — PS,H)2

where for the third equality we have used the fact that a fraction 65 of the firms do not change

prices and a fraction (1 — 65) of the firms do change prices. For the last equality we have used

Ps,t =E; [ps,t(i)]
= 0sEi[ps—1(9)] + (1 — 05)Ei[p; ]

= 6’s-ps,t—l + (1 - HS)p:,t
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where we used the fact that Ej[p;,| = p;;, because the firms that get the chance to re-set their
price choose the same price. Then we get p;t — 133,,5,1 = (ﬁ) [Ps,t — P&t,l], which we used to
obtain the last expression for var;(ps ¢(7)).

Following Woodford (2003) we can write Ps; ~ log Ps ;. Hence, we get the final expression

05
gs,t — esgs,tfl + <1 — 03) ﬂ-z,t‘

By one period iteration we get,

0, 0s
©S7t = eggs,t—Q + 05 (1 — 95) 71-g,tfl + (1 — 93) Wg,t'

Following the same logic we get,

t
05
Doy =0"D ) 600 <1 . ) 2 g
— Us

k=0
Hence, we can write, assuming that ©_; = 0,
o 9 o
t s t_2
Der = .
2 = T 2

Substitute into the second-order approximation (36) of utility at time ¢:

1 _ o+ €
Cq_g(Ut -U)~— << B ¢> H%thz"' §(U©s,t+ (1 _77)©f,t)> .

Hence, we get

S8 g (U= 0) = =3 Lt tip + O], @)
t=0 t=0

where L; is given as

34



- 6
2 (1-0p)(1—0;8) I

o+ ¢ €N
(e57)ee

s 2
2 2 (1—0.)(1—0.8 "

H Derivation of the Optimal Interest Rate Rule

The four first-order conditions corresponding to the minimization of loss function are given as

)\7r,s7Ts,t + As,t - As,t—l - AT,t =0,
Ar g+ Ape = Apeo1 + A = 0,
)\ygt — Hs@As,t — Hf@Aﬁt = 0,

Ks(L=mAst — knAps + Ary — BEAT 41 = 0.
Using the third first-order condition we can write

Ay~
Kot +KyApy = @yyt-

Multiplying the first first-order condition by s, the second by x ¢, adding the resulting two equations

and solving for A, gives,

FsAm,s Fof A, f
Tst ,
Ks — Kf Ks — Kf O(ks — Kf)

Hence,

KA KfA
BE{AT 11 = B BEms 441 + [T BEm ¢ 141 +
Ks — Kf Ks — Kf

Ay _
mﬂEtAytH-

Rewriting the NKPCs of sectors s and f, (19) and (20) respectively, we get

BETs 141 = Mot — KsOU + ks(1 — n)ﬁ,

BE 41 = Tps — K OF; — k1T
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Similarly, using the Euler equation, (18), we can write,

BEAY 11 = BE(re — nEyms i1 — (L= n)Eemper — 1)

= BE(ry — 1) = Emss — (1 — 0)Zmps + EO(rs + (1 — k)i — n(1 — n)E(ks — k)T

Hence, we can write SE;A1 ;41 as

KsA AyNE KfAr f Ay (1 —n)E
B Apy = |—20ms 2 o 7Y
BEAT 141 [Hs o, Ok —rp) Tst + ks —Kf O(ks — Ky) Tt
AyB= s
@(K/S _ K/f) (Tt Tt )+
2 -
K2OArs KA O L EX(ms + (A = m)ky) G
Ks — Kf Ks — Kf ks — Kf
2 -
RsAns(L=m)  Fpresl  n(l=mEX | &
Ks — Ky Ks — Ky (C] v

Hence, A7y — BE¢Ar 41 is given as

AynE Ay(1—=n)=E
A+ — BEA =___"Y= MACA S Vil
1t — BEAT 141 Oy — Hf)ﬂ ¢t O (s — Kf)ﬂf,t"‘
Ay n K2OAr s n F&?c)\w,f@ (ks + £)EAy
O(ks — Kf)  Ks—Kf  Ks— Ky —/if
N R FAe (L= m)E,
@(ns—mf)yt_l Ks — Kf Ks — K§f @
Ay E n*
6(’{5 _ Hf) (Tt Ty )7

which can be further written as

~ )\ ~ i *
Ay — BEAT 11 = psTisy + pympe + pytit — =—————Ge—1 — prly — pr(re — 1),
O(ks — Ky)
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where

_ M= _ AN =)=
Ps = ) P = )
O(ks — k) O (ks — kf)

Ny WOArs | FfATO (kg + (L m)rp)Ey

Py = O(ks — Kf) Ks—Kf  Ks— Ky Ks — K ’
gy — Kws(L=m)  FpAnsn (L= mEN, __ ABE
T Ks — Ky Ks — K e ’ " O(ks — Ky)'

Defining Fy = A1y — BEiA7 11, we can write the last of the above first-order conditions as
—ks(1=m)Ast +rpnAy, = Fy.

Additionally, using ksAs; + KAy = %gt, we can solve for Ay, which is given as

Ft A (]. - 7]) ~
App=—ty " Wg
fit py + O, Yt

Substituting Ay, into the second of the above first-order conditions we get

AF, Ay (1 — ~
A fTpe+ — + i H)Ayt +Are =0,

K Ok

where AF} is given as
~ )\y ~ o Nk
AF; = psAmgy + pfAWf,t + pyAyt — —————Ay1 — prAT; — pr(Ary — Ary )
O(ks — Kf)
Using the actual form of AF}, we can write
~ A ~ ~
A fTpe+ &Aﬂ's,t + ﬁAﬂ'f’t + @Ayt — Y Ay — p—TATt — &(Art — Arp)
Kf Kf Kf Orf(ks — rif) Kf Kf
Ay(1— -
+ MA,% + AT,t = 0.
@/ﬁf

s Ar,s Ax A
Now, substituting A7, = ﬁﬂ&t + z’;,,;; T+ @(Rsiﬁ

) Ay, gives
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A A
&(Art — Ar{") = Rl o+ —2omd Tfe+ &Aﬁs,t + ﬁAWf,ﬂr
K — Ky Kf Kf

Rf Rg — Rs
py | Ay(1—m) Ay ~ Ay ~ PT A7
— Ay — —— Ay — — AT,
K * @Kf + @(ES — Kf) vt @Rf(/is - /if) Y1 Kf b

and solving for r; we get

A A
Raliy Anf o Rshp Ams o Psac  PEAG

=11+ —— fit
Rs —Kf pPr Rs — Kf pPr Pr Pr
rp[py | Ay(L—m) Ay ~ Ay ~ PT A7 s
— | =+ + Ay — ————— Ay — — AT, + Ar.
pr LEf Ory O(ks — Ky) " Op(ks — Kf) ‘ pr ot t

Now, we can simplify each coefficient by making appropriate substitutions. For example, the

coefficient associated with m,; we can write as

Kskf Ams  Ksky E@(/{s—/{f)

Ks — Kf pr Ks — Kf2Ks  AyNZ
__KsKf 1€ 1-x)(c+9¢ 1 o 2[1 + x(¢ + 0))?
ks —Kf 265 14+ x(¢+0) Bl+x(¢+0) o+¢

_oenryg(l —x)

- Y

B

where for the first equality we substituted A\;, = 27’769 and for the second equality we substitute

0 = %, = = w and A\, = % The coefficient associated with Ay

(denoted by Aag,) can be written as

Ri Py
pr LEf Ok O(ks — Ky)
py M(=m) o Aysp
Pr S O (ks — Hf)pr

Aago =
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Substituting p, and p, gives

O(ks — k)

Aot = 3 5 [@ws )

A K
+ 7 [1— + ]
@pr 1 Rs — Ky

ks — Kf

By substituting Az s = g and Aq y = %Z)e we get

© [)\y Oneks  O(1 —n)ery
Arg, =

S} 2 2

In a similar way we can derive the other coefficients.

I Proof of Claim in Footnote 7

A s 1-— =\
SN PPN (o B

_ 1
=+ + — (nEs + (1L =n)kg)ENy | + B?(va + (1 —n)ks).

The four first-order conditions from the minimization of the authority’s loss function subject to the

constraints (19), (20) and (21), are given as

>\7r,s7Ts,t + As,t - As,t—l - AT,t =0,
Argmpe+ ANpe — Apr1 + Ay =0,
)\y?jt - I‘{S@A&t - I‘{f@Ath = 0,

Ks(L—=m)Ase — kpnApe + Ary — BEA71 = 0.
From (OMP,y) we can write y; as

- ©
Yt = <)\> (HsAs,t + "ifAf,t) .
Y
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Substituting this into (19), (20), (21), (OMP, 7y), (OMP, 7¢) and (OMP,t), and defining S; =
~ / ~ /
(As,tflaAf,t—lathlaﬂ's,ta7Tf,taAT,t) , hence E;Si11 = (As,taAf,taTtaEtﬂ's,t+1aEtﬂf,t—i-l,EtAT,t—i-l) ;

we can write the above system of equations as

AE,S;41 = BS, + VAT,

where A and B are 6 x 6 matrices of coefficients and V' is a 6 x 1 matrix of coefficients. A, B and

V' are given as

1 0 0 0 0 O 1 0 0 —Ars 0 1

0 1 0 0 0 O 0 1 0 0 —Anp —1

Ke(l — —K 0 0 0 —-p8 0 0 O 0 0 -1

A= 12@2 n) Kshk f(; ’ B = ’
& O (1-y) B0 0 000 1 0 0
nsnf@2 K?@Z
; = K1) 0 8 O 0 0 0 0 1 0
i 0 0 1 0 0 O ] i 0 0 1 1 -1 0 ]

V=10000 0 -1

The determinant of A is 83 and, hence, under the accepted parametrization, matrix A is always

invertible. Hence we can write E;S;41 as

E¢Sii1 = A™'BS; + A7WAT}.

There are three predetermined variables and three non-predetermined variables. In order to have
a unique bounded solution, there should be exactly three eigenvalues of the matrix A~!B with
modulus greater than 1. It can be shown computationally that for all the combinations of 0, 87,7, x
and € that we consider, there are always exactly three eigen values with modulus greater than one.
Hence, using Blanchard Kahn (1980) conditions, we can conclude that the solution for E;S;;1 is

unique and bounded. Some algebra shows that A=, A='B and A~'V are
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1 0 0O 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
A7l =
_92’?25 _@2'€s'€f 0 1 0 ks (1—1) )
BAy BAy B B
_@2/{5@' _@2'%? 0 0 1 kg
BAy BAy B B
_ks(1-nm) Efn _1
A 5 g 000 0 ]
1 0 0 “Ars 0 1
0 1 0 0 “Ang —1
0 0 1 1 —1 0
ATIB = 02,2 2rgn ros (1= Ay+rsry+02k22n s —nrs s ks©2(rp—rs)
SO ey Gom dytnady 02 edans omnady (ﬁky)(,ﬁsh,fez,xy(hn)) i
O2kgny ©%r% ne s Ky 5 Ar OZRTHnAy R Ay 0%k —rsn 02
TBxy T Bay -5 (m) (FsAm,s©% —n)y) iy By
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J Derivation of (25)
Recall that period ¢ utility is Uy = S — N hile its steady-state is T — C=2 — N2y,
eca. at perio utility 1s t—lio—w,w 11e 1TS steady-state 18 —170—1+¢. en,

from the equation (37) we know that

o) 1 B . o)
BoY AU =50 =-C"7 EoY 8L,
t=0 t=0

where the first term on the left-hand side is actual lifetime utility and the second term is (minus)
the lifetime utility if the individual is always in the steady state. Denoting the right-hand side as

—C'7?L and using that in the steady state C1=7 = N1*¢, we can write

Eo» B'U—AC'™7 = -C'"7L, (38)
t=0
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_ o+¢
where A = W

tion level, such that the following equality holds

Now, define ¢ as the permanent decrease in the steady-state consump-

o0 0 C — c)l—a N1+é 1 (C _ C)l—a Nit+o
E tU — t ( _ :| — |: _
0;%5 ! ;%B[ l1—o 1+¢] 1-8| 1-0 1+¢
1 [orr(a-g)tT N
1-7 1—0 1+¢|°

Using C1=7 = N*9_ this equation reduces to

(8 = (DT 1)

Cl-o 1+¢

Now, using (38) we can write

(-g) oo (RO e 1y,

which reduces to equation (25):
1

c=i-lama(u-pu-n+ )]
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