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Chapter 1 

Introduction 

Historically cohomological field theory first has been introduced as a twisted ver
sion of global space-time supersymmetric quantum field theory, specifically the 
N — 2 supersymmetric Yang-Mills theory in four dimensional space-time [1]. 
The global space-time supersymmetry, by definition, requires the existence of a 
spinor which is constant everywhere on the space-time manifold M. A spinor 
does exist on a spin manifold. A spin manifold, however, rarely admits a con
stant spinor. The canonical way overcoming the above difficulty is to localize the 
supersymmetry, a procedure tha t almost magically introduces (super-)gravity 
into the picture. 

There is a second option called twisting, which means tha t one defines a 
new Lorentz symmetry group by a suitable combination of the original Lorentz 
symmetry with an internal global symmetry of the theory. As a result, the 
supercharges transform differently under the new Lorentz symmetry. Typically 
the supercharges include some components which transform as scalars. Such a 
scalar component Q, which is nilpotent, i.e. Q2 = 0, is regarded as a supercharge 
of the twisted theory. The resulting theory is well-defined on an arbi t rary space-
time manifold since there are no global obstructions for a scalar, and enjoys 
general covariance without gravity. The path integral of the theory depends only 
on the global cohomology of Q, provided tha t one uses Q-invariant observables, 
which property coined the adjective cohomological [2]. 

A twisted theory is closely related to the underlying space-time supersym
metric theory. Namely the pa th integral of the twisted theory computes a 
certain chiral (or BPS) sector of physical amplitudes [3][4]. This is due to the 
trivial holonomy of flat space-time where the physical theory is usually defined. 
Then twisting is a physically invisible operation. The typical physical applica
tion of a twisted theory is a non-perturbative test of a certain duality utilizing 
the semi-classical exactness of the pa th integral. Two famous examples origi
nating before the second string revolution are given by mirror symmetry [5] [6] 
and S-duality of N = 4 supersymmetric Yang-Mills theory in four-dimensions 
[7]. The twisted version of four dimensional N = 2 supersymmetric Yang-Mills 
theory - the Donaldson-Witten theory [1][8]- also provided crucial hints [9] [10] 
on the celebrated Seiberg-Witten solutions of the original TV = 2 theory [11]. 



1 INTRODUCTION 

We must stress here that solutions of the underlying physical theory provide 
us with invaluable insights in the mathematical problem defined by the twisted 
theory. Perhaps one of the most beautiful properties of quantum field theory 
is that the theory depends on a scale. The equally beautiful property of coho-
mological field theory is that the theory does not depend on scale. Thus the 
mathematical problem defined by the latter theory can be solved in terms of 
the former theory at a different scale where its relevant degrees of freedom are, 
often completely different from the original microscopic one. The historical ex
ample is, of course, the Donaldson versus Seiberg-Witten invariant [12]. After 
the second string revolution [13][14][15], cohomological field theory still plays 
important roles, especially in D-brane physics [16]. A raison d'etre of twisted 
theory has been provided in terms of D-branes on non-trivial space-times [17]. 
All those countings of BPS states and their applications to blackhole physics 
and non-perturbative tests of string dualities are based on the same principle, 
see [18][19][20][21][22][23] etc. 

In general we may forget about the underlying physical origin of a cohomo
logical field theory and define the theory as a quantum field theory with a global 
fermionic symmetry. Such a theory may not be directly obtainable as a twisted 
version of an underlying space-time supersymmetric theory. The most funda
mental property of a quantum field theory with a global fermionic symmetry 
is the fixed point theorem of Witten [3] [24]. Almost all the other properties of 
cohomological field theory can be obtained as a certain lemma of the theorem. 
Thus it seems appropriate to quote the theorem here [3]. 

Consider an arbitrary quantum field theory, with some function 
space X over which one wishes to integrate. Let F be a group 
of symmetries of the theory. Suppose F acts freely on X. Then one 
has a fibration X -» X/F, and by integrating first over the fibers 
of this fibration, one can reduce the integral over X to an integral 
over X/F. Provided one considers only F invariant observables Ö, 
the integration over the fibers is particularly simple and just gives a 
factor of vol(F) (the volume of the group F): 

f e'sO = vol(F) • f e~sO. (1.0.1) 
JX JX/F 

Now we consider the case that F is a global fermionic symmetry 
generated by a supercharge Q. Then the volume of the group F is 
zero. It follows that if Q acts freely, the expectation value of any Q 
invariant operator vanishes. In general, F does not act freely, but has 
a fixed point locus X0. If so, let C be an F-invariant neighborhood 
of X0 and X' its complement. Then the path integral restricted to 
X' vanishes, by the above reasoning. So the entire contribution to 
the path integral comes from the integral over C. Here C can be an 
arbitrarily small neighborhood, so the result is really a localization 
formula expressing the path integral as an integral on X0. The 
details depend on the structure of Q near X0- If the vanishing of Q 
near X0 is a generic, simple zero, then the fixed point contribution 



is simply an integral over X0 weighted by the one loop determinants 
of the transverse degrees of freedom. 

In Chapters 2 and 3 we will develop a general approach which identifies 
any cohomological field theory with a 0 + O-dimensional supersymmetric sigma 
model. Being in zero-dimensions the (space-time) supersymmetry simply means 
global fermionic symmetry. The target space of our sigma-model may be some 
function space X in the theorem quoted above. Such a space may be any (non
linear or linear and finite or infinite dimensional) space endowed with any of 

Riemannian D Kahler D hyper-Kähler (1.0.2) 

structures. Actually the above structures may not be regarded as a priori no
tions. The cohomological field theory can be classified by the number 7VC = 
(Af+,N~) of global supercharges, where we have JV+ + N~ independent mutu
ally nilpotent fermionic charges and JV* denote the number of charges carrying 
fermionic (or ghost) numbers ± 1 . Then we have the following sequence of 
fermionic symmetries 

AT+ = 1 D N+ = 2 D N+ = 4, (1.0.3) 

which determines the sequence of geometrical s tructures (1.0.2).1 

In this thesis we specialize to models with a Kahler structure. Those models 
are quite general and allow us to have very compact formulations. The initial 
data will be some function space X endowed with a complex structure compat
ible with the supersymmetry. Then most of the other structures of the models 
can be fixed. We will introduce three types of models, two with Nc = (2,0) 
and one with Nc — (2, 2) symmetry, and establish general interrelations. For 
each type we will consider non-linear X and linear or non-linear X with a group 
G acting on X. Perhaps our definition of cohomological field theory as a zero 
dimensional sigma model might be confusing. If the target space X is the func
tion space of certain fields on a manifold M we have a tradit ional cohomological 
field theory on M. 

In due course the relation between our construction and two-dimensional 
space-time supersymmetric field theory will become obvious. This implies tha t 
we always have canonical string theoretic generalizations of those differential-
topological invariants defined by cohomological field theory. One may also use 
the correspondence to define suitable matr ix string theory [29]. We will not go 
into this direction in this thesis and refer to [30][31], as examples. The Chapters 
2 and 3 may also be viewed, after slight modifications, as an unorthodox intro
duction to two-dimensional supersymmetric field theories. Our presentation for 
models with a group action will parallel the original l i terature on Nws = (2, 2) 

1 The above correspondence is originally due to supersymmetric sigma models in two-
dimensions [25] [26] [27]. In certain respects, such a correspondence in zero-dimensional mod
els is more striking since we do not need any underlying geometrical objects like the two-
dimensional space-time. Actually the sequence (1.0.3) leads to more general geometrical 
structures including torsion [28]. However, the author is not aware of any examples of a 
traditional cohomological field theories with torsion in the space of fields. 
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and Nws = (2,0) gauged linear sigma-models in two dimensions [32][33]. We 
should also mention the influential paper of Wit ten on supersymmetry and 
Morse theory [34] dealing with (0 + l)-dimensional supersymmetric sigma mod
els, which can be regarded as the origin of cohomological field theory.2 

For some general l i terature for cohomological field theory we refer to [2] 
and [35] for short but lucid introductions, and two review articles [36] and 
[37]. Those references are mostly about the Riemannian version of A/"c = (2,0) 
models. For the Riemannian version of Afc = (2, 2) models, called balanced co
homological field theory, we refer to [38]. For a mathematic ian the path integral 
of a cohomological field theory is the Mathai-Quillen formalism of the integral 
representation of the Thorn class [39] [35]. Though we will never refer to Mathai 
and Quillen, our (path) integral formula can be viewed as the Kahler version of 
the Mathai-Quillen formalism. More precisely our formulas should be viewed 
as a certain equivariant generalization of Fulton and MacPherson 's intersection 
theory [40]. For a physicist a cohomological field theory is a supersymmet
ric gauged sigma model in (0 + 0)-dimensions. Though we will never use the 
superspace formalism our construction is equivalent to the N = 2 superspace 
formalism. 

In the later chapters of this thesis we will apply our formalism to construct 
models with certain infinite dimensional target spaces. We will concentrate on 
two classes of examples whose target spaces are; (i) the space A of all gauge fields 
on complex 2, 3 and 4-dimensional Kahler or Calabi-Yau manifolds, (ii) the total 
space T*A of cotangent bundle of A on complex 2-dimensional Kahler manifolds, 
as an example. We call the first and the second classes of the models cohomolog
ical Yang-Mills theory and cohomological Yang-Mills-Higgs theory, respectively. 
Those chapters will be devoted mainly to a detailed study of the physical and 
mathematical implications of those models. Cohomological Yang-Mills theory 
on a compact Calabi-Yau manifold or on a flat manifold is equivalent to global 
supersymmetric Yang-Mills theory on tha t manifold. One may regard such 
a theory as, after being suitably interpreted, effective world-volume theory of 
D-brane [16][41], or Matrix theory [42][43], or dual to supergravi ty /s t r ing/M 
theories [44]. On the other hand cohomological Yang-Mills-Higgs theory does 
not have corresponding global supersymmetric Yang-Mills theory. Neverthe
less such a model is connected with physical theory by certain renormalization 
group flow. It is amusing to speculate tha t such a model may describe certain 
"unbroken phase" of supersymmetric Yang-Mills theory or "unbroken phase" of 
the theories in the same equivalence class. 

2It is ironical since his construction can be regarded, from our viewpoint, as a generalized 
cohomological field theory. 


