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Voor mijn ouders Piet en Leonie 



Le savant n'étudie pas la nature parce que cela est utile; 

il l'étudié parce qu'il y prend plaisir et il y prend plaisir 

parce qu'elle est belle. Si la nature n'était pas belle, 

elle ne vaudrait pas la peine d'être connue, la vie 

ne vaudrait pas la peine d'être vécue. 

—Henri Poincaré (1854-1912), Science et Méthode. 

The second benefit to be expected from giving to women 

the free use of their faculties, by leaving them the free 

choice of their employments, and opening to them the same 

field of occupation and the same prizes and encouragements 

as to other human beings, would be that of doubling the mass 

of mental faculties available for the higher service of humanity. 

—John Stuart Mill (1806-1873), On the Subjection of Women. 
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Chapter 1 

Quantum Information and Computation 

1.1 The Emergence of a New Field 

The central issue in the emerging field of quantum computation and quantum information 

theory is the application of quantum mechanics in the domain of computation and information 

processing. Interest in the field has partially been created by the idea that at the present rate 

of miniaturization, magnetic storage and silicon technology will reach their limits around the 

year 2020. Any alternative technology for which the units of computation would be on an 

atomic (10~10 m) scale would face the fact that nature is ultimately only correctly described 

by quantum mechanics. 

Richard Feynman [1] observed that there exists no fundamental limit imposed by quantum 

mechanics on the scale at which computation can take place. His view on a quantum computer 

was positive; a quantum mechanical computer could have a strong advantage over a classical 

device in simulating the dynamics of quantum mechanical systems. 

While thinking about the physical basis of computation, Rolf Landauer [2] realized that 

an intrinsic lower bound on the amount of heat that is generated in a computer, is given by 

the heat generation due to the erasure of bit registers. An amount of kT ln(2) calories of 

heat is generated by the erasure of one bit of information. Although this contribution to heat 

generation is negligible for present-day computers, it could result in unacceptable levels of heat 

generation as the miniaturization of computers continues. 

Notational conventions: 

• g{x) = 0{f{x)) if there are positive constants c and x0 such that for all x > XQ 

\g(x)\ < c\f(x)\. 

• g(x) = n(f(x)) if there is a positive constant c such that \g(x)\ > c\f(x)\ for 

infinitely many x. 

• f(x) = Poly(x) if there are positive constants c and x0 such that for all x > x0 

\m\ < c|Poly(a;)| where Poly(x) is some polynomial in X. 

• log denotes the binary logarithm unless stated otherwise 
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In 1973 Charles Bennett [3] found that computation, unlike physical work, does not need 

to be an irreversible heat-generating process. He showed that every computation can be done 

in a logically reversible manner. In 1989 he showed that there is a universal way of reversibly 

simulating every irreversible computation that uses space S and time T, in space ceS l ogT 

and time T 1 + £ for all e > 0, where c£ is a constant depending on e. These ideas opened the 

way to the exploration of new ways of intrinsically reversible computation such a quantum 

computation. 

In 1982 David Deutsch [4] raised the question of digital quantum mechanical computers and 

formulated a quantum mechanical version of the Turing machine—a logical model for classical 

computation. He realized that this computer might have computational advantages over a 

classical device. Together with Richard Jozsa [5] he formulated the first quantum algorithm 

that presented a major gain over any classical algorithm. The problem was to determine 

whether a function ƒ : {0 , l } n - » { 0 , 1 } with even n was constant, that is, f(x) = 1 for all x 

or f(x) = 0 for all x, or balanced meaning that ƒ (x) = 1 for half of the inputs x. Classically 

in the worst case, the function has to be evaluated for n/2 + l inputs to decide which property 

the function has. With the quantum algorithm of Deutsch and Jozsa it is possible to decide 

between the two options with certainty with only one evaluation of the function and 0( log(n) ) 

extra steps in handling inputs and outputs. 

Computation however was not the only task for which researchers had been considering 

the help of quantum mechanics. As early as 1970 Wiesner [6] formulated the idea of 'quantum 

money'. The idea is to produce banknotes whose physical make-up contains, say, a photon 

that is either circularly or linearly polarized. Anyone who tries to counterfeit such notes, would 

run into the problem of having to determine the polarization of the photon. This cannot be 

done without disturbance of the quantum state, as the counterfeiter does not know the basis 

in which the photon was polarized. This idea became the basis of quantum cryptography, of 

which the first protocol (BB84) was formulated in 1982 by Bennett and Brassard [7]. 

An important breakthrough in the field of computation came in 1994 with Peter Shor's 

polynomial time factoring algorithm [8]. We will discuss this algorithm briefly in the next 

chapter, section 2.1.1. 

In Figure 1.1 we present an overview of the most striking efforts and achievements in 

quantum computation and quantum information theory as they stand right now. The overview 

in the figure is by no means comprehensive (and is quickly outdated). In the following sections 

we will discuss some of these results. 

1.2 Applications of Quantum Tools 

1.2.1 Quantum Key Distribution 

The goal of the BB84 quantum key distribution protocol is for two people, usually called Alice 

and Bob, to enlarge a shared random secret bit string. This bit string can serve at a later time 
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Topic Theoretical Achievements Experimental Realization 

1. Quantum BB84 [7] protocol (and others) Polarized photons 

cryptography proven secure by Mayers [10] (and others) over 23 km fiber [12]; 

1 km open night air [13] 

2. Quantum Shor's [8] factoring in polynomial time; Various 2 qubit algorithms 

algorithms Grover's 0(y/n) search [14] implemented on NMR 

algorithm etc. quantum computer [18]; 

Deterministic GHZ and 

3. Physical Internal levels of trapped ions [15]; EPR preparation [19]; 

implementations Nuclear spins in NMR [16]; Error correction 

of a quantum computer Electron spins on quantum dots [17] etc. schemes in NMR [20] 

4. Quantum Noiseless quantum coding theorem [21]; Teleportation of a polarized 

communication Quantum teleportation [22]; photon [24, 25] and 

over noiseless and noisy Quantum error correcting code theory nuclear spin (in NMR) [26]; 

channels and fault tolerant computation [23] see also 2-3. 

5. Classical comm. 0(y/n\ogn) set intersection QC 
complexity, and other speed-ups [28]; 

using quantum 0( log(n)) sampling complexity [29] 

communication etc. 

6. Classical capacity Capacity of some channels QC 
of quantum is achieved by encoding 

channels with nonorthogonal states [30]; 

Capacity enhanced by sharing of 

entanglement [31] 

7. Simulation of physical Efficient implementation of 2-qubit NMR 

systems unitary evolution [32]; 

Finite temperature 

simulations (see Chap. 4) 

unitary evolution [33] 

Figure 1.1: An overview of the various applications and achievements of the use of quantum 

mechanics in computation and information processing tasks. QC denotes that no experiments 

have been performed for the implementation of the protocol/task, but the implementation is 

of similar hardness as the building of a quantum computer for which the efforts are summarized 

at items 2. and 3. 
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as an encryption key for messages between Alice and Bob. Their task is to enlarge their key by 

sending each other messages over a classical or quantum channel, on which an eavesdropper 

(Eve) might be listening. The BB84 protocol provides a way to perform this task by sending 

quantum data. 

Alice sends a random sequence of qubits in two different bases, the { |0) , |1)} basis and 

the { ^ ( 1 0 ) + |1)), -7g(|0) - |1))} basis over a public quantum channel to Bob. She privately 

writes down the choices for bases and states that she made. Bob measures these qubits, in 

one of the two different bases at random. He announces publicly (over a classical channel) 

which bases he chose, but not which measurement outcomes he found. Alice responds publicly 

by telling him which bases were correct, that is, which measurements were done in the same 

basis in which Alice prepared the qubits. They then discard the qubits on which Bob did the 

wrong measurement. The outcomes of these measurements for which Bob's basis differs from 

Alice's, are uncorrelated with the states that Alice has sent; a |0) has a 50% of being measured 

as J=(|0) + |1)) and a 50% chance of being measured as ^=(|0) - |1))). 

If there is no eavesdropper Eve, Alice and Bob now would share a random string of bits. 

These are the outcomes of Bob's measurements in the correct basis. An eavesdropper Eve 

could try to copy the quantum states that Alice sends. The no-cloning theorem [9] makes it 

impossible for Eve to perfectly copy quantum states in the basis 4=( |0)± |1) ) and |0), |1). More 

generally, the quantum key distribution protocol relies on the fact that the information that Eve 

gets about the quantum states is visible to Alice and Bob as a disturbance in the correlation 

between the sets of outcomes that they obtain when Bob's measurement is aligned with Alice's 

preparation. To determine their degree of privacy in the presence of an eavesdropper, Bob and 

Alice go through a protocol of selecting a random subset of the remaining bits and see how well 

they correlate publicly. After these bits are sacrificed Alice and Bob go through a procedure 

of error correction on the remaining qubits and finally privacy amplification to distill a set 

of shared bits about which they are highly confident that Eve has little information. Mayers 

[10] has proven the security of quantum key distribution (BB84) under all possible attacks of 

Eve, that is, he has shown [11] that the mutual information of Eve with a final key which has 

| ( 1 — H2{25) — H2(S)) bits where n is the initial set of qubits that Alice sends, can be made 

arbitrarily small for large enough n. Here 5 is the one bit error probability for bits of the key; 

it is the probability that a randomly selected bit on which Alice's and Bob's bases coincide is 

different. H2(p) is the binary entropy function H2(p) = —plogp — (1 — p) log( l — p). 

The first quantum cryptography apparatus was built by Charles Bennett and John Smolin 

at IBM in 1989. The qubits were polarized photons and the channel between Alice and Bob 

was 30 cm of air. At present quantum cryptography takes place over 23 km in optical (telecom) 

fiber [12] and 1 km in open night (and also day) air [13]. 

1.2.2 Classical Communication over Quantum Channels 

Channels with a capacity to transmit classical information as described in classical information 

theory, are called classical channels in the broader context of quantum information theory. 
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These channels are described by a set of errors, -bi t f l ips-, and their probabilities on a set of 

orthogonal bit strings. A complete description of any physical channel requires a description 

of the action of the channel on any quantum mechanical state. We then speak of quantum 

channels. The study of the capacity of quantum channels for transmitting classical information 

has resulted in an explicit expression for the classical capacity of a quantum channel [34]. In 

this more general setting it has been shown [30] that there are quantum channels for which 

optimal classical information transmission is achieved by encoding the data in non-orthogonal 

quantum states. Such an encoding thus surpasses any 'classical' encoding scheme in which 

only orthogonal sets of states are being used. In Ref. [31] a scenario was considered in which 

a sender and receiver share an unlimited amount of entanglement. Sender and receiver are 

also connected by a noisy quantum channel. It was shown that the classical capacity of the 

quantum channel was enhanced by the use of the shared entanglement. 

Another topic in which interesting advances have been made is the problem of classical 

communication complexity. Two parties wish to compute the value of a function f(x,y) on 

some inputs x and y. One of the parties, Alice, holds bit string x and the other party, Bob, 

holds bit string y. The goal is for the two parties to determine the value f(x, y) by using the 

minimal amount of classical communication. If we replace the classical communication with 

the communication of quantum bits, it has been found that less communication is needed 

for certain functions. Buhrman, Cleve and Wigderson [28] have shown such a reduction in 

communication costs for the computation of the set intersection function on n-bit strings, 

f(x, y) = V"= 1 (x , A yi) e { 0 , 1 } . With their protocol Alice and Bob can determine the value 

of the function with bounded probability of error using an amount of quantum communication 

of 0(y/n\ogn) qubits. Classically, in the worst case, fi(n) bits are needed for Alice and Bob 

to find the correct answer. 

A different approach was pursued by Ambainis et al. [29]. The goal now is for Alice and 

Bob to set up a joint probability distribution n(x,y) over bit strings x and y, where Alice 

can draw bit string x and Bob can draw bit string y. Setting up this distribution can form 

the first part of a protocol in which they sample a function f(x, y) over this joint distribution 

n(x,y). The authors considered for example how much quantum communication it would 

cost to set up the uniform distribution over all n-bit disjoint strings x and y with Hamming 

weight 0{^/n). They found a quantum protocol that enabled Alice and Bob to sample from 

such a distribution using only O( logn) quantum communication. This presents an exponential 

reduction from the classical costs where the number of bits that have to be communicated is 

n(Vn). 

A consequence of these gains with quantum protocols is that as the amount of commu

nication is reduced, the evaluation of a joint function f(x,y) or the sampling from a joint 

distribution is carried out in a more discreet way; Alice and Bob obtain less information about 

their mutual bit strings x and y. For example, in the set intersection problem, in the worst 

case, ù(n) bits need to be communicated in order to solve the problem with classical commu

nication. In the quantum protocol 0 ( v
/ n log n) quantum bits are sufficient. Holevo's theorem 
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[35] states that k qubits can carry no more than k classical bits of information. Therefore 

Alice will not learn more than 0 ( ^ / n log ra) bits of information about Bob's bit string y. 

1.2.3 Quantum Communicat ion and Teleportat ion 

In the previous paragraph we briefly discussed the use of quantum data in problems of classical 

data transmission. Central to the field of quantum information theory is the problem of 

transmission of quantum data over quantum channels. 

For a noiseless quantum channel Schumacher [21] has established the quantum equivalent 

of Shannon's classical noiseless coding theorem. Given is a quantum source characterized by 

a set of states and their probabilities: {pi, \ipi)}. Let 

i 

and S(p) = —Trp logp , the von Neumann entropy of the source. Schumacher showed that 

the source messages can be transmitted with arbitrary high fidelity (arbitrary low probability 

of error) in on average nS(p) quantum bits, where n is the number of qubits emitted in the 

source message, for sufficiently large n. In contrast, Shannon's expression for the capacity of 

a noisy classical channel reads 

C = maxH(X;Y), (1.2.2) 

where X is the input source and Y represents the output signal. The input source is given by 

a set of a messages and their probabilities {xi,p(xi)} with J2iP(xi) = 1 a n c ' similarly for the 

output signal, {yj,p{y})}. H(X;Y) is the mutual information between X and Y: 

H(X-Y) = H(X)-H{X\Y), (1.2.3) 

where H(X) is the Shannon entropy of the input source, 

H(X) = -J2P(X') loSP(^)> (1.2.4) 
i 

and H{X\Y) is the conditional entropy 

H{X\Y) = - V p ( i „ yj) \ogp{xi\yj). (1.2.5) 
hi 

The max in Eq. (1.2.2) denotes the maximum over all possible input sources {xi,p(xi)}. 

Noisy quantum channels have turned out to be much richer in structure and much harder to 

characterize. We have not yet obtained an expression for the quantum channel capacity that 

allows us to calculate the capacity of a quantum channel, such as Eq. (1.2.2). 

Although determining the capacity of a quantum channel remains an open problem for 

almost all quantum channels, much progress has been made in developing a theory of quantum 

error correction. The goal of quantum error correction is to encode a quantum state that is 
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to be protected from noise on a quantum channel or decoherence in a quantum memory, in a 

quantum state in a larger Hubert space such that an error process that corrupts this encoded 

quantum state can be undone by performing an error correcting procedure. 

Many workers were initially doubtful of the very existence of error correction for quantum 

states. Most of the objections which were raised were centered on two points: (1) the process 

of decoherence, seen as a measurement process, will irreversibly destroy the information that is 

contained in the quantum state, and (2) the quantum state is analog (it is, after all, specified 

by a set of complex numbers); thus, errors caused by decoherence come in an almost infinite 

variety (perhaps limited by the precision with which states are specified), and at least some of 

the errors simply rotate the system into a different legal quantum state and thus would not 

be detectable as errors. 

The quantum error correcting codes, first discovered by Peter Shor [23] and subsequently 

elucidated by many others, overcome both of these objections. Nonetheless the first objection 

is correct when the decoherence rate is high, i.e., when the error rate is large ; it is typical of 

any error correction scheme, quantum or classical, that it can be overwhelmed if errors occur 

faster than they can be corrected. When we consider such a quantum channel, we are led to 

say that the channel has zero quantum capacity at these high error rates. 

Perhaps the greatest surprise which emerges from the error correcting procedures is that the 

way quantum error correction works is basically digital and not analog. The essential digitizing 

steps are quantum measurements, which force the whole continuum of possible errors to effect 

the quantum state, for example a qubit, in just one of three possible canonical ways; once one 

of these "stereotyped" errors are detected, it can be undone by one of a discrete set of unitary 

transformations. 

Teleportation 

When a sender Alice wishes to send a unknown quantum state over a quantum channel to 

a receiver Bob, she cannot keep a copy of this state to herself. This is a consequence of 

the "no-cloning theorem". There exists an alternative to a straightforward transmission of 

the quantum state that can be used when sender and receiver share entangled states. This 

protocol, called teleportation [22], exhibits some of the essential features of quantum data. 

Assume that Alice has a single unknown qubit that she wants to send to Bob: 

\1>) = a\0) + ß\l), (1.2.6) 

with \a\2 + \ß\2 = 1. Alice starts by making an entangled state 

|*-> = - 1 ( | 0 1 ) - | 1 0 » . (1.2.7) 

She sends half of the state, one qubit, to Bob, over the quantum channel, which we assume 

to be noiseless. On the unknown state, Eq. (1.2.6) and her half of the entangled state, she 
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performs a measurement in the "Bell basis" given by the following four orthogonal states: 

{l#±) = 7! ( | 0 0 ) ± | n ) ) ' l * ± } = 7! ( | 0 1 ) ± | 1 0 ) ) } • ( 1 Z 8 ) 

The measurement outcomes represent two bits of classical data which she sends to Bob over a 

classical channel. Bob rotates his half of the original entangled state in the following manner 

Alice's outcome Bob applies 

|$+) av, (1.2.9) 

where ax,ay and az are the three Pauli matrices: 

0 1 \ / 0 -i \ / 1 0 
i o ' ff*= i o ' ffz= 0 - 1 

(1.2.10) 

The protocol has the effect that the state of Bob's half of the entangled pair is now 

identical to the state that Alice wanted to send him, Eq. (1.2.6). 

There is an advantage in using the teleportation protocol over a straightforward encoding 

of the qubit for certain noisy channels. When the channel is noisy, Alice and Bob will not share 

a pure entangled state such as Eq. (1.2.7), as half of the entangled state that Alice prepared 

went through the noisy channel. They will start out with a mixed entangled state. In Refs. 

[36, 37] it was shown how Alice and Bob can distill pure (maximally) entangled states out 

of a special family of such mixed states by using classical communication and local quantum 

operations only. It was shown that when they perform such a "purification" protocol with the 

help of 1-way classical communication only, from Alice to Bob, that the purification protocol 

and the subsequent teleportation is equivalent to the sending of the quantum data with the 

use of a quantum error correction code. However when one allows communication between 

Alice and Bob in both directions, then the amount of quantum information that can be sent 

can be larger than in a 1-way protocol. This implies that there exist quantum channels for 

which sending quantum data via teleportation is more efficient than via error correcting codes. 

The teleportation of a qubit has been accomplished in several experiments in 1998, see 

Refs. [24, 25, 26, 27], 

1.3 Decoherence and Physical Implementations 

Between Alan Turing's paper of 1936 that laid the foundation of the modern computer and 

the building of the first modern electronic computer in 1946 (the ENIAC, capable of arithmetic 

manipulations of 10-digit numbers) stood a period of 10 years of research. It has now been 14 

years since David Deutsch in 1985 accomplished his feat of imagination by formulating a model 
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of a quantum mechanical Turing machine. While one can expect that building a prototype 

quantum computer with the computational capabilities of the ENIAC is still some time in the 

future, important progress has been made in the last two years in surmounting what had been 

considered a major, perhaps impassable hurdle on the way to building a quantum computer: 

the phenomenon of decoherence. A method for limiting decoherence in a quantum computer 

has emerged in the form of quantum error correcting codes and fault-tolerant schemes for com

putation. These will permit a quantum computer to operate in the presence of decoherence, 

given that the noise level is sufficiently low. The present estimate of the rate below which 

quantum computation can take place is in the neighborhood of an error probability of 10~4 

per qubit per clock cycle. The assumption on which such an estimate is based is that these 

errors occur independently on individual qubits (or other small subsystems). If a clock cycle, 

the time it takes to implement elementary gates, is of the order of 1 ßs, then a decoherence 

time of the order of 0.01 sec. is required for the successful implementation of fault-tolerant 

computation. 

DiVincenzo [38] has identified five basic requirements that must be met in order for a 

physical system to serve as a candidate quantum computer. These are: 

1. Control of the Hubert space: (1) the computationally available states in the Hubert space 

can be enumerated and (2) it is possible to extend the available Hubert space with a 

polynomial amount of qubits without an exponential increase in physical resources. This 

last requirement ensures that the computation is scalable. 

2. State preparation: one must be able to prepare the quantum computer in a known initial 

state with low constant probability of error. 

3. Limited decoherence: the amount of decoherence that can be tolerated, will often depend 

on the specifics of the physical setup. There will usually be a non-uniformity in errors, a 

mutual dependence of errors and the error rates can critically depend on the size of the 

quantum computer. 

4. Controlled unitary transformations: one has to be able to implement a universal set of 

elementary quantum gates that operate on few qubits. By using elements of a universal 

set of quantum gates it is possible to build any unitary transformation on n qubits. An 

example of a universal set of a quantum gates is the following set. We have a C N O T 

gate: 

C N O T : |o>®|6> - > | o ) ® | o © 6 ) , (1.3.1) 

where © denotes the XOR operation, and any one qubit phase-shift P: 

r> HA ƒ |&) if & = 0, , 
P : | 6 > - T e * | 6 > if 6 = 1, <"-2) 
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where - is irrational. In addition we have a one qubit Hadamard transform: 

TT IM J 75(1°) + I1)) i f & = °' f n f l 

* : | 6 M l ! ( | 0 > - | l > ) if 6 = 1 . ( L 3-3 ) 

5. Readout: one should be able to efficiently perform measurements on local subsystems 

(for example qubits) of the computer in the computational basis. 

Currently existing proposals and physical implementations each have their way of addressing 

these requirements. We will discuss one of them here. Cirac and Zoller [15] have proposed a 

model quantum computer in which two internal levels of an ion (for example a beryllium ion 

Be+) in a trap serve as a single qubit. By putting several ions in a linear trap a small quantum 

processor could be made (requirement 1). The one-dimensional vibrational mode of the string 

of ions in the trap forms a last 'helper' qubit; it is a qubit that mediates the interaction between 

the ion qubits. The trap is cooled down to the regime where kT is lower than the energy vx of 

the lowest vibrational mode (which is the center-of-mass mode) of the string of qubits. This 

ensures that the helper qubit state is prepared in its ground state (requirement 2). 

By applying laser pulses on each ion individually at resonance with u, the energy difference 

between the |0) and |1) state, for an appropriate amount of time, every single qubit rotation 

can be performed. A CNOT operation between two qubits involves the helper qubit. The idea 

is to first perform a SWAP between the helper (or 'bus') qubit and the state of the control 

ion: 

SWAP: |a) ® |6)-H&) ® |a), (1-3.4) 

on basis states \a) and \b). Then one performs a CNOT, Eq. (1.3.1), between the helper qubit 

and the 'target' ion, where the helper qubit now functions as a control. Finally, one swaps 

the helper qubit state back with the original control qubit. The SWAP between the helper 

phonon and the ion-qubit is enacted by tuning the laser to be resonant with u> — vx. This 

has the effect that an excited ion state |1) de-excites to |0) and emits a phonon, that is, the 

center of mass mode is excited. In this way a set of universal quantum gates is constructed 

(requirement 4). 

Finally, for the read-out Cirac and Zoller propose to use the technique of quantum jumps. 

The idea is to tune the laser to a sharp transition between say the |0) state of the ion and a 

high-lying unstable level. If the state of the qubit is |0) the transition to the unstable level 

will be made and when the level decays an emitted photon can be observed. If the state of 

the qubit is |1) no photon will be observed (requirement 5). 

Heating of the vibrational mode has been estimated to be the limiting factor in the per

formance of the trap, as the timescales of other sources of decoherence, such as transitions 

in the internal state of the 'qubit' ions and inaccuracies in the performance of the laser, will 

typically be longer. A decoherence time of 1ms has been reported. In a review paper about 

the ion trap model [39] Andrew Steane estimated that without the use of error correction a 
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quantum information processor with 10 qubits on which about 200 elementary gate operations 

can be performed coherently, lies within the reach of experiment. 

The cooling to the quantum regime and the operation of CNOT gates have been demon

strated experimentally by the group of Monroe and Wineland at the National Institute of 

Standards and Technology. In Ref. [19] this group presented an experiment in which an 

entangled state between two trapped ions was prepared deterministically. This is the first 

experiment in which an entangled state was created 'on demand' and not by means of post 

selection on a probabilistic process. It is clear that the ability to create entanglement and 

implement gates deterministically is one of the achievements that may help us eventually to 

build a quantum computer. 

Although the overview of Table 1.1 shows that the theoretical efforts are still far ahead of 

what has been achieved in the laboratory, continuing progress is being made on both fronts. 

We hope that the results presented in the following chapters will contribute to this progress. 
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Chapter 2 

Quantum Algorithms 

2.1 Introduction 

In this chapter we discuss various quantum algorithms. In the first two sections 2.1.1 and 2.2 

we review the two classics: Shor's factoring and Grover's search algorithm. In section 2.2.1 we 

will present an application of a generalization of the quantum counting algorithm. In section 

2.3 we exhibit a problem for which a quantum computer has a considerable advantage over a 

classical device. Finally, in section 2.4 we present a problem for which a quantum computer 

has almost no advantages over a classical device. 

2.1.1 The Factoring Algorithm 

The best classical algorithm that factors a composite number TV in its prime factors takes time 

O(ec(io6A')1/3(iogiogA02/3') w i t h a fjxec j c o n s t an t c. The algorithm is thus exponential in the size 

of the problem log TV. The decision variant of factoring, -are there integers m i , m 2 > 1 such 

that N = niim-i-, lies inside the complexity class NP n co—NP, and hence is very likely not 

NP-complete. 

In 1994 Peter Shor [8] exhibited an algorithm that factors a number N in polynomial time 

on a quantum computer. His algorithm takes time O ((log A r )2 ( loglog TV) (log log log N)) plus 

a polynomial amount of postprocessing on a classical computer and O (log AT) space. The 

importance of factoring stems from the fact that the popular RSA public-key crypto-system 

is based on the hardness of factoring. As a benchmark to assess the state of the art, the 

inventors have published a challenge list of RSA numbers of increasing length. The current 

record holder is the CWI. At the CWI currently 512 bit RSA numbers are being factored using 

300 computers with an average clockspeed of 300 MHz for two months [40]. This amounts to 

a total of approximately 1017 elementary operations. If a perfectly operating (hence no error 

correction) quantum computer would be available such a 512 bit number can be factored with 

around 1 0 u elementary operations, which would take (with a 300 MHz quantum processor) 5 

minutes. This quantum computer would use approximately 2560 qubits. 

The problem that Shor's quantum algorithm solves is finding the order of an integer x 
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mod N which is coprime to N, i.e. gcd(x,N) = 1. The order of x is the smallest number 

r such that xr = 1 mod N. It can be shown that when the order of a random x mod TV 

(coprime to TV) is determined one can find with polynomial extra effort a non-trivial factor of 

TV with probability larger than 1/2. 

Let us review the steps of the quantum algorithm. We choose an x randomly (coprime to 

TV). We choose an integer g as a power of 2 such that N2 < q < 2TV2. The first step is to 

prepare an equal superposition indexed with a = 0 , . . , , q — 1: 

5 - 1 
1 ^ |a)®|x)<8|0) . (2.1.1) 

a=0 

Then in the last register, that initially is prepared in the state |0), we compute the function 

ƒ (a) = xa mod TV: 

1 ' _ 1 

— y la) ® \x) ® \xa mod TV). (2.1.2) 

The next step is to measure the last register. We can distinguish two cases: (1) the order r 

of x divides q and (2) r does not divide q. Let us see here what happens in the simplest case 

when r divides q. When the measurement on the last register results in the value xk mod TV, 

this amounts to selecting in the superposition in the first register all the values a = k + jr for 

j = 0 , . . . , s — 1. The remaining (leaving out the last two registers) normalized state then 

reads: 

, î / r - l 

- j i = X > + jr>. (2.1.3) 
IqJT j=0 

Now a quantum discrete Fourier transform DFTq is performed on the first register 

1 q~l 

DFTq: \a) -»• — ^ el27rac/«|c), (2.1.4) 

leading to the state 

1 1 "-1 

—-^Y 
q/r-l 
V ^ ei2w(k+jr)c/q 

j=0 

\c). (2.1.5) 

The amplitude in each state \c) ® \x) is a Fourier sum which we can rewrite using the identity 

, Q/r-l 

— y ei2*(*+*-W« = e
l 2 l rW^ c ^ m = 0,. . . , r - 1. (2.1.6) 

q/r •'—' 

Thus we may rewrite the state of Eq. (2.1.5) as 

r - l 

Y^\c = rnq/r). (2.1.7) 
1 r - ' 

V m=0 
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When finally the first register \c) is observed, the values of c that occur with non-zero probabil

ity are multiples of 2. We have performed a Fourier analysis on the periodic amplitude of the 

state in Eq. (2.1.3). With a sufficient number, 0 ( l og log /V ) , of repetitions of this preparation 

and measurement routine, we can approximate the period q/r between these peaks of the 

Fourier spectrum and thereby determine r. When r does not divide q the state in Eq. (2.1.3) 

will not exactly correspond to a periodic function. This will introduce some smearing of the 

peaks in the Fourier spectrum. With some additional analysis it is possible to show that also 

in this case a reliable estimate of the period r can be found efficiently. 

The effectiveness of Shor's algorithm relies on the efficient implementation of two crucial 

subroutines: 

1. the computation of the function f (a) = xa mod N for I bit numbers a and TV can be 

implemented in 0(l3) time and, 

2. the quantum Fourier transform DFTq over Zq for q = 2' can be performed on a quantum 

computer in 0 ( / 2 ) time. 

It would be of great interest to find other functions ƒ (a) for which period-finding is hard 

on a classical computer, but the implementation of ƒ (a) for exponentially large a in the size 

of the problem is efficient. 

2.2 Generalized Quantum Searching and Count ing 

We review Grover's quantum search algorithm [14] and its generalizations. In Grover's original 

setting a function ƒ : { 0 , 1 } " —> { 0 , 1 } is given as an oracle. Upon an input \x) <g> |&), the 

oracle returns 

\x)®\b)Q^y\x)®\b($f(x)). (2.2.1) 

It is promised that there is exactly one input x for which f(x) = 1, for all other inputs 

ƒ (x) = 0. The problem is to determine x such that ƒ (x) — 1 with the least number of oracle 

calls. To find the input for which f(x) = 1 with bounded probability of error on a classical 

device takes fi(/V) (N = 2") evaluations of the function ƒ. Grover's quantum algorithm [14] 

uses 0(y/N) oracle calls to find the input x for which f(x) = 1 with bounded probability 

of error. In Ref. [41] (see also Ref. [42]) the quantum algorithm was generalized to search 

problems in which the function ƒ takes the value 1 for a possibly unknown number of inputs. 

The search algorithm was subsequently generalized in Refs. [43] and [44] to quantum 

counting and amplitude amplification. We will discuss the amplitude amplification algorithm 

of which the search algorithm is a special case. We show how the amplitude amplification 

algorithm can be used to estimate the size of a matrix element of a unitary matrix. 

We define a unitary transformation G: HN —> 7iN as the Grover transform: 

G = -UIJU
tIl, (2.2.2) 
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where / \ = 1 — 2\i){i\ with \i) G "H^ and similarly Ij. In Graver's original search algorithm 

U = lP and 

This is the first step of Graver's algorithm. Furthermore, in that algorithm we choose \j = 0) 

and \i) of It in Eq. (2.2.2) is the state for which f(i) = 1. The unitary transformation It is 

implemented with a single function call: We use an additional register prepared in the state 

;75(|0) — |1)) and query the oracle: 

\j) ® -J=(|0) - |1» n y (-l)'W|j> ® -±=(|0) - |1». (2.2.4) 

In the generalized algorithm we start in the state 

U\j) = Ut]\ï) + Y,U^k)- ( 2 - 2 - 5 ) 

Here the states \i) and \j) are orthogonal. Now the Graver transform is applied repeatedly. 

This leads to a quantum state of the form 

GkU\j) = akU13\i) + ßkJ^Ukj\k), (2.2.6) 
k^i 

where ak and ßk are the solutions of a recurrence relation: 

ak+1 \ _ / l-2\Ui3\
2 2(1 - | ^ | 2 ) \ / ak 

12 1 _ o i r r . 1 2 (2.2.7) 

(2.2.8) 

ßk+1 j \ - 2 | % p 1 - 2|f/!Jf y v pk 

The solution for these recurrence relations is 

ak = J^-1sin((2fc + l)6l), 

ßk = , l cos((2fc + 1)0), 

where 

sin2e=\UlJ\
2. (2.2.9) 

In the original Grover search \Uij\2 = jj. The amplitude of the state \i) which is the input 

for which f(i) = 1, is an oscillating function of the number of Grover iterations which gets 

close to 1 for the first time when k = 0(\/N). Thus when a measurement is performed after 

0(y/N) Graver transforms G, the probability of finding state \i) is high. 

In the general case the probability |t7ijf [
21o; f c |2 is a periodic function in k and its period is 

determined by the size of \Utj\
2 via the relation of Eq. (2.2.9). In Ref. [41] it was observed 

that by performing a Fourier transform as in Shor's factoring algorithm, Eq. (2.1.4), it is 

possible to estimate the period of this function and thereby indirectly estimate \UtJ\
2. In the 

case of Grover searching with an unknown number of inputs for which the function value is 1, 

this algorithm results in an approximate counting of the number of such inputs. In that case 

\Uij\2 = 77 where t is the number of inputs for which ƒ takes the value 1. For the general 

case, the following lemma has been proved: 
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Lemma 1 [44] Let \i) e V.N and \j) e %N be two known orthogonal quantum states. Let 

U be a unitary transformation and let \Uij\2 be given by 

U\j) = Uij\i) + .... (2.2.10) 

Let the Grover transform be given by 

G = -UljWli, (2.2.11) 

with Ii = 1 - 2\i)(i\. There exists a quantum algorithm that estimates the value ofp = |£/y |2 

as p such that 

- , 27T ^ 7T2 

\P-P\ < -j;VP+j2' (2.2.12) 

with probability at least p- using L > 4 Grover transforms. 

We compare this result with estimating | [ / y | 2 in a 'classical' way; we prepare the state 

| i ) , then we apply U and measure in the basis which contains the vector \i). We repeat this 

process in order to estimate the probability p = |£/y|2 with which we obtain outcome \i). The 

number of times one has to repeat the process in order to get an estimate for |C/y|2 with 

precision 5 and probability e is 0{\n(e~l)5-2) [52], In the quantum algorithm a precision 8 

and a probability of at least 4r is obtained by using only L = 0 ( 5 " 1 ) Grover transforms. This 

illustrates the efficiency of the quantum algorithm. 

2.2.1 An Application: Mean Estimation 

It is possible to generalize the Grover transform of Eq. (2.2.2) and the quantum algorithm 

for matrix element estimation one step further. Consider the Grover transform in Eq. (2.2.2). 

Let U be a unitary transformation on Hi ® 7i2, a quantum system that is composed of two 

subsystems. Let \j) en1<E>H2. Let \i) eU2 and let I, be of the form lHl ® ( 1 % - 2\i){i\). 

We write 

u\i) = \i>)® lO + KV-®*)1), (2.2.13) 

where \ip) is some (unnormalized) state and \(ip ® i)-1) is a state orthogonal to \ip®i). We 

also have 

(j\ip®i)=0. (2.2.14) 

We can estimate the matrix element 

I^WI2 = (V#>, (2.2.15) 

with the quantum algorithm that was outlined in the last section (Lemma 1). 
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This kind of algorithm can be used in the following problem. A function ƒ : {0 , l } n —> [0,1] 

is given as an oracle. We would like to estimate the mean 

x=0 

where N = 2n , with a certain accuracy with the minimum number of function evaluations. 

The quantum algorithm that we propose is an application of the generalized quantum counting 

algorithm and provides a square-root speed up in the number of function evaluations com

pared to a classical algorithm. In Ref. [45] Grover presented a quantum algorithm for mean 

estimation which achieves a square-root speed up. The quantum algorithm that we present 

here has the benefit that it is a clear application of the generalized counting algorithm. 

Let k be the number of bits of precision of ƒ. Let \j) = 100 . . . 0), a register with n + 1 

qubits. Let \i) = |1) for the last qubit. 

The following sequence of transformations is the unitary operation U on the state \j) ® 

I00 . . .0 ) = I 00 . . . 0 ) : 

k 

• Prepare a uniform superposition of inputs in the first n (N = 2") qubits: 

1 "-1 

| 0 0 . . . 0 ) ^ - = ^ | : r ) ® | 0 > ® | 0 1 _ ; ; _ 1 0 ) / (2.2.17) 

• Query the oracle and compute f(x): 

j= J2 \x) ® |0> ® |0,... , 0) n y -±= £ \x) ® |o) ® \f(x)). (2.2.18) 
N ^ " • j ' ^N x=0 

Rotate the single (middle) qubit such that 

|s) ® |0) ® \f(x)) -> \x) ® ( \ / 7 M | l ) + \/l-f(x)\0)) ® |/(i)>, (2.2.19) 

and uncompute ƒ to obtain 

1 N-l 

7^ E W ® ( VTWII) + 7WM|0>) ® |0, • • • , 0) . (2.2.20) v̂ v 1 = 0 k 

Let us consider the computational costs of the implementation of the Grover transform 

based on the transformations U, h and ƒ, that we have built. The implementation of the 

transformation U uses the following steps: 

1. n 1-qubit Hadamard transforms of the form 

H, . -L ( ; _\ | . (2.2.21) 
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to create a uniform superposition of all inputs (step 1). 

2. Two function calls of ƒ, one to obtain ƒ and one to uncompute ƒ. 

3. The rotation of Eq. (2.2.19) which can be implemented with 0(k) elementary operations. 

The fc-bit representation of f(x) is first translated in a fc-bit representation of an angle cj){x) 

such that cos 0(:r) = y/f(x). Then a sequence of k controlled rotations is executed on the 

middle qubit depending on the k bits of the angle <j>(x). 

The transformation W is implemented by reversing the operations of U and thus takes an 

equal number of elementary steps. The implementation of Ii=1 = l2n ® ( 1 2 - 2|1)(1|) takes 

a single qubit phaseshift. The implementation of Ij=00...o = l2*+i — 2|00 . . . 0)(00 . . . 0| takes 

n + 1 single qubit phaseshifts. 

We have constructed the unitary transformation U such that a matrix element estimation 

routine, in this case the estimation of the norm of 

1 W - 1 

7^Z)v7Ös)l*>. (2.2.22) 
x=0 

as in Eq. (2.2.15) is equal to the estimation of (ƒ) since 

1 N-l 

W#> = j y X ) ƒ(*) = <ƒ>• (2.2.23) 
x=0 

Therefore by Lemma 1 we find that with probability at least 4? we estimate (ƒ) as (ƒ) ' such 

that 

K/)-C/>'l<^V<7> + S , (2.2.24) 
L V W/ L 2> 

where L is the number of Grover transforms. Thus an estimate of (ƒ) can be obtained with 

precision 5 in a total number of function calls 0(5~l) and an additional processing overhead 

of 0{n,k,5-1). 

This result could be compared with a straightforward use of the counting algorithm in 

estimating (ƒ). One can estimate (ƒ) by running an approximate counting algorithm on each 

bit of (ƒ) . However, in this bit-by-bit procedure, one must run the approximate counting 

routine k times, one time for each bit. Although, one does not need to estimate the lesser 

significant bits with the same precision as the most significant bits, an analysis shows that 

when all bits are relevant, the total number of function calls will be 0(k, 5~x). Thus, when 

function calls are 'expensive' and high precision is required, the quantum algorithm that is 

presented here outperforms a straightforward use of the counting algorithm. 

2.3 Single Query Information Retrieval 

In this section we present a quantum algorithm for a coin-weighing problem, a problem of 

information retrieval. This is an application of Bernstein and Vazirani's parity problem [46, 47] 
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(to which we will refer as the BV parity problem) which provides a strong illustration of the 

power of quantum computation. We will point out the limitations of classical information-

theoretic bounds applied to quantum computation. 

Information theory is a useful tool for analyzing the efficiency of classical algorithms. 

Problems involving information retrieval are particularly amenable to such analysis. Examples 

of such problems can be parlor games such as Mastermind, or "The Twenty Question Game". 

We have a 'hider' who has hidden a piece of information from a questioner. In the case of 

Mastermind this could be an array of colored pins, in the case of the Twenty Question Game 

it could be some word that the hider has in mind. The questioner is allowed to ask certain 

questions in order to determine what information the hider is hiding. The goal is to ask those 

questions that minimize the total number of questions that are needed to determine the piece 

of information. 

Here we will consider the situation in which the hider has an n bit string which we will call 

y. The interaction with this bit string, the kind of question that one may ask, is given by the 

following. Upon presenting a query x, which is a bit string of length n, the answer 

a{x,y) = x-y=\y^XiyA mod 2, (2-3.1) 

is returned. Here xt and yt are the ith bits of x and y. An example of such a problem is the 

database search problem (see section 2.2). In this case the unknown bit string y of length n 

has Hamming weight one (y has exactly one "1") . When x is restricted to bit strings with 

Hamming weight 1, this problem becomes the problem of searching a marked item, the " 1 " , in 

a database. Grover [14] has shown (see section 2.2) that there is a quantum algorithm which 

is faster than any classical search and finds the marked item with high probability in 0(y/n) 

quantum queries. Graver's algorithm does not, however, violate the information theoretic 

lower bound on the minimal number of queries M. 

The information-theoretic lower bound [48] on M is given by the amount of information 

to be retrieved divided by the maximal amount of information retrieved by a query which has 

A possible answers, i.e. 

M > l-^*y, (2.3.2) 
log A 

where # y is the total number of different bit strings y. For example, when y is promised to 

have Hamming weight 1, then l o g # j / = logrt and the lower bound for the database search 

problem is logn. 

How does the quantum querying take place? The 'quantum hider' acts on two input 

registers: register A" containing the query state \x) and register B, an output register of 

dimension 2 initially containing state |&). We define the operation of querying as 

\x,b)Qv^y \x,[b + a(x,y)] mod 2), (2.3.3) 
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where a(x,y) is the answer to query x. In a protocol of information retrieval by quantum 

queries, the queries can be presented to the 'hider' in arbitrary superpositions. Because of 

this the information that is retrieved by a single quantum query is not bounded by \og2A, 

a feature that is exploited in the Bernstein Vazirani algorithm. The relevant quantity in the 

quantum setting is the accessible information in the registers X and B (together called XB) 

and the rest of the quantum computer $ (with which the queries could be entangled) about 

the bit string y. The accessible information about y is bounded by the Holevo bound [49] 

/acc(M5) < 5($IB) - ^ P v S d W y l ) . (2.3.4) 
y 

where S(<&XB) = — Tr p$xB log2 P^XB is the von Neumann entropy of <&XB and p$xB = 

"^yPylipyX^Pyl- Here py is the probability for bit string y and YlyPy = 1- The state \tjjy) is 

the state of the register X, B and the rest of the computer $ when the hider has bit string 

y. Since \ipy) is a pure state, S (\^y){ipy\) = 0. In the case of a classical query, the von 

Neumann entropy S($XB) is less than or equal to l og 2 d im(B) = log2 A where A is the 

possible number of answers, which gives rise to the classical bound (2.3.2). For a quantum 

algorithm this bound can formally be replaced by I&CC{<&XB) < S($XB) < l o g d i m $ X B . 

This bound is too weak though to be of any use. The quantum algorithm of Bernstein and 

Vazirani violates the classical information-theoretic bound by extracting extra information in 

the phases of the query register X, thus using the larger available Hubert space. 

2.3.1 Coin Weighing 

In the BV parity problem we consider a hider which has hidden an arbitrary n-bit string y. 

The answer to queries represented by n-bit strings x to the hider is the parity of the bits 

common to x and y given by a(x, y) = x • y, as in Eq. (2.3.1). The problem is to determine 

y in its entirety. Bernstein and Vazirani have shown that y can be determined in only two 

queries to the database. But by preparing the Outputregister B in an initial superposition 

T^dO) — [1)) [50] the algorithm can be simplified to comprise of a single query. We prepare 

the following superposition: 

- l = ^ | x ) ® - L ( | 0 > - | l ) ) . (2.3.5) 

Then we make the query which results in 

- L J2 ( - in*) ® ~(|0> - |1» = |Vg ® ̂ =(|0> - |1». (2.3.6) 

We have {ipy\ipy>) = 0 since 

1 £ ( _ i r y ( _ l ) « V = ( W . (2.3.7) 
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Therefore we can uniquely determine y. 

This algorithm can be directly applied to the coin weighing problem. Coin weighing prob

lems are a group of problems in which a set of coins of less weight is to be identified in a 

total set of coins of otherwise identical weight [48]. The good coins have weight a and the 

defective coins have weight b. We can weigh arbitrary sets of coins with a spring-scale (which 

gives the weight of the set of coins directly, as opposed to a balance which compares two sets 

of coins). All sets of coins are equiprobable. A set of n coins is represented as a bit string 

y of length n where yt = 1 indicates that coin i is defective. A weighing can be represented 

by a query string x of length n, where xt specifies whether coin i is included in the set to be 

weighed. The result of a classical weighing is the Hamming weight of the bitwise product of 

x and y, J21=i xiVi- For this problem the information theoretic bound (2.3.2) gives 

M>- - ^ — - . (2.3.8) 
log2(n+l) v ; 

This is 1/2 of what the optimal predetermined classical algorithm which perfectly identifies 

the set of coins achieves [48] 

2n 
lim Mpre{n) = — . (2.3.9) 

n->°° log2(n) 

If one has a spring scale capable of performing weighings in superposition, then, one can use 

the Bernstein Vazirani algorithm to identify the defective coins perfectly with a single weighing 

by using only the parity of the Hamming weight answer. 

2.4 Limits to Quantum Computation 

In order to understand the power of quantum computation, it is important to find problems 

for which the use of a quantum computer is not advantageous. In the work of Beals et a/. 

[53] important progress has been made in this direction. In this work a tight lower bound 

was derived for the parity problem 1. The problem is the following. Given is a function 

g: {0, l } n -» { 0 , 1 } as an oracle. Upon an input \x) ® \y) where x G { 0 , 1 } " and y G { 0 , 1 } , 

the oracle returns 

Query 

\x)®\y) -*v\x)®\y@g{x)). (2.4.1) 

The goal is to compute the function parity p = ©, g(x{) with the minimum number of queries. 

If we require a (2-sided) bounded error, that is, one always gets the correct answer with 

probability larger than 2/3, the lower bound on the number of oracle calls on a quantum 

computer is f2(2n _ 1 ) . The bound is tight as there is a quantum algorithm that computes the 

parity in 2 " " 1 steps by repeating the computation of the parity of 2 bits with a single query 

2 " - 1 times. 

1This is not the BV parity problem. 
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One can use this result to derive a lower bound for the following problem 2. Consider a 

function ƒ : { 0 , 1 } " —> {0,1}™. The function is presented to us as a black box: 

\x)®\b)Q™y\x)®\b®f(x)). (2.4.2) 

The problem is to determine fk{x) given k and x with the least number of queries. Call this 

problem the chain problem 3. In the classical setting it is not possible to determine fk(x) 

without evaluating the function ƒ at least k times. It would be quite extraordinary if a quantum 

computer could perform this task with less than k queries for arbitrary functions ƒ. We will 

show here that there are functions for which at least | calls are required to determine }k{x) 

for some inputs x. The result is derived by a reduction to parity; we take a function ƒ such 

that when fk(x) is computed, the parity of some fc-bit string is determined. For convenience 

we write f(x,y) where y denotes the last bit of the input (x,y) and x the first n — 1 input 

bits. Let g be a function g: {0,1}™ -» { 0 , 1 } . We choose ƒ such that 

f(x,y) = (x + l mod2n-\g(x)(By). (2.4.3) 

Hereby we ensure that 

fk{x,y) = {x + k moA2n~\y®kZo g{x + l mod 2""1)). (2.4.4) 

For the input [x,y) = (0,0) we have / f c (0 , 0) = (k mod 2"-1 ,®f= r1
5 (Z mod 2 " - 1 ) ) . Let Q 

be the number of function calls to the chain oracle of a quantum algorithm that computes 

fk(x,y) given (x,y) with bounded probability of error. This quantum algorithm can be used 

to solve the parity problem. The answer of each query to the parity black box 

|0 , . . . , 0} ® \x) ®\y) Qu4yp |0,. . . , 0) ® \x) ®\g(x) © y) (2.4.5) 
n—k k n—k k 

can be interpreted as the answer to a query to the chain oracle, Eq. (2.4.3) by adding a bit 

(mod 2 n _ 1 ) after the query to x: 

\x) ® \g(x) © y) ->• \x + 1) ® \g(x) © y). (2-4.6) 

Running the chain algorithm for an input (x,y) = (0,0) will solve the parity problem in Q 

queries to the parity black box. Thus we find that Q, the number of oracle calls that are 

required to determine fk(x,y) given (x,y) for every k with bounded probability of error, is 

fl{k/2). 

2This result has been found independently by Farhi et al. [54]. 
3A different technique for proving a lower bound on the number of queries for the chain problem has been 

used by Ozhigov [55]. 
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Chapter 3 

Simulating Quantum Operations with 

Mixed Environments 

3.1 Introduction 

Future quantum computers may be useful in studying the behavior of open quantum systems 

and the nature of decoherence [32, 56, 57, 58]. Instead of performing real experiments on 

quantum systems, a single quantum computer can be used as an efficient, multiple-purpose 

simulator for a wide variety of physical systems. In general, an important goal of such experi

ments will be understanding the effects arising from interactions between the system of interest 

S and another quantum system E. For example, S could represent the states of a molecule, 

which couple to other molecules E through long-range electronic dipolar interactions. 

In this chapter, we study the amount of physical resources that will generally be required 

to perform simulations with quantum computers. Suppose S exists in a Hubert space Hn of 

dimension n, and E is in V.r of dimension r. It is well known that any quantum operation 

[59] on Hn, resulting from some interaction with E in %r with arbitrary r, can be performed 

by appending a state in V.ni, evolving unitarily, and then tracing over Hn2. The difference 

between r and n 2 can represent a significant reduction, since E is often the "environment", 

or a large bath (for example, of harmonic oscillators), and r can be arbitrary large. 

Can a general quantum operation be implemented with an environment even smaller than 

n2 dimensions? Lloyd suggested [32] that it may be possible to implement a general quan

tum operation on k quantum bits (qubits) with a fc-qubit environment - if one prepares the 

environment not in a pure state, but rather in an arbitrary mixed state. 

Here we provide a specific counterexample to this conjecture for k = 1, although we find 

that at least for some operations, fewer resources are required than was previously known. Our 

counterexample is part of a class known as the generalized depolarizing channels, for which 

we show that a three-dimensional environment is sufficient for simulation. The proof of the 

counterexample is established by the technique of computing Gröbner bases. 

Our results also address the following question: suppose an environment E and the form 



26 3 Simulating Quantum Operations 

of its interaction with another system S, is given as a black box. We prepare a system 5 in a 

known initial state, we let it evolve for a fixed period of time through the unknown interaction 

with E and finally measure the state of S. During this procedure the environment E is not 

accessible to us. A method to completely determine the quantum operation \ performed by 

this black box on S is known [60]. But we may also ask: what is the smallest environment E 

with which S could have interacted? This work shows that knowledge about \ c a n be used 

to find bounds on the nature of E. 

3.2 Quantum Operations and Measurements 

We begin by summarizing the mathematical formalism of quantum operations and measure

ments. The most general transformation on a quantum system is a linear, trace-preserving, 

completely positive map. These maps give a mathematical description of a general process 

that can take place on a quantum system S. Let p$ be the density matrix of an initially isolated 

n-dimensional quantum system S. This quantum system interacts unitarily with some other 

quantum system E of dimension k that starts in state pE. Assume that after the interaction 

we can no longer access a part of this system, say, a subsystem D of dimension d. Then we 

will represent the state of the remaining system as 

Plinai = TrDU ps® pEU1 = x(ps)- (3.2.1) 

The map x iS a n example of a linear, trace-preserving completely positive map that maps a 

density matrix in a n-dimensional Hubert space onto a density matrix in a kn/d dimensional 

Hubert space. The mathematical description of these maps is the following. A positive linear 

map x- B{7tn) —> B{T-Lm), where B{%n) is the algebra of linear operators on a Hilbert space 

Hn, maps positive semi-definite operators in B{%n) onto positive semi-definite operators in 

B(Hm). A positive linear map x is called completely positive iff for all k = 1, 2 , . . . , the map 

X®idk--B{Hn®Hk)^B(Hm®'Hk), (3.2.2) 

is positive, where id^ is the identity map on BfTi^). This ensures, if the map is also trace-

preserving, that a density matrix of which only a subsystem undergoes the action of the map 

remains a density matrix. Therefore the set of trace-preserving completely positive linear maps 

corresponds to the set of maps that can be physically implemented. Every completely positive 

linear map x '• B{%n) —> B(Hm) can be decomposed into a set of at most nm many m x n 

matrices Ai [61] (which we shall refer to as "operation elements") as follows 

nm 

x(p) = ̂ 2AiPAl ( 3 2 - 3 ) 
2 = 1 

If the map is trace-preserving then the operation elements At obey the additional constraint 

nm 

Y^A\Ar = In- (3.2.4) 
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with 1„ the identity matrix on Ttn. Following Choi [61], we call the set of all trace-preserving 

completely positive linear maps \ • B(Hn) -> B(7im) T C P [ n , m ) . A possible physical 

implementation of these maps is represented in Fig. 3.1: A unitary operation on the state p ® 

|0)(0| (where |0) represents some pure state in an m2-dimensional environment) is performed 

and then nm "degrees of freedom" are traced out: 

nm 

X(p) = $ > f c | U [p® |0)(0|] f/t \ek). (3.2.5) 
fc=i 

Here { l e ^ ) } ^ is a set of basis vectors for 7inm. As there are at most nm operation elements, 

it follows that one can implement any map in T C P [ n , m] with an environment of dimension 
2 

m . 

General quantum measurements can be described within the same formalism. A general 

quantum measurement, a Positive Operator Valued Measurement (POVM) [62], on a den

sity matrix p e B{%n) can be described by a collection of completely positive linear maps 

Si : B(Hn) —> B{Hm.i), i = l,... ,k. Note that the output dimension can depend on i. Each 

measurement outcome i corresponds to the application of one of these maps Si on the state p. 

As these maps are completely positive the action of Si can be given by its operation elements 

A), or 

nrrii 

Si(p) = Y,ÂjPA?. (3.2.6) 
3=1 

The probability for measurement outcome i is then given by 

nmt 

Prob(«) = TvSi{p) =J2TlAiM)p. (3.2.7) 
j=i 

The sum of the probabilities of the different measurement outcomes must be equal to one. 

This implies that 

k,nmi 

E AU) = !»• (3-2.8) 
'ij—1 

When we obtain outcome i the state itself is mapped onto 

Y™{A)P4 

Y™lTxA^A)p 
(3.2.9) 

The von Neumann measurements form a special subclass of POVM measurements for 

which there is a single operation element A) = nAj for each outcome i. The operator ^ is 

a projector. These projectors 7T; are mutually orthogonal, 

V î / j , TTjTTj = 0 , (3.2.10) 



28 3 Simulating Quantum Operations 

P 

10x01 
u X(P) 

Figure 3.1: Implementation of the map x using a pure state environment, 

and they span the full Hilbert space: 

£ > = ln- (3.2.11) 
i 

In a complete von Neumann measurement the projectors 7r; have rank 1, i.e. they project onto 

pure states. For an incomplete von Neumann measurement the projectors TT; can have rank 

more than 1. Often, the POVMs that one considers are such that a measurement outcome 

i corresponds to a single operation element Ai. From such measurement, one can always 

construct the more general type by grouping measurement outcomes together. The essential 

difference between a quantum operation x a s m Eq. (3.2.5) and a quantum measurement is 

that in a quantum measurement we realize one of the outcomes corresponding to an operation 

element and acquire information about the state of the system. In a quantum operation as in 

Eq. (3.2.5) we do not acquire information about the system; we update our representation of 

the system corresponding to the possible interactions with the environment and the state of 

the environment. 

To determine the dimension of the parameter space of T C P [ n , m] we note that the map \ 

does not uniquely determine the set {A^™. Any set o f m x n matrices {2?;}"™ and {A,-}"™ 

that are related by a unitary transformation 

nm 

3=1 

Bi = yULAj, (3.2.12) 

implement the same map x- This freedom corresponds to a unitary rotation U' (see Fig. 3.1) 

of the environment qubits after the completion of the interaction U. It was shown in Ref. [59] 

that this unitary equivalence is the only freedom in the choice for the set of operators { A ; } ™ . 

The dimension of the parameter space of all maps in T C P [ n , m] that can be implemented 

with a d-dimensional pure environment will therefore be 

parameters in {Ai} unitary freedom constraint (3.2.4) 

'pureed £puTd= 2n2d - (nd/m)2 - n2 , (3.2.13) 

since there are nd/m operation elements A, [d is such that m. divides nd). Thus we have 

DTCP[n,m] = D£™m2 =n2(m2-l). 

In a more general physical implementation, however, the initial state of the environment 

can be an arbitrary density matrix. Consider the set of completely positive trace-preserving 
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linear maps x '• B{%n) —> B(Hm) that are implemented by an environment that is initially 

in some ri-dimensional density matrix. We call this set Smix[d, n, m]. The action on the input 

state p is 

d dn/rn 

X{P) = E A ; £<c*l U [P®\J)(J\] & \ek) , (3.2.14) 
j=l k=l 

where {\j, \j)}j=1 are now the eigenvalues and eigenvectors of the mixed environment state. 

We identify a set of m x n matrices {Ajk},4ii=i ' n t n e representation of Eq. (3.2.3): 

Ajk = y/Xj{ek\U\j). (3.2.15) 

Unitarity implies that these matrices are constrained, 

dnjm 

É A\kAjk = SijXdn. (3.2.16) 
k=l 

There is a residual unitary freedom in choosing the set of matrices {Ajk} j2i k"Lv The set 

{Bjm}j=i,m=i w,tb Bjm = ^2k U'mkAjk, where the dn/m-dimensional unitary matrix U' does 

not depend on the label j, implements the same quantum operation and also obeys constraint 

(3.2.16). As before, this freedom corresponds to a unitary transformation on the environment 

after the completion of the operation. The dimension of the parameter space of Sm-ix[d, n, m] 

can be bounded as 

upuK,d^ um\x,d - i U
puK,d2- (Ö.Z.11) 

The upper bound is given by the fact that one can always simulate a d-dimensional mixed 

environment with a d2-dimensional pure environment: Let p be the density matrix of the 

(i-dimensional environment and let {A;, \i>i)i}f=i be its eigenvalues and eigenvectors. The 

partial trace of the d2-dimensional pure state |$) = ^ i = 1 \f\\i>i)1 ® \4>i)2 's equal to p, i.e. 

p = T r 2 | $ ) ( $ | . 

From Eq. (3.2.13) and Eq. (3.2.17) it follows that an environment of dimension d < m 

cannot be used to implement all maps in T C P [ n , m}. A map x that is decomposable in m or 

fewer linearly-independent operation elements is extremal [61] in T C P [ n , m ] . The extremal 

maps in T C P [ n , m ] , cannot be simulated with d < m. These maps can be implemented 

with a pure-state environment of dimension m; moreover, we prove that there does not exist 

a more efficient implementation of these maps using a mixed-state environment: 

Extremality implies that the map x cannot be written as a convex combination of linearly 

independent maps x' t n a t each have operation elements A1, for which £ \ A^A^ = ln for 

each i. This ensures that only one of the eigenvalues in constraint (3.2.16) is non-zero, but 

this in fact corresponds to a pure-state environment of dimension m. An example of such an 

extremal map is a complete von Neumann measurement on a n-dimensional system. The set 

of projection operators {7TJ} " = 1 can be implemented minimally by using an n-dimensional pure 

state. 
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3.3 Generalized Depolarizing Channels 

We now turn to the question of whether all maps in T C P [ n , m] can be implemented with 

d = m. Note that our parameter count does not exclude this. In the following, we restrict 

ourselves to the case n = m = 2. We study which maps can be implemented using a single-

qubit environment and provide a proof that a particular qubit channel, the two-Pauli channel, 

cannot be implemented in this way. 

We consider a special set of maps, the generalized depolarizing channels [37], which are 

described by the set {(e^, A j ) } f = 1 where 

x(p) = ^2uApAl (3.3.1) 

such that ei + e2 + S3 + «4 = 1 and the operators Ai are given by Ai = 1 2 , A2 = ax, A3 = cry, 

A4 = az. One can represent this family of maps geometrically as a tetrahedron, which is 

embedded in a cube with vertices at (1 , - 1 , - 1 ) , ( - 1 , 1 , - 1 ) , (1,1,1) and ( - 1 , - 1 , 1 ) . The 

transformation that relates the parameters £i ,e2 , £3, «4 to the (x,y,z) coordinates is given by 

x = €1 + Ê2 — €3 — €4, y = ei — e2 + £3 — £4, and z = t\ — e2 — £3 + U- The vertices of the 

tetrahedron correspond to a single-operator map. Its edges are two-operator maps, the four 

faces represent all three-operator maps, and the points in the interior of the tetrahedron are 

all the four-operator maps of Eq. (3.3.1). 

A (nonexhaustive) computer search shows that only a subset of these maps can be simu

lated by using a qubit environment. For this subset we are able to construct an explicit qubit 

solution. At web address [63] one can find pictures of the three-dimensional volume that is 

described by the solution set and a picture of the solution set as generated by the computer 

search. The computer work also revealed that the dimension of Smjx[2, 2, 2] is equal to the 

upper bound of Eq. (3.2.17), namely T C P [ 2 , 2 ] = 12. Thus there is enough "room" for a 

solution, but it is not in the right place, as we will see. 

This solution is constructed in the following way. We start with the center of mass of the 

tetrahedron, the point (ei,e2 , e3,«4) = ( 1 / 4 , 1 / 4 , 1 / 4 , 1 / 4 ) . This channel has the property 

that it maps every input state p onto ~ 1 2 . It can thus be easily implemented by performing 

a SWAP gate on a environment qubit that is initially in the | i 2 state and the input qubit. 

The SWAP gate on two registers \a) <g> \b) gives \b) ® \a). Then one considers the line that 

departs from a vertex, say the point (ei, e2, e3, e4) = (1 ,0 ,0 ,0) , and goes through the center 

of mass. This one-dimensional set of channels is characterized by e2 = £3 = £4 and represents 

the regular depolarizing channel [37]. Performing a \/SWÄ~P on a | l 2 environment and the 

input qubit implements these channels, up to ex = 1/4. The integer m is related to the e 

parameters by e2 = £3 = f4 = &™2(Q^)I^- One extra step of generalization gives us an even 
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larger set of channels. The unitary matrix is a somewhat generalized form of %/SWAP, 

U 

( el8 cos fa 0 0 ielt> sin fa \ 

0 cos 4>2 i sin 02 0 

0 i sin fa cos fa 0 

\ ieie sin fa 0 0 eifl cos fa J 

(3.3.2) 

and the environment is again prepared in state | l 2 . We can determine the operation elements 

and express these as linear (unitary) combinations of the Pauli matrices. This leads to an 

expression of the parameters et in terms of (9, fa, fa) e [0, 2n) x [0, 2TT] X [0, 2n]: 

ei = i (cos2 0! + cos2 fa+ 2 cos 0! cos 02 cos 9), 

e2 — j (sin2 fa + sin2 02 + 2 sin 0i sin fa cos 0), 

e3 = \ (sin2 0j + sin2 fa - 2 sin 0[ sin 02 cos 0), 

£4 = 7 (cos2 0i + cos2 fa —2 cos 0i cos 02 cos 9). 

(3.3.3) 

Alternatively the solution set can be expressed as a set of inequalities on the parameters 

Q: 5 = Sx U 5 2 U ^ U Si where 

5*1 = {(ei,e2,e3,£4)|(eiÊ2 > £3^4) A (eic3 > e2e4) A ( e ^ > e2e3)}, (3.3.4) 

and S2 = 5 i (e i -H- e2), 53 = 5 i (e i -H- e3) and S4 = 5 i (e i o e4). In Appendix 3.A we provide 

a proof that S" and the volume parameterized by Eq. (3.3.3) coincide. 

3.3.1 Two-Pauli Channel 

We now turn to a subset of these maps, the two-Pauli channels, which are given by the three 

operation elements 

Ax = l2Vx] A2 = <rxy/(l-x)/2, A3 = ioy^f(l-x)l2 (3.3.5) 

and A4 is the null matrix. We will prove that for 0 < x < 1, there is no qubit environment 

which simulates this channel. For x = 0 or x = 1 there is a two-dimensional environment that 

can simulate the channel as the channel has two (nonzero) operation elements when x = 0 

and only one operator when x = 1. 

Any unitary linear combination of AX,A2 and A3 may be written as 

Du 
hVx (e* -ak)J\{l -x) 

{ck + ak)J\(l-x) bky/x~ 
(3.3.6) 

with appropriate constraints resulting from unitarity on the coefficients ak,bk,ck. This new 

set of operators {Bk}
3
k=0 will implement the same channel due to Eq. (3.2.12). Furthermore, 
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these operators Bk are constrained through Eq. (3.2.16); we can relabel them as follows 

B0 — Bn, Bi = Bi2, B2 = B21 and B3 = B22. For notational convenience, we define 

(3.3.7) 

Using the assumption 0 ^ x ^ 1 and by linearly combining all the equations we obtain: 

(v0\w0) + (u0\v0) =: 51 = 0 (3.3.8) 

(ui>i> + {u1\v1) =:g2= 0 (3.3.9) 

(v0\Wl) + («ol«!) =: g3 = 0 (3.3.10) 

(wo|«i) + (vo\ui) =: 54 = 0 (3.3.11) 

(u0\u0) - (wo\w0) =• 55 = 0 (3.3.12) 

(ui |ui) - (wi\wi) =: 56 = 0 (3.3.13) 

( u o k ) + ( u i K ) - 1 =: gr = 0 (3.3.14) 

(wßjüo) + («i|«i> - 1 =-9s= 0 (3.3.15) 

(uo|«o> + (ui\vi) =: g9 = 0 (3.3.16) 

(U0\WQ) + (ui\wi) =:gw= 0 (3.3.17) 

(u0\ui) - (wolwi) = : g n - 0 (3.3.18) 

Writing each of the coefficients a^, bk, and c^ in the form Xj + iXj+\ (where i2 = —1), 

we get a system of polynomial equations R e ^ ) = I m ^ ) = . . . = lm (g u ) = 0, where 

Re(pfc) and Im(p^) are polynomials in the variables X\,... ,x24 with real coefficients. To show 

that this system of equations has no solution we make use of Gröbner bases (see e.g. [64]). 

The computation of a Gröbner basis with Buchberger's algorithm generalizes the Euclidean 

algorithm to compute the greatest common divisor (GCD) of univariate polynomials pi(x) and 

p2{x). In that case, the GCD g(x) can be written as a "linear" combination 

g(x) = fi(x)Pl{x) + f2(x)p2(x). (3.3.19) 

The two univariate polynomials px and p2 have a common root if and only if their GCD is 

non-trivial, i.e., g(x) 7̂  1. 

For multivariate polynomials, a common solution exists iff the Gröbner basis of the ideal 

generated by them is non-trivial, i.e., does not contain a constant. In our case, using the 

computer algebra system M A G M A [65] we have shown that there exist polynomials fl}... , fn 

such that 

11 

^2fj(xu... ,X2i)gj(xu... ,x2i) = 1, (3.3.20) 

3 = 1 
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i.e., the Gröbner basis contains 1 and there is no solution of the equations (3.3.8)-(3.3.18). 

D 

3.3.2 Qutrit Solution 

Despite the above proof, it turns out that the class of channels we have been studying does 

not require a two qubit environment (d = 4) for their simulation; a mixed qutrit (d = 3) 

suffices. For generalized depolarizing channels, there will be nine operators, {Ay}? '?= 1 . We 

set one eigenvalue A3 = 0 and thus 

-431 = -432 - -433 = 0. (3.3.21) 

If e1£2 > £3^4 the solution is 

An = 0, A21 = yje2 - e3e4/e1cr:c, 

An = sJT3az, A22 = y/êï<Ty, (3.3.22) 

-4i3 = y/ëîl2, A23 = -i\fëïu]~t\ax 

Otherwise, we take 

An = 0, A2X = y/e4 - eie2/e3(jy, 

A12 = v^Tla, A22 = ^T2ax, (3.3.23) 
-4i3 = y/ëïcTz, A23 = isja\t2jt3ay. 

One can check that this set implements any generalized depolarizing channel and satisfies Eq. 

(3.2.16). 

On the basis of the computer work we conjecture that any map in T C P [ 2 , 2] can be 

simulated with a qutrit environment. Also, the numerics indicate that one can always set one 

eigenvalue to zero. Furthermore, we have numerical evidence that channels that have three 

linearly independent operation elements can never be simulated with a qubit environment. 

3.4 Discussion 

Our results provide new bounds on the size of an environment needed to simulate certain 

quantum operations on single qubits. However, we have only addressed simple mappings 

on the smallest input space. Many questions now arise: how do these results generalize to 

mappings on n-dimensional systems? A relevant scenario might be n uses of the generalized 

depolarizing channel, where the environment can be shared between the channels. In such 

a case, might a qubit environment per channel suffice for large ni A nice extension of the 

generalized depolarizing channels are the channels that are defined with the Heisenberg group 

elements [66]. These channels on rt-dimensional inputs are mixtures of a set of n 2 unitary 

matrices U(i,j). However, it is not straightforward to construct solutions, as in the qutrit 

case, for a general "Heisenberg channel", and we have no insight at the moment of what 



34 3 Simulating Quantum Operations 

gain one can get by using mixed states here. We do expect that there will be channels on 

an n-dimensional input for which the dimension of the environment is fl(n2). The questions 

we have formulated also apply to the construction of generalized measurements: how large an 

environment is needed for the minimal-size construction of arbitrary generalized measurements 

on an n-dimensional system? We hope our results and the questions they motivate will be 

useful in future quantum computing applications, and provide fundamental insights into the 

properties of quantum systems. 

3.A Proof of Coincidence of Volumes 

The solution set that is characterized by the set of inequalities on the parameters £; reads 

S = Si U S2 U S3 U Si, (3.A.1) 

where 

Si = {(ei,e2,e3,ei)\(eie2 > e3e4) A ( e ^ > e2e4) A (cie4 > e2e3)}, (3.A.2) 

and S2 = Si(ei <-» e2), S3 = Si(ex <-»• e3) and S4 = Si(ei «-» e4). 

We prove that the volume given by the parameterization of (x, y, z) in terms of (fa, fa, 9), 

Eq. (3.3.3), which we call P i , is equal to the volume described by the inequalities of Eq. 

(3.A.1) and (3.A.2), which we call P2. 

The volume Pi is generated by a mapping of a three-dimensional torus specified by coordi

nates (01, c/>2,9) to (x, y, z). The Jacobian determinant | det g,^'^'zL | will vanish on a set of 

points which we call Rpl that include the surface of P i denoted as Ep t . A priori, Pp, might 

include points interior to Px, but we will rule this out. We will show that RPl = Ep2. Then, 

by inspection of the volume P2 we can conclude that RPl can only be the surface Ep,. 

Proof that PP l = Ep2 

The Jacobian determinant of the transformation is 

J = |4cosösinö(cos201sin20i - cos2 rj)2sm2 (j>2)\. (3.A.3) 

First we show that the volume Pi is unchanged under all permutations of t i , . . . , e4. The per

mutations are generated by transpositions of two elements e, and ey. Transposition 

(^i^2)(^3)(u) will map (x,y,z) onto (x, — z, — y), and similarly, the other transpositions in

terchange x,y and z and add minus signs. The Jacobian determinant is invariant under these 

transformations, thus the surface is a symmetric function of ei, e2, e3, e4. This implies that the 

volume itself is symmetric in t\, e2, e3, e4. 

We will show that the Jacobian vanishes for points (x,y, z) iff (x,y,z) G Ep2, where Ep2 

denotes the surface of P2. 

Ppi 3 Ep2 The Jacobian (J = 0) vanishes iff one or more of the following hold 
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cos0 = 0 => ei£3 = £2£4, or 

10 = 0 ei£2 = Ê3Ê4, or 

• cos2 4>\ sin2 0i cos2 <j>2 sin2 02 0 e iQ — e2e3. 

These resulting equalities define points on £p2 . Note that the surface is connected (see Ref. 

[63]), i.e. there is a way to reach every point on the surface from every starting point on the 

surface without leaving the surface and thus the volume Px is (edge) connected. 

Sp2 |3 Rp1 Take section Si (Eq.(3.A.2)) for which there are three parts of the surface 

C\, C2 , C3 with C\ = {eie3 = £2£4, e1i2 > £3£4,£i£4 > £2£3} and C2 = Ci(e2 O £3) 

C3 = Ci(e3 O £4). The Jacobian vanishes for exe3 = £2£4. As C2 and C3 are obtained by 

permutations, the Jacobian will also vanish on these surfaces. Now by interchanging £1 with 

£2 we obtain S2 e t c . , but again because the Jacobian is invariant under this transposition, 

we know that the Jacobian will vanish also on the surface of S2, S3 and S4. 

Figure 3.2: Schematic examples of volumes Px and P2 that do not coincide even though 

Rp1 = Sp2. 

P2 has no Holes or Non-contractible Surfaces 

We must rule out the possibility that RPl includes points in the interior of Px. In Fig. 3.2 

a couple of example-volumes are given for which RPl = Sp2 but Px ^ P2. The volume P2 

consists of four sections. Any two sections intersect on a line. For volumes Si and S2 this is 

the line given by (EJ = e2, £3 = £4). Inspection of each section shows that it has no holes as in 

Fig. 3.2(a) 1. By joining the sections it is possible that a non-contractible surface is created 

1A rigorous proof could be established, say for section S i , by showing that rays emanating from points on 

the line e2 = £3 = £4,1/4 < £1 < 1 cross the surface of Si only once. 
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as in Fig. 3.2(b). Inspection of the volume also tells us that this is not the case for P2. Thus 

the set of points RPl that coincides with Ep2 cannot contain points that lie inside the volume 

P i . From this we can conclude that T,Pl = Ep2. 

Finally, there exists a point which is both inside P i and inside P2, for example the point 

€1 = 5/8, e2 = e3 = £4 = 1/8, and P i is (edge)connected, therefore P i and P2 coincide. D 



Chapter 4 

On the Problem of Equilibration and 

the Computation of Correlation 

Functions on a Quantum Computer 

4.1 The Limits of Classical Computation 

The power of quantum computers has been demonstrated in several algorithms, of which the 

most striking have been Shor's factoring algorithm [8, 67] and Grover's search algorithm [14]. 

From the very start however, the quantum computer has also held the promise of being a 

simulator of physical systems. This is the content of the physical version of the Church-Turing 

thesis proposed by Deutsch [4] which says that every finitely realizable physical system can be 

perfectly simulated by a universal model computing machine operating by finite means. Thus 

we might expect that the universal quantum computer can be used to simulate any experiment 

that we could do on a real physical system. If such a simulation can be done efficiently (that 

is, without exponential slowdown), it is clear that this could be one of the major applications 

of a quantum computer 1. This promise seems to have been only partly fulfilled until now; it 

has been shown by several researchers [32, 58] that a simulation of the unitary time evolution 

of a physical system that possesses some degree of locality (which realistic physical systems 

do) can be accomplished efficiently on a quantum computer. However, many quantities of 

interest that are determined by experiment, or by the use of classical simulation techniques, 

relate to open quantum systems, in particular to systems in thermal equilibrium. The thermal 

equilibrium (Gibbs) state (in the canonical ensemble) of a Hamiltonian H is given by 

Pß = 2^^^\m){ml (4.1.1) 
Z 

xHere we assume that the size of the system is not extremely large, for example it is not realistic to expect 

us to be able to simulate a system with 1023 degrees of freedom. 
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where \m) {Em) are the eigenvectors (eigenvalues) of H. Z is the partition function 

Z=J2e-ßE™, (4.1.2) 
m— 1 

and ß = -gr where k is Boltzmann's constant and T the absolute temperature in degrees 

Kelvin. The physical systems that concern us here will have a finite dimensional Hilbert space 

H that can be decomposed as 

n = Ui®n2®...®un, (4.1.3) 

where each Hi represents a small, constant Hilbert space, typically associated with some 

(generalized) spin or other local degree of freedom. The Hamiltonian couples these local 

Hilbert spaces, for example in correspondence with a d-dimensional spatial lattice, so that 

there is only coupling between adjacent "spins" on this lattice. The quantities of interest, 

computed in experiment or in a classical computation, are of the form 

Tr 01(t1)02{t2)...Ok{tk)pß, (4.1.4) 

where the Oi(U) are (possibly time-dependent) observables. Both for classical systems as well 

as for quantum systems, computational Monte Carlo methods have been developed to estimate 

correlation functions as in Eq. (4.1.4) [68, 69, 70]. The quantum Monte Carlo method for 

systems at finite temperature relies on a transformation introduced by Suzuki [71] that maps an 

initial quantum system on a d-dimensional lattice onto a (d+ l)-dimensional classical system. 

This conversion then makes it possible to use classical computational sampling techniques to 

estimate correlation functions as in Eq. (4.1.4). There seem to be (at least) two situations 

when this approach runs into trouble and no good computational alternatives are available 

[70]: (1) the correlation functions depend explicitly on time t, and (2) the quantum system is 

of a fermionic nature. We will give a short explanation of why these problems are encountered. 

The transformation from a classical to a quantum system is based on the generalized 

Trotter formula. Let H = ^2i=1Hi where each Hi is a Hamiltonian on a small constant 

Hilbert space. The Trotter formula reads 

e ea(H1+H2+...+Hk) = l i m ^Hl/neaH2/n e«7« t/n)" (4.1.5) 

The partition function Eq. (4.1.2) (and similarly correlation functions as in Eq. (4.1.4)) can 

be rewritten, using the Trotter formula and the identity Ylm \aij){°%j\ = 1. where the pair of 

indices (i,j) labels a choice of basis, as 

Z = Tre-ßH =YJP{a„), (4.1.6) 

where P{aij] is a distribution over the values of the collection of variables { a * j } and j indexes 

the repetitions of the factors of Eq. (4.1.5) from 1 to n. If the distribution is nonnegative, we 



4.1 The Limits of Classical Computation 39 

can write P{0jJ-} = eH'>f^ai^ where Heff is now a classical Hamiltonian given by 

n k 

Heff({ai,j}) = lim y^y^«( a*J> a*+i. j)- (41-7) 
n—>oo z—' •*—' 

j = l i= l 

with a f c+ij = a i j+i , afc+i,n = «i,i and 

fli(a,6) = log( (a | exp( - /3^ /n ) |&}) . (4.1.8) 

The distribution P{0iJ-} will only be nonnegative when the matrix elements 

(o| exp(—ßHi/n)\b) are positive. Thus it is important to choose the right sets of basis states 

|a™} to make the conversion to a classical sampling problem with a nonnegative distribution. 

There are fermionic systems such as certain Hubbard models [70] in which it does not seem 

to be possible to choose such a good basis. For these systems it has turned out to be very 

hard to get good estimates of correlation functions by using classical Monte Carlo techniques. 

This problem is usually referred to as the "sign" problem. 

When we are to compute time-dependent quantities, for example the function 

f (it) = Tr elHtOie^'Ht02pp, we need to use an imaginary time r = it to perform the 

conversion of Eq. (4.1.5) to a classical system (we expand elHt with the Trotter formula). 

From the classical Monte Carlo sampling of the function ƒ ( r ) for real r, we estimate ƒ ( r ) 

and then we could in principle analytically continue this function. However, we only have a 

finite number of samples of the function and each sample point has some inaccuracy. The 

errors that are introduced in estimating the Fourier components f (to) from this data give rise 

to large fluctuations when we reconstruct ƒ ( i t ) with the Laplace transform 

ƒ( 
/

OO 

diüe-^f(co), (4.1.9) 

•oo 
resulting in a bad approximation for the time correlation function f (it). 

The relevance of estimating a simple time correlation function (an example of Eq. (4.1.4)) 

such as 

Tr[At,Bt,}pß = ([At,Bt,])s, (4.1.10) 

where A and B are some Hermitian Heisenberg operators of the system, cannot be overesti

mated. Let us recall the many contexts in which Eq. (4.1.10) is used in describing experimental 

properties of many-particle quantum systems [72]: 

When A = B = u, where u is the displacement field of a crystal, (4.1.10) describes the 

phonon dynamics of solids as probed by inelastic neutron scattering. When A and B are the 

number-density operator, the dielectric susceptibility is represented; this correlation function 

describes a variety of other experiments, including x-ray photoemission and the so-called x-ray 

edge singularity. When we study the current-current response function, we obtain the electrical 

conductivity as described by the Kubo formula. (The density-density and current-current re

sponse functions are intimately related via the continuity equation.) Spin-dependent quantities 
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are also of interest: with the spin-spin correlation function, information is obtained about the 

magnetic susceptibility, and thus the magnon dynamics of ferromagnets and antiferromagnets, 

the Kondo effect, and the magnetic-dipole channel in neutron scattering. And finally, if A and 

B involve anomalous pair amplitudes which involve Fermion operators like ai(k)a-f(—k), the 

presence and dynamics of a superconducting phase can be probed. In short, the dynamic pair 

correlation functions provide a window on many of the interesting quantities in experimental 

physics, and it would be highly desirable to have a method of obtaining estimates for these 

quantities by simulation on a quantum computer. In this chapter we develop an approach to 

tackle these problems on a quantum computer. We break the problem into two parts: First, 

we present an approach to prepare our quantum computer in the equilibrium state pp of a 

given Hamiltonian (sections 4.2 and 4.3). We will give two alternative routes to prepare an 

equilibrium state. For the first quantum algorithm we can prove that in the limit of large time 

and space, the algorithm will successfully produce the equilibrium state as its output. In any 

realistic situation we are faced with finite resources in time and space. In the sections 4.2.7 

and 4.2.8 we therefore present some numerical studies of the performance of the algorithm for 

small systems. In section 4.3 we present an alternative quantum equilibration algorithm that 

is based on eigenvalue estimation and the classical Metropolis algorithm. For this algorithm 

we prove as well that in the limit of large space and time equilibrium is achieved. In section 

4.4 we describe a procedure for efficiently estimating quantities as in Eq. (4.1.4) given that 

the equilibrium state has been prepared. We will not attempt to prove that our algorithms run 

in polynomial time even for a restricted class of quantum systems given by an Hamiltonian H 

and/or for restricted ranges of ß. The equilibration problem, in its full generality, is expected 

to be a computationally hard problem. Even classically there is a large class of systems that 

exhibit a feature called frustration, for which calculating the partition function Z as in Eq. 

(4.1.2) is a P"-complete problem [73]. Also, for these systems, deciding whether the energy 

of the ground state is lower than some constant K is an NP-complete problem [74]. The 

quantum problem has an added difficulty: We cannot assume that we know the eigenvectors 

(and eigenvalues) of the Hamiltonian of the system that we would like to equilibrate. There 

is no evidence (yet) that a quantum computer can exponentially outperform a classical com

puter in estimating the partition function for certain classical systems, which would enable us 

to sample efficiently from the classical Gibbs distribution [75]. 

The quantum algorithms that we present are hard to simulate on a classical computer. 

In both of our equilibration algorithms we use the fact that one can implement the unitary 

time evolution of a local Hamiltonian on n qubits in a polynomial number of steps in n on a 

quantum computer [32]. A direct simulation of this procedure on a classical computer would 

cost exponential (in n) space and time and is therefore unrealistic. As we will show in section 

4.4, given a preparation of an equilibrium state, there exists an efficient polynomial time 

procedure on a quantum computer to calculate (time-dependent) correlation functions. As we 

discussed above, there is no general efficient classical algorithm with which one can estimate 

time-dependent correlation functions. Our quantum algorithm provides such an algorithm for 
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a quantum computer. Lloyd and Abrams [56] have shown that the unitary simulation of a 

fermionic system such as the Hubbard model, either in first or second quantization, can be 

performed efficiently on a quantum computer. The quantum algorithms that we present will 

use this unitary evolution as a building block. Therefore these algorithms can be used to 

compute correlation functions for the Hubbard model on a quantum computer. This is a task 

for which we do not have a good classical algorithm, due to the "sign" problem, as we pointed 

out earlier. 

We focus our efforts on quantum equilibration algorithms for Hamiltonians of which the 

eigenvalues and eigenvectors are not known beforehand. These are the Hamiltonians of, for 

example, Heisenberg models (in more than two dimensions), Hubbard models, t-J models, XY 

models, or many-electron Hamiltonians in quantum chemistry. On the other hand, knowing the 

eigenvectors and eigenvalues of a Hamiltonian, such as in the Ising model, is no guarantee that 

there exists an efficient (polynomial time) classical algorithm that produces the equilibrium 

distribution. The situation is similar for quantum algorithms; we do not know in what cases 

the equilibration algorithms presented in section 4.2 and 4.3 give rise to a polynomial time 

algorithm (see also Ref. [76] for quantum algorithms for Ising-type models). 

The process of equilibration is also essential in the actual realization of a quantum com

puter. One of the assumptions underlying the construction of a quantum computer [38] is 

the ability to put a physical system initially into a known state (or a thermal equilibrium state 

in the NMR quantum computer [16]), the computational |00 . . .0)(00 . . . 0| state. The way 

this is done in an experimental setup is to let this state be the ground state of a natural 

Hamiltonian and subsequently to cool to low temperature such that the probability of being 

in this ground state is some constant. This natural Hamiltonian must be sufficiently simple 

for this equilibration to be achievable efficiently and also be sufficiently weak or tunable not 

to disturb the computation later on. 

Markov chains in the quantum domain 

Our two quantum equilibration algorithms are the first examples of the use of quantum Markov 

chains on a quantum computer. The algorithms that we present are described as the repeated 

application of a T C P map <S on some initial state. Such a T C P map can be viewed as a 

generalization of a Markov matrix to the quantum domain. A classical Markov chain corre

sponds to the following process (cf. [68]). Let i = 1 , . . . , k be a set of states. We take time 

to be discrete variable taking the values t = 0,1,.... At some point in time t = 0, we start 

with a probability distribution {pt > 0 } * = 1 over the states i such that £ V p i = 1. Through a 

stochastic process which we describe with a Markov matrix M this probability distribution is 

mapped onto a new probability distribution { p j } * = 1 at time t = 1, i.e. 

pTM = p'T, (4.1.11) 

where p is the vector of probabilities at t — 0. A homogeneous Markov chain corresponds to a 

chain in which M is the same matrix during all timesteps. In the theory of Markov chains we 
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study the properties of the matrix M determined by its eigenvalues and eigenvectors. Such a 

Markov process characterized by a matrix M can be viewed as a special kind of T C P map. 

The states i = 1 , . . . ,k now correspond to a set of orthonormal states \i): (i\j) = 5y. At 

t = 0 we start with a density matrix p = J2iPi\i)(A- The T C P map corresponding to a 

classical Markov process maps 

SM{p)=p', (4.1.12) 

where p' = YliP'iV) {l\- To give a full specification of S in terms of M we write 

sM(|i>(*|) =.£*=1 My|j>01, ...... 
sM(\i)(j\) = o, itj. l 4 1 i J j 

In this classical chain the density matrices that result from this stochastic process are all 

diagonal in the same basis { | i ) } * = 1 . For a general quantum Markov chain this will not be the 

case. In section 4.2.3 we establish several basic properties of T C P maps that can form the 

starting point for developing a theory of quantum Markov chains in a quantum computational 

setting. 

4.2 Equilibration I 

4.2.1 Introduction 

The canonical ensemble is the ensemble of states {p, , \ipi)}, or a density matrix 

p = ^2iPi\ipi){ipi\, such that p has a given energy-expectation value 

Tr Hp=(E). (4.2.1) 

The equilibrium state in this ensemble (Eq. (4.1.1)) can be obtained by maximizing the von 

Neumann entropy of p under this energy constraint (see Appendix 4.A). Another way in which 

the canonical ensemble is defined is by considering the possible states of a system that is in 

contact with an infinite heat bath at a certain temperature T. The total energy of system 

and bath is constant, but bath and system exchange energy, so that the system equilibrates. 

This directly suggests that the way to prepare the equilibrium state on a quantum computer is 

to mimic this process. In considering the computational complexity of such a procedure in a 

straightforward simulation without optimization or shortcuts, we will have to include the space 

and time cost of the bath, which may be large. Also, the intuitive picture of equilibration 

between a weakly coupled large bath and system does not tell us anything about the rate at 

which this equilibration occurs. Furthermore, the equilibration process assumes a bath that 

is already in its equilibrium state. Can we make the bath simple enough that this bath state 

can be prepared efficiently? In this section we study this process of equilibration. We present 

an algorithm and we derive expressions that completely characterize the equilibration process 

in an idealized case: the coupling between the bath and the system is very small, the bath 
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is very large, and the time of interaction is large. In order to treat this problem analytically 

we develop a perturbation theory in the strength of the coupling between bath and system 

in section 4.2.4. In this perturbative regime we will see that the dynamics of our quantum 

Markov chain can be described by a classical Markov chain plus an additional 'dephasing' 

process. Only in the idealized regime, using the perturbation theory approach, are we able to 

show that the algorithm gives the equilibrium state as output. We then proceed by a numerical 

study of the algorithm in realistic cases where the bath is of finite dimension, the strength of 

the interaction is non-zero, and the interaction time is limited. 

4.2.2 The Algorithm 

Definition 1 Equilibration algorithm I. 

Input-parameters: 

-Hs, the Hamiltonian of a N = 2n-dimensional quantum system. 

-ß , the inverse temperature. 

-Hb, the Hamiltonian of a K = 2*-dimensional "bath" quantum system. 

-\Hsb, where Hsb is the NK-dimensional "bath-system" interaction Hamiltonian and X is the 

parameter that measures the strength of the interaction between bath and system. 

-t, the interaction time between bath and system. 

-r, the number of times the bath is refreshed in the algorithm. 

Define the total Hamiltonian of system and bath as 

H = Hs®\K + lN®Hb + \Hsb, (4.2.2) 

and the trace-preserving completely positive f T C P j map Sx,t as 

Sx,t{p) = Tr6 e
imp ® pbJt e~im. (4.2.3) 

1. Prepare system. We prepare the n qubits in the state 

| 0 0 . . . 0 ) ( 0 0 . . . 0 j . 

2. Prepare bath. We prepare the k qubits of the bath in their equilibrium state pbß of 

Hb. 

3. Evolve system and bath for time t and discard bath, that is, perform the superoperator 

SX:tofEq. (4.2.3). 

4. Repeat steps 2 and 3 r times such that 

| | ^ + 1 ( | 0 0 . . . 0 ) ( 0 0 . . . 0 | ) - ^ ( | 0 0 . . . 0 ) ( 0 0 . . . 0 | ) | j t r < e , (4.2.4) 

for all r > r0 and e is some accuracy. See Appendix 4.D for the definition of\\ . I L . 
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We put several constraints on Hs,Hb, and Hsb. We will use local Hubert spaces as in 

Eq. (4.1.3) of dimension 2 (qubits). Hs must be a "local" Hamiltonian. We define a d-local 

Hamiltonian on n qubits as one that can be expressed as 

Poly(n) 

Hs= J2 1N/c^hi, (4.2.5) 

where each ht operates on a tensor product of several small qubit Hubert spaces, whose total 

dimension is d. We will also assume that the eigenvalues of Hs are all distinct; the spectrum is 

non-degenerate. This will simplify the upcoming analysis. In order to treat Hamiltonians with 

degenerate spectra a change in the perturbation theory of Section 4.2.4 will have to be made. 

We expect however that with that change the main result of Section 4.2.5, namely successful 

equilibration in the idealized case, will still hold. Hsb has the linear coupling form 

Hsb = S®B, (4.2.6) 

where both S G B(HS) and B G B{%b) are local Hamiltonians. Hb is the Hamiltonian of a 

system of non-interacting qubits, i.e., it is a sum of single-qubit Hamiltonians: 

Hb=J^lK/2®hi. (4.2.7) 
i=l 

The bath's equilibrium state factorizes into a tensor product of qubit equilibrium states asso

ciated with each hf 

Pbß = plß®---®ptß- (4.2.8) 

This enables us to prepare the bath (step 2) efficiently. Appendix 4.E shows that it will cost 

Ik elementary qubit operations to perform step 2. The locality of Hs, Hb, and Hsb is required 

in order to be able to simulate the unitary time evolution elHt in time 0(t2/S) where 5 is the 

accuracy with which the evolution is implemented [32, 77] (see also Appendix 4.B). 

We also choose 

(B)b = TrBpbJ) = 0. (4.2.9) 

To understand the effect of a non-zero (B)b we rewrite H as 

H ={HS + \{B)bS) ®lK + lN®Hb + \S® B', (4.2.10) 

with B' = B — (B)1K and thus (B')b = 0. Choosing a non-zero (B)b effectively corresponds 

to a change in the Hamiltonian of the system. The goal is for the bath to exchange energy 

with the system and not to disturb it otherwise. Choosing a non-zero (B)b will give rise to an 

undesired shift in the energy spectrum of the system. 

We now discuss the last step of the algorithm, step 4. When the superoperator S\tt has 

the equilibrium state pSß as its unique fixed point, then Eq. (4.2.4) for all r > r0 implies that 

|| 5 I J ( ( | 0 0 .. ,0)(00 . . . 0|) - ps,ß \\tr< CNf(e, «). (4.2.11) 
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for all r > r0, where K is the absolute value of the second largest eigenvalue of S\t. CV 

is some constant polynomial in N. The function f(e,n) —> 0 for e —> 0 and K ^ 1. The 

functional dependence of ƒ on K is such that when K increases, - the equilibration slows down-, 

ƒ increases. For sufficiently small e the equilibration process will lead to successful convergence 

to the equilibrium state. 

There does however not exist a straightforward implementation of step 4. The first problem 

is that we would have to check the closeness of the r th and the (r + l ) t h iteration of S\tt for all 

r > r0. In practice this has to be replaced with choosing a finite set of iterations r for which the 

invariance of <S^ ((|00.. . 0 ) (00 . . .0|) is tested. This problem is also encountered in classical 

Monte Carlo simulations. The second problem, which is a purely quantum phenomenon, is 

that by measuring pr = Sr
xt(p) we might disturb pr. Thus to compare pr with pr+ï we would 

have to run S again for r + 1 times. To assemble some statistics on the difference between 

pr and pr+i we have to run r iterations of S several times. These considerations about the 

verification of the convergence of the equilibration process are of course not special to the use 

of a quantum computer; they are the same as in the equilibration of a quantum physical system 

in an experimental setup. Furthermore, it would be an impractical task to try to measure all 

the matrix elements of pr; namely pr contains an exponential amount of data of which we 

can extract only a polynomial amount by measurement in polynomial time. The best way to 

proceed is the same as what one does in classical Monte Carlo simulations [70]. If the goal of 

the computation is to estimate TiOpsß then one computes the datapoints 

Or = T r Opr, (4.2.12) 

until \Or — Or+i\ < e for a sufficiently large set of iterations r > r0. The same procedure can 

be carried out when the goal of the equilibration is to compute a time-dependent correlation 

function such as Eq. (4.1.4). 

In the remainder of this section we will analyse this algorithm. In section 4.2.3 we give 

some general properties of T C P maps. In section 4.2.4 we discuss the non-Hermitian pertur

bation theory that will be the basis of the analysis of S\,t in the idealized case. In section 4.2.5 

we derive explicit expressions for the idealized case. The idealized case is the case obtained by 

taking the limits k —> oo, A —> 0, and t —> oo, but A2* is constant 2. Then we can show that 

in this idealized case the process has a unique fixed point which is the equilibrium state. Many 

parameters in the quantum algorithm that is given in Definition 1 are not yet fixed. These are 

the time t, the number of repetitions r, the size of the bath k, the Hamitonian of the bath 

Hb, the interaction Hamiltonian S<$B and the interaction strength A. In an actual realization 

of the quantum algorithm on a quantum computer with finite resources of time and space 

we should try to chose the optimal set of parameters. In sections 4.2.7 and 4.2.8 we present 

results from numerical simulations for small quantum systems that tell us how the algorithm 

depends on this set of parameters. In these sections the following questions will be addressed: 

1. What is the influence of different choices for Hb, S and B (Eqs. (4.2.6), (4.2.7))? 

2This limit is sometimes referred to as the Van Hove limit [78]. 
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2. How do the parameters r, A, and t required for successful equilibration depend on n gener-

ically? How does k, the number of bath qubits depend on n, the number of system qubits for 

successful equilibration? Are they polynomially related? 

The dynamics of open quantum systems, like the system in our algorithm that interacts 

with a bath, are most often studied with the use of a generalized master equation [79]. The 

exact master equation in integral form describes the time evolution of p(t) = Sx,t(p) of Eq. 

(4.2.3): 

p{t) = e-l£'V(0) - A2 f dt' f dt"e-1^-^Mit', t")pit"). (4.2.13) 
Jo Jo 

where C, the Liouvillian, is defined as 

C{p) = [H,p]. (4.2.14) 

so that Cs(p) = [H„,p] etc. The operator M{t',t") is the "memory kernel", 

M(t',t") = TTbCabe-^-^"^-^Csbpb. (4.2.15) 

The form in which the master equation is most often used, however, is one in which two 

simplifying approximations are made: (1) the Born approximation. This relates to the weakness 

of the interaction parameter A. (2) the Markov approximation. The process described by Sx,t 

is Markovian if we can write 

Sx,tiSx,sip))=SXtt+s(p), (4.2.16) 

for all t > 0 and s > 0. Note that the difference between the left- and the righthand side of 

this equation is the following. On the lefthand side the environment pb$ (see the definition of 

Sx,t in Eq. (4.2.3)), is refreshed after time t, whereas on the righthand side, the environment 

is kept for the whole evolution time t + s. 

Markovian behavior typically occurs when the rate at which the effect of the system on the 

bath is erased in the bath (in the sense of being spread throughout the bath) is much faster 

than the rate at which the system evolves; the system sees a "fresh" bath every time. In our 

algorithm this loss of correlations in the bath is enforced when after some time t the bath is 

replaced by a new bath (step 4). We would not be able to truly equilibrate a finite system 

with a finite-dimensional bath if we would not keep refreshing it. Since the global evolution 

of bath and system is unitary, eventually we will get back to the initial unentangled state and, 

after tracing over the bath, to the initial state of the system (a so-called Poincaré recurrence). 

Whether Markovian dynamics is justified will depend on the size of the bath, the strength 

of the interaction and the length of the interaction time. There are ways to make a simple 

but naive Markov approximation in Eq. (4.2.13) that lead to a master equation that fails to 

describe T C P dynamics [80, 81]. The form of the master equation that does incorporate 
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both the approximations and yields a physical completely positive map is the master equation 

in Lindblad form [82]: 

-£ = -i[H„p(t)] + Lp(t), (4.2.17) 

where L [83, 81] can be expressed with a basis of operators Ft as 

J V 2 - 1 

Lp(t) = g Z ! au([FkP{t),F}] + [Fk,p{t)F}]), (4.2.18) 
k,l=l 

where a w is a positive semi-definite matrix. In a Lindblad equation describing the equilibration 

process, we expect L to depend on the system Hamiltonian Hs. The equilibrium state ps>ß -

if the algorithm is successful- should be a stationary state of the process, which implies that 

since [Hs,psß] = 0, we must have that 

Lps,ß = 0. (4.2.19) 

Davies [83, 84, 85] has demonstrated that a process described by Sx,t where the bath is 

an infinite-dimensional quantum system (for example a quantum field) does equilibrate any 

quantum system in the limit where A -> 0, t -> 00, but \H stays constant. By carefully taking 

a Born and Markov approximation, he derives a Lindblad equation of the form such that Eq. 

(4.2.19) is obeyed. We will perform a similar analysis here. The main point of difference 

is that we use a perturbative analysis of the dynamics which is only valid for small XH, but 

coincides in this regime with Davies' result. We furthermore obtain more explicit expressions 

for the dynamics in this limit. 

One can write down the most general form of an operator L that obeys a quantum detailed 

balance condition [86], a stronger requirement than the stationarity of Eq. (4.2.19). Now, 

one might ask the following question: Could we implement the corresponding superoperator 

directly, without the use of a weakly coupled large bath, so as to save us time and space? We 

believe the answer is no, as L will depend on the eigenvectors and eigenvalues of Hs, which 

we do not know beforehand. 

4.2.3 Some Useful Properties of T C P Maps 

In this section, we study some essential properties of the superoperator Sx,t defined as in Eq. 

(4.2.3). This superoperator is a T C P map 

SXit : B{UN) -> B(HN), (4.2.20) 

where B(HN) is the algebra of linear operators on a Hubert space %N. The set 

T C P [ / V , TV] is the set of T C P maps S: B(UN) -> B(HN). The elements of B(HN) 

can be represented as iV x /V matrices. An alternative and convenient way to represent 

B{HN) is as a ^ -d imens iona l complex vector space C ^ 2 

/ : x e B(UN) -• (xh £ CN\ (4.2.21) 
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This representation leads to a matrix representation of a T C P map S on CN . Let Ai be the 

operation elements of S, i.e. 

X ' = S(x) = $ > a 4 52A\Ai = lN. (4.2.22) 

Then 

(X')mn = (5(x))mn = ^ ^ ( ^ i W x M A ^ n = ^ «Wl(x)w, (4-2.23) 
i k,l k,l 

with 

SmnM = Y,(Ai)™*(Ai)>"- (4.2.24) 
i 

One can then study the eigenvectors and eigenvalues of the matrix representation of a 

T C P map. First, we will give three useful properties of T C P maps that follow directly from 

their definition: 

Property 1 Let B(?LN)+ G ß( 'Hjv) be the set of positive semi-definite matrices. Let S e 

TCP[ iV ,JV] . Then 

peB(nN)+^S(p)eBCHN) + , (4.2.25) 

as S is (completely) positive. Let \ be an eigenvector of S with eigenvalue p., S(x) = PX-

We have 

T r x / 0 = ^ = 1 , (4.2.26) 

as S is trace-preserving. Let Ai be the operation elements in the decomposition of S as in 

Eq. (4.2.22). If x is an eigenvector of S with eigenvalue p, then x^ 's also an eigenvector of 

S with eigenvalue p*. This follows from 

(S(X)Y = £ ( ^ 4 Î ) f = S ( X t ) . (4.2.27) 

Let BI('HN)+ be the set of positive semi-definite matrices on HN that have trace 1, i.e. 

the density matrices. Thus Property 1 implies that if a density matrix p is an eigenvector of 

the superoperator, it must have eigenvalue 1, that is, it is a fixed point of the map. On the 

basis of the T C P property of a map S, we can also show the following 

Proposition 1 Let S £ T C P [AT, N). All eigenvalues p of S have \p\ < 1. 



4.2 Equilibration I 49 

Proof (by contradiction): Assume x is an eigenvector of S with eigenvalue \p\ > 1. Note 

that Property 1 implies that x has T r x = 0. If x is Hermitian, p will be real. As x is traceless, 

it must have at least one negative eigenvalue. One can always find a density matrix p and 

a small enough e such that p' = p + ex is still a density matrix. Let S operate r times on 

this density matrix. For large enough r the result Sr(p + ex) = Sr(p) + eprx will no longer 

be a positive semi-definite matrix: take the eigenvector \ip) of x corresponding to the lowest 

(negative) eigenvalue Amin. Then 

(ip\ST{p)W) + epr(ip\x\4>) < 1 + eprXmin, (4.2.28) 

will become negative for large enough r. But Property 1 implies that Sr(p') is a density matrix, 

thus \p\ cannot be larger than 1. When x is non-Hermitian, we reason similarly. One can find 

a density matrix p and a small enough e such that p' = p + e(x + x]) is a density matrix. Let 

S{x) = PX = He , 0 X- Let Amin>r be the smallest (and negative) eigenvalue of the traceless 

Hermitian matrix e'^x + e'^x^ and let \ip) be the corresponding eigenvector. Then 

(Msr{p'm = 
(MST(Pm + e\p\r{^\{e^x + e-^X^W < 1 + e\p\r\mmiI, (4.2.29) 

will become negative for some large r (Am i n j r is a quasi-periodic function of r so it cannot be 

small for all large r). • 

Another property about the existence of fixed points can be derived: 

Proposition 2 Let S e TCP[N, N}. S has a fixed point (which is a density matrix). 

Proof"The set of density matrices 3^%^+ e B(HN) is convex and compact. S is a linear 

continuous map and S(p G £ i ( H j v ) + ) G B^HNY. Then the Markov-Kakutani Theorem 

V.10.6 of [87] applies. D 

The existence of a fixed point does not by itself guarantee that the process described by 

S is "relaxing", that is \imT^00S
r(p) = p0 for all density matrices p where p0 is the fixed 

point. The existence of such a limit depends on whether the fixed point is unique. The 

following Proposition proves that when there is unique fixed point, relaxation will occur and 

the relaxation rate is determined by the second largest eigenvalue of S [88]: 

Proposition 3 Let p0 € B^HNY be the unique fixed point of a T C P map S. Let K = 

maxm |^m7 ,1 \pm\, the absolute value of the second largest eigenvalue ofS. Then for all density 

matrices p we have 

II Sr(p) - p0 \\tr< CNPoly(r)Kr. (4.2.30) 

where CN is a constant depending on the dimension N of the system and Poly(r ) denotes 

some polynomial in r. Thus for all density matrices p 

lim \\Sr(p)-p0 \\tr=0. (4.2.31) 
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Proof Let ßt be the eigenvalues of <S. Let s be the number of distinct eigenvalues. We 

can bring any matrix S into Jordan form J by a similarity transformation M [90]: 

S = MJM~\ (4.2.32) 

where 
s 

J = J2(^P* + Nt). (4.2.33) 

Pi are orthogonal projectors and Nz is a matrix of Is above the diagonal in the i th block or 

N, is the null matrix. When the eigenvalue pl is nondegenerate N, is the null matrix. We 

therefore have NtNj = 0 for i ± j and PzNj = 0 for i ƒ j. Call the unique largest eigenvalue 

/ i 0 = 1 and the corresponding projection P0. As in Eq. (4.2.32) one can write 

Sr = MJrM~l. (4.2.34) 

where J r equals 

r = Y^Pi + N'A (4.2.35) 
i = l 

where N[ is a nilpotent matrix in the i th block. Note that N'G is 0 as p0 is unique. Let 5° 

be MP0M~l or S°(p) = p0- We use || A \\tr< VN \\ A ||2. Note that || A ||2 refers to the 

Euclidean norm of A represented as a vector. This follows from {J^i=l \xt\)
2 < NJ2i=i l x ' | 2 

for complex numbers xt. We have first of all 

II Sr(p) - Po \\tr< VN II {Sr - S°)(p) ||2 . (4.2.36) 

This expression can be bounded with the use of the similarity transformation M to 

II Sr(p) - po | k < ^N \\\M(Sr - S°)M-1 |||2 < ChN \\\JT - P0 |||2 (4.2.37) 

where |||. |||2 is defined in Appendix 4.D and we use | | p | | 2 = T r p 2 < 1 for density matrices. 

Using the expression for JT, Eq. (4.2.35), we can also bound 

| | |Jr - Po Hb < rNC2iNKr. (4.2.38) 

Combining Eq. (4.2.37) and Eq. (4.2.38) gives us the desired result Eq. (4.2.30). Eq. 

(4.2.31) then follows as K < 1 by Proposition 1. If S is diagonalizable, the nilpotents Nt in 

expression Eq. (4.2.35) are not present. By going through the same steps, a bound as in Eq. 

(4.2.30) can be derived without the factor Po ly( r ) . ü 

We refer the reader to [81] for discussions and references concerning the existence of a 

unique fixed point and other properties of relaxation for a process that is described by a 

Lindblad equation, Eq. (4.2.17). 

Finally we give a result which relates members of T C P [AT, N] to the stochastic matrices. 

A real matrix M is stochastic when the entries of its columns add up to 1, i.e. Y^i^ij = 1-
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Proposition 4 Let S € TCP[N,N}. Smm<nn e R + , and, Vn, £ m < S m m , n n = 1 ; t/iat /s, tfe 

elements Smm,nn form an N x N stochastic matrix in the indices m and n. Also, Vn, k, n ƒ k, 

Proof Smm,nn e R + follows directly from Eq. (4.2.24). For the rest, we impose the unit 

trace condition on Eq. (4.2.23): 

1 = X ^ SmmMpkl. (4.2.39) 
m,k,l 

This must be true for all density matrices represented by p. Taking pu = 5kj5k>ko gives the 

desired result 

1 = YlSmm'k°k°- (4.2.40) 
m 

We now separate Eq. (4.2.39) into diagonal and off-diagonal parts, using the Hermiticity of 

the density matrix p: 

k>l 
1 = 2 ßrnm,kkPkk + / ,{Smm,kl + Smm,lk) Rz(Pkl) 

m,k m,k,l 

k>l 

+1 5 3 (Srnm.kl ~ Smmjk)\m(pkl). (4.2.41) 

The first term of Eq. (4.2.41) is always 1, because of Eq. (4.2.40). If we require Eq. (4.2.41) 

when the off-diagonal terms in p are pu = öhM6,)lo (k > I), we obtain 

S^SmmMh + Srnm,l0k0) = 0, (4.2.42) 
m 

and setting the off-diagonal terms in p to pkl = iök,ko5iylo (k > I) gives 

2_^(Smm,k0h ~ <5mm,(0/c0)
 = 0; (4.2.43) 

m 

Adding these equations, we obtain the desired result 

/ , Smm,k0i0 = 0, k0 ^ l0. (4.2.44) 

m 

D 

4.2.4 Perturbation Theory 

In this section we develop a perturbation theory in the coupling A for the superoperator <SA4. 

The calculation will assume the diagonalizability of Sx,t- If all the eigenvalues of a matrix 

M are distinct, M is diagonalizable [90], In many cases of interest for equilibration, this 

assumption for Sxt will be correct. 



52 4 On the Problem of Equilibration 

One can formally expand the superoperator S\j as a power series in the coupling parameter 

A, 

'A,( 5(») + XS^ + A2St
(2) + A3<St

(3) + . . . . (4.2.45) 

In section 4.2.5 we will explicitly calculate the expressions for these expansion operators. We 

will show (Eqs. (4.2.68)-(4.2.71)) that condition Eq. (4.2.9) implies that <S(
(1) is zero for all t. 

On the basis of this expansion, we will make a perturbative expansion of the eigenvalues and 

eigenvectors of S\tt 

(i = ß 
(0) + Xß^ + AV2> + . . . , (4.2.46) 

x = x(°) + AX
(1) + A2x(2) + . . . . (4.2.47) 

Assuming that the perturbation expansion exists for this non-Hermitian operator, it will have 

the same structure as in the well established procedures familiar in quantum theory for bounded 

Hermitian operators (see textbooks on quantum mechanics such as [89] or [90] for a more 

mathematical background). 

In the representation of Eq. (4.2.24) 5 ( reads 

(S{
t
0))mnM = (U'UiU^U (4.2.48) 

where U = e'H'. Unitarity of <Sf , as a matrix operator on vectors in CN , follows from 

^(«S;
(0))mn,w(«S,(0)t)W,y = ^(U'UiU^miU'UU^)^ = SmtSjn. (4.2.49) 

k,l k,l 

The eigenbasis of <S( is formed by the set of matrices |n) (m| where \n) are the eigenvectors 

of Hs. These eigenvectors come with eigenvalues /4imt : 

{\n)(m\,^t = e'^-E^::=l, (4.2.50) 

where En are the eigenvalues of Hs. Thus all density matrices of the form \n)(n\, and mixtures 

of these, have degenerate eigenvalues / 4 J t = 1. If the spectrum of Hs is non-degenerate (we 

assumed this in section 4.2.2), then all other eigenvectors |n) (m| for n ^ m have non-

degenerate eigenvalues. These eigenvectors |n ) (m| form an orthonormal set with respect to 

the vector inner product on C ^ , 

Tr {\n)(m\y\k)(l\ = 6nk6ml. (4.2.51) 

To carry out the perturbation theory, we switch to a ket notation for the density operators 

and a matrix notation for the superoperators. This will make it easier for us to perform the 

necessary manipulations of degenerate perturbation theory, in which the degenerate sector is 

isolated and a diagonalization performed within it. 
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We first organize the diagonal, degenerate part of this vector space to be indexed. To be 

specific, we introduce an orthogonal basis in this vector space such that 

\<P?]) = \i)(i\, l<i<N, (4.2.52) 

l^(i,„)> = M H l<m,n<N, m^n. (4.2.53) 

In the second equation the indexing i can be made consecutive by choosing 

i(m, n) = nN + m — \n{n + 1), m > n, 
i(m, n) = |iV(7V - 1) + m.N + n - \m{m + 1), n > m. 

(4.2.54) 

This organizes this new vector space into a direct-sum form C " 2 = CD © CND, where "D" 

and ' W D " stand for diagonal and nondiagonal (or, degenerate and nondegenerate). CD has 

ND 

From the discussion above, we note that the degeneracy is lifted in lowest order by the 
,(2) 
D.D-

dimension TV and CND has dimension N2 — N 

he degeneracy is lifted in lowest 

second-order part of the superoperator S in the D sector, which we will denote <sL2)
n. Assume 

(2) 
that $D^D is diagonalizable via the similarity transformation 

MS^M-1 = S%b, (4.2.55) 

"(2) 

where Sy
D D is a diagonal matrix (the tilde will denote quantities expressed in the new basis 

MD © l i vo |0 ( o ) ) , which is in general non-orthogonal). In this new basis, the degeneracy of 

the diagonal terms of S is lifted to second order in A (the diagonal terms can be written to 

second order as / j ; = 1 + A2ó£ '), and since the largest off-diagonal terms in the D sector are 

now third order, given by 

X'MS^M-1 = A 3 4%, (4.2.56) 

the condition for the successful application of non-degenerate perturbation theory is now 

satisfied, assuming that no additional, accidental degeneracy occurs. (The condition is satisfied 

from the start in the ND sector.) Its form is essentially no different from the conventional 

perturbation expansion [89] for Hermitian operators. This expansion for the eigenvalues is 

* = /4O)+A25<?>+0(A3). (4.2.57) 

The form of this expansion is different depending on whether i G D or i e ND, but only at 

C(A4) 3. The perturbation expansions for the eigenvectors are 

S (3) 

\él) = \éf)) + X J2 Iff*) ~(2)
 ji -(2) + °(X2)> * £ A (4-2-58) 

jeD, j^i s^-sw 33 

0(2) 

i^) = l # ) + A 2 ^ 0 ) ) ( 0 ) ^ ( 0 )+O(A3), leND. (4.2.59) 

3The notation f(x) = 0{g{x)) is equivalent with / (1/y) = 0(g(l/y)). 
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This expansion indicates that there is no mixing between the D and ND sectors until second 

order in A. This expansion strategy will be taken up again in the numerical simulations, Sec. 

4.2.7 (Eq. (4.2.115)). 

This perturbation analysis shows that the superoperator of Eq. (4.2.45) can be approxi

mated by a simple one, for which the approximate eigenvectors are correct to zeroth order in 

A, and the eigenvalues are correct to the next non-vanishing order (A2). In this approximation 

the D and ND sectors are completely decoupled. In the D sector the superoperator is written 

{S\:t{p))nn « 5Z Pnm't Pmm> (4.2.60) 

m 

°nm,l = Onm + ^ (<->t )nn,mrn- (4.2.61) 

Note from Proposition 4 that Pnmj is exactly a stochastic matrix; therefore the approximate 

dynamics in the D sector is that of a classical Markov process. The approximate dynamics in 

the ND sector is diagonal in the eigenbasis: 

('Sx,t(P))nm ~ ßnm,t Pnm = Pnm,t Pnm + ^ (<5( )nm,nmPnm, n ƒ m- (4.2.62) 

So, the full expression for the approximate superoperator is: 

{S\,t)nm,kl ~ Pnk,t Snm^kl + Mnm,t(l _ 5n7n)5nk5mi. (4.2.63) 

The simplications of Eqs. (4.2.60) and (4.2.62) make it possible to answer questions 

about the uniqueness of the fixed point and, in principle, the mixing properties of a repeated 

application of S\tt, using techniques from classical Markov chains [91]. The splitting in two 

sectors, each having its own relaxation times, is similar to the phenomenological description of a 

relaxation process by means of Bloch equations or the Redfield equation [92]. This description 

in terms of the longitudinal relaxation time T\ (D sector) and transversal relaxation time T2 

(ND sector) is, for example, used in NMR [92]. 

Of course, the "smallness" of the operators A 2 5 ( 2 ' , A3<S (3 ) , . . . compared to <S(0) will de

termine how fast the perturbation series converges. We will calculate the eigenvectors of Sx,i 

to zeroth order in A and the eigenvalues to second order in A. The stochastic matrix Pnm^ is 

determined in this approximation. The justification of this approximation will be given when 

we explicitly determine the expressions for S\,t in section 4.2.5, where we set bounds on A and 

t such that indeed A2 and higher order corrections are small within some norm (for example 

the || . ||o given in [93, 94, 67]). 

4.2.5 Calculation of Expressions 

Here we will calculate the elements of the superoperator described in the last section to lowest 

non-trivial order in A (A2). Taking the second-order expression for P in Eq. (4.2.61) to second 

order, Qnm,t is defined by the expression 

Pnm,t = ànm + A Qnm,t- (4.2.64) 
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And taking p, of Eq. (4.2.62) and using Eq. (4.2.50), we define vnmjt by 

ßnm,t = e^E"-E^{l + \2vnmtt). (4.2.65) 

In this section we will find expressions for Qnrn,t and vnm<t and exhibit the regime in which they 

give a valid description of «SA,*- We also show that for a large enough bath, the equilibrium 

state is the fixed point of the map S\it- We discuss under what conditions this fixed point is 

unique. 

We will use operators in the Heisenberg representation. We denote such operators (for 

example on the system) as 

At = eiH'tAe-iH°t. (4.2.66) 

The total Liouvillian £, is defined as 

e~lCt(p ® fuß) =Ut{pß> pbß)U
t]. (4.2.67) 

One can expand the operator e~lCt in a perturbation series in A [79], take a partial trace over 

the bath and identify the operators 5 t
(0) = e " l £ s ' , St

(1) and St
(2) in Eq. (4.2.45): 

St
(1) = - i Tr6 f dt'e^c-+c>')it-t')Csbe-l{c'+Cb)t', (4.2.68) 

Jo 

and 

<St
(2) = -Tr6 f dt' f dt" e-^c'+c^t-i">Csbe-^c-+c^t'-t"^Csbe-l{-L-+c^". (4.2.69) 

Jo Jo 

First we consider S\ '. We use Eq. (4.2.67) and Eq. (4.2.14) to rewrite <S( acting on 

p ® pbiß as: 

r-t 

S[1]{p® Pbß) =-i\Tib / dt' 
Jo 

eiHs(t-t') 0 eiHb(t-t') ^ r t ) pv g, pb/3^ e-iH\{t-t') 0 e - i ^ ( t - t ' ) ; (4.2.70) 

where pv is the time-evolved (with Hs) p and p(,i/3(, is the time-evolved (with Hb) phß. The 

equilibrium state pbß is invariant under unitary evolution with elHbt' and thus pbß , = pbß. We 

then use the cyclic permutation invariance of the trace and Hsb = S ® B to rewrite equation 

(4.2.70) as a simpler sum of two terms 

rt 
S\1\p®Pbß) = -i\ / dt' 

Jo 
\^Hs{t-ti)Sptie-iHs{t-t) _ eiff.(t-o /v5e-iJr.(t-0] Tr 6 5p M (4.2.71) 

Then the condition Eq. (4.2.9) implies that S[l\p ® pbß) is 0 for any p. 
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Let us consider the second order term. The expression for 5 t
l ' reads 

; (2) ~iCst f dt' f dt" [h{t' - t")S.t, 
Jo Jo 

-t'S-t"P 

-h(t" - t')S-t,pS-tn - h(t' - t")S.t,,pS^, + h(t" - t')pS-t,,S-t,], (4.2.72) 

where h(t) is defined as (BBt)b. We write 
/*oo 

h(t) = / duj eiüJh{Lü). (4.2.73) 

Let Snm be the matrix elements of the interaction S in this eigenbasis of Hs, Snm = (n\S\m). 

Now we can find the expression for Qnm<t = (<St
(2) ) „ „ , „ „ „ . From Eq. (4.2.72) after integration 

over the variables t' and t" and with the use of Eq. (4.2.73), we find: 

du> h{w) 
\Smn\2{l - COSt(uJ - En + Em)) 

(LL) — En + E„ 

E Ö„m\S„i\2{l ~ c°Si(w ~ K + Et)) 

{u-En + E,] 
(4.2.74) 

For the "decay factor" vnmit in the ND sector we find 

/

oo 

dw h(u) 
oo 

-f{t,cü,En)-f*(t,Lü,Em)}, 

with ƒ* the complex conjugate of ƒ. The function ƒ is given by 

(4.2.75) 

Re f(t, u, En) - ^ ( „ - £ „ + £;,)* ' ( 4 - 2 7 6 ) 

and 

\mf(t,Lü,En) = J2 
\Sln\ 

Lü-En + Et 

sintjcj ~ En + Ei) 
t(u -En + Ei) 

(4.2.77) 

We will now look at the idealized case, i.e., we take the limits (remember k is the number 

of qubits in the bath) 

lim lim Pnmt, 
f->co,A->0 k—>00 

constantA 2 t 
XXH _ eU(En-Em) l i m H m ( 1 + A ; 

>,A->0 fc—>oo 
constantA2£ 

^ 7 . (4.2.78) 

When the bath is infinitely large, it will have a continuous spectrum; h(ui) will be a smooth 

function. The rate of interaction vanishes, but as we take the limit t —> co, there is an effective 

non-zero interaction that is proportional to \2t. Recall that 

1 — cos(te) 
S(x) 

t - r o o tlTX2 
(4.2.79) 
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where ö(x) is the Dirac delta function, which is defined as / ° ^ dxS(x) = 1 and, V x / 0, 

5(x) = 0. With the use of the S function we find 

P% = Snm[l - X2f2T,Y,\Sm\2h{En - Et)} + \H2K\Smnfh{En - Em), (4.2.80) 
1 

and 

M™ = e'^E"-E^ [l + \2t2irSnnSmmh(0) - X2tng{En) - XHTT g* {E^ , (4.2.81) 

with 

Re g(En) = Y^ \Sinfh{En - E,), (4.2.82) 
1 

and 

Im g(En) = V H diu h(w) V ^ — (4.2.83) 
J -00 , W - fi„ + Ü; 

where 7^ is the principal value of the integral. In order to see in what regime the perturbation 

theory is correct, we check whether the process described by Eq. (4.2.80) and Eq. (4.2.81) 

corresponds to that of a T C P map. First we verify Property 1 in Eq. (4.2.81); the eigenvalues 

of \n)(m\ and \m)(n\ are related by complex conjugation, or / x £ f = ^ . The trace-

preserving property (also in Property 1) is also obeyed: 

E P ™ = 1 - (4.2.84) 
m 

Complete positivity of the map implies that P^ must be a matrix of probabilities, that is we 

must have P^ > 0. Thus the first necessary condition for the validity of the perturbative 

approximation is 

Condition 1: V n : \2t <C—=-;—h~ (A ? SRÏ 

Eq. (4.2.84) and Eq. (4.2.85) together ensure that P^ is a stochastic matrix. Complete 

positivity also implies via Proposition 1 that | / ^ | < 1. In order that |1 + \Ha\ < 1, where a 

is some complex number, we must have that Re a < 0 and \H < 2/jRe a\. This real part in 

Eq. (4.2.81) is indeed negative as h(uj) is positive, and we obtain a new condition: 

Condition 2: V m,n : \2t < 
1 

n\ - SnnSmmh(Q) + I Zt \Sln\
2h(En -E{) + \ g j \Slmfh{Em - Et)\

 ( 4 Z 8 6 ) 

Note that this condition is quite similar to the condition in Eq. (4.2.85). 

It is not hard to see that the stochastic matrix P^ obeys detailed balance for the equi

librium distribution: 

P£'e-^» = P£'e-'*» (4.2.87) 
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as the equilibrium condition of the bath implies that 

h{-w)=e-ßuh{u>). (4.2.88) 

Thus the equilibrium density matrix psß is a fixed point of the idealized equilibration process. 

To consider whether this fixed point is unique, we note the following: If a stochastic matrix 

M is such that all its matrix elements M y > 0, then M has a unique eigenvalue equal to 1 

[68]. If Condition 1 is obeyed, we indeed have P£* > 0 and therefore the absolute value of 

the second largest eigenvalue (in the diagonal sector) is smaller than 1. For the off-diagonal 

sector, Condition 2 says that the largest eigenvalue in the off-diagonal sector is strictly smaller 

than 1 in absolute value. Thus under these conditions, with Proposition 3, we can conclude 

that the process converges to the equilibrium state. The expression of P^n ' coincides with the 

derivation given by Davies [84] for small \2t. 

One can help to speed up the process in the off-diagonal sector by "dephasing"; that is, 

after having the system and the bath interact for some time t, we perform the operation 

v-l 

VV(Ps) = - E elH-u
Pse"H'u, (4.2.89) 

which can be implemented with the assistance of an extra register in the state 

~T 2«=o \U) which is used to condition the evolution U = elH,u and subsequently traced 

out. The dephasing has the effect of canceling off-diagonal terms in the eigenbasis of the 

system, i.e. 

( N \ N 

^2akl\k)(l\)=J2akk\k)(k\. (4.2.90) 
k,l=l I k=\ 

A complete dephasing can in general not be achieved in polynomial time in n (see section 4.3), 

and thus must be understood as an extra aid but not a solution to the equilibration problem. 

From the expressions for P^* we can understand the physical picture of the interaction 

between bath and system. The system can make a transition from (eigen) level n to level 

m (n / m), i.e. P£* is non-zero, when Smn is non-zero and h(En — Em) is nonzero. The 

function h that occurs in Eq. (4.2.80) can be expressed as 
K 

h(AE) = lim V«S((A£;) - (w, - w,))|JB(,|2e-/5li"/Z. (4.2.91) 
1,3 

Therefore in order that h(AE = En — Em) is nonzero, there must be at least one matching 

energy difference in the bath, i.e. there is an / and an j such that \u>i — Wj\ = AE and Bij 

is non-zero. See Figure 4.1 . Furthermore, the more such matching energy differences and 

corresponding nonzero matrix elements of B there are, the larger the probability P^- This 

confirms the intuitive picture that one might have of equilibration. Note also the similarity 

with the Fermi Golden Rule [81, 95] that describes the transition probability from eigenlevel 

n to m in a unitary evolution that is perturbed by a time-dependent Hamiltonian. 
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System Bath 

m 

IS I >0 nm IB.. I >0 
U 

Figure 4.1: The process of energy exchange between bath and system that is important in the 

equilibration of the system. 

For a finite-dimensional bath, we can express h(t) = (BBt) as 

h(t) = J2^k-OJl)\Bkl\
2e~ß^/Zb, (4.2.92) 

kl 

where Bkl = (kb\B\lb) with |/6) being the eigenstates of the bath Hamiltonian Hb and Zb the 

partition function of the bath. Taking the limits t ->• oo and A -» 0 before letting the bath 

grow large leads to divergent expressions for p£* and p^, suggesting that the perturbation 

theory fails in this regime. This is not surprising, as the finiteness of the bath together with 

the limit t —> oo will lead to Poincaré recurrences (only the interaction cycle time is long due 

to A ->• 0). 

The choice for an interaction of the form S<S)B between bath and system does not present 

a restriction in the process of equilibration in the limits of small coupling, large time and large 

bath; we have shown that equilibration is successful in these limits. 

4.2.6 The Inverse Quantum Zeno Effect 

In our numerical studies (sections 4.2.7 and 4.2.8) we have observed a phenomenon that one 

might call the inverse quantum Zeno effect. It is a way of mapping an arbitrary initial state 

onto the completely mixed state 1N by interacting repeatedly and strongly with the state 

for a very short time. Here we will give a theoretical analysis that explains this observation. 

Consider the weak coupling expansion Sx,t = 5 t
(0) + A2<St

(2) + C(A3 ) with «Sf
(2) given as in Eq. 

(4.2.69). We expand these operators around t = 0: 

SKt(p) =p- it[H„ p] + ^-([Sp, S] + [S, pS}) (B2)b + 0(t2, A3t3). (4.2.93) 

In the limit A -> oo, but t - » 0, and constant \H, the higher order terms 0(t2,X3t3) will 

vanish. Thus we see that the fixed point of Sx,t in this limit (assuming non-zero (B2)b) must 
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obey 

[Ha,p]=0k\[S,p],S\ = 0. (4.2.94) 

Notice that if we take the differential form of Eq. (4.2.93) and the prescribed limit, the 

equation is of the Lindblad form, Eq. (4.2.17). The state l j v certainly meets the requirements 

of Eq. (4.2.94), but is it unique? If S and Hs are such that they have no eigenspaces (except 

for the full space) in common, and both have a non-degenerate spectrum, we can show that 

l j v is the unique eigenvector. Eq. (4.2.94) requires that either [S, p] = 0 or [S, p) is diagonal 

in the same basis as S. If [S, p] = 0 but also [Hs,p] = 0, then p can only be the state 1N. 

What happens if [S,p] is just diagonal in the same basis as 5? Let \n) be an eigenvector of 

S with eigenvalue Xn. We have for n ƒ m 

(n\[S,p]\m) = Q. (4.2.95) 

Rewriting this expression gives 

Vn,m,n^m (n\ p \m)(\n - Am) = 0. (4.2.96) 

Now, because p is diagonal in the basis of Hs as [Hs, p] = 0 and Hs and S have no eigenvectors 

in common, there exist n and m such that (n\p\m) / 0. But the eigenvalues of S were non-

degenerate, thus we obtain a contradiction. Ü 

When 1/v is the unique eigenvector of this process, then, with the use of Proposition 3, 

the repeated application as in step 4 of the Equilibration algorithm I will eventually bring the 

system to the state 1N. 

We showed that for this "inverse quantum Zeno" effect to occur 5" and Hs have to be such 

that they have no partial eigenspace in common and both have a non-degenerate spectrum. If 

we assume that S and Hs are rf-local with d larger or equal than 4, then this does not impose 

a very strong constraint on S and Hs; the effect will occur for a generic S and Hs. 

4.2.7 Specifications of the Numerical Simulation 

The main purpose of this study is to understand the effects of bath size and the choice of 

bath and interaction Hamiltonians for a specific system Hamiltonian. In Table 4.1 we list some 

of the choices that have been made in the numerical analysis. We have randomly generated 

the elementary Hamiltonians hi that make up Hs,Hb and Hst,, Eqs. (4.2.5), (4.2.6), (4.2.7), 

with a measure A4. We choose the diagonal elements of each hi uniformly in [—a, a], where 

a is the sampling scale in Table 4.1. The absolute value of the above-the-diagonal elements 

of hi are chosen uniformly in [0, a] and its phase is chosen uniformly in [0, 2n]. The below-

the-diagonal elements of hi follow from hermiticity. This defines A4. Note that .A/f is not a 

unitarily invariant measure. 

We take the Hamiltonians S and B as sums of all possible local 2-qubit interactions (ds = 4 

in Table 4.1). For the Hamiltonian of the system Hs we also take a sum of all possible local 
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2-qubit interactions. Note that this includes a set of Hamiltonians that exhibit frustration, for 

which we don't expect equilibration to be particularly fast. 

In section 4.2.5 we observed that matching energy differences between bath and system 

are an important ingredient in the equilibration of the system, which is consistent with the 

intuitive picture of equilibration that was sketched in section 4.2.1. However, as we do not 

know the eigenvalues of the system, we can only pick our bath so as to optimize the chance 

for matching level differences. The sampling scale of the bath f(n,k,ds,db) is determined by 

roughly optimizing these coincidences, Ai?;, = AES. This is done as follows. 

Consider the density of states ps{E,as) of the system (the distribution of eigenvalues 

generated by the measure M) and the density of states Pb(E, ab) of the bath. Here as is the 

sampling scale of the system which we set to 1 (see Table 4.1). The quantity [Tr HS]M is 

the mean and ^H^M is the variance of the distribution ps(E, a,). The choice for M ensures 

that the distributions are symmetric around E = 0: 

[Tr H,)M = [Tr Hb}M = 0. 

To optimize for matching we choose the variances to be equal: 

N K 

(4.2.97) 

(4.2.98) 

For large K the bath distribution will be Gaussian (central limit theorem), whereas the system 

distribution will be similar to a Gaussian distribution for large N (see Fig. 4.2). Thus, setting 

the variances equal brings the distributions close together. 

Hs Hb S B 
dimension N = 2,..,24 K = 22,..,26 N K 
locality ds = A db = 2 4 4 
sampling scale a 1 f{n,k,ds,db) 1 1 

Table 4 .1 : Some settings in the numerical simulation. 

Consider first [ T r i ^ 2 ] ^ . It is straightforward to calculate the variance of the eigenvalues 

of a qubit bath. Given a 2 x 2 Hermitian matrix u iy , the eigenvalues e± = h(mn + m22 ± 

^/{mn - m2 2 )2 + 4|mi2 |2 ) have the property 

\ r"b r°-b rat 

[C±]M = T~3 / dmn / dm22 / d\m12\ 
4 a 6 J -ah J-ak Jo 

2a\ 
(4.2.99) 

Let Vi be some ± pattern i of length k, corresponding to selecting e + or e_ for each qubit 

bath. Let EVi be an eigenvalue of the full bath, i.e., EVi = YL,=\ eM™\ w h e r e W » H indicates 

that we select the mth bit in u,-. Then 

[TrHl 
K 

b\M èxx M 
2ka\ 

(4.2.100) 
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using [eVi[m]eVi[„]]^( 

We can write 

0 for m ^ n. We calculate [TrH*}M = T,1,][\{HS)IJ\
2\M for n > 2. 

E 
hi 

[\(Hs)i}\
2\ M 

i j rn—1 

(4.2.101) 

where / i m is the mth local interaction Hamiltonian. We have used [{h*k)ij(hm)ij)M = 0 

for k / m. Each row of hm has only four non-zero entries as the dimension of the local 

Hamiltonians ds was set to four. Using the fact that [ |(/ im)y \2]M 

m, we obtain 

[Tr#s
2 

N 

for all interaction terms 

(4.2.102) 

Forn = 1, we have ^H^M 

for at,: 
Comparing Eqs. (4.2.100) and (4.2.102) gives the expression 

ab = f(n, k,4, 2) = 
\ 

2 / n 
k \ 2 

(4.2.103) 

For n = 1, ƒ (1 , /c, 4, 2) = sjl/k. Fig. 4.2 illustrates how this setting determines the density 

of states of bath and system. 

Figure 4.2: A histogram (500 samples) of the density of states (unnormalized) for TV = 32 

and K = 64 with sampling scale set as in Eq. (4.2.103). 

The numerical work consists of a calculation of the fixed point of S\,t as a function of t 

for a fixed A and the second largest eigenvalue for different baths and different systems and 

temperatures. We follow a numerical procedure based on perturbation theory (Section 4.2.4) 

to perform a stable numerical evaluation of these quantities. Also, we expect from the analysis 

in section 4.2.4 that the small coupling regime, the realm where the perturbation theory is 

valid, is the regime in which we find good equilibration. When the coupling between bath and 

system is too strong the bath does not just exchange energy with the system but higher order 
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(in the coupling) effects will bias the dynamics of the system in a way that depends on the 

bath. We will derive an effective coupling parameter c(t) that depends on A, but also on t, 

the strength of the interaction Hamiltonian and the energy spectrum of the bath. 

We can trust the answers from the numerical procedure only if we are in the regime in 

which perturbation theory is correct. This regime was heralded by the two conditions Eq. 

(4.2.85) and Eq. (4.2.86) in section 4.2. Whether these conditions are obeyed depends on 

the specific choices of Hs, Hb and S and B. We prefer to reformulate these conditions here 

such that they are obeyed for the average bath, system and interaction Hamiltonian obtained 

by sampling using Ai and the sampling scale. As the conditions are very similar, we take the 

first one, Eq. (4.2.85), and reformulate it as 

c(t),XH2,NK^tmM<l- (4.2.104) 
Wt, 

where [S ' 2 ] ^ , the average matrix element, is defined as 

and similarly for [B2)M. Wi, is the spectral width of the bath, i.e., 

Wl = [ T r ^ 2 ] M . (4.2.106) 

Here we indicate the approximations made in obtaining Eq. (4.2.104) from Condition 1 (Eq. 

(4.2.85)): 

\H 2nJ2\Sinfh{En - Ei) « 1. (4.2.107) 

Using Eq. (4.2.92) and Eq. (4.2.73) we write the function h as 

h(En -Et)=J2 5{{En - E{) - {ujk - üüm))\Bkm\2e-^/Z. (4.2.108) 
fc,m 

We will approximate the matrix elements |-5fcm|2 as constants and replace them by their average 

[B2]M- Then we can use density-of-states arguments to approximate the m sum over the 6 

functions by the inverse of the average spacing between the S functions; this spacing is given 

by Wb/K: 

Y^&{{En-El)-{ujk-Ljm))^^. (4.2.109) 
m 

With these approximations, the partition-function sum over k in Eq. (4.2.108) becomes exactly 

one. So, Eq. (4.2.108) becomes 

h(En - Et) « ̂ l ^ . (4.2.110) 
Wh 
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Now Eq. (4.2.107) is 

A 2 t 2 ^ M ^ V | S ( n | 2 « l . (4.2.111) 

If we again approximate the matrix elements |5;„ |2 as constants and replace them by their 

average [S2]M, and note that the I sum in Eq. (4.2.111) has N terms, we obtain Eq. (4.2.104). 

For the simulations that we have performed, we can find the values for [S2]M and [ B 2 ] . M 

(note that these Hamiltonians have locality parameter d = 4, as does the system Hamiltonian 

Hs) and obtain the expression 

, . , , 167T I k 
2 I « 1- ( 4 2 1 1 2 ) 

for n > 1 and k > 1. For a qubit system, n = 1, and fe > 1 we obtain 

. 2 , 8 T T A / 2 / fc 
c ^ . A ^ ^ j « ! . (4.2.113) 

The quantity c(£) in Eq. (4.2.104) will function as a rescaled time which depends on the 

strength of A and the size of system and bath. In the regime where c(t) < 1 we expect a 

pertubative calculation of the eigenvectors and eigenvalues of the superoperator to be fairly 

accurate. The dimensionless parameter associated with the temperature is given by 

ß' = ßWs, (4.2.114) 

where W$ is the spectral width of the system, Eq. (4.2.106) (Ws = Wj ) . From here on, ß 

will refer to this scaled dimensionless parameter. Instead of expanding the superoperator S in 

a series in A as in Eq. (4.2.45), we write 

A2«S(
(2)=5A,(-lSt

(0), (4.2.115) 

where all higher order terms are grouped in S\ . The calculation of eigenvalues and eigen

vectors then follows the analysis of Section 4.2.4. We find that the choice for the bath and 

the interaction Hamiltonian influences whether the equilibration will succeed or not. In Figs. 

4.3 and 4.4 two extrema in dynamics are shown, each corresponding to a different choice for 

the system, bath, and interaction. In Fig. 4.3 the equilibration is successful, whereas in Fig. 

4.4 the equilibration fails. The quantity rate/) is defined as 

rate, = l-^, (4.2.116) 

where KQ is the second largest eigenvalue in the diagonal sector and c(t) is the average coupling 

strength in the time interval that we consider, which is c(t) £ [0,0.3] here. Similarly, we define 

r a t e ^ = 1-^ (4.2.117) 
c(t) 
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for the nondiagonal sector. The qualitative difference in the behavior in Fig. 4.3 and Fig. 4.4 

depends on the three requirements that we also found to be of importance in the idealized 

case that was treated in section 4.2.5. These requirements were summarized in Fig. 4.1. 

0.0 0.1 0.2 0.3 

c,(t) 

Figure 4.3: An example of successful equilibration for n = 1, k = 3 and ß = 3. 

0.0 0.1 0.2 0.3 

Ci(t) 

0.0 0.1 0.2 0.3 

Ci(t) 

0.000 
0.0 0.1 0.2 0.3 

Ci(t) 

Figure 4.4: An example of an unsuccessful equilibration for n = 1, k = 3 and ß = 3. 

4.2.8 Numerical Results for Equil ibration 

We are interested in how well a randomly chosen bath and interaction equilibrate a system 

and how these averages are improved by choosing larger baths. As the mixing rates and the 

distance to the equilibrium state will in general be oscillating functions of the scaled time c(t) 

(see Fig. 4.4) we will compute time averaged rates over a reasonable interval in c(t), 

[c{ti„it) = 0,c{te 0.5], (4.2.118) 

such that we are in the realm where perturbation theory is valid, Eq. (4.2.104). We denoted 

these time averages (not to be confused with bath averages) as Av. rateD and Av. distance 

for the time averaged trace distance etc. In Fig. 4.5 we present histograms that show how, for 

a given fixed system and interaction, the equilibration process is different for a set of randomly 

chosen baths with fixed dimension. The insets show the distribution for the lowest bin. The 

vertical axis denotes the percentage of baths (the interval [0%, 100%] is given as the interval 

[0,1]) for a certain distance and rate. We observe that the diagonal rate distribution is very 
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broad, and therefore the mean of the distribution is not a very good (or a very stable) measure 

of the generic behavior. Furthermore, we find that the rate in the diagonal sector is much 

worse than in the nondiagonal sector and thus is the dominant factor in setting the mixing 

time. This conforms to the pattern in many quantum systems, for example for nuclear spins 

as observed by NMR, for which 7\ is generically larger than T2 [92]. 

0.H VJ.ÜJ 
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0.6 _̂ 0.15 
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0 4 - 000 i i -- 000 -
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0.4 0.6 

Av. distance 
0.025 0.050 

Av. raten 

0.075 0.100 0.025 0.050 

Av. rateN[ 

Figure 4.5: An example of the distribution of baths (500 samples) for n = 2 and k 

ß = 2. 
3 and 

To study the dependence on ß and on the dimension of the bath versus the dimension of 

the system, we compute the following data. We pick a system Hamiltonian Hs of n qubits that 

has some well spread out spectrum. We set the dimension of the bath and then we randomly 

pick both the bath Hamiltonian and the interaction Hamiltonian. Means are denoted as [ . ] A V 

For the rates we look both at the mean and the median. The median is denoted as M e d i a n ^ , 

see Fig. 4.6. The results for n = 1, 2, 3 and 4 are shown in Figs. 4.6-4.9. We have given the 

median when the mean does not give a good representation of the distribution. 
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Figure 4.6: Means and median for n = l (500 samples). 

These data clearly indicate that larger baths improve the process of equilibration, both 

in the rates (D and ND) as well as in the closeness to the equilibrium state. The effects 

are the most pronounced at low temperature, where equilibration is in general harder as the 

system must relax to a single pure ground state. To understand the closeness scale, we show 

in Appendix 4.D how far apart two arbitrarily chosen density matrices are; this number lies 

around 1 for the dimensions that were considered. For these estimates, we see a trend towards 

approximations getting worse for larger system sizes for low temperature. The scaled rates 

[Av. r a t e / j ] ^ and [Av. rateND]Mb seem to be fairly constant, thus we see behavior that 
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Figure 4.7: Means for n=2 (200-500 samples) 
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Figure 4.8: Means for n=3 (50-100 samples). 

suggests that the rates are polynomially related to both system and bath number of qubits. 

We also observe that the nondiagonal rate (ND) is always higher than the diagonal rate (D). 

The data show a system Hamiltonian dependence, that is, the average equilibration for n = 4 

seems to be more successful than for n = 3. We also observe that the difference between 7\ 

and T2 becomes smaller with increasing ß (lower temperature). Now we can try to give some 

answers to the question that were posed in section 4.2.2 (above Eq. (4.2.13). The parameters 

t and A are grouped together in a single effective coupling c(t). This effective coupling c(t) 

should be small such that the perturbative approach is valid. How should one choose the value 

of parameter r, the number of iterations? This depends on the three quantities plotted in the 

Figures, the trace distance, the rate in the diagonal and the off-diagonal sector. An efficient 

equilibration would correspond to process in which, while using a bath that is polynomially 

related in size to the system, both the rates are polynomially related to the number of system 

qubits and the trace distance is a small constant. 

Now, if we extrapolate the data to large systems we can see that if we pick a bath size (in 

number of qubits) that is polynomially related to the system size (note that the number of 

1 1 0.08 
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Figure 4.9: Means for n=4 (15-20 samples) 
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eigenvalues is then exponentially related), the rates of relaxation are polynomially related to 

the system size (in qubits), in fact we find that the scaled rates are constant. This behavior 

we do not find for the scaling of the trace distance. When we choose a polynomial relation 

between system and bath size, the data suggest that the relaxed state could be still fairly far 

away from the true equilibrium state for large system sizes. 

In choosing the Hamiltonians Hb, S and B one should try to optimize for energy matching, 

Fig. 4 .1 . The numerical data show that choosing a large bath is beneficial for equilibration. 

The constraint that the bath consists of a set of uncoupled qubits does not seem to impose a 

serious restriction on the equilibration process. We believe however that when Ht, corresponds 

to a set of uncoupled qubits and the Hamiltonian B does not couple these qubits, i.e. B = 

J2{ Bi where each B, acts on a single qubit, then the equilibration process might be somewhat 

impaired. The reason is that the pairs of energy levels in the bath for which |f?y|2 is nonzero 

are then restricted to the energy levels for each qubit separately. The number of matching 

energy level pairs for a n-qubit bath is thus n. For a general interaction term B it will be 

0(2n). This can lead to quite different dynamics. 

4.3 Equilibration II 

We present an alternative to the algorithm in section 4.2. This algorithm relies on the technique 

for the estimation of eigenvalues, originally given in Ref. [67] (see Refs. [96, 97]). This 

eigenvalue estimation routine has also been used as a building block in quantum algorithms 

in Refs. [77] and [98]. 

Let Hs be a d-local Hamiltonian with non-degenerate eigenvalues as in section 4.2. 

Definition 2 Equilibration algorithm II. 

1. Initialize the system in the (infinite temperature) completely mixed state 1N. Also add 

one m-qubit register set to | 00 . . . 0) (00 . . . 01. This last register will be used to compute 

an m-bit estimate of an eigenvalue. 

2. Compute eigenvalues with the use of the Fourier transform and dephase in the 

computational (eigenvalue) basis. Let U be the eigenvalue computation routine, i.e. 

U\n) <g> |00 • •. 0) = \n) ® J(00... 0) 0 sn), (4.3.1) 
m m 

where \sn) is an m-bit estimate of the eigenvalue En defined by H\n) = En\n). The 

dephasing is a simple superoperator V on the eigenvalue register that operates as 

V(\Sl){st\) = \st){st\, V(\si){sj\)=0, i ± j . (4.3.2) 

The total transformation maps 

N-\ 2 m - l 

v(u(iN ® |oo... o>(oo... o|)t/t) = J2H p(n> *»)I«>M a k><*„|, (4.3.3) 
n=0 s„=0 
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where p(n,sn) is a probability distribution, peaked at j% ~ En for large m (see Appendix 

4.C). 

3. Prepare an additional N-dimensional quantum system, the bath, also in 1N. Add a 

m-qubit register and one qubit register set to |00 . . . 0)(00 . . . 0|. 

4. Compute eigenvalues of the bath as for the system in step 2. 

5. Interact system and bath according the following rule TZ ("partial swap"): 

{ \m,n)\0)\s,t) ift<s, 
Uttn,m|0)M=< J I 7 (4-3.4) 

where pß
st = e'ß(t~s\ Here \n) and \s) are the registers of the system and \m) and \t) 

are the registers of the bath. 

6. Trace over the single-qubit register, all bath registers, and the eigenvalue register of the 

system. The system will be in some state 

Ps = ^an\n)(n\. (4.3.5) 
n 

The steps 2-6 define a T C P map S with S(1N) = ps. 

7. Repeat steps 2-6 r times such that 

| | < S r + 1 ( | 0 0 . . . 0 > < 0 0 . . . 0 | ) - S r ( | 0 0 . . . 0 ) ( 0 0 . . . 0 | ) | j t r < e , (4.3.6) 

for all r > r0 and e is some accuracy. 

The advantage of this algorithm is its simplicity and its similarity to a classical algorithm; 

we create a Markov chain in the eigenbasis of the system. The disadvantage of the algorithm 

is that it is very likely to be slow; the computation of the eigenvalues to high accuracy with 

the use of the Fourier transform can take exponential time in the number of qubits of the 

system for an arbitrary d-local Hamiltonian H. This routine has to be performed twice, for 

system and bath, in each round of the chain. First, let us show that in the case when the 

eigenvalues are computed exactly in steps 2 and 4, i.e, p(n,sn) = 6EntSn/2™/N the Markov 

chain equilibrates the system. Recall [96] that the routines of steps 2 and 4 compute rescaled 

eigenvalues 

E'n = hEn + f2, (4.3.7) 

with fi and f2 depending on the maximum and minimum eigenvalue (of which we assume that 

we can find an estimate) such that E'n e [0,1). In the following we will drop these primes. 

The chain that is created can be represented as 

£<#' \n)(n\, (4.3.8) 
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(*- i ) i where a[
m = J2n

an P' We have 

if Em < En, 
W + Y.Ek>En^-vL)) \fEm = En, 

Am if Em > En, 
N 

(4.3.9) 

w h e r e pß
nk = pß

Eu E . Note that ^ m P„_>m = 1 as required. The equilibrium state Eq. (4.1.1) 

obeys the detailed balance condition: 

V71, 771 rn_>me — rm^n€ -0E„ (4.3.10) 

All the matrix elements of the Markov matrix Pn_>m are nonzero. Therefore the chain will 

have a unique fixed point which is equal to the equilibrium state due to detailed balance. Thus 

for all probability distributions an we have 

n 

Notice that it is not hard to prepare the initial states of system and bath. One way to 

make the completely mixed state 1N is to make a maximally entangled state - j= J2i=o H)N) 

and trace over the second register. This takes 0(n) steps. The partial swap in step 5 can 

be implemented with Poly(n, m) elementary steps. The dephasing in step 2 is introduced to 

keep the form of the algorithm clean, but it does not affect its output. This dephasing is 

implemented by measuring the eigenvalue register in the computational basis and discarding 

its answer. When using an m-bit eigenvalue register the joint probability p(n, sn) in the first 

round (after step 2) is equal to 

p(n,sn) 
1 

ÎV - E 
Om Z / 

]27ri((B„-ä„/2m) (4.3.12) 

When p(n,sn) is not a delta function on the eigenvalue, the Markov chain will still be in the 

eigenbasis of the system; It will be a concatenation of chains; the transition probability of this 

new chain is 

p,U„ = &( sln)p~'P(™|*), (4.3.13) 

where p{s\n) is a conditional probability, defined by p{n,s) = p(s\n)p(n), and Ps_>t is the 

exact chain (when p{s\n) — 5En,s„i2
m)- Note that J2sP(s\n) = 1 a n c ' S m P ( m l * ) = 1 > s o 

that P^m is a stochastic matrix. Let us make a few remarks about the behavior of such 

an approximate equilibration process. If this new Markov chain is close to the exact Markov 

chain, we can bound the deviation from the exact fixed point with perturbation theory [99]. 

Let 

P'. + En (4.3.14) 
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where Enm is a deviation matrix defined by Eq. (4.3.13). Let p& = p's ß — ps,p where p's » 

is the fixed point of the Markov chain P'nm. Assume that P is diagonalizable. Let Y be the 

matrix defined as 

F = ( l - ? + P | o o ) ) - 1 - P w , (4.3.15) 

where p(°°) is the infinite iteration of P. We can write p(°°) = d i a g ( l , 0 , . . . ,0) in the basis 

where the stationary state psß is an eigenvector. In this basis, with diagonalizability, P is of 

the form d iag ( l , A 2 , . . . , XN)- We can then write 

F = diag(0,-^—,. . . , — i — ), (4.3.16) 
1 — K 1 — Aj\f 

where n is the absolute value of the second largest eigenvalue. For later use we note that the 

norm |||Y |||2 = wh^\- It is possible to write the deviation PA in terms of Y and E: 

PA = (1 - YEYlYEpsß (4.3.17) 

when E is small enough such that 1 — YE is invertible. This expression can be derived from 

p(°°'pA = 0, which follows from the uniqueness of the stationary state p. We now use 

II PA \\tr< ̂ N || p A ||2, (4.3.18) 

as in Proposition 3. Then using the expression for Y, Eq. (4.3.17) and Eq. (4.3.18) (see also 

below Eq. (4.2.37)) we can bound 

ll n ll <r T W f-\ I M i k ^ ill-5, HI2 
l l p A l l ^ C j v T r p ^ l - ^ — - { J — -

Thus the size of the correction PA will be determined by the strength of the perturbation 

\\\E III2 and the rate of convergence of the original Markov chain P. 

For a general Hs, the computation of an m-bit approximation of the eigenvalues can cost an 

exponential (in m) number of elementary gates. As there are 2" eigenvalues, knowing the m = 

logPoly(n) bits of the values of En still leaves groups of Po
2", , eigenvalues indistinguishable. 

Thus only in very special cases, if the gates Uf™ can be implemented with a polynomial (in 

m) number of elementary steps (as in Shor's factoring algorithm [8]) is it possible to compute 

the eigenvalues to high accuracy efficiently. 

We have demonstrated a way to set up a Markov chain on a quantum computer that will 

converge to the equilibrium state for long enough time. For special Hamiltonians, there might 

be more efficient ways to tune and modify this kind of algorithm. The rule 1Z might be chosen 

to depend on other features of the eigenstates \n) and \m) as in the classical Metropolis 

algorithm where transitions are made between states that are related by local spin flips. There 

might be Hamiltonians for which the calculation of an eigenvalue, given the eigenvector, is 

efficient. 
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4.4 (Time-dependent) Observables 

Given that we have prepared n qubits in the equilibrium state corresponding to a certain Hamil-

tonian Hs, we can then proceed by experimenting and measuring. The simplest measurement 

that we could try to perform is the estimation of the expectation value of a d-local (Hermitian) 

observable O: 

(0).=*Trp.j,0. (4.4.1) 

As O is local, we write O = Y^=i{n) Oi where each operator Ot operates on a Hubert space 

of constant dimension d. We can calculate the eigenvectors and eigenvalues of each 0% rapidly 

on a (possibly) classical computer, which takes Poly(n,c) operations. If 0{ has eigenvalues 

/Ltj that are both smaller as well as larger than zero, we define Of as 

Of = °' + l " 7 / i f c | 1 , (4.4.2) 

such that Of is positive semi-definite and has eigenvalues smaller than or equal than 1. If 

Oi has only positive or zero eigenvalues, we just "normalize" the operator by dividing by 

maXfc/Lifc, and similarly if Oi has only negative eigenvalues. Let ƒ,• be a positive operator 

valued measurement (POVM [62]) with operation elements AUi and A2,t and corresponding 

outcomes 1 and 2 such that 

Eht = A\tlAu = Of, 
E2il = A\xAXl = l-Of. 

(4.4.3) 

This measurement will give outcome 1 with probability 

Pi,j = Tr Of p etc. (4.4.4) 

The operators Alti and A2j are given by 

Au = U0i (diag0+)1/2 Ul and A2, = U0t (1 - diag^)1 /2 W0{, (4.4.5) 

where diag0+ is the diagonal form of Of and U0i the diagonalizing matrix of Of. We 

summarize these results in a Proposition: 

Proposition 5 The estimation ofTrpO where O is a d-local observable with precision ö and 

error probability e and p e Bi(nN)+ (N = 2n) takes TO(1-^-)Poly(n, c) operations where 

T is the time to prepare the state p. 

Proof All commuting observables 0{ can be measured once with a single preparation of p. 

To estimate a probability p with precision S and error probability e we need 0 ( ! E ^ - ) samples 

[52]. D. 
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More interesting is an algorithm to estimate time-dependent expectation values. Let d 

and 02 be two d-local observables. We consider how to estimate a time-dependent quantity 

(identical to Eq. (4.1.10)) 

Trpß{Ou02t}, (4.4.6) 

where 02t is in the Heisenberg representation. Notice that 02t, the time-evolved operator, 

will for general t not be local. Thus we cannot use Proposition 5. The way these quantities 

come about in linear response theory [72] provides the key for how to estimate them on a 

quantum computer. One considers a system that is perturbed at some initial time t = 0: 

its time evolution is generated by the perturbed Hamiltonian Hs + XO^t) {Ox{t < 0) = 0) 

and A is small. After time t we consider the response of the system to the perturbation by 

measuring another observable 02. Notice that with Proposition 5, it is simple to perform this 

experiment. Linear response means that we take into account corrections of order A, but no 

higher order, in the estimation of 

S{02). = Tr 02pt - Tr 02pß, (4.4.7) 

where pt is the time-evolved system density matrix. This first-order correction takes the form 

[95] 

5(02)s « iX f dt' Tt/9/3[O1(0,O24_,,]. (4.4.8) 
Jo 

If the disturbance Ox{t) = OiS(t = 0) we find on the right hand side the correlation function 

of Eq. (4.4.6). The quantity of Eq. (4.4.6) is interesting, because it can be used to compute 

the simplest réponse of the system, the linear response of Eq. (4.4.8), which we can directly 

estimate on our quantum computer, provided that both d and 02 are local. But we are 

of course not restricted to a linear response regime: A is a parameter that we can tune 

freely. A sequence of measurements could determine higher response functions that will involve 

quantities such as 

(0ltl02t203t3...Oktk)s. (4.4.9) 

4.5 Conclusion 

It seems that by asking the question of how fast real quantum systems equilibrate, we have 

opened a Pandora's box of hard-to-answer questions. If there are many simple quantum sys

tems in nature that equilibrate slowly (that is, not in polynomial time and space) by any 

dynamics that does not require extensive preknowledge of the system, then it would be un

reasonable to ask our quantum computer to perform this task efficiently. By relaxation in 

polynomial time we mean the following: in polynomial time in n and 1/e we obtain a state 

that is within e trace distance of the equilibrium state where e is a small constant. It might be 



74 4 On the Problem of Equilibration 

the case that leaving aside the classical phenomenon of frustration, relaxation does not take 

place in polynomial time. The idea here is that for a quantum system, the eigenbasis is not 

known beforehand, but must be singled out on the basis of an estimation of the eigenvalues, 

which is generically a hard problem. 

This however is not in contradiction with physical and experimental reality as we know it, as 

the quantities that are measured in an experimental setup usually involve operators on a small 

number of qubits; these are the experiments that can be done efficiently (in polynomial time) 

and thus do not necessarily probe the system's complete state. For example, the outcomes 

of the set of measurements a^ <g> a^ ® . .. o~in where aij is one of the Pauli matrices or 1, 

completely determines the state, but there are 4™ measurements in this set. In an experimental 

setup, we might randomly select a polynomial subset of them and there is some small chance 

of order Fo]^}n' that these are the measurements that distinguish the equilibrated state from 

the present state in the lab that is supposed to approximate it. The estimates of time-

dependent correlations could possibly be more sensitive to distance from equilibrium, as these 

involve time-evolved, non-local operations. The numerical study suggests that product baths 

whose size is polynomially related to the system can function as adequate baths in the sense 

of providing relaxation in polynomial time. The relaxed state could still be a rather rough 

approximation to the true equilibrium state, but, as we argued above, it might be a good 

starting point for subsequent measurements. 

We have taken the bath to be part of the (cost of) the quantum computer. In any ex

perimental setup, there is a natural bath that is used to equilibrate and cool the quantum 

computer. Can we use this bath for a computational problem such as equilibration? Consider 

for example the NMR quantum computer [16] where computation takes place at room temper

ature. In the regime in which the heat bath has a non-Markovian character it has been shown 

to be possible to alter the Hamiltonian of the system and the coupling to the bath dynamically 

(see Ref. [100], but also standard books on NMR [92]). These techniques could make it 

possible to simulate the time-evolution of a "designer" Hamiltonian and also to equilibrate the 

system to the equilibrium state of this designer Hamiltonian. 

Finally, we have taken the first steps in developing a theory of quantum Markov chains for 

quantum computational purposes. It will be interesting to bring this theory to the next level. 

For example, we can try to define the notions of irreducibility and ergodicity for these quantum 

Markov chains. One of the essential question is then, can we find quantum Markov chains 

that are rapidly mixing for interesting computational problems for which no good classical 

algorithms are available. Such a problem could for example be a problem of equilibration for 

a specific Hamiltonian H. In this study we have laid the ground work for this future research. 

4.A Gibbs State is the Equilibrium State 

We prove that the equilibrium state as defined in Eq. (4.1.1) is the state that has maximum 

entropy on the "energy shell", that is, given a value for (E) = TrHp (see Ref. [101] for 
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example for an alternative proof). Let p = Y,m,n=i rmn\n){m\ e Bi(HN)+ and \n) are the 

eigenvectors of H. Then we can observe that 

(E) = ^rrnrnEm, (4.A.1) 
m 

does not depend on the values of rmn for n ^ m. 

We will need the following lemma 

Lemma 2 A density matrix p = Ylm,n=irmn\n){m\ with fixed diagonal elements rmm has 

maximum entropy when rmn = 0 for n ƒ m. 

Proof Ky Fan's inequality [101] for Hermitian matrices reads 

m m 

E/^E^'i^ (4-A-2) 
i= l 

for all m < N. Here px > p2 > . . . > pN are the eigenvalues of p' and {\i)}f=ï is an 

orthogonal set of vectors. Let {\i)}f=1 be the eigenvectors of p and let p' be a density matrix 

whose diagonal elements are identical to p in the basis { | * ) } ^ 1 . This implies that 

E ^>J2X" (4A3) 
with Ai (ßi) a decreasing series of eigenvalues of p (p'). Given the majorization of Eq. (4.A.3) 

it follows that for a concave function as the von Neumann entropy [101, 102] 

S(p) > S(p'). (4.A.4) 

D. 

With this lemma we find that the equilibrium density matrix p will be diagonal in the 

eigenbasis of H, p = J2m=i rmm\m)(m\. In order to find the density matrix p with maximum 

entropy we have to optimize over the values rmm. In Ref. [103] a derivation for this opti

mization is given. One maximizes the von Neumann entropy of p, which is now the classical 

Shannon entropy associated with rmm, under the energy constraint: 

H = - E r™" l0S Tmm ~ ß ( E rmmEm ~ (E) - Of ^ Tmm - 1 J , (4.A.5) 

where ß and a are Lagrange multipliers. This leads to the solution rmm = êZÇH. w j t h 

4.B Implementing a Local Hamiltonian Evolution 

This result was originally derived in Ref. [32] and [77]. Let Ul = eiHt be a time-evolution of a 

2" dimensional d-local quantum system (n qubits). An d-dim gate is a gate on a d-dimensional 
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Hubert space. We estimate how many of these ri-dim gates, where d = 2k with some k, are 

needed to simulate U* with accuracy 5, i.e. 

II U* - âpprox II < S- ( « - I ) 

where || . || is defined in Appendix 4.D. We can write 

Ut = elHet/\ (4.B.2) 

Using a Baker-Campbell-Hausdorff expansion we approximate 

eim = eiHlt eŒke [X + o(e2)Poiy(n)x], (4.B.3) 

where X is some operator with || X | |< c0 with a constant c0. Each operator eïHi<r can be 

implemented with a constant number of d-dim gates. Thus for the full simulation we have 

II U* - ^pprox II < tO(e)Poly(n) = 5. (4.B.4) 

To achieve an accuracy S, the number of rf-dim gates is therefore proportional to t/e = 

0 ( i 2 / 5 ) P o l y ( n ) . 

Interestingly, the simulation is proportional to t2 and not to t. This is due to the fact that 

an elementary operation that lasts for a small time e must be accounted for as at least one 

elementary gate or elementary time step, although the action of this gate is very short. This 

is the cost that we have to pay for breaking up the evolution in tiny steps. 

4.C Eigenvalue Estimation 

An alternative view on Shor's factoring algorithm in terms of eigenvalue estimation was found 

by Kitaev [67]. In [96] Kitaev's eigenvalue estimation algorithm was analyzed. We give the 

analysis in Ref. [96]. Let Emax = m a x „ E „ and Emin = m'mnEn. Rescale the energy 

eigenvalues such that 

K = fiEn + f2~é[0,l), (4.C.1) 

with / i and f2 depending on estimates of Emin and Emax. Given is an eigenvector of H: 

H\ipn) = E'n\ipn). To compute the first m bits of E'n = an/2
m + <5n with \6n\ < l / 2 m + 1 we 

do the following steps 

1. Prepare a "time"-register and eigenstate as 

2. Evolve the eigenvector in time using the rescaled Hamiltonian H' of the system: 

Uc\i>n)\t) = e2mH,t\,pn)\t) = e2™B'^n)\t). (4.C.3) 
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3. Fourier transform the "time-register": 

2 m - l 

î*> = 4 ^ E e _ w > > - (4C-4) 

This sequence of transformations will result in the following state: 

E ( ^ E e M ( " " - s ) / r « 2 * 1 ) Ml*)- (4.C.5) 
s=0 V *=0 / 

In a normal eigenvalue estimation algorithm, the next step is to measure the Fourier trans

formed time-register. In Ref. [96] it was estimated that the probability to measure state 

\s = a) was larger than ^, independent of m. The number of operations in the algorithm 

is a set of controlled Ul = e2^lHH where t = 0 , . . . , 2 m — 1 and 0(m2) other operations. 

The implementation of an operation such as U2™ can take an exponential number (in m) of 

elementary operations for arbitary local Hamiltonians. The probability of succes for the same 

m-bit estimate of the eigenvalue can be made arbitary large by running the algorithm for a 

longer time. 

4.D Norms 

In this Appendix we give the definitions of several norms and inner products. The inner product 

between vectors in C " can be represented on B{%N) as 

( X i | X 2 ) = T r x Ï X 2 - (4.D.1) 

The trace norm [93, 94] is defined as 

\\A\\tr=TrVÄ^Ä. (4.D.2) 

What makes this norm attractive is that it captures a measurable closeness of two density 

matrices pi and p2 [94]: 

II Pi - P2 \\tr= m a x E \PiAU) - PfU)\, (4.D.3) 
j 

where P{A and P£ are the probability distributions over outcomes j that are obtained by 

measuring observable A on p1 and p2. The matrix norm J||. |||2 is defined as 

| p | | | 2 = max \\Ax\\2. (4.D.4) 
x:j|a;||2=l 

where || . ||2 is the Euclidean norm on C ^ : \/{v\v) for \v) G C^2. We have 

l l ^ | | 2 <p| | | 2 | | x | | 2 . (4.D.5) 
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The conventional operator norm is defined as 

U sup 
II u\o || 

10*» II I« 
(4.D.6) 

In order to aid in the interpretation of the numerical results of section 4.2.7, we present 

some numerical estimates for the average || . ||tr distance of two randomly chosen density 

matrices. We first have to choose a measure over B^V-N)*. All density matrices can be 

written as p = £ \ \iPil with Y!LI X' = l- T h e eigenvalues \k lie on a (N - 1)- dimensional 

simplex S in R " . We use the Euclidean metric || . ||2 induced on the simplex. The Haar 

measure on the group of unitary matrices U(N) induces a uniform measure on the set of 

projectors { /0«} - l \ . Together this defines a measure MB+ [104]. Within this measure, one 

can express the average distance between two density matrices p1 and p2, using the unitary 

invariance of || . || t r, as 

[II Pi - Pi \\tr]MB+ = Vol(g)2T/((J(A^)) J dU J dX^--dXkl dpA...d\lk 

The values obtained by a numerical calculation of Eq. (4.D.7) are tabulated in Table 4.2. 

dim 

16 
32 

64 

mean 

0.90388 

0.96190 
1.00294 
1.01452 
1.02617 

standard error= , / v a r / ( n - 1), n = 1000 

0.00740588 

0.00514057 
0.00341226 
0.00220363 
0.00132233 

Table 4.2: The average distance between two randomly selected density matrices. 

4.E Preparation of the Bath 

To prepare the state 

Pbß = ßl,ß® •••®Pk
b,ß, (4.E.1) 

given Hb - 2~^l=i 1^/2 ® hlt we first calculate the eigenvalues and eigenvectors of each qubit 

Hamiltonian ft,-. We prepare the state 

nt1(e-^°|0}(0| + e-^|l)(l|j/Z i. (4.E.2) 
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with {eo, t ,e i i } the eigenvalues of qubit Hamiltonian hi. This can be done by changing an 

initial state |0)(0| with probability e~ße^1 /Z, into state |1)(1| for each i. We then rotate each 

qubit to its eigenbasis {|fejo), ! ^ i ) } : 

®?= i^=®fci(N<0| + |6il><l|)- (4-E-3) 

In total we perform 2k elementary qubit operations plus some constant classical overhead. 
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Chapter 5 

Product Bases, Local Distinguishability 

and Bound Entanglement 

5.1 Introduction 

In this chapter we study fundamental properties of quantum mechanical states, operations 

and measurements. In section 5.2 we review the notions of entanglement, distillation of 

entanglement and its relation to positive linear maps. In section 5.3 we establish a relation 

between Bell inequalities and the separability criterion and show under what restrictions they 

are equivalent. In section 5.4 we present results that relate local distinguishability of sets 

of product states to bound entanglement. Central in this construction is the notion of an 

unextendible product basis, of which we will give many examples. We prove that uncompletable 

product bases cannot be distinguished by a finite number of local operations and classical 

communication. These uncompletable product bases form new examples of the phenomenon 

of nonlocality without entanglement. In section 5.5 we present a new family of indecomposable 

positive linear maps. In the following sections we use the notation n ® m or Hn <g> ~Km to 

denote the tensorproduct between a n-dimensional Hubert space and a m-dimensional Hubert 

space. 

5.2 Quantum Entanglement 

The study of entanglement is essential for the understanding of quantum mechanics and the use 

of quantum mechanics in computation and information processing tasks. Erwin Schrödinger 

introduced the notion of entanglement and he was the first to understand its fundamental 

importance; in Ref. [105] we find 

"When two systems, of which we know the states by their respective repre

sentatives, enter into temporary physical interaction due to known forces between 

them, and when after a time of mutual influence the systems separate again, then 

they can no longer be described in the same way as before, viz. by endowing each 
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of them with a representative of its own. I would not call that one but rather the 

characteristic trait of quantum mechanics, the one that enforces its entire depar

ture from classical lines of thought. By the interaction the two representatives (or 

tp-functions) have become entangled." 

The simplest form of entanglement is the entanglement that we find in bipartite pure 

states. Let \ip) e%A® MB- We call the state \tp) entangled iff \ip) cannot be written as a 

product of pure states: 

\1>)*\1>*)®\ih), (5.2.1) 

where \ipa) e HA and \-ipi,) G HB- Equivalently, when we express the pure state \ip) as a 

density matrix \ip)(ijj\, the density matrix is entangled iff it cannot be written as 

ww^mm®\^)(M (5.2.2) 

The famous example of a bipartite entangled state in 2 ® 2 is the Einstein-Podolsky-Rosen 

(EPR) singlet state [106, 107] 

|*-> = -^( |01)- |10». (5.2.3) 

We are not only concerned with pure states, but also with mixed states, represented by 

positive semidefinite Hermitian matrices p with T r p = 1, the density matrices. Let us give 

the definition of entanglement for a bipartite density matrix p: 

Definition 3 Let p be a density matrix on a finite-dimensional Hilbert space HA ® HB- A 

state \ip) of the form \ipA) ® \i^B) is a (pure) product state in HA®HB- The density matrix p 

is entangled iff p cannot be written as a convex combination of pure product states, i.e. there 

does not exist an ensemble {pi > 0, \ipf ® tpf)} such that 

P = Y,P> I ^X^ I ® iVf >0/f I- (5.2.4) 
i 

When p is not entangled p is called separable. 

One would also like to classify entanglement in multipartite systems. A famous example 

of a tripartite pure entangled state is the Greenberger-Horne-Zeilinger (GHZ) state: 

|GHZ) =-^=(|000) + |111)). (5.2.5) 

The state cannot be written as a product of three single party states, nor as a product 

of an entangled two party and a single party state. The example illustrates that in a full 

characterization of the entanglement of multipartite systems we will have specify between 

which parties the entanglement occurs. When we look at multipartite density matrices, this 

can lead to surprising results. In section 5.4.3 we will give an example (Example 3) of a 

file:///-ipi
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tripartite density matrix which cannot be written as a convex combination of pure product 

states for all three parties. When viewed as a bipartite density matrix on HAB ® Hc or 

HA ® HBC or HAC ® HB, it can be shown that the density matrix is separable. This is 

impossible if the density matrix is a pure state, but apparently allowed when we consider 

general density matrices. 

5.2.1 Quantification of Entanglement 

It is important to have a measure of entanglement that quantifies 'how much entanglement' 

a state contains. Here we will only consider a measure of entanglement for bipartite states. 

For multipartite states the measure of entanglement has to take into account between which 

subsystems the entanglement occurs. It is an open problem how to define a measure of mul

tipartite entanglement that gives a complete description of the various kinds of entanglement 

that are present in the state. 

Any measure of entanglement E(p) where p is a density matrix on HA ® HB must have 

the following four natural properties [37, 108]: 

1- E(p) > 0 for all density matrices p and E(p) = 0 when p is a separable density matrix. 

2. E(p) is invariant under local unitary transformations, that is, unitary transformations of 

the form U = UA®UB-

3. The entanglement E(p) cannot increase under local operations and classical communi

cation, that is 

E(S(p)) < E(p), (5.2.6) 

where S is a superoperator that can be implemented with local quantum operations of 

the two parties A and B and an unlimited amount of classical communication between 

them. 

4. The entanglement E(p) is a convex function of p, i.e. 

E(p=^2lHPi)<^2piE{pi). (5.2.7) 
i i 

For pure states \ip) the conventional measure that obeys the four requirements is the 

entropy of entanglement. It is defined as 

E(\xb)(ib\) = S(TrA\tl>){4,\) = SCIYBIVXV- I ) , (5.2.8) 

where 5 is the von Neumann entropy: 

5(p) = -Trplogp. (5.2.9) 
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With this measure the EPR singlet in Eq. (5.2.3) has an entanglement of 1 bit, which is 

the maximum for a state in 2 ® 2. For mixed states several entanglement measures have 

been proposed. One favorite measure that was introduced in Ref. [37] that obeys all the 

requirements is the entanglement of formation. The entanglement of formation for bipartite 

mixed states is more complicated than for pure states as the decomposition of a mixed state 

into a convex combination of pure states is not unique. Let p be a bipartite density matrix 

and let £p = {pi > 0, \ipi)} be an ensemble into which p can be decomposed: 

P = Çft |&)(lfe| . (5.2.10) 
i 

The entanglement of formation of p is defined as 

E(p) = min V P l £ ( | ^ ) < ^ | ) . (5.2.11) 
i 

The entanglement of formation equals the minimal average amount of pure state entanglement 

that is needed to build the density matrix p. The minimization in Eq. (5.2.11) makes an 

analytical computation of the entanglement of formation of mixed states a nontrivial task. 

Only in 2 ® 2 has the problem of determining the entanglement of formation of any density 

matrix been completely solved by Wootters [109]. 

One may require that a measure of entanglement has the additional property of additivity, 

which does not follow from properties 1-4. An entanglement measure E for bipartite states 

is additive when for any two density matrices p\ on HAl <g> HBl and p2 on %A2 ® 7iBl and 

p = P\ ® pi on HA ® 'HB where %A = HAl ® 'HA2 and 'RB = 7iBl ® 7{B2, the following 

holds: 

E{p1®p2) = E{pl) + E{p2). (5.2.12) 

The entanglement of formation is certainly subadditive 

E{pi®p2)<E(Pl)+E{p2), (5.2.13) 

where the equality holds when one uses the optimal individual ensembles £Pl and £P2 in the 

decomposition of pi ® p2. The entanglement for pure states can be shown to be additive, 

but it has not yet been proved that the entanglement of formation is additive for all density 

matrices. If the entanglement of formation were not additive then this would mean that the 

entanglement costs for making px ® p2 would be strictly less than the entanglement costs for 

making p\ and p2 separately. It is possible that the entanglement of formation obeys only the 

requirement of partial additivity, that is, for all n= 1 ,2 , . . . E(p®n) = nE(p) for mixed states 

p [108]. 

5.2.2 Disti l lat ion of Quantum Entanglement 

The sharing of quantum entanglement between two or more parties is a resource that for 

many quantum information processing tasks is more powerful than the sharing of classically 
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correlated states. As mentioned in Chap. 1 section 1.2.3, an EPR state can be used to send 

quantum information via teleportation. The protocols that employ quantum communication to 

solve a classical communication complexity problem (sec. 1.2.2) can be replaced by protocols 

that start from sharing a set of entangled states, which are then used to teleport the quantum 

data. If in these protocols the two parties start out with a mixed entangled state, they will 

have to "purify" this state to a pure entangled state before using it in some protocol. This 

procedure is called distillation [36]. The allowed set of quantum operations in the distillation 

procedure is restricted to the class of superoperators that is implementable by local quantum 

operations (LO) and classical communication (CC). Let us give the definition of distillable 

entanglement: 

Definition 4 [37, 110] The distillable entanglement of a bipartite density matrix p on H.A®'HB 

with an unlimited amount of local operations and an unlimited amount of classical communi

cation (LO+CC) is the maximum number D(p) such that there exists a sequence of LO+CC 

T C P maps Si 

S, : B{(HA ® UBD -> B{Ki ® /Q), (5.2.14) 

with rii —> oo, 

— log dim/C,;->£>(/>), (5.2.15) 
Tli 

and fidelity with respect to a maximally entangled state 

( $ + | £ ( p ® , l i ) | $ + ) - H ) (5.2.16) 

where 

p59"' = p(g> ...®p, (5.2.17) 

and 

l*+) = ^ g l « > - (5Z18) 
A density matrix p is called distillable if we can distill a non-zero amount of maximally 

entangled states from an arbitrary number of copies of p. 

In words, this definition says that a density matrix p is distillable by LO+CC if, when given 

a large number of copies of the density matrix p, there is a LO+CC procedure that maps these 

copies onto a set of states in a (smaller) Hubert space K{ ® K.t such that these remaining 

(distilled) states have a high fidelity with respect to a maximally entangled state-for example 

the state |$+) - in /Q <g> /C,. Note that we call a density matrix p distillable when some pure 

state entanglement can be distilled from it. If only a constant number of maximally entangled 
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states can be distilled from an infinite number of copies of p, then D(p) = 0. We call such a 

density matrix distillable though. From property 3, Eq. (5.2.6), it follows that D(p) < E(p); 

if D(p) would exceed E(p), we would have increased E(p) by LO+CC. 

It has been shown [111] that any entangled density matrix on 2 ® 2 is distillable, in fact it 

was found that D(p) > 0 for all entangled density matrices on 2® 2. In higher dimensions the 

problem of distillation has turned out to be complicated by the richer structure of the manifold 

of entangled states and their relation to positive linear maps. 

5.2.3 Positive Linear Maps 

The problem of deciding whether a bipartite density matrix p on 'HA®'HB is entangled can be 

quite hard. It has been shown by the Horodeckis [112] that there exist an intimate connection 

between the classification of entangled density matrices and the theory of positive linear maps. 

Let S: B(H„) ->• BCHm) be a linear map. S is positive when S: B(Hn)+ -> B(Hm) +, 

where B(H„) + denotes the set of positive semidefinite matrices on 7in. Let idfc be the identity 

map on B(Hk). We define the map id* ®<S: B(Hk<Si'Hn) -» B(nk<S>'Hm) for k = 1 ,2 , . . . 

by 

(id*® S) lj2ai®Ti) =X^®<S(T ')> (5.2.19) 

where <7; G B(Hk) and r, e B(Hn). The map S is /c-positive when id* ® S is positive. The 

map S is completely positive when S is /c-positive for all k = 1 ,2 , . . . . Following Lindblad 

[113], the set of physical operations on a density matrix p e B(7in)
 + is given by the set of 

completely positive trace-preserving maps S: B(Hn) —> B(Hm). Similarly as fc-positive, one 

can define a /c-copositive map. Let T: BCHn) -> B(Hn) be defined as matrix transposition 

in a chosen basis for "Hn, i.e. 

{T{A))n = Aji, (5.2.20) 

on a matrix A e B(7in). The map <S is fc-copositive when id * ® (.SoT) is positive. A positive 

linear map S : B(Hn) —*• £ (%„ , ) is decomposable if it can be written as 

S = S1+S2oT, (5.2.21) 

where <Si : B{Hn) ->• B(Hm) and <S2: B(Hn) -» B(7im) are completely positive maps. It 

has been shown by Woronowicz [114] that all positive linear maps S: B(%2) -> B{T-L2) and 

<S: B(U2) -»• B{H3) are decomposable. 

In Ref. [115] Peres made the observation that every separable density matrix p G B(HA <g> 

HB) remains positive semidefinite under partial transposition of p, (idA ® Tß)(p). He conjec

tured that this would not only be a necessary but also a sufficient condition for separability. 

His conjecture turned out to be true for density matrices on 2 ® 2 and 2 ® 3. 

The following theorem by the Horodeckis [112] formulates a necessary and sufficient con

dition for a density matrix p to be entangled: 
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Theorem 1 (Horodecki) A density matrix p on HA ® HB is entangled iff there exists a 

positive linear map S: B(HB) —> B(HA) such that 

(idA ®S)(p), (5.2.22) 

is not positive semidefinite. Here i d ^ denotes the identity map on B(HA)-

Remark An equivalent statement as Theorem 1 holds for positive linear maps 

S: B(HA) —> B(HB) and the positive semidefiniteness of (<S <g> idß)(p). 

The consequences of Theorem 1 and Woronowicz' result is that a bipartite density matrix p 

on H2®H2 and %2®%3 is entangled iff ( i d^ ® [Si + S2 o T | ) (p) is not positive semidefinite 

for some Si and <S2- As Si and S2 are completely positive maps this is equivalent to testing 

whether the requirement that (id/i ® T) (p) is not positive semidefinite is satisfied. 

In the following sections we will sometimes refer to a density matrix having the NPT-

property, which means that the density matrix is not positive semidefinite under partial trans

position, or a density matrix having the PPT-property. 

The partial transposition map is a powerful tool in characterizing entanglement, even in 

high dimensional Hilbert spaces. In Ref. [116] it was shown that if a bipartite density matrix p 

has the PPT-property, the density matrix cannot be distilled (see definition 4). It is not known 

whether the converse it true; all density matrices that have the NPT-property are distillable. 

There are indications that this might not be the case. 

In Ref. [117] P. Horodecki found the first examples of density matrices on H2 ® H4 

and H3 ® H3 that are provably entangled, but remain positive semidefinite under the partial 

transposition map. These states which are not distillable are called bound entangled states. 

In sec. 5.4 we will present many new examples of bound entangled states and show how 

their construction is intimately connected with LO+CC distinguishability of sets of orthogonal 

product states. In section 5.5 we show how this new class of bound entangled states gives rise 

to a new family of indecomposable positive linear maps. 

5.3 Bell Inequalities and the Separability Criterion 

We will start by reproducing a lemma of [112]. This lemma expresses a necessary and sufficient 

condition for separability of a bipartite density matrix: 

Lemma 3 [112] A density matrix p € B(HA ®HB)+ is entangled iff there exists a Hermitian 

operator H £ B(HA ® HB) with the properties: 

T r H p < 0 a n d T r H c r > 0 , (5-3.1) 

for all separable density matrices a G B(HA ® HB) + • 

The lemma follows from basic theorems in convex analysis [118]. The proof invokes 

the existence of a separating hyperplane between the closed convex set of separable density 
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matrices on 1-LA ® HB and a point, the entangled density matrix p, that does not belong 

to it. This separating hyperplane is characterized by the vector H that is normal to it; the 

hyperplane is the set of density matrices r such that T r H r = 0. 

From a physics point of view, the Hermitian operator H is the observable that would reveal 

the entanglement of a density matrix p. We will call H an entanglement witness. The lemma 

tells us that there exists such an observable H for any entangled bipartite density matrix. Thus, 

if one can prove that there exists no such observable for a density matrix p, it follows that p 

must be separable. 

We now turn to the formulation of Bell inequalities. The question of whether quantum 

mechanics provides a complete description of reality underlies the formulation of Bell's original 

inequality [119]. The issue is whether the results of measurements can be described by assum

ing the existence of a classical local hidden variable. The variable is hidden as its value cannot 

necessarily be measured directly; the average outcome of any measurement is a statistical 

average over different values that this hidden variable can take. The locality of this variable 

is required by the locality of classical physics 1. Bell demonstrated that for the state in Eq. 

(5.2.3), the EPR singlet state, there exists a set of local measurements performed by two par

ties, Alice and Bob, whose outcomes cannot be described by any local hidden variable theory. 

The first experimental verification of his result with independently chosen measurements for 

Alice and Bob was carried out by Alain Aspect [120]. Since Bell's result, much attention has 

been devoted to finding stronger "Bell inequalities " , that is, inequalities that demonstrate 

the nonlocal character of other entangled states, pure and mixed. It has been found that 

any bipartite pure entangled state violates some Bell inequality [62]. The situation for mixed 

states is less clear. Multiple copies of bipartite mixed states that can be distilled (see definition 

4) will violate a Bell inequality. The distillability makes it possible to map these states onto 

pure entangled states after which a pure-state Bell-inequality test will reveal their nonlocal 

character. But there are many entangled states, such as the ones that we will introduce and 

discuss in section 5.4.3 for which it is not known whether they violate a Bell inequality. 

Interestingly, the general formulation of Bell inequalities [121, 122, 123] has great similarity 

with the separability criterion of Lemma 3 and there exists a relation between the two. 

The general formulation of Bell inequalities comes about in the following way. We will 

consider only bipartite states here, but the formulation also holds for multipartite states. Let 

Mf,...M„A be a set of possible measurements for Alice and Mf M^ be a set of 

measurements for Bob. For simplicity let us consider measurements in which each outcome 

corresponds to a single operation element (see section 3.2, Eq. (3.2.6)). The analysis is 

completely analogous for measurements with more than one operation element per outcome. 

Thus each measurement is characterized by its operation elements corresponding to its possible 

outcomes. We write for the zth Alice measurement with k outcomes, 

M? = (AiA,Ai,2,..., AlMl)), ££M A{mAitrn = 1, (5.3.2) 

1No information can travel faster than the speed of light. 
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and similarly for the j t h measurement of Bob, 

Mf = (BjA,BJt2,..., Bm)), E'Bi B)<mB]tm = 1. (5.3.3) 

Let P be a vector of probabilities of outcomes of measurements by Alice and Bob on a quantum 

state p. The vector P has three parts denoted with the components {PA-.i\k,B-.j\i, PA-.i\k, PB-.J\I)-

For example, when Alice has two measurements with two outcomes each and Bob has one 

measurement with three outcomes, P will be a 12+4+3 component vector with its components 

equal to 

PA:i\k,B:3\i = TrEAk®EBp, 

PA 

PB 

i\k = TrE£k®lp, (5.3.4) 

jV=Trl®E*p, 

with Efk = A\kAl}k for i = 1, 2, k = 1,2 and EB
t = B)tBjti for j = 1, I = 1, 2, 3. We call 

P the event vector. 

Let A be a local hidden variable. We choose A such that when A takes a specific value, 

each measurement outcome is made either impossible or made to occur with probability 1. In 

other words, given a value of A a probability of either 0 or 1 is assigned to Alice's outcomes 

and similarly for Bob. Then we choose A to take as many values as are needed to produce 

all possible patterns of Os and Is, all Boolean vectors. These outcome patterns are denoted 

as Boolean vectors Bx and Bf. For example, when Alice has three measurements each with 

two outcomes there will be 26 vectors B^ e {0 , l } 6 . The vector Bx has ofcourse the same 

number of entries as Alice's part of the event vector PA and similarly for Bob. The locality 

constraint comes in by requiring that the vector of joint probabilities BX
B is a product vector, 

i.e. B£B = B£ ® BB. The total vector is denoted as Bx = {B£B,B£,BB). An example 

will serve to elucidate the idea. When, as before, Alice has two measurements each with two 

outcomes and Bob has one measurement with three outcomes, an example of the vector Bx 

is 

Mf Mf Mf 

Bx = [(ÎA^T) ® (6TMÎ), (1, 0, 0,1), (0,1,0)]. (5.3.5) 

We denote the vector Bx=x1, when A takes the value Ax as BXl. Any local hidden variable 

theory can be represented as a vector V: 

V = Y,Pi{ïA®ïB>P*'PiB)' (5-3.6) 
i 

with pi > 0 and Pf- and PB are vectors of (positive) probabilities. These vectors are convex 

combinations of the vectors BXl,... , BXN, where N is such that Bf and Bf are all possible 

Boolean vectors (see Ref. [123]): 

V = ^2qtBXt, (5.3.7) 
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with Çi > 0. Thus we see that the set of local hidden variable theories forms a convex cone 

LLHV{M)- The label A4 is a reminder that the cone depends on the chosen measurements for 

Alice or Bob, in particular the number of them and the number of outcomes for each of them. 

The vectors BXi are the extremal rays [121] of LLHV(M). The question then of whether the 

probabilities of the outcomes of the chosen set of measurements on a density matrix p can be 

reproduced by a local hidden variable theory, is equivalent to the question whether or not 

P £ LLHV(M). (5.3.8) 

It is not hard to see that all separable pure states have event vectors P 6 LLHV(M) as the event 

vector P for a separable pure state has a product structure P = {PA®PB, PA,PB)- It follows 

that all separable states have event vectors in LLHV(M)< a s they a r e convex combinations of 

separable pure states. What about the entangled states? We can use the Minkowski-Farkas 

lemma for convex sets in R71 [118]. The lemma implies that P ^ LLHV(M) iff there exists a 

vector F such that 

F-P < 0 and V A, \F • Bx. > 0 i [F • BXi > o] . (5.3.9) 

The equation V A* \F • BXi > 0 is a Bell inequality. The equation F • P < 0 corresponds to 

the violation of a Bell inequality. Thus, finding a set of measurements and exhibiting the vector 

F with the properties of Eq. (5.3.9) is equivalent to finding a violation of a Bell inequality. If 

one can prove that for a density matrix p no such sets of inequalities of the form Eq. (5.3.9) 

for all possible measurement schemes can be found, then it follows that p can be described by 

a local hidden variable theory. This concludes our discussion of the literature on the general 

formulation of Bell inequalities. 

There is a nice correspondence between Eq. (5.3.9) and Lemma 3, captured in the following 

construction: Given a (Farkas) vector F of Eq. (5.3.9) and a set of measurements M. for a 

bipartite entangled state p, one can construct an entanglement witness for p as in Lemma 3. 

Denote the components of the Farkas vector F as (FA-.i\k,B-.j\i, FA-.i\k, FB:J\I)• Then 

H = JL FA-i\k,B:j\iE£k ® Eft + J2 FA,\kEtk ® 1 + X2 FB-J\il ® ®fp (5-3.10) 
i,k,j,L i,k j , l 

where Efk = A'ikAi^, and A^k are the operation elements of the i th measurement with 

outcome k for Alice and similarly for Bob. With this construction F-P = T r H p . Also, 

one has T r H a > 0 for any separable density matrix a as Pa G LLHV(M) f ° r a " separable 

density matrices a. Thus a violation of a Bell inequality for a bipartite density matrix p can 

be reformulated as a entanglement witness H for p. One may ask whether this relation holds 

in the opposite direction: Given an entanglement witness H for a bipartite density matrix p, 

dóes there exist a decomposition of H into a set of measurements and a vector F as in Eq. 

(5.3.10), that leads to a violation of a Bell inequality for p. The answer to this question seems 

to be negative for certain mixed states [124]. The reason for the discrepancy between the 

inequalities of Lemma 3 and Eq. (5.3.9) is that the hidden variable cone LLHV(M) contains 
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more than just the separable states; it can also contain vectors which do not correspond to 

probabilities of outcomes of measurements on a quantum mechanical system. If quantum 

mechanics is correct then we will never find these sets of outcomes. An example of such an 

unphysical vector is the following. Let Alice perform two possible measurements on a two-

dimensional system. Her first measurement Mf is a projection in the { |0 ) , |1 ) } basis and 

her second measurement M.^ 's a projection in the {TTSOO) + |1)), 4 j ( [0 ) — |1))} basis. The 

hidden variable cone LLHV(M) will contain vectors such as 

Bx = [(^UTT) ® (... ), (1,0,0,1), (... )]. (5.3.11) 

This vector B\ which assigns a probability 1 to outcome |0) and a probability 1 to outcome 

4 j ( | 0 ) —j l ) ) cannot describe the outcome of these measurements on any quantum mechanical 

state p. 

These unphysical vectors play an important role in the construction of hidden variable 

theories for entangled states: their importance is emphasized by the following observation. 

If we restrict the cone LLHV(M) to contain only vectors that are consistent with quantum 

mechanics, then we can prove that there exists a "violation of a Bell inequality" for any 

entangled state. By this we mean the following; We demand that all vectors in the set 

LLHV(M) correspond to sets of outcomes that can be obtained by measurements on a quantum 

mechanical system in 7iA ® %B. Here 'HA ® HB is the Hubert space on which the density 

matrix that we would like to describe with a restricted local hidden variable theory is defined. 

We can call this restricted local hidden variable theory a local quantum mechanical hidden 

variable theory. One can prove that in this restricted scenario, there will always be a set of 

measurements under which p reveals its nonlocality and its entanglement: 

Theorem 2 Let p be a bipartite density matrix on T-L^Hß• The density matrixp is separable 

iff there exists a restricted local hidden variable theory of p. 

Proof The idea of the proof is the following. All vectors in the restricted local hidden 

variable theory now correspond to outcomes of measurements on a quantum mechanical sys

tem. We chose a set of measurements that completely determines a quantum state in a given 

Hubert space. Then there is a 1-1 correspondence between vectors of measurement outcomes 

and quantum states. Then we show that all vectors in the restricted local hidden variable set 

correspond to measurement outcomes of separable states. Therefore measurement outcomes 

from entangled states do not lie in the set described by a restricted local hidden variable theory. 

We write the density matrix p as 

P = Yl Vii°i ®r3 + Yl VH0i ® 1 + Yl »ï1 ® ri> (5.3.12) 
i,j i 3 

where the Hermitian matrices {O^TJ}^-^' , { c r , ® ! } ^ , { l ® ^ - } ^ with dA = d im 7iA 

etc., form a basis for the Hermitian operators on 'HA ® 1iB. Let \wfk) be the eigenvectors 
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of the matrix a{ and \wfj) be the eigenvectors of r,-. The projector onto the state \wfk) is 

denoted as TTWA and similarly, the projector onto the state \wf.) is denoted as 7r,„s . 

Alice and Bob choose a set of measurements such that the probabilities of outcomes of 

these measurements are given by 

TrTT^A ®ITWB p = pikjl, 
i , A r j , I ' ' - " 

TrirwAk®lp = pftk, (5.3.13) 

Tr 1 ® TTWB p = pf, , 

for all i, k, j and /. In order to construct these POVMs they may get outcomes whose 

probability is given by other expressions than Eq. (5.3.13). What is important is that they, 

if they would carry out these measurements repeatedly on p (a single measurement on each 

copy of p), would be able to determine the probabilities (Pi,k,j,i,pf^Pf,i)- T h e n they can 

uniquely infer from these probabilities the state p. We call this set of measurements Mc, a 

complete set of measurements. Let Lr
LBV(Mc)

 b e t h e c o n v e x s e t of restricted local hidden 

variable theories 2. We first consider which density matrices p can be described by restricted 

local hidden variable vectors of the form (PA ® PB,PA,PB), where PA (PB) is a vector of 

probabilities pfk (pfj. The density matrix p = pA® pB where pA = T r B p and pB = T r ^p is 

a solution of the equations 

T r TTwAk ® ^wf, P = Pi ,kPj,l< 

T l T T ^ ® 1/9 = = Pi*, 

T r i ® *wfj P z = Pf,l > 

(5.3.14) 

Tr 1 ® TTWB p = pf[ , 

for all i, k,j and /, since 

Tr TTwAk ® 7rraB p = Tr J T ^ ® TTTOS (pA ® pB), (5.3.15) 

As the set of measurements completely determines the density matrix p it follows that the 

solution p = pA (g> pB is the only solution of Eq. (5.3.14) for all i, k, j and I . Therefore all 

the restricted local variable vectors of the form (PA ® PB, PA, PB) correspond to separable 

states. If follows that any convex combination of the restricted local hidden variable vectors 

V = YiiPi (PA ® P1B> P\> Pß) corresponds to a separable state. As the map from the vectors 

P to states p is 1-1, this is the only density matrix that corresponds to V. Thus we can 

conclude that no vector in the convex set LT
LHV(Mc) corresponds to an entangled state. On 

the other hand the outcome vector of any separable density matrix lies in LT
LHV(M by the 

argument given below Eq. (5.3.8). This completes the proof. D 

We are now ready to clarify the relation between the separability criterion, Lemma 3, and 

Bell inequalities. Theorem 2 shows that LT
LHV{Mc) only contains outcome vectors of separable 

2Note that Lr
LHV{Mc) is a set and not a cone, as V G LT

LHV{M^ does not imply that XV € Lr
LHV{M) 

with A > 0, as we now require that all vectors in V correspond to probabilities of outcomes of measurements 

on a quantum mechanical system. 
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states. We decompose the entanglement witness H in terms of the vectors \w^k) and \wf{), 

given by Mc: 

H = Yl FA:i\k,B:j\lKwAk ® 7TWS + ^ FA.i\k1t^ ® 1 + ^ F B : j | , l ® 7TWB . (5.3.16) 

This is always possible as the set {CT, ® r ^ f j ^ l f ~ \ { C T ; ® 1 } ^ " ^ { 1 <g> r^fl'1 forms a 

basis for the Hermitian operators on %A®'HB- The coefficients {FA.i\k<B.j\i,FA;i\k)FB.j\i) are 

real and are identified with the components of the vector F. We then have an equivalence 

between the separability criterion and a "violation of a Bell inequality" with restricted local 

hidden variables: 

F-P = TrHp, 

and (5.3.17) 

\/V e Lr
LHV(Mc), F -V >0 <£> V separable a, Tr H a > 0. 

To conclude, we have been able to show that there is an equivalence relation between the 

separability criterion and a weak form of Bell inequality, namely one that assumes that the 

variables take a restricted set of values, consistent with quantum mechanics. The analysis as 

presented does not resolve the question whether all entangled states violate a Bell inequality 

in the strong sense, one where the variable can take 'unphysical' values. 

5.4 Product Bases, Local Distinguishability and Bound 

Entanglement 

5.4.1 Nonlocality without Entanglement 

The EPR singlet, Eq. (5.2.3), or any other pure entangled state, is a prime demonstration 

of the nonlocality of quantum mechanics. Its entanglement is an asset in protocols such a 

teleportation and its intrinsic nonlocal character is demonstrated by its violation of a Bell 

inequality. It is tempting to think that only entangled states, pure or mixed, exhibit some form 

of nonlocality. Reality however is more subtle than this. In Ref. [125] it was demonstrated 

that there exists a form of quantum nonlocality that does not need entanglement. The authors 

of [125] presented a set of nine orthogonal product states in a bipartite 3 ® 3 Hubert space: 

k> 
1 Al vi' " " ' " V2' •" " (5 4 1) 
|us) - J U n _ i \ lo \ L,.\ - 1 In , i \ lo \ \°•*•*•) 

k) 
where ^ j | 0 - 1) denotes ^ ( | 0 ) - |1)) etc. Here and further in the text tensorproducts <g> are 

sometimes omitted; the state \ipa,^b) is equivalent with \4>a)\ipb) or \ipa) ® \ipb). Two parties, 

Alice and Bob, are given a single copy of one of these nine states, but they are not told which 

7 5 I O X O - 1 > , K) = ^|o)|o + i), 
^ | 2 ) | l - 2 ) , K) = ^ |2) | l + 2), 
^ |0 -1> |2 ) , K) = ^ | 0 + l)|2), 
^ 1 - 2 ) 1 0 ) , |«8> = ^ | 1 + - 2 > | 0 > , 
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one they are given. Their task is to determine which one of the nine states they are given 

by performing local measurements on the state and communicating classically to each other 

about the outcomes. As these states are mutually orthogonal they can be distinguished when 

a measurement is done on the joint system of Alice and Bob. It was shown however that 

it is not possible for the two parties to find out with certainty which state they were given 

even if they could use an unlimited amount of classical communication and could perform an 

unlimited number of local measurements and other computational operations. It is not even 

possible to get the right answer with arbitrary small probability of error. What is important 

is that these states, being orthogonal product states, do not exhibit any entanglement at all. 

They form an example of a phenomenon that one could call nonlocality without entanglement. 

There could be an interesting use of such states, that surpasses anything that can be 

done in a strictly classical world. These states could be used in a protocol of secref sharing. 

Consider the following situation. Alice and Bob are given a secret by a third authorized party 

Charlie. The idea of the secret sharing is that Alice and Bob are not able to determine the 

secret alone. For example the American government (the authorized party) lets two employees 

at Los Alamos National Laboratory share the secret of new weapon. One of the employees is 

malevolent and the other one can be trusted to keep his part of the secret. The malevolent 

employee needs information of the trusted employee in order to determine the secret. The 

trusted employee refuses to reveal the information that he/she has to the malevolent employee. 

In this scenario if both the employees are malevolent, it is impossible to keep the secret safe, 

if we do not assume any restrictions on the computational resources and the cunning of the 

employees. 

In a quantum world it might be possible that two malevolent parties are able to keep a 

secret if their communication is restricted to the transmission of classical messages. Such 

a quantum scenario that uses entanglement has been investigated in Ref. [126]. Here we 

propose a protocol that does not use entanglement between the sharing parties. The idea 

would be the following. The secret is encoded as a word in an alphabet with nine letters, the 

nine states. We know that the two parties are not able to distinguish between one of the nine 

states exactly. However, if they would be allowed to send each other quantum data, they are 

able to uncover the secret. In order for the protocol to be absolutely safe, one will have to be 

able to show that the two parties will obtain less than a certain small amount of information 

about the secret for any attack that they can carry out. The establishment of such a protocol 

and the proof of its safety is a question of current research. 

5.4.2 Unextendible Product Bases 

We introduce a new concept, that of an unextendible product basis: 

Definition 5 Consider a multipartite quantum system % = (g)™ j Hi with m parties of re

spective dimension dui = l,...,m. A (partial orthogonal) product basis (PB) is a set 5 of 

pure orthogonal product states spanning a proper subspace Tis ofH. An unextendible product 
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Bob 

Alice 

2 3 

Figure 5.1: The UPB Pent and Tiles represented as two "color" graphs. 

basis (UPB) is a PB whose complementary subspace %g contains no product state. 

Here are two examples of a UPB on 3 <S> 3 (two qutrits): 

Example 1: Consider five vectors in real three-dimensional space forming the apex of a 

regular pentagonal pyramid, the height h of the pyramid being chosen such that nonadjacent 

apex vectors are orthogonal. The vectors are 

27T2 27TZ 
vt = N(cos— , sin — ,h), i = 0 , . . . , 4, (5-4.2) 

O o 

with h = | \ A + \ /5 and N = 2 / v / 5 + ~ \ / 5 . The following five states in 3 ® 3 form the UPB 

Pent 

Pi = Vi®V2i mod 5, 1 = 0, . . . , 4 . (5.4.3) 

Example 2: The following five states on 3 ® 3 form the UPB Tiles 

K> = ^|0>|0-1>, 1^ = ^12)11-2), 
|W1> = ^ | 0 - 1 > | 2 > , |«3) = ^ | 1 - 2 ) | 0 ) , (5.4.4) 

|u4> = (I /3) |0 + 1 + 2>|0 + 1 + 2 ) . 

The first four states are the interlocking tiles of [125], Eq. (5.4.1), and the fifth state works as 

a "stopper" to force the unextendibility. (In fact, the sets Pent and Tiles are both members 

of a single six-parameter family of UPBs [129]) 

The orthogonality relations between the members of the set, both for Pent as well as 

Tiles, are depicted in Fig. 5.1. The states are given as vertices in the graph. When two 

vertices are connected by, say, a Bob-edge, it means that the states are orthogonal on Bob's 

side and similar for Alice. 

In both these examples one can observe that any subset of three vectors on either side 

spans the full three-dimensional space. This implies that there cannot be a product vector 

orthogonal to these states and thus both these PBs are UPBs. 

We can formalize the way in which these two examples were constructed to give a necessary 

and sufficient condition for a PB on a multipartite system to be a UPB : 
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Lemma 4 Let P be a partition of a PB S into disjoint sets S = Si U S2 U . . . Sm where Sz is 

a set of states associated with the ilh party. Let 7r, be the projector onto the jth state in S. 
Let PÏ = YsjeSi I*«»*,« Hk)*i- The set S forms a UPB on (g)™ j Hi iff for all partitions P at 

least one pf has full rank, equal to d.i. 

Proof If for all partitions P there is a local pf with full rank, then it is not possible to add 

a new product state to S that is orthogonal to all the members in S. If a set of states S forms 

a UPB, but there exists a partition P for which all p f have less than full rank, then we arrive 

at a contradiction, as we can add a product state to the UPB in the following way. One takes 

the partition P that gives rise to the matrices p[ that all have less than full rank dt. Then a 

new state can be added that is orthogonal to the states in Si on Hi, the states in S2 on H2 

etc., such that this new state is orthogonal to all the members in S. • 

In principle Lemma 4 can be used recursively to explore whether a set of states S can be 

completed to a full basis, but it is not known whether there exist an efficient algorithm that 

performs this task. 

The lemma provides a simple lower bound on the number of states A; in a UPB : 

k>^2(di-l) + l. (5.4.5) 
i 

If k is equal to J^ii^i - 1) °r smaller then one can partition S into sets of size |S,-| < d{ - I. 

This partition has the property that Rank(p f ) < rf, for all i and therefore the set S cannot 

be a UPB. 

5.4.3 Bound Entanglement 

Bipartite UPBs lead directly to the construction of density matrices that have bound en

tanglement. These bipartite bound entangled states are positive semidefinite under partial 

transposition (PPT), although they are entangled. The PPT-property implies that no pure 

state entanglement can be distilled from these states. 

Proposition 6 Let S be a bipartite unextendible product basis {|a,-) ® l A } } ^ in H = 

HA ® 'HB- We define a density matrix ps as 

1 I 'S| \ 
PS = d i m M - | S | \1AB ~ ^ | a t ) ( ß l 1 ® l f t ) ( f t | ' ( 5 A 6 ) 

where 1AB is the identity on H. The density matrix ps is entangled. Furthermore, the matrix 

(\AA®[SI+TOS2)){PS) for all completely positive maps SI and S2, is positive semidefinite. 

ProofThe density matrix ps is proportional to the projector on the complementary subspace 

Hg. As S is unextendible Hi; contains no product states. Therefore the density matrix is 

entangled. It is not hard to see that ( i d A ® T ) ( p s ) is positive semidefinite. It has been proved 
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in Ref. [116] that when (idA®T)(ps) is positive semidefinite that (idA®ToS2)(ps) where S2 

is any completely positive map, is also positive semidefinite. Therefore (icU<g)[S1+To<S2])(ps) 

is also positive semidefinite. G 

We now give an example of a tripartite UPB : 

Example 3: Consider a set Shifts of orthogonal product states between three parties A, B, 

and C: 

{|0,1,+},|1,+10),|+,0,1), | - , - , - ) } , (5.4.7) 

with ± = | 0 ± 1 ) (unnormalized). There is no product state that is orthogonal to these 

four states, as any subset of two states spans the full 2-dimensional space on one side. The 

complementary state constructed as in Eq. (5.4.6) has the curious property that it is 2-way 

separable, i.e., the entanglement between every split into two parties is zero. This refutes 

a conjecture that was made in Ref. [130]. To show that, for example, the entanglement 

between A and BC is zero, one writes the BC parts of the states in Eq. (5.4.7) as a = | 1 , + ) , 

b = | + , 0), c = |0,1) and d= | - , - ) . Note that {a, b} are orthogonal to {c, d}. Consider the 

vectors aL and b1- in the Span(a, b) and the vectors cL and dL in the Span(c, d). Now, one 

can complete the original set of vectors to a full product basis between A and BC with the 

states { (O.a 1 ) , |1 ,6 ± ) , \+,cx), K O } . By the symmetry of the states, this is also true for 

the other splits AB versus C and AC versus B. This implies that the density matrix ^shifts 

constructed as in Eq. (5.4.6) of the UPB Shifts has multipartite bound entanglement. If 

the entanglement was distillable, then it would be possible to make entanglement over some 

bipartite split, say, A and BC. This is in contradiction with the fact that these states are 

2-way separable and the entanglement cannot be created by local operations and classical 

communication. 

This argument can be generalized to any multipartite UPB, even though the partial trans

position criterion cannot be applied directly to a multipartite state. Let S be a multipartite 

UPB. The density matrix ps derived as in Eq. (5.4.6) from S has bound entanglement. This 

follows from the fact that for any bipartite split on the multipartite system into a system 1 and 

a system 2 by grouping of the parties, the matrix ( i d 1 ® T 2 ) ( p s ) is positive semidefinite . This 

implies that ps considered as a density matrix on system 1 and system 2 is either separable or 

has bound entanglement. Then it follows that any global entanglement can never be distilled, 

as this distillation would create free entanglement over some bipartite split. Any entanglement 

in the density matrix ps of a multipartite UPB S must therefore be bound. 

General UPBs 

It is possible to generalize the first three examples of UPBs to higher dimensions and more 

parties. We list some of these generalizations: 
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• GenShifts, a UPB on ® ^ 7 1 %2 with 2k members. The first state is | 0 , . . . 0, 0). The 

second is 

11,^,^2, . . - , i fc_i ,#_i , . . . ,4>è,iPt)- (5.4.8) 

The states \ipi) and \ipj) for all i ƒ j are neither orthogonal nor identical. Also, \ipi) is 

neither orthogonal nor identical to the state |0) for all i. The other states in the UPB 

are obtained by (cyclic) right shifting the second state, i.e. the third state is 

1^,1,^1,^2,. . . .Vfc-i ,^-! ,- . . ,^2L)- (5-4.9) 

These states are all orthogonal in the following way. The state | 0 , . . . ,0 ,0) is special 

and it is orthogonal to all the other states as they all have a |1) for some party. Leaving 

this special state aside, all states are orthogonal to the next state, their first right-shifted 

state, by the orthogonality of \4>k-i) and iV^- i ) - All states are orthogonal to the 2nd 

right-shifted state by the orthogonality of | ^ i ) and |V>i~)- The 3rd rightshifted state is 

made orthogonal with \1pk-2) and | ^ _ 2 ) - We can continue this until the last (2k — 2)th 

right-shifted state and we are done. 

As there are no states repeated on one side in the UPB all sets of two states span a 

two-dimensional space and Lemma 4 implies that the set is a UPB . 

• GenTiles, a bipartite PB o n n ® n where n is even. These states have a tile structure 

which in the case of 6 ® 6 is shown in Fig. 5.2. A tile represents one or more states. For 

example, the tile in the upperleft corner of Fig. 5.2 represents 2 states each of which is 

of the form 

(a0|0) + c*i|l) + Q 2 |2)) <8> |0). (5.4.10) 

The general construction is the following. One labels a set of n orthonormal states 

as | 0 ) , . . . , \n— 1). One takes n(n/2 — 1) states of the form \k) ® \ujm^+i), m = 

1 , . . . , n/2 — 1, and k = 0 , . . . , n — 1 where |wm^) is defined as 

n / 2 - 1 

\tOm,k) = ] T Jm\j + k mod n), (5.4.11) 
j=o 

where u = éA7V'n and thus uj]m = e
tA^mln. Note that (wm,fc|wn,fc) i s proportional to 

8mn. Similarly, one takes \wm,k) ®\k), m = 1 , . . . , n /2 — 1, and k = 0 , . . . , n — 1. 

Then one adds the "stopper" which is the state ]T^ \i) ® V \j). Note that the set 

has n2 — 2n + 1 states, which is much more than the minimum of Eq. (5.4.5). This 

construction can be proved to be a UPB in 4 ® 4 and 6 ® 6 by exhaustive checking of 

all partitions. This procedure runs into problems for arbitrary high dimension, but one 

may conjecture that 

Conjecture 1 The set of states GenTiles forms a UPB on n®n for all even n > 4. 

file:///1pk-2
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Figure 5.2: Tile structure of the bipartite 6 ® 6 UPB. 

• Tensor powers of UPBs. The following theorem holds: 

Theorem 3 Given two bipartite UPBs Si and 52 with members \ip}) = \a}) ® 1/3/}, 

i = l , Zi on m <g> m i anc/ members \ipf) = |a2) (gi |/?2), i = 1 , . . . , l2 on n2 • 

respectively. The PB { | ^ ) ® | ^ | ) } ! l j = i 's a bipartite UPB on n i n 2 ® m im 2 . 
>m2 

Proof Assume the contrary, i.e. there is a product state that is orthogonal to this new 

ensemble which we call PB 2 . The idea is to show that this leads to a contradiction 

and thus PB 2 is a UPB. Note first that for any UPB a partition P into a set with 0 

states for Bob and all states for Alice give rise to a pp
A (see Lemma 4) that has full 

rank; the states on Alice's side together must span the entire Hilbert space of Alice. 

Also note that if one takes a tensor product of two UPBs this partition in which all 

states are assigned to Alice still leads to a pp
A that has full rank on Alice's side as 

Rank(p! <8> p2) = R.ank(pi)Rank(/92)-

The set PB 2 has lxl2 members. The new hypothetical product state to be added to the 

set has to be orthogonal to each member either on Bob's side or on Alice's side, or on 

both sides. One can represent such an orthogonality pattern as a rectangle of size lx 

(number of columns) by l2 (number of rows) filled with the letters A and B, depending 

on how the new state is orthogonal to a member of the PB 2 , see Fig. 5.3. When this 

hypothetical state is orthogonal on both sides, we are free to choose an A or B in the 

corresponding square. Consider a row of this rectangle. The pattern of As and the Bs can 

be viewed as a partition of the Si UPB. For example in the partition of Sx corresponding 

to the first row in Fig. 5.3 Alice gets the states \a\) and \a\) and Bob gets \ß\) and 

\ß\),... , \ß\). Since S, is a UPB, either Alice's states span the full Hilbert space of 
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dimension ni or Bob's states span the full Hubert space of dimension m i . Assume that 

Bob's states span the full Hubert space of dimension m! . Then ofcourse the states \ß\) 

and |/?3> lie in the space spanned by \ß\) and \ß\),... ,\ß\). Thus any hypothetical 

product state that is orthogonal to all states \ß\) <g> \ip\), \ß\) ® \4>\) \ß}) ® \ip\), 

is also orthogonal to \ß\)® \ipl) and \ß\)® \ipf). Thus filling the whole row with Bs is a 

possible way to make the new state orthogonal. This argument can be applied to every 

row and every column, making them either all As or all Bs. This will eventually lead to 

a rectangle with only As or with only Bs. This implies however that PB 2 does not have 

full rank on either Alice's or Bob's side which is in contradiction with the original sets 

forming UPBs . D 

L, 

U 

A B A B B B B 

A B B A A A A 

B B A A A B B 

A A B B A B A 

B B A A B A B 

Figure 5.3: The As and Bs denote on what side a hypothetical product state is orthogonal to 

the members of PB 2 . 

The theorem has the consequence that arbitrary tensor powers of bipartite UPBs are 

again UPBs . The theorem holds for multipartite states as well, where patterns of As 

and Bs are replaced by As, Bs, Cs etc. 

• A generalization of the UPB Pent to 3 ® 3 ® 3. Define the following states 

2-ïïi 2iri 
Vi = N(cos—,sm~,h), i = 0,...,6, (5.4.12) 

with h = J - cos y and N = 1 / v / l + | cos ^ | . The following seven states in 3<g)3(g>3 

form the UPB Sept 

Pi~Vi® «2imod7 <8> VZimodl, 1 = 0 , . . . , 6 . (5.4.13) 

The orthogonality of these vectors pi is shown in Fig. 5.4. To prove that these states 

form a UPB, we must show that any subset of three of them on one of the three sides 

(Lemma 4) spans the full three-dimensional space. As the vectors v, form the apex of 

a regular septagonal pyramid, there is no subset of three of them that lies in a two-

dimensional plane. It is not known whether the complementary state psept has bipartite 

bound entanglement or whether it is a separable state over a bipartite split. 
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This construction can be extended to 3®"; we have n parties and p = In + 1 states 

where p is a prime number. Thus one can have (n,p) = (2, 5), (3, 7), (5,11) etc. The 

states in the polygonal pyramid with p vertices are defined as 

2iri 2iri 
Vi = Np(cos ,sm ,hp), i = 0,...,2n. (5.4.14) 

In Sept and Pent, hp was chosen such that nonadjacent vertices were orthogonal. For 

higher primes p one has to make a choice dependent on p. In order for the vectors to 

the vertex i and to the vertex m + i to be made orthogonal by lifting the vectors out of 

the plane of the polygon, we must have 

7T 2irrn, , 
^ < — ( < T T ) , (5.4.15) 
z p 

i.e. the angle between the vectors in the plane must be larger than 90 degrees. One can 

always find such an m given a p, for example, for p = 7, m = 2 or 3. With the choice 

of m one fixes hp and Np as 

hp=yJ-cos2f±, Np = l/^l + \cos2-^\. (5.4.16) 

Finally, the UPB is 

Pi = vt® v2imod.p® •••®iimodp i i = Q, •••• ,2n. (5.4.17) 

The primality of p ensures that there are no states repeated on one side: if ki mod p = 

kj mod p for some integers i ^ j and some integer k = 1 , . . . , 2n then this would 

imply that p is divisible. Orthogonality is also ensured by primality. As in Fig. 5.4 there 

will be a party for whom next neighbor states are orthogonal, there will be a party for 

whom every second neighbor states is orthogonal, etc. up to the nth neighbor. This 

implies that all vertices in the orthogonality graph are mutually connected (orthogonal). 

From basic three-dimensional geometry it follows that any set of three vectors has full 

rank when hp / 0 and thus these generalized sets form UPBs . 

Charlie 

Bob 

Alice 

Figure 5.4: The Sept UPB on 3 <g> 3 <g> 3. 
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• We would like to mention a conjecture by Peter Shor on the existence of a UPB based 

on quadratic residues. These are sets of orthogonal product states on n ® n where n 

is such that 2n — 1 is a prime p of the form Am + 1. Thus we can have (m,p, n) = 

(1 , 5, 3), (3,13, 7) etc. The sets contains p = In — 1 members, the minimal number for 

a UPB (Eq. (5.4.5)). Let Z* be Zp \ { 0 } . Let Qp be a group of quadratic residues, 

that is, elements g G Z * such that 

q = x2 mod p, (5.4.18) 

for an integer x. The set Qp is a group under multiplication. The order of the group is 

^ i . The following properties hold: when ci e Qp and q2 $. Qp, a quadratic nonresidue, 

then qiq2 ^ Qp. Also, if qx <£ Qp and q2 <£ Qp, then qxq2 € Qp [127]. The states of the 

UPB are 

\Q{a)) <g> \Q(xa)) for a e Zp, xeZ;,x<£ Qp, (5.4.19) 

where 

|Q(a)) = (TV, 0, . . . , 0) + 5 3 e 2 ^ o / % , (5.4.20) 

where AT is a normalization constant to be fixed for orthogonality and eq are unit vectors 

of the form ( 0 , 1 , 0 , . . . ,0) , (0, 0 , 1 , 0 , . . . , 0) etc. The dimension n of the Hubert space 

is ^ i i , one more than the order of Qp. One can prove that these vectors can be made 

orthogonal by an appropriate choice of N: 

(Q(a)\Q(b))(Q(xa)\Q(xb)) = 

(\N\2 + Y2 e2,ri«(f,-a)/p)(|Ar|2 + 5 3 e27Tiqx(b-a)/p). (5.4.21) 

q£Qp qeQp 

One uses the properties of Qp to find that for (b — a) =/= 0: 

V ^ e2iriq(b-a)/p _|_ V ^ e2iriqx(b-a)lp _ V ^ e2wiz(b-a)/p _ _ j /-g ^ 2 2 ) 

<?6QP q£Qp zez; 

Thus the orthogonality relation of Eq. (5.4.21) for b ƒ a is of the form 

( | A f + S ) ( | i V | 2 - l - S ) = 0, (5.4.23) 

where 

s = 5 3 e27rl'(i,-a)/p. (5.4.24) 
9 £ Q P 

Note that s can take two values depending on whether b — a is a quadratic residue or 

a quadratic nonresidue. In order to show that s is real, one considers s* in which one 

sums over —q. As q € Qp and - 1 G Qp when p is of the form 4m + 1 (see Theorem 

82,[127]), we have that — q e Qp. Therefore s = s". Thus for all values that s can 

take, Eq. (5.4.23) has a solution for AT. 
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Conjecture 2 (Shor) The states given in Eq. (5.4.19) and Eq. (5.4.20) on n®n with 

2n — 1 a prime of the form Am + 1 with the appropriate value of N determined by the 

solution ofEq. (5.4.23) form a UPB. 

The proof will require the application of Lemma 4, that is, one must show that any set 

of n states on either side spans the full n-dimensional Hubert space. This conjecture has 

been proved fo rp = 5, p = 13 and p = 17. These sets form a generalization of the Pent 

UPB that was presented in section 5.4.2 and Figure 5.1. Drawn as graphs as in Fig. 

5.1, they are regular polygons, with a prime number p (of the form Am + 1) of vertices. 

The elements of the quadratic residue group Qp correspond to the periodicity of the 

vectors that are orthogonal on one side. For example, when p = 13, one has quadratic 

residues 1, 3, 4, 9,10 and 12. Thus on, say, Alice's side, every vertex is connected to its 

first neighbor (1), every vertex is connected with the 3rd neighbor (3) etc. On Bob's 

side the orthogonality pattern follows from the quadratic nonresidues. 

5.4.4 Global versus Local Rank 

The construction of bound entangled states based on UPBs suggests that bound entangled 

density matrices only come with a large rank. The idea is that when a basis is nearly complete, 

it is always possible to extend the basis and therefore our construction fails. The following 

theorem captures this observation and is relevant for any kind of bipartite bound entangled 

state with PPT. The theorem was conjectured by the author and proved together with P. 

Horodecki [128]. 

Theorem 4 Let p be a bipartite density matrix on HA ® W-B- Define RA = Rank(Try ip) and 

similarly RB. Let R be the rank of p itself. If 

max(RA, RB) > R, (5.4.25) 

then p is distillable. 

Proof First of all, one can observe that when III&X(RA, RB) > R the state has to be 

entangled. Any separable state can be written as a convex combination of a set of product 

states {\ipi, 4>i)}. The number of linearly independent states \ipi) which determines RA is a 

lower bound on the number of linearly independent states \tl>i,(j)i) which determines R, and 

similarly for RB. 

Without loss of generality let RA be the largest local rank. Let PA = T r ^p in its diagonal 

form be d i a g ( A i , . . . , A R ^ , 0 , . . . ,0) . One can apply a local filter [131] on Alice's side to the 

state p 

(W®l)p(Wl®l) 
PW - Tr(W®l)p(Wi<Z>iy ( 5 A 2 6 ) 
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where W = à\a,g{\/\f\[,... , l/y/\RA, 0 , . . . , 0) in the same basis as pA. The filtering corre

sponds to the performance of a POVM measurement by Alice. The operation elements of her 

POVM measurements are cW and y/l — \c\2W^W where c is chosen such that 1 — |c |2W^W 

has eigenvalues in the interval [0,1]. Then with probability pw = Tr (cW ® 1) p (c*W^ ® 1) 

the state pw is obtained and with probability 1 - pw the filtering fails. Note that it is not 

a problem to have a certain probability of failure in a distillation protocol as one will have 

an arbitrary number of copies of the state. The reduced density matrix pAyv of the filtered 

state pw has the same rank and its eigenvalues are equal to -^- or 0. The rank of p can only 

decrease or stay the same by filtering. From this it follows that for any eigenvalue \PA w 

W = iA < ^ < AST. (5-4.27) 

where A ^ 1 is the largest eigenvalue of pw. Now we invoke a theorem in Ref. [131] which 

says that any bipartite density matrix p for which there exists a pure state \xp) such that 

{tP\{pA®l)-p\i>)<Q, (5.4.28) 

is distillable. Take \tp) to be the eigenvector of pw with maximum eigenvalue and it follows 

from Eq. (5.4.27) and Eq. (5.4.28) that pw and therefore p is distillable. This completes the 

proof, ü 

The consequence of this theorem is that there exists no bipartite bound entangled state 

on any HA <8> HB that has rank 2. The reason is that when the maximum local rank of a 

bipartite rank 2 density matrix p exceeds 2, Theorem 4 implies that the state is distillable. On 

the other hand if both local ranks of p are smaller than or equal to 2, then the density matrix 

p effectively has support only on a 2 ® 2 subspace. But it is known that all entangled density 

matrices on 2 ® 2 are distillable [111]. 

It also follows that any bipartite PB S on n ® m with a number of states k = nm — 2 

is extendible. By construction the complementary state ps has the PPT-property. However, 

ps has rank 2 and there do not exist bound entangled states with rank 2. Therefore ps 

must be separable and it follows that S is extendible. One can carry the argument one step 

further. After adding the new product state to the set S, we can ask whether one can find 

the last product state of the basis. Again, that state, which is a pure state must have the 

PPT-property. It is not hard to show that all entangled pure state have the NPT-property 

and therefore this last basis state must be a product state. Hence we have shown that any 

bipartite PB S in H which has d im 'H — 2 states is not only extendible but also completable. 

5.4.5 Local Distinguishability and Uncompletable Product Bases 

lri the preceding sections we showed how UPBs give rise to entangled states that cannot be 

distilled. It turns out that this is not the only interesting property that these sets of states have. 

One can ask whether the members of a UPB are distinguishable by Local quantum Operations 

and Classical Communication (LO+CC). The situation is the same as we described in section 
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5.4.1. We will consider sets of product states which are mutually orthogonal, such as the UPBs. 

This implies that these states are distinguishable when arbitrary quantum measurements are 

allowed. When the set of states is given by { |V" j ) ]>! i then a projection measurement with 

projectors {TTJ = l ^ ' X ^ I } ^ and TTS± = 1 - Ylj^j w o u l d distinguish the states in the 

set S. The question is whether measurements that exactly distinguish the set of states can 

be implemented with local operations and classical communication only. Let us assume that 

two parties Alice and Bob are given one of the five states in the Pent set and they have to 

determine by LO+CC which one they have. It is not hard to see that for a set such as Pent 

straightforward attempts at finding an appropriate series of measurements are bound to fail; 

the way in which the states are made orthogonal, partially on Alice's side, partially on Bob's 

side seems to preclude the existence of a perfect measurement. The parties seem to end up 

with disturbing the states by measuring them and this disturbance then results in a set of 

non-orthogonal product states that can no longer be distinguished. 

On first state 

^ s p a n ^ ^ ) 

Tlspan(B3,B4) 

B 

Done 

Go to 2nd state 
3 states left 

Go to 2nd state 
2 states left 

Go to 2nd state 
2 states left 

Figure 5.5: Measurement tree for two copies of the Pent ensemble. 

In order to understand what kinds of measurement protocols are possible, we consider the 

situation in which the two parties are given two copies of the same state of the Pent set. We 

can then show that there is a LO+CC that reliably identifies the states. This measurement 

procedure is presented in Fig. 5.5. Each level of the tree corresponds to a measurement by 

either Alice or Bob. After each measurement round Alice and Bob communicate classically 

to discuss the results. In this protocol only (incomplete) von Neumann measurements (see 

Chap. 3, sec. 3.2) are performed and they are denoted by their operation elements which are 

projectors. The states of the P e n t set themselves are denoted as , 4 0 , . . . , A4 for Alice's part 

of the Pent states and BO,... , B4 for Bob's part in correspondence with i — 0 , . . . , 4 in Eq. 

(5.4.3). Thus in the first round Alice's measurement has two outcomes, associated with the 

projector on her |0) state and the projector on the span of her |2) and |3) states, which obey 

the relation 

^O + 7TSpan(/13,yl2) = 1- ( 5 . 4 . 2 9 ) 

As one can see in Fig. 5.5 by a two-round protocol on the first state, Alice and Bob have 

reduced the number of states to be distinguished to at most three. Now it is not hard to see that 
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three orthogonal product states can always be distinguished by von Neumann measurements 

(see also sec. 5.4.8). 

One can associate with the leafs of such a measurement tree the series of projections that 

resulted in the series of measurement outcomes. For example, in the tree of Fig. 5.5, the leaf 

all the way to the left can be associated with the projector: 

nAO®iTBo- (5.4.30) 

These projectors at the ends of the tree are called 'leaf-projectors'. Aside from local von Neu

mann measurements a party can also perform local POVM measurements. But by Neumark's 

theorem [62] any POVM measurement on a Hilbert space H can be viewed as an (incomplete) 

von Neumann measurement in an extended higher dimensional Hilbert space Hext. When the 

number of POVM outcomes is finite, this extended Hilbert space is finite. Note that the con

version of a local POVM to a local von Neumann measurement corresponds to a local extension 

of the Hilbert space, i.e. for a bipartite system a Hilbert space H = HA®HB'^ extended to 

Uext = {HA © H'A) 0 (KB © H'B) where U\ and H'B are the extensions of the local Hilbert 

spaces HA and HB- In the following analysis the local measurements are restricted to have a 

finite number of outcomes. Furthermore we require that the number of rounds in the entire 

protocol is finite. Thus one can say that we restrict ourselves to finite resources in time and 

space. Every local measurement with a finite number of outcomes can be decomposed into a 

series of local measurements with two outcomes only with the understanding that subsequent 

levels of the measurement tree can correspond to actions of the same party. 

A special class of local measurements are the measurements that we call dissections. A 

dissection measurement is one in which the set of states S is split into two sets 1 and 2. The 

states themselves are unchanged by the measurement, but the outcome of the measurement 

tells us whether the state that one is given was in set 1 or in set 2. More general measurement 

schemes can project the states in S onto other states that might or might not be orthogonal. 

In the last section we briefly mentioned the notion of a completion of a set of orthogonal 

product states. Let us now give the definition of an uncompletable set of orthogonal product 

states. 

Definition 6 Consider a multipartite quantum system H = ( 8 ) ™ ! % with m parties of re

spective dimension di,i = 1, ...,m. An uncompletable product basis in H is a PB that cannot 

be completed with orthogonal product states to a full orthonormal product basis for H. 

Remark The uncompletable product basis is defined with respect to H. An orthogonal 

product basis in H could be uncompletable in H, but computable to a full product basis for 

Hext, when the set is embedded in Hext. In section 5.4.6 we will give an example of such a 

set. 

The following theorem captures an essential connection between completability and exact 

local distinguishability: 
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Theorem 5 Given a set 5 of orthogonal product states (PB j on% = ® •" l Hi with d im'H, = 

di,i = l,...,m. If the set S is exactly distinguishable with finite resources by local incomplete 

von Neumann measurements on 7iext,-which can be H itself or any finite local extension of 

H-, and classical communication, then the set S is computable to an orthogonal basis for 

next-

Proof One shows how the measurement protocol leads directly to a way to complete the set 

S. At some stage of their protocol, the parties (1) may have been able to eliminate members of 

the original set of states S and (2) they may have mapped, by performing their von Neumann 

measurements, the remaining set of orthogonal states into a new set of orthogonal states 

S'. Note that the remaining states have to be orthogonal, otherwise the measurement could 

never be exact. Determining which member they have in this new set uniquely determines 

with which state of S they started with. At this stage, party i0 performs a von Neumann 

measurement. Let K, be the Hubert space in which the remaining states are known to lie 

(including the local extensions that are needed in order for any subsequent measurement to 

be described as a von Neumann measurement). The measurement of party io is given by a 

decomposition of the Hilbert space K. = K,eise®K-ia with ICeise = <3),-=ü /CJ, into 2 orthogonal 

subspaces, K-else ® 7Ti/Cio and Kelse <g> n2JC1Sj. 

If a state in S' lies in one of these subspaces, it will be unchanged by the measurement. 

If a state \a) ® \ß), where \a) G fCeise, is not contained in one of the subspaces, it will be 

projected onto one of the states {\a) <g>7Ti|/?), \a) ® 7r2|/3)}. Let S" be this new projected set 

of states, containing both the unchanged states in S' as well as the possible projections of the 

states in S'. If one of the subspaces lCeise<8>niJCi0 or /Ce/se<8> 7r2/Ci0 does not contain a member 

of S', it can be 'completed' directly; one can freely choose a product basis for this space. For 

a subspace that does contain members of S", let us assume that it can be completed with 

product states orthogonal to members of S". In this way one has completed S" on the full 

Hilbert space fC since the two orthogonal-subspace completions are orthogonal sets and they 

are a decomposition of K-. However, one has now completed the set S" rather than the set S'. 

Fortunately, one can replace the projected states \a) ®TTi\ß), \a) ® 7r2|/3) by the original state 

|a )® 1/3) and 1 orthogonal state by making a linear combination of |a)<g>7Ti|/3) and |a)®7r2|/3) 

orthogonal to |a)®|/?) . These two states are orthogonal to all other states as each \a)®iri\ß) 

was already orthogonal to all other states. Thus at each round of measurement, a completion 

of the set of states S' is achieved assuming a completion of the subspaces determined by the 

measurement. 

The tree of nested subspaces will always lead to a subspace that contains only a single 

state of the set, as the measurement protocol was able to tell the states in S apart exactly. 

But such a subspace containing only one state can easily be completed and thus, by induction, 

we have proved that the original set S can be completed. D 

Before discussing the consequences of this theorem, we will show how one can strengthen 

the result to include measurements that have an arbitrary small probability of error. First, one 

has to define what it means for a set of states to be distinguishable with some probability of 
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error: 

Definition 7 Given a set S of orthogonal product states (PB) on H = (g)™^ Hi with 

dimHi = d,,i = l,...,m. Let A4 be a local incomplete von Neumann measurement pro

tocol on a finite-dimensional Hilbert space Hext which can be a local extension of H, that 

includes classical communication between the local parties. Let V(M) be a decision scheme 

that associates each leaf of the measurement tree of M with a state of the set S, meaning 

that upon the outcomes of leaf j, we decide that the associated state i is the state that we 

were given of the set 5. A set 5 is e-distinguishable if there exists an M and a V(M) such 

that 

PsucM = min J2 Prob(7Tj|i) > 1 - e, (5.4.31) 
j I i-*i 

where it\,... ,irk are the leaf-projectors of the measurement tree of M. Prob(7rJ|i) is the 

probability that given the state i we obtain the measurement outcomes of leaf ITr The sum 

over the leaf-projectors is constrained to leaf-projectors that lead to deciding for state i, which 

is indicated by j —> i. 

In words this definition says that the set S is e-distinguishable if the probability of deciding 

correctly for a state in S is greater than or equal to 1 - e for any state that the parties are 

given from S. This definition makes it possible to state the following lemma: 

Lemma 5 Given a set S of orthogonal product states (PR) on H = (g)™ l Hi with dimH, = 

di,i = 1, . . . ,m . If the set S is e-distinguishable for all e > 0 then S is exactly distinguishable. 

Proof As one is restricted to using finite resources, one can set the total number of levels 

in the binary measurement tree to a certain large number L and set the dimensions of the local 

extensions d im% ) < K r t = di<ext. All measurement trees (plus decision schemes) that have at 

most L levels and correspond to local extensions of which the dimensions are upper bounded 

by dim'Hi.eit = dit<,xt can then by characterized by five sets of variables: 

(1) the structure of the tree T , i.e. the distribution of the length of its branches, 

(2) an assignment A of levels to the various parties A, B, C etc., 

(3) the dimension Vim in which the von Neumann measurement takes place for each node of 

the tree, 

(4a) the rank K and the number of the projectors pertaining to each node of the tree, 

(4b) and the projectors V themselves pertaining to each node of the tree, 

(5) a decision scheme V that infers from measurement outcomes - the leafs of the tree- deci

sions about what the original state was. 

Consider the function PsucM as in Eq. (5.4.31). The domain of this function is the set 

( T , A, Vim, H, V, V). The set of trees T , assignments A, decisions V, dimensions Vim, and 

the set of ranks 1Z of the projectors are all discrete sets with a finite number of elements. 
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Consider a measurement at a single node. We fix the number of projectors, the dimension of 

the Hubert space and the rank of the projectors at this node. Let (7^,7^) be a set of projectors 

at this node. Then another set (7^, n'2) can be obtained by unitary transformations U^i = 7T-. 

This implies that the set (7T1,7T2) is a compact set, as the set of unitary transformations in a 

finite-dimensional Hubert space is a compact set. The function PSUC,M is continuous on this 

compact set. The entire domain of the function PSUC:M is the union of a finite number of 

compact sets. Then, if there exists measurements and decision schemes such that PSUC,M is 

larger or equal than 1 — e for all e, there also exist a scheme for which PSUC,M = 1- This 

measurement corresponds to exactly distinguishing the members of S. O 

Corollary 1 Given a set S of orthogonal product states (PB) on% = ®™-! "Hi with d i r n % = 

di, 7 = 1 , . . . , m. If this set S is e-distinguishable for all e > 0, then 5 is exactly computable on 

7iext, a locally extended Hilbert space or % itself. 

This follows from Theorem 5 and Lemma 5. 

Let us give a final theorem, that relates the question of completability to the property of 

entanglement: 

Theorem 6 Given a set S of orthogonal product states (PB j on H = (Q^ % Wlth diuiHi = 

di, i = l, •••, m. If the set 5 is e-distinguishable for all e > 0, then the complementary density 

matrix ps, Eq. (5.4.6), is separable. 

Proof If the exact measurement is a von Neumann measurement on H, then by Corollary 

1 the set S can be completed with product states to a basis for H. Thus, the density matrix 

ps which is the uniform mixture of these product states that complete S, is separable. If the 

exact measurement is a von Neumann measurement on l~iRXt, then the density matrix ps,ext 

is separable. One can obtain ps on H by local projections from fiext onto T-L and therefore 

ps = PnPs,extPn is separable as well. D 

This theorem implies that a multipartite UPB S is not distinguishable with arbitrary small 

probability of error by LO+CC, using finite resources, since the density matrix ps is entangled. 

The UPBs are new illustrations of the phenomenon of nonlocality without entanglement. The 

strength of the result as compared to the results in Ref. [125], is that the indistinguishability 

has been proved for any UPB, whereas in Ref. [125] only the set of states of Eq. (5.4.1) 

were shown not to be distinguishable with arbitrary small probability of error. The weakness 

of this result is that we have restricted the set of measurements to ones that can be performed 

using finite resources. This was necessary as a POVM measurement with an infinite number 

of outcomes describes a von Neumann measurement in an infinite dimensional Hilbert space. 

It is not clear how to extend the notions of completability on an infinite dimensional Hilbert 

space. Also, it is unclear whether a result such as Lemma 5 would hold for measurements that 

could use infinite resources. 
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5.4.6 Local Extensions and Deficits of Product States 

In the last section care has been taken to include POVM measurements in a local measurement 

scheme. But do there exist PBs that are exactly distinguishable by POVMs but not by von 

Neumann measurements in the original Hubert space? It turns out that there are such sets. 

Here is an example of such a set on 3®4, the set PO. Consider the states Vj<g>Wj, j = 0 , . . . ,4 

with Vj the states of the Pent UPB as in Eq. (5.4.2) and Wj defined as 

Wj = y2/^/5(y/cœ^iJ^cos(2jn/5),^l/cös^KJ5)sm(2j^^/5), 

y/cos(2ir/5) cos(4jn/5), ^/cos(27r/5)sin(4J7r/5)). (5.4.32) 

Note that wjwj+i = 0 (addition mod 5). The orthogonality graph of these states is the 

same as for Pent, Figure 5.1. One can show that this set, albeit extendible on 3 ® 4, is not 

computable: One can at most add three vectors: v0 ® (w0, wr, W4)1, v3 ® (w2, w3, w^)1 and 

{vcVz)1 ® ( w ^ u J j , ^ ) 1 -

The POVM measurement that is performed by Bob on the four-dimensional side has five 

projector elements, each projecting onto a vector 

u3 = -^(-sin(2j7r /5) ,cos(2J7r/5) ,-s in(4J7r/5) ,cos(4J7r/5)) ! (5.4.33) 

with j = 0 , . . . ,4 . Note that u0 is orthogonal to vectors w0,w2 and w3, or, in general, 

«j is orthogonal to Wi,wi+2,wi+3 (addition mod 5). This means that upon Bob's POVM 

measurement outcome, three vectors are excluded from the set; then the remaining two vectors 

on Alice's side, vi+l and vi+4, are orthogonal and can thus be distinguished. 

Since the set is distinguishable by a POVM, it is computable. The completion of this 

set in 3 ® 5 is particularly simple. Bob's Hubert space is extended to a five-dimensional 

space. The POVM measurement can be extended to a projection measurement in this five-

dimensional space with orthogonal projections onto the states £ = ( K , , 0 ) + | ( 0 , 0 ,0 ,0 ,1) . 

Then a completion of the set in 3 ® 5 are the following ten states: 

{vo-,^)-1 ® Xx 

{vuv3)^ ®x2 

(v2, n)-1 ® £3 

(uo,tf3)-L®£4 

v0 ® {WQ e Span(£4, Xi)), 

vi ® (w^ e Span(£0 ,£2)), 

v2 ® {w% E Span (f i , £3)), (5.4.34) 

v3 ® (w^ G Span(£2 ,£4)) , 

VA ® (wj- e Span(£3, £0)). 

There is another interesting feature of this set. Let's take the set PO and add one of the 

product states, say the vector, 

u 0 ® (wojWuWt)1, (5.4.35) 

to make it a six-state ensemble PO+. The complementary density matrix p P O +, Eq. (5.4.6), 

has rank 1 2 - 6 = 6. Is pP O+ a separable density matrix? We can enumerate the product states 
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that are orthogonal to the members of P O + , but are not necessarily mutually orthogonal: 

«2® (wu^ws)-1, (5 4 36) 
{vo,v3)

±^(wi,W2,wi)-
L, 

{vo,^)1 ® (ùJi ,^,^)-1- . 

This means that the space on which pPo+ has support contains only four product states, 

whereas pPO+ has rank 6. Therefore pP O+ m u s t be entangled. The entanglement of pPO+ is 

bound by construction. 

We have constructed a new bound entangled state whose range is not without product 

states but has a product state deficit. As any UPB set, the set P O + is not locally distinguish

able with finite means. This construction works in a very general way: 

Lemma 6 Given a set S of orthogonal product states f P B j on 7i = ® ™ , Hi with dimHi = 

di,i = 1, ...,m. If the set S is not computable to a full basis for H, but is completable in 

some Hext, then there always exist a set of orthogonal product states in Jig such that when 

we add these states to S to make the ensemble S+, the complementary density matrix ps+ is 

bound entangled. 

Proof Assume that there does not exist such an augmented ensemble S + . This will lead 

to a contradiction. The fact that S is completable in Hext makes it possible to add at least 

one product state to S, see Theorem 6. Let us call this state |V>i). The density matrix p ^ 

complementary to the ensemble S\ = S U { l ^ i ) } 's either entangled or separable. If it is 

entangled, then we have found the desired augmentation of S. If it is separable, then there 

is at least one state, let us call it |J/)2), in the range of ps t which is a product state. Note 

that jv2) is orthogonal to \ipi)- Then we can augment pst with this new orthogonal product 

state \tp2) to make the set ps2. Consider its complementary density matrix pS2. Repeat the 

arguments as before. If we find that all density matrices psl,Ps2> • • • >PSdimw-isi a r e separable, 

then we have found a completion of the original set S with orthogonal product states. This 

leads to a contradiction, because S is not completable in %. • 

Remark While the lemma shows that there exists a set of orthogonal product states that 

when added to the set S leads to a bound entangled state, the proof also suggests a simple 

way to find this set. The bound entangled state that we find by this procedure can be a bound 

entangled state corresponding to a UPB, that is the augmented set S + is a UPB, or it can be 

an entangled state, based on a set such as P O + , which is supported on a subspace which has 

a product state deficit. 

5.4.7 Rank and the Opt imal Decomposit ion of a Density Matr ix 

Some of the uncompletable sets of product states exhibit additional interesting properties. 

It was shown by Uhlmann [132] that every bipartite density matrix p admits an optimal de

composition, that is, a decomposition that achieves the entanglement of formation E(p), Eq. 
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(5.2.11), with at least Rank(p) and at most Rank(p)2 different pure states. No examples 

of density matrices for which more than Rank(p) states are needed to construct the optimal 

decomposition were previously known. By numerical minimization it was found that the state 

complementary to the Tiles UPB , as introduced in section 5.4.2, has an entanglement of 

formation of 0.213726 bits. This complementary state pTiies has rank 4. However, it was 

found that the optimal ensemble of pure states consists of five pure states. A similar result 

was found for the Pent UPB which has an entanglement of 0.232635 bits, made by mixing 

together five pure states. Thus both these density matrices are numerical examples of states 

for which more states are needed in the optimal decomposition than the rank of the state. 

The following result exhibits a whole class of separable states which have this peculiar 

property. 

Theorem 7 Let {\ar) ® | $ ) } f c i t e a PB S in -H = HA® HB- If S is uncompletable in H, 

but 5 is completable in some local extension %ext ofH, then ps has the property that the 

number of different pure states in the optimal decomposition of ps exceeds the rank of ps. 

Proof Since the set of states S is completable in a local extension of H, the state ps 

is separable by Theorem 6. However we know that ps was uncompletable in H, therefore 

Ps cannot be decomposed with an ensemble of orthogonal product states. Any optimal 

decomposition of ps has to use nonorthogonal product states. The von Neumann entropy 

of ps is equal to S(ps) = logRank(p s ) as ps is the identity matrix on a space of dimension 

Rank(,o5). In order to achieve this entropy the optimal decomposition of ps has to use 

more than Rank(p s ) product states, as any density matrix p which is a mixture of only n 

non-orthogonal states has entropy strictly less than l ogn bits. D 

The only example so far is the set PO in 3 <g> 4, which was distinguishable by a set of 

orthogonal projectors in 3 ® 5, but could not be completed in 3 <g> 4. The complementary 

density matrix pPO on 3 <g> 4 has rank seven, but the separable decomposition consists of ten 

non-orthogonal states. These ten non-orthogonal product states are obtained by projecting 

the orthogonal states of the completion, Eq. (5.4.34) back into the 3 ® 4 Hubert space. It is 

not known whether there exists a separable decomposition with more than seven but with less 

than ten states. 

5.4.8 Restrictions 

The method to create bound entangled states from UPBs is not always successful. In particular 

one can show that 

Theorem 8 Any set of orthogonal product states { |a;) ® \ßi)}%=1 in 2 <g> n for any n > 2 is 

distinguishable by local measurements and classical communication and therefore completable 

to a full product basis for2®n. 
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Proof The measurement is a three round protocol. Let Alice be associated with the two-

dimensional side and Bob with the n-dimensional side. Alice divides S in subsets Pt in the 

following way: 

Pt = ( K ) ® | # ) , \ai) ® \ßf),..., \cxj-) ® I/?}')}, (5.4.37) 

i.e., Alice's part of the states in set Pt is either |OJ) or la/-). The states |QJ) and la,) 

for i ^ j are neither orthogonal nor identical. When Pt contains a set of states { |a j ) <g> 

| /? / ) , . . . , |ûi) <S> \ßi)} for some /c > 1 then due to the orthogonality of the states, we must 

have that (/?ƒ |/3™) = 5]m for j,m = 1 , . . . ,k. The same is true for Pz containing a set of 

states in which \aj~) is repeated. Furthermore, all the members of the set P, have to be 

orthogonal to all the members of a set Pj for i ƒ j on Bob's side as they are never orthogonal 

on Alice's side. The measurement goes as follows. Bob performs a measurement of which the 

operation elements are projectors TTJ on the subspace spanned by his side of the states in each 

Pi. These projectors have the property that n^j = 0 for i ^ j. The outcome tells Bob in 

which set Pi the original state lies. After Bob sends this information, the label i, to Alice, she 

does a measurement that distinguishes |aj) from \al). Then Bob is left to finish the protocol 

by distinguishing between states that repeat on Alice's side, for example the states |ai)<g> \ß{) 

and \ai)tg>\ßf). He can distinguish between these states, because they are mutually orthogonal 

on his side. Theorem 5 then implies that S is computable. D 

Local Dissectibility as a Graph Problem 

One can express local dissections on a set of orthogonal product states (PB) as operations on 

the orthogonality graph of the PB. Consider for example the sets in Fig. 5.7. The dimension of 

Alice's and Bob's Hubert space is larger than or equal to four, otherwise these patterns would 

not be possible. In case (a) it is not hard to see how Alice and Bob would go about measuring 

the set. State 2 is orthogonal to all the others on Alice's side. Thus Alice can distinguish the 

sets (2) and (134) by measuring with the local projectors na2 and TT^. If she finds (2) the 

protocol is finished. If she finds (134) Bob continues the measurement. The states 1, 3 and 

4 form a clique -a graph in which all the vertices are connected- on Bob's side. Therefore 

a measurement that uses the projectors Tr01,n03 and ir0i distinguishes perfectly between 1, 3 

and 4. These measurements are all dissection measurements, that is, they split the total set 

of states into two or more subsets in which each state occurs only once. In this case Alice first 

makes the dissection into the sets (2) and (134), after which Bob dissects (134) as (1)(3)(4). 

Let us translate such a dissection measurement in graph language. A complete bipartite graph 

is a graph G in which the set of vertices V can be split in two sets Vj and V2 such that 

every vertex in \\ is connected to every vertex in V2 by an edge and vertices of \\ and V2 are 

not directly connected amongst each other. The vertices of the orthogonality graph G of a 

m-partite PB S in % represent the members of S. Recall that H = Ui®.. . ® H m . The edges 

are colored with m different colors such that if two members of S are orthogonal on ?^ color 

i is used for the edge. One can have multiply colored edges between vertices. To describe 

file:///cxj
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whether a multipartite PB is dissectible we will need the notion of a complete bipartite graph 

of a single color in which vertices in V\ (or V2) can be connected amongst each other. We 

call this kind of graph an (over)complete bipartite graph of a single color3 . Fig. 5.6 shows an 

example of such a graph; some of the vertices in Vj are mutually connected by Bob's edges. 

Bob 

Alice 

Figure 5.6: An example of an (over)complete bipartite graph of Bob's color. 

One can write down the following translation of a series of dissection measurements into 

a decomposition of the graph: 

Proposition 7 Let S be a multipartite PB on H = ® ™ L Hi with d im'H; = di, i = 1 , . . . , m, 

represented by an orthogonality graph G. Then S is exactly distinguishable by local dissections 

and classical communication iff there exists a decomposition of the graph G of S into a 

hierarchical tree of (over)complete bipartite graphs of a single color such that the leafs of the 

tree correspond to single vertices. 

Proof At each round of the dissection measurement the set of vertices V of the graph G 

is cut in two sets \\ and V2 such that each state represented by a vertex in \'\ is orthogonal 

to each state represented by a vertex in V2 for the i th party. In graph language: G is an 

(over)complete bipartite graph of color ?.. Let G\ be the graph with vertices Vj and the edges 

connecting vertices in V\ and similarly for G2. In the next round of measurement each of the 

graphs G\ and G2 is cut according to the bipartition in an (over)complete bipartite graph of 

a possibly different color. This process is repeated until the resulting graphs consist a single 

vertex. Then we conclude that all the states in S have been distinguished. O 

Let us consider Fig. 5.7(b). There is no (over)complete bipartite graph of a single color. 

However we can perform a more general von Neumann measurement. Alice can measure with 

the projector -naim and the projector n^ Q2 where 7rQl]Q2 = 1 - 7r^ iQ2. The projector 7 ^ a2 

projects onto states that are orthogonal to \a\) and \a2) • This will distinguish the sets (12) 

and (4), but it will project state 3 on either 7TQ1:Q2 |Q'3) or 7 ^ Q2 |as). Thus one can say that 

we cut the set into subsets (123) and (34). When (34) is found, Bob can finish the protocol 

directly. When Alice gets (123), she now can distinguish between (1) and (23) since they 

form a complete bipartite graph. What about the final distinction between 2 and 3? These 

3There does not appear to exist a standard terminology for this kind of graph. 
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states started out as orthogonal on Alice's side, then with Alice's first measurement \a3) was 

mapped onto 7rQ l i a 2 |a3) . This projected state is however still orthogonal to laç), as |a2) did 

not have a component outside the space spanned by \ai) and |a2) and thus 

0 = (a2\a3) = (U^KQLCJO-S) - (5.4.38) 

Here we can notice a more general rule. A local 2-outcome von Neumann measurement 

is called orthogonality preserving on a set of (multipartite) orthogonal product states S if 

after measurement the states in S are still mutually orthogonal. Suppose we can find an 

(over)complete bipartite graph of a single color that includes all the vertices but 1 in the 

orthogonality graph of a set of (multipartite) orthogonal product states S. Then one can show 

that there exists a local von Neumann measurement that is orthogonality preserving. The 

party associated with the color of the (over)complete bipartite graph does the measurement 

and splits the set of states S minus one state \p) into the sets Si and S2. Let IT be the projector 

associated with the set Si and 1 — n be the projector associated with the set S2. The state 

\p) is projected onto 7r|p) and (1 — 7r)|p). However, TT\P) is orthogonal to all the members of 

Si since the states in Si have support only on the subspace TTT-L, and also orthogonal to S2 

since they only have support on the subspace (1 — 71")%. The same argument holds for the 

state (1 — 7T)|P). Unfortunately, there are von Neumann measurements that are orthogonality 

preserving which are not expressible in terms of graph language only. With these tools, one 

can easily show that bipartite PBs of 2, 3 and 4 orthogonal product states in any dimension 

(consistent with the number of states) are always completable. One shows that these sets are 

locally distinguishable by considering their graphs, then one invokes Theorem 5 to conclude 

their completability. 

1 

Bob 
Alice 

(a) (b) 

Figure 5.7: Examples of PBs, represented as two color graphs, that are distinguishable by 

LO+CC. 

5.4.9 Transfer of Indistinguishable Product States 

Consider a set of bipartite orthogonal product states S that are not exactly distinguishable by 

local operations and classical communication. Say Alice holds half of the unknown product 

state out of the ensemble S. She wants to send this state to Charlie by means of classical 

communication and local measurements in her lab. Let Bob, the holder of the other half, 

be fully cooperative in this scheme, and that he, as is Alice, is restricted to using local 
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measurements and classical communication. We will show that when the states in S cannot 

be locally distinguished, Alice will not be able to transfer her state exactly to Charlie. In 

a scenario where Alice and Bob share some classically correlated information, it is always 

possible for Alice to transmit this correlation to a third party, even when Alice and Bob are 

ignorant about the information that they share. In the quantum scenario we ask whether 

it is possible for Alice to transfer her half of an unknown product state which is correlated 

with Bob to a third party, possibly in a way that does not reveal to Alice which state she 

transferred. If Alice and Bob could measure what state they have, then it is clear that the 

information about the state can be transferred from Alice to Charlie. They convert their 

correlated quantum state to a piece of classical information. However, when Alice and Bob 

cannot tell with absolute certainty what state they have, even though it is a product state, 

it is not possible to transfer Alice's part to Charlie. The reason is the following. If it could 

be achieved by means of classical communication and local measurements only, then all the 

classical information that Alice sends to Charlie might as well be sent to Bob. Thus if Charlie 

can reconstruct half of the state with this information, then so can Bob. Now Bob, possessing 

both parts of the product state, does a local projection measurement on the orthogonal states 

in S. Since the states are orthogonal this measurement will uniquely determine which state in 

S he shared with Alice. This is in contradiction with the premise that the states in S are not 

exactly distinguishable by LO+CC. What this construction illustrates is that even though no 

entanglement is involved, the quantum states that the two parties share exhibit some essential 

nonlocal quantum features. 

5.4.10 The Use of Separable Superoperators 

We have shown in the last sections that there exist sets of orthogonal product states that are 

not locally distinguishable. In this section we address the question of what kind of measurement 

does distinguish them. We are interested in finding measurements that need the least amount 

of resources in terms of entanglement between the two or more parties. 

Let us introduce a class of quantum operations that are close relatives of operations that 

can be implemented by local quantum operations and classical communication, the separable 

superoperators and measurements: 

Definition 8 [133]LetH = <g>"= i%- LetW = <g>"=1 %[. A T C P mapS: B{H) ->• B{H') 

is separable iff one can write the action of S on an arbitrary density matrix p e B(H) as 

S{P) = Yl A^ ® Ä2'' ® • • • ® An'< P AU ® AU ® • • • ® AU' (5.4.39) 
i 

where .4^ , is a d im?^ x dimHi matrix and 

]T A\tAhl ® A\tlA2<l ® . . . ® Al^i = 1. (5.4.40) 
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Similarly, a quantum measurement (Chap. 3, sec. 3.2) on a multipartite Hilbert space is 

separable iff for each outcome m, the operation elements A™ for alii are of a separable form: 

AT = A™ ® A% ® . . . ® A™{. (5.4.41) 

The results of [125] show that separable superoperators are not equivalent to local quantum 

operations and classical communication. There is a separable measurement for the nine states 

of Eq. (5.4.1); it is the measurement whose operation elements are the projectors onto the 

nine states. The nine states are not locally distinguishable by LO+CC. 

The following theorem gives a sufficient condition under which a bipartite set of orthogonal 

product states is distinguishable with the use of separable measurements. Unfortunately, it 

is not known what entanglement resources are needed to implement such separable measure

ments. They do however form a rather restricted class of operations. It is for example not 

possible to use them to create entanglement where previously none existed. 

Theorem 9 Let S be a set of bipartite orthogonal product states in H = HA ® HB with k 

members. If S has the property that it is completable in % or local extensions of % (Hext) 

when any single member is removed from S, then the members of S are distinguishable by 

means of a separable measurement. 

Proof Denote by {7Ti}f=1 the orthogonal rank 1 product projectors onto the states in S. 

Let Si be the set S without a state i. As Ŝ  is completable, the projectors 

7Tsx = l - ^ 7 r m , (5.4.42) 

for all i = 1 , . . . , k, are separable. Note that -KSL = 7TL . The projectors ns± and 7TJ for 

i = 1 , . . . , k with the right coefficients sum up to 1: 

l Ê * W + k-ïr È *& = *> (5 A 4 3) k i=l 

using 7T2 = 7T for projectors. As the projectors TTS± are separable, one can decompose them 

into a set of Ni rank 1 product projectors, 7T/S± •, labeled by an index mi = 1 , . . . , iVj. 

Note that one can choose mutually orthogonal projectors (for a given i) TT,S± m.N when S, is 

completable in the given Hilbert space H. When S; is completable only in a local extension 

of 7i, these projectors will be non-orthogonal. In both cases the set of product projectors 

are the operation elements of a separable measurement. This measurement projects onto 

states in S or onto separable states that are orthogonal to all but one state in S. With a slight 
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modification of this measurement one can construct a measurement which distinguishes the 

states in S locally. Formally one replaces the projectors of Eq. (5.4.44) by 

iï = \oti,ßi)(ai,ßi\ -> \iA,iB){<*ußi\, (5 4 451 
%{S±,mi) = l(5i,m,,7i,m,)(<5j,m,,7I,mi| -> \l', 77llA, i', miB) (<5,,mi, ^mi |, 

such that the set of states \iA), \i'imiA} 's a n orthonormal set and the same for B. This 

modification leaves Eq. (5.4.43) unchanged, so that this new set of operation elements again 

corresponds to a (separable) measurement. Upon this measurement, however, Alice and Bob 

both get a classical record of the outcome. If they perform this measurement on states in S, 

their outcomes will uniquely determine which state in S they were given. • 

Both the Pent UPB as well as the Tiles UPB are examples of sets that are completable 

in 3 ® 3 when anyone state in the set is omitted. These sets are thus distinguishable by a 

separable measurement. 

5.5 A Family of Indecomposable Positive Linear Maps 

We introduce a new family of indecomposable positive linear maps based on entangled states. 

Central to our construction is the notion of an unextendible product basis. The construction 

lets us create and conjecture indecomposable positive linear maps in matrix algebras of arbitrary 

high dimension. 

5.5.1 Introduction 

One of the central problems in the emergent field of quantum information theory [37] is the 

classification and characterization of the entanglement of quantum states. Entangled quantum 

states have been shown to be valuable resources in (quantum) communication and computation 

protocols. In this context it has been shown [112] that there exists a strong connection between 

the classification of the entanglement of quantum states and the structure of positive linear 

maps. Very little is known about the structure of positive linear maps even on low dimensional 

matrix algebras, in particular the structure of indecomposable positive linear maps. We denote 

the n x n matrix algebra as M „ ( C ) . The first example of an indecomposable positive linear 

map in M 3 ( C ) was found by Choi [134]. There have been only a couple of other examples of 

indecomposable positive linear maps (see Ref. [135] for some recent literature); they seem to 

be hard to find and no general construction method is available. In this section we make use 

of the connection with quantum states to develop a method to create indecomposable positive 

linear maps on matrix algebras M „ ( C ) for any n > 2. This construction exhibits some of the 

structure of positive linear maps which is present in almost any dimension. In section 5.5.2 we 

present the general construction. In section 5.5.3 we present two examples and discuss various 

open problems. 
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5.5.2 Unextendible Product Bases and Indecomposable Maps 

The more complicated structure of the positive linear maps in higher dimensional matrix 

algebras, namely the existence of indecomposable positive maps (see the introductory section 

5.2.3) is reflected in the existence of entangled density matrices p on HA ® HB for which 

(id,4 ® T ) (p) is positive semidefinite. 

In Ref. [136] a method was discovered to construct entangled density matrices p with 

positive semidefinite ( i d^ (g> T) (p) in various dimensions d im HA > 2 and d im "HB > 2. The 

construction was based on the notion of an unextendible product basis. 

We will present our results relating these density matrices obtained from the construction 

in Proposition 6 to indecomposable positive linear maps. We will need the definition of a 

maximally entangled pure state: 

Definition 9 LetH = HA® "HB- i-et \ip) be a normalized state ( ( V # ) = 1) ' " ^ and 

PA,* = TrB\il>){il>\, (5.5.1) 

where T r B indicates that the trace is taken with respect to Hubert space HB only. The state 

\I/J) G H is maximally entangled if 

S{PA,V) = -Tr pA,i> log2 pA,i, = log2min(dim?i/1,dimHB) (5.5.2) 

The function S{pA^) is the von Neumann entropy of the density matrix pA,^-

Remarks For pure states \ip) the von Neumann entropy of pA,ip is always less than or 

equal to d = log2 m in (d im 'Hy i ,d im 'H B ) . For maximally entangled states we will have 

PA,i> = d i a g ( l / d , . . . , 1/d, 0 , . . . , 0) so that the maximum von Neumann entropy, Eq. (5.5.2), 

is achieved. When d i m ? ^ = d im H B one can always make an orthonormal basis for ~H with 

maximally entangled states [137]. For pure states |i/>) we always have S(PA^) = S(pB,^)-

The following lemma bounds the innerproduct between a maximally entangled state and 

any product state. 

Lemma 7 Let U = rlA ® HB- Let |$) £ H be a maximally entangled state. Let d = 

min(dim"Hyi, d im"H B ) . For all product states \4>A) ®\4>B) of norm 1 we have 

m<t>A)®\<t>B)\2<\- (5.5.3) 

Proof We write the maximally entangled state |$) in the Schmidt polar form [138] as 

1 d 
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where (a^o,) = <Sy and (bi\bj) = 5y. Thus we can write 

d 

Y^(<l>A\ai)((t>B\bi) 
2 1 

\mA)®\<t>B)\ < i , (5.5.5) 

using the Schwarz inequality and YH=ï l ( < /uk ) | 2 < 1 and J2f=i \(<t>B\bi)\2 < 1. • 

We will also need the following lemma: 

Lemma 8 Let S be an unextendible product basis {\ai) ® I ä ) } ^ in U = UA® 'HB- Let 

\s\ 

/ ( | ^ ) , | 0 s ) ) = ^ | ( ^ k ) | 2 | ( ^ | A ) | 2 - (5.5.6) 

The minimum of f over all pure states \<j>A) e UA and \<j>B) e %B exists and is strictly larger 

than 0. 

Proof The set of all pure product states \<j>A) ® \(j>B) on H is a compact set. The function 

ƒ is a continuous function on this set. Therefore, if there exists a set of states \<j>A) ® \<j>B) 

for which ƒ is arbitrary small then there would also exist a pair \</>'A) ® \<j>'B) for which ƒ = 0. 

This contradicts the fact that S is an unextendible product basis. • 

The following two theorems contain the main result of this section. 

Theorem 10 Let S be an unextendible product basis {\on) ® \ßi)}fX in H = 'HA® HB. Let 

p be the density matrix 

d i m f t - \S\ l A B - ^ | a i ) ( a i | ® | A ) ( A | , (5.5.7) 

Let d — m in (d im?{^ , d i m % B ) . Let |$) 6e a maximally entangled state on d ® d such that 

( $ | p | $ ) > 0 , (5.5.8) 

anc/ 

|S| 
e = ,,rp, . E K ^ W H ^ I ä ) ! 2 , (5.5.9) 

\<PA)®WB) i=i 

tvr/ere trie minimum is taken over all pure states \<j>A) e 7 ^ anc/ \<f>B) e UB. Let H be a 

Hermitian operator given by 

\s\ 

H = J2 IQüXOüI ® IÂXAI - «fc|*X*|. (5.5.10) 
i= i 

For every unextendible product basis S there is a maximally entangled state |$) such that Eq. 

(5.5.8) holds. Moreover H has the following properties: 

T r H p < 0 , (5.5.11) 
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and for all product states \4>A) ® \4>B) € U, 

TrH |^ ) (0 A |® |0ß ) (0 B | >O . (5.5.12) 

Proof Eq. (5.5.12) follows from the definition of e, Eq. (5.5.9), and Lemma 7. Consider 

Eq. (5.5.11). Since the density matrix p is proportional to the projector on "Hi-, one has 

T r H p = -de($\p\$), (5.5.13) 

which is strictly smaller than zero by Lemma 8 and the choice of the maximally entangled 

state, Eq. (5.5.8). When dimHA = dimHs there exists a basis of maximally entangled 

states and thus there will be a basis vector |$) for which ( $ | p | $ ) is nonzero. In case, say, 

dimHA > dimHß = d, there exists a basis of maximally entangled states for every subspace 

H' = H'A <g> HB with H'A C HA and d i m ? ^ = d. Therefore there will be a maximally 

entangled state |<3>) such that ( $ | p | $ ) is nonzero. This completes the proof. • 

Remark Note that H is the entanglement witness that was introduced in Lemma 3, section 

5.3. 

Theorem 11 Let S be an unextendible product basis {\at) ® | A ) } i = i '"" % — WA ® "HB- Let 

H be defined as in Theorem 10, Eq. (5.5.10). Choose an orthonormal basis { | t ) } j ™ for 

HA- LetS: B(HA) -» B(HB) be a linear map defined by 

5(|i)01) = <*|H|j). (5.5.14) 

Then S is positive but not completely positive. Moreover, S is indecomposable. 

ProofThe relation between S and H, Eq. (5.5.14), follows from the isomorphism between 

Hermitian operators on HA ®HB with the property of Eq. (5.5.12) and linear positive maps, 

see Refs. [112, 139]. In particular, iff a Hermitian H operator on HA ®HB has the property 

of Eq. (5.5.12) then the linear map 11: B{HA) -> B(HB) defined by 

H = Ç(|»>(j |) t®^(|i>01), (5.5.15) 
ij 

is positive for any choice of the orthonormal basis { | i ) } f = i ' H / l - The map S = TZoT, where T 

is matrix transposition in the basis {\i)}f™HA, in Eq. (5.5.14) is then positive as well. 

Using the density matrix p that is derived from the unextendible product basis, Eq. (5.5.7), 

we will show that S is not completely positive. At the same time we will prove that the 

assumption that S is decomposable leads to a contradiction. We can rewrite Eq. (5.5.14) as 

H=(idA®5)( |*+>(*+|)1 (5.5.16) 



122 5 PBs, LO+CC and BE 

where |$+) is equal to the (unnormalized) maximally entangled state Y^.HA N) ® I*)- Let 

S+ : B ( ' H B ) —• B{HA) be the Hermitian conjugate of the map 5 . We use the definition of 

St 

TTS^(A^B = 'TIA^S(B), (5.5.17) 

and Eq. (5.5.16) to derive that Eq. (5.5.11) can be rewritten as 

T r H p = ($+|(id.4®St)(p)|$+) < 0 . (5.5.18) 

Thus St cannot be completely positive and therefore S itself is not completely positive. If S 

were decomposable, then S+ would be of the form S\-\-ToS2 where S i and S2 are completely 

positive maps. The density matrix p is positive semidefinite under any positive linear map of 

the form S\ +ToS2 by Proposition 6. This is in contradiction with Eq. (5.5.18) and therefore 

S cannot be decomposable. • 

5.5.3 Examples and Discussion 

As we have shown the structure of unextendible product bases carries over to indecomposable 

positive linear maps. The results on unextendible product bases that we presented in sections 

5.4.2-5.4.3 give us many examples of these indecomposable positive linear maps. In this section 

we will take two examples of unextendible product bases and demonstrate the construction of 

Theorem 10 and Theorem 11. 

Example 1: Consider the Pent UPB, Eq. (5.4.3). Let /9P e n t be the bound entangled 

state derived from Pent as in Eq. (5.4.6), Proposition 6. We choose a maximally entangled 

state |$ ) , here named | $ + ) , 

|$+> =-^( |11> + |22> + |33». (5.5.19) 

One can easily compute that 

( • * | * _ | ^ - i - ( i - J ± ^ ) > a (5.5.20) 

The map S as defined in Eq. (5.5.14) Theorem 11, follows directly: 

4 

S(|»)0'l) = J2(i\vk)(vk\j)\v2kmod5){v2kmod5\ - e\i)(j\. (5.5.21) 
k-0 

A positive linear map S : B(Wn) -> B(Hm) is called unital if S ( l „ ) = l m . We will demon

strate that S is not unital. One can write 

4 

S(1A) = Tr^H = Y^ |«2*mod5>(vafcmod6| - 3« TV„|$+)($+ |, (5.5.22) 
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which in turn is equal to 

«M-^ittStt*)-1» (5'523) 

A numerical approximation of e as defined in Eq. (5.5.9) Theorem 10, gives the value 

e«0 .037911 , (5.5.24) 

but we don't know whether this is the minimum of the function in Eq. (5.5.9). 

The next example is based on a more general unextendible product bases that was presented 

in Ref. [129]. 

Example 2: The states of S, Tiles3n in W3 ® Hn are 

1 " _ 1 

|F°> = -F=i=|0)®(|l> + E ^ ( , - 2 ) | 0 ) 1 l < ^ < n - 3 , (5.5.25) 

IF,1) = = ? i = | l > ® ( | 2 ) + 5>*<,-3>|J>)> l < f c < n - 3 , (5.5.26) 

\Fi) = —L=\2)®(\0) + J2ujkV-V\l)), l<k<n-3, (5.5.27) 

|03> = i ( | 0 > - | l » ® | 0 > , (5.5.28) 

|<M = - i ( | l> - | 2»® | l> , (5.5.29) 

life) = ^ ( | 2 > - | 0 » ® | 2 ) , (5.5.30) 

2 n—l 2 n - 1 

3n . . 
z—0 J—Q 

and we have w = exp(27ri/(n — 2)). Here the states {|fc)}^Zo form an orthonormal basis. In 

total there are 3n — 5 states in the basis. We choose a maximally entangled state, again we 

take |$+) , Eq. (5.5.19). One can show that 

<$ + | PTi.es3n | $ + ) = \ (\ ~ ^j > 0. (5.5.32) 

The map <S: BCH3) —> BCHn) is given as 

Tl-3 2 6 

5(it>o-|) = EE< ii i ;?>< / !?iJ>+E< ii^><^^-ci i>0'i- (5-5-33) 
J t= l p=0 p=3 

The following questions concerning the positive linear maps that were introduced in this 

paper are left open. 
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1. Is S always non unital? We conjecture it is. As we showed, see Eq. (5.5.22), the answer 

to this question depends on whether 

\s\ 
J2\ßi)(ßi\=clB, (5.5.34) 

where the set of states { | A ) } [ = i are one side of the unextendible product basis and c is 

some constant. The states \ßi) will span HB but they will not be all orthogonal, nor all 

non-orthogonal. 

2. It was shown in Theorem 11 that the new indecomposable positive linear maps 

<S: B(Hm) —> B(Hn) are not m-positive, as they are not completely positive. Are 

these maps <S fc-positive for some k with 1 < k < ml The answer to this question will 

require on a better understanding of the structure of unextendible product bases. 

3. In Ref. [136] (see section 5.4.6) a single example was given of a entangled density matrix 

on Ti3 ® 7ii which was positive semidefinite under the map idß ® T. The density matrix 

was based not on an unextendible product basis, but a 'barely' completable product basis 

S. We did show that the Hubert space Hg had a product state deficit, i.e. the number 

of product states in Hi- was less than d im Tig. It is open question how to generalize 

this example and whether these kinds of density matrices will give rise to more general 

family of indecomposable positive linear maps. 

5.6 Discussion 

Both the bound entangled states and the unextendible product bases from which we derived 

the bound entangled states exhibit a form of local irreversibility. A bound entangled state 

can be viewed as the result of a local entropy-increasing process on a pure entangled state. 

It is the nature of a bound entangled state that this process cannot be reversed locally; we 

cannot distill pure entanglement out of a bound entangled state. The states in an unextendible 

product basis are states that can be prepared locally. The uniform ensemble of the UPB states 

can be viewed as the result of an entropy-increasing process in which the local preparers forget 

which state was prepared. We have shown that this process cannot be reversed locally, as the 

preparers are not able to confidently distinguish the members of the ensemble. 

The question what minimal nonlocal means are needed to undo both kinds of processes is 

not answered by this work. Another question that is related to this work, is the question of 

the use of bound entangled states. Bound entangled states are not helpful in the transmission 

of quantum data via a teleportation protocol; it has been shown [140] that any (attempt at) 

teleportation that is done with the use of bound entangled states can also be done without 

the use of entanglement. It is possible that bound entangled states are instrumental in the 

implementation of separable superoperators and measurements. 
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Samenvatting 

Het onderzoeksgebied quantum informatie verwerking ligt op het grensvlak tussen de natuur

kunde en de informatica. Het informatica aspect komt tot uitdrukking in het feit dat we 

bij dit onderzoek geïnteresseerd zijn in computers en informatie verwerkende processen en 

communicatie. Het fysica aspect is erin gelegen dat we voor het uitvoeren van deze compu-

tationele processen meerwaarde proberen te vinden in het gebruik van quantum mechanische 

fenomenen. 

De fysische technologie die aan de basis staat van de huidige generatie computers is sinds 

de jaren '60 niet veel veranderd. De ontwikkelingen in de halfgeleider technologie hebben 

ons in staat gesteld steeds kleinere en snellere rekenchips en logisch geheugen te bouwen. 

Deze trend gaat redelijk gelijk op met de voortuitgang in technieken van magnetische opslag 

en retrieval, die ervoor zorgen dat op een harde schijf van heden ten dage gigabytes kunnen 

worden opgeslagen waar dat nog één megabyte betrof 10 jaar geleden. 

Als we gaan kijken hoe een chip er in detail uitziet, dan vinden we dat het een dun stukje 

gedoteerd silicium is met daarop geëtst een netwerk van transistoren. De transistoren worden 

gebruikt om onder andere logische poorten te maken. De meest elementaire poort die men met 

een transistor kan bouwen is een N O T poort. Het is een apparaatje dat één bit als input en één 

bit als output heeft. Als het input bit een 1 is, is de output een 0 en vice versa. In de transistor 

wordt dit effect bewerkstelligd doordat als de input een 1 is, een klein voltage op de 'gate' 

van de transistor wordt gezet. De transistor geleidt dan stroom door de gedoteerde laagjes 

silicium en de output is een 0. In afwezigheid van een voltage, wat de input 0 representeert, 

is de transistor niet geleidend en is de output een 1. De transistor geleidt niet als de mobiele 

ladingsdragers in het silicium, de elektronen of juist de afwezigheid daarvan, een 'potentiaal 

landschap' zien dat hen er niet toe aanzet om zich te verplaatsen. U kan de ladingsdragers 

vergelijken met water wat nu eenmaal niet graag bergopwaarts stroomt. Om de aard van dit 

potentiaal landschap te begrijpen, hebben we uiteindelijk de taal van de quantum mechanica 

nodig. 

Als we de huidige trend van de miniaturisatie van chips doorzetten naar de toekomst, 

dan zullen we rond het jaar 2020 misschien met bouwstenen werken van atomaire (10~10 

meter) grootte. Op deze schaal is de quantum mechanica onontbeerlijk in de beschrijving van 

hoe de materie zich gedraagt. Het opschalen van de huidige computer architectuur naar dit 

regime wordt, voor zover het technologisch mogelijk zou zijn, nog ernstig beperkt door het 

probleem van oververhitting van een dergelijke 'nanochip'. Het ligt dan voor de hand om te 
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vragen of we de capaciteit van de materie niet beter gebruiken als we quantum toestanden 

als onze elementaire bouwstenen gebruiken in plaats van bits en bytes. We hebben het dan 

over een quantum computer. Waar een klassiek bit slechts twee waardes aan kan nemen, een 

1 of een 0, heeft een quantum bit een hele twee dimensionale complexe vectorruimte tot zijn 

beschikking, waarin de klassieke 1 en 0 slechts twee loodrecht staande vectoren zijn. Essentiële 

eigenschappen van quantum toestanden zoals interferentie, entanglement en superpositie staan 

aan de basis van dit nieuwe computer model. 

In de afgelopen 15 jaar heeft men voor diverse toepassingen gevonden dat het gebruik 

van quantum bits grote voordelen kan opleveren. Deze voordelen zijn gevonden in de vorm 

van de snelheid waarmee op een quantum computer een probleem kan worden opgelost. Het 

quantum algoritme van Peter Shor is hiervan het grote voorbeeld; met zijn algoritme zou men 

op een quantum computer een groot getal in priemfactoren kunnen ontbinden in een tijdsbestek 

van minuten, waar 300 PCs twee maanden voor nodig hebben. Een ander voorbeeld ligt in de 

cryptografie. Met behulp van quantum toestanden is het mogelijk een geheime cryptografische 

sleutel aan te maken tussen twee partijen ondanks dat er tussen deze twee partijen een onveilig 

kanaal bestaat, waarop luistervinken berichten kunnen onderscheppen en afluisteren. 

Het probleem van de quantum bits is echter dat ze veel meer dan klassieke bits een grote 

mate van fragiliteit kennen. Als wij ze willen gebruiken om mee te rekenen, moeten we ze 

enerzijds hermetisch afsluiten van oncontroleerbare invloeden van buitenaf. Anderzijds moet 

de afsluiting van de buitenwereld niet totaal zijn; we willen de quantum bits ook kunnen ma

nipuleren en meten. Het is een reusachtige uitdaging voor de gemeenschap van experimentele 

fysici om quantum systemen te bouwen die aan dergelijke eisen voldoen. Op het moment 

houdt men zich pas met de allereerste bits van een quantum processor bezig. 

Er zijn twee hoofdlijnen aanwezig in dit proefschrift. Enerzijds bestuderen we de kracht 

van een quantum computer. Anderzijds worden fundamentele eigenschappen van quantum 

toestanden in kaart gebracht. 

De grote vraag over de vooralsnog 'papieren quantum computer' is welke problemen hij 

sneller kan oplossen dan een klassieke (gewone) computer en voor welke problemen hij geen 

voordeel biedt. Deze vraag is niet eenvoudig; zelfs voor klassieke computers is het voor een 

grote klasse van problemen, de zogeheten NP-complete problemen, niet bewezen maar wel 

algemeen aanvaard dat een klassieke computer ze niet efficiënt kan oplossen. In Hoofdstuk 

2 van dit proefschrift geven we drie soorten problemen. Het eerste probleem is het bepalen 

van het gemiddelde van een functie en we laten zien dat een redelijke, maar geen exponentieel 

grote, tijdswinst behaald kan worden op een quantum computer. De tweede groep problemen 

waarvoor de quantum computer een aanzienlijk voordeel biedt, zijn problemen van informatie 

extractie met als voorbeeld het munt-weeg probleem. Stel er is een verzameling van n munten, 

waarvan er een onbekend aantal vals zijn. Deze valse munten kenmerken zich erdoor dat zij in 

hun gewicht verschillen van de echte munten; van beide kennen we echter het gewicht. Alle 

echte munten hebben een bepaald gewicht E en alle valse munten hebben een bepaald gewicht 

V. Door deelverzamelingen van munten te wegen, bijvoorbeeld iedere munt afzonderlijk, 
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kunnen we bepalen welke munten vals en welke munten echt zijn. Welke wegingen zullen wij 

uitvoeren en hoeveel wegingen hebben we nodig? Als we de wegingen klassiek uitvoeren, dan 

kan men bewijzen dat tenminste [o ,^ , wegingen nodig zijn. Als we de wegingen met behulp 

van een quantum computer mogen uitvoeren, dan kan men laten zien dat slechts één weging 

voldoende is. Als laatste geven we een probleem waarvoor geen winst behaald kan worden 

door het gebruik van een quantum computer. 

In de Hoofdstukken 3 en 4 doen we een uitgebreide studie naar het simuleren van fysische 

systemen op een quantum computer. Stelt U zich het volgende experiment voor. We hebben 

een pannetje met water dat zich op een temperatuur bevindt van 80 graden Celsius. In 

het pannetje plaatsen we een bekertje koude melk uit de koelkast. Na verloop van t i jd, als 

we het water op constante temperatuur houden, zal de melk dezelfde temperatuur als het 

water aannemen, 80 graden Celsius. We zeggen dan dat we de melk 'au bain Marie' hebben 

opgewarmd of in de natuurkunde dat de melk in thermisch evenwicht is gekomen met het water. 

Dit experiment, of een versie ervan waarbij het water, melk, pannetje en bekertje quantum 

mechanische systemen zijn, is een experiment dat men zou willen simuleren op een quantum 

computer. Het einddoel van het experiment is een bekertje melk van 80 graden Celsius. In 

Hoofdstuk 4 beschrijven we twee algoritmes die een dergelijke proces nabootsen. We laten 

zien dat een quantum computer een natuurlijke omgeving is om deze simulatie van quantum 

systemen uit te voeren; voor zover we weten kan een klassieke computer deze algoritmes niet 

op efficiente wijze uitvoeren. 

Nadat ons bekertje melk in thermisch evenwicht is gekomen met de pan water, zouden we 

misschien het volgende experiment kunnen uitvoeren. Op een bepaald tijdstip laten we een 

kleine druppel honing in de melk vallen. Een tijdje later halen we het bekertje uit de pan en 

meten we hoe stroperig de melk is. Dit vergelijken we met de situatie waarin we geen honing 

toevoegen aan de melk. Ook voor een dergelijk soort experiment, waarin de honing etc. weer 

quantum mechanische systemen voorstellen, beschrijven we in Hoofdstuk 4 hoe het op een 

quantum computer kan worden nagebootst. 

In het laatste hoofdstuk presenteren we diverse resultaten die behaald zijn bij het in kaart 

brengen van fundamentele eigenschappen van quantum mechanische systemen. Een van de 

cruciale eigenschappen van quantum systemen, waarin ze zich onderscheiden van klassieke 

systemen, is hun mogelijkheid tot 'entanglement' oftewel verstrengeling 4. Verstrengeling 

kan aanleiding geven tot een vorm van niet-lokaliteit. Stel wij hebben twee lichtdeeltjes, 

fotonen. Een foton kenmerkt zich onder meer door zijn polarisatie. Denkt U bijvoorbeeld aan 

een polarisatie filter in een zonnebril dat er voor zorgt dat veel van het verstrooide zonlicht 

niet wordt doorgelaten. Het is mogelijk om een paar fotonen te maken welker polarisatie 

toestand verstrengeld is. Alhoewel de twee fotonen zich op grote afstand van elkaar kunnen 

bevinden, bestaat er een extra sterke correlatie tussen hen die niet altijd te beschrijven is op 

4 ln het oorspronkelijke Duitse artikel spreekt Erwin Schrödinger van 'verschränken' dat door het Van 

Dale woordenboek Duits-Nederlands vertaald wordt als kruislings over elkaar leggen, kruislings verbinden. 

Een Nederlandse vertaling van 'verschränken' als verstrengelen correspondeert echter beter met de fysische 

betekenis van de term en blijft dichter bij de Engelse vertaling, 'entangle'. 
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een klassieke lokale wijze. Met lokaal bedoelen we hier dat de variabelen in een klassieke wijze 

van beschrijven zodanig worden gekozen dat er geen schending van causaliteit plaats vindt; 

informatie kan zich niet sneller dan met de snelheid van het licht, ongeveer 300.000 km/s in 

vacuüm, verplaatsen. De Bell ongelijkheden die in Hoofdstuk 5 worden besproken, vormen 

een uitdrukking van de niet-lokaliteit van sommige verstrengelde quantum toestanden. In 

Hoofdstuk 5 wordt een nieuwe relatie gelegd tussen een criterium dat bepaalt of een toestand 

verstrengeld is en een Bell ongelijkheid. 

Verstrengeling is een belangrijk onderwerp in het bestuderen van het gebruik van quantum 

informatie. Laten we aannemen dat de verstrengelde fotonen in bezit zijn van twee personen, 

die doorgaans Alice en Bob worden genoemd; Alice krijgt foton 1, dat wil zeggen, ze kan 

metingen en andere operaties op foton 1 verrichten en Bob krijgt foton 2. Men kan laten zien 

dat het bezit van Alice en Bob van paren van verstrengelde fotonen hen in staat stelt elkaar 

informatie, klassieke of quantum, toe te sturen op een efficiëntere wijze dan mogelijk zou 

zijn geweest als zij niet een dergelijk paar hadden bezeten. Als zodanig vormen verstrengelde 

quantum mechanische toestanden een nuttige bron die men graag wil kwantificeren. Niet alle 

verstrengelde quantum mechanische toestanden zijn echter gelijkwaardig geschapen. Het is 

daarom van groot belang hiërarchieën te ontwikkelen van de verschillende soorten verstrengelde 

toestanden waarvan de zwakste soorten niet converteerbaar zijn tot sterkere verstrengelde 

toestanden via lokale operaties van Alice en Bob en klassieke communicatie tussen Alice en 

Bob. 

In Hoofdstuk 5 wordt een speciale klasse van verstrengelde toestanden geconstrueerd die 

niet converteerbaar zijn tot de meest krachtige bron van verstrengelde toestanden. Deze 

toestanden worden ook wel gebonden verstrengelde toestanden genoemd; hun verstrengeling 

zit als het ware opgesloten en kan niet voor goed gebruik worden vrij gemaakt. De gebonden 

verstrengelde toestanden kunnen worden gezien als het eindprodukt van een lokaal proces op de 

meeste krachtige soort van verstrengelde toestanden. Hun gebondenheid impliceert echter dat 

dit proces niet lokaal ongedaan kan worden gemaakt. Bij de constructie van deze toestanden 

komt niet-lokale onomkeerbaarheid ook op een andere wijze aan de orde. Stel er zijn twee 

personen, Alice en Bob, die met behulp van lokale operaties één uit een set van quantum 

toestanden bouwen. Na de constructie vergeten zij tijdelijk welke uit de set van toestanden 

zij hadden geprepareerd; deze informatie is nu verloren gegaan. Tenslotte trachten zij met 

behulp van lokale operaties en klassieke communicatie, bijvoorbeeld via de telefoon, erachter 

te komen welke toestand zij hadden gemaakt. Wij bewijzen dat de twee personen niet in staat 

zijn dit lokaal uit te voeren. Echter als aan Alice en Bob de volledige vrijheid was gegeven en 

zij samen quantum operaties zouden kunnen uitvoeren, dan kan men laten zien dat zij deze 

taak wel kunnen volbrengen. In deze zin kan men spreken van een lokaal proces dat lokaal 

niet omkeerbaar, maar globaal wel omkeerbaar is. 
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