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Chapter 1 

Quantum Information and Computation 

1.1 The Emergence of a New Field 

The central issue in the emerging field of quantum computation and quantum information 

theory is the application of quantum mechanics in the domain of computation and information 

processing. Interest in the field has partially been created by the idea that at the present rate 

of miniaturization, magnetic storage and silicon technology will reach their limits around the 

year 2020. Any alternative technology for which the units of computation would be on an 

atomic (10~10 m) scale would face the fact that nature is ultimately only correctly described 

by quantum mechanics. 

Richard Feynman [1] observed that there exists no fundamental limit imposed by quantum 

mechanics on the scale at which computation can take place. His view on a quantum computer 

was positive; a quantum mechanical computer could have a strong advantage over a classical 

device in simulating the dynamics of quantum mechanical systems. 

While thinking about the physical basis of computation, Rolf Landauer [2] realized that 

an intrinsic lower bound on the amount of heat that is generated in a computer, is given by 

the heat generation due to the erasure of bit registers. An amount of kT ln(2) calories of 

heat is generated by the erasure of one bit of information. Although this contribution to heat 

generation is negligible for present-day computers, it could result in unacceptable levels of heat 

generation as the miniaturization of computers continues. 

Notational conventions: 

• g{x) = 0{f{x)) if there are positive constants c and x0 such that for all x > XQ 

\g(x)\ < c\f(x)\. 

• g(x) = n(f(x)) if there is a positive constant c such that \g(x)\ > c\f(x)\ for 

infinitely many x. 

• f(x) = Poly(x) if there are positive constants c and x0 such that for all x > x0 

\m\ < c|Poly(a;)| where Poly(x) is some polynomial in X. 

• log denotes the binary logarithm unless stated otherwise 
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In 1973 Charles Bennett [3] found that computation, unlike physical work, does not need 

to be an irreversible heat-generating process. He showed that every computation can be done 

in a logically reversible manner. In 1989 he showed that there is a universal way of reversibly 

simulating every irreversible computation that uses space S and time T, in space ceS l ogT 

and time T 1 + £ for all e > 0, where c£ is a constant depending on e. These ideas opened the 

way to the exploration of new ways of intrinsically reversible computation such a quantum 

computation. 

In 1982 David Deutsch [4] raised the question of digital quantum mechanical computers and 

formulated a quantum mechanical version of the Turing machine—a logical model for classical 

computation. He realized that this computer might have computational advantages over a 

classical device. Together with Richard Jozsa [5] he formulated the first quantum algorithm 

that presented a major gain over any classical algorithm. The problem was to determine 

whether a function ƒ : {0 , l } n - » { 0 , 1 } with even n was constant, that is, f(x) = 1 for all x 

or f(x) = 0 for all x, or balanced meaning that ƒ (x) = 1 for half of the inputs x. Classically 

in the worst case, the function has to be evaluated for n/2 + l inputs to decide which property 

the function has. With the quantum algorithm of Deutsch and Jozsa it is possible to decide 

between the two options with certainty with only one evaluation of the function and 0( log(n) ) 

extra steps in handling inputs and outputs. 

Computation however was not the only task for which researchers had been considering 

the help of quantum mechanics. As early as 1970 Wiesner [6] formulated the idea of 'quantum 

money'. The idea is to produce banknotes whose physical make-up contains, say, a photon 

that is either circularly or linearly polarized. Anyone who tries to counterfeit such notes, would 

run into the problem of having to determine the polarization of the photon. This cannot be 

done without disturbance of the quantum state, as the counterfeiter does not know the basis 

in which the photon was polarized. This idea became the basis of quantum cryptography, of 

which the first protocol (BB84) was formulated in 1982 by Bennett and Brassard [7]. 

An important breakthrough in the field of computation came in 1994 with Peter Shor's 

polynomial time factoring algorithm [8]. We will discuss this algorithm briefly in the next 

chapter, section 2.1.1. 

In Figure 1.1 we present an overview of the most striking efforts and achievements in 

quantum computation and quantum information theory as they stand right now. The overview 

in the figure is by no means comprehensive (and is quickly outdated). In the following sections 

we will discuss some of these results. 

1.2 Applications of Quantum Tools 

1.2.1 Quantum Key Distribution 

The goal of the BB84 quantum key distribution protocol is for two people, usually called Alice 

and Bob, to enlarge a shared random secret bit string. This bit string can serve at a later time 



1.2 Applications of Quantum Tools 

Topic Theoretical Achievements Experimental Realization 

1. Quantum BB84 [7] protocol (and others) Polarized photons 

cryptography proven secure by Mayers [10] (and others) over 23 km fiber [12]; 

1 km open night air [13] 

2. Quantum Shor's [8] factoring in polynomial time; Various 2 qubit algorithms 

algorithms Grover's 0(y/n) search [14] implemented on NMR 

algorithm etc. quantum computer [18]; 

Deterministic GHZ and 

3. Physical Internal levels of trapped ions [15]; EPR preparation [19]; 

implementations Nuclear spins in NMR [16]; Error correction 

of a quantum computer Electron spins on quantum dots [17] etc. schemes in NMR [20] 

4. Quantum Noiseless quantum coding theorem [21]; Teleportation of a polarized 

communication Quantum teleportation [22]; photon [24, 25] and 

over noiseless and noisy Quantum error correcting code theory nuclear spin (in NMR) [26]; 

channels and fault tolerant computation [23] see also 2-3. 

5. Classical comm. 0(y/n\ogn) set intersection QC 
complexity, and other speed-ups [28]; 

using quantum 0( log(n)) sampling complexity [29] 

communication etc. 

6. Classical capacity Capacity of some channels QC 
of quantum is achieved by encoding 

channels with nonorthogonal states [30]; 

Capacity enhanced by sharing of 

entanglement [31] 

7. Simulation of physical Efficient implementation of 2-qubit NMR 

systems unitary evolution [32]; 

Finite temperature 

simulations (see Chap. 4) 

unitary evolution [33] 

Figure 1.1: An overview of the various applications and achievements of the use of quantum 

mechanics in computation and information processing tasks. QC denotes that no experiments 

have been performed for the implementation of the protocol/task, but the implementation is 

of similar hardness as the building of a quantum computer for which the efforts are summarized 

at items 2. and 3. 
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as an encryption key for messages between Alice and Bob. Their task is to enlarge their key by 

sending each other messages over a classical or quantum channel, on which an eavesdropper 

(Eve) might be listening. The BB84 protocol provides a way to perform this task by sending 

quantum data. 

Alice sends a random sequence of qubits in two different bases, the { |0) , |1)} basis and 

the { ^ ( 1 0 ) + |1)), -7g(|0) - |1))} basis over a public quantum channel to Bob. She privately 

writes down the choices for bases and states that she made. Bob measures these qubits, in 

one of the two different bases at random. He announces publicly (over a classical channel) 

which bases he chose, but not which measurement outcomes he found. Alice responds publicly 

by telling him which bases were correct, that is, which measurements were done in the same 

basis in which Alice prepared the qubits. They then discard the qubits on which Bob did the 

wrong measurement. The outcomes of these measurements for which Bob's basis differs from 

Alice's, are uncorrelated with the states that Alice has sent; a |0) has a 50% of being measured 

as J=(|0) + |1)) and a 50% chance of being measured as ^=(|0) - |1))). 

If there is no eavesdropper Eve, Alice and Bob now would share a random string of bits. 

These are the outcomes of Bob's measurements in the correct basis. An eavesdropper Eve 

could try to copy the quantum states that Alice sends. The no-cloning theorem [9] makes it 

impossible for Eve to perfectly copy quantum states in the basis 4=( |0)± |1) ) and |0), |1). More 

generally, the quantum key distribution protocol relies on the fact that the information that Eve 

gets about the quantum states is visible to Alice and Bob as a disturbance in the correlation 

between the sets of outcomes that they obtain when Bob's measurement is aligned with Alice's 

preparation. To determine their degree of privacy in the presence of an eavesdropper, Bob and 

Alice go through a protocol of selecting a random subset of the remaining bits and see how well 

they correlate publicly. After these bits are sacrificed Alice and Bob go through a procedure 

of error correction on the remaining qubits and finally privacy amplification to distill a set 

of shared bits about which they are highly confident that Eve has little information. Mayers 

[10] has proven the security of quantum key distribution (BB84) under all possible attacks of 

Eve, that is, he has shown [11] that the mutual information of Eve with a final key which has 

| ( 1 — H2{25) — H2(S)) bits where n is the initial set of qubits that Alice sends, can be made 

arbitrarily small for large enough n. Here 5 is the one bit error probability for bits of the key; 

it is the probability that a randomly selected bit on which Alice's and Bob's bases coincide is 

different. H2(p) is the binary entropy function H2(p) = —plogp — (1 — p) log( l — p). 

The first quantum cryptography apparatus was built by Charles Bennett and John Smolin 

at IBM in 1989. The qubits were polarized photons and the channel between Alice and Bob 

was 30 cm of air. At present quantum cryptography takes place over 23 km in optical (telecom) 

fiber [12] and 1 km in open night (and also day) air [13]. 

1.2.2 Classical Communication over Quantum Channels 

Channels with a capacity to transmit classical information as described in classical information 

theory, are called classical channels in the broader context of quantum information theory. 
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These channels are described by a set of errors, -bi t f l ips-, and their probabilities on a set of 

orthogonal bit strings. A complete description of any physical channel requires a description 

of the action of the channel on any quantum mechanical state. We then speak of quantum 

channels. The study of the capacity of quantum channels for transmitting classical information 

has resulted in an explicit expression for the classical capacity of a quantum channel [34]. In 

this more general setting it has been shown [30] that there are quantum channels for which 

optimal classical information transmission is achieved by encoding the data in non-orthogonal 

quantum states. Such an encoding thus surpasses any 'classical' encoding scheme in which 

only orthogonal sets of states are being used. In Ref. [31] a scenario was considered in which 

a sender and receiver share an unlimited amount of entanglement. Sender and receiver are 

also connected by a noisy quantum channel. It was shown that the classical capacity of the 

quantum channel was enhanced by the use of the shared entanglement. 

Another topic in which interesting advances have been made is the problem of classical 

communication complexity. Two parties wish to compute the value of a function f(x,y) on 

some inputs x and y. One of the parties, Alice, holds bit string x and the other party, Bob, 

holds bit string y. The goal is for the two parties to determine the value f(x, y) by using the 

minimal amount of classical communication. If we replace the classical communication with 

the communication of quantum bits, it has been found that less communication is needed 

for certain functions. Buhrman, Cleve and Wigderson [28] have shown such a reduction in 

communication costs for the computation of the set intersection function on n-bit strings, 

f(x, y) = V"= 1 (x , A yi) e { 0 , 1 } . With their protocol Alice and Bob can determine the value 

of the function with bounded probability of error using an amount of quantum communication 

of 0(y/n\ogn) qubits. Classically, in the worst case, fi(n) bits are needed for Alice and Bob 

to find the correct answer. 

A different approach was pursued by Ambainis et al. [29]. The goal now is for Alice and 

Bob to set up a joint probability distribution n(x,y) over bit strings x and y, where Alice 

can draw bit string x and Bob can draw bit string y. Setting up this distribution can form 

the first part of a protocol in which they sample a function f(x, y) over this joint distribution 

n(x,y). The authors considered for example how much quantum communication it would 

cost to set up the uniform distribution over all n-bit disjoint strings x and y with Hamming 

weight 0{^/n). They found a quantum protocol that enabled Alice and Bob to sample from 

such a distribution using only O( logn) quantum communication. This presents an exponential 

reduction from the classical costs where the number of bits that have to be communicated is 

n(Vn). 

A consequence of these gains with quantum protocols is that as the amount of commu

nication is reduced, the evaluation of a joint function f(x,y) or the sampling from a joint 

distribution is carried out in a more discreet way; Alice and Bob obtain less information about 

their mutual bit strings x and y. For example, in the set intersection problem, in the worst 

case, ù(n) bits need to be communicated in order to solve the problem with classical commu

nication. In the quantum protocol 0 ( v
/ n log n) quantum bits are sufficient. Holevo's theorem 
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[35] states that k qubits can carry no more than k classical bits of information. Therefore 

Alice will not learn more than 0 ( ^ / n log ra) bits of information about Bob's bit string y. 

1.2.3 Quantum Communicat ion and Teleportat ion 

In the previous paragraph we briefly discussed the use of quantum data in problems of classical 

data transmission. Central to the field of quantum information theory is the problem of 

transmission of quantum data over quantum channels. 

For a noiseless quantum channel Schumacher [21] has established the quantum equivalent 

of Shannon's classical noiseless coding theorem. Given is a quantum source characterized by 

a set of states and their probabilities: {pi, \ipi)}. Let 

i 

and S(p) = —Trp logp , the von Neumann entropy of the source. Schumacher showed that 

the source messages can be transmitted with arbitrary high fidelity (arbitrary low probability 

of error) in on average nS(p) quantum bits, where n is the number of qubits emitted in the 

source message, for sufficiently large n. In contrast, Shannon's expression for the capacity of 

a noisy classical channel reads 

C = maxH(X;Y), (1.2.2) 

where X is the input source and Y represents the output signal. The input source is given by 

a set of a messages and their probabilities {xi,p(xi)} with J2iP(xi) = 1 a n c ' similarly for the 

output signal, {yj,p{y})}. H(X;Y) is the mutual information between X and Y: 

H(X-Y) = H(X)-H{X\Y), (1.2.3) 

where H(X) is the Shannon entropy of the input source, 

H(X) = -J2P(X') loSP(^)> (1.2.4) 
i 

and H{X\Y) is the conditional entropy 

H{X\Y) = - V p ( i „ yj) \ogp{xi\yj). (1.2.5) 
hi 

The max in Eq. (1.2.2) denotes the maximum over all possible input sources {xi,p(xi)}. 

Noisy quantum channels have turned out to be much richer in structure and much harder to 

characterize. We have not yet obtained an expression for the quantum channel capacity that 

allows us to calculate the capacity of a quantum channel, such as Eq. (1.2.2). 

Although determining the capacity of a quantum channel remains an open problem for 

almost all quantum channels, much progress has been made in developing a theory of quantum 

error correction. The goal of quantum error correction is to encode a quantum state that is 
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to be protected from noise on a quantum channel or decoherence in a quantum memory, in a 

quantum state in a larger Hubert space such that an error process that corrupts this encoded 

quantum state can be undone by performing an error correcting procedure. 

Many workers were initially doubtful of the very existence of error correction for quantum 

states. Most of the objections which were raised were centered on two points: (1) the process 

of decoherence, seen as a measurement process, will irreversibly destroy the information that is 

contained in the quantum state, and (2) the quantum state is analog (it is, after all, specified 

by a set of complex numbers); thus, errors caused by decoherence come in an almost infinite 

variety (perhaps limited by the precision with which states are specified), and at least some of 

the errors simply rotate the system into a different legal quantum state and thus would not 

be detectable as errors. 

The quantum error correcting codes, first discovered by Peter Shor [23] and subsequently 

elucidated by many others, overcome both of these objections. Nonetheless the first objection 

is correct when the decoherence rate is high, i.e., when the error rate is large ; it is typical of 

any error correction scheme, quantum or classical, that it can be overwhelmed if errors occur 

faster than they can be corrected. When we consider such a quantum channel, we are led to 

say that the channel has zero quantum capacity at these high error rates. 

Perhaps the greatest surprise which emerges from the error correcting procedures is that the 

way quantum error correction works is basically digital and not analog. The essential digitizing 

steps are quantum measurements, which force the whole continuum of possible errors to effect 

the quantum state, for example a qubit, in just one of three possible canonical ways; once one 

of these "stereotyped" errors are detected, it can be undone by one of a discrete set of unitary 

transformations. 

Teleportation 

When a sender Alice wishes to send a unknown quantum state over a quantum channel to 

a receiver Bob, she cannot keep a copy of this state to herself. This is a consequence of 

the "no-cloning theorem". There exists an alternative to a straightforward transmission of 

the quantum state that can be used when sender and receiver share entangled states. This 

protocol, called teleportation [22], exhibits some of the essential features of quantum data. 

Assume that Alice has a single unknown qubit that she wants to send to Bob: 

\1>) = a\0) + ß\l), (1.2.6) 

with \a\2 + \ß\2 = 1. Alice starts by making an entangled state 

|*-> = - 1 ( | 0 1 ) - | 1 0 » . (1.2.7) 

She sends half of the state, one qubit, to Bob, over the quantum channel, which we assume 

to be noiseless. On the unknown state, Eq. (1.2.6) and her half of the entangled state, she 



1 Introduction 

performs a measurement in the "Bell basis" given by the following four orthogonal states: 

{l#±) = 7! ( | 0 0 ) ± | n ) ) ' l * ± } = 7! ( | 0 1 ) ± | 1 0 ) ) } • ( 1 Z 8 ) 

The measurement outcomes represent two bits of classical data which she sends to Bob over a 

classical channel. Bob rotates his half of the original entangled state in the following manner 

Alice's outcome Bob applies 

|$+) av, (1.2.9) 

where ax,ay and az are the three Pauli matrices: 

0 1 \ / 0 -i \ / 1 0 
i o ' ff*= i o ' ffz= 0 - 1 

(1.2.10) 

The protocol has the effect that the state of Bob's half of the entangled pair is now 

identical to the state that Alice wanted to send him, Eq. (1.2.6). 

There is an advantage in using the teleportation protocol over a straightforward encoding 

of the qubit for certain noisy channels. When the channel is noisy, Alice and Bob will not share 

a pure entangled state such as Eq. (1.2.7), as half of the entangled state that Alice prepared 

went through the noisy channel. They will start out with a mixed entangled state. In Refs. 

[36, 37] it was shown how Alice and Bob can distill pure (maximally) entangled states out 

of a special family of such mixed states by using classical communication and local quantum 

operations only. It was shown that when they perform such a "purification" protocol with the 

help of 1-way classical communication only, from Alice to Bob, that the purification protocol 

and the subsequent teleportation is equivalent to the sending of the quantum data with the 

use of a quantum error correction code. However when one allows communication between 

Alice and Bob in both directions, then the amount of quantum information that can be sent 

can be larger than in a 1-way protocol. This implies that there exist quantum channels for 

which sending quantum data via teleportation is more efficient than via error correcting codes. 

The teleportation of a qubit has been accomplished in several experiments in 1998, see 

Refs. [24, 25, 26, 27], 

1.3 Decoherence and Physical Implementations 

Between Alan Turing's paper of 1936 that laid the foundation of the modern computer and 

the building of the first modern electronic computer in 1946 (the ENIAC, capable of arithmetic 

manipulations of 10-digit numbers) stood a period of 10 years of research. It has now been 14 

years since David Deutsch in 1985 accomplished his feat of imagination by formulating a model 
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of a quantum mechanical Turing machine. While one can expect that building a prototype 

quantum computer with the computational capabilities of the ENIAC is still some time in the 

future, important progress has been made in the last two years in surmounting what had been 

considered a major, perhaps impassable hurdle on the way to building a quantum computer: 

the phenomenon of decoherence. A method for limiting decoherence in a quantum computer 

has emerged in the form of quantum error correcting codes and fault-tolerant schemes for com

putation. These will permit a quantum computer to operate in the presence of decoherence, 

given that the noise level is sufficiently low. The present estimate of the rate below which 

quantum computation can take place is in the neighborhood of an error probability of 10~4 

per qubit per clock cycle. The assumption on which such an estimate is based is that these 

errors occur independently on individual qubits (or other small subsystems). If a clock cycle, 

the time it takes to implement elementary gates, is of the order of 1 ßs, then a decoherence 

time of the order of 0.01 sec. is required for the successful implementation of fault-tolerant 

computation. 

DiVincenzo [38] has identified five basic requirements that must be met in order for a 

physical system to serve as a candidate quantum computer. These are: 

1. Control of the Hubert space: (1) the computationally available states in the Hubert space 

can be enumerated and (2) it is possible to extend the available Hubert space with a 

polynomial amount of qubits without an exponential increase in physical resources. This 

last requirement ensures that the computation is scalable. 

2. State preparation: one must be able to prepare the quantum computer in a known initial 

state with low constant probability of error. 

3. Limited decoherence: the amount of decoherence that can be tolerated, will often depend 

on the specifics of the physical setup. There will usually be a non-uniformity in errors, a 

mutual dependence of errors and the error rates can critically depend on the size of the 

quantum computer. 

4. Controlled unitary transformations: one has to be able to implement a universal set of 

elementary quantum gates that operate on few qubits. By using elements of a universal 

set of quantum gates it is possible to build any unitary transformation on n qubits. An 

example of a universal set of a quantum gates is the following set. We have a C N O T 

gate: 

C N O T : |o>®|6> - > | o ) ® | o © 6 ) , (1.3.1) 

where © denotes the XOR operation, and any one qubit phase-shift P: 

r> HA ƒ |&) if & = 0, , 
P : | 6 > - T e * | 6 > if 6 = 1, <"-2) 
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where - is irrational. In addition we have a one qubit Hadamard transform: 

TT IM J 75(1°) + I1)) i f & = °' f n f l 

* : | 6 M l ! ( | 0 > - | l > ) if 6 = 1 . ( L 3-3 ) 

5. Readout: one should be able to efficiently perform measurements on local subsystems 

(for example qubits) of the computer in the computational basis. 

Currently existing proposals and physical implementations each have their way of addressing 

these requirements. We will discuss one of them here. Cirac and Zoller [15] have proposed a 

model quantum computer in which two internal levels of an ion (for example a beryllium ion 

Be+) in a trap serve as a single qubit. By putting several ions in a linear trap a small quantum 

processor could be made (requirement 1). The one-dimensional vibrational mode of the string 

of ions in the trap forms a last 'helper' qubit; it is a qubit that mediates the interaction between 

the ion qubits. The trap is cooled down to the regime where kT is lower than the energy vx of 

the lowest vibrational mode (which is the center-of-mass mode) of the string of qubits. This 

ensures that the helper qubit state is prepared in its ground state (requirement 2). 

By applying laser pulses on each ion individually at resonance with u, the energy difference 

between the |0) and |1) state, for an appropriate amount of time, every single qubit rotation 

can be performed. A CNOT operation between two qubits involves the helper qubit. The idea 

is to first perform a SWAP between the helper (or 'bus') qubit and the state of the control 

ion: 

SWAP: |a) ® |6)-H&) ® |a), (1-3.4) 

on basis states \a) and \b). Then one performs a CNOT, Eq. (1.3.1), between the helper qubit 

and the 'target' ion, where the helper qubit now functions as a control. Finally, one swaps 

the helper qubit state back with the original control qubit. The SWAP between the helper 

phonon and the ion-qubit is enacted by tuning the laser to be resonant with u> — vx. This 

has the effect that an excited ion state |1) de-excites to |0) and emits a phonon, that is, the 

center of mass mode is excited. In this way a set of universal quantum gates is constructed 

(requirement 4). 

Finally, for the read-out Cirac and Zoller propose to use the technique of quantum jumps. 

The idea is to tune the laser to a sharp transition between say the |0) state of the ion and a 

high-lying unstable level. If the state of the qubit is |0) the transition to the unstable level 

will be made and when the level decays an emitted photon can be observed. If the state of 

the qubit is |1) no photon will be observed (requirement 5). 

Heating of the vibrational mode has been estimated to be the limiting factor in the per

formance of the trap, as the timescales of other sources of decoherence, such as transitions 

in the internal state of the 'qubit' ions and inaccuracies in the performance of the laser, will 

typically be longer. A decoherence time of 1ms has been reported. In a review paper about 

the ion trap model [39] Andrew Steane estimated that without the use of error correction a 
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quantum information processor with 10 qubits on which about 200 elementary gate operations 

can be performed coherently, lies within the reach of experiment. 

The cooling to the quantum regime and the operation of CNOT gates have been demon

strated experimentally by the group of Monroe and Wineland at the National Institute of 

Standards and Technology. In Ref. [19] this group presented an experiment in which an 

entangled state between two trapped ions was prepared deterministically. This is the first 

experiment in which an entangled state was created 'on demand' and not by means of post 

selection on a probabilistic process. It is clear that the ability to create entanglement and 

implement gates deterministically is one of the achievements that may help us eventually to 

build a quantum computer. 

Although the overview of Table 1.1 shows that the theoretical efforts are still far ahead of 

what has been achieved in the laboratory, continuing progress is being made on both fronts. 

We hope that the results presented in the following chapters will contribute to this progress. 
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