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Chapter 2 

Quantum Algorithms 

2.1 Introduction 

In this chapter we discuss various quantum algorithms. In the first two sections 2.1.1 and 2.2 

we review the two classics: Shor's factoring and Grover's search algorithm. In section 2.2.1 we 

will present an application of a generalization of the quantum counting algorithm. In section 

2.3 we exhibit a problem for which a quantum computer has a considerable advantage over a 

classical device. Finally, in section 2.4 we present a problem for which a quantum computer 

has almost no advantages over a classical device. 

2.1.1 The Factoring Algorithm 

The best classical algorithm that factors a composite number TV in its prime factors takes time 

O(ec(io6A')1/3(iogiogA02/3') w i t h a fjxec j c o n s t an t c. The algorithm is thus exponential in the size 

of the problem log TV. The decision variant of factoring, -are there integers m i , m 2 > 1 such 

that N = niim-i-, lies inside the complexity class NP n co—NP, and hence is very likely not 

NP-complete. 

In 1994 Peter Shor [8] exhibited an algorithm that factors a number N in polynomial time 

on a quantum computer. His algorithm takes time O ((log A r )2 ( loglog TV) (log log log N)) plus 

a polynomial amount of postprocessing on a classical computer and O (log AT) space. The 

importance of factoring stems from the fact that the popular RSA public-key crypto-system 

is based on the hardness of factoring. As a benchmark to assess the state of the art, the 

inventors have published a challenge list of RSA numbers of increasing length. The current 

record holder is the CWI. At the CWI currently 512 bit RSA numbers are being factored using 

300 computers with an average clockspeed of 300 MHz for two months [40]. This amounts to 

a total of approximately 1017 elementary operations. If a perfectly operating (hence no error 

correction) quantum computer would be available such a 512 bit number can be factored with 

around 1 0 u elementary operations, which would take (with a 300 MHz quantum processor) 5 

minutes. This quantum computer would use approximately 2560 qubits. 

The problem that Shor's quantum algorithm solves is finding the order of an integer x 
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mod N which is coprime to N, i.e. gcd(x,N) = 1. The order of x is the smallest number 

r such that xr = 1 mod N. It can be shown that when the order of a random x mod TV 

(coprime to TV) is determined one can find with polynomial extra effort a non-trivial factor of 

TV with probability larger than 1/2. 

Let us review the steps of the quantum algorithm. We choose an x randomly (coprime to 

TV). We choose an integer g as a power of 2 such that N2 < q < 2TV2. The first step is to 

prepare an equal superposition indexed with a = 0 , . . , , q — 1: 

5 - 1 
1 ^ |a)®|x)<8|0) . (2.1.1) 

a=0 

Then in the last register, that initially is prepared in the state |0), we compute the function 

ƒ (a) = xa mod TV: 

1 ' _ 1 

— y la) ® \x) ® \xa mod TV). (2.1.2) 

The next step is to measure the last register. We can distinguish two cases: (1) the order r 

of x divides q and (2) r does not divide q. Let us see here what happens in the simplest case 

when r divides q. When the measurement on the last register results in the value xk mod TV, 

this amounts to selecting in the superposition in the first register all the values a = k + jr for 

j = 0 , . . . , s — 1. The remaining (leaving out the last two registers) normalized state then 

reads: 

, î / r - l 

- j i = X > + jr>. (2.1.3) 
IqJT j=0 

Now a quantum discrete Fourier transform DFTq is performed on the first register 

1 q~l 

DFTq: \a) -»• — ^ el27rac/«|c), (2.1.4) 

leading to the state 

1 1 "-1 

—-^Y 
q/r-l 
V ^ ei2w(k+jr)c/q 

j=0 

\c). (2.1.5) 

The amplitude in each state \c) ® \x) is a Fourier sum which we can rewrite using the identity 

, Q/r-l 

— y ei2*(*+*-W« = e
l 2 l rW^ c ^ m = 0,. . . , r - 1. (2.1.6) 

q/r •'—' 

Thus we may rewrite the state of Eq. (2.1.5) as 

r - l 

Y^\c = rnq/r). (2.1.7) 
1 r - ' 

V m=0 
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When finally the first register \c) is observed, the values of c that occur with non-zero probabil

ity are multiples of 2. We have performed a Fourier analysis on the periodic amplitude of the 

state in Eq. (2.1.3). With a sufficient number, 0 ( l og log /V ) , of repetitions of this preparation 

and measurement routine, we can approximate the period q/r between these peaks of the 

Fourier spectrum and thereby determine r. When r does not divide q the state in Eq. (2.1.3) 

will not exactly correspond to a periodic function. This will introduce some smearing of the 

peaks in the Fourier spectrum. With some additional analysis it is possible to show that also 

in this case a reliable estimate of the period r can be found efficiently. 

The effectiveness of Shor's algorithm relies on the efficient implementation of two crucial 

subroutines: 

1. the computation of the function f (a) = xa mod N for I bit numbers a and TV can be 

implemented in 0(l3) time and, 

2. the quantum Fourier transform DFTq over Zq for q = 2' can be performed on a quantum 

computer in 0 ( / 2 ) time. 

It would be of great interest to find other functions ƒ (a) for which period-finding is hard 

on a classical computer, but the implementation of ƒ (a) for exponentially large a in the size 

of the problem is efficient. 

2.2 Generalized Quantum Searching and Count ing 

We review Grover's quantum search algorithm [14] and its generalizations. In Grover's original 

setting a function ƒ : { 0 , 1 } " —> { 0 , 1 } is given as an oracle. Upon an input \x) <g> |&), the 

oracle returns 

\x)®\b)Q^y\x)®\b($f(x)). (2.2.1) 

It is promised that there is exactly one input x for which f(x) = 1, for all other inputs 

ƒ (x) = 0. The problem is to determine x such that ƒ (x) — 1 with the least number of oracle 

calls. To find the input for which f(x) = 1 with bounded probability of error on a classical 

device takes fi(/V) (N = 2") evaluations of the function ƒ. Grover's quantum algorithm [14] 

uses 0(y/N) oracle calls to find the input x for which f(x) = 1 with bounded probability 

of error. In Ref. [41] (see also Ref. [42]) the quantum algorithm was generalized to search 

problems in which the function ƒ takes the value 1 for a possibly unknown number of inputs. 

The search algorithm was subsequently generalized in Refs. [43] and [44] to quantum 

counting and amplitude amplification. We will discuss the amplitude amplification algorithm 

of which the search algorithm is a special case. We show how the amplitude amplification 

algorithm can be used to estimate the size of a matrix element of a unitary matrix. 

We define a unitary transformation G: HN —> 7iN as the Grover transform: 

G = -UIJU
tIl, (2.2.2) 
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where / \ = 1 — 2\i){i\ with \i) G "H^ and similarly Ij. In Graver's original search algorithm 

U = lP and 

This is the first step of Graver's algorithm. Furthermore, in that algorithm we choose \j = 0) 

and \i) of It in Eq. (2.2.2) is the state for which f(i) = 1. The unitary transformation It is 

implemented with a single function call: We use an additional register prepared in the state 

;75(|0) — |1)) and query the oracle: 

\j) ® -J=(|0) - |1» n y (-l)'W|j> ® -±=(|0) - |1». (2.2.4) 

In the generalized algorithm we start in the state 

U\j) = Ut]\ï) + Y,U^k)- ( 2 - 2 - 5 ) 

Here the states \i) and \j) are orthogonal. Now the Graver transform is applied repeatedly. 

This leads to a quantum state of the form 

GkU\j) = akU13\i) + ßkJ^Ukj\k), (2.2.6) 
k^i 

where ak and ßk are the solutions of a recurrence relation: 

ak+1 \ _ / l-2\Ui3\
2 2(1 - | ^ | 2 ) \ / ak 

12 1 _ o i r r . 1 2 (2.2.7) 

(2.2.8) 

ßk+1 j \ - 2 | % p 1 - 2|f/!Jf y v pk 

The solution for these recurrence relations is 

ak = J^-1sin((2fc + l)6l), 

ßk = , l cos((2fc + 1)0), 

where 

sin2e=\UlJ\
2. (2.2.9) 

In the original Grover search \Uij\2 = jj. The amplitude of the state \i) which is the input 

for which f(i) = 1, is an oscillating function of the number of Grover iterations which gets 

close to 1 for the first time when k = 0(\/N). Thus when a measurement is performed after 

0(y/N) Graver transforms G, the probability of finding state \i) is high. 

In the general case the probability |t7ijf [
21o; f c |2 is a periodic function in k and its period is 

determined by the size of \Utj\
2 via the relation of Eq. (2.2.9). In Ref. [41] it was observed 

that by performing a Fourier transform as in Shor's factoring algorithm, Eq. (2.1.4), it is 

possible to estimate the period of this function and thereby indirectly estimate \UtJ\
2. In the 

case of Grover searching with an unknown number of inputs for which the function value is 1, 

this algorithm results in an approximate counting of the number of such inputs. In that case 

\Uij\2 = 77 where t is the number of inputs for which ƒ takes the value 1. For the general 

case, the following lemma has been proved: 
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Lemma 1 [44] Let \i) e V.N and \j) e %N be two known orthogonal quantum states. Let 

U be a unitary transformation and let \Uij\2 be given by 

U\j) = Uij\i) + .... (2.2.10) 

Let the Grover transform be given by 

G = -UljWli, (2.2.11) 

with Ii = 1 - 2\i)(i\. There exists a quantum algorithm that estimates the value ofp = |£/y |2 

as p such that 

- , 27T ^ 7T2 

\P-P\ < -j;VP+j2' (2.2.12) 

with probability at least p- using L > 4 Grover transforms. 

We compare this result with estimating | [ / y | 2 in a 'classical' way; we prepare the state 

| i ) , then we apply U and measure in the basis which contains the vector \i). We repeat this 

process in order to estimate the probability p = |£/y|2 with which we obtain outcome \i). The 

number of times one has to repeat the process in order to get an estimate for |C/y|2 with 

precision 5 and probability e is 0{\n(e~l)5-2) [52], In the quantum algorithm a precision 8 

and a probability of at least 4r is obtained by using only L = 0 ( 5 " 1 ) Grover transforms. This 

illustrates the efficiency of the quantum algorithm. 

2.2.1 An Application: Mean Estimation 

It is possible to generalize the Grover transform of Eq. (2.2.2) and the quantum algorithm 

for matrix element estimation one step further. Consider the Grover transform in Eq. (2.2.2). 

Let U be a unitary transformation on Hi ® 7i2, a quantum system that is composed of two 

subsystems. Let \j) en1<E>H2. Let \i) eU2 and let I, be of the form lHl ® ( 1 % - 2\i){i\). 

We write 

u\i) = \i>)® lO + KV-®*)1), (2.2.13) 

where \ip) is some (unnormalized) state and \(ip ® i)-1) is a state orthogonal to \ip®i). We 

also have 

(j\ip®i)=0. (2.2.14) 

We can estimate the matrix element 

I^WI2 = (V#>, (2.2.15) 

with the quantum algorithm that was outlined in the last section (Lemma 1). 
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This kind of algorithm can be used in the following problem. A function ƒ : {0 , l } n —> [0,1] 

is given as an oracle. We would like to estimate the mean 

x=0 

where N = 2n , with a certain accuracy with the minimum number of function evaluations. 

The quantum algorithm that we propose is an application of the generalized quantum counting 

algorithm and provides a square-root speed up in the number of function evaluations com

pared to a classical algorithm. In Ref. [45] Grover presented a quantum algorithm for mean 

estimation which achieves a square-root speed up. The quantum algorithm that we present 

here has the benefit that it is a clear application of the generalized counting algorithm. 

Let k be the number of bits of precision of ƒ. Let \j) = 100 . . . 0), a register with n + 1 

qubits. Let \i) = |1) for the last qubit. 

The following sequence of transformations is the unitary operation U on the state \j) ® 

I00 . . .0 ) = I 00 . . . 0 ) : 

k 

• Prepare a uniform superposition of inputs in the first n (N = 2") qubits: 

1 "-1 

| 0 0 . . . 0 ) ^ - = ^ | : r ) ® | 0 > ® | 0 1 _ ; ; _ 1 0 ) / (2.2.17) 

• Query the oracle and compute f(x): 

j= J2 \x) ® |0> ® |0,... , 0) n y -±= £ \x) ® |o) ® \f(x)). (2.2.18) 
N ^ " • j ' ^N x=0 

Rotate the single (middle) qubit such that 

|s) ® |0) ® \f(x)) -> \x) ® ( \ / 7 M | l ) + \/l-f(x)\0)) ® |/(i)>, (2.2.19) 

and uncompute ƒ to obtain 

1 N-l 

7^ E W ® ( VTWII) + 7WM|0>) ® |0, • • • , 0) . (2.2.20) v̂ v 1 = 0 k 

Let us consider the computational costs of the implementation of the Grover transform 

based on the transformations U, h and ƒ, that we have built. The implementation of the 

transformation U uses the following steps: 

1. n 1-qubit Hadamard transforms of the form 

H, . -L ( ; _\ | . (2.2.21) 
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to create a uniform superposition of all inputs (step 1). 

2. Two function calls of ƒ, one to obtain ƒ and one to uncompute ƒ. 

3. The rotation of Eq. (2.2.19) which can be implemented with 0(k) elementary operations. 

The fc-bit representation of f(x) is first translated in a fc-bit representation of an angle cj){x) 

such that cos 0(:r) = y/f(x). Then a sequence of k controlled rotations is executed on the 

middle qubit depending on the k bits of the angle <j>(x). 

The transformation W is implemented by reversing the operations of U and thus takes an 

equal number of elementary steps. The implementation of Ii=1 = l2n ® ( 1 2 - 2|1)(1|) takes 

a single qubit phaseshift. The implementation of Ij=00...o = l2*+i — 2|00 . . . 0)(00 . . . 0| takes 

n + 1 single qubit phaseshifts. 

We have constructed the unitary transformation U such that a matrix element estimation 

routine, in this case the estimation of the norm of 

1 W - 1 

7^Z)v7Ös)l*>. (2.2.22) 
x=0 

as in Eq. (2.2.15) is equal to the estimation of (ƒ) since 

1 N-l 

W#> = j y X ) ƒ(*) = <ƒ>• (2.2.23) 
x=0 

Therefore by Lemma 1 we find that with probability at least 4? we estimate (ƒ) as (ƒ) ' such 

that 

K/)-C/>'l<^V<7> + S , (2.2.24) 
L V W/ L 2> 

where L is the number of Grover transforms. Thus an estimate of (ƒ) can be obtained with 

precision 5 in a total number of function calls 0(5~l) and an additional processing overhead 

of 0{n,k,5-1). 

This result could be compared with a straightforward use of the counting algorithm in 

estimating (ƒ). One can estimate (ƒ) by running an approximate counting algorithm on each 

bit of (ƒ) . However, in this bit-by-bit procedure, one must run the approximate counting 

routine k times, one time for each bit. Although, one does not need to estimate the lesser 

significant bits with the same precision as the most significant bits, an analysis shows that 

when all bits are relevant, the total number of function calls will be 0(k, 5~x). Thus, when 

function calls are 'expensive' and high precision is required, the quantum algorithm that is 

presented here outperforms a straightforward use of the counting algorithm. 

2.3 Single Query Information Retrieval 

In this section we present a quantum algorithm for a coin-weighing problem, a problem of 

information retrieval. This is an application of Bernstein and Vazirani's parity problem [46, 47] 
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(to which we will refer as the BV parity problem) which provides a strong illustration of the 

power of quantum computation. We will point out the limitations of classical information-

theoretic bounds applied to quantum computation. 

Information theory is a useful tool for analyzing the efficiency of classical algorithms. 

Problems involving information retrieval are particularly amenable to such analysis. Examples 

of such problems can be parlor games such as Mastermind, or "The Twenty Question Game". 

We have a 'hider' who has hidden a piece of information from a questioner. In the case of 

Mastermind this could be an array of colored pins, in the case of the Twenty Question Game 

it could be some word that the hider has in mind. The questioner is allowed to ask certain 

questions in order to determine what information the hider is hiding. The goal is to ask those 

questions that minimize the total number of questions that are needed to determine the piece 

of information. 

Here we will consider the situation in which the hider has an n bit string which we will call 

y. The interaction with this bit string, the kind of question that one may ask, is given by the 

following. Upon presenting a query x, which is a bit string of length n, the answer 

a{x,y) = x-y=\y^XiyA mod 2, (2-3.1) 

is returned. Here xt and yt are the ith bits of x and y. An example of such a problem is the 

database search problem (see section 2.2). In this case the unknown bit string y of length n 

has Hamming weight one (y has exactly one "1") . When x is restricted to bit strings with 

Hamming weight 1, this problem becomes the problem of searching a marked item, the " 1 " , in 

a database. Grover [14] has shown (see section 2.2) that there is a quantum algorithm which 

is faster than any classical search and finds the marked item with high probability in 0(y/n) 

quantum queries. Graver's algorithm does not, however, violate the information theoretic 

lower bound on the minimal number of queries M. 

The information-theoretic lower bound [48] on M is given by the amount of information 

to be retrieved divided by the maximal amount of information retrieved by a query which has 

A possible answers, i.e. 

M > l-^*y, (2.3.2) 
log A 

where # y is the total number of different bit strings y. For example, when y is promised to 

have Hamming weight 1, then l o g # j / = logrt and the lower bound for the database search 

problem is logn. 

How does the quantum querying take place? The 'quantum hider' acts on two input 

registers: register A" containing the query state \x) and register B, an output register of 

dimension 2 initially containing state |&). We define the operation of querying as 

\x,b)Qv^y \x,[b + a(x,y)] mod 2), (2.3.3) 
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where a(x,y) is the answer to query x. In a protocol of information retrieval by quantum 

queries, the queries can be presented to the 'hider' in arbitrary superpositions. Because of 

this the information that is retrieved by a single quantum query is not bounded by \og2A, 

a feature that is exploited in the Bernstein Vazirani algorithm. The relevant quantity in the 

quantum setting is the accessible information in the registers X and B (together called XB) 

and the rest of the quantum computer $ (with which the queries could be entangled) about 

the bit string y. The accessible information about y is bounded by the Holevo bound [49] 

/acc(M5) < 5($IB) - ^ P v S d W y l ) . (2.3.4) 
y 

where S(<&XB) = — Tr p$xB log2 P^XB is the von Neumann entropy of <&XB and p$xB = 

"^yPylipyX^Pyl- Here py is the probability for bit string y and YlyPy = 1- The state \tjjy) is 

the state of the register X, B and the rest of the computer $ when the hider has bit string 

y. Since \ipy) is a pure state, S (\^y){ipy\) = 0. In the case of a classical query, the von 

Neumann entropy S($XB) is less than or equal to l og 2 d im(B) = log2 A where A is the 

possible number of answers, which gives rise to the classical bound (2.3.2). For a quantum 

algorithm this bound can formally be replaced by I&CC{<&XB) < S($XB) < l o g d i m $ X B . 

This bound is too weak though to be of any use. The quantum algorithm of Bernstein and 

Vazirani violates the classical information-theoretic bound by extracting extra information in 

the phases of the query register X, thus using the larger available Hubert space. 

2.3.1 Coin Weighing 

In the BV parity problem we consider a hider which has hidden an arbitrary n-bit string y. 

The answer to queries represented by n-bit strings x to the hider is the parity of the bits 

common to x and y given by a(x, y) = x • y, as in Eq. (2.3.1). The problem is to determine 

y in its entirety. Bernstein and Vazirani have shown that y can be determined in only two 

queries to the database. But by preparing the Outputregister B in an initial superposition 

T^dO) — [1)) [50] the algorithm can be simplified to comprise of a single query. We prepare 

the following superposition: 

- l = ^ | x ) ® - L ( | 0 > - | l ) ) . (2.3.5) 

Then we make the query which results in 

- L J2 ( - in*) ® ~(|0> - |1» = |Vg ® ̂ =(|0> - |1». (2.3.6) 

We have {ipy\ipy>) = 0 since 

1 £ ( _ i r y ( _ l ) « V = ( W . (2.3.7) 
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Therefore we can uniquely determine y. 

This algorithm can be directly applied to the coin weighing problem. Coin weighing prob

lems are a group of problems in which a set of coins of less weight is to be identified in a 

total set of coins of otherwise identical weight [48]. The good coins have weight a and the 

defective coins have weight b. We can weigh arbitrary sets of coins with a spring-scale (which 

gives the weight of the set of coins directly, as opposed to a balance which compares two sets 

of coins). All sets of coins are equiprobable. A set of n coins is represented as a bit string 

y of length n where yt = 1 indicates that coin i is defective. A weighing can be represented 

by a query string x of length n, where xt specifies whether coin i is included in the set to be 

weighed. The result of a classical weighing is the Hamming weight of the bitwise product of 

x and y, J21=i xiVi- For this problem the information theoretic bound (2.3.2) gives 

M>- - ^ — - . (2.3.8) 
log2(n+l) v ; 

This is 1/2 of what the optimal predetermined classical algorithm which perfectly identifies 

the set of coins achieves [48] 

2n 
lim Mpre{n) = — . (2.3.9) 

n->°° log2(n) 

If one has a spring scale capable of performing weighings in superposition, then, one can use 

the Bernstein Vazirani algorithm to identify the defective coins perfectly with a single weighing 

by using only the parity of the Hamming weight answer. 

2.4 Limits to Quantum Computation 

In order to understand the power of quantum computation, it is important to find problems 

for which the use of a quantum computer is not advantageous. In the work of Beals et a/. 

[53] important progress has been made in this direction. In this work a tight lower bound 

was derived for the parity problem 1. The problem is the following. Given is a function 

g: {0, l } n -» { 0 , 1 } as an oracle. Upon an input \x) ® \y) where x G { 0 , 1 } " and y G { 0 , 1 } , 

the oracle returns 

Query 

\x)®\y) -*v\x)®\y@g{x)). (2.4.1) 

The goal is to compute the function parity p = ©, g(x{) with the minimum number of queries. 

If we require a (2-sided) bounded error, that is, one always gets the correct answer with 

probability larger than 2/3, the lower bound on the number of oracle calls on a quantum 

computer is f2(2n _ 1 ) . The bound is tight as there is a quantum algorithm that computes the 

parity in 2 " " 1 steps by repeating the computation of the parity of 2 bits with a single query 

2 " - 1 times. 

1This is not the BV parity problem. 



2.4 Limits to Quantum Computation 23 

One can use this result to derive a lower bound for the following problem 2. Consider a 

function ƒ : { 0 , 1 } " —> {0,1}™. The function is presented to us as a black box: 

\x)®\b)Q™y\x)®\b®f(x)). (2.4.2) 

The problem is to determine fk{x) given k and x with the least number of queries. Call this 

problem the chain problem 3. In the classical setting it is not possible to determine fk(x) 

without evaluating the function ƒ at least k times. It would be quite extraordinary if a quantum 

computer could perform this task with less than k queries for arbitrary functions ƒ. We will 

show here that there are functions for which at least | calls are required to determine }k{x) 

for some inputs x. The result is derived by a reduction to parity; we take a function ƒ such 

that when fk(x) is computed, the parity of some fc-bit string is determined. For convenience 

we write f(x,y) where y denotes the last bit of the input (x,y) and x the first n — 1 input 

bits. Let g be a function g: {0,1}™ -» { 0 , 1 } . We choose ƒ such that 

f(x,y) = (x + l mod2n-\g(x)(By). (2.4.3) 

Hereby we ensure that 

fk{x,y) = {x + k moA2n~\y®kZo g{x + l mod 2""1)). (2.4.4) 

For the input [x,y) = (0,0) we have / f c (0 , 0) = (k mod 2"-1 ,®f= r1
5 (Z mod 2 " - 1 ) ) . Let Q 

be the number of function calls to the chain oracle of a quantum algorithm that computes 

fk(x,y) given (x,y) with bounded probability of error. This quantum algorithm can be used 

to solve the parity problem. The answer of each query to the parity black box 

|0 , . . . , 0} ® \x) ®\y) Qu4yp |0,. . . , 0) ® \x) ®\g(x) © y) (2.4.5) 
n—k k n—k k 

can be interpreted as the answer to a query to the chain oracle, Eq. (2.4.3) by adding a bit 

(mod 2 n _ 1 ) after the query to x: 

\x) ® \g(x) © y) ->• \x + 1) ® \g(x) © y). (2-4.6) 

Running the chain algorithm for an input (x,y) = (0,0) will solve the parity problem in Q 

queries to the parity black box. Thus we find that Q, the number of oracle calls that are 

required to determine fk(x,y) given (x,y) for every k with bounded probability of error, is 

fl{k/2). 

2This result has been found independently by Farhi et al. [54]. 
3A different technique for proving a lower bound on the number of queries for the chain problem has been 

used by Ozhigov [55]. 
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