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Chapter 3 

Simulating Quantum Operations with 

Mixed Environments 

3.1 Introduction 

Future quantum computers may be useful in studying the behavior of open quantum systems 

and the nature of decoherence [32, 56, 57, 58]. Instead of performing real experiments on 

quantum systems, a single quantum computer can be used as an efficient, multiple-purpose 

simulator for a wide variety of physical systems. In general, an important goal of such experi

ments will be understanding the effects arising from interactions between the system of interest 

S and another quantum system E. For example, S could represent the states of a molecule, 

which couple to other molecules E through long-range electronic dipolar interactions. 

In this chapter, we study the amount of physical resources that will generally be required 

to perform simulations with quantum computers. Suppose S exists in a Hubert space Hn of 

dimension n, and E is in V.r of dimension r. It is well known that any quantum operation 

[59] on Hn, resulting from some interaction with E in %r with arbitrary r, can be performed 

by appending a state in V.ni, evolving unitarily, and then tracing over Hn2. The difference 

between r and n 2 can represent a significant reduction, since E is often the "environment", 

or a large bath (for example, of harmonic oscillators), and r can be arbitrary large. 

Can a general quantum operation be implemented with an environment even smaller than 

n2 dimensions? Lloyd suggested [32] that it may be possible to implement a general quan

tum operation on k quantum bits (qubits) with a fc-qubit environment - if one prepares the 

environment not in a pure state, but rather in an arbitrary mixed state. 

Here we provide a specific counterexample to this conjecture for k = 1, although we find 

that at least for some operations, fewer resources are required than was previously known. Our 

counterexample is part of a class known as the generalized depolarizing channels, for which 

we show that a three-dimensional environment is sufficient for simulation. The proof of the 

counterexample is established by the technique of computing Gröbner bases. 

Our results also address the following question: suppose an environment E and the form 
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of its interaction with another system S, is given as a black box. We prepare a system 5 in a 

known initial state, we let it evolve for a fixed period of time through the unknown interaction 

with E and finally measure the state of S. During this procedure the environment E is not 

accessible to us. A method to completely determine the quantum operation \ performed by 

this black box on S is known [60]. But we may also ask: what is the smallest environment E 

with which S could have interacted? This work shows that knowledge about \ c a n be used 

to find bounds on the nature of E. 

3.2 Quantum Operations and Measurements 

We begin by summarizing the mathematical formalism of quantum operations and measure

ments. The most general transformation on a quantum system is a linear, trace-preserving, 

completely positive map. These maps give a mathematical description of a general process 

that can take place on a quantum system S. Let p$ be the density matrix of an initially isolated 

n-dimensional quantum system S. This quantum system interacts unitarily with some other 

quantum system E of dimension k that starts in state pE. Assume that after the interaction 

we can no longer access a part of this system, say, a subsystem D of dimension d. Then we 

will represent the state of the remaining system as 

Plinai = TrDU ps® pEU1 = x(ps)- (3.2.1) 

The map x iS a n example of a linear, trace-preserving completely positive map that maps a 

density matrix in a n-dimensional Hubert space onto a density matrix in a kn/d dimensional 

Hubert space. The mathematical description of these maps is the following. A positive linear 

map x- B{7tn) —> B{T-Lm), where B{%n) is the algebra of linear operators on a Hilbert space 

Hn, maps positive semi-definite operators in B{%n) onto positive semi-definite operators in 

B(Hm). A positive linear map x is called completely positive iff for all k = 1, 2 , . . . , the map 

X®idk--B{Hn®Hk)^B(Hm®'Hk), (3.2.2) 

is positive, where id^ is the identity map on BfTi^). This ensures, if the map is also trace-

preserving, that a density matrix of which only a subsystem undergoes the action of the map 

remains a density matrix. Therefore the set of trace-preserving completely positive linear maps 

corresponds to the set of maps that can be physically implemented. Every completely positive 

linear map x '• B{%n) —> B(Hm) can be decomposed into a set of at most nm many m x n 

matrices Ai [61] (which we shall refer to as "operation elements") as follows 

nm 

x(p) = ̂ 2AiPAl ( 3 2 - 3 ) 
2 = 1 

If the map is trace-preserving then the operation elements At obey the additional constraint 

nm 

Y^A\Ar = In- (3.2.4) 
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with 1„ the identity matrix on Ttn. Following Choi [61], we call the set of all trace-preserving 

completely positive linear maps \ • B(Hn) -> B(7im) T C P [ n , m ) . A possible physical 

implementation of these maps is represented in Fig. 3.1: A unitary operation on the state p ® 

|0)(0| (where |0) represents some pure state in an m2-dimensional environment) is performed 

and then nm "degrees of freedom" are traced out: 

nm 

X(p) = $ > f c | U [p® |0)(0|] f/t \ek). (3.2.5) 
fc=i 

Here { l e ^ ) } ^ is a set of basis vectors for 7inm. As there are at most nm operation elements, 

it follows that one can implement any map in T C P [ n , m] with an environment of dimension 
2 

m . 

General quantum measurements can be described within the same formalism. A general 

quantum measurement, a Positive Operator Valued Measurement (POVM) [62], on a den

sity matrix p e B{%n) can be described by a collection of completely positive linear maps 

Si : B(Hn) —> B{Hm.i), i = l,... ,k. Note that the output dimension can depend on i. Each 

measurement outcome i corresponds to the application of one of these maps Si on the state p. 

As these maps are completely positive the action of Si can be given by its operation elements 

A), or 

nrrii 

Si(p) = Y,ÂjPA?. (3.2.6) 
3=1 

The probability for measurement outcome i is then given by 

nmt 

Prob(«) = TvSi{p) =J2TlAiM)p. (3.2.7) 
j=i 

The sum of the probabilities of the different measurement outcomes must be equal to one. 

This implies that 

k,nmi 

E AU) = !»• (3-2.8) 
'ij—1 

When we obtain outcome i the state itself is mapped onto 

Y™{A)P4 

Y™lTxA^A)p 
(3.2.9) 

The von Neumann measurements form a special subclass of POVM measurements for 

which there is a single operation element A) = nAj for each outcome i. The operator ^ is 

a projector. These projectors 7T; are mutually orthogonal, 

V î / j , TTjTTj = 0 , (3.2.10) 
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P 

10x01 
u X(P) 

Figure 3.1: Implementation of the map x using a pure state environment, 

and they span the full Hilbert space: 

£ > = ln- (3.2.11) 
i 

In a complete von Neumann measurement the projectors 7r; have rank 1, i.e. they project onto 

pure states. For an incomplete von Neumann measurement the projectors TT; can have rank 

more than 1. Often, the POVMs that one considers are such that a measurement outcome 

i corresponds to a single operation element Ai. From such measurement, one can always 

construct the more general type by grouping measurement outcomes together. The essential 

difference between a quantum operation x a s m Eq. (3.2.5) and a quantum measurement is 

that in a quantum measurement we realize one of the outcomes corresponding to an operation 

element and acquire information about the state of the system. In a quantum operation as in 

Eq. (3.2.5) we do not acquire information about the system; we update our representation of 

the system corresponding to the possible interactions with the environment and the state of 

the environment. 

To determine the dimension of the parameter space of T C P [ n , m] we note that the map \ 

does not uniquely determine the set {A^™. Any set o f m x n matrices {2?;}"™ and {A,-}"™ 

that are related by a unitary transformation 

nm 

3=1 

Bi = yULAj, (3.2.12) 

implement the same map x- This freedom corresponds to a unitary rotation U' (see Fig. 3.1) 

of the environment qubits after the completion of the interaction U. It was shown in Ref. [59] 

that this unitary equivalence is the only freedom in the choice for the set of operators { A ; } ™ . 

The dimension of the parameter space of all maps in T C P [ n , m] that can be implemented 

with a d-dimensional pure environment will therefore be 

parameters in {Ai} unitary freedom constraint (3.2.4) 

'pureed £puTd= 2n2d - (nd/m)2 - n2 , (3.2.13) 

since there are nd/m operation elements A, [d is such that m. divides nd). Thus we have 

DTCP[n,m] = D£™m2 =n2(m2-l). 

In a more general physical implementation, however, the initial state of the environment 

can be an arbitrary density matrix. Consider the set of completely positive trace-preserving 
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linear maps x '• B{%n) —> B(Hm) that are implemented by an environment that is initially 

in some ri-dimensional density matrix. We call this set Smix[d, n, m]. The action on the input 

state p is 

d dn/rn 

X{P) = E A ; £<c*l U [P®\J)(J\] & \ek) , (3.2.14) 
j=l k=l 

where {\j, \j)}j=1 are now the eigenvalues and eigenvectors of the mixed environment state. 

We identify a set of m x n matrices {Ajk},4ii=i ' n t n e representation of Eq. (3.2.3): 

Ajk = y/Xj{ek\U\j). (3.2.15) 

Unitarity implies that these matrices are constrained, 

dnjm 

É A\kAjk = SijXdn. (3.2.16) 
k=l 

There is a residual unitary freedom in choosing the set of matrices {Ajk} j2i k"Lv The set 

{Bjm}j=i,m=i w,tb Bjm = ^2k U'mkAjk, where the dn/m-dimensional unitary matrix U' does 

not depend on the label j, implements the same quantum operation and also obeys constraint 

(3.2.16). As before, this freedom corresponds to a unitary transformation on the environment 

after the completion of the operation. The dimension of the parameter space of Sm-ix[d, n, m] 

can be bounded as 

upuK,d^ um\x,d - i U
puK,d2- (Ö.Z.11) 

The upper bound is given by the fact that one can always simulate a d-dimensional mixed 

environment with a d2-dimensional pure environment: Let p be the density matrix of the 

(i-dimensional environment and let {A;, \i>i)i}f=i be its eigenvalues and eigenvectors. The 

partial trace of the d2-dimensional pure state |$) = ^ i = 1 \f\\i>i)1 ® \4>i)2 's equal to p, i.e. 

p = T r 2 | $ ) ( $ | . 

From Eq. (3.2.13) and Eq. (3.2.17) it follows that an environment of dimension d < m 

cannot be used to implement all maps in T C P [ n , m}. A map x that is decomposable in m or 

fewer linearly-independent operation elements is extremal [61] in T C P [ n , m ] . The extremal 

maps in T C P [ n , m ] , cannot be simulated with d < m. These maps can be implemented 

with a pure-state environment of dimension m; moreover, we prove that there does not exist 

a more efficient implementation of these maps using a mixed-state environment: 

Extremality implies that the map x cannot be written as a convex combination of linearly 

independent maps x' t n a t each have operation elements A1, for which £ \ A^A^ = ln for 

each i. This ensures that only one of the eigenvalues in constraint (3.2.16) is non-zero, but 

this in fact corresponds to a pure-state environment of dimension m. An example of such an 

extremal map is a complete von Neumann measurement on a n-dimensional system. The set 

of projection operators {7TJ} " = 1 can be implemented minimally by using an n-dimensional pure 

state. 
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3.3 Generalized Depolarizing Channels 

We now turn to the question of whether all maps in T C P [ n , m] can be implemented with 

d = m. Note that our parameter count does not exclude this. In the following, we restrict 

ourselves to the case n = m = 2. We study which maps can be implemented using a single-

qubit environment and provide a proof that a particular qubit channel, the two-Pauli channel, 

cannot be implemented in this way. 

We consider a special set of maps, the generalized depolarizing channels [37], which are 

described by the set {(e^, A j ) } f = 1 where 

x(p) = ^2uApAl (3.3.1) 

such that ei + e2 + S3 + «4 = 1 and the operators Ai are given by Ai = 1 2 , A2 = ax, A3 = cry, 

A4 = az. One can represent this family of maps geometrically as a tetrahedron, which is 

embedded in a cube with vertices at (1 , - 1 , - 1 ) , ( - 1 , 1 , - 1 ) , (1,1,1) and ( - 1 , - 1 , 1 ) . The 

transformation that relates the parameters £i ,e2 , £3, «4 to the (x,y,z) coordinates is given by 

x = €1 + Ê2 — €3 — €4, y = ei — e2 + £3 — £4, and z = t\ — e2 — £3 + U- The vertices of the 

tetrahedron correspond to a single-operator map. Its edges are two-operator maps, the four 

faces represent all three-operator maps, and the points in the interior of the tetrahedron are 

all the four-operator maps of Eq. (3.3.1). 

A (nonexhaustive) computer search shows that only a subset of these maps can be simu

lated by using a qubit environment. For this subset we are able to construct an explicit qubit 

solution. At web address [63] one can find pictures of the three-dimensional volume that is 

described by the solution set and a picture of the solution set as generated by the computer 

search. The computer work also revealed that the dimension of Smjx[2, 2, 2] is equal to the 

upper bound of Eq. (3.2.17), namely T C P [ 2 , 2 ] = 12. Thus there is enough "room" for a 

solution, but it is not in the right place, as we will see. 

This solution is constructed in the following way. We start with the center of mass of the 

tetrahedron, the point (ei,e2 , e3,«4) = ( 1 / 4 , 1 / 4 , 1 / 4 , 1 / 4 ) . This channel has the property 

that it maps every input state p onto ~ 1 2 . It can thus be easily implemented by performing 

a SWAP gate on a environment qubit that is initially in the | i 2 state and the input qubit. 

The SWAP gate on two registers \a) <g> \b) gives \b) ® \a). Then one considers the line that 

departs from a vertex, say the point (ei, e2, e3, e4) = (1 ,0 ,0 ,0) , and goes through the center 

of mass. This one-dimensional set of channels is characterized by e2 = £3 = £4 and represents 

the regular depolarizing channel [37]. Performing a \/SWÄ~P on a | l 2 environment and the 

input qubit implements these channels, up to ex = 1/4. The integer m is related to the e 

parameters by e2 = £3 = f4 = &™2(Q^)I^- One extra step of generalization gives us an even 
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larger set of channels. The unitary matrix is a somewhat generalized form of %/SWAP, 

U 

( el8 cos fa 0 0 ielt> sin fa \ 

0 cos 4>2 i sin 02 0 

0 i sin fa cos fa 0 

\ ieie sin fa 0 0 eifl cos fa J 

(3.3.2) 

and the environment is again prepared in state | l 2 . We can determine the operation elements 

and express these as linear (unitary) combinations of the Pauli matrices. This leads to an 

expression of the parameters et in terms of (9, fa, fa) e [0, 2n) x [0, 2TT] X [0, 2n]: 

ei = i (cos2 0! + cos2 fa+ 2 cos 0! cos 02 cos 9), 

e2 — j (sin2 fa + sin2 02 + 2 sin 0i sin fa cos 0), 

e3 = \ (sin2 0j + sin2 fa - 2 sin 0[ sin 02 cos 0), 

£4 = 7 (cos2 0i + cos2 fa —2 cos 0i cos 02 cos 9). 

(3.3.3) 

Alternatively the solution set can be expressed as a set of inequalities on the parameters 

Q: 5 = Sx U 5 2 U ^ U Si where 

5*1 = {(ei,e2,e3,£4)|(eiÊ2 > £3^4) A (eic3 > e2e4) A ( e ^ > e2e3)}, (3.3.4) 

and S2 = 5 i (e i -H- e2), 53 = 5 i (e i -H- e3) and S4 = 5 i (e i o e4). In Appendix 3.A we provide 

a proof that S" and the volume parameterized by Eq. (3.3.3) coincide. 

3.3.1 Two-Pauli Channel 

We now turn to a subset of these maps, the two-Pauli channels, which are given by the three 

operation elements 

Ax = l2Vx] A2 = <rxy/(l-x)/2, A3 = ioy^f(l-x)l2 (3.3.5) 

and A4 is the null matrix. We will prove that for 0 < x < 1, there is no qubit environment 

which simulates this channel. For x = 0 or x = 1 there is a two-dimensional environment that 

can simulate the channel as the channel has two (nonzero) operation elements when x = 0 

and only one operator when x = 1. 

Any unitary linear combination of AX,A2 and A3 may be written as 

Du 
hVx (e* -ak)J\{l -x) 

{ck + ak)J\(l-x) bky/x~ 
(3.3.6) 

with appropriate constraints resulting from unitarity on the coefficients ak,bk,ck. This new 

set of operators {Bk}
3
k=0 will implement the same channel due to Eq. (3.2.12). Furthermore, 
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these operators Bk are constrained through Eq. (3.2.16); we can relabel them as follows 

B0 — Bn, Bi = Bi2, B2 = B21 and B3 = B22. For notational convenience, we define 

(3.3.7) 

Using the assumption 0 ^ x ^ 1 and by linearly combining all the equations we obtain: 

(v0\w0) + (u0\v0) =: 51 = 0 (3.3.8) 

(ui>i> + {u1\v1) =:g2= 0 (3.3.9) 

(v0\Wl) + («ol«!) =: g3 = 0 (3.3.10) 

(wo|«i) + (vo\ui) =: 54 = 0 (3.3.11) 

(u0\u0) - (wo\w0) =• 55 = 0 (3.3.12) 

(ui |ui) - (wi\wi) =: 56 = 0 (3.3.13) 

( u o k ) + ( u i K ) - 1 =: gr = 0 (3.3.14) 

(wßjüo) + («i|«i> - 1 =-9s= 0 (3.3.15) 

(uo|«o> + (ui\vi) =: g9 = 0 (3.3.16) 

(U0\WQ) + (ui\wi) =:gw= 0 (3.3.17) 

(u0\ui) - (wolwi) = : g n - 0 (3.3.18) 

Writing each of the coefficients a^, bk, and c^ in the form Xj + iXj+\ (where i2 = —1), 

we get a system of polynomial equations R e ^ ) = I m ^ ) = . . . = lm (g u ) = 0, where 

Re(pfc) and Im(p^) are polynomials in the variables X\,... ,x24 with real coefficients. To show 

that this system of equations has no solution we make use of Gröbner bases (see e.g. [64]). 

The computation of a Gröbner basis with Buchberger's algorithm generalizes the Euclidean 

algorithm to compute the greatest common divisor (GCD) of univariate polynomials pi(x) and 

p2{x). In that case, the GCD g(x) can be written as a "linear" combination 

g(x) = fi(x)Pl{x) + f2(x)p2(x). (3.3.19) 

The two univariate polynomials px and p2 have a common root if and only if their GCD is 

non-trivial, i.e., g(x) 7̂  1. 

For multivariate polynomials, a common solution exists iff the Gröbner basis of the ideal 

generated by them is non-trivial, i.e., does not contain a constant. In our case, using the 

computer algebra system M A G M A [65] we have shown that there exist polynomials fl}... , fn 

such that 

11 

^2fj(xu... ,X2i)gj(xu... ,x2i) = 1, (3.3.20) 

3 = 1 
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i.e., the Gröbner basis contains 1 and there is no solution of the equations (3.3.8)-(3.3.18). 

D 

3.3.2 Qutrit Solution 

Despite the above proof, it turns out that the class of channels we have been studying does 

not require a two qubit environment (d = 4) for their simulation; a mixed qutrit (d = 3) 

suffices. For generalized depolarizing channels, there will be nine operators, {Ay}? '?= 1 . We 

set one eigenvalue A3 = 0 and thus 

-431 = -432 - -433 = 0. (3.3.21) 

If e1£2 > £3^4 the solution is 

An = 0, A21 = yje2 - e3e4/e1cr:c, 

An = sJT3az, A22 = y/êï<Ty, (3.3.22) 

-4i3 = y/ëîl2, A23 = -i\fëïu]~t\ax 

Otherwise, we take 

An = 0, A2X = y/e4 - eie2/e3(jy, 

A12 = v^Tla, A22 = ^T2ax, (3.3.23) 
-4i3 = y/ëïcTz, A23 = isja\t2jt3ay. 

One can check that this set implements any generalized depolarizing channel and satisfies Eq. 

(3.2.16). 

On the basis of the computer work we conjecture that any map in T C P [ 2 , 2] can be 

simulated with a qutrit environment. Also, the numerics indicate that one can always set one 

eigenvalue to zero. Furthermore, we have numerical evidence that channels that have three 

linearly independent operation elements can never be simulated with a qubit environment. 

3.4 Discussion 

Our results provide new bounds on the size of an environment needed to simulate certain 

quantum operations on single qubits. However, we have only addressed simple mappings 

on the smallest input space. Many questions now arise: how do these results generalize to 

mappings on n-dimensional systems? A relevant scenario might be n uses of the generalized 

depolarizing channel, where the environment can be shared between the channels. In such 

a case, might a qubit environment per channel suffice for large ni A nice extension of the 

generalized depolarizing channels are the channels that are defined with the Heisenberg group 

elements [66]. These channels on rt-dimensional inputs are mixtures of a set of n 2 unitary 

matrices U(i,j). However, it is not straightforward to construct solutions, as in the qutrit 

case, for a general "Heisenberg channel", and we have no insight at the moment of what 
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gain one can get by using mixed states here. We do expect that there will be channels on 

an n-dimensional input for which the dimension of the environment is fl(n2). The questions 

we have formulated also apply to the construction of generalized measurements: how large an 

environment is needed for the minimal-size construction of arbitrary generalized measurements 

on an n-dimensional system? We hope our results and the questions they motivate will be 

useful in future quantum computing applications, and provide fundamental insights into the 

properties of quantum systems. 

3.A Proof of Coincidence of Volumes 

The solution set that is characterized by the set of inequalities on the parameters £; reads 

S = Si U S2 U S3 U Si, (3.A.1) 

where 

Si = {(ei,e2,e3,ei)\(eie2 > e3e4) A ( e ^ > e2e4) A (cie4 > e2e3)}, (3.A.2) 

and S2 = Si(ei <-» e2), S3 = Si(ex <-»• e3) and S4 = Si(ei «-» e4). 

We prove that the volume given by the parameterization of (x, y, z) in terms of (fa, fa, 9), 

Eq. (3.3.3), which we call P i , is equal to the volume described by the inequalities of Eq. 

(3.A.1) and (3.A.2), which we call P2. 

The volume Pi is generated by a mapping of a three-dimensional torus specified by coordi

nates (01, c/>2,9) to (x, y, z). The Jacobian determinant | det g,^'^'zL | will vanish on a set of 

points which we call Rpl that include the surface of P i denoted as Ep t . A priori, Pp, might 

include points interior to Px, but we will rule this out. We will show that RPl = Ep2. Then, 

by inspection of the volume P2 we can conclude that RPl can only be the surface Ep,. 

Proof that PP l = Ep2 

The Jacobian determinant of the transformation is 

J = |4cosösinö(cos201sin20i - cos2 rj)2sm2 (j>2)\. (3.A.3) 

First we show that the volume Pi is unchanged under all permutations of t i , . . . , e4. The per

mutations are generated by transpositions of two elements e, and ey. Transposition 

(^i^2)(^3)(u) will map (x,y,z) onto (x, — z, — y), and similarly, the other transpositions in

terchange x,y and z and add minus signs. The Jacobian determinant is invariant under these 

transformations, thus the surface is a symmetric function of ei, e2, e3, e4. This implies that the 

volume itself is symmetric in t\, e2, e3, e4. 

We will show that the Jacobian vanishes for points (x,y, z) iff (x,y,z) G Ep2, where Ep2 

denotes the surface of P2. 

Ppi 3 Ep2 The Jacobian (J = 0) vanishes iff one or more of the following hold 
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cos0 = 0 => ei£3 = £2£4, or 

10 = 0 ei£2 = Ê3Ê4, or 

• cos2 4>\ sin2 0i cos2 <j>2 sin2 02 0 e iQ — e2e3. 

These resulting equalities define points on £p2 . Note that the surface is connected (see Ref. 

[63]), i.e. there is a way to reach every point on the surface from every starting point on the 

surface without leaving the surface and thus the volume Px is (edge) connected. 

Sp2 |3 Rp1 Take section Si (Eq.(3.A.2)) for which there are three parts of the surface 

C\, C2 , C3 with C\ = {eie3 = £2£4, e1i2 > £3£4,£i£4 > £2£3} and C2 = Ci(e2 O £3) 

C3 = Ci(e3 O £4). The Jacobian vanishes for exe3 = £2£4. As C2 and C3 are obtained by 

permutations, the Jacobian will also vanish on these surfaces. Now by interchanging £1 with 

£2 we obtain S2 e t c . , but again because the Jacobian is invariant under this transposition, 

we know that the Jacobian will vanish also on the surface of S2, S3 and S4. 

Figure 3.2: Schematic examples of volumes Px and P2 that do not coincide even though 

Rp1 = Sp2. 

P2 has no Holes or Non-contractible Surfaces 

We must rule out the possibility that RPl includes points in the interior of Px. In Fig. 3.2 

a couple of example-volumes are given for which RPl = Sp2 but Px ^ P2. The volume P2 

consists of four sections. Any two sections intersect on a line. For volumes Si and S2 this is 

the line given by (EJ = e2, £3 = £4). Inspection of each section shows that it has no holes as in 

Fig. 3.2(a) 1. By joining the sections it is possible that a non-contractible surface is created 

1A rigorous proof could be established, say for section S i , by showing that rays emanating from points on 

the line e2 = £3 = £4,1/4 < £1 < 1 cross the surface of Si only once. 
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as in Fig. 3.2(b). Inspection of the volume also tells us that this is not the case for P2. Thus 

the set of points RPl that coincides with Ep2 cannot contain points that lie inside the volume 

P i . From this we can conclude that T,Pl = Ep2. 

Finally, there exists a point which is both inside P i and inside P2, for example the point 

€1 = 5/8, e2 = e3 = £4 = 1/8, and P i is (edge)connected, therefore P i and P2 coincide. D 


