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Chapter 1 

Introduction 

1.1 Subject 
The quantum Hall effect (qHe) is a remarkable phenomenon that has already led to 
the awarding of two Nobel prizes. These are well deserved: the discovery of the Hall 
conductance quantisation in a two dimensional electron gas by von Klitzing [39] in 1980 
came as a big surprise and necessitated a complete revision of the theory of electronic 
transport and Anderson localisation. Then, just when the dust had settled and everybody 
believed that two dimensional electron systems were truly understood, this illusion was 
shattered in 1982 by the discovery2 of the fractional quantum Hall effect (fqHe) by Tsui, 
Stornier and Gossard [73]. An enormous number of publications, both experimental and 
theoretical, has followed in the years since these discoveries. 

From a theoretical point of view the fqHe has proven to be quite challenging; new 
concepts have been introduced and ideas have been borrowed from high energy physics 
and even string theory. Whereas the integer effect can be understood in terms of the lo
calised vs. extended character of the single particle states of noninteracting 2D electrons, 
what is needed for the fractional effect is a full understanding of Coulomb interactions. 
A successful theory for the fqHe has to take into account all the relevant ingredients 
at the same time: disorder and interactions and an electromagnetic field, a highly non-
trivial combination. The Coulomb interactions invalidate the single-particle formalism 
which is conventionally used to study electronic disorder, while the disorder breaks the 
translational symmetry that is usually exploited in tackling the interaction problem. The 
strong magnetic field further complicates the matter. It is therefore not surprising that 
such a theory has not immediately emerged. What has emerged over the years is a col
lection of less ambitious theories and phenomenological models for the fqHe that, with 
varying success, try to tackle the problem by concentrating on a subset of the ingredi
ents. Three of the most successful and best known of these are Laughlin's wave func
tion [41], Jain's composite fermion picture [34] together with the Chern-Simons approach 
[21, 32, 38, 46, 47, 81, 85, 23, 79, 84], and effective edge theories [24, 25, 26, 8, 77]. Each 
of these approaches captures an essential part of the physics. However, they all fail or at 
least get highly ambiguous when one tries to include the missing ingredient(s). 

The holy grail of quantum Hall theory would be a unified description in which the 
three above theories are incorporated at the outset. Also, it would have to comprise the 

^ o b e l prize 1985 
21998 Nobel prize to Tsui, Stornier and Laughlin 
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iqHe and fqHe in a single formalism; the similarity of the integral and fractional effect 
simply begs for that. How to start the search? A crucial observation is that disorder 
has always been among the missing ingredients. This is quite depressing, because we 
know that it plays a fundamental role. Even though the fqHe occurs in samples that 
are very clean, it is still the disorder that causes the plateaus in the first place. Another 
disappointing fact is that none of the phenomenological approaches has anything to say 
on the subject of plateau transitions. For instance, what are the relevant quasiparticles 
at a transition between fractional plateaus? 

The only theories that decently treat disorder, the nonlinear sigma model [74, 45, 58] 
(for free particles) and the Finkelstein theory [22] (for interacting particles), are applicable 
only to the integer effect. At least, that was the state of the art in 1995. When I started 
my PhD work, Pruisken and Baranov had just begun to unravel a hidden structure in 
Finkelstein's theory. Even though the theory does not contain the electromagnetic field, 
it turned out to have a symmetry akin to U(l) gauge invariance, namely an invariance 
under a spatially constant shift of the plasmon field. This symmetry, which was dubbed 
' /- invariance' , together with a new truncation procedure of Matsubara frequency space, 
allowed us to include U(l) gauge fields in the Finkelstein theory. This was an important 
development, because it opened up the possibility of using statistical or Chern-Simons 
gauge fields to 'map' the iqHe to the fqHe, thereby finally providing us with the long 
sought after unified description. In order to make sure that we had our hands on the right 
approach to the problem and weren't deluding ourselves with wishful thinking, we first 
had to check whether /- invariance really is a good symmetry. This was by no means self 
evident, because of the new and unusual structure of what we call the '/"-algebra' of U(l) 
transformations in truncated frequency space. The true trial by fire that we subjected 
the new symmetry to was a perturbative renormalisation group calculation to establish 
the renormalisability of the Finkelstein theory to two-loop order. As is well known in 
gauge theories, renormalisation procedures that do not respect all the symmetries in the 
problem lead to divergences. What we found was that the Finkelstein theory is indeed 
renormalisable at two loop level when the /"-algebra is used. Furthermore, the infrared 
behaviour of the theory can only be extracted from /"-invariant correlation functions. 

Having proved that /- invariance is a genuine symmetry, we were on solid footing to 
start putting our unified theory to further use. We constructed a combined action for both 
the bulk and the edge and studied the limiting cases of vanishing edge or bulk density 
of states. In this exercise the central role became apparent which the topological term 
plays, via the / -a lgebra, in the description of edge states. Another important result was 
the clarification of the effects of disorder and Coulomb interactions at the edge, especially 
in the case of counter-flowing modes. Our work on edge states and their interplay with 
bulk states also explains the results of several recent, much discussed experiments. As a 
corrolary of our approach we have found, in our bulk theory as well as at the edge, that 
the composite fermion mapping procedure is only well-defined as long as the conditions 
for /- invariance are met. 

The construction of an /"-invariant unifying action and the study of its implications 
form the subject of this thesis. In this introductory chapter I first give a short overview 
of the basics of quantum Hall experiments and then of the three phenomenological ap
proaches to the fqHe, listing their strengths and weaknesses. This is followed by a discus
sion of disorder, where I review the most important theoretical insights up to 1995. 
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Figure 1.1: Left: artist impression of a quantum Hall measurement. Right: Hall resistance 
and longitudinal resistance as a function of magnetic field. Values of v are indicated with 
arrows. Figure taken from [19]. 

1.2 Overview 

1.2.1 Quantum Hall basics 

The qHe occurs in two-dimensional electron gases at low temperatures («lOOmK) and high 
magnetic fields (of the order of 10T). Von Klitzing's original experiments used Si/Si02 

interfaces to constrain the degrees of freedom of the electrons to two dimensions. Most 
of the experiments since then have been done on GaAs/Al^Gai-^As interfaces, because 
of the high mobility in these samples. A typical quantum Hall measurement is sketched 
in Fig. 1.1. A small current is sent through the electron gas. The longitudinal voltage 
VL and the transverse or Hall voltage VH are measured. This gives the longitudinal and 
Hall resistances RL = VL/I and Rn = Vu/1. The state of a sample is characterised by its 
filling fraction v = neh/(eB), with ne the 2D electron density and B the perpendicular 
magnetic field strength. The filling fraction counts the number of filled Landau levels or, 
equivalently, the number of electrons present per magnetic flux quantum h/e. Depending 
on the sample quality, the inverse Hall resistance shows plateaus at integer and/or frac
tional multiples of e2/h. A plateau R^1 = | • ̂ - (with p an integer and q an odd integer) 
is situated around filling fraction u = p/q. While Rn is constant, the # L curve goes to 
zero. The width of the plateaus depends on the amount of disorder. Very dirty samples 
have wide plateaus and only show the iqHe. With increasing cleanness the plateaus get 
narrower and more fractions start appearing. The quantisation of Rn in the iqHe can 
be as accurate as one part in 108. This fact has been exploited to define a standard 
of resistance based on the qHe. The qHe has also been used to perform an independent 
measurement of the fine structure constant a which appears in quantum electrodynamics. 
This is possible because a is given by a—^/i0c- ^-, where the permeability of the vacuum 
Ho and the speed of light c are exact numbers. 

Apart from the transport measurements described above, many other interesting ex
periments have been done involving tunnelling, thermoelectric power, spin configurations 
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called skyrmions, double layer systems, hysteresis effects, the breakdown of the qHe as a 
function of current, temperature and disorder etc. Of these only tunnelling experiments 
will be discussed in this thesis. The electron spin will be completely neglected, since 
it will always be assumed that the magnetic field is strong enough to cause total spin 
polarisation. Also, nothing will be said about the v = b/2 state. 

A notational peculiarity has to be mentioned. Plateaus are customarily labelled with 
the value of v instead of R^ , even though v varies while ÄH stays constant. 

1.2.2 Laughlin's wave function 

In 1983, Laughlin [41] wrote down a variational wave function that represents the ground 
state of a clean system of interacting electrons at filling fractions v= l / ( 2 p + l ) , with p a 
non-negative integer. 

* ( * , . • •, zn) oc H(z, - Zj)
2»+i exp - | Y, N 2 (i-2-1) 

(The z\, • • •, zn are the coordinates of the particles in the complex plane). He arrived 
at this result solely by demanding that the wave function is built from single particle 
functions in the lowest Landau level only (i.e. that the factor in front of the exp has to be 
analytic), that it is completely antisymmetric and that it is an eigenfunction of the total 
angular momentum. Laughlin's famous wave function shows that the Coulomb interaction 
forces the electrons in fqH systems to condense into a new type of incompressible quantum 
fluid. The elementary excitations of the fluid are quasiparticles with fractional charge and 
statistics. The charge of such a particle is l / ( 2 p + l ) times the electron charge and the 
statistical angle is given by 6 = Tr/(2p+l). (The electron has 9 = ir). The excitation with 
unit charge has 9 = 2p+l. 

For his work on the fqHe, especially for the introduction of the incompressible quantum 
liquid and quasiparticles with fractional charge and statistics, Laughlin shared the 1998 
Nobel prize with two of the discoverers of the fqHe. 

1.2.3 Composite fermions 

In 1989 Jain introduced the beautifully simple picture of composite fermions [34]. In this 
picture the fqHe can be regarded as the occurrence of the iqHe in terms of composite 
particles that consist of an electron plus an even number 2p of magnetic flux quanta h/e 
attached to it. Having bound a part of the magnetic flux, the composite particles live in 
a reduced effective magnetic field Beff = B — 2pne • h/e, with ne the electron density. In 
this way a fractional v for electrons can be related to an effective integer filling fraction 
m of composites, 

i = i - 2 p ; v= T
JILrT. (1.2.2) 

m v r ' 2pm+ 1 *• ' 

The fractional fillings obtained in this way go by the name of 'the Jain hierarchy'. Almost 
all experimentally observed fractions fall in this hierarchy. In (1.2.2) the v and p are 
positive. The effective integer filling m can be negative, in which case Sefj and B point 
in opposite directions. 

Flux-charge composites in general can have any statistical angle and are therefore a 
realisation of anyons [81, 82, 44]. The name 'composite fermion' stems from the fact that 



1.2. OVERVIEW 11 

the combination of unit charge and an even number of flux quanta yields a statistical 
angle that is an odd multiple of 7r, resulting in a 'fermionic' phase factor of —1 under 
particle exchange. Laughlin's wave function finds a natural interpretation as the ground 
state of composite fermions that completely fill the lowest Landau level. 

Jain's proposal assumes that electron-electron repulsion is responsible for the forma
tion of the composites and that the residual Coulomb interaction between composite 
fermions is very weak, so that they can be regarded as almost free particles. However, 
this statement has never been made quantitative. Jain's picture does not predict which 
type of composite will form under what circumstances, nor does it make a statement on 
the type of interaction needed to create composite fermions in the first place. Finally, it is 
assumed that composite fermions get localised by disorder in the same way as electrons, 
but there is no hint whether and how disorder affects the nature of the composites them
selves. Even so, the composite fermion picture has proven very successful, certainly more 
so than what could be reasonably expected. For instance, large portions of conductance 
data as a function of v in the fractional regime can be mapped very well onto data from 
the integer regime (when properly rescaled). At even denominator filling fractions it really 
seems as if there are particles in a vanishing 5eff, as shown by e.g. thermoelectric power 
experiments [72] at these fractions. 

Statistical gauge fields 

There exists a very nice way of implementing the flux attachment idea in 2+1 dimensional 
field theories, called the 'Chern-Simons trick'. Chern-Simons actions were originally stud
ied in the context of massive gauge fields [16, 70]. It was found that they can also be used 
to transmute the statistics of particles. The Chern-Simons trick is based on the following 
observation [46], Suppose that we have an action S[i/>, A^\ for a fermionic or bosonic field 
•tp coupled to the electromagnetic field AM, then the statement is that no observable is 
altered if one makes the replacement 

S[é, Aß] — • 5 [ ^ , Aß + a,} + l±jd3x e«XKaßdxaK (1.2.3) 

(the last term is called Chern-Simons action) and integrates out a^. The parameter p 
has to be an integer for this statement to hold. On a mean field level, (1.2.3) attaches to 
every unit charge a number 2p of flux quanta associated with V x a. The aM is called the 
'statistical gauge field', since for arbitrary non-integer p the attachment of a^-flux changes 
the statistics of tp. The statement (1.2.3) is made useful as follows. We want to derive a 
theory S„ for a filling fraction i/ that is an element of Jain's hierarchy, but the only thing 
we have is an action 5 m for the corresponding integer filling m. Now suppose that we 
already have the sought after S„ and perform the replacement (1.2.3). Then the resulting 
mean field theory will be precisely 5 m , coupled to the fluctuations of a^ according to 
(1.2.3). By integrating out these fluctuations the S„ is reobtained. Only 're'obtained is 
not the right word in this case, since we didn't actually know S„ to begin with. 

1.2.4 Effective edge theories; chiral Luttinger liquids 

The third important development, the formulation of effective edge theories, pioneered 
by Wen's chiral boson model [77], concentrates on the edge excitations of quantum Hall 
systems. Effective edge theories take the form of a chiral Fermi liquid in the integer 
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regime or a chiral Luttinger liquid [49, 53] in the fractional regime. There are several 
ways in which it can be seen from the phenomenology of the Hall plateaus that edges play 
a prominent role when the Hall conductivity is quantised. One of these ways is the so-
called hydrodynamic approach, which observes that the only possible gapless excitations 
of a 'droplet' of incompressible quantum fluid are ripples on its edge. The magnetic field 
constrains the ripples to move in one direction only; what results is a 1+1D effective 
theory in terms of relativistic chiral edge bosons. (The adjective 'relativistic' stems from 
the linear dispersion relation). A second, very interesting way is the Chern-Simons (C-S) 
approach. Fröhlich et al. [24, 25, 26] noted that the plateau equation of motion for 
the current density, as imagined in a sample free of disorder, is precisely the saddlepoint 
equation of a Chern-Simons action. Let us for simplicity consider the plateau around a 
Laughlin fraction 1/odd. The 2+1D current density j M satisfies 

r 
-axye"XKdxAK. (1.2.4) 

where Aß is the electromagnetic potential and <rxy is the quantised Hall conductance. The 
associated C-S action is given by 

S = ± /d3.r e»x« (-^g„dxgK + 29lldxAK) , j " « e"aßdagß. (1.2.5) 

The C-S action is topological; it has zero Hamiltonian. It was first shown by Witten [83] 
that the only dynamics of a general nonabelian C-S action occurs on the boundary of the 
integration manifold and takes the form of a WZW model. It can be shown that in the 
simple abelian case given above, integration over g results in a chiral boson action of the 
same form as in the hydrodynamic picture 

471-
axy fdtdx dx<p(dt<p — vdx(fi). (1.2.6) 

(Here the A^ has been set zero). The velocity v is the speed of sound in the hydrodynamic 
approach. In the C-S approach it enters as a constant in a gauge fixing constraint that 
has to be imposed on the boundary. In both cases its value is arbitrary due to the lack 
of knowledge of the microscopic details, with the only restriction that v has to have the 
same sign as axy in order for the Hamiltonian to be bounded from below. 

Arbitrary filling fractions 

The scenario sketched above has been generalised to more complicated filling fractions. 
Several incompressible quantum fluids can be taken or, equivalently, several independently 
conserved currents j . This leads to a generalisation of (1.2.6) with a number of bosonic 
fields i(3 equal to the number of independently conserved currents. The bosons are cou
pled to one another via a coupling matrix that one generally calls K and which satisfies 
£ \ A'"1 = axy. The velocity v becomes an arbitrary velocity matrix V, with tr V > 0. 

S=± Idtdx {Kgdjpidtpj - Vijd&id&j) • (1.2.7) 

The Jain hierarchy states (1.2.2) are accommodated in this framework by putting K,j = 
2p + SijSgn(m), where K has size \m\ x |m|. The theory (1.2.7) has a rich structure 
featuring Virasoro, Kac-Moody and Wi+oo algebras. Its particle spectrum, obtained from 
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representation theory of these infinite algebras, contains the same composite fermions and 
'fractional' quasiparticles as the bulk C-S theory. This shows that the gapful excitations 
in the bulk are related in a simple way to the gapless edge excitations. There is also a 
simple relation between chiral bosons and the Laughlin wave function. The ground state 
(1.2.1) is obtained by taking the expectation value with respect to (1.2.6) of a product 
of vertex operators which represent composite fermions. The conformai invariance of 
the Luttinger liquid model has been successfully used as a computational tool in the 
calculation of experimentally accessible quantities like temperature dependent current-
voltage curves for tunnelling processes [14, 35, 78] and the shot noise signature of charge 
1/3 quasiparticles at v = 1/3 [69, 55, 20]. The Luttinger liquid also provides an interesting 
model system for exploring the thermodynamics of particles with unusual properties such 
as generalised exclusion statistics [29]. 

Problems 

In spite of their successes, the phenomenological edge theories suffer from numerous prob
lems and ambiguities. The derivation from (1.2.4) to (1.2.6) concentrates on a single phys
ical quantity, the conductivity tensor, which is constant over the whole width of a plateau. 
There is no guarantee that the conductivity is the correct quantity to look at. Quantities 
like the density of states, which are known to change as a function of filling fraction, are 
not 'visible' in this approach. As a consequence, several important questions cannot be 
addressed. What, if any, is the effect of disorder on edge states? What determines the 
parameters Vip. Do Coulomb interactions between edge states and localised bulk states 
play a role? And do interactions within the edge have any importance? 

The lack of understanding becomes painfully clear when the axy = 2/3 plateau is 
considered. In the Jain hierarchy (1.2.2) this plateau corresponds to m « — 2, p=l, i.e. 
an effective filling fraction around 2 (in a reversed magnetic field) for composite fermions 
that consist of an electron plus two flux quanta. The 2x2 A'-matrix has eigenvalues of 
opposite sign, which leads to the occurrence of counter-flowing edge modes. There has 
been a great deal of controversy over the nature of these counter-flowing modes. Problems 
were reported [36, 37, 30] concerning the dependence of the Hall conductance itself(!) and 
of the tunnelling density of states on the arbitrary parameters Vij. Scattering operators 
between modes were introduced by hand in order to solve these problems. Even worse, 
our work has shown that an aspect which was thought to be well understood, the positive 
trace of V, is in fact wrong. In the case of counter-flowing modes, the velocity matrix has 
a negative trace and it is the Coulomb interaction that stabilises the Hamiltonian. 

The most spectacular failing of the effective edge models is the incorrect prediction for 
the tunnelling exponent in experiments where electrons are tunnelled from a Fermi liquid 
into the edge of a fqHe sample [27]. The predicted curve as a function of filling fraction 
has plateaus just like the conductance, but the experiment shows a continuous curve as a 
function of v. In the qHe, theory has lagged behind the experiments for a long time. The 
fact that one of the very few theoretical results obtained in advance of the experiment has 
turned out to be so far off the mark really drives home the limits of the phenomenological 
edge model approach. Within the A'-matrix context, the obvious thing is to state that 
the neutral modes disappear. However, the formalism itself offers no justification for this 
statement, and the microscopic origins of the disappearance can only be guessed at. Our 
work shows that it is the Coulomb interaction between edge and bulk states that causes 
the continuous behaviour of the tunnelling exponent as a function of v. 
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1.2.5 Disorder 

Localisation and délocalisation 

The iqHe is now understood as a disorder effect. A theory of noninteracting electrons in 
a strong magnetic field and a random scalar potential suffices to explain most transport 
phenomena. 

In the absence of disorder, the electrons occupy Landau levels at energies En = hwc(n+ 
1/2), with u>c the cyclotron or Larmor frequency eB/me, where me is the effective mass 
of the electron. The degeneracy of a Landau level is given by the number of magnetic 
flux quanta h/e that penetrate the sample. Every state in a Landau level is 'extended' 
and contributes the same amount of conductance, resulting in a linear relation between 
the Hall conductance and the filling fraction. 

The effect of disorder is to cause localisation. The delta function peaks in the density 
of states (d.o.s.) that occur at the Landau energies En in a clean system get broadened 
into a 'Landau band' when disorder is added. The new states at E^=En are all localised. 
Localisation is a generic effect of all kinds of random potentials. According to the con
ventional wisdom before the discovery of the qHe, any amount of disorder, however small, 
localises all states in two dimensions [1]. (At least, in a renormalisation group sense, i.e. 
when very large length scales are considered). The big surprise of 1980 was that in a 
strong magnetic field extended states should exist at the center of each Landau band in 
order for the qHe to exist! The existence of these extended states leads to the following 
picture for the behaviour of atJ as a function of filling fraction. As long as the number of 
extended states below the Fermi level does not change, the Hall conductance is constant. 
This explains the Hall plateaus around integer filling. When the Fermi energy crosses a 
Landau energy, extra extended states start contributing to the conductance, resulting in 
a sharp increase of axy. The quantisation of <rxy in units of e2/h is elegantly explained by 
Laughlin's flux argument [57]. Finally, the er,« curve follows from the derivative d<rxy/diA 
The important point is that the quantity of physical interest is not the density of states, 
as is usually the case in condensed matter physics, but the nature of these states. The 
Hall quantisation is caused not by a density of states gap, but by a mobility gap, an energy 
interval containing no extended states. 

The mental picture of localised vs. extended states is so convenient that it is often 
used even for interacting electrons, where it strictly speaking does not apply. 

Most of the insight into the mobility gaps and the existence of extended states has come 
from topological quantum field theory, more precisely the idea of an instantem vacuum 
[59, 45, 58]. Topological field theory provides the right language for the renormalisation 
group description of the relevant concepts such as localisation lengths, percolation and 
mobility gaps. 

Nonlinear sigma model 

The only formalism that can combine disorder and interactions is field theory. In field 
theories the random potential is always assumed to have a Gaussian distribution, since 
this is the only distribution that can be dealt with in path integrals. However, the effective 
actions are largely determined by symmetries alone, thus ensuring that the long distance 
physics is independent of the type of disorder. 

Let us review in historical order the important developments in the application of field 
theoretical methods to the disorder problem. The first advance was Wegner's nonlinear 
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sigma model [74] for noninteracting particles in zero magnetic field. It captures and ex
tends the results of Abrahams et al. [1] and Langer and Neal [40], who used diagrammatic 
expansions for impurity scattering. 

At first glance, a field theoretical approach only seems to obscure the matter. First, 
one has to give up the idea of a wave function, and replaces it by a field ip(x). This field has 
two components, advanced and retarded, with frequencies ±r/. Then the field is replicated 
[17] so that averaging over disorder becomes possible.3 (The quantity to be averaged is 
In Z with Z the grand canonical partition sum. Writing (In Z) = limjvr-+o N~l[(ZJ?} — 1], 
it is clear that the problem can be reduced to averaging a power of Z. This is done by 
taking Nr exact copies of the system). The fact that the replica limit Nr —> 0 has to be 
taken does not exactly help our intuition. Finally, in the ensuing steps that lead to the 
sigma model, namely integration over disorder, introduction of a Hubbard-Stratonovich 
matrix field and integration over the massive modes of this new field, the original field ifi 
is mangled almost beyond recognition. What is left of it is a matrix field Q°Z, with two 
replica indices (a, ß = 1, • • •, Nr) and two frequency indices (p,p' = advanced/retarded). 
It can be loosely interpreted as an average Green's function {ip°ip ,). The nonlinear sigma 
model is a low temperature, low momentum effective theory in terms of the Q-field, 

S»u,[Q] = -go"» fd2x tr (VQ)2 + rjnp fd2x tr AQ. (1.2.8) 

Here p is the (exact) density of states at the Fermi level and Q is a hermitian matrix 
defined as 

Q = T~1AT TeU(2Nr) AaJ, = Saf)6pp, sgn(p) (1.2.9) 

Q' = Q Q2 = l t r Q = ^ Q » ; = 0, 
p,ot 

where the sign of the advanced(retarded) frequency counts as +1(—1). The (J-matrix is 
invariant under local transformations T^-UT with U G U(Nr)xU(Nr). 

The conceptual and computational difficulties of this approach are illustrated by the 
fact that Wegner did not identify the meaning of the parameter in the kinetic term ( VQ) 2 . 
It was later realised that the expansion procedure that yields (1.2.8) leads to an expression 
in terms of Green's functions that is exactly the mean field expression for the dissipative 
conductance, o£. In view of all the massaging that the theory has gone through, it is 
quite amazing that two important physical quantities, <r̂  and p, pop up as parameters. 

The formalism requires a different view of the disorder problem than the single parti
cle picture. The appropriate language is that of the renormalisation group (RG), sponta
neously broken symmetries and asymptotic freedom. 

The phenomenon of localisation at large distances arises as a restoration at large 
length scales of a continuous symmetry which is spontaneously broken at short distances, 
in analogy with the 2D Heisenberg ferromagnet. The frequency r/ is the analogue of the 
magnetic field and the expression 7rptr A(Q) corresponds to the magnetisation. As long 
as we are not considering a density of states gap, the 'magnetisation' is always nonzero, 
even for 77 —̂  0. The presence of rj forces Q in the 'direction' Q = A. The action (1.2.8) 
at 77 = 0 is invariant under global U(2Nr) transformations T —> TÎ7, U G U(2Nr), but a 
nonzero (Q) breaks the symmetry. The variable T is in fact the Goldstone mode. From 

3Supersymmetry can also be used. However, it is incompatible with interactions, so it will not be 
discussed. 
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the ^-field theory it can be seen that the insulating phase has a higher symmetry, namely 
local U(2Nr). The kinetic term breaks this symmetry. It can only be restored by o ^ i O 
under the RG. So although there are strong similarities with ferromagnets, the analogy 
is not perfect. The symmetry that gets restored is a local one, and the restoration is not 
by a vanishing tr A.(Q) but by o^ flowing to zero. 

The concept of asymptotic freedom enters as follows. The 'nonlinearity' due to Q2 = 1 
can be taken care of by parametrising Q in such a way that it contains square roots 
containing a field called, say, V. An expansion of the kinetic term in powers of V yields a 
kinetic term tr (VV t ) (VV) plus fourth order and higher order terms in V. The coupling 
constant of the fourth order self-coupling term is t oc l/cr^4 At short length scales t is 
very small. Under the RG it flows to infinity at large distances. This is similar to the 
scaling of the strong interaction in QCD. 

Renormalisation in 2 + s dimensions has shown that in two dimensions and lower o^ 
renormalises to zero, i.e. the system becomes insulating. A metal-insulator transition 
can exist only in dimensions higher than two. The conventional wisdom of Anderson 
localisation clearly does not give any indication of the existence of a quantum Hall effect. 

Topology 

The qHe requires a scaling theory for both parameters o-M and <rxy. Such a theory was 
developed by Pruisken et al. [45, 58, 61, 63]. The action (1.2.8) was extended to include 
a topological term 

5 n l . -4 Snl<r + <7°yStop (1-2.10) 

StoAQ] = I U*x tr ZijQdiQdjQ = \ ƒ d* • (ATVT-1). 
To date, the topological term has remained one of the most difficult chapters in the theory 
of Anderson localisation. It can be written as a boundary expression and it disappears 
in perturbative expansions, yet it completely changes the bulk theory. It causes a second 
order phase transition at the band centers and is responsible for the integer quantisation 
of <rxy. The way in which it manages to do this is as follows. The topological term 
can be written as 5top[<3] = 2TT« • q[Q]. The q[Q] is called the topological charge. If 
spherical boundary conditions are imposed, i.e. T£U(Nr) x U(Nr) at the edge, so that 
Q = A everywhere at the boundary, then the edge can be contracted to a point and the 
topological charge is integer quantised as a consequence of the homotopy result 

•K2 [v$0k)]=%- (1-2-11) 
A change of q[Q] can be interpreted as a change of the number of electrons in the sample. 
At weak coupling spherical boundary conditions have to be imposed because of finite 
action requirements. At strong coupling there is no such requirement and the situation 
is more subtle, involving edge currents. Nevertheless, the boundary condition Q = A was 
imposed, resulting in a separation of the (J-integration manifold into distinct topological 
sectors. The minimum energy configuration Q(x) in a certain topological sector is called 
an instanton. It was shown that instantons are responsible for the renormalisation of axy. 
By using the dilute instanton gas approximation, beta functions were obtained in the 

4Phrases like 'weak coupling' and 'strong coupling' will always refer to the parameter (. 
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Figure 1.2: Left: Sketch of the mean field conductances as a function of magnetic field. 
Right: The inset is the strong field limit or quantum Hall regime. The dashed curve gives 
the mean field conductance. Arrows indicate the RG flow. 

weak coupling regime. The results can be visualised in the scaling diagram shown in 
Fig. 1.2. Apart from the stable fixed points (•) at (o^ = 0, axv =integer), which give rise 
to the Hall plateaus, there are also unstable fixed points (o) at half-integer values of <rxy. 
These are of great importance, since they describe a délocalisation of the wave functions 
or a 'massless' phase at the Landau band centers. A cr°y slightly smaller than 1/2 will 
flow past the unstable fixed point at <rxy = 1/2 and eventually end up in the stable fixed 
point at <7xy = 0. A value of a°y slightly larger than 1/2 flows into crxv = 1. Since a sample 
is never truly infinite, there will be small regions around half-integer crxy whose RG flows 
keep 'hanging' in the vicinity of an unstable fixed point. This precisely corresponds to 
the transitions between Hall plateaus: <rxy is not quantised and o^ does not vanish at the 
center of a Landau band. 

The flow of the two conductances toward the stable fixed points is an extension of 
the description of localisation as a dynamic symmetry restoration. Since the topological 
charge changes by an integer under a local U(2Nr) transformation, the theory can only be 
U(2Nr) invariant if <rxy is integer quantised while at the same time oxx = 0. This is an ele
gant way of understanding both conductance quantisations in the qHe as a manifestation 
of the same symmetry principle. 

It was predicted [62] that the conductances and the localisation length f have the 
following scaling behaviour, 

a>, {L,B)=glJ([L/^) ; £ <x \B - B* (1.2.12) 

where L is the sample size, gr,j are regular functions, B* is the critical magnetic field 
and v is the critical exponent for the localisation length. The beta functions at strong 
coupling are not known, so there is no exact result for the critical exponent. The scaling 
relations (1.2.12) were confirmed by the measurements of H.P. Wei et al. [75, 76] on 
In^Gai-^As/InP heterostructures. An important thing to notice is that scaling is only 
predicted for uncorrelated disorder. If there are potential fluctuations on the scale of the 
sample size itself, the scaling regime is never reached. The dopants in In^Gax-^As/InP 
heterostructures are situated inside the 2D electron gas and give rise to short range dis
order. In the very popular GaAs/A^Ga^-jAs samples on the other hand, the aluminium 
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Figure 1.3: Blowup of the interval 0 < <rxy < \. Shown here are the flow lines relevant for 

the Jain states p = 1, m > 0. 
shades of grey. 

The domains that flow to 2 3 
5 ' 7 

are indicated in different 

atoms are situated at a distance from the interface and cause long range potential fluctua
tions. Experiments on this kind of samples [71, 4] show behaviour different from (1.2.12). 

I n t e r a c t i o n s 

The sigma model (1.2.10) does not contain Coulomb interactions. In 1983 Finkelstein 
formulated an extension of (1.2.8) that does include them [22]. One of the consequences 
of interactions is that two frequency components (advanced/retarded) no longer suffice. 
One needs the full set of (fermionic) Matsubara frequencies ^f{n + | ) , where ß is the 
inverse temperature. For fully spin polarised electrons the effective action takes the form 

«ƒ d 2 i t r (VQ)2 + 
» - / " 

£ œr<»-i---.+'i£"«s 
.ocklrnn 

(1.2.13) 

The Q field in (1.2.13) is defined in a way similar to (1.2.9) but now in full frequency 
space, i.e. T e U(Nr • Nt) where iVf stands for the (infinite) number of distinct Matsubara 
frequencies. The contribution in (1.2.13) containing the Kronecker delta is called the 
'singlet' interaction term and represents the zero momentum limit of the interactions. 
The parameter z is called the singlet interaction amplitude. It represents the specific heat 
normalised with respect to the free particle case [10, 11]. The last term is a generalisation 
of the frequency term in (1.2.8) to the full frequency space. 

With a one loop momentum shell calculation, Finkelstein showed that in the inter
acting case the conductance a^ still flows to zero. The z renormalises, but the relative 
parameter '4' between the interaction term and the frequency term does not change. This 
fact is related to the conservation of the total number of particles. 

The next step forward in the sigma model theory was the inclusion of topological 
effects in the Finkelstein theory by Pruisken and Baranov [64]. They showed that the 
topological term, when added to (1.2.13), still leads to well defined instantons and that 
the scaling diagram (Fig. 1.2) still holds in the presence of interactions. 
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to a unified description of 2D metals at B « 0 and the 

The fractional effect 

The developments listed above have led to a deeper understanding of the iqHe. However, 
they do not describe the fractional effect. In Fig. 1.2 all the RG flow lines stop at integer 
quantised <TXV. It was conjectured [42] that the fqHe can be fitted into Fig. 1.2 under 
the 'arches' (see Fig. 1.3). There would have to be stable fixed points at (aM = Q,crxy 

quantised) and unstable ones between them at aK ^ 0 with arches as in the iqHe. This 
fqHe part of the scaling diagram cannot ordinarily be reached by RG, because the starting 
point for renormalisation, <7° , always lies above the 'fractional' region. A Chern-Simons 
mapping procedure is needed in order to change the a°} into effective conductances lying 
inside the fqH arches. However, the flux mapping procedure requires the coupling of Q 
to gauge fields, which is absent in (1.2.13). 

It has been conjectured [51, 50, 38] that the C-S mapping of the conductances is a 
realisation of SL(2,Z) (or, more precisely, a subgroup of it). The statement is that the 
transformation rule for the complex conductance a := axy-\-i<T^ is an analytic continuation 
of the case with a^ = 0, 

r/(2pa + l). (1.2.14) 

1.3 Organisation of this thesis 

Fig. 1.4 shows the connections between our work and the theories presented in the previous 
sections. On the one hand we have Wegner's nonlinear a model and the Finkelstein theory, 
field theories that encompass and extend the diagrammatic techniques of [1, 40, 2]. The 
inclusion of a topological term yields a good understanding of the iqHe. On the other 
hand we have Laughlin's wave function and Jain's composite fermion idea, which in field 
theory language are described by Chern-Simons actions. Connecting the left and right 
side of the figure there is the ^"-invariance, enabling one to apply the C-S flux attachment 
to the theory of the iqHe. 

The derivation of the unified description and the results that we have obtained with it 
are presented in this thesis as follows. Every chapter consists of a slightly modified paper. 
In chapter 2 I present the derivation of the .F-invariant action and discuss the intricacies 
of the JF-algebra. The results of a simple linear response calculation are shown. 
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The subject of chapter 3 is renormalisation of the Finkelstein theory in 2 + 2c dimen
sions. The background field method is employed to obtain one-loop results. A two-loop 
calculation of the free energy is presented and scaling functions are derived. A new quan
tity, the quasiparticle density of states, is examined. 

In chapter 4 edge states are discussed in the iqHe regime. It is shown that the topolog
ical term, or more precisely the fact that there are fluctuations around quantised topologi
cal charge, gives rise to edge excitations, and that Q-field theory on the edge is equivalent 
to a theory of chiral edge bosons. The difference between short range and long range 
disorder is investigated. A description of smooth disorder in terms of spatially separated 
'edge' channels is proposed and used to explain the non-scaling of conductances and the 
\jv tunnelling exponent. 

The Chern-Simons mapping is discussed in chapter 5. The mapping is first performed 
on the bulk theory of chapter 2 and then on the edge theory of chapter 4. A classification is 
made of quasiparticles and tunnelling exponents in the fqH regime. An explicit relation is 
found between edge theories with short-ranged and long-ranged disorder. Finally, plateau 
transitions between fractional plateaus are investigated. 


