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Chapter O 

Renormalisation of the bulk theory 

The fact that something is infinite 
does not necessarily mean it is zero. 

- S. Weinberg 

3.1 Introduction 
In this chapter we present the results of a renormalisation group study of the perturba-
tive weak coupling regime. Our main objective is to further investigate the ^"-invariance 
and to establish the renormalisability of the theory to two loop order. In section 3.2 we 
present a different version of Finkelstein's momentum shell computations [22], namely the 
background field method in dimensional régularisation, which leads to major computa
tional advantages. One of the most important aspects of the RG procedure is that the 
infrared behaviour of the theory can be extracted from ^"-invariant quantities or correla
tion functions only. For arbitrary correlation functions or RG procedures which are not 
^-"-symmetric, the perturbative expansions are plagued by infrared problems which cannot 
be resolved by the RG. This means, for example, that the expansion procedure cannot be 
used to show that the diffusion propagator (which is not an ^"-invariant quantity) contains 
an infrared cutoff of the type 1/T;n, i.e. the inelastic scattering length as naively obtained 
from the Golden Rule. For the same reason it is also fundamentally incorrect to interpret 
the theory in terms of a 'Fermi-liquid with length scale dependent parameters' [12]. 

Examples of ^"-invariant quantities are the linear response formulae which involve 
current and density correlation functions and, of course, the free energy or grand canonical 
potential itself. The most important results of this chapter are presented in sections 3.3 
and 3.4 where we compute these quantities and in section 3.5 where we derive explicit 
scaling functions for them. 

Based on a two-loop expansion for the free energy (section 3.4.4 and appendix 3A) 
we are able to identify a new quantity in the problem, namely a bosonic quasiparticle 
density of states which enters the expression for the specific heat (section 3.6). This 
quantity develops a Coulomb gap as one approaches the metal-insulator transition in 
2 + 2e dimensions from the metallic side (section 3.6.2). We identify this quasiparticle 
density of states, rather than the tunnelling density of states, as the physical observable 
to which the heuristic arguments of Efros and Shklovskiï [18] are applicable. 

As a logical follow-up we then discuss the problem of the strong coupling, insulating 
phase (section 3.6.4). We show that important progress can be made by relying on the 
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analogy with the more familiar theory of the Heisenberg ferromagnet. Our results indicate 
that the insulating phase is dominated by additional terms in the action which are usually 
dismissed as 'irrelevant'. This shows the necessity of an extended RG program. 

3.2 Background field renormalisation 

3.2.1 The background field method 

Let us start with the action 5eff[Q] (2.3.3). We drop the topological term, since it is not 
going to contribute to perturbation theory. At the moment we are not interested in the 
full significance of the Sy term, but only in the low-momentum limit. Since Sy stands for 
a higher dimensional operator, it is preferable to work with a simpler theory in which the 
Y is replaced by a J-function. For reasons to be explained shortly, we add a U(N)xU(N) 
invariant regulator (N = iVmax • Nr) proportional to h^. This gives 

S[Q] = - f T r ( V Q ) 2 + § 4 > r [ C Q ] [ F n , Q ] - fzooofe |tr la
nQ\2 + ^ T r AC. 

an x an 

(3.2.1) 
In the place of Y we have introduced a parameter Qo times z$ such that the theory 
interpolates between the Coulomb case (QO = 0 ) and the free particle case ( Q 0 = 1 ) . Let 
us now define 

Q^T-'QTo, (3.2.2) 

where T0 is a 'small' but fixed and slowly varying background field of size, say, 2rcmax x 
2 i m a x , where nm a x -C NmatX. Eq. (3.2.2) is loosely interpreted as a change of variables 
where T0 stands for the 'slow' modes which should be kept and Q represents the 'fast' 
modes which should be eliminated. This 'change of variables' idea is clearly somewhat 
cavalier and complications arise in pursuing the theory beyond one-loop order. It is the 
purpose of this section however to show that the basic idea can be put to work. If we keep 
working with a fixed but 'small' background field, then we can employ the more powerful 
method of dimensional régularisation and compute the effective action for the To-field. 
Everywhere in (3.2.1) except in the regulating Tr AQ term we make the replacement 
Q —¥Q. The effective action for T0 is given by 

exp5eff[r0]= fvQe3®™. (3.2.3) 

As was shown in detail in the context of the ordinary a model [66], this results in a 
very effective way of extracting the pole terms in e and the RG coefficients of the theory 
in 2 + 2e dimensions. In addition to this we can give precise meaning to the idea of 
'small' background field T0. After the replacement Q —»• Q has been made in (3.2.1), 
it is readily seen that the theory is invariant under a local transformation T0 —» UT0, 
where U G U{N)xU(N). By switching to a new integration variable Q' = U~1QU the 
action takes its old form, except for the regulating term which becomes oc Tr AUQ'U'1. 
However, we have U~1AU = A since U £ U(N)xU(N) and therefore the regulating term 
is also invariant. We conclude that Sefi[To] can be expressed in terms of the local quantity 

Qo = T - ' A T Q . (3.2.4) 
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Figure 3.1: The relative sizes of Q and the background field matrix Q0. 

This quantity is of the same form as the original variable Q (2.2.33) except that the sizes 
^max' ^max are now replaced by A^max and nm a x respectively (see Fig. 3.1). In other words, 
the requirement that the form of the original action and the effective action in Q0 are the 
same provides additional information on the renormalisation. Although the basic idea is 
straightforward, the scheme turns out to be quite rich and subtle. One remarkable thing is 
that the singlet interaction term (proportional to 1—a0) cannot be treated as an operator 
insertion as one would naively expect. It affects the ultraviolet singularity structure of 
the problem (i.e. poles in e) and, hence, changes the beta functions of the theory. This 
eventually happens in the limit where iVmax is sent to infinity. This limit is taken in such 
a way that the quantity W = T • jVmax remains finite, and this corresponds physically to 
having a finite 'effective' bandwidth W. 

Let us now write the Finkelstein term in the form of an interaction term plus a 
frequency term as in (2.3.9), neglecting the constant octr nA, and insert the background 
field T0 everywhere except in the hi term. The result can be written as 

S[Q, To] = SkinlVQTo] + S^lT^QTo] + Slreq[T0-
lQT0] + ^ T r ( A Q ) , (3.2.5) 

where 'kin', 'int' and 'freq' denote the kinetic, interaction and frequency part of the action. 
We have 

S^Tö'QTo] = - f T r [ V + C,Qj , (3.2.6) 

Sint[T-lQT0} = | z 0 ( l - Q o ) fdDx Y,tr Œ + Jn)Q tr {Hn + Ja-n)Q, (3.2.7) 
an 

Sh^[T-lQT0] = fz0Ti(v + H)Q. (3.2.8) 

Here all T0 dependence is collected into the 'potentials' C, J° and H 

C = T0VT0-1 J - = T0 [I«, T0-'] H = T0[r,,Tô1]. (3.2.9) 

The effective action Seff[T0] is going to be obtained by treating the 'potentials' as a per
turbation about the original action (3.2.1). It is easy to see, however, that this procedure 
breaks the U(N) X U{N) gauge invariance, which means that the final result cannot be 



44 CHAPTER 3. RENORMALISATION OF THE BULK THEORY 

expressed in terms of the local variable Q0 (3.2.4). In order to retain U(N)xU(N) gauge 
invariance it will be necessary to drop all temperature and frequency dependence as in
frared regulators such that the parameters in the effective theory only depend on the 
regulating field /if;. We will come back to this problem at a later stage (section 3.2.4). 

3.2.2 Perturbation expansion 
The theory (3.2.5) is going to be worked out perturbatively. Writing 

Q 
1 - 2VV 2N/1 - V'V't • V 

2 V ' V l - W ' t - 1 + 2 W 
(3.2.10) 

the theory can be written as an infinite power series in the matrix fields V, V-t which 
contain NxN independent complex field variables. Notice that classically (Q = A) the 
effective action S[A,T0] is of the same form as the original one (3.2.1) except that the 
Tr(A<5) term is lacking. 

In order to discuss the theory on a quantum level we regroup the various quantities 
in the background field action (3.2.5) according to 

S[Q: T0] = S[Q] + S[T0-
lAT0] + JdDx {-<f . 0kin(Q, 2b) + fz0 • Ofreq(Q, T0) 

+ |S o[l-Qo]-O i n t(Q,r0)}. 3.2.11) 

We split Okin and Omt into contributions containing different powers of 5TQ = TQ — 1 and 
SQ, 

Ok 
i(i) -,(2)4 •)(2),2 (1)4 

^kin + "Ain + ^kin • ^ ' " t - (Ant + ^int + ^int + U l(l).2 l ( 2 ) , l l (2) ,2 (3.2.12) 

The superscript between parentheses denotes the lowest occurring power of STQ. The 
second superscript gives the power of SQ. The eight different operators 0 are listed in 
Table 3.1. 

0<1>= 2t,(C,SQd,5Q) OlâA= 2E„,,0tr(Ia_raQo)tr(I°5g) 

C^»-1 = 2tv(SQC,AC,) 0&* = 2j:miatT(ÏZm5QMJZ6Q) 

Oii,!'2 = tv(C,6QC,6Q) OT= 2Em,atr(PmQo)tr(J«JQ) 

O f req= ti(HSQ) oïT= Y,m,MJ-JQMJaJQ) 
Table 3.1: Contributions to the background field action. 

The propagator for the V"-field can be read from the quadratic part of the action (3.2.1), 

S(2)[Q] = -*o £ £ fd2P E \VT-n,b(-P)Va
alM {<U[/ + K + KZ0n] - F****,} . 

(3.2.13) 
n>0 aß 

Here we have defined 

.,6=0 

K = ik ' c0 = 1 - a0. (3.2.14) 
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Notice that (3.2.13) separates into independent actions. At fixed (n, a, ß) we can define an 
?2-component vector field {M°ß)a = V"^_n for which the expression between brackets {• - •} 
can be written as the sum of a unit matrix and a projection matrix ('quasi-unit-matrix'). 
This leads to the following propagator, 

{v:fnM [v*ftn,(-p)) ^-8a-'8ßS5n 
o-o " 

-r.4Dp(n12) {Snin3+6aßKz0c0D
c
p(nl2)} , 

with 
(3.2.15) 

DP(nn) 
1 

P2 + h2 + KZQUi 

«12 

Dc
p(n12) 

n2 > 0. 

1 

p2 + hi + KZ0a0n12 

Here and in what follows we use the following convention: Matsubara indices with odd 
subscripts run only over nonnegative values, n.odd € {0, • • •, iVmax - 1}. while those with 
even subscripts run only over negative values, neven G {-iVmax, • • •, - 1 } - This choice is 
made in order to incorporate the structure (3.2.10), where it is clear that the first and 
second index of V have to be nonnegative and negative respectively. (And vice versa for 
v-t). 

In the following sections we present the results of a computation that shows that the 
final results for Sefr[T0] are of the same form as the original action (3.2.1) with, however, 
modified 'effective' parameters er', z' and a' instead of cr0, zQ and a0. 

3.2.3 Renormalisation of cr0 

The contributions to the conductivity a' have four different sources. Schematically, they 
come from the contractions in the following terms: ( O ^ ' 1 ) , ( [O^] 2 ) , ([O^'2]2) and 
(^kin^int' )• The last two of these contributions involve a small momentum expansion 
in the background field T0. In Table 3.2 we present the various contributions to the 1/e 
pole terms obtained by working in D = 2 + 2e dimensions and using dimensional régu
larisation. The most important terms generated by the background field procedure are 
(C-)nfn2(

Ci)n%^ w h i c h a r e indicated by tr C+~C~+ in Table 3.2, the (C, )«f n 3 (C ! )^ 1 , 
which are denoted as tr C,+ +C t

+ + and finally those obtained by interchanging the positive 
and negative Matsubara frequency indices. Notice that the first terms can be written in 
<7-model form 

tr ( C + - C - + + C r + G +- \tr (VQo) (3.2.16) 

<o2h -!<[ok;»]2> -mui'2]2) -<oM , a> 

tr(C,+-Cr+ + C7+C,+ -) lnao 0 -(2 + A ^ l n a o ) 0 

tr(C1++C++ + C,—C,—) - l n a 0 -2(1 + ï ? £ lnao) -(2 + SgJlnao) 2(2 + i±£]na») 

Table 3.2: 1/e pole terms. Shown are the quadratic expressions in C that are obtained 
from the various expectation values. 
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The terms on the second line of Table 3.2 can not be written in terms of Q0 as they 
break the local U(Nmax)xU(Nm!ix) gauge invariance. They sum up to zero, however, such 
that the final result retains the U(Nmax)xU(NmaiX) symmetry. The result for the effective 
parameter a' becomes 

o"o l + ^ f i D [ l + i r ^ m a o ] ) (3.2.17) 

where Qp = \SDI{2~)D with So the surface of the unit sphere in D dimensions. Notice 
that (3.2.17) behaves smoothly as QO approaches zero (Coulomb case) whereas the indi
vidual contributions listed in Table 3.2 do not. On the other hand, (3.2.17) reduces to the 
well known free particle case as ûO —• 1- In what follows, it will be convenient to introduce 
the inverse conductivity tg, 

to = 4ftD/cr0. (3.2.18) 

We can remove the pole term in e from (3.2.17) by defining a renormalised theory t0 = 
H tZ\ as usual, leading to a finite expression in e. From (3.2.17) we extract 

Z i = 1 + H 1 + 7 ^ l n Q o ] (3.2.19) 

yielding 

4S7V = ' _ 1 ( l +t\n(fi2h2
0)[l + T ^ l n a o ] ) . (3.2.20) 

Notice that the parameter h0 appears as an infrared cutoff rather than the frequency or 
temperature, and here it plays the role of the (inverse) sample size. In the next section 
we give an explicit example indicating the kind of complications one is running into by 
working with finite temperature or frequency rather than h0. 

We now have all the necessary ingredients to calculate the beta function for the con
ductance, 

ß = - ^ = 2st-2t2[l + -^-\na0}. (3.2.21) 
d In f.t 1 — Q0 

3.2.4 Renorma l i sa t ion of ZQ and «o 

The singular contributions corresponding to the terms quadratic in J and H (3.2.9) in Sea 
originate from many sources. They are contained in the following contractions: (0f req), 
<?£t),2>, (OlT),(OlTh -}{[OT)2) and - ( 0 ^ 0 ^ ) , while all other possible sources 
give answers which are finite in e. Each of the individual contractions gives a divergent 
answer as a0 approaches zero, just as in the computation of a'. However, numerous 
cancellations of these divergencies take place in the total sum. The resulting expression 
for 5eff[T0] is given by 

-ßZo \4Ufleq + Zc0Uint + Zc0UiM + c0Uint - ßZoC0[Uint j - -jz0c0 Uml Uint I 

= -f(Ofreq) + To + Y, E r^m^un2)(T0rmTöl)'^ni(T0rmTö1)^n2 (3.2.22) 

where 

ri{m,nun2) = -KZ0C0 f Dp(n12) [l + Kz0c0\m]Dc
p{\m\)] . (3.2.23) 

Jp 
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In (3.2.22) we have included a constant T0 which is such that it cancels the constant that 
appears in the I \ term. The singular contribution is obtained by replacing the square 
bracket in (3.2.23) by unity, and we get simply 

/ Dp(n12) = -)ÇlD(hl + Kz0nl2y K -±QD - nD\n(h2
0 + Kz0nl2). (3.2.24) 

We mention two important aspects of this result. First, the pole term in e is independent 
of the frequency indices nu n2 and this implies that the result (3.2.22) becomes U(Nmax)x 
U(NmaX) invariant, i.e. it can be expressed in the quantity Q0 (see below). Notice that 
U{Nm^x)xU(Nmax) gauge invariance is automatically obtained by putting the ratio Kn12/hl 
equal to zero, i.e. by dropping the temperature and frequency as infrared regulator in the 
final answer. This, however, is just a different way of saying that the background field 
procedure, along with any other arbitrary RG program, can never provide information on 
the dynamics of the problem, such as the AC conductivity. 

Secondly, we evaluate the result (3.2.22) as follows. When one of the frequencies nun2 

is large, the I \ term yields a contribution that exactly cancels the (Ofreq) term. From the 
remaining small frequencies we get 

Seiï[T0] = r o - « W f n D X ; E W - T o - ^ T o I ^ T o - 1 ) ^ (3-2.25) 
aß-y rnni nj 

= r0 + Kzoco^n^tr [T0rmT0-\A}[T0r_mT-\A] 
ma 

= r0 + ^oCoflfiD£'tr[I«,Q0][rm,Q0] 
ma 

which has precisely the ^-invariant form in Q0 given in (2.3.5). Hence, the significance 
of working with 'small' background fields T0 (relative to the field variables Q) is now well 
recognised and the renormalisation procedure for the interacting electron gas involves not 
only the usual rescaling of momenta, it necessarily involves also a rescaling of the time or 
frequency variable or, rather, of the 'effective' bandwidth W=TNmsx. 

Next, from (3.2.25) we can read off the numerical value for the constant T0 which is 
given by 

To = IKZOCO^ÜDN, Y^ \m\. (3.2.26) 
m 

It can be shown (section 3.4.3) that T0 is precisely cancelled by the one-loop result for the 
free energy ( ^ ) which still appears in the definition of 5ef f. Hence the expression in Q0 

(3.2.25) is an eigenoperator of the renormalisation procedure, and this is in sharp contrast 
to what one is used to in the conventional a-model theory applied to the free electron 
problem [60]. Operators bilinear in Q as well as higher order operators in that case describe 
density fluctuations which become anomalous (multifractal) as one approaches the critical 
point (mobility edge) in 2 + 2e dimensions. The physics of the interacting electron gas 
appears to be quite different in this respect and, as will be shown in later sections, the 
theory is much closer to the Heisenberg ferromagnet. In particular, the interacting system 
is characterised by a conventional order parameter, as well as a (Coulomb) gap in the 
quasiparticle density of states. 

We summarise the results of this section by giving the complete form for the effective 
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background field action (including constants) 

5eff[Qo] = - ! < / T r (VQ0)2 + %z'J2'Ti K , G O ] P C , GO] " K " ' £ / t r ^ 0 tr P „ Q 0 

(3.2.27) 
where the effective parameters a', c' = l-a' and 2' are given by (3.2.17) and 

z' = 2o(l + ^ c o f i D ^ ) = 2o(l + ^ c 0 r o ) (3.2.28) 

a'z' = (1 - c')z'= (1 - c0)z0 = a0z0. 

Introducing renormalisation constants for the amplitudes, z0 = fi2ezZ2 and a0 = aZa, we 
then extract from (3.2.28) 

ZQ = Z2~
1 ; Z2 = l - £ c (3.2.29) 

such that the renormalisation of the a is obtained as 

a f e = - * « ( 1 - a) (3.2.30) 

and the anomalous dimension of the amplitude 2 is expressed in terms of the 7-function 

'-* - - ^ h T 7 r - • d l n ^ - - H 1 - Q ) - (3.2.31) 

Eq. (3.2.30) implies that ^"-invariance of the theory at Q 0 = 0 is retained by the RG. 
The theory is unstable with respect to the symmetry breaking a0 which plays a role 
analogous to the 'range' of the electron-electron interactions [64]. From (3.2.31) and the 
beta-function (3.2.21) we conclude that the Coulomb interaction problem (a0 = 0) has 
a fixed point tc oc e in 2 + 2e dimensions which separates a metallic phase (t < tc) from 
an insulating phase (t > tc). In two spatial dimensions, the metallic phase disappears 
altogether and this, then, leads to the familiar complications as far as the quantum Hall 
effect is concerned [64]. 

3.3 Linear response 

In the previous section we have seen that within the background field approach, the singlet 
interaction term contributes in a peculiar way to the conductivity renormalisation. In this 
section we present the results of a computation of a' by considering the linear response 
to a vector potential insertion. If one views the insertion of a vector potential as the 
result of a ('large') background field rotation, then it is clear that this special type of 
background field leaves the Finkelstein action invariant, the symmetry being broken only 
by Qo 7̂  0 for h\ = 0. In contrast to the background field procedure, we can now expect 
that the limit Ao->-0 can be taken in the end such that the frequency and T dependence 
of the a' can be computed. We stress that it is a priori completely un-obvious that the 
two different ways of computing a' should yield identical RG results in the end. In fact, 
the different methods correspond to two completely different ways of handling the small 
frequency, large wavelength excitations of the system. In chapter 2 we have shown that 
these different methods are formally related by the U(Nmax)xU(Nmatx) gauge invariance 
of the theory. Hence, the results of this section should be considered as a demonstration 
of the significance of the jF-invariance. 
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We start out by replacing the derivatives in (3.2.1) by covariant derivatives 

ÔjQ-ïldj-iÂjrf]. (3.3.1) 

The effective action for the vector potential A is defined by 

exp Seft[Ä] = JVQ exp S[Q, A] (3.3.2) 

which is generally given as 

SMA] = f ƒ £ °,{n)v«Aa-n • K- (3-3.3) 
J* na 

The unknown quantity cr'(n) can be expressed in terms of correlations of the Q-fields as 
follows 

An) = **-%* ([rn,Q]\nn,Q]} (3.3.4) 

+ é ö J ( t r K . Q}VQ(x) • tr [Fn, Q]VQ(s ' ) ) 

where the expectation is with respect to the theory (3.2.1). Here we take a single fixed 
replica channel. At a classical level (Q = A), (3.3.4) gives us a' = a0 as it should. The quan
tum fluctuations of the Q-field give rise to various contributions which are individually 
singular as ceç, approaches zero. The result is given by 

a'(n) = v0-
1J^f4Y,m P2DP(™ + n)Dp(m + 2n)Dc

p(m)x 
m = l •'P 

x[Dp(m) + ±a0D
c
p(m + n)]. (3.3.5) 

The sum and integral can be performed by keeping one of the regulators hi, temperature 
or frequency vn fixed and putting the other two to zero. The general result involves 
complex expressions containing dilogs and ^-functions. Here we limit the discussion to 
the most interesting case of the Coulomb interaction (a0 = 0). We find to lowest order 
in e 

AT) ---- a0-4ÜD(-l
7-\n(Kz0) + 2 + 1) (3.3.6) 

o\vn) ---- < 7 o - 4 f t D ( - i - l n ^ + f-21n2) (3.3.7) 

AK) -= < 7 0 - 4 f i D ( - i - l n ^ ) . (3.3.8) 

Here, 7 ss 0.5772.. . denotes Euler's constant. As before, the numerical factor ftD can 
be absorbed in a redefinition of the parameters a', a0. Notice that (3.3.8) is precisely 
the result we previously obtained by employing the background field procedure. A good 
approximation to the general case is obtained by replacing In hi in (3.3.8) by the following 
expression with appropriately chosen constants a and b 

Inhl^Hhl + a^ + b^}. (3.3.9) 

This expression indicates that the squares of the phase breaking lengths due to the differ
ent mechanisms of sample size, frequency and temperature add up in parallel. We have 
convinced ourselves of this result by performing numerical analyses. 
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3.4 Free Energy 

3.4.1 The method 

In this section we build upon the results obtained from the background field procedure. 
In particular the construction of the eigenoperators (which includes the constants in the 
quantum fluctuations V, Vr) can be exploited in a very effective way by extracting higher 
loop renormalisation results from a computation of the free energy,1 in complete analogy 
with what has been done for ordinary a models [9]. However, the computation of the 
free energy in our case not only provides additional information on the theory in strong 
coupling, it also identifies a new physical quantity in the problem, namely the quasiparticle 
density of states entering the specific heat. 

Since the apparatus of the RG can only be put to work once the singularity structure 
of the free theory is known, we proceed by first presenting the results of a computation of 
the free energy to two-loop order. These results indicate that the quantum theory retains 
the tree level structure of the free energy, a result which is obtained by putting Q0 = A in 
our background field functional (3.2.27). More specifically, write 

Seff[Qo = A] = -VDNr^z'vn (3.4.1) 
n>0 

where the prime on the summation indicates that only small frequencies are of interest. 
The VD stands for the volume of the /^-dimensional system. 

For reasons which have been well explained in sections 3.2 and 3.3, the background 
field procedure only provides information on the quantity z' in the case where the h\ 
provides the dominant infrared régularisation. Since .F-invariant quantities like the free 
energy are, in principle, free of such a constraint, it is important to know whether and how 
the regulator h\ can be put equal to zero. Most of the answer to the question is already 
provided by the theory in one-loop approximation which will be discussed in section 3.4.3. 
In section 3.4.4 we give the results of the much more complicated theory at two-loop level. 
The reader who is not interested in technical details might skip this section and proceed 
immediately to section 3.5 where the scaling implications are analysed. 

3.4.2 Loop expansion; diagrams 

Let us start from the renormalisable action (3.2.1). The free energy T is defined by 

e-vDNrT = z = fVQes[Q] (3.4.2) 

The nonquadratic parts (in V, V]) of the action are treated as a perturbation of the 
Gaussian theory (3.2.13). Denoting expectation values with respect to the Gaussian 
theory by (•••), the free energy is given by 

-VDNrT = S(0> + InZ<2> + ( S « + | [5 ( 3 )]2) (3.4.3) 

where a superscript between parentheses gives the order in V, V'. We write a loop expan
sion as follows 

T = To + Tr + Ti + • • • (3.4.4) 

'Well, actually the grand canonical potential. We use the term 'free energy' to stress the analogy with 
the Q-field theory for free electrons. 
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ßm 

(a) (b) (c) 

Figure 3.2: Some examples of how diagrams are drawn. 
(a) tr rnVVW; (b) (tr I«V tr I ^ > ; (c) £ n Q tr I»VV* tr I°„VVt. 

where the subscript i on ƒ", indicates the number of loops. Diagrams will be drawn in the 
following way (see Fig. 3.2). Every matrix trace is represented as a point. The matrices 
whose trace is taken are represented by lines emerging from this point. The ordering of 
the lines is such that the counterclockwise direction in the diagram corresponds to reading 
the argument of the trace from left to right. An I-matrix is drawn as a dotted line, a 
V-matrix as a solid line with an outgoing arrow and Vf as a solid line with an incoming 
arrow. Points can be connected by lines in two ways. A dotted line between two points 
means that a sum of the form £ n Q tr (I"Xi)tr (ItnX2) is taken. A solid line between 
two points represents a contraction of a V with a V\ i.e. tr X{V tr V^X2. Points can be 
connected by more than one solid line. A solid line can also connect a point to itself. 

At zero and one loop level, diagrams do not give much additional insight and we will 
not draw them. The zero loop result is simply given by S ( 0 ) , i.e. the Q = A part of (3.2.1), 

To = 2 2 o 2 j F"- (3.4.5) 

3 . 4 . 3 O n e - l o o p t h e o r y 

The one loop result is given by the term lnZ ( 2 ) in (3.4.2). Using (3.2.15) we find 

* = £ƒ In 
p2 + hl + a0KZ0n n y ^ (hi + KZ0n)l+e - (hi + a0KZ0n)l+ 

p2 + hl + K,z0n e(l+ e) 
nyo-'P r • --U ' n>0 

By taking the In T-derivative of T one reproduces the result of the background field 

procedure (3.4.1), 

dT „ v ^ ' L . 2fio (hl + Kz0n)e - a0(/ig + a0KZon) 

(T0 e d\nT 
2 ^ T ' : ^ n { 1 + 

n>0 
}• (3.4.7) 

By neglecting the vn terms relative to the infrared regulator h\, one obtains 

dT 

a i n T 
n > 0 

(3.4.8) 

with z' precisely given by the background field result of (3.2.28). Next we consider (3.4.7) 
in the limit /ig —j-0. In this case (3.4.7) defines a frequency dependent effective parameter 

dT „-e-v ,. . „ , l \ , 2 f iD (±w 
2 2 _ , z ' K H ; z'(vn) = z0\ dlnT 

n > 0 
0-Q (T0 

1 - a , l+e 
(3.4.9) 
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A i .. B, 

B3 •—»—•—»- •—»—•—» » 
B6 

Figure 3.3: Two-loop diagrams contributing to JF2 

3.4.4 Two-loop theory 

The two-loop contribution to the free energy is given by the expectation value in (3.4.3). 
Since the kinetic part of the action does not contain third order contributions in V, V* 
and the frequency term is only of second order, we can write 

-VDNrft = (S<& + S « + i (S<n
3>) ^>. (3.4.10) 

The fourth order part of the kinetic term is given by 

SÊi = - l ^ o T r {(VWV)2 + (VVV*)2} . (3.4.11) 

The fourth and third order part of the interaction term are given by 

Sin' = T~~oCo ƒ J 2 E t r W > V1 t r l-n[y\ V] + ( Y, tr ÇV* tr I ! „ V Y V + c.c 
a V "a \ a , n > 0 

S$ = f=0c0 Y f {tr 1°V' tr CB[yt, V] + tr P„V tr IZ[V\V}} . (3.4.12) 
a,n>0" '- r 

The calculation of (3.4.10) is simplified by the fact that (s£ n ) vanishes. The propagators 
only depend on the absolute values of the momenta, but the derivatives in (3.4.11) give 
rise to a cosine of the relative angle between two momenta; integration over the angle 
yields zero. 

Performing the rest of the contractions in (3.4.10) is straightforward but laborious. In 
terms of diagrams, they are written as 

(S$) = 2Ka0z0c0{A1 - A2 - | A 3 } 

K^in ' ] 2 ) = (Kor0z0co)2 {2Bl + B2 + B3 - 2Ä, - B5 - B6} , (3.4.13) 

where the A,-, B, are drawn in Fig. 3.3. The factor of 2 in front of Bx and B4 originates 
from the fact that the arrow on the single solid line in the upper left corner can be reversed 
without changing the value of the diagram. The following identities are very useful in 
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doing the contractions, 

tr \a
nVW = 0 for n ^ 0 (3.4.14) 

tr rmV(q) tr lß
nV\-q') = ±6(q - q'W^nD^n) (3.4.15) 

trla
nV\-q')tiV(q)M = ±5(q-q>)Dl(n)tAa

nM. (3.4.16) 

Here the I£ is defined as in (2.2.38). In the end we get an expression for T2 in terms of 
the propagators D and Dc, 

Tï = ^KZoco^2s- Dq{s)Dp{s) + ^(KZ0C0)
2 Y^ min(m.n) x (3.4.17) 

»>0 JP-1 m , n > 0 

x f {-Dp(n)D;(n)Dq(m + n) + Dq(m)Dp(n)Dp(n) 
JP.Q 'PA 

-Dc
q{m)Dc

p{n)Dp+q(m + n) - Kz0c0 • m • Dq(m)Dp(n)Dc
p(n)Dp+q(m + n)} . 

The overall factor min(m, n) in front of all the terms with more than two propagators can 
be roughly understood as follows. The summation m>0 always enters the stage when a 
redefinition occurs of the summation variable n2 on V'„in2 to a new summation variable 
m = n1— n2>0. This shift leaves behind a constraint on the range of n1, namely nx <m. 
The tracing with In in (3.4.12) induces a shift and a constraint of the type n^ < n (or 
iii +n > m or something similar). In every contribution a free sum over nx finally occurs, 
yielding min(n,m) due to the constraints imposed on the summation interval. 

We wish to present the result of (3.4.17) in the form (3.4.5, 3.4.6), i.e. as a frequency 
sum of corrections to z0. This means we have to perform two momentum integrals and 
one frequency sum, while keeping one frequency fixed. This can be done in the following 
way: 

00 00 00 00 

^2 min(m,n) • f(m,n) = J^m ^ / (m,n) + ] T n ^ f(m,n) 
m,n>0 m = l n=m + \ n = l m=n+\ 

uo 00 

s = l l=s+\ 

Thus Ti (3.4.17) can be rewritten in the form 

£ « * < * $ > • ƒ Dq(s)Dp(s) + ^(KZoc0)
2J2Y, [ {-Dq(s)Dq(s)Dp(s + l) 

s>0 JP>1 s>0 1>S Jp.q 

-Dq(s + l)Dp(l)Dp(l) + Dq(s)Dp(l)Dl(l) + Dq(s)Dq(s)Dp(l) - 2Dq(s)Dp(l)Dp+q(s + I) 

- Kz0c0lDq(S)D
c
q(s)Dc

p(l)Dp+q(s + /) - Kz0coSD
c
q(s)Dp(l)Dp(l)Dp+q(S + /)} . (3.4.18) 

Calculations are now straightforward but cumbersome. Some details are presented in 
appendix 3A. The final result for the poles in e in two loop contribution is given by 

2 " *°KZoh "ofM ^m 1 s — 
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where we have introduced h] = KZ0S and put a0 = 0 whenever possible. It should be 
mentioned that in obtaining (3.4.19) drastic cancellations of many singular terms in Q 0 

take place (see appendix 3A). Combining (3.4.6) and (3.4.19), one gets 

where we make use of the one-loop renormalisation of h0, a0 and z0: 

t0 -> t' = t0 • 1 1 - -5-io 

1 + j-t0 

^•[l-[2 + lna0]^0J. 

Eqs. (3.4.21)-(3.4.23) imply the following renormalisation of the quantity h2 oc t 

*.'\l-%tol 

(3.4.20) 

(3.4.21) 

(3.4.22) 

(3.4.23) 

(3.4.24) 

Let us also present the result for the case when hl = 0, so that the frequency serves as an 
infrared regulator: 

To 

Fi 

Ti 

20 

to 

29. 

-E'*2 

2_noyh 

ô 

;i + £ ) 2 

h2s t2 

2 " s l0 l - e ( - + 4) + 0(e2) 

(3.4.25) 

(3.4.26) 

(3.4.27) 

3.5 Scaling results 

Our RG program of the Finkelstein theory consisted of two separate parts. First we 
studied the background field procedure in dimensional régularisation and we focused pri
marily on how the interaction term affects the ultraviolet behaviour of the theory. This 
procedure provides two renormalisation constants, Zi and Z2. (From now on we consider 
the Coulomb case QO = 0 ) . 

The background field procedure and other, arbitrary, RG programs [7] do not provide 
us, however, with the full temperature and frequency dependence of physical observables 
such as the conductivity. This was the subject of the second part in which we recognised 
that observables should be constructed out of only those correlations or "background' fields 
that leave the interaction term Sp invariant. There are two classes of such correlations: 
the free energy itself and the one denoted as 'linear response', which provide us with 
equilibrium statistical mechanics and transport theory, respectively. For these quantities 
we can derive general scaling results from the RG. 
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First we summarise the results for the conductivity a0 and the free energy Tç,-\-T\-\-Ti 
as follows 

a'(s) = 4ttD±R„{t0,hs) ; Ra = 1 + %-t0 ( l - e[§ - 2In2]) . (3.5.1) 

The In T-derivative of the free energy can be written as 

s>0 s>0 

where 
M(to, h3) = l + £ t 0 + £ t § ( - 1 + e\[l + f]) . (3.5.3) 

These results are completely analogous to what has been obtained for the Heisenberg 
ferromagnet [66]. The quantity M is the analogue of the magnetisation in ferromagnetic 
language and we will next follow up on the analysis of [66]. Equation (3.5.3) can be 
understood in terms of the effective parameters h's and t' with the latter defined by 

}r = ±R(t0,hs) ; R(t0,h,) = l + ^t0 + O(t2
0). (3.5.4) 

Notice that the expressions for a' and 1/i' in (3.5.1) and (3.5.4) are not necessarily the 
same, since they describe different physics (linear response and equilibrium statistical 
mechanics respectively). Nevertheless, both (3.5.1,3.5.3) and (3.5.4) can be used to extract 
the renormalisation constants Z\ and Z2 obtained by putting 

f0 = P-~ 'iZ\ ; QDJ*- = v„z0 = vsfi
2ezZ2 (3.5.5) 

where t, z now stand for the parameters of the renormalised theory. Following the scheme 
of minimal subtraction we get 

Zx = 1 + t/e (3.5.6) 

Z2 = l - £ - ? ( ! + * [ £ + ! ] ) • (3-5.7) 

The renormalisation ß- and 7-functions are obtained as usual 

^ " d l n 7 " l + t d l n Z , / d t ; 1~ß^T- ( 3 - 5 - 8 ) 

yielding 

ß = 2et-2t2 ; 7 = -t - f2(3 + 7r2/6). (3.5.9) 

Next we express the free energy and conductivity in terms of the renormalised parameters 

^ = 2 ^ ] T ^ S M ï = fi2cl
TR a' = AÜDli

2'-\Ra (3.5.10) 
s>0 

where M, R and R„ can be written in scaling form following the method of characteristics 

M = M0{t)g{vsz£,DM0) 

R = R0{t)h(usz(D M0) (3.5.11) 

R. = Ro(t)f{v3zZDM0) 
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with Mo, Ro and £ determined from the RG functions ß and 7 according to 

[pd„ + ßdt}t(t) = 0 

\ßdt - f]M0{t) = 0 (3.5.12) 

[ßdt + 2e-t-1ß}Ro(t) = 0. 

More explicitly, in 2 + 2e dimensions we have for the metallic phase (t<tc) 

Ro = (\-tltcf
ev (3.5.13) 

M0 = (l-t/tc)
0° 

where tc = e + ö(e2) is the critical point /3(ic) = 0, and 

u = -l/ß'(tc) ; ßo = -in(tc). (3.5.14) 

It is interesting to conclude that the interacting electron gas is much closer to the physics of 
the Heisenberg ferromagnet than to the free electron problem which has /?o = 0, indicating 
that the density of states is nonsingular. The metal/insulator transition for interacting 
electrons is characterised by the appearance of a real order parameter. We will show-
below (section 3.6) that ßo^Q in this case means that the specific heat becomes singular 
as one approaches from the metallic side. 

Important conceptual quantities of the theory are the various length scales (Lv) in
duced by the phase breaking parameters such as temperature T, frequency vn and the 
parameter denoted as h0. From the RG we have 

(3.5.15) 

Finally, we can obtain 'equations of state' for the quantities M and R. As shown in [66] 
to lowest order in e, these quantities obey 

W = ^ ' • ( l - * * ^ ) 1 ' ' (3.5.16) 

^ r = ('c/*)1/efi 

KD{h0) --- {h'f 
KD{T) -= TzM0gT{TziDM0) 

KD(»n) --= vnzM0gv{vnz£,D Mo 

with the following relations between the exponents 

Dly = ß0(S + l) ; K = ß05/(2eis). (3.5.17) 

The equation of state for the conductivity is obtained by replacing ß —» Ra and vs —> iu 
in (3.5.16). 

3.6 Specific heat 

In order to make contact with an important quantity like the specific heat, we will first 
evaluate the derivative dTjd In T from the fermionic path integral for the case of free 
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particles, and compare the results to those obtained from Q-field theory. By the rules of 
statistical mechanics we have 

d\nZ 

din/? 
Nrß(E-nN) (3.6.1) 

where Ë is the average energy and N the number of electrons. Since the specific heat is 
defined as the change of Ë with varying T for a fixed number of particles, we still need 
some procedure that eliminates the explicit ^-dependence in (3.6.1). 

3.6.1 Pree particles 

From the original fermionic path integral we obtain directly 

n 

with l n Z = — VoNrJ- and ' t r ' here denoting a trace over position space. By writing the 
frequency sum as a contour integral in the usual way, 

tr 7^r0- (3-6-3) 
t / SJf l.f <dz • •ß*+i 

obtain the more transparent expression 

ßVD 
J — oo 

- e/3. 
t 

: + l 
p(e) (3.6.4) 

where p(e) is the density of states at energy p + e and Vr> the volume of the system. The 
equivalence between (3.6.1) and (3.6.4) is now easily established. By splitting (3.6.4) into 
zero-T and finite-T parts we finally obtain 

V b ^ = ß(fo + h) 

= ßVD j de ep(e) + ßVD j~de-^[p(e) + p(-e)\ 

= ß(-J"dEN(E) + VDJ~de^r^lp(e) + p(-e)}y (3.6.5) 

with N(E) the total number of states below energy E, VDp{E) = dN(E)/dE. The fT 

determines the well known specific heat of the free electron gas for low temperatures 
(cv = dfj/dT = *fT). Next, we wish to redo the various steps which take us from (3.6.2) 
to (3.6.5), but now starting from the effective theory in Q. We obtain, instead of (3.6.2) 

VD^ = irpoN;1 Tr <wQ) = 2vVDP(! ^ . (3.6.6) 
n > 0 

By taking a simple exponential form, i.e. replacing (3.6.6) by 

2 * V D p o ^ > „ e - u " ' T \ (3.6.7) 
n>0 

and by redoing the various steps which take us from (3.6.2) to (3.6.5), it is easily seen 
that the low T behaviour of the specific heat is the same as was obtained before. (All 
the dependence on the cutoff r0 is absorbed in the zero-T part of (3.6.5), i.e. /o, and this 
quantity is of secondary interest). Hence, the low-T specific heat of the electron gas is 
correctly retained by the effective Q-field formalism. 
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3.6.2 Coulomb interactions; quasiparticles 

Next we embark on the Coulomb interaction problem. We obtain from the Finkelstein 
action, instead of (3.6.6), 

y ^ = r ° ( ç ' T r [ I - Q 1 [ I - " ' Ç 1 ) - (3-6-8) 
The expectation on the r.h.s. has been the main subject of section 3.5. Expression (3.6.8) 
will be denoted by 

-2VDz0Y^VnM(vn)e-v»T° (3.6.9) 
n>0 

where, as before, we introduced an arbitrary r0 for convergence purposes. Notice that the 
quantity M(yn), in contrast to the density of states p0 in the expression for the free electron 
problem (3.6.7), now acquires nontrivial ^„-dependence. We proceed by evaluating the 
discrete sum in (3.6.9) as a contour integral. Repeating the same steps which lead to 
(3.6.5) we obtain 

VD^-0=ß(fo + fT) (3.6.10) 

where we write 

fo = -VD- deeM(e)e—° ; fT = VD-± / de - j — - P q p ( e ) (3.6.11) 
"" Jo T JO e ~ 1 

with 
pqp(e) = eit7»M(-ie) + e""" M{ie). (3.6.12) 

As before (3.6.5), the specific heat is obtained as cy = dfj/dT. The quantity pqp(e) is 
identified as the quasiparticle density of states of the interacting system. Notice that these 
quasiparticles are a direct consequence of the particle-hole pair instability and, hence, they 
are bosonic. 

The expression for fa, (3.6.11), is the most important result of this section and we must 
make use of the results for M(un), section 3.5, in order to allow some general conclusions 
about the specific heat. First, in the metallic phase in 2 + 2e dimensions, the arbitrary 
cutoff factor containing r0 in fr does not contribute to the leading behaviour of cy at 
low T, and r0 can be safely put to zero. This can be seen most simply from the behaviour 
near the fixed points t = 0 and t = tc, in which case we have 

t ->0 : 

M{un) « 1 pqp - • 2cos(er0) « 2 cv -> 7 o T 

t<tc: (3.6.13) 

M K ) » H 1 / ' Pqp^\e\^2coS(fs+er0) c„ -> j*T1+1f'. 

Hence, approaching the MI transition from the metallic side, the quasiparticle density of 
states develops a (Coulomb) gap and the exponent 1/8 is of order e = (D — 2)/2. More 
generally, we have the following scaling result for the quasiparticle density of states, 

Pqp{e) = M0G{tz£DMQ) = M(-ie) + M(ie) (3.6.14) 

which may be obtained in closed form using the results for M of section 3.5. 
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Figure 3.4: The quasiparticle density of states. Shown is /9qp for three values of /i and the 
curve dn/d/i. 

3.6.3 Crossing over between free electrons and quasiparticles 

For completeness we give a sketch of pqp(e) as compared to the thermodynamic density of 
states dn/dfi, Fig. 3.4. The dn/dp does not enter the effective Q-theory and is taken as a 
regular function of the chemical potential, since it is solely determined by the underlying 
theory with the P matrix field variables. Fig. 3.4 indicates that /?qp(e) as a whole moves 
along as one varies the chemical potential fi, with e really standing for the thermal energy 
fluctuations for a given, fixed p. The effective band width (Ae) for quasiparticle excitation 
is on the order of h/r0, i.e. the characteristic energy scale below which the Coulomb effects 
become noticeable. It is, of course, understood that for free electrons there is no distinction 
between p(e) (3.6.5) and dn/dfi, and the quasiparticles are the electrons themselves. 

Let us next come back to our earlier discussion (section 3.2.1), where we replaced the 
original problem with Coulomb interactions (2.3.3) by a simpler one (3.2.1) introducing 
the parameter c0. We argued that since the Coulomb term Sy is irrelevant we obtain the 
same results by putting Co = 1 (a0 = 0) in the simpler theory. We are now in a position 
to appreciate the fact that the two theories really stand for entirely different physical 
scenarios by which the free electron and Coulomb theories are related. 

As already mentioned before, the parameter a0 in the simple theory can loosely be 
interpreted in terms of the 'range' of the electron-electron interactions, and the results 
indicate that infinite range interactions (a0 = 0) and finite range interactions ( Q 0 > 0) 
belong to different universality classes. On the other hand, the Coulomb term Sy in the 
original theory really interpolates between the action for free particles at high momenta 
and the Finkelstein theory which only appears in the limit of large distances (relative to 
the screening length). This means that the true, physical theory predicts free electron 
behaviour with Fermi-Dirac statistics at high T (3.6.5) and quasiparticle behaviour with 
scaling and Bose-Einstein statistics at low T (3.6.13). This crossover mechanism for which 
the Coulomb term Sy is responsible obviously applies to other physical quantities such 
as Oxx. This mechanism is important, since it has been experimentally shown [75] to 
apply to the more complicated metallic phases of the quantum Hall regime as well. More 
specifically, the transport data taken from low mobility heterostructures follow the well 
known free electron behaviour at high T (4K< T <20K), 

*ü(T) ƒ 5 * § * * * > • 
(3.6.15) 

Here f(T) stands for the Fermi-Dirac distribution (see 3.6.2) and <r° are the mean field 
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conductances with varying energy E. This behaviour crosses over smoothly but rapidly 
into a scaling behaviour in T, which was observed at lower temperatures (20mK< T <4K) 
only. This, then, indicates that the complete theory as given by (2.3.3) has all the 
ingredients necessary to describe plateau transitions. 

3.6.4 Strong coupling aspects 

The analogy with the Heisenberg ferromagnet naturally supposes that one can take the 
theory one step further by extending the ferromagnetic language to include the insulating 
phase as well. For example, for ordinary ferromagnets we know that, since there is 
no phase transition in the symmetric phase, the magnetisation M{vn) should become 
a regular and odd function of the 'external field' vn. From the RG it can be shown that 
such a condition on M(yn) implies that the R(yn) (but not R„l) is regular as well but it 
must be an even function of un. This analyticity statement (Griffith analyticity) would 
imply in our case, however, that the quasiparticle density of states collapses, i.e. (3.6.14) 
vanishes to all orders in e! 

This oddly looking conclusion can be understood as follows. First we remark that a 
vanishing pqp(e) is a direct consequence of working with an action where the Coulomb 
part Sy has been replaced by a symmetry breaking term Sa and where the 'external' 
symmetry breaking a0 has been put equal to zero. Notice that for Fermi level quantities 
like Pqp(e) and a(u>) the role of a0 itself is analogous to the role of the magnetic field in 
the Heisenberg ferromagnet. This is evident from the linear response procedure, where 
the perturbing vector potential can be considered as a 'generator' of JF-symmetry which 
is broken by the external a0-field. Hence we should expect that the quantities pqp and 
<j, which are a direct measure of the low energy excitations of the electron gas, become 
regular in a0 as one enters deeply into the insulating phase. In other words, they become 
zero by putting a0 equal to zero. The important conclusion that can be drawn from this 
discussion is that the Coulomb term Sy can no longer be regarded as 'irrelevant' but, 
instead, it is going to completely determine the physics of the insulating phase. 

Let us next come back to the subject of linear response. It is clear that for the 
computation of conductivities one generally has to take the limit q —> 0 first and then 
to—>0. Notice that the abovementioned complications with with the limit a0 —> 0 are, in 
fact, foreshadowed by the response at tree level (2.4.4). For instance, working in a theory 
where Y(q) is replaced by a0 (as was done for RG purposes), linear response leads to 
the correct result provided a0 —¥ 0 in the end. As one approaches the insulating phase, 
however, it seems from (2.4.4) that the RG result (a « a0 as a0 —• 0) is indeed the only 
way of obtaining a smooth ao—>0 limit. However, in a theory with Y(q) it is more likely 
that <TRiÇu> in the insulating phase, which means that the response becomes local in time 
for system sizes much larger than the localisation length f. 
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3A Details of the two-loop calculation 

Be obscure clearly. 
- E. B. White 

KZ0 

In this appendix we present the final expressions for the various terms in (3.4.18) together 
with some calctilational details. The calculation is straightforward because the internal 
momenta decouple, and we just present the results (only pole terms in e), taking the limit 
Qo —> 0 wherever possible: 

f Dq(s)Dp(s) -> n W o S ( l + £ s ) 2 E b ^ ] 2 

KZ0J2 f Dq(s)Dl(s)Dp(s + l) -+ Qlh£-^{(l + 2Ds)
1+*m£=±} 

Y^ [ Dq(s + l)Dp(l)Dp(l) -> l^Äf/^lsCzl + i / ^In(l + «D.)\ 

KZOJ2 f Dc
q(s)Dp(l)D;(l) -+ n ^ { - ^ l n a 0 - Ç ^ + ±/Wn(l+ *£,)} 

Kz0J2 [ Dq(s)Dl(s)Dp(l) -> n ^ { ^ Ü ± £ l l ^ ^ + -L [ ( l + ^ r - l ] } , 

where we have defined Qs = h2
s/h\ and 13(e) stands for the combination 

The calculation of the last term on the second line in (3.4.18) is more difficult but standard. 
As far as we are interested only in poles in e, we can replace the sum over I by an integral 
and put the lower limit to zero rather than LOS: 

2TT f°° 

i>s
 Jo 

Using the Feynman trick one can write 

~ ' ° E / Dc
q(s)D;(l)Dp+q(s + l)=4fo Hdu, f flf[dx, x (3A.1) 

(>s P'q ° P-1 ° 1=1 

c2(5(1 - ^2 x>) [ho + 92j;i2 + p2x23 + 2pqx3 + KZ0s(a0Xi + x3) + Kz0l{a0x2 + x3)] 

where xi3 = xt+x2 and x23 = x2 + x3. By shifting p^ p — qx3/x23 we can decouple p and 
q in the denominator, after which we are able to perform the integrals over p, q and w;, 
with the result 

-M£lfi2 h4e f' TT d *(!-£.• »0 [1+2 (a„,+,,)I»- ( 3 A 2 ) 

Introducing new variables x £ [0, 00] and u £ [0,1] as follows 

X _ u . , « 1—u 
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(3A.2) can be written in the form 

/*1 roc _ 

-kMtfh*' / —%— / d i f l + a f :U>+ I ( i ï?r ) ] . (3A.3) 
2c L> u I o o u + l - u I [ i+u(l-u)J T v ' 

Using a well-known integral representation for the hypergeometric function, the .^-integral 
can be performed and we get the following expression for (3A.1) 

vhere 

- ^ ^ [ I L - E ^ H - (3A.4) 

Ii = f d ^ ^ g ^ [1 + S.(l - v)F 8^(1, -2e; 1 - e; ' ^ g f f l ) (3A.5) 
Jo 

l2 = 2 / 1 ^ ^ r { l + ( l - u ) [ 5 , - u ( l + aoS J)]}£ . (3A.6) 
Jo 

We are interested in the limit Q0—>-0, which corresponds to the case of real electrons. But 
if one puts a0 = 0 in the above equations then (3A.6) becomes divergent on the upper 
limit. The integral (3A.5) will be proportional to e~l making the whole contribution 
(3A.1) proportional to £~3 and causing the RG equation to become singular. For this 
reason we first rewrite (3A.5) in the following form 

Ii = / 1 d U
i a ^ + / ^ ^ ^ { [ l + ^ l - u r - l } (3A.7) 

Jo Jo 

+ [ d«%£i£ t1 + s.(i - »)]* {»Fid. -fe;1 - - ""r^r-T') -1} -
The first integral in (3A.7) can be done exactly while in the other two we can safely put 
a0 = 0, because their integrands behave smoothly when u —• 1 even for Q0 = 0. Thus Ii 
can be written in the form 

+ j\uMl^l[1+Qa{1-u)?' {2Fl (1,_2c- :l-c-; î^Ly)-l}. 

Making an £-expansion and then using the following asymptotic formula for the hyperge
ometric 2Fi function, which follows directly from its definition, 

2Fi(l, -2e; 1 - e; z) = 1 + 2eln(l - z) + 0{e2) 

we get the final answer for It 

Ii - \ {«TaE: - K } + 2e [ Ä 1^1 + (1 - «0(0. - «)] + ©O8)- (3A.8) 

The integral I2 (3A.6) can be treated in the same way 

h = 2 [' ^=^ + 2 f ^{[l + (l-u)(Qt-u)]' -1} (3A.9) 
Jo Jo 

= -21nQ0 + C(QolnQ0)+2£ / ^ l n [ l + (1 - u)(w. - «)] + 0(e2). 
Jo 
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Substitution of (3A.8) and (3A.9) into (3A.3) gives the final answer for the pole terms in 
(3A.1) 

KZ0 £ / Di(sWp(i)Dp+q(s +1) = ni tf • î # { - ^ r « _ îsCzi. ̂  + £ } . 

The calculation of the first term on the last line of (3.4.18) is ideologically the same but 
more lengthy. We will not present it here but give only some comments. In this case 
the second power of the combination a0u + l — u appears in the denominator at the stage 
(3A.4). It is useful then to perform integration by parts, reducing the power by one. The 
rest is similar to the calculations of (3A.1). The result is 

-K2Z2
0C0 $ > ƒ Dp(s)D;(s)Dc

q(l)Dp+q(s + I) -> 
l>s JP'1 

W W i-TT^TT • "+n)MÛt?f "'''' • — - 21na0Çii~^ [l + ii±^±] I • 
*-> U 2ez | 1 (1 — 2e) z[\—oto)\l-\-e) EOQ sin7re u I ( l ~ 2 f ) I z 

The last contribution in (3.4.18) is finite and of no interest. 
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