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S1. MATHEMATICAL DERIVATIONS
A. Wave equation for 1D Chain

In this section, we derive the equations of motion for a 1D chain of motorised vertices. We consider a 1D chain of point
particles of mass m = 1 located at positions x,, @ = 0,1,..., N — 1. We assume each bond has a rest length a, and we
denote the angular tension in each vertex « by 7,,. Additionally, we will at first assume that the bonds are extensible and have a
Hookean spring constant k. (We will subsequently take £ — oo to obtain inextensibility constraints.) The equations of motion
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are constructed via Newton’s laws:
%, =F(x) (S1)
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where € is the Levi-Civita symbol. The first term in Eq. (S2) are the forces due to the angular tensions, while the second term
is the Hookean resistance to stretching. The functions 7, (x) determine the vertex bending properties. For the experiments, we
model the vertices via

Ta(x) = £(0a — 0°) + £ (Oas1 — Oa—1) (S3)

Here, 6Y is the rest angle (assumed to be identical for all vertices) and 6, is the angle of the vertex at point a:

0o = aurccos((xo‘Jr1 ~%a) (Xa1 — Xa)) (S4)
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Equations (S2, S3, S4) constitute a closed system of equations.
Next, we take the continuum limit of Eq. (S2). We let x become a function of a continuous parameter x(\) where A € [0, a V]
and approximate the differences by a Taylor expansion:

2
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Expanding the discrete equations of motion to order a? yields
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To simplify the equations of motion, we take k — oo, which imposes the constrain equation |x’| = 1. In this case, we obtain:

X=—¢€- x’{aQ/f{x' x x® 4 3x" x x" 4+ 2(x" x x’)ﬂ + 2a3K° [x' x xO) —4(x" x x")(x" - xW) — 12(x" x x")?(x x x”')} }

‘ d
€. x”{azn(x/ % X///) + 2(13’{@ [X/ % X(4) + 3x" x x" + 2(X// % X/)s} } + a(X/T) (S7)
where T'()\) is a tension field that enforces the constraint [x’| = 1. (The field T is analogous to the pressure field p in an

incompressible fluid). In principle, one must solve for 7'(\) to produce a nonlocal equation entirely in terms of x and its
derivatives. For example, let us denote the coefficient of € - x” in Eq. (S7) as g(\) and likewise the coefficient of x” as f(\).
Then the condition |x/|> = 1 implies

0=x"+% - x' (S8)
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Fig. S1. An illustration of the ¢ = 0, 1, 2, 3 modes on a circular chain. Notice that ¢ = 0 is a solid body rotation and ¢ = 1 is a solid body
translation, and hence are exact zero modes of the system. The ¢ = 2 mode is the lowest order deformation.
When Eq. (S8) is combined with Eq. (S7), we obtain a differential equation for 7":
712
X" — (X' x X"V g+ )= & xxX"NVf+ & xx")VT+T"=0 (S9)

In principle, we can represent the solutions of Eq. (S9) as a non-local kernel T'(x’, x’,x”, ... ) and place the nonlocal kernel into
Eq. (S7) to obtain a closed equation of motion. We note that in deriving Eq. (S6) we used

0 _\[\/1_ Xa+1 — ) (Xa 1 XO&) (SIO)
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instead Eq. (S4) in order to simplify the expansion. Moreover, for simplicity, we considered the dissipation free case in the
derivation above, but the role of hinge dissipation v may be added in a similar fashion.

1.  Geometry 1: straight line

Since we have the full nonlinear equations, we may linearise them around various background geometries. We will do this in
two cases: an infinite straight line and a circle. For the straight line, we write:

x(A) = <h(AA)> (S11)

We note that [x'| =1+ O (hQ), so the ansatz is consistent with the inextensibility condition. The linearization of Eq. (S7) yields
h = a?kh™® + 2a°k*hO), (S12)
with spectrum
2

w? = a%kgt + 2ia® k0 (S13)

which has positive and negative imaginary branches. We note that Eq. (S9) is satisfied by 7" = 0, so the tension does not enter
the straight-line problem to leading order h.

2. Geometry 2: circle

Next, we perform a linearization about a circular geometry. For simplicity of notation, we will measure all distances in terms
of the radius of the circle R, e.g. x — x/R and A — A/R. Without loss of generality, we may write x as:

m ()0 (3o

To leading order in g and h, requiring |x’| = 1 yields the requirement h = —g’. Thus we write

x=1(N)[L =g (V)] + d(N)g(N) (S15)



where r(\) = (cos A\, sin \) and ¢ = r’. The equations of motion become:

g=¢ x=A,+T (S16)
—§ =r-%x=A.-T (S17)
where
A, =126%¢" — kg + 10K°g™W — kg®) — 252¢(®) (S18)
Ay =— kg — 2k%g" — kg™ — 2529 (S19)

We can use Eqgs. (S16-S17) to eliminate the tension, and we obtain:
(1-03)g= Al + Ay = —a’kg” +10a*k%g" — 2a*kg™ + 83k g™ — a’kg® — 243Kk (520)
Hence, the spectrum is given by:
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where g takes integer values since g(\) must be periodic under A — A + 27. As shown in Fig. S1, ¢ = 0 corresponds to a solid
body rotation and ¢ = 1 corresponds to a solid body translation. Hence we obtain w? = 0 for¢ = 0and ¢ = 1. The ¢ = 2 is
the lowest geometric deformation of the object, and we obtain a finite-frequency response. Notice that the expression for ¢ = 2
matches exactly that of the straight chain. Finally, for ¢ > 1, we recover the result for the 1D chain w? =q? mq4 + 2ia’ /<;“q5, as
expected.

B. Non-Hermitian wave mechanics

In the previous section, we provide the nonlinear equations of motion for an idealised 1D chain of vertices of arbitrary shape.
The simplest reduction of this nonlinear equation is to assume that the chain is initially straight, has periodic boundaries, and
total length L. The linearised continuum equation of motion to order a? for the chain is given by

m@fh + a%ﬂ?ﬁh + 2a3na82h + a278§3th =0 (822)

where £ is the transverse deflection of the vertices. It is useful to write the equations in dimensionless form:

O2h + O%h + 28030 + 7030, h = 0 (S23)
where we have introduced the quantities
Hll
RS = S24
" =Nek (524)
r= (S25)
NZ2a\/km
1 K
wo Em S (826)
T =twg (S827)
x
=— S28
z (328)

where N = L/a is the number of unit cells. From Eq. (S23), the dispersion is given by:

c~ ~N\ 2
Gy = chj‘* + \/ (g) @&+ ¢ + 2ikeG (S29)

where © = w/wy is the dimensionless frequency and § = ¢L is the dimensionless wave number. In the experiment, N = 12,
a = 7.5 cm, m = 0.2 kg, and k* is the control parameter.



In Fig. 2a and Extended Data Fig. 1 we show impact experiments for k* = +9.9 mN m/rad. The heat maps show the
angular deviation §6; for each vertex as a function of time. In the continuum model, the curvature c¢(x) = a?d2h is the coarse-
grained variable corresponding to the local angular deflection §6;. In the inset of Extended Data Fig. le, we show the curvature
distribution corresponding to the solution:

Az Az

h(x,t) = A [CT w0+t 4 gi(FF—w-0) | ¢ ¢, (S30)

where A is an overall amplitude and c.c. stands for complex conjugate, and w is evaluated at ¢ = 4/ L.
To quantitatively compare between model and experiment, we compute the real and imaginary parts of the lowest harmonic
modes from the experimental data:

1 12
Sit)=—¢ > cos(jm/3)50;(t) (S31)
j=1
1 12
Sa(t) =¢ > " sin(jm/3)60;(t) (S32)
j=1

The deformations S; and S over time are plotted in Fig. 2b. Geometrically, S; and S correspond to independent shearing

deformations of the area enclosed by the ring. We then define A(t) = /S%(t) + S3(t) and p(t) = arctan(S2/S1) to be the
polar coordinates (i.e. amplitude and angle) of S; + @.S5. The flux shown in Extended Data Fig. le is defined to be

U(t,) = pertte/A (S33)

where ¢ and A /A are averaged over all data points between the release from the wall and the end of the recorded data (which
corresponds to the projectile exiting the field of view, or deformations large enough that self intersection between the vertices
occurs). Here t. = 1 s is a characteristic time scale for the experiment. Notice that the flux quantity captures the unidirectionality
of the wave via the prefactor ¢ as well as the amplification or attenuation via the exponent A/A. In Extended Data Fig. le, data
points denote weighted averages of all experiments and the error bars indicate standard deviation uncertainties arising from the
particle tracking resolution and linear fits of the growth rate and phase velocity.

C. Rayleigh wave dispersion

Here we derive the Rayleigh wave dispersion shown in Extended Data Fig. 2. The bulk equations of motion reads
pO2u; = 0;0; (S34)
We assume that the medium occupies the y < 0 half plane, which implies the boundary conditions
oyi(ly=0)=0 and wu;(y— —o0)=0 (S35)

where u; is the displacement field. The stress tensor o;; is given by 0;; = ClijmnOmuy. It is useful to parameterise the elastic
modulus tensor in terms of the Young’s modulus F, Poisson’s ratio v, and odd ratio »°. We can then non-dimensionalise the

E

equations of motion by defining r = k, /k, and G, = k, ek

where k is the wave-vector. In this notation, Eq. (S34) takes the
form:

(r*+1)(1—v?) 2(r24+1)(1—v)r°
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- _ 2(r2+1 (1—v)v° (T2+1 1—22 ( )
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Hence, we obtain a secular equation
0 =det[M(r,Gz) — 1] (837)

which is equivalent to

0=(r?+1)2%G — 200 —v*) + (v + 1) + 40 (r* + )G +2(1 —v)[(v + 1)® +4(v°)?] (S38)



The solutions to Eq. (S37) take the form:

. i\/2(1—y2)+(u+1)2+4(yo)2—\/(1+z/)4—8(1—6u+u2)(1/0)2+16(1/0)4

= 22 —1 (S39)
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Each solution comes with a normalised vector n;(r, ¢..) € ker[M (r, ¢, ) —1]. Each n; represents a candidate mode for a Rayleigh
wave. We are looking for linear combinations of candidate modes that satisfy Eq. (S35). Moreover, we require Im(rq, ) < 0 for
all modes in the superposition in order to ensure that each mode decays into the bulk. The condition Im(rg,) < 0 implies that
linear combinations are of the form:

(@) Sani(ry, Go) + azni(ry’, 4o) (S41)
nf " (Ge) =a1ni(ry, 4o) + a2ni(ry , a) (S42)
n; (@) Zani(ry @) + aoni(ry, 4zx) (S43)
n;  (Gz) =aini(ry , Gz) + azni(ry , 4z) (S44)
We can express the stress at the boundary by:
++ o~

Oyx S ( m) S 2 (qgc):| |:0,1:|
= @2 \i S45
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where we have introduced the matrix S¥*(g,) that is determined by computing oy; = Cijmnkikm,n ™. Finally, the stress free
boundary condition Eq. (S35) can be expressed algebraically as:

0= g5 (q:) = det[S*5(Gy)] (S46)

For the special case that v = 1, which corresponds to an incompressible solid, the algebraic expressions may be written
explicitly. One finds:
rf=+i (S47)
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x

(S48)

Moreover, g** up to an unimportant denominator reads

%
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g =0 = 0=4[L+ ()2 + @ — 2(ir° + 2@ — @G + EVE — AL+ (10)7] (549)
gt =0 = 0=4[1+ (°)?] + ¢ — 2(iv° + 2)G + (2iv°Ge + )/ G2 — 4[1 + (1°)?] (S50)
g7 =0 = 0=A[1+ (v°)*] +q; +2(iv° — 2)@> + (2iv°G. — G2)\/G2 — 4[1 + (v°)?] (S51)
g T =0 = 0=A4[1+ (v°)%] + ¢ + 2(iv° — 2)@2 — (2iv°Gs — @)/ G2 — 4[1 + (v°)2] (S852)

Notice that g7 = 0 and g™~ = 0 are both equivalent to the condition
7 — (6 — 4iv°)gt +4(1 —iv°)(2 — )@ — 4(1 —iv°)? =0 (S53)

while g~ = 0 and g~ are both equivalent to the condition

— (6 + 4iv°) s + 4(1 +iv°)(2 +iv°)G2 — 4(1 +iv°)? =0 (S54)

Inspection of the roots of Eq. (S53) and Eq. (S54) along with the condition Im(rg,) < 0 reveals that the roots of Eq. (S53)
should be taken for right traveling waves (Re(¢,) > 0) and the roots of Eq. (S54) should be taken for left traveling waves
(Re(gy) < 0). In the main text, we define ¢, = —Im(k,).



D. Non-conservative forces and Hodge decomposition

Here we review how the notions of a nonconservative work cycle generalise to more arbitrary degrees of freedom. First we
consider a system with NV discrete degrees of freedom, which we can represent as a manifold M of dimension IN. Recall that
the tangent space of 7), M at a point p € M is a vector space of all derivatives evaluated at point p. The cotangent space 1)y M
is a vector space consisting of all linear maps from 7, M to the real line. Given a local set of coordinates (6*,...,6") on M
in a neighborhood containing p, we may use the coordinate derivatives {%, ce 69%} as a basis for 7, M and define a basis

{de',...,doN} for Ty M via the relationship dﬁo‘[%] = 0%. In this basis, a given covector A € Ty M may be identified

through its coordinates ), is the basis expansion A = \,df“. Likewise for vectors A € T, M may be written as A = \“ 8%' For
mechanical systems, we are particularly interested in a distinguished vector field 7 = 7,d#“ that represents the configuration-
dependent forces. This force field is defined by the property that for any trajectory «y : [t;,t7] — M, the quantity P = 7[§]
represents the physical power exerted by the given forces. (Recall that f'y| ;= % | . % € T'y(+)M.) The total work done over
the trajectory < is given by:

t
Wil = [ P@)dt = / . (855)
Y

t;

Vector fields such as 7 can be classified via their behavior under integration. This classification scheme, known as Hodge
decomposition, relies on two distinct notions of a derivative. Recall that an arbitrary differential k-form w may be written as

W= Y Wayap O A AdO™ (S56)

ay<---<ag

where A is the wedge product. The coefficients w,, .. .o, are function of the point p € M. The exterior derivative d is a map
from k forms to k + 1 forms given by

ow

dw = ——LE 49T A O A - A dOVE. S57

w= Y D —oF (S57)
< <ap 7

Next, the Hodge dual, denoted by x, is a vector space isomorphism between differential £ forms and N — k forms. Its definition

is most succinctly stated on a single basis element:

@ [ 9 (e SRl —k
x0T A - A dOE = (N{k)!e Ok g A0 A AP (S58)

In Eq. (S58), the quantity g is the determinant of the metric gog on M and €., ..., is the totally antisymmetric Levi-civita
symbol (whose indices may be raised using the metric tensor). The metric g3 does not have an inherent physical meaning in

the current context—nonetheless, the decomposition theorem stated below applied unambiguously regardless of the (arbitrary)
choice of metric. Notice that % is a duality in the sense that

It N odd (559
(-=1)* N even

We may use * to induce an inner product on k forms on a closed manifold. Given w, A € A* and taking M to be closed, we
define:

(w,\) = / WA *A (S60)
M

Finally, we use the Hodge start to introduce a second type of derivative, J, known as the codifferential. Unlike d, which is a
linear map from k£ — k + 1 forms, the codifferential is a map from & — k — 1 forms. The codifferential is explicitly given by
§ = x~dx, and it readily verified that (w,d\) = (dw, \) for arbitrary k form w and k — 1 form \. Hence § is the adjoint of d
with respect to the inner product (-, -). We note that d and & both have the property d? = §% = 0.

Finally, we are prepared to state the Hodge decomposition theorem. The simplest formulation of the Hodge decomposition
theorem states that an arbitrary k-form 7 on a closed manifold M may be uniquely decomposed into three pieces:

T=dV +5A+h (S61)

Here, Visa k — 1 form, Ais a k+ 1 form, and £ is a k-form that satisfies the differential equation Ah = 0, where A = dd + dd
is the Laplace-deRham operator. Such h are known as harmonic forms. One can show that h obeys dh = §h = 0. In the



main text, we use a special case of the Hodge decomposition theorem in which 7 is a one-form representing generalised forces.
As alluded to before, the Hodge decomposition theorem allows us to classify vector fields 7 based on their integral properties.
Suppose that the trajectory v(t) forms a closed loop that is also contractible to a point (i.e. it is a topologically trivial curve in
parameter space). In this case, we may write v = 0. Then we have

W:/T:/dT:/d5A (S62)
o % v

where we used the fact that ddV' = dh = 0. However, if y enclosed a non-contractible loop (i.e. it encloses a whole in parameter
space), then h can contribute to the work done. In this sense h can be interpreted as the force due to a multi-valued potential.
In certain mechanical contexts, the degrees of freedom do not naturally form a closed manifold M, but instead form an open
manifold. Certain generalization of the Hodge decomposition are possible under assumption about the force fall-off in more
general contexts. For a continuous material, one can consider the internal degrees of freedom at each point in space (such as the
strain field). The Hodge decomposition theorem can be applied to conjugate forces (e.g. the stresses) at each point in space.
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Fig. S2. Calibration of experimental parameters. (a) The restoring torque 7 measured over a range of twist angles 66. The data shown is
for rest angle 8° = 57 /6 (blue points) and 8° = 27 /3 (green points). The slope of the linear regression yields a value £ = 48 mN m/rad.
(b) For different values of the active feedback, the motorised torque is approximately linear up to saturation of the DC motor at Tmax ~ 12
mN m. The parameter x* is taken to be the slope of the line connecting the saturation points. The nonlinearity in torque response seen around
small values of 6 may affect weakly the transient dynamics at low values of x* but in this regime dissipative forces typically dominate and
so we neglect this effect in our modelt (¢) The decaying oscillations of the building block were fitted to the solution of a damped harmonic
oscillator indicating a viscous damping of v = 0.4 = 0.1 mN m s/rad.

S2. CALIBRATIONS
A. Calibration of robetic vertices

The motorised building blocks described in the methods section “construction of the robotic materials” are modeled via an
angular stiffness x, active feedback «%, and angular dissipation I". As shown in the inset of Fig. S2a, we determine x* and
by placing a single robotic vertex in a rotational testing device (Instron E3000 linear-torsional) equipped with a torsional load
cell (angular resolution: 2.5 arcsecs; torque resolution: 1 mN m). To determine the passive stiffness x provided by the rubber
band, the torque was measured as a function of angular deviation. The value of « is taken to be the slope of the linear fit. We
find k = 48 mN m/rad for both the hexagonal ring with rest angle #° = 27 /3 and the twelve-sided projectile with rest angle
6° = 57 /6.

To calibrate the torque provided by the motors, we remove the rubber band and measure the torque as a function of applied
voltage, see Fig. S2b. When implemented in the robotic devices, the applied voltage is proportional to the angular deviation 56
of the neighboring vertices. The programmed proportionality constant gives rise to different torque-angle curves. The value of
k% is taken to be the slope of the straight line connecting the saturation points of the motors. To determine v, we place the rubber
band on the linkage system, and we apply an angular perturbation to the free edge. We measure the angular displacement and
extract v from the decay rate, see Fig. S2c.

B. Calibration of odd ratio

To connect the ratio K%/ to the macroscopic odd ratio »° and odd modulus K° in Fig. 3, we perform numerical simulations
of the 2D robotic medium. As depicted in Fig. S3a, a simulated wall is subjected to a uniaxial compression. To reach a force
balanced configuration, the vertices evolve according to a first order equation of motion. To apply the uniaxial compression, the
y (vertical) coordinate of the top and bottom row of particles is controlled, while the  coordinate is allowed to evolve according
to the internal forces, thereby creating sliding boundary conditions. Upon compression, the strain data was sampled over all
hexagons. When the tilt u,,, is plotted as a function of u,,, the odd ratio is given by v° = — (di”“’ evaluated at u,, = 0. In

Uyy

Figs. S3bc, the odd and Poisson ratio are plotted as a function of k*/k. To find the odd modulus K° = ZZ—ZZ, the transverse

stress 0, was calculated from force data of a compression simulation with top and bottom row particles constrained in both
directions, and its slope evaluated at u,,, = 0 (Fig. S3d). The code for the simulations is uploaded on the public repository (see
Main Text for link).
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Fig. S3. Simulation of the active lattice under quasistatic compression. (a) Snapshots of a simulation of the active wall i 1n its undeformed

state (top) and after a quasistatic compression (bottom). The horizontal strains w,, = f%’, the vertical strains ug., = —<* and the simple
Sz

5. are calculated by averaging the strains over all hexagons. The vertices within each red hexagon are coupled via active
feedback x“. (b) Shear strain u,, (top) and normal strain us, (bottom) as a function of the normal strain u,, for a range of values of the ratio
between the active feedback and the hinge stiffness £ /. These curves were fitted polynomially and the slope at u,, = 0 defines the odd

shear ug,y =

a a 3
ratio (Poisson’s ratio). (c¢) The odd ratio (top) and Poisson’s ratio (bottom) as a function of k% /k. A cubic fit V0 = 0.58%~ — 0.03(%) is

used to calibrate the value of v in experiments. (d) The odd modulus K° (top) and Young’s modulus E (bottom) as a function of k% /k.
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Fig. S4. A schematic of the experimental setup for the air-table geometry for Fig. 1 in the main text.

S3. COARSE-GRAINING PROCEDURE FOR THE ODD WALL

Figure S5 shows a schematic of the odd wall shown in Figs. 1, 3 of the main text. The lattice is composed of longitudinal linear
springs of stiffness k, torsional springs of stiffness x, and non-reciprocal torsional springs with microscopic non-reciprocity <.
Note that in this section we set the lattice spacing a = 1 for ease of notation.The longitudinal and torsional springs form a
honeycomb lattice. Every other hexagon in this honeycomb contains a cycle of non-reciprocal springs, forming a ‘Kekulé-O’
lattice.

The Fourier-space dynamical matrix D(q) connects ball displacements § X (¢) and forces f(q) as

F(q) = D(q)0X (q)

D(q) is given in terms of compatibility matrices Cy, and Cp, where C, (resp. Cp) gives longitudinal (resp. angular) bond
elongations in terms of ball displacements. We track the passive and active angular degrees of freedom seperately, giving two
angular compatibility matrices: Cy for the passive hinges and C§ for the active hinges. The dynamical matrix is then given as

D(q) = Cr(q)" kCL(q) + Co(q)" keCa(q) + C§(a)! k§CE(q).

In (S64) the diagonal matrices k = kd;; and kg = Kd;; give the passive longitudinal and torsional resistances. The antisymmetric
circulant matrix g k*(0i41,j — 0i—1,;) implements the non-reciprocal torque law described in the main text. Explicit
expressions for C'(gq) can be developed row by row. For a longitudinal bond « connecting balls (j,,!,) and (j,,,1.,), where [
gives a bravais lattice index, and j = 1...6 gives a basis index, we have that the a'® row of C is given by

(S63)

(S64)

(Cr)a = (et — e, €01 ) @ 10,00, (S65)
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Fig. S5. Diagram of the Kekule-O lattice, modelled as a ball-spring lattice. The unit cell is shown in green, with Bravais vectors I; =
(3\/5 3) l2:(3\/§ §)'

2 0 2 2 12

where e; denotes the vector with a 1 in position j, and zeros elsewhere. Similarly, for a torsional bond 3 corresponding to a
triple of balls [(j,15), (js,ls), (45, 3)], we have that

3 " . 7":‘[ A A
(Cr)p = (egy 1% — ey, ciats) @ g 275
T]ﬁlﬁj”l”
N (S66)
—<€/6lqlﬂ—eﬁeiq'l5>®JM'
Tigleisl
For the Kekulé-O lattice shown in Fig. S5 we find that
00 0 0 -1 0 § ¥ -5 0 0
0 0 -3 ¥ & -¥ -1 0 0 0 0 0
- ; ? i ? C 0 0 o1 (S67)
' 3 -3 L ¥ 9 0 0 0 0 0 1 0
1 0o 0o o0 0 0 0 o0 4% 7§ -3 §
1 _ 3 1 3
000 0 0 0 0 3= 0 V3o -y



12

38 0 0 0 0 -z ¥B= 9 0 -1 0
Y R 0 Z 13 0 0 0 0
-2 -4 I 4 g 0 0 0 0o 0 1 0
i 4 0 -3 -1 ¥ 90 0 0O 0 0 0
I -8 3 B g 0 0 0 —z:z 0 0 0
0 0 Y " ) 0 22 0 0 0
0 0 - T e 0O 0 0 0
0 0 RV | 0 0 0 -3 -1V
-2 I3z 0 0 0 0 0 -3 5 % 0 0
0 0 0o 0 -1 0 8 B8 1 8 0
Z 13 0 0 1 0o -3 B 0O 0 0 0
0 0 —z1z2 0 0 0 0 0 - S
0 0 0 0 0 o -1 - 0o V3 I ¥
0 0 225 0 0 0 I 4 3 4 g 0
0 0 0 0 & a9 0 -1 ¥ 0 3
-1 0 0 0 -2 —1v3; 0 0 o o &
1 0 0O 0 0 0 0 0 R

il 1 9 0 0 0 0 0 0 0

0 0 ¥ 1 ¥ .1 9 09 0 o0 0 0

o 0 0 0 0 1 0 -1 0 0 0 0

0o 0 0 0 0 o0 —¥3 1 4 _1 g g

Cb=1 o 0o o 0 0 0 o0 o0 % -1 & 1 (S69)

o 1 0 0 0 0 0 0 0 0 0 -1

—¥3 1 9 0 0 0 ¥= =z o o 0o 0

0 0 0 -1 0 0 0 0 0 =2z 0 0

0 0 0 0 ¥ -1 0o 0 0 0 -3

with z; = exp(iq - 1;), 11 = (%, —%), Iy, = (#, %) basis vectors for the Bravais lattice.

We note that our expressions for the compatibility matrices, Eq. (S65), Eq. (S66) conserve linear and angular momentum by
construction. For example, expressed in Fourier space angular momentum conservation amounts to the statement that

[P1X, ... X ... ]C(z1 = 20 = 1)T =0, (S70)
where 7; is the position of the i ball within the unit cell. This statement is satisfied by design for our longitudinal and torsional
bonds. A typical row of C for a longitudinal bond between particles ¢, j reads [...7;; ... — ;.. .], and so

[’l"lx,...’l“i X ][”A'”—'IQZ]}T =7r; X 'f‘ij —7; X 'f‘ij = 0. (S71)

In a torsional bond between a triple of particles (i, 7, k), the net torque on each pair ij and jk is not zero, but these torque dipoles
sum to zero. A typical row of C reads [... — 733 /rji ... 75 /rji — P53, /Tjk . .75 /75K - -], where 7+ denotes r rotated by /2
in a right-handed sense. We directly compute that

[7’1)(,...7’1‘ X H*’f'ﬁ/’l"ﬂ’f‘ﬁ/?”]z*’f'ﬁc/rjk'f’ﬁ/’l"]k}T (872)
= —Ty; XTA'jJ-;-/TjZ‘-l-T‘jk X’f'j}c/rjk (573)
= (=rji +rjp)e. =0, (S74)

where we use the crucial fact that r;; = |r;;| = rj, in other words that all the bond lengths in our odd lattice are equal.
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To extract elastic moduli from the dynamical matrix Eq. (S63) we follow the procedure outlined in [1]. We perform a change
of basis to split the displacement fields § X (¢) for each of the N = 6 balls in the unit cell into one collective (center of mass)
displacement field u(g) and N — 1 independent internal (relative) displacement fields v;(gq) as

ngN m;u;

u=—=-——" and v;=u;,—u for j<N. (S75)
> j<nN M ’ !
We can collect the internal v;, . .., vy_1 into one vector V' and write the linear change of basis in Eq. (S75) as a matrix equation
u

uy

w) [ | (S76)
| : o S
UN_1 un

where, in the simple case of m; = 1 for all j, the change of basis matrix W is

1 1 ... 1 |1
mn—1D1 -1 ... -1 |-1
1 , .
W= -1 (n—11 " S | (S77)
: -1 :
-1 .. -1 (n-11|-1

Transforming Eq. (S64), the dynamical matrix can be computed in this basis as W M ~1D(q)W 1, and expressed in block-form

as
fu\ _ (D" (q) D"V(q)\ (u
(.fV = DVu(q) va(q) \aE (S78)
If DYV is invertible, we may eliminate V' to obtain
fu — _ (Duu _ DuV (DVV)fl DVu) u— DuV (DVV)f1 fV' (579)

We now assume the relaxation of internal degrees of freedom to set fyy = 0. The final coarse-graining then comes from
assuming that the spatial variations in the displacement field u are gentle, i.e. much longer than the (average) lattice spacing. In
this long-wavelength limit we may expand Eq. (S79) around g = 0 to obtain

1 uu u -1 u

where we employed the Einstein summation convention, with subscripts behind the comma denoting derivatives with respect
to the ¢; at ¢ = 0. The only step left is to rewrite this in the macroscopic quantities, namely the stress field defined through
Om0mi = fu, and displacement gradient (i.e. strain) field u,,; = 0, u;. Under the reciprocal space substitution d; — ig;, we
see that Eq. (S80) reads

1 _
Omi = Kminjun; With  Kpinj = p (2D?j’jmn - D (va)kll Dy + €m"Xij) ) (S81)

where K,y is the stiffness matrix, €,,, is the Levi-Civita symbol, x;; is a constant of integration set by imposing boundary
conditions on the stress, and the unit cell density is computed as p = >, m;/|det(a1, . .., aq)|.

We now apply this procedure to the dynamical matrix of the Kekulé-O lattice Eq. (S64). In general, K;;; is a complicated
rational function in k, x and %, requiring the inversion of the 2(N — 1) x 2(N — 1) matrix DYV, We may simplify matters by

focusing on the asymptotics of the incompressible limit & — oo. To leading order in powers of 1/k, (DVV),;I1 expands as

(DVVY L=k A4+ k7 IB+ k7 %(kC + kD) (S82)

for constant matrices A, B, C, D. The singularity in D"V as x — 0 reflects the vanishing shear modulus of a honeycomb lattice
without torsional stabilisation. To the same order in 1/k, the shear modulus is found to be

B 6v/3 (262 — (k%)?)

=2
1=2v3x -

+.... (S83)
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and the odd modulus K° is
24
K°<2k“)n“+.... (S84)

The odd ratio v° is given by

BK®° K°
VO = - = (S85)
w(B+p)+ (K92 p

where the limit is taken as B — co. Substituting our microscopic expressions for p and K° we find the leading order behaviour
of the odd ratio as k — oo as
1 K:ll a

K
= ——+...~0.58— S86
v \/§m+ - ( )

S4. NUMERICAL SIMULATION OF A LOCOMOTING RING

As discussed In the Methods and Extended Data Fig. 5, we benchmark the locomotion performance of the active ring to other
forms of control using a numerical simulation that captures the dynamics observed in experiment. We generate complex terrains
by superposing a collection of 500 randomised Gaussian functions spread out over space with height € [0, a] and variance
o € [0, 16a] where with a is the unit spacing. We integrate the equations of motion of the ring with the velocity Verlet scheme.
Besides the torsional stiffness x = 1, odd stiffness x® and dissipation, a gravitational force acts upon the twelve particles that
make up the ring. Lagrangian constraints are used to enforce a fixed particle spacing a = 1. We model the interaction between
the ring and the terrain as a stiff damped spring that kicks in when a vertex moves below the terrain function and pushes the
vertex back on top of the terrain.

S5. ALGORITHM FOR THE IMPLEMENTATION OF NONRECIPROCAL INTERACTIONS

We implement the non-reciprocal interactions measured angle deviations and torques as described in Eq. (1) of the Main text
into our robotic metamaterials by letting each unit ¢ execute the following algorithm at an update rate of SOHz:

Algorithm 1 Non-reciprocal interaction
1: procedure NON-RECIPROCAL INTERACTION
2 while ¢ < tgn do
3 measure angle deviation 66;
4 for j in neighbors [i — 1, + 1] do:
5: if j exists: then
6.
7
8
9

transmit angle deviation §6; to neighboring unit j.
receive neighboring angle deviations 66;.
else: 60, =0

actuate torque 7;* = K% (60;—1 — 0i+1)

For the full control code, see the repository at https://zenodo.org/records/14558794
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S6. DESCRIPTION OF SUPPLEMENTAL MOVIES

Supplemental Video 1 Three rigid linkages are connected by two motorised vertices. When a hand pushes in on the left, the
right vertex contracts. On the contrary, when a hand pushes in on the right, the left vertex expands. Six vertices are assembled
into a hexagon and a lattice structure. When subjected to compressional force, these structures shear but they extends when
sheared. See Fig. 1 in the main text for additional information.

Supplemental Video 2. The collision of twelve-sided active ring against a passive wall is controlled by shear coupling
emerging from local non-conservative forces. Compressed under gravity upon a treadmill, the active ring shears and initiates
a rolling motion which accelerates until a locomotion limit cycle settles. The ring is now placed on a sloped terrain consisting
of ball bearings. As it accelerates, the rings deforms according to the encountered terrain demonstrating emergent feedback
loop between the active solid and the environment mediated by elastic deformations and stresses See Fig. 3 in the main text for
additional information.

Supplemental Video 3. The 2D active solid is compressed uniaxially and response by shearing in a direction that is controlled
by the sign of the odd stiffnes k®. A passive impactor rebounds asymmetrically after striking the active solid which displays
shear cycles emerging from the non-conservative feedback. Placed under gravity upon the treadmill, the a hexagonally shaped
active solid shears and locomotes with a rolling gait while encircling a triangular shear trajectory owing to the solids shape.

Supplemental Video 4. A two vertex linkage displays a limit cycle as the odd stiffness is increased beyond linear stability.
An open chain of unstable linkages exhibits unidirectional skin waves which propel it forwards when placed in a constriction
and on top of a terrain consisting of ball bearings. In the unstable regime, the active hexagons that form the 2D active solid no
longer strains homogeneously but instead generate a rolling locomotion pattern on flat terrain and a crawling locomotion pattern
on inclined terrain.

[1] C. Scheibner, A. Souslov, D. Banerjee, P. Sur6wka, W. T. M. Irvine, and V. Vitelli. Odd elasticity. Nat. Phys., 16(4):475-480, 2020.





