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4QuSoft, Science Park 123, 1098 XG Amsterdam, the Netherlands

(Dated: July 9, 2025)

S1. Hopping Hamiltonian

Hopping of spins can be achieved via a variation on
the Mølmer-Sørensen scheme, coupling the states shown
in Fig. S1. Amplitude modulation of the lasers with
frequency µ close to the radial trap frequency ω⊥ gen-
erates a state-dependent force in the radial direction of
the ions. We consider the regime in which the detuning
of the amplitude-modulation frequency |µ− ω⊥| ≫ ηmΩ
[1], such that Hamiltonian (7) in the main text leads to

nearly pure Ising interactions: HJ =
∑
ij JijŜiŜj , where

Ŝi = Ŝ
(i)
01 + Ŝ

(i)
02 + Ŝ

(i)
13 + Ŝ

(i)
23 + h.c. is a spin operator on

ion i. For ion i (in the space Hi spanned by state vectors
{|0⟩ , |1⟩ , |2⟩ , |3⟩}) the spin operator may be expressed in

Pauli matrices as Ŝi = (σ̂x⊗12+12⊗ σ̂x) where 12 is the
2-D identity operator. Out of the resulting spin-spin in-
teractions, only those that preserve the encoded particle
number and total spin are made resonant. This can be
done by extending the scheme used in Refs. [2–4]. In par-
ticular, we set the detunings ℏ∆k ≫ Jij such that only
targeted processes are resonant, as we will now illustrate.

The process |01⟩ → |10⟩ (for a pair of ions |ij⟩)
which describes a spin tunneling from one site to an-

other, arising from term Ŝ
(i)
01 Ŝ

(j)
10 , is guaranteed to be

resonant since both sides have the same energy. How-
ever, the process |00⟩ → |11⟩ (creating a spin at two

sites) from term Ŝ
(i)
01 Ŝ

(j)
01 involve an increase in energy

2ℏ∆1 which is suppressed since ℏ∆1 ≫ Jij . Processes

that involve a spin-flip, for instance from term Ŝ
(i)
01 Ŝ

(j)
20 ,

are suppressed by choosing ∆1 ̸= ∆2 such that they in-
volves a non-zero energy difference ℏ|∆2 − ∆1| ≫ Jij .

The term Ŝ
(i)
10 Ŝ

(j)
23 describing |12⟩ → |03⟩ (bipolaron for-

mation) is made resonant by choosing ∆1 + ∆2 = ∆3

such that both sides have the same energy. Constrain-
ing ∆3 ̸= 0 ensures that processes such as |00⟩ → |12⟩
(spin creation) are suppressed, as they also involve a
non-zero energy difference ℏ|∆1 + ∆2| ≫ Jij . In total,

the resonant pairwise processes Ŝ
(i)
k Ŝ

(j)
k′ + h.c. in HJ are

{k, k′} ={(01,10),(02,20),(10,23),(13,20)}.

S2. Bipolaron hopping

The process |30⟩ → |03⟩ (bipolaron hopping), while
resonant, is beyond pairwise and so does not ap-
pear in HJ . However, bipolaron hopping may oc-
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FIG. S1: (a) The encoded states on a Simplified level
scheme of 40Ca+, coupled with lasers ω01, ω02, ω13 and
ω23. (b) The encoded states in the dressed basis, with
detuning ∆1, ∆2 and ∆3 from the encoded ground state.

cur through two-photon Raman processes, for instance
⟨30|HJ |21⟩ ⟨21|HJ |03⟩. Here the tweezers induce an en-
ergy gap of εtw ∼ 2g − γ between a bipolaron state |30⟩
and separate spins |12⟩ and |21⟩ for a pair of sites. Bipo-
laron hopping can be described in effective Hamiltonian

(7) as J
(b)
ij |30⟩ ⟨03|, with a rate

J
(b)
ij ≃ −

∑
ψ

⟨30|HJ |ψ⟩ ⟨ψ|HJ |03⟩
2g − γ

= −
2J2
ij

2g − γ
(S1)

where we have summed over the intermediate states
ψ = {|12⟩ , |21⟩} using second-order perturbation the-

ory. For the parameters used in the text J
(b)
NN/h ∼ 6 Hz,

and the interaction drops sharply to sites beyond nearest-
neighbour (NN). Note that Eq. (S1) is only valid when
Htw ≫ HJ , i.e. 2g − γ ≫ max(Jij). We conclude that
the emergence of mobile bipolarons in our system is due
to the quadratic spin-phonon coupling from the tweez-
ers, analogous to the role of quadratic electron-phonon
coupling in Ref. [5].
In Fig. S2, Eq. (S1) is compared to two numerical cal-

culations: (i) the standard deviation σsd in the spread of
the bipolaron divided by evolved time t, which, assuming
the evolution is linear in time, gives an effective hopping
rate σsd/(2t) (the factor 1/2 accounts for hopping left
or right); and (ii) the width (denoted ∆E) of bipolaron

states in the eigenvalue spectrum, which equals 4J
(b)
NN in

the tight-binding model for a 1-D lattice [6]. We see good
agreement between the numerical data and Eq. (S1) in
the limit 2g − γ ≫ max(Jij). Note the discrepancy be-
tween the blue and orange points can be attributed to
the spread σsd/(2t) including beyond-nearest-neighbour
interactions, for instance the next-nearest-neighbour in-
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FIG. S2: Bipolaron hopping rate J
(b)
NN from Eq. (S1)

(red line) as a function of normalized tweezer power
(with max(Jij) constant). Note that Eq. (S1) is only
valid when (2g − γ) ≫ max(Jij), and in this work
(2g−γ)/max(Jij) = 10. Eq. (S1) is compared to numer-
ical values of the standard deviation divided by evolved
time σsd/(2t), as well as the width (denoted ∆E) of bipo-
laron states in the eigenvalue spectrum ∆E/(4h), as ev-
idenced by the blue and orange points respectively.

teraction J
(b)
NNN ∼ 0.8 Hz.

S3. Tweezer potential

The dipole potential due to the tweezer is Udip =
− 1

2ϵ0c
Re(α)I, where I = 2P0/πw

2
0 is the tweezer inten-

sity [7]. Here the polarizability α of each state is deter-
mined using the relevant dipole transitions from 2S1/2
and 2D5/2 in 40Ca+ from Ref. [8]. Assuming a Gaussian
intensity pattern, the tweezer potential can be expanded
about the equilibrium position of the ion: Udip(x) ≈
Udip(0) +

1
2mϖ

2x2, where ϖ2 = −4Udip(0)/mw
2
0 is the

tweezer trap frequency [9]. In table S1 we show the
tweezer polarizability and trap frequency of the encoded
states using a circularly-polarized Gaussian beam with

λ = 630 nm, w0 = 1 µm and P0 = 3 mW. Note that the
tweezer power is directly proportional to the tweezer pa-
rameters, P0 ∝ (2g − γ), enabling straightfoward tuning

of the bipolaron hopping J
(b)
ij .

Taking into account the dominant dipole transition to
2P3/2, the photon scattering remains below 1 s−1. We
note that by switching to a Laguerre-Gaussian tweezer
with radial index p = 1, the intensity at the beam cen-
ter, and thus photon scattering, can be significantly re-
duced while maintaining the same trap frequency ϖ for
the same w0.

S4. Derivation of Eq. 8

The probability of being in a mobile phonon state is:

Pmobile =
∏N
m=1

(
1− e−ℏωm/(kBT )

)
. In the low temper-

ature limit, Pmobile ≈ 1 −
∑N
m=1 e

−ℏωm/kBT . For long
ion crystals, the mode frequencies can be approximated
as ωm ≈ ωzm

ν [10] for numeric exponent ν. For axial
modes in a trapped ion crystal, we have ν ∼ 0.81−0.83 for
N = 10 − 30, but numerical analysis of the groundstate
probability reveals that the temperature dependence is
similar and almost independent of N as shown in Fig. 4a.
If we make the approximation ν = 1, and in the limit
N → ∞, we can derive the equation for Pmobile given in
the text, Eq. (8).

40Ca+ state Encoding α (a.u.) ϖ/2π (kHz)

2S1/2(mj = 1/2) |↑⟩ 119 32
2S1/2(mj = −1/2) |↓⟩ 121 32
2D5/2(mj = 3/2) |0⟩ 6 7

2D5/2(mj = −3/2) |↑↓⟩ -48 -21

TABLE S1: Polarizability (in atomic units) and trap fre-
quency of the encoded states (where (−) signifies anti-
confinement).
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