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We consider the quantum simulation of quadratic spin-phonon coupling in a crystal of trapped ions. The
coupling is implemented using tightly focused optical tweezers on each ion that change the local trapping
potential in a state-dependent way. By encoding spins in the internal states of the ions and adding a tunneling
term via Mglmer-Sgrensen-type interactions, we calculate the emergence of mobile bipolarons driven by the
zero-point energy of the ion crystal phonons. We show that thermal occupation may pin the bipolarons for ion
crystals at finite temperature. Our scheme can be used to study and illustrate the emergence of mobile bipolarons

as a function of temperature.

DOI: 10.1103/mcl9-27tj

Introduction. Trapped ions provide precise control over
their quantum state, and have emerged as one of the leading
platforms for the study of quantum phenomena. Laser-
induced state-dependent forces on the ions are used to excite
collective vibrations in the ion crystal. These in turn give
rise to effective long-range interactions between the internal
states of the ions. Using two or more internal states to encode
(pseudo)spin makes it possible to perform quantum simulation
of spin models [1-8] and to construct quantum computing
platforms [9-16].

In typical setups, the laser-ion interactions are linearly
proportional to the excursion from the ion’s equilibrium po-
sitions. These linear spin-phonon couplings and the resulting
effective spin-spin interactions have been extensively studied
in trapped ion systems [1-6,17]. Recently, there has been in-
creasing interest in studying quadratic spin-phonon coupling
[18-21]. While this coupling can be exploited to expand the
scope of trapped ion quantum simulators [22,23], achieving
laser-ion couplings that are proportional to the square of the
excursion from the ion’s equilibrium positions are compar-
atively harder to achieve, as it requires obtaining a sizable
potential curvature over the size of the ion’s wavepacket [24].

In this Letter, we propose to use long-lived internal states
of ions, in combination with state-dependent tweezer po-
tentials [18,25-43], to generate quadratic coupling between
the internal and motional states of an ion crystal. We show
that the resulting system can be used to simulate a class of
Bose-Hubbard models, with long-range tunneling and tun-
able onsite two-body interactions emerging from quadratic
phonon coupling. The long-range tunneling is generated via a
Mglmer-Sgrensen-type scheme [4,5]. We calculate the emer-
gence of mobile bipolarons (i.e., a pair of spins coupled to
lattice distortions) in an ion crystal that is cooled close to
its ground state. Here the zero-point energy of the phonons
is responsible for the occurence of mobile bipolarons. The
mechanism is analogous to the case in Ref. [44], in which
Han et al., studied the emergence of superconductivity in
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systems with quadratic electron-phonon coupling. In contrast
to the linear electron-phonon coupling, here the emergence of
superconductivity was shown to be the result of the formation
of bipolarons and the quadratic nature of the coupling resulted
in a different scaling in terms of the critical temperature and
the mass of the lattice ions [44—47]. Finally, we consider the
role of thermal occupation of phonon modes and show that the
bipolarons get pinned in analogy to recent quantum simula-
tions of localization in spin models [48,49]. This pinning may
be studied in an experiment by straightforward adjustment of
the laser cooling parameters.

Tweezer setup. We consider a linear ion crystal with N
ions confined in a harmonic trap in combination with optical
tweezers centered around the ion’s equilibrium positions Z[(O)
to generate state-dependent potentials [51]. Each ion features
four long-lived energy levels to encode the spin on each
site. We identify the states as vacuum |0), single occupation
1) = |1)and || ) = |2), and double occupation |1 ) = |3), as
shown in Fig. 1. In this mapping the four internal levels can be
thought of as states in a two-component bosonic mixture with
hardcore intraspecies and softcore interspecies interactions.
This allows us to neglect the [11) and || | ) states.

Next, we describe the emergence of quadratic spin-phonon
coupling. To simplify the discussion of the tweezers we only
consider motion along the ion crystal (which we denote as the
z direction), but the process can be straightforwardly gener-
alized to three dimensions. The Hamiltonian of the system is
given by

t3 Z 47160|Z, 0

—ZJI

Here H,, describes hopping of spin excitations from one ion to
another, as we describe below. The position and momentum

©2025 American Physical Society
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FIG. 1. Simulated model: spins are allowed to move on a one-
dimensional lattice with quadratic spin-phonon coupling. Two spin
configurations are shown, with double occupation on a single site
(b) energetically preferred compared to single occupation over two
sites (a) by &, due to the quadratic spin-phonon coupling. (c) Phys-
ical implementation: tweezers (in red) address the ions, and four
global beams (in green) cause spin-spin interactions between the
ions via a Mglmer-Sgrensen-type scheme as described below. Spin
occupation is encoded on four energy levels of each ion, as detailed
in the Supplemental Material [50]. The laser detunings A are chosen
such that only pairwise processes that conserve the encoded particle
number and total spin are resonant, as explained in the text.

operators of ion i are denoted by Z; and p; respectively. The
first summation describes the harmonic Paul trap and the
tweezer potentials, with w, the trap frequency and M the mass
of one ion. The operator O; describes the squared tweezer
trap frequency for each ion i and its dependence on the inter-
nal state. The second summation is the Coulomb interaction
between the ions, with e the elementary charge and € the
vacuum permittivity.

We can obtain the equilibrium positions for each ion Z(O)
by solving VV =0 [52], with V the total potential energy.
Each of the tweezers is centered on the equilibrium posi-
tion of an ion, and has negligible effect on the neighboring
ions. Thus, the equilibrium positions do not depend on the
tweezer potentials. In the absence of tweezers, the eigenmodes
of the collective motion can be obtained by diagonalizing
the Hessian matrix, D;; = (1/M Yd*v/ (dzidzj) evaluated at
the equilibrium positions Zi(o) [52]. The eigenvalues X, of
the Hessian correspond to the squared vibrational frequencies
®m = +/Am in the absence of the tweezers, while the nor-
malized eigenvectors with elements b,,; describe the relative
amplitude of motion of ion i in mode m, 2; = ), biZy. Here,
we have also made the replacement z; — Z; — Z(O) such that
the coordinates of each ion are defined with respect to their
equilibrium position. In these coordinates, and to second order
in ion position, the Hamiltonian is given by

1
~M(w? + 0))%

+ZV,,

The term V;; o ;2; describes interactions between the oscil-
lators, which are derived from the Coulomb interaction term.

Next we consider the effect of the state-dependent tweezer
potential. For the case where the tweezer potential is weak
compared to the ion trap, we can use first-order perturbation
theory to compute the new phonon frequencies, given by

om ~ L+, Oibfni. Note that these frequencies are now

also an operator on the internal states of the ions, i.e., the
mode frequencies depend on the internal states of all ions.
Finally, we use the time-dependent unitary transformation
U(t) = e ' Ln @@ into a frame rotating with the unper-
turbed phonon frequencies w,, and arrive at the Hamiltonian
due to the state-dependent tweezers,

Hy = Zh(wm ©n)@han +1/2), )

where a a and a,, are the usual bosonic creation and annihi-
lation operators of mode m. Note that now the spin-phonon
coupling is contained in the state-dependent oscillation fre-
quencies @,.

Bipolaron emergence. Bipolarons form when the |1 ) state
is energetically favorable compared to two singly occupied
sites, and this energy is site independent, ensuring the mobility
of the bipolaron. Since the zero point energy of the phonons
drives the creation of mobile bipolarons, we will focus on the
phononic ground state in which we set & a,, = 0 for all m. Be-
fore considering the form of O;, we first simplify the tweezer
Hamiltonian in Eq. (2) further by Taylor expanding the square
root, @, ~ w,, + ﬁ Z OA-bgﬁ. The Hamiltonian then be-

comes H~ ) . 4:) O:b2,;.. We note that the expansion of the
square root to first order neglects long-range interactions be-
tween the ion’s internal states of order, ~b2,b2, .00, /(8w3).
However, we take these into account in the numerical analysis
below.

We consider the case in which O; is a diagonal operator
corresponding to a tweezer laser frequency that is tuned far
from any atomic transition. Then the four elements on each
site are proportional to the tweezer intensity [53] with O; =
ZZ szksign(wl w|k)i(k|, where @;; denotes the tweezer
trap frequency forion i and state |k) and |k); (k| is the projector
on state k and site i. Here we use the negative sign to de-
note anticonfining tweezers. Using hollow tweezer potentials
avoids homogeneous Stark shifts between the internal states
of the ions [18,35]. We set the relative tweezer intensities on
each site such that w?; = 4y /(3 by,;/®m), which makes the
Hamiltonian homogeneous to first order over the ion crys-
tal, assuring spin mobility once we add a tunneling term.
This can be achieved experimentally by measuring the shifted
phonon frequencies and providing feedback on the tweezer
intensities, which can be done using spatial light modulators
and/or acousto- optic deflectors. Setting wlzo = 0 for simplic-

ity and w?, = o}, = 4g/ (Zm - ./ @m), the Hamiltonian for
the ground state (gs) is now given by

N
Hoo = g1l + 10:(AD + v 1Pt 3

i=1
This effective Hamiltonian will energetically favor a pair on
one site over single occupation of two sites when 2g > y. In

L020401-2
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FIG. 2. (a) Tweezer matrix showing the ground state energy B;;
of two opposite spins at sites i and j. Spins paired at a site have
minimum energy, and off-diagonal variations are under 1%. Site
homogeneity is achieved by varying tweezer intensities along the
ion chain. The relative values are given as (0.61, 0.80, 0.91, 0.97,
1, 1, 0.97, 0.91, 0.80, 0.61). Note that for two spins the diagonal
components B; ~ y, while the off-diagonal components correspond
to Bi.; ~ 2g in Eq. (3). (b) Tunneling matrix J;; between sites i and
J showing predominantly nearest-neighbor tunneling. (c) First 50
eigenvalues of the Hamiltonian with the tweezer turned on and off.
The tweezer causes a gap between bipolaron states and the rest of the
spectrum. See text for the parameters used.

this case, the groundstate manifold is given by N bipolaron
states, separated by energy &, ~ 2g — y from the rest of the
spectrum, as shown in Fig. 2.

Hopping. We can implement the hopping term Hy, using a
variation on the Mglmer-Sgrensen scheme [1-4]. We couple
the four levels in each ion using four laser fields with frequen-
cies wo; + w13 = wey + w»3, where the subscript denotes the
levels that are coupled. The state-dependent force is generated
by amplitude modulating the laser with frequency u close to
the trap frequency of the ions. Within the interaction picture
and after making the rotating wave approximation, the result-
ing Hamiltonian is given by

H = Z nQekR; cos(ut)(8S) + 857 + 810 + 8 + H.c.)
+ A(ADi(1] + A2]2)i(2] + A3]3)i(3]), “4)

where Q2 denotes the Rabi frequency, which we set to be
the same for each transition and all ions, k is the effective
wavenumber of the laser, and %; the position of the ion with
respect to its equilibrium position in the transverse direction.
Here S(]’k) = |j)i (k| couples the states j and k of the ith ion. The
detunings are given by iA| = E| — hwgy, hA, = E; — hay,,
and A3 = E3 — lhi(wo; + w13), where E; denotes the energy
of level k and we set Ey = 0 for simplicity. We assume that
the levels are sufficiently separated in energy such that we can
neglect the coupling of the laser fields to states other than the
ones targeted.

Using & = ), Bmifm. and following Ref. [3], the first term
in Eq. (4) leads to pairwise interactions of the form

H =088, 5)

i

with §; = 8§) + 85 + 8 + 82 + H.c.. The strength of each
coupling is given by

ﬂlﬂlﬁm n
— hQZ J ' Im™~m . 6
Tij y o e T 6)

m
Here B,,; denotes normalized radial eigenmode vectors, i.e.,
the relative amplitude of motion of ion i in the radial mode

m with mode frequency w.- = \/AL. The Lamb-Dicke param-

eters are given by 7, = k\/i/(2Mw;-), with k the effective
wavenumber of the laser.

Equation (5) describes pairwise flips of internal ion states.
Out of the resulting 64 spin-spin interactions, only those that
preserve the occupation number and total spin encoded across
the ion chain are made resonant. This is achieved by set-
ting the proper detunings [AAg| > |J;;| for all k, i and j, as
detailed in the Supplemental Material [50]. Finally, setting
Ap L |0 — wyy| for all k and m assures that the effective
Hamiltonian (5) remains valid to lowest order in the presence
of the laser detunings A ; [4].

Our Hamiltonian allows hopping of spins to sites beyond
nearest neighbor. The scaling with distance of the coupling
may be approximated as J;; o 1/]i — j|*, with a between 0
and 3, depending on the choice of u [5,7,54]. In total, the
effective Hamiltonian becomes

Her =Y J;j(88) + Hee.) + Hy, (7
i jkk'

here we sum {k, K’} = over all resonant pairwise processes,
i.e., {k,k'} ={(01, 10), (02, 20), ...}. The process of bipo-
laron hopping |03) — |30) (for a pair of ions |ij)) is beyond
pairwise and thus does not arise in H,;, but may occur
through two-photon Raman processes. Using second-order
perturbation theory, bipolaron hopping can be included in
effective Hamiltonian (7) as J{’|30)(03| with a rate J;’ ~

—2J2 ;/(2¢ — y), which is derived in the Supplemental Ma-
terlal [50]. We emphasize here that the emergence of mobile
bipolarons is due to the quadratic spin-phonon coupling from
the tweezers, analogous to the role of quadratic electron-
phonon coupling in Ref. [44].

Experimental considerations. We consider a chain of ten
“0Ca™ ions in a linear Paul trap, with secular trap frequen-
cies (wyx, wy, w;) = 2m(3,4,0.5) MHz. We encode the four
possible spin states to the ion’s long lived internal states
as [0) = PDsj.m; = 3/2), [1) = PSi0.m; = 1/2), 1) =
1S1/2, mj = —1/2),and |1} = |*Ds;2, m; = —3/2). We ad-
dress each ion with an optical tweezer to modify the modes of
the ion chain. A circularly polarized tweezer with wavelength
A = 630 nm, waist wy = 1 um, and power Py = 3 mW causes
a tweezer trap frequency of w = 27 (7, 32, 32, —21) kHz on
states (|0), [1), [{), 1)) respectively, where (—) signifies
anticonfinement. The off-resonant photon scattering remains
below 1 s~!. We apply site-dependent tweezer intensities to
the ion chain with weights to make a near-homogeneous

L020401-3
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FIG. 3. (a) Evolution of the bipolaron probability initially at site 4, with the ion crystal temperature 7 = O K and 7' = 25 uK (corresponding
to 7i.m. = 0.62), and without the tweezers. At higher temperatures the bipolaron becomes less mobile and pinned to a site. Without tweezers
the bipolaron disappears quickly. (b) Total probability of the bipolaron summed across all sites, as a function of time. The total probability
remains high when tweezers are on, indicating that the bipolaron is mobile without breaking up.

potential, as described in Fig. 2. Setting the hopping term
larger than the variation in site energy ensures spin mobility as
soon as we add a hopping term. Specializing to the situation
where there are two opposite spins in the crystal, we calculate
the energy B,; for spin positions i, j as shown in Fig. 2. Here,
we assumed the groundstate of motion for the ion crystal
and diagonalized the exact Hessian for each configuration.
In an experiment the tweezer settings can be optimized by
measuring the shifts in phonon frequencies w,, using optical
spectroscopy on a narrow transition [55].

For the hopping term H;, we assume a radial trap frequency
of w; =27 x 3MHz and we assume u = 27 x 3.3 MHz,
which results in o = 1.43. The Rabi frequency of the laser
field generating the hopping is set as €2; = 27 x 200kHz,
which results in max(J;;)/h ~ 30 Hz.

We simulate the dynamics of Hamiltonian (7) for a spin
pair created at the fourth ion, i.e., this ion is prepared in state
|1{) with all others in |0). The ion crystal is set to be in the
ground state of motion. We calculate the probability of finding
each ion in state |1 ) as a function of time. The results are
shown in Fig. 3. We see that the bipolaron spreads through the
crystal. In contrast, when we switch off the tweezer Hamilto-
nian the bipolaron quickly breaks up.

Bipolaron mobility. We now consider the case where
the ion crystal is not prepared in the ground state of mo-
tion. The hopping term is not affected to first order by
thermal phonon occupation [17,56] and we therefore only
consider the effect of the tweezers on the axial modes. For
a crystal at temperature 7', the average number of quanta
in each mode is given by the Bose-Einstein distribution:
iy, = 1/[exp(hw,,/kgT) — 1]. The probability of finding the
crystal in state n = (ny, np, ..., ny) is given by P(n, T) =
[T e /(L4 )

As an example, we show the dynamics of a bipolaron in
an ion crystal in a thermal state corresponding to 7., = 0.62
in Fig. 3, where c.m. stands for the center-of-mass mode with
lowest frequency w,. We see that in this case the bipolaron
gets partially pinned to its starting location. This can be under-
stood by studying Hamiltonian (2). The thermal occupation
generates an inhomogeneous potential landscape over the ion
crystal, causing the excitation to remain localized. In partic-
ular, g and y in Eq. (3) get replaced by site-dependent terms

g and y; with y, =y(1+ @3, ﬁa ! &), and similarly
for g;.

The motional groundstate occupation always contributes
to the mobility. As a result, the probability of being in a
mobile phonon state is Probile = | [, (1 — e~ n/®sT)) We
derive an approximate expression for the probability in the
Supplemental Material [50]:

1
ooy

T

Pmobile ~1 - =1- Nem., (8)

with 7., the average occupation in the center-of-mass mode.
This shows that the bipolaron remains mobile at finite tem-
perature T < hw,/kg, as shown in Fig. 4. We note that
constellations of n besides the ground state may also con-
tribute to mobility based on coincidence and the parameters
of the hopping and tweezer Hamiltonian.

—
53
Nao2

1.00 A
=
.S
£ 0.75
=
2
1)
2,
) i
< 0.50
%
e
Z
S 0.25 1
O 30 ms
50 ms
0.00 T T T T 3 T T T T
0 10 20 30 0 10 20 30
T (pK) T (uK)

FIG. 4. (a) Ground state population versus temperature in all
axial modes for different ion cystal numbers N, with the black line
showing Eq. (8). (b) Hopping rate of the bipolaron J® /A ~ o4/(2t)
as a function of temperature. Two wait times are shown, with the
almost-matching lines showing the spread evolves approximately
linearly in time.
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We illustrate the mobility of the bipolaron by finding the

standard deviation ogq = ,/ % ZL (i — 1)*P; in the spread of

the bipolaron. Here, P; denotes the probability to find the
bipolaron at site i and 7 is the initial site. As the bipolaron
spread evolves approximately linearly, we can extract an ef-
fective bipolaron hopping rate: J® /h ~ oy4/(2t), which is
compared to the rate calculated via perturbation theory in the
Supplemental Material [50]. In Fig. 4(b) we plot the hopping
rate as a function of temperature, and see a similar dependence
as that of the ground state population. The simulated range
of temperatures lies below the Doppler limit of laser cooling
of typical ions, Tp ~ 500 uK, but can be reached by sub-
Doppler cooling techniques such as resolved sideband cooling
[57]. Tuning of cooling parameters or controlled heating after
ground state cooling can be employed to study the crossover
between mobile and static bipolarons in the laboratory.
Conclusions. We have presented a proposal to simulate
quadratic spin-phonon coupling in trapped ions by employing
optical tweezers. In contrast to most trapped ion quantum
simulators, the ion motion and the temperature of the ion
crystal play a crucial role. To illustrate, we have shown that
a crossover between mobile and static bipolarons may be

observed as a function of temperature. In this case, the zero-
point energy of the ion crystal drives the emergence of mobile
bipolarons. The system mimics the mechanism by which
bipolarons emerge in solids due to quadratic electron-phonon
coupling, predicted to result in higher 7; values for supercon-
ductivity [44]. The presented setup may be further explored
by considering multiple bipolarons and adding interactions
between the simulated spins. Furthermore, on-site many-body
interactions mediated by the quadratic spin-phonon coupling
may be engineered by using more internal states.
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