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I. KINETICS OF SYNTHESIS

Cellular protein synthesis starts with production of mRNA molecules via a process known
as transcription. These mRNA molecules are then read by ribosomes within cellular cyto-
plasm to generate corresponding protein sequences. Both mRNA and protein molecules are
subject to degradation during these processes, see Supplementary Fig. 1. To develop a basic
model, we denote,
mR — amount of mRNA with translation initiation site not occupied by assembling ribo-
some (denoted by mRNA in Fig.1).

MR — amount of mRNA with translation initiation site occupied by assembling ribosome
(denoted by mRNA* in Fig. 1).

Rib — amount of ribosomes sitting on mRNA synthesizing proteins,

P — amount of proteins.

The total pool of mR is produced at a rate of kr and degraded at a rate of k;. Activation of
mR occurs with k;, while MR is converted back to mR and Rib at a rate of k3. The protein
synthesis rate is activated by Rib with kp, and the ribosome drop-off rate from translated
mRNA is denoted as kgry. k3 represents the rate at which active ribosomes are nullified
without producing proteins. The dynamics of synthesis can be summarized as follows (See

Refs 32-35 in main article):

d
I;_:‘ — kr — kymR — kimR + kMR, (1)
M
% = kimR — ks MR — k;MR,, (2)
ib
ditl = ksMR — k3Rib — kprsRib — kpRib, (3)
dP
= — kpRib. 4
= kpRi (4)

We are interested in concentration of P. From the above equations with initial condition

mR(0) = MR(0) = Rib(0) = P(0) = 0, we obtain:

ap

E|syn :fs(t)a (5)

where,

fs(t) = K(ao + ale_kdt _ a26_(k3+de+kP)t + a3e_(k1+kd+k2)t>7 (6)
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with

ao = (k1 + ka)[ka — (ks + kra + kp)[ky + ka + k2 — (ks + kra + kp)], (7)
oy = (k3 + kra + kp) (k1 + ka + k2)[ky + ka + ko — (k3 + kpa + kp)], (8)
g = kg(ky + ko) (k1 + ko + kq), 9)
az = kq(ks + kra + kp)[(k3 + kra + kp) — kal, (10)

and

_ krkikokp (ki + ko)
oz (ks + kgra + kp)’

(11)

Equation (5) describes the dynamics of protein synthesis. By estimating the rate constants
reasonably, we can investigate the relationship between the concentration of P and its size.
To study the relationship between size and energy cost, we assume that the rate constants
follow an Arrhenius-type equation. Experiments suggest that in our problem, ki, ks, and
kp can have an inverse size dependence, i.e., we may assume kq, k3, and kp are proportional

to L, A where L, is the length of the protein in terms of the number of amino acids.

Working at a constant temperature, as ¢ — oo, the overall rate constant of protein

synthesis K in terms of activation energy has the following form:

E4 = —RTIn(K,/A) (12)

krko L7 LA+ K
K, = rkoLy, 7Ly " + k) . (13)
/{d<L;/\ =+ k‘z)(L;)‘ + kz -+ kd)(2L;)‘ + de)

Here A, E4, R, and T are the Arrhenius constant, activation energy, gas constant, and

absolute temperature, respectively.

An increase in size results in a rise in the contribution of the term —RT In K, in the
activation energy Fy, causing it to change from negative to positive values. Since RT In A is
positive for all cases, it means that the energy cost of protein synthesis activation grows as
the protein size increases. As a result, when the synthesis process approaches equilibrium,
the concentration of smaller proteins (with lower activation energy costs) will be higher at the
transmitter cell surface. Moreover, this explains the dependency of the rate constant on size,

where larger values of A amplify the activation energy cost and lead to lower concentrations.



II. QUALITATIVE ROBUSTNESS OF THE RESULTS

In this section we see how the main quantities change as the model parameters are varied
around the values chosen in the main text. In addition, we show that the main picture holds
also when the information content of a messenger protein is independent of its length L,,.
We focus on the results obtained by the step signals, to be more specific in the exploration
of the parameter space.

In Supplementary Figs. 2 and 3, we report the min/max quantities Tynin mazs Bminmazs Nminmaz
and Ein maz Vs the size of protein L, for different signal time 7, and collision probability
Peotr- The behavior of B,,;, shows that the probability of binding in time period T" decreases
monotonically with L, whereas T,,in, Npmin, and E,;, are smaller for very small or large
protein lengths. Regarding the maximal quantities, we observe that B,,.. and N, de-
crease monotonically with L,, but T,,, and E,,,, can exhibit a maximum for very small
and intermediate values of L,, respectively.

Figures 4 and 5 show how the efficiency measures ng,nr,ny vary with the size of a
protein for different signal times and collision probabilities. First, we observe that a maxi-
mum in 7g (7)) appears for larger 7, and shifts to larger protein sizes by increasing peoy.
We do not see this effect in ng(Tin) and ne(T). Second, the other efficiency measures
N7 (Tonin), 17 (Tnaz ), nr(T) and ny (Tonin), I8N (Timaz), nv(T) always display a maximum which
is present at larger L, for larger signal time 7, and larger collision probability pe..

Recall that K, = (%)5 affects the dependence of the degradation probability pgs, on
the protein length L,. More precisely, the pg, decays more rapidly with L, for larger 6.
Figure 6 displays the efficiencies when all parameters except  are fixed. In the main text
we had § = 2. As expected, it is observed that all measures of signaling performance grow
by increasing 9.

The parameter A enters in the reaction rates k1 = k3 = kp = %LL;} and changes the
synthesis rate and cost with L,. See Fig. 1 for more details. In Fig. 7 we report the
signaling performance when the parameter A deviates from the value A\ = 1/4 used in the
main text. Here only ny which is based on the number of synthesized proteins gets larger
by increasing A\. The other measures ng and 7y which are based on the synthesis energy and

signaling time are reduced.

Next, we have the parameter z,;; which relates the unbinding and collision probabilities
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FIG. 1. Schematic representation of the synthesis kinetics.

Doff = ﬁpcoll- Figure 8 shows the dependence of ng,nr and 7y on this parameter. We
observe that ng(Tmin), N7 (Timin) and 1y (Tmn) do not depend on z,rr, as expected. The
total measures of efficiencies are also reduced by increasing the coefficient 1/z,7; in the
unbinding probability. Nevertheless, the values of ng(Thae), 17(Tmaz) and Ny (Tee) are
slightly enhanced for larger values of the coefficient.

Finally, we show that a maximum in the efficiencies is observed if we assume that the
received information does not depend on the protein length L,. Figure 9 displays the scaled
efficiency measures (divided by L,) which are obtained for a smaller diffusion coefficient
(D = 1/L°3) to compensate the above information loss. Note that we have used D =
47 /L33 for the diffusion coefficient in the numerical simulations of the main text.

In summary, we observe that the qualitative behaviors of the efficiency measures studied
in this work are not very sensitive to the values of the free model parameters. There is no

need for a fine tuning of these parameters to observe a characteristic protein length with a

maximal efficiency if we allow for a trade-oft with respect to L, in the signaling process.

III. SUPPLEMENTARY FIGURES



(a1) (b1)

(c1)

(d1)

1000

800

600

Thmin

4004

200

1750

1500+

12504

2000+

1500+

Tmax

1000+

500

10000

Nmax

80004

60004

4000

20001

3000
2500
2000

3

5 1500

1000

500

10 20 30 40 10 20 30 40
Lp Lp

10

30

40

10 20 30 40
Lp

FIG. 2. The min/max of the main quantities (T,in/maz> Bmin/mazs Nmin/maz @04 Epin imaz) V8

L, for different 7, when the signal ¢(t) is a step function. Here L. = 1,Lg = 20,T = 127,, 73, =

1/72,peont = AcfAa, A = 1/4,7v = 2,6 = 2,1/2,55 = 0.1. The cell and sphere surfaces are A4 =

47rL(2:7d. Top panels ((al),(bl),(c1),(d1)) show the conditional mean values of the binding time,

the number of bound proteins, and the number and energy cost of synthesized proteins when B(t)

becomes nonzero for the first time at 7,:,. Bottom panels ((a2),(b2),(c2),(d2)) show the same

quantities when B(t) is maximal at T),i,. The results are averaged over 10% realizations of the

signaling process (synthesis, diffusion and degradation, binding and unbinding).
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FIG. 3. The min/max of the main quantities (T,in/maz> Bmin/mazs Nmin/maz @04 Epin imaz) V8
L, for different p.,; when the signal ¢(t) is a step function. Here L, = 1, Ly = 20,75, = 4Lfl, T=
1275, 7, = 1/72, A =1/4,7v = 2,0 = 2,1/255 = 0.1. The cell and sphere surfaces are A.q = 47rLg’d.
Top panels ((al),(bl),(c1),(d1)) show the conditional mean values of the binding time, the number
of bound proteins, and the number and energy cost of synthesized proteins when B(t) becomes
nonzero for the first time at T},;,. Bottom panels ((a2),(b2),(c2),(d2)) show the same quantities
when B(t) is maximal at T),;,. The results are averaged over 10° realizations of the signaling

process (synthesis, diffusion and degradation, binding and unbinding).
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FIG. 4. The information per energy ng, per time nr, and per number of generated proteins
nn vs L, for different 75 when the signal ¢(t) is a step function. Here L. = 1,Ly = 20,T =
1276, 7, = 1/72,pcont = Ac/Aq, A = 1/4,7v = 2,6 = 2,1/2,45 = 0.1. The cell and sphere surfaces
are Acqg = 47TL3’ 4 Panels ((al),(b1),(cl)) show the conditional mean values of the ng efficiency
at Tipin/mae and the mean value of np computed by the total quantities in time period 7. Panels
((a2),(b2),(c2)) and ((a3),(b3),(c3)) show the nr and ny efficiencies for the same situations, respec-
tively. The results are averaged over 10° realizations of the signaling process (synthesis, diffusion

and degradation, binding and unbinding).
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FIG. 5. The information per energy ng, per time nr, and per number of generated proteins ny vs
L, for different p.,; when the signal ¢(t) is a step function. Here L, = 1, Ly = 20,75 = 412 T =
1276, 7, = 1/72,A=1/4,7v = 2,6 = 2,1/2,5¢ = 0.1. The cell and sphere surfaces are A, 4 = 47rLz’d.
Panels ((al),(b1),(c1)) show the conditional mean values of the ng efficiency at T, /maes and the
mean value of ng computed by the total quantities in time period 7T'. Panels ((a2),(b2),(c2)) and
((a3),(b3),(c3)) show the ny and ny efficiencies for the same situations, respectively. The legends in
each row are the same as the one in the last column. The results are averaged over 10° realizations

of the signaling process (synthesis, diffusion and degradation, binding and unbinding).
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FIG. 6. The information per energy ng, per time 77, and per number of generated proteins 7y vs L,

for different 6 when the signal ¢(t) is a step function. Here L. = 1, Ly = 20,7, = 2L, T = 1274, 7}, =

1/72,pcot = Ac/Aq, A = 1/4,7 = 2,1/255¢ = 0.1. The cell and sphere surfaces are A, 4 = 47rLz’d.

Panels ((al),(b1),(c1)) show the conditional mean values of the ng efficiency at T, /maes and the

mean value of ng computed by the total quantities in time period 7T'. Panels ((a2),(b2),(c2)) and

((a3),(b3),(c3)) show the ny and ny efficiencies for the same situations, respectively. The legends in

each row are the same as the one in the last column. The results are averaged over 10° realizations

of the signaling process (synthesis, diffusion and degradation, binding and unbinding).
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FIG. 7. The information per energy ng, per time nr, and per number of generated proteins 7y
vs L, for different A\ when the signal ¢(t) is a step function. Here L. = 1,Lq = 20,75 = 2L T =
1276, 7, = 1/72,pcont = Ac/Ad,y = 2,6 = 2,1/2,¢45 = 0.1. The cell and sphere surfaces are A,q =
47rL§7d. Panels ((al),(b1),(c1)) show the conditional mean values of the ng efficiency at 15, /maa
and the mean value of g computed by the total quantities in time period 7T". Panels ((a2),(b2),(c2))
and ((a3),(b3),(c3)) show the ny and ny efficiencies for the same situations, respectively. The
legends in each row are the same as the one in the last column. The results are averaged over 10°

realizations of the signaling process (synthesis, diffusion and degradation, binding and unbinding).
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and the mean value of g computed by the total quantities in time period 7". Panels ((a2),(b2),(c2))

and ((a3),(b3),(c3)) show the ny and ny efficiencies for the same situations, respectively. The

legends in each row are the same as the one in the last column. The results are averaged over 10°

realizations of the signaling process (synthesis, diffusion and degradation, binding and unbinding).

12



1 bl 1
0.0009 (1) (b1) (c1)
0.0008 0.0007+ 121
0.0007 - 0.0006
Q Q 1.04
< 00006 = 0.0005 =
c X -~
£ 0.0005 S = 0.81
g £ 0.00041 £ o8
= b .
<, 0.0004 < <
Ly
< < 0.0003 0.6
0.0003
0.0002+ 0.0002+ 0.4+
0.0001 . 1
. . X 0.0001 . . X 0.2 . .

15

0.0012 0.00104
0.0010

N - 0.0008
= 0.0008 =

< s

g 2 0.0006 1
= 0.0006 =

»~ |~

& &

0.0004

0.0002

15

0.0004

0.0002 -

15

0.00040 4 0.00035
] 0.6 1
0.00035 0.000304
o 0.00030 1 Q 0.5
< = 0.000251 =5
= 1 X =
g 0.00025 g < 0.41
= k= 0.00020+ =
& 0.000201 s S osl
0.00015 1 0.00015-
0.2
0.00010- 0.00010
. . . . . . . . 0.1 . . . .
5 10 15 20 5 10 15 20 5 10 15 20
Lp Lp Lp

FIG. 9. The scaled information per energy ng/L,, per time nr/Ly, and per number of generated
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computed by the total quantities in time period 7. Panels ((a2),(b2),(c2)) and ((a3),(b3),(c3))
show the nr and ny efficiencies for the same situations, respectively. The legends in each row
are the same as the one in the last column. The results are averaged over 10° realizations of the

signaling process (synthesis, diffusion and degradation, binding and unbinding).
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