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Living cells presumably employ optimized information transfer methods, enabling efficient communication
even in noisy environments. The efficiency of chemical communication between cells depends on the properties
of the molecular messenger. Evidence suggests that proteins within narrow molecular mass ranges have been nat-
urally selected to mediate cellular communication, yet the underlying communication design principles remain
poorly understood. Using a simple physical model that accounts for the cost of chemical synthesis, diffusion,
molecular binding, and degradation, we show that optimal masses exist to ensure efficient communication of
various types of signals. Our findings provide insights into the design principles of biological communication
and may inform the engineering of biomimetic systems with chemical signaling capabilities.
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I. INTRODUCTION

Cell-to-cell communications underlie the biology of mul-
ticellular organisms and are critical for their function and
homeostasis. Organs and tissues are typically made of highly
interacting cells that send and receive signals via direct con-
tacts, paracrine or endocrine routes. Communications are not
only important for resident cells but also mediate the traf-
ficking of cells into and out of tissues. The latter is typically
mediated by secretory factors, known as chemokines, whose
gradient is sensed by target migratory cells. In higher verte-
brates such as humans, sensing chemokines is key to many
vital processes such as the recruitment of immune cells to
the site of injury [1–3]. Despite significant progress in un-
derstanding cellular communication processes, their physical
design principles remain unresolved.

A fundamental question in designing a communication
strategy is the choice of an optimal carrier (or messenger),
which is typically a secreted molecule. An efficient signaling
strategy would use minimum energy to send a desired signal
within a desired time frame. A carrier molecule may be chosen
to have a wide range of physicochemical properties, such as
size or molecular mass. The size of a carrier determines the
production rate and diffusion coefficient, thus could constrain
the information carrying capacity [4]. Remarkably, special-
ized signal carriers such as a large variety of chemokines
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have molecular masses that lie within a very limited range
of magnitudes, i.e., between 8–10 kDa [5,6]. It seems that
signaling machinery used in cell-to-cell communications are
optimized for a specific interval of mass and size of the signal
carriers. Figure 1 displays the data derived from the UniProt
database, which includes the molecular weights of 204 088
human proteins [7].

In this study, we investigate how messenger size optimiza-
tion arises in cellular communications. We take a simplified
approach to identify the generic physical mechanisms that
lead to possible optimality. Several key steps in cellular
communications are affected by carrier size. The energy ex-
penditure for synthesizing proteins correlates with size, and
larger proteins diffuse slower in the medium [8,9]. Extra-
cellular protein degradation is a complex process influenced
by numerous factors, including protein size, which in turn
affects protein lifetime and binding affinity in intricate ways.
Despite this complexity and limited experimental data, simpli-
fied trends can be observed. Although there is no strict rule,
smaller proteins are often more susceptible to degradation
due to their simpler structures, fewer stabilizing interactions,
and higher rates of renal filtration. It has been observed that
renal elimination decreases with increasing molecular size
[10]. Meanwhile, the extracellular proteasome, the primary
catalyst for enzymatic degradation of extracellular proteins,
exhibits lower degradation rates for larger proteins [11,12].
For instance, smaller extracellular proteins, such as cytokines
and growth factors, generally have shorter lifetimes than
larger extracellular proteins, such as matrix proteins and
immunoglobulins [13]. Larger proteins tend to have more
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disulfide bonds, which further stabilizes them against degra-
dation; this trend generally applies to proteins or polypeptides
longer than 50 residues [14]. Glycosylation also plays a role
in protein stability, with larger proteins exhibiting a greater
degree of glycosylation due to their larger surface areas in
folded structures. Protein glycosylation is well established
to impact protein stability [15]. Importantly, protein size
influences ubiquitination processes related to proteasomal
degradation. Larger proteins require extended ubiquitination
chains, while smaller proteins (typically those with fewer than
150 residues) are often degraded following monoubiquitina-
tion [16,17]. Overall, as argued above, larger proteins tend to
be more stable, while smaller proteins exhibit less stability
and greater flexibility. This increased flexibility is associ-
ated with higher conformational entropy, which can influence
binding affinity to receptors [18]. Finally, the shape (con-
centration time dependence) of the initial signal is possibly
another critical factor in designing a communication strategy.
Various signal shapes are seen in biology, including steplike
profiles [19], pulselike profiles [20], and oscillatory signals
[21–23]. Various time-dependent and independent communi-
cation strategies can be seen in cell biology [24–31]. Here,
we focus on proteins and polypeptides as signal carriers or
messengers, and examine the occupancy of receptors on the
receiving cell and its dependency on the messenger’s molecu-
lar size (mass) and spatiotemporal characteristics of the input
signal.

II. BASICS OF CHEMOKINE-MEDIATED CELLULAR
COMMUNICATIONS

In this section, we briefly describe the main elements and
characteristics of chemokine-mediated communication pro-
cesses which we shall use in the next section for a numerical
simulation of the cellular communication. In particular, we
discuss the dependency of each step in a communication pro-
cess on the size and mass of the messenger, which carries the
signal.

Let us assume that the transmitter cell sends messengers
P to the receiver cell located at a distance of Ld . In the case
of chemokine messengers, P is a protein produced inside a
transmitter, and it diffuses through the environment and binds
to a receptor on the surface of the receiver. P can be degraded
both inside and outside the transmitter; however, extracellular
degradation is the dominant process, as P typically spends
most of its lifetime in the extracellular space. The probability
of the receptor being occupied represents the cells’ ability to
respond effectively to the concentration of ligand molecules
P. More precisely, we use Pt (r) for the number density of
proteins at position r and time t .

The protein is produced inside the transmitter cell with the
following synthesis rate [32] (see Supplemental Material [33])

dP

dt

∣∣∣∣
syn

= K (α0 + α1e−kd t − α2e−(k3+kRd +kP )t+α3e−(k1+kd +k2 )t )

= fs(t ). (1)

The parameters K and α0, α1, α2, α3 depend on the reaction
rates k1, k2, k3, kd , kP, kRd , and another reaction rate kT , which
are defined more precisely in the Supplemental Material [33].
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FIG. 1. The histogram shows that although proteins exist in a
wide range of molecular weights from around 0.26–4000 kDa, the
molecular weights of human chemokines are confined to a nar-
row range of approximately 8–14 kDa. This data, derived from the
UniProt database, includes the molecular weights of 204 088 human
proteins [7].

Here, k1 is the rate constant of translation initiation, k3 is
the rate of nullifying active ribosomes, and kP represents the
rate constant of protein synthesis [34–36]. These three rate
constants k1, k3, and kP directly link the size of the protein
to the kinetics of its synthesis. We consider k1, k3, kP ∝ L−λ

p ,
which represents the proportionality of rate constants with the
length of the protein Lp (e.g., the number of amino acids)
and λ is a tunable positive real number. More precisely, we
consider the following reaction rates:

k1 = k3 = kP = 1

τk

1

Lλ
p

, (2)

k2 = kRd = kT = 1

τk
, (3)

kd = 4

τk
, (4)

characterized by the time scale τk .
Assuming an Arrhenius-type rate constant, one can show

that at steady state, the overall activation energy of synthesis
is an inverse function of the length of the protein. The cost
of synthesis is reflected in the activation energy required for
protein synthesis, which directly depends on the logarithm of
the synthesis rate [32],

Ks = kT k2L−2λ
p

(
L−λ

p + k2
)

kd
(
L−λ

p + k2
)(

L−λ
p + k2 + kd

)(
2L−λ

p + kRd
) . (5)

The energy cost then is given by

�Es = − ln Ks. (6)

In the following, we measure the energies in units of RT ,
where R is the gas constant and T is absolute temperature.
From Eq. (5) we see that the energy cost of synthesis increases
with Lp and λ. In addition, the diffusion coefficient and the
binding probability are decreasing functions of Lp. Therefore,
to enhance the chance of observing large proteins in the re-
ceptors, we should work with small values of λ � 1/4. The
value of τk is then chosen such that for Lp = 1 we obtain
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fs(0) = 1 and �Es � 0. This fixes the scale of the synthesis
rate and energy by demanding to have reasonable values for
small proteins.

After production inside the transmitter the protein dif-
fuses and is eventually degraded outside (or inside) the
transmitter. Assuming an approximately spherical shape for
the messenger protein, the diffusion constant D is given by
8.34 × 10−8 T

η
M−0.33 cm2s−1, where M, T, η are the molecu-

lar mass of the protein, absolute temperature, and viscosity of
the environment. Since M ∝ Lp, this means that D ∝ L−0.33

p .
Next, we discuss the dependence of the degradation

reaction on molecular mass. A common mechanism for
the degradation of extracellular proteins involves enzyme-
substrate reactions, which typically follow Michaelis-Menten
kinetics [12,37–42]. To model the size dependency of the
degradation parameter, we follow the approach taken in
Ref. [11]. The rate of degradation reads as follows:

dP

dt
|deg = − Vmax

KM + Pt (r)
Pt (r). (7)

Both KM and Vmax, and thus the degradation rate are func-
tions of protein length Lp. This aligns with previously
reported size-based degradation analyses conducted in var-
ious contexts, incorporating both intrinsic and extrinsic
factors [11,16,43–46].

Finally, we consider the reception of the transmitted signal
by the receiver cell, which is mediated by the binding of
the messenger protein to the receptors at the receiver cell.
We assume that the binding sites are independent of each
other, and each binding site can be occupied by only one
protein. The association and dissociation constants, kon and
koff, respectively, of the binding of a protein to the receptor
can be related to each other by the equilibrium constant Keq =
kon/koff = e−�Eb . Here, the binding energy is given by [47]:

�Eb = �E0
b + 1.5 ln

�

�0
, (8)

where � is the effective force constant, which directly
depends on the mass of the protein M ∝ Lp. Thus from
the above equation we have kon/koff ∝ L−3/2

p . Here �E0
b is

the activation energy irrespective of weak forces between
protein and receptor. �0 is employed to render the logarithm
dimensionless and energies are scaled with RT . The flexibility
of proteins can be related to force constants. Smaller
molecules with fewer values of force constant are usually
more flexible and bind to the receptor more tightly [18,48].

III. NUMERICAL SIMULATION OF THE MODEL

In this section, we use the information provided to simulate
a model of transmission of various signals between cells.
The three stages of synthesis, diffusion and degradation, and
binding and unbinding in the signaling process are simulated
as a discrete-time stochastic process of a system of diffusing
and noninteracting proteins. The neighboring cells are repre-
sented by the surface of an enclosing sphere, which defines
the boundary of our system, with the transmitter source lo-
cated at the center of this sphere. For simplicity, it is also
assumed that the probability of finding a receptor is uniformly
distributed on the surface of the sphere. This means that there

FIG. 2. A schematic of cell communication by diffusion within
a three-dimensional sphere. The large filled circle shows a two-
dimensional cross section of the volume enclosed by the sphere.
Proteins of length Lp are generated in the central cell (in green) of
volume Vc = (4/3)π (Lc )3. A free protein diffuses and is degraded
during the motion. It can reflect from or bind to the boundary sur-
face in case of collision with the neighboring cells. The collision
with the neighboring cells is effectively modeled by a probability
of collision pcoll. A free protein diffuses and is degraded during the
motion. It can reflect from or bind to the boundary surface in case
of collision with the neighboring cells. A free protein can exit the
system forever if no collision with the other cells occurs, while a
bound protein can be released as a free protein within the enclosing
sphere.

are nonzero probabilities for collision, binding, and unbinding
of the proteins with the receptors at any point of the boundary
of the system. The main results, which are presented here,
are obtained by numerical simulation of a dynamical model,
which is described in more detail below.

We consider a three-dimensional sphere of diameter 2Ld

with volume Vd and surface of area Ad . We denote the radius
of this sphere by r = Ld and its center by r = 0. A sphere
with diameter 2Lc and volume Vc is placed at the center of
the sphere to represent the transmitter cell. We take Ld as
the typical distance between the cells which is about 20Lc.
We consider a discrete time process of signaling by a simple
diffusion of proteins of length Lp (in terms of an appropriate
length scale of the protein) which can occupy any position
(x, y, z) in the sphere of volume Vd . There is no interaction
between the proteins. The number of proteins inside a unit of
volume at point r and time step t is denoted by Pt (r). The
signaling process starts at time step t = 0 with no proteins in
the system. At each time step ρg(t )Vc proteins are generated
uniformly inside the transmitter cell. Here ρg(t ) = fs(t )φ(t )
where fs(t ) is the rate of synthesis given in Eq. (1) and φ(t )
with a characteristic time τs ∝ L2

d determines the shape of the
output signal of the transmitter. All times in the following are
taken proportional to L2

d , which is expected from a standard
Brownian motion. The energy cost of generating a single
protein is given by �Es defined in Eq. (6). All quantities here
are dimensionless depending on the appropriate length, time,
energy scales of the system. The time interval between two
successive time steps is taken �t = 1.

Figure 2 displays an illustration of the process. A protein
can move freely inside the sphere (free), bind to a neighboring
cell (bound) on the boundary, reflect from the surface as a
free protein inside the sphere, or exit from the system (ex-
ited). We assume that an exited particle never returns to the
system inside the sphere of volume Vd . A bound protein has
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a nonzero chance to become a free protein with probability
poff ∝ koff�t . The total number of generated proteins and the
total energy cost up to time step t are denoted by N (t ) and
E (t ), respectively. The number of free and bound proteins at
time step t are shown by F (t ) and B(t ), respectively.

More precisely, at any time step t < T we do the following
to update the state of the system in T ∝ L2

d time steps:
(i) A free protein changes its position to (x + �x, y +

�y, z + �z) where �x,�y,�z are Gaussian random vari-
ables of mean zero and variance D, where the diffusion
coefficient D is given in the previous section.

(a) If the protein is still inside the sphere, i.e., its dis-
tance r =

√
x2 + y2 + z2 to the center of the sphere is less

than Ld − �L, it can be degraded with probability pdeg.
Here �L � Lc is to consider the effects of the volume
occupied by the neighboring cells at the surface of the
sphere.

(b) If the protein is close to the boundary of the sphere,
i.e., r is larger than Ld − �L and less than Ld , the protein
collides with a neighboring cell with probability pcoll ∝
Ac/Ad . Otherwise, it exits from the system and never re-
turns to it again. Here Ac = 4πL2

c is the effective cross
section of a neighboring cell.

(c) In case of collision, the protein binds to the neigh-
boring cell with probability pB = pon max{1 − B(t ) Ap

Ac
, 0},

where pon ∝ kon�t . Otherwise it is reflected and returns
to the sphere as a free protein within distance �L from the
boundary surface. Here Ap is the effective surface occupied
by a bound protein of volume Vp. By choosing max{1 −
B(t ) Ap

Ac
, 0} we assume that the number of binding sites on

the surface of the sphere is limited. Thus, pon is the binding
probability conditioned on the availability of a binding site.
In the following, we set Ap = 1 and Vp = 1 independent of
the protein length; only the ratios Ap/Ac and Vp/Vd appear
in the equations, that is Ac and Vd are measured in terms
of Ap and Vp, respectively. Note that in the reflection and
the binding processes the position of the protein does not
change by the diffusion process. This means that only one
of the above processes can occur at each time step to clearly
separate the effects of the processes.
(ii) A bound protein becomes a free one with probability

poff and remains inside the sphere within the distance �L
from the enclosing surface. This means that in this process
the freed protein does not change its position by the diffusion
process. The unbinding probability poff is taken proportional
but smaller than the collision probability pcoll.

Note that the effect of the neighboring cells are effectively
modeled by introducing a collision probability pcoll, which is
proportional to Ac, the surface of a cell of radius Lc. Some
of the model parameters are fixed by the typical empirical
or theoretical values found in the literature. For other free
parameters, we choose reasonable values to fix the scales
and have a tradeoff in the energy cost, diffusion, and bind-
ing probability with the rate of degradation vs the protein
length. More precisely, we work with the following model
functions and parameters. Three types of signal shapes are
studied

φ(t ) =
{

1 t � τs

0 t > τs
, (9)

φ(t ) = exp(−t/τs), (10)

φ(t ) = 1

(t/τs + 1)γ
, (11)

with τs ∝ L2
d . The step and exponential signals (9) and (10),

respectively, represent two extreme limits from a constant
to a rapidly decreasing function. The power-law signal in
(11), with an exponent γ � 2, represents a typical behavior
in between.

For the diffusion coefficient and degradation probability of
a single protein we take

D = 4π

L0.33
p

, (12)

pdeg = Vmax

KM + Pt (r)
, (13)

Vmax = 1

Ld
, KM =

(
Lp

2

)δ

. (14)

We assume that the probability of degradation is rapidly de-
creasing with Lp to compensate the other processes which are
suppressing the transmission of larger proteins. In the numer-
ical simulations we choose δ � 2. In addition, we consider
also dilution effects by assuming that Vmax = 1/Ld such that a
single protein of size Lp = 2 will be degraded with probability
� 1 in about Ld time steps after its production. For the sake of
simplicity, we approximate Pt (r) with the average number of
free proteins F (t )Vp/Vd in the volume Vp occupied by a single
protein at time step t .

Finally, the binding and unbinding coefficients are given by

pon =
(

Lp

2

)−β

, (15)

poff = 1

zoff
pcoll, (16)

where we choose β = 3/2 as expected for the ratio kon/koff

explained after Eq. (8). It is also assumed that the unbinding
probability is smaller than the collision probability by a factor
of zoff = 10.

The dependence of some parameters on the protein length
(e.g., D ∝ L−0.33

p and pon/poff ∝ L−3/2
p ) is determined from

the arguments of the previous section. For the other param-
eters, we follow the qualitative behavior described in that
section. Note that a nontrivial behavior with Lp is expected
only if the lower degradation probability of larger proteins
compensates for the other suppressing factors in the signaling
process, which increase with Lp. For instance, the chance of
binding a large protein to a receptor at the surface of the
sphere decreases monotonically with protein length if δ � 2
and zoff � 10, given the above parameters. Finally some pa-
rameters such as τk are used to set the scale of a quantity such
as the energy cost.

IV. RESULTS

Figures 3 and 4 [(a1), (b1), (c1)] display the average num-
ber of free and bound proteins F (t ) and B(t ) vs time for the
three types of signals and Lp = 2, 4, 8. Variations with respect
to the signal time τs and collision probability pcoll are also
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FIG. 3. Time dependence of the number of free proteins F (t ) on a log scale for Lp = 2 (solid), Lp = 4 (dashed), and Lp = 8 (dash-dot).
Here Lc = 1, Ld = 20, T = 12τs, τk = 1/72, λ = 1/4, γ = 2, δ = 2, 1/zoff = 0.1. (a1), (b1), (c1): For the three types of signals φ(t ): step
(stp), exponential (exp), and power-law (pow) functions with τs = 4L2

d , pcoll = Ac/Ad . (a2), (b2), (c2): For different τs when the signal φ(t )
is a step function with pcoll = Ac/Ad . The cell and sphere surfaces are Ac,d = 4πL2

c,d . (a3), (b3), (c3): For different pcoll when the signal φ(t )
is a step function with τs = 4L2

d . The results are averaged over 106 realizations of the signaling process (synthesis, diffusion and degradation,
binding and unbinding).

reported in the middle and bottom rows of the figures for a step
signal function. Clearly the exponential and power-law signals
display a smoother behavior with time than the step function,
as expected. The step signals always display the largest values
of free and bound proteins for the same signal time. Moreover,
the total number of free proteins shows a plateau before the
end of the signal time. The length of this plateau increases
with τs but does not depend on the collision probability. As

expected, the number of bound proteins grows with both the
signal time and collision probability.

Besides the time dependence of F (t ) and B(t ), it would
be also helpful to see how the number of free and bound
proteins are correlated for different signal types. To this end,
we consider the linear correlation between the two quantities,
which is statistically less demanding than a quantity such
as the mutual information. The correlation of the number of
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FIG. 4. Time dependence of the number of bound proteins B(t ). Here Lc = 1, Ld = 20, T = 12τs, τk = 1/72, λ = 1/4, γ = 2, δ =
2, 1/zoff = 0.1. (a1), (b1), (c1): For the three types of signals φ(t ): step (stp), exponential (exp), and power-law (pow) functions with
τs = 4L2

d , pcoll = Ac/Ad . (a2), (b2), (c2): For different τs when the signal φ(t ) is a step function with pcoll = Ac/Ad . The cell and sphere
surfaces are Ac,d = 4πL2

c,d . (a3), (b3), (c3): For different pcoll when the signal φ(t ) is a step function with τs = 4L2
d . The results are averaged

over 106 realizations of the signaling process (synthesis, diffusion and degradation, binding and unbinding).

bound and free proteins with a time lag τ is defined as follows,

CBF

∑T
t=τ+1〈B(t )F (t − τ )〉√∑T

t=1〈B(t )2〉
√∑T

t=1〈F (t )2〉
. (17)

This measure shows how much the number of bound proteins
at time step t is aligned with the number of free proteins at
a previous time step t − τ . In Fig. 5 we report the above
quantity vs the protein length Lp and the time lag τ . In general,
the correlation is higher for small Lp and shifts to smaller

time lags τ ∝ L2
d (like a Brownian motion) as the collision

probability increases. We also observe that for small protein
lengths the correlation CBF is distributed over a larger range
of time lags for the exponential and power-law signals than
for the step signal. The latter however displays larger cor-
relations for larger Lp compared to the other signals. This
means that the exponential and power-law signals are more
sensitive to protein lengths regardless of the time lags whereas
the step signals display more selectivity in the time lags
than the protein lengths. Each signal type thus provides a
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coll coll coll

coll coll

coll coll coll

coll

FIG. 5. Correlation of the number of the bound and free proteins for time lag τ and protein length Lp. Darker colors correspond to higher
correlations. Here Lc = 1, Ld = 20, τs = 2L2

d , T = 12τs, τk = 1/72, λ = 1/4, γ = 2, δ = 2, 1/zoff = 0.1. The panels show the results for the
three types of signals φ(t ): step (stp), exponential (exp), and power-law (pow) functions. (a1), (b1), (c1): pcoll = Ac/Ad . (a2), (b2), (c2):
pcoll = 2Ac/Ad . (a3), (b3), (c3): pcoll = 4Ac/Ad . The cell and sphere surfaces are Ac,d = 4πL2

c,d . The results are averaged over 106 realizations
of the signaling process (synthesis, diffusion and degradation, binding and unbinding).

characteristic time lag and messenger size, which result in
high correlations between B(t ) and F (t ). In summary, Fig. 5
shows that the smallest protein sizes display the highest linear
correlations. However, to say something about efficiency of
the communication process we need to take into account also
the consumed energy, elapsed time, or number of generated
proteins in addition to the number of bound proteins.

The main quantities that are studied in the following are:
the first time that a protein binds Tmin:B and the time at which
the number of bound proteins is maximal Tmax:B. The num-
ber of bound proteins at Tmin:B, Tmax:B, i.e., Bmin:B = B(Tmin),
Bmax:B = B(Tmax) and the total weighted number of bound
proteins Btot = ∑T

t=1 B(t ) in the time interval T . We also
study the energy costs at these time points Emin:B = E (Tmin),
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FIG. 6. The total of the main quantities Btot, Ntot, Etot vs the protein length Lp. Here Lc = 1, Ld = 20, T = 12τs, τk = 1/72, λ = 1/4, γ =
2, δ = 2, 1/zoff = 0.1. (a1), (b1), (c1): For the three types of signals φ(t ): step (stp), exponential (exp), and power-law (pow) functions with
τs = 4L2

d , pcoll = Ac/Ad . (a2), (b2), (c2): For different τs when the signal φ(t ) is a step function with pcoll = Ac/Ad . (a3), (b3), (c3): For different
pcoll when the signal φ(t ) is a step function with τs = 4L2

d . The cell and sphere surfaces are Ac,d = 4πL2
c,d . The legends in each row are the

same as the one in the first column. The results are averaged over 106 realizations of the signaling process (synthesis, diffusion and degradation,
binding and unbinding).

Emax:B = E (Tmax), and Etot = E (T ) and the number of gen-
erated proteins at these times Nmin:B = N (Tmin), Nmax:B =
N (Tmax), and Ntot = N (T ).

Note that the minimal and maximal values are conditioned
on the binding of at least one protein. Thus we also define
the probability of that event, i.e., P(Btot > 0), and report the
min/max values conditioned on Btot > 0. More precisely, it
means that a quantity such as Bmin:B is averaged only over

realizations with Btot > 0. The total quantities such as
Etot, Ntot are not restricted by this condition. In this way,
the minimum and maximum of the main quantities are
obtained from Xmin/max = P(Btot > 0)Xmin/max:B where X ∈
{T, B, N, E} can be any of the main quantities. Moreover, Btot

is a weighted count of the total number of bound proteins in
time interval T . A bound protein that remains in the bind-
ing site for n time steps is counted n times in this quantity.
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FIG. 7. The min and max of the main quantities (Tmin/max, Bmin/max, Nmin/max and Emin/max) vs Lp for the three types of signals φ(t ): step
(stp), exponential (exp), and power-law (pow) functions. Here Lc = 1, Ld = 20, τs = 4L2

d , T = 12τs, τk = 1/72, pcoll = Ac/Ad , λ = 1/4, γ =
2, δ = 2, 1/zoff = 0.1. The cell and sphere surfaces are Ac,d = 4πL2

c,d . (a1), (b1), (c1), (d1) (top) show the conditional mean values of the
binding time, the number of bound proteins, and the number and energy cost of synthesized proteins when B(t ) becomes nonzero for the first
time at Tmin. (a2), (b2), (c2), (d2) (bottom) show the same quantities when B(t ) is maximal at Tmin. The results are averaged over 106 realizations
of the signaling process (synthesis, diffusion and degradation, binding and unbinding).

Therefore, Btot has some information also about the time peri-
ods a bound protein remains in the binding site, whereas Bmin,
Bmax, and B(t ) are giving the number of bound proteins at a
given instant of time. In fact, besides the number of bound
proteins, the time they spend in the binding sites could be
relevant, for instance, as a measure of stability of the binding
process.

Figure 6 shows how the total of the main quantities
Btot, Ntot, and Etot change with Lp for the three types of signals.
We observe that the total numbers of synthesized and bound
proteins decrease with the protein length. The energy cost,
however, displays a maximum and decays slowly for large
protein sizes, if the number of synthesized proteins diminishes
more rapidly with Lp than the increase in the energy cost of the
synthesis. The power-law signals exhibit a lower number of
total bound or generated proteins and energy costs compared
with the other signal types. Variations with respect to the
signal time τs and collision probability pcoll are also reported
in the middle and bottom rows of Fig. 6 for a step signal
function. As expected, all the total quantities increase with
the signal time. The total number of generated proteins and
energy cost Ntot, Etot do not depend on the collision proba-
bility in contrast to the total number of bound proteins. The
total number of bound proteins is larger for higher collision
probabilities specially for small Lp where the probability of
binding pon is greater than that of larger proteins.

In Fig. 7 we see how the min and max quantities
Tmin,max, Bmin,max, Nmin,max, and Emin,max change with the size

of protein Lp for different signals. The step signals display
the lowest min and max time and at the same time the largest
number of min/max protein numbers and energy costs. On the
other hand the power-law signals show the smallest Nmin,max

and Emin,max at the expense of a smaller number of min and
max bound proteins and larger Tmin,max. In the Supplemental
Material (SM), Figs. 2, 3 [33], we report the changes in
above quantities vs the signal time τs and collision proba-
bility pcoll for a step signal function. The behavior of Bmin

shows that the probability of binding in time period T de-
creases monotonically with Lp whereas Tmin, Nmin, and Emin

are smaller for very small or large protein lengths. Regarding
the maximal quantities, we observe that Bmax and Nmax de-
crease monotonically with Lp, but Tmax and Emax can exhibit
a maximum for very small and intermediate values of Lp,
respectively.

Based on the above quantities we define some measures of
performances (efficiencies) to quantify the amount of trans-
ferred information per the consumed energy, the process time,
and the number of synthesized proteins. We assume that all
the information is encoded on the protein, which is attached
to a binding site. More precisely, we focus on the information
that is conveyed in this way and do not consider the temporal
or spatial channels of information transmission. Moreover, the
information encoded on each protein is independent of the
others and each bound protein satisfies ∝ Lp bits of infor-
mation. This means that the effective number of informative
sequences of such a protein is ∝ eLp .
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FIG. 8. The information per energy ηE , per time ηT , and per number of generated proteins ηN vs Lp for the three types of signals φ(t ): step
(stp), exponential (exp), and power-law (pow) functions. Here Lc = 1, Ld = 20, τs = 4L2

d , T = 12τs, τk = 1/72, pcoll = Ac/Ad , λ = 1/4, γ =
2, δ = 2, 1/zoff = 0.1. The cell and sphere surfaces are Ac,d = 4πL2

c,d . (a1), (b1), (c1) show the conditional mean values of the ηE efficiency
at Tmin/max and the mean value of ηE computed by the total quantities in time period T . (a2), (b2), (c2) and (a3), (b3), (c3) show the ηT and ηN

efficiencies for the same situations, respectively. The results are averaged over 106 realizations of the signaling process (synthesis, diffusion
and degradation, binding and unbinding).

(i) The amount of received information per consumed en-
ergy at times Tmin/max and in total time T ,

ηE (Tmin) = P(Btot > 0)
LpBmin:B

Emin:B
, (18)

ηE (Tmax) = P(Btot > 0)
LpBmax:B

Emax:B
, (19)

ηE (T ) = LpBtot

Etot
. (20)

(ii) The amount of received information per spent time,

ηT (Tmin) = P(Btot > 0)
LpBmin:B

Tmin:B
, (21)

ηT (Tmax) = P(Btot > 0)
LpBmax:B

Tmax:B
, (22)

ηT (T ) = LpBtot

τs
. (23)
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(iii) The amount of received information per generated
proteins,

ηN (Tmin) = P(Btot > 0)
LpBmin:B

Nmin:B
, (24)

ηN (Tmax) = P(Btot > 0)
LpBmax:B

Nmax:B
, (25)

ηN (T ) = LpBtot

Ntot
. (26)

In each of the above measures we compare the amount of
received information with the corresponding values of con-
sumed energy, spent time, and number of generated proteins.
Usually, the efficiency of information transmission is com-
puted by the mutual information between the output of the
source and input of the receiver [28,30] or capacity of the
channel [29]. Instead, here we use measures of performances,
which are computationally easier to obtain than mutual in-
formation and still can capture the essence of an optimal
communication process.

Figure 8 shows how the above measures vary with the size
of a protein for the three signals. The energy and number
efficiencies ηE , ηN are a bit larger for a power-law signal. The
time performance of a step function is larger than that of the
other signals in the min and max cases but not for the total
one ηT (T ) and for small Lp. The results for different signal
times and collision probabilities are given in the Supplemental
Material (SM Figs. 4, 5) [33]. First, we observe that a max-
imum in ηE (Tmax) appears for larger τs and shifts to larger
protein sizes by increasing pcoll. We do not see this effect in
ηE (Tmin) and ηE (T ). Second, the other efficiency measures
ηT (Tmin), ηT (Tmax), ηT (T ) and ηN (Tmin), ηN (Tmax), ηN (T ) al-
ways display a maximum which is present at larger Lp

for larger signal time τs and larger collision probability
pcoll.

It should be mentioned that the qualitative behavior of the
above observations are not very sensitive to the exact values
of the model parameters. In the Supplemental Material, we
report more results for other values of the free model parame-
ters, which support the main picture presented in this work. It
is the case even for efficiency measures, which are not propor-
tional to Lp, that is the received information is independent of
the messenger length, if we use a smaller diffusion coefficient
D = 1/L0.33

p . The key point as stated before is to have degra-
dation or binding mechanisms, which compensate for the low
synthesis rate and high energy cost of very large proteins and
the smaller diffusion coefficient of larger proteins.

V. CONCLUSION

We studied a model of chemical communication by dif-
fusion to see how the messenger (protein) size affects the

efficacy of information transfer from a central source (cell)
to a number of binding sites at a fixed distance from the
source. The whole process consisted of three stages to take
into account the dependence on the synthesis rate and en-
ergy cost, the diffusion and degradation, and the binding of
the proteins to the receptors. Accordingly, we defined some
appropriate measures to quantify the performance of such a
process regarding the energy costs, time scales, and the num-
ber of proteins on the binding sites. Note that our assumptions
in definition of the model and performance measures may not
exactly hold in some biological scenarios. But as we stated
in the main text, here we suggest a working principle that is
based on some simple efficiency measures and can exhibit the
observed optimality of messenger size.

The main observations from the numerical simulations are:
(i) The total efficiency measures ηT (T ) and ηN (T ) display
a maximum around a protein length Lp < 10. But ηE (T )
decreases monotonically with the protein size Lp. These be-
haviors do not change too much with the signal time and
collision probability. (ii) ηN (Tmin) is the only efficiency mea-
sure computed at Tmin that displays a maximum about a small
value of Lp. This optimal length increases with both τs and
pcoll. (iii) All measures ηE (Tmax), ηT (Tmax), and ηN (Tmax) dis-
play a maximum at protein lengths Lp > 10, which increases
with the signal time and collision probability. ηE (Tmax) is
somehow special in that a local maximum appears which
can become a global one by increasing τs and pcoll. In
summary, we observed two different length scales for the
messengers, corresponding to small and large Lp, depending
on the relevance of the quantity (E , T, N) and the time scale
Tmin, Tmax, τs.

Note that in this study we ignore interactions between the
proteins. This is a reasonable approximation as long as the
number and size of synthesized proteins is small compared
with respect to the space of communication. Otherwise the
interactions can play an important role in the performance of
the process. Moreover, in this work we treat the messenger
proteins as passive particles diffusing randomly due to the
thermal noise of the environment. It would be interesting
to consider also information communication by active par-
ticles, which in addition to the thermal energy consume for
example internal sources of energy to navigate in response
to interactions with other chemicals, which are present in
the system.
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