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Breathing solitons consist of a fast beating wave within a compact envelope of stable shape and
velocity. They can propagate and carry information and energy in a variety of contexts such as plasmas,
optical fibers, and cold atoms, but propagating breathers have remained elusive when energy
conservation is broken. Here, we report on the observation of breathing, unidirectional, arbitrarily
long-lived solitons in nonreciprocal, nonconservative active metamaterials. Combining precision
desktop experiments, numerical simulations, and perturbation theory on generalizations of the sine-
Gordon and nonlinear Schrödinger equations, we demonstrate that unidirectional breathers generically
emerge in weakly nonlinear nonreciprocal materials, and that their dynamics are governed by an
unstable fixed point. Crucially, breathing solitons can persist for arbitrarily long times provided that
(i) this fixed point displays a bifurcation when a delicate balance between energy injection and
dissipation is struck and (ii) the initial conditions allow the dynamics to reach this bifurcation point.
Importantly, discrete effects tend to stabilize these nonreciprocal breathers over a wider range of initial
conditions. Our work establishes nonreciprocity as a promising avenue to generate stable nonlinear
unidirectional waves and could be generalized beyond metamaterials to optics, soft matter, and
superconducting circuits.
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I. INTRODUCTION

Breaking the symmetry of interactions is commonplace
in complex systems as diverse as prey-predator interactions
[1,2], networks of neurons [3], and human behavior [4,5].
This idea has recently seen an explosion of activity across
physics. Nonreciprocity has been theoretically introduced
in synthetic many-body systems such as quantum [6–11]
and spin systems [12], and experimentally realized in
optical devices [13–16], plasmonic nanoparticles under
optical drive [17], colloids [18,19], emulsions [20–22], and
metamaterials [23–29]. In these systems, nonreciprocity is
typically achieved by injecting momentum or energy in a
way that breaks the symmetry or hermiticity of the linear
operators governing the dynamics [30–32] and entails that
the transfer function differs if you swap input and output.

Such asymmetry then often leads to unidirectional or
chiral amplification, necessarily pushing the dynamics
beyond the linear regime into one where nonlinearities
dominate and features like solitons can emerge. Nonlinear
nonreciprocal dynamics have recently been investigated in
the context of pattern formation [33–35], topological
excitations and defects [18,19,28,36], shocks [21], turbu-
lence [37], and topological edge modes [38,39]. Yet,
nonreciprocal dynamics of localized nontopological non-
linear excitations such as solitons have remained largely
unexplored.
Nontopological solitons are stable and localized weakly

nonlinear excitations [40] and can exist in media that are
driven far from equilibrium [41], in which case they are
often called dissipative solitons. Common examples of
such driven-dissipative media include plasmas [42], optical
microcavities [43–45], granular materials [46–48], and
mechanical metamaterials [28,49–61]. In contrast to sol-
itons in conservative systems, dissipative solitons must
strike a balance between loss and gain to be stable. In
contrast to topological dissipative solitons, nontopological
solitons must strike an additional balance between
dispersion and nonlinearity. These two balances put severe
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constraints on the lifetime and dynamics of dissipative
solitons [41,62]. A natural set of questions hence arises:
What types of solitons emerge in weakly nonlinear non-
reciprocal materials? Which mechanisms govern their
dynamics?
Here, we address these questions by focusing on breath-

ing solitons. Breathing solitons are localized nonlinear
excitations, modulated by a carrier wave. They can either
be standing—in which case they are sometimes called
oscillons—or traveling—in which case they can be used to
transport information and energy. Standing breathing sol-
itons have been observed in a plethora of dissipative
systems, from optical cavities [43,44,63] and arrays of
nanoplasmonic particles in the presence of driving and
dissipation [64–67] to driven granular media [68] and fluids
[69]. In stark contrast, traveling breathing solitons have yet
to be observed in strongly dissipative systems. The only
exception can be found in nanoplasmonic particle arrays,
where traveling patterns reminiscent of breathing solitons
have been observed numerically under a unidirectional
external drive [65], yet without experiments or theoretical
description of the solitons.
We discover here that traveling breathing solitons can

spontaneously emerge in nonreciprocal media. Using
experiments on active metamaterials, numerical simula-
tions, and perturbation theory, we find that a delicate
balance between initial conditions, nonreciprocal gain,
and damping sets the conditions for the emergence and
lifetime of these solitons. This balance determines whether
radiation, one breather, multiple breathers, or kink-antikink
pairs are formed following an initial perturbation; together
with the magnitude and velocity of the initial condition, this
balance also determines the fate of the breathing soliton.
Strikingly, we find that in contrast to breather solitons

in the presence of constant driving [43,44,63] (see
Appendix C 5), nonreciprocity makes the dissipative
breathers travel and expands the regime of existence of
traditional breathing dissipative solitons. Our results estab-
lish active metamaterials as a productive avenue for the
study of unidirectional dissipative solitons and for non-
linear generalizations of nonreciprocal excitations.

II. BREATHERLIKE WAVE IN A
NONRECIPROCAL ACTIVE METAMATERIAL

Consider the active mechanical metamaterial shown in
Fig. 1(a) and in Supplemental Material Video 1 [70]. It is
made of 50 oscillators, each linked to its neighbors by a thin
flexible rubber plate (see Appendix A for details). Upon
relative rotation of neighboring oscillators θi and θiþ1, this
plate will bend and stretch and thereby apply a nonlinear
elastic restoring torque on oscillator i, τei ðθi; θiþ1Þ. This
restoring torque is symmetrical by virtue of Newton’s third
law τei ðθi; θiþ1Þ ¼ −τeiþ1ðθi; θiþ1Þ. By design, we break
Newton’s third law by applying an external torque on each
oscillator. This torque depends on the configuration of the

system τai ¼ κaðθi−1 − θiþ1Þ, where increasing i corre-
sponds to the clockwise direction. This is done by using
an active control system that relies on motors, sensors, and
microcontrollers embedded in our oscillators. This active
torque introduces a nonreciprocal bias in the system and
amplifies waves and pulses unidirectionally, in what is
known as the non-Hermitian skin effect [23,30–32]. As
unidirectional amplification occurs, the magnitude of the

(a)

(b)

(c)

FIG. 1. Breathing nonreciprocal soliton. (a) Picture of four
identical unit cells composing the active mechanical metamate-
rial. Each unit has one rotational degree of freedom (vertical blue
bar) which is elastically coupled to its nearest neighbors via the
horizontal thin blue elastic bands. The nonreciprocal gain is
programmed by the microcontroller embedded in each unit
(Appendix A). Magnets placed on the oscillator tips and a
periodic substrate generate a weakly nonlinear potential. The
moment of inertia is controlled by weights to the oscillator tips
(golden bolts). (b) Schematic overview of the metamaterial whose
rotational degrees of freedom have moment of inertia I, are
connected by springs offset by nonreciprocity κa (red and blue
arrows), and are each subject to a weakly nonlinear magnetic
potential V. (c) Kymograph of the angular deviations θi of 50
connected oscillators upon excitation of the middle oscillator.
Without nonreciprocal gain κa, the excitation quickly disperses
and dies out (middle panel). For positive (negative) gain, a
breathing localized wave forms and travels to the right (left),
as seen in the right-hand (left-hand) panel.
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signal may increase and nonlinearities will inevitably come
into play. In order to probe the nonlinear response in a
controlled way, we place magnets both on the oscillator tips
and periodically on a substrate [28], which creates a weakly
nonlinear potential [Fig. 1(b) and see Appendix A]. We first
probe the response of the active mechanical metamaterial to
an initial perturbation which we apply manually (see Sup-
plemental Material Video 1 [70]). Without nonreciprocity
κa ¼ 0, the perturbation disperses symmetrically around
the locus of impact and dissipates within a fraction of a
second [Fig. 1(c)]. For nonzero κa, we observe that the
perturbation transforms into a localized and oscillating
wave packet that propagates at a constant velocity of 8� 1
units/s in a direction given by the sign of κa. Strikingly,
nonreciprocity mitigates the dispersive and dissipative
effects and gives rise to a traveling and localized oscillating
wave whose lifetime can be extended to multiple seconds
depending sensitively on the strength of κa. Besides the
stable envelope, this wave has a carrier wave that is
oscillating at a frequency of 5 Hz and moving at a constant
phase velocity of 28 units/s.
Under which conditions can nonreciprocity sustain this

nonlinear excitation? To ascertain this, we perform a set of
experiments in which we systematically vary the non-
dimensional gain η ∝ κa=κ and the perturbation velocity
θ̇t¼0 [Figs. 2(a) and 2(b)], now controlled by a pulse exerted
by the unit’s internal motor. This reveals the strong
influence of the nonreciprocal gain: When the gain is
too small, the perturbation disperses asymmetrically but
quickly dissipates; when η is too large, oscillators are
rendered unstable and a rapidly amplifying wave emerges.
Only when the nonreciprocity is carefully tuned can a

localized wave of constant amplitude be observed that lasts
several seconds.
Why do these waves emerge from nonreciprocal inter-

actions? And what is their nature? To answer these
questions, we first consolidate our experimental findings
using a discrete model that captures all the essential
features of the nonreciprocal active material. We model
the dynamics of the interacting oscillators subject to a
nonlinear potential by a nonreciprocal version of the
Frenkel-Kontorova model, which reads in nondimensional
form (see Appendix B)

ϕ̈i ¼ ϕi−1 þ ϕiþ1 − 2ϕi −
η

2
ðϕiþ1 − ϕi−1Þ

− Γϕ̇i −D sinðϕiÞ; ð1Þ
where ϕi ¼ 2πðθi=θdÞ denotes the ith oscillator angle
normalized by the period of the magnetic potential
θd ¼ 1 rad. The nondimensional parameters Γ¼0.3�0.1
and D ¼ 1.9� 0.3 represent on-site dissipation of the
oscillators and magnetic potential strength and η ∝ κa=κ
whose values we calibrate experimentally using a
torsion testing machine (see Appendix A for details). We
numerically integrate this equation and find a quantitative

agreement with the experiments [Figs. 2(b)–2(d)] with
additional insights from the greater precision of our
numerical simulations. First, the velocity of the breathing
waves does not sensitively depend on the level of non-
reciprocity [Fig. 2(b)]. Second, long-lasting breathing
waves exist only for a narrow regime of nonreciprocity,
and in this regime they emerge for a wide range of
perturbation velocities. Higher velocity perturbations
extend the region of stable solutions to a wider range of
the nonreciprocal gain. This suggests that the existence of
long-lasting unidirectional nonlinear waves depends on a
precise balance between gain and loss.

III. NONRECIPROCAL BREATHING SOLITONS

To confirm that a nonlinear nonreciprocal material can
host breathing solitons, we take the continuum limit of
Eq. (1) and find a sine-Gordon equation (see Appendix C 1),
augmented with nonreciprocity and damping:

φtt − φxx þ sinðφÞ ¼ −ηφx − Γφt: ð2Þ

While a related version of this equation with a constant
driving instead of a nonreciprocal term has been studied in

(a) (c)

(b) (d)

FIG. 2. Three regimes of breathers. (a) The total squared
amplitude of the oscillators over time for a range of the
nondimensional gain η normalized by the viscous dissipation
Γ ¼ 0.3� 0.1 shows decaying (blue), diverging (red), and long-
lived (green) breathers. Black line shows the passive case η ¼ 0.
As a metric for the longevity of the breather, we use the ratio
Emin=Emax between minimum and maximum energy measured
within a window demarcated by the dotted lines. (b) A sweep
over initial conditions θ̇t¼0 and η=Γ shows a narrow regime
of extended breather lifetime, quantified by the logarithm of
the ratio between the minimum and maximum amplitudes of the
breather measured within a time period of 1 s, indicated by the
dashed vertical lines in (a) (see Appendix A). Square and
circularly hatched areas demarcate regions of stable decaying
and unstable amplifying waves, respectively. Inset shows a
zoomin of the extended lifetime regime. (c) Simulations of
Eq. (1) using experimental values Γ ¼ 0.3 and D ¼ 1.9. (d) A
sweep over the same initial conditions reveals a narrow range of
breathers with an extended lifetime.
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detail [40,71], breathers in its nonreciprocal counterpart
have to the best of our knowledge remained unexplored.
Crucially, the left-hand side of Eq. (2) is integrable, which
will allow us to unambiguously identify the breathers
(as well as the other discrete structures) and explore their
full evolution in Eq. (2) by means of the perturbation theory
applied to the auxiliary linear scattering problem.
We perform a numerical investigation of profile dynam-

ics governed by Eq. (2) for a fixed value of the damping
Γ ¼ 0.1 and various parameters of the nonreciprocity η.
We use periodic boundary conditions, in accordance with
the experiments and numerical simulations above. To
simulate the “kick” initial condition, we impose

φðx; 0Þ ¼ 0; ∂tφðx; 0Þ ¼
Π

coshðx=dÞ : ð3Þ

We have also tried other forms of kicks including a step
function and a Gaussian profile and found that breathers
consistently emerge provided a balance between nonreci-
procity and damping exists, and provided a sufficiently large
kick is given. For our chosen profile Eq. (3), the injected
energy is controlled by the magnitude Π of the applied kick
and its width d which is set to 1 in all simulations.
Similarly to the discrete case and to the experiment, we

find qualitatively the same breatherlike behavior [Fig. 3(a)]:
a travelling pulse with a steady envelope and a rapidly
oscillating carrier wave. We also observe the three regimes
identified earlier, where for a relatively small nonreciproc-
ity to dissipation ratio η=Γ ¼ 1.00, the wave decays; when
this ratio becomes larger η=Γ ¼ 1.50, the wave blows up;
and in between at η=Γ ¼ 1.37, the wave survives for a
remarkably long time [Fig. 3(b)]. In agreement with
experiment, we find that the velocity of the wave does
not depend on nonreciprocity [Fig. 3(b)], contrary to the
case of topological solitons [28].
A systematic investigation of the instantaneous energy of

the profile,

E ¼ 1

2

Z �ð∂tφÞ2 þ ð∂xφÞ2
2

þ 1 − cosφ

�
dx; ð4Þ

at every moment of time allows us to compute the
maximum variation in energy of the nonlinear wave over
the course of time, and reveals that there are two regions
where the nonlinear wave is particularly long-lived: (i) a
specific region η=Γ ≃ 1.4 and Π ≃ 4.2 [inset of Fig. 3(c)]
and (ii) a large region Π > 4.4 and η < 1.4.
But are these nonlinear waves breathing solitons? To

address this question, we perform a spectral decomposition
according to the left-hand side of Eq. (2). Indeed, the
unperturbed part is an integrable equation that can be
solved exactly by the technique based on the inverse
scattering transform (IST) [72,73]. This procedure can
be understood as a nonlinear Fourier transformation that

transforms the profile φðxÞ into the scattering data of the
auxiliary linear problem with the potential that depends on
φðxÞ (so-called direct scattering). It is convenient instead of
the transmission and reflection coefficients to present the
data in the functions aðλÞ and bðλÞ of the spectral parameter
λ. The time evolution of these variables is extremely simple
(see Appendix C 2 for details).
The breather appears whenever aðλÞ has zeros in the

upper half-plane (we label these points λ1 ¼ ζ þ iν, ν > 0,
and λ2 ¼ −λ1). The corresponding profile reads

φðx; tÞ ¼ −4 arctan
λ1 − λ̄1
λ1 þ λ̄1

gðx; tÞ − ḡðx; tÞ
1þ jgðx; tÞj2 ; ð5Þ

with

gðx; tÞ ¼ exp

�
ixðλ21 − 1Þ

2λ1
þ itðλ21 þ 1Þ

2λ1

�
gð0Þ: ð6Þ

If the right-hand side of Eq. (2) were zero, the zeros λ1 and
λ2 would be constant complex numbers. In the present case,
in the adiabatic approximation [72], the right-hand side
leads to modification of the parameters of the breather; i.e.,
λ1 and λ2 start depending on time. This means that the
features of the solitons such as amplitude and velocity
evolve over time as a consequence of dissipation and
nonreciprocity.
The scattering data of the initial profile Eq. (3) can be

found explicitly [see Eqs. (C29) and (C30) of Appendix C].
The breather is present in the initial profile if 2 < Πd < 4
and the corresponding zeros are given by

λ1;2 ¼ i
Πd − 2

2d
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Πd − 2

2d

�
2

s
: ð7Þ

In the unperturbed system, these spectral data would
correspond to the profile

φ ¼ 4 arctan
Πd−2
2dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðΠd−2
2d Þ2

q sin t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðΠd−2

2d Þ2
q
cosh Πd−2

2d x
: ð8Þ

For the time-evolved profile the corresponding scattering
data can be computed numerically. We employ the transfer-
matrix method described in Ref. [74]. Strictly speaking the
initial condition for the profile corresponds to a kink-
antikink pair—where λ1 and λ2 are purely imaginary, rather
than a breather—where iλ1 and iλ2 are conjugate complex
numbers. In the simulation, however, this pair immediately
transforms into a breather because of the dissipative terms,
which is reflected in the nonzero real part in Fig. 3(d). Note
also that for large nonreciprocity the kink-antikink pair
profile might persist for short times (red curve until t ¼ 3)
and return at later times (red curve at time t ≃ 80).
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The three regimes of decaying, long-lived and diverging
breathers as denoted by the blue, green and red curves in
Fig. 3(b), can be distinguished from the scattering data as
follows: The dissipative regime is marked by a vanishing
imaginary part, while the real part stays finite (blue curve);
the exploding regime is marked by the vanishing of both
real and imaginary parts (red curve), while in the stable
regimes both spectral data evolve slowly over the simu-
lation window (green curve). This confirms the existence of
a breathing soliton in the minute region η=γ ≃ 1.4 and
Π ≃ 4.2 [see inset of Fig. 3(c)].
To quantify this behavior even further, we have used the

scattering data aðλÞ to numerically quantify the fraction of
energy of discrete structures such as solitons and breathers

in each profile (see Appendix C 3),

Ed ¼ 2
X

Im ðλi − λ−1i Þ; ð9Þ

which in the case of a single breather becomes

Eb ¼ 2 Imðλ1 þ λ2 − 1=λ1 − 1=λ2Þ: ð10Þ

Note that generically more than one breather may appear,
together with kinks and antikinks. We can use Eq. (9)
to quantify the total energy of such discrete nonlinear
structures. In addition, we can quantify the energy of
radiation as (see Appendix C 3)

(a) (b) (c)

(d) (e) (f)

FIG. 3. Breathers in the nonreciprocal sine-Gordon equation. (a) Kymograph of the field φ for η ¼ 0.1373, Γ ¼ 0.1, and Π ¼ 4.17
through a numerical integration of Eq. (2). (b) Total energy E of the breather (top) as defined by Eq. (4) and the position of breather
Δxc versus time (bottom) for three different values of nonreciprocity, η ¼ 0.10 (blue line), 0.1373 (green line), and 0.15 (red line).
(c) Logarithm of the ratio between the minimum and maximum energy measured in the time interval indicated by the vertical dashed
lines in (b) against the nonreciprocity to dissipation ratio η=Γ and the magnitude of the initial kick Π. The energy is defined in Eq. (4).
The three colored circles correspond to the three different values plotted in (b). Regions hatched with squares (circles) demarcate the
weakly (strongly) nonlinear regime of Eq. (2). Inset: close-up on the region that hosts long-lived breathers. (d) Time dependence of the
real (top) and imaginary (bottom) parts of λ1 and λ2 for the same values of Π and η. (e) Energy dependence of the soliton profile for
the same values of Π and η. Solid lines represent the energy of the field found by numeric integration Eq. (4), and dashed (dotted) lines
are contributions from the discrete (radiative) modes only, as given by Eq. (10). (f) Spectral content of the nonlinear wave vs ratio
between nonreciprocity and dissipation η=Γ and magnitude of the initial kickΠ at time t ¼ 800. The narrow green area shows the region
of the parameters which correspond to a breather and radiation modes. This area separates decaying profiles consisting solely of
radiation modes (blue region) and the regions marked in red and orange that correspond to the diverging profiles and one or more
discrete degrees of freedom, respectively. The orange region corresponds to a situation when additionally to a breather other dis-
crete degrees of freedom are present in the profile (i.e., more breathers or, even, kink-antikink pairs). The full energy in this case still
should be low enough to compute aðλÞ and extract the corresponding zeros (contrary to the red region). Note that the “upper” boundary
separates breathers from the kink-antikink pairs (orange area). Persistent breathers live only in a tiny region (see inset) of the parameter
space η=Γ ≃ 1.4 and Π ≃ 4.2 indicated by the white circle.
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Er ¼
Z∞
0

log
1

jaðλÞj2
1

π
d

�
λ −

1

λ

�
: ð11Þ

Plotting E, Ed, and Er vs time for a few different values of
parameters [Fig. 3(e)] sheds new light on the three possible
scenarios: (i) In the decaying regime (blue curves),
the discrete degrees of freedom initially dominate
Et ≈ Ed ≫ Er, but vanish and are replaced by radiation for
long times Et ≈ Er ≫ Ed; (ii) in the exploding regime (red
curves), we see that the discrete degrees of freedom take the
most part of the profile’s energyEt ≈ Ed ≫ Er; (iii) finally, in
the stable regime (green curves), we see that the discrete
degrees of freedom dominate the dynamics over a long
transient Et ≈ Ed ≫ Er. In other regimes for smaller magni-
tude of initial conditions, the radiation itself spawns discrete
structures (see Appendix C 3 for a complete discussion).
By making a snapshot of the spectral content for large

times t ¼ 800, we obtain a good picture of the nature of the
nonlinear waves and identify the regime where breathing
solitons persist [Fig. 3(f)]. To obtain the color plot it was
enough to deduce the number of zeros of aðλÞ without
having to determine their precise positions. The number of
zeros NC inside a domain bounded by a contour C is given
by the following contour integral,

NC ¼ 1

2πi

I
C
dλ

∂λaðλÞ
aðλÞ ; ð12Þ

providing an efficient way to compute NC numerically. To
compute the number of breathers we have chosen the
contour C in the complex plane λ to be a square with the
opposite vertices given by λ ¼ 0.1þ 0.1i and λ ¼ 1þ 0.7i.
Those values were chosen empirically to encircle most of
the zeros. There is a natural limitation for the spectral
analysis, as for very large or very small values of λ, the
computation of aðλÞ suffers from numerical instabilities.
This can be seen in particular in the energy of the
corresponding profiles Eq. (9). Separately we have looked
for the zeros on the imaginary line. In terms of the zeros, the
colors mean the following: In the blue region there are no
zeros; in green there is one with the nonzero real part; for
the magenta all zeros have zero real part; in the orange
region there are more than two zeros; and the red regions
have the energy too high to perform the analysis. For the
green and blue areas, in order to ensure that we have found
all the zeros, we compared the total energies computed
from the profile and with Eqs. (9) and (11).
For low nonreciprocity to dissipation ratio η=Γ < 1.4,

we see that at long times, radiation dominates (blue region),
except for large value of the kick magnitude Π > 4.4,
where a pair of kink and antikink dominates (magenta
region) [Fig. 3(f)]. This regime cannot be achieved in our
experiments since the oscillators are monostable. For large
nonreciprocity to dissipation ratio η=Γ > 1.5, at long times,

multiple breathers and/or kinks dominate (red region).
Only for intermediate nonreciprocity η=Γ ≃ 1.4 will a
single breather dominate the dynamics [green region and
inset of Fig. 3(f)].
We have seen that breathing solitons emerge for a broad

range of initial conditions but persist only for a thin range
of nonreciprocity to dissipation ratio η=Γ. What controls
this range of persistence and why is it so thin? To address
these questions we will next employ a multiple-scale
expansion to obtain analytical predictions for the dynamics
of the envelope of such nonreciprocal breathing solitons.

IV. ENVELOPE OF THE NONRECIPROCAL
BREATHING SOLITON

The adiabatic evolution of the spectral data for the
perturbed sine-Gordon equation (2) can, in principle, be
analyzed via the inverse scattering perturbation theory
[28,72,75,76]. However, this analysis involves a system
of four integro-differential equations and at first glance is
hardly simpler than the original equation. Therefore,
prompted by our observations of Figs. 1 and 3 we extract
qualitative predictions by turning to a simpler model of
a small-amplitude breather of the form

φðx; tÞ ¼ 2ψ̄ðx; tÞe2it þ c:c:; ð13Þ

where ψðx; tÞ is a slowly varying envelope j∂tψ j ≪ jψ j, and
for convenience we have rescaled time t → t=2. After this
rescaling Eq. (2) takes a canonical form [77] of nonrecip-
rocal dissipative nonlinear Schrödinger equation (NLS):

i∂tψ þ ψxx þ 2jψ j2ψ ¼ ηψx − iΓψ þ Γ
2
∂tψ : ð14Þ

This equation assumes that cubic nonlinearities are suffi-
cient to capture the nonlinear dynamics. Our calibrations
done in Appendix A [Fig. 6(b)] prove that indeed cubic
nonlinearities qualitatively capture range of deformations
accessible experimentally. In the absence of perturbations
on the right-hand side, Eq. (14) is integrable and the soliton
ψs describes the envelope of the breather in the laboratory
frame,

ψ sðx; tÞ ¼
ueiv½x−xcðtÞ�þiΦðtÞ

coshfu½x − xcðtÞ�g
; ð15Þ

with phase ΦðtÞ and center mass coordinate xcðtÞ. In
integrable dynamics these variables are linear functions
of time and are named angle variables, while uðtÞ and vðtÞ
are constants (the action variables) representing the ampli-
tude and velocity of the envelope. In contrast, in the
nonintegrable case nonreciprocity and dissipation will
result in more complicated time dependence for these
parameters.
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We now predict how the dynamics of this soliton—the
envelope of the breather—depends on nonreciprocity,
dissipation, and initial conditions. To this end, we note
that the scattering data are now given by a zero of aðλÞ in
the upper half-plane λ0 ¼ vþ iu, where the parameters v
and u are the velocity and amplitude of the profile Eq. (15).
The construction of the transfer matrix is similar to the sine-
Gordon case; however, here we do not have any restrictions
on the zeros (cf. Appendixes C 2 and C 4). The time
evolution of these parameters as well as the parameters
Φ and xc can be obtained with the inverse scattering
perturbation theory, which in the adiabatic approximation
leads to (see Appendix C 4)

dv
dt

¼ 2u2

3
ðη − ΓvÞ; ð16Þ

du
dt

¼ 2uðηv − ΓÞ þ uΓðu2 − v2Þ; ð17Þ

and for the angle variables,

dxc
dt

¼ 2v;
dΦ
dt

¼ u2 þ v2: ð18Þ

Although they are impossible to solve analytically,
Eqs. (16) and (17) reveal a physically appealing picture.
First, there are two fixed points: one at u ¼ 0, which
corresponds to no solitons at all, and the other at u ¼ ∞
and v ¼ η=Γ, which correspond to a diverging soliton.
Second, in the regime jηj=Γ ≤

ffiffiffi
2

p
there is another pair of

fixed points P that corresponds to a soliton of constant
velocity with a constant amplitude:

vP ¼ η

Γ
; uP ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

η2

Γ2

r
: ð19Þ

To determine which fixed point governs the dynamics, we
show the phase portrait in Figs. 4(a)–4(c) and observe that
the fixed point at u ¼ 0 is stable and attracts all the
trajectories if the initial condition sits below the separatrix
S defined by

u2S ¼ 2 − η2=Γ2 þ 3

5
ðvþ η=ΓÞ2 ð20Þ

and shown as orange curves. In the case jηj=Γ ≤
ffiffiffi
2

p
, if the

initial conditions sit above the separatrix S, the trajectory
starts to be attracted toward the fixed point P [Figs. 4(a)
and 4(b)]. The envelope of the breather shrinks in magni-
tude toward a magnitude uP and its velocity converges
toward vP. Yet this point is unstable and, unless we have
started directly from the separatrix S, the magnitude of the
envelope ultimately diverges. In the case jηj=Γ >

ffiffiffi
2

p
, the

fixed point P has disappeared and the dynamics again
either blows up if the initial condition sits above the

separatrix or dies down if the initial condition sits
below [Fig. 4(c)].
There is hence a saddle-node bifurcation at jηj=Γ ¼ ffiffiffi

2
p

at which the fixed point P disappears [Fig. 4(d)]. The
soliton never persists because its dynamics is controlled by
an unstable fixed point except precisely at this bifurcation,
where the timescale—hence the lifetime of the soliton—
diverges.
To confirm these findings, we solve Eqs. (16) and (17)

numerically and find the two regimes reported above
depending on the ratio between nonreciprocity and dis-
sipation η=Γ [Figs. 4(e) and 4(f)] and on the magnitude of
the initial condition [Figs. 4(g) and 4(h)]: (i) Above the
separatrix η=Γ ¼ 1.50, the soliton accelerates, decays in a
short transient before blowing up (red curve); (ii) below the
separatrix η=Γ ¼ 1.00, the soliton accelerates until a
terminal velocity while its magnitude decreases (blue
curve); (iii) finally, close to the separatrix η=Γ ¼ 1.373,
the soliton accelerates, its magnitude decreases, but after a
transient blows up (green curve). The closer to the
separatrix and the closer to the bifurcation, the longer
the transient. We further confirm these results with numeri-
cal solutions to Eq. (14). The results are consistent even
though additional radiations in Eq. (14) induce a quanti-
tative discrepancy with the solutions of Eqs. (16) and (17).
Such discrepancy is natural given that these equations
describe a single breathing soliton, in the absence of
additional waves such as radiations (see Appendix C 4
for a discussion on the role of such radiations).
How do these predictions compare to the numerical

solutions of Eq. (2)? We readily see that the ratio η=Γ for
which the longest living breather is η=Γ ≃ 1.4 is consistent
with the prediction η=Γ ¼ ffiffiffi

2
p

above. The theory also
predicts a breather velocity of

ffiffiffi
2

p
, which is fully consistent

with the simulation shown in Fig. 3(a) [78]. What about the
initial condition? Given that the initial conditions used to
numerically solve Eq. (2) are that of a static breather
[Eq. (8)], the correspondence between the parameters Π, d,
uð0Þ, and vð0Þ is the following: uð0Þ ¼ ðΠd − 2Þ=ð2dÞ and
vð0Þ ¼ 0. Therefore, the optimal initial condition to sit on
the separatrix is uð0Þ ¼ uS ¼

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðη=ΓÞ2=5

p
, which

corresponds to ΠS ¼ ½2þ 2d
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðη=ΓÞ2=5

p
�=d ¼

2
ffiffiffiffiffiffiffiffi
6=5

p þ 2 ≃ 4.19 in the limit case η=Γ ¼ ffiffiffi
2

p
—we chose

d ¼ 1 for our simulations. This prediction is in beautiful
agreement with our simulations, where we found that the
optimal initial conditions to observe the longest breathers
were Π ¼ 4.2.
In conclusion, we now understand why the region of

existence of the breather is so narrow: Its dynamics is
underpinned by an unstable fixed point, which leads to a
long-lived soliton if two conditions are met. (i) While this
fixed point exists for a wide range of parameters, only when
the ratio between nonreciprocity and dissipation is
η=Γ¼� ffiffiffi

2
p

will this pair of fixedpoints undergo abifurcation
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and the timescale of the transient diverge; (ii) only when the
initial conditions are precisely tuned close to the separatrix
will the dynamics approach this fixed point.
These results are seemingly at odds with the experimental

and numerical observations reported in Fig. 2, where long-
lasting breathing solitons were also observed for a wide
range of initial conditions. To resolve this issue, we run
simulations of Eq. (1) with varying degrees of discreteness
D (see Appendix B 1 and Fig. 7). We observe that as the
discreteness parameterD decreases, viz., as we tend toward
the continuum limit, the region of stability progressively
shrinks and converges toward a point. Hence, in the discrete
case, the line of stability appears to be a vestige of the island
of stability we predicted analytically previously in this
section, but discreteness enhances stability.

V. EFFECT OF DISCRETENESS

There is a powerful way to address the role of discrete-
ness in the NLS model. Indeed, contrary to the Frenkel-
Kontorova model discussed in Sec. II, the NLS equa-
tion (14) admits an integrable discretization known as the
Ablowitz-Ladik (AL) model [79–81]. Following the ideas
presented in Ref. [82], we therefore focus on the discrete

form of Eq. (14), given by

i∂tψn þ
ψnþ1 þ ψn−1 − 2ψn

a2
þ jψnj2ðψnþ1 þ ψn−1Þ

¼ Rn½ψ � þ RðdÞ
n ½ψ �: ð21Þ

Here, the left-hand side represents the aforementioned
AL discretization, with a denoting the lattice spacing.
This system possesses an exact one-soliton solution, para-
metrized by constants u and v, of the form

ψ ðsÞ
n ðtÞ ¼ sinhðauÞeivnaþiΩðtÞ

a coshfu½na − xcðtÞ�g
; ð22Þ

where the soliton center and phase evolve as

dxc
dt

¼ 2 sinðavÞ sinhðauÞ
a2u

; ð23Þ

dΩ
dt

¼ 2½cosðavÞ coshðauÞ − 1�
a2

: ð24Þ

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 4. Longtime dynamics of the envelope of the soliton. (a) Phase portrait u vs v for η=Γ ¼ 0. White streamlines and color map
indicate the direction and rate of flow, respectively. The orange curve shows the separatrix given by Eq. (20) and the light green cross
indicates the fixed point given by Eq. (19). (b) Phase portrait u vs v for η=Γ ¼ ffiffiffi

2
p

and (c) phase portrait u vs v for η=Γ ¼ ffiffiffi
3

p
from

Eqs. (16) and (17). (d) Bifurcation diagram u vs η=Γ. The light green line indicates the pair of fixed points P and the black line
corresponds to the fixed point at u ¼ 0. (e),(f) Trajectories u (e) and v (f) vs time for η ¼ 0.15 (red line), 0.1373 (green line), and 0.1
(blue line) and Γ ¼ 0.1. Solid lines indicate numerical solutions of Eqs. (16) and (17) and dashed lines numerical solutions of Eq. (14)
with Eq. (15) as an initial condition with Φð0Þ ¼ 0, and u ¼ 1.12. (g),(h) Trajectories u (g) and v (h) vs time for u ¼ 1.19 (dark purple
line), 1.12 (purple line), and 1.0 (light purple line) and Γ ¼ 0.1 and η ¼ 0.1373.
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In the continuum limit a → 0, this discrete solution con-
verges to the continuous profile Eq. (15). The perturbation
terms RnðψÞ are defined by the physical damping and
nonreciprocity,

Rn½ψ � ¼ η
ψnþ1 − ψn

a
− iΓψn þ

Γ
2
∂tψn; ð25Þ

while the terms RðdÞ½ψ � measure the difference between the
naive discretization of the NLS model and the AL dis-
cretization [82]:

RðdÞ
n ½ψ � ¼ jψnj2ðψnþ1 þ ψn−1 − 2ψnÞ: ð26Þ

The evolution of the soliton parameters u and v can be
derived using inverse scattering perturbation theory, as in
the continuous case (see also Ref. [83]), or alternatively
through the analysis of conserved quantities. This yields

du
dt

¼ XðuÞ
a ðu; vÞ; ð27Þ

dv
dt

¼ XðvÞ
a ðu; vÞ − ð2πÞ3 sinhðauÞ2

a6u3
X∞
n¼1

n2 sinð2πnxc=aÞ
sinh π2n

ua

;

ð28Þ

with the explicit expressions for the vector fields Xðu;vÞ
a

provided in Appendix C [Eqs. (C44) and (C45)].
In the limit a → 0, these expressions reduce to the

continuum dynamics Eqs. (16) and (17). The final term
in Eq. (28) represents the Peierls-Nabarro (PN) contribu-
tion, arising from the lattice structure. In our analysis, we

retain only the n ¼ 1 term in this sum, an approximation
also performed in Ref. [82], and neglect the corresponding

PN contributions to Xðu;vÞ
a , as they are small not only due to

discreteness, but also due to the perturbations. This way,

Xðu;vÞ
a define again a two-dimensional flow, qualitatively

similar to that shown in Figs. 4(a)–4(c). However, the
bifurcation point now depends on the lattice spacing
through the modified condition jηj=Γ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ a2

p
, which

flattens the bifurcation line of Fig. 4(d) [see Fig. 5(a)].
Hence, the sensitivity to the magnitude of the initial
condition is weaker, in accordance with our findings of
Fig. 7. To better isolate the role of lattice spacing, we focus
on the regime of small η, where the dependence of the
bifurcation point on a is minimal. It is important to note that
the inclusion of the PN term distorts the simple 2D flow
structure. We therefore compute the critical points numeri-
cally and analyze the perturbations around them. The
corresponding results shown in Fig. 5(b) demonstrate that
discreteness enhances soliton lifetime but also renders the
dynamics less sensitive to changes in the nonreciprocal
parameter η.

VI. DISCUSSION

The existence of these genuine breathing solitons in
nonreciprocal nonlinear media is in stark contrast with that
of solitons in constantly driven media, which admit static
short-lived breathers [43–45], yet whose behavior does not
seem to correspond to any fixed point for reasonable values
of the driving (see Appendix C 5). We emphasize here that
our considerations for the soliton solution in the nonre-
ciprocal nonlinear Schrödinger equation (14) serve as an
enveloping profile for the breather of the nonreciprocal
sine-Gordon equation (2). In contrast, the breathers in
Refs. [43–45] from the point of view of the driven nonlinear
Schrödinger equation correspond to the special solutions of
Kuznetsov-Ma type [42,84] that could be obtained by a
dressing or degeneration of the periodic solutions [84]. In
addition, other types of static breathing solitons, sometimes
called oscillons [85], have a more complicated solution to
the nonlinear sine-Gordon equation called Dashen,
Hasslacher, and Neveu (DHN) solution for which an
inverse scattering analysis is impossible. Crucially, both
these types of standing breathers are static, in contrast to
our nonreciprocal breathers that travel.
We interpret the difference between these types of

breathers as follows. A breathing soliton can be seen as
a bound pair of kink and antikink that oscillates in time. In
ordinary driven media, kinks and antikinks are driven
toward opposite directions [40]. This means that the driving
tends to keep the breather from traveling and to pull the
kink and antikink apart, thereby to disintegrate the breather.
In contrast, in nonreciprocal media, kinks and antikinks are
driven toward the same direction [28]. This means that the
nonreciprocal driving has the tendency to drive the breather

(a) (b)

FIG. 5. Discrete effects in the nonlinear Schrödinger equation.
(a) Bifurcation diagram as a function of the lattice spacing a.
The light green line corresponds to the fixed points depicted in
Fig. 4(d). (b) Time evolution of the amplitude according to
Eqs. (27) and (28), with initial conditions (u,v) corresponding to
the system’s fixed point but with the u coordinate perturbed in the
positive (negative) direction by 0.3%, shown in the dashed (dotted)
lines, for three lattice spacings a ¼ ½0.1; 1; 2� and with η ¼ 0.01
and Γ ¼ 0.1. Red and blue lines surrounding the green lines
indicate the effect of an additional perturbation in η by �0.015%.
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unidirectionally and to maintain its shape. Our results here
have demonstrated that such kink-antikink pair making up
the breather is, however, a delicate balance and persists
only if the energy injection precisely compensates the
dissipation and if the initial conditions have triggered
a breather with the suitable magnitude.
In conclusion, we have discovered how nonreciprocity

affects the emergence and longtime dynamics of breathing
solitons in a nonreciprocal active material. Our exploration
has been performed experimentally, numerically, and theo-
retically for nonreciprocal generalizations of the sine-
Gordon and nonlinear Schrödinger equations. In the
generic case, nonreciprocity amplifies localized initial
conditions toward unidirectional nonlinear structures such
as radiations, single or multiple breathers, or kink-antikink
pairs. Such nonlinear excitations generically either are
damped or diverge over short timescales. Only for a
specific region of parameter space, when nonreciprocal
gain, dissipation, and initial magnitude are carefully bal-
anced, will a pure breathing soliton emerge, propagate
unidirectionally, and remain stable over a long timescale.
This careful balance corresponds to the bifurcation of a pair
of unstable fixed points, which can be reached by the
dynamics provided the initial conditions are precisely
tuned. In addition to these continuum theoretical results,
we have extended our analysis to a discrete setting, where
we found that discreteness has a stabilizing effect and tends
to expand the regime of existence and lifetime of nonre-
ciprocal breathers, which explains our experimental and
numerical observations.
We have identified a minimal set of ingredients neces-

sary for nonreciprocal breathers to emerge: Weakly non-
linear effects must stabilize otherwise dispersive waves
while nonreciprocal forces counteract dissipation to sustain
breather solitons. Nonreciprocity itself may arise in a
variety of ways. In the current work, these interactions
are explicitly programmed and applied using electrical
power source, but they arise generically in systems with
asymmetric phase delays [14,86], asymmetric exchange
interactions [87], mediated by hydrodynamic fields
[18–20,22,88], acoustic streaming [89,90], or light fields
[17,91]. In the majority of these systems, mechanical
oscillations and waves can exist and, hence, these platforms
are candidates to potentially host nonreciprocal breathers.
Our work establishes nonreciprocity as a mechanism of

choice to obtain traveling breathing solitons in active or
dissipative materials and, hence, to transport information
and energy in dissipative media. Open questions ahead are
how to increase further the range of stability of such
breathers and to explore their stability to disorder and noise.
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APPENDIX A: EXPERIMENTAL METHODS

Figure 1(a) shows four coupled oscillators that are part
of an active metamaterial consisting of 50 identical unit
cells, separated by a lattice spacing of a ¼ 6 cm. The unit
cells are directly inspired by Ref. [28]. Each oscillator arm
has a rotational degree of freedom θi with moment of
inertia I ¼ 3 × 10−5 kgm2 and is coupled elastically to
its neighbors by 2 rubber bands of length 4.6 cm and
thickness 2 mm. As the difference in angle between two
neighbors θi − θiþ1 changes, the rubber bands induce a
torque τi ¼ κðθi − θiþ1Þ where κ ¼ 7.5 mNm/rad is the
torsional stiffness that we calibrate using a torsion testing
machine [Instron E3000 linear-torsional; see Fig. 6(a)].
Besides these passive elastic interactions that are sym-
metric with respect to left and right neighboring sites i − 1
and iþ 1, each unit incorporates an electromechanical
motor implementing an active feedback that breaks this
symmetry. Each unit applies a torque

τai ¼ κaðθi−1 − θiþ1Þ; ðA1Þ

where κa represents the nonreciprocal interaction strength.
Angular positions are measured and recorded by an
angular encoder (Broad-com HEDR-55L2-BY09) present
in each unit cell. This information is transmitted between
nearest neighbors at a rate of 100 Hz and used to compute
the torque τai to be exerted by a direct-current coreless
motor (Motraxx CL1628) via a microcontroller (Espressif
ESP 32), both of which are embedded in the unit cell.
Each oscillator arm holds a neodymium magnet which
interacts with an identical magnet placed regularly on a
substrate. Contrary to the setup of Ref. [28], where
substrate magnets are spaced alternatingly in between
oscillators, here we align magnets directly opposite each
oscillator arm. This generates a weakly nonlinear mono-
stable magnetic potential that induces a torque that we
measure to be approximately sinusoidal with the oscillator
angle θi and has an amplitude of B ¼ 2.3 mNm [see
Fig. 6(b)]. The viscous dissipation associated to oscillator
rotation was found to be γ ¼ 0.17 mNm s rad by fitting
the oscillation amplitude decay after an initial perturbation
[see Fig. 6(c)].
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For an appropriate nonreciprocal interaction strength κa,
the perturbation sets in motion the breathing pulse shown in
Fig. 1(c). Using the total squared amplitude as a measure
for the system’s energy E ¼Pi θ

2
i , we quantify the breath-

er’s lifetime by measuring the ratio between minimum and
maximum energy within a time window of one starting
shortly after the initial kick has ringed down. This ratio will
be close to 1 for waves whose energy does not change
significantly over time, while it vanishes for decaying and
amplifying waves. In Fig. 2(b), we plot the logarithm of this
quantity for a sweep over initial velocities and nonrecip-
rocal coupling strengths. Note that alternative choices for
the time window change only the scale of the color map but
preserve the observed bifurcation between decaying and
amplifying waves.

APPENDIX B: NUMERICAL METHODS

1. Nonreciprocal Frenkel-Kontorova model

Wemodel the dominant forces—inertial, elastic, viscous,
nonreciprocal, and magnetic—present in the active meta-
material with a nonreciprocal version of the Frenkel-
Kontorova model:

I
∂
2θi
∂τ

¼ κðθi−1 þ θiþ1 − 2θiÞ − κaðθiþ1 − θi−1Þ

− γ
∂θi
∂τ

þ B sin
�
2π

θi
θd

�
; ðB1Þ

where τ denotes dimensionful time and θd ¼ 1 rad is the
width of the magnetic potential, found by fitting the
measured magnetic field to a sine function [see Fig. 6(b)].
By employing the following substitutions, we find the

nondimensional form of Eq. (1):

ϕi ¼ 2π
θi
θd

;

t ¼
ffiffiffi
κ

I

r
τ;

η ¼ 2κa

κ
ffiffiffiffi
D

p ;

Γ ¼ γffiffiffiffiffiffiffiffi
IκD

p ;

D ¼ 2πB
κθd

: ðB2Þ

We note that this model is identical to the one discussed in
Ref. [28] in the context of topological solitons, but we focus
here insteadontheweaklynonlinear regimewhereoscillators
do not hop between different minima. To compare model to
experiment, we integrate Eq. (1) with the velocity Verlet
algorithm for a system of N ¼ 50 oscillators using the
experimentally calibrated parameters and time step
dt ¼ 0.1. Mirroring the experiment, in Figs. 2(c) and 2(d),
a single site is initializedwith a nonzero angular velocity θ̇t¼0

and stress-free boundary conditions are imposed.
In Fig. 7, we plot the breather stability for D ¼

f3.6; 1.0; 0.3g and observe that as D decreases and the
continuum limit is approached, the stable region depends
not only on the activity η, but also on the amplitude of the
initial condition Π. This confirms our finding that breathers
in the continuum descriptions discussed in Figs. 3 and 4
of the main text, are stable only when both activity and
initial condition are tuned. These findings also suggest that
discreteness enhances breather stability in nonreciprocal
systems.

(a) (b) (c)

FIG. 6. Calibration of experimental model parameters. (a) Torque-angle curve measuring the elastic response of a single unit
without the magnetic and nonreciprocal contributions. While keeping the angles of the two neighboring oscillators fixed, the
elastic torque generated is measured with an Instron E3000 linear-torsional testing machine. A linear fit yields κ ≈ 7.5 mNm/rad.
(b) Torque-angle curve measuring the magnetic response of a single unit without the elastic and nonreciprocal contributions. A
sinusoidal fit yields amplitude B ≈ 2.3 mN and period θd ≈ 1 rad. The dashed green line indicates the third order Taylor
expansion of the fitted sine function, which validates the weakly nonlinear approximation done in the main text. (c) Decaying
oscillation after perturbation of a single oscillator. We fit the data to a decaying sine function ∝ expð−γtÞ cosðωtÞ to recover the
damping coefficient γ ¼ 0.17 mNm s=rad.
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2. Simulation of continuum equations

Simulations of both the nonreciprocal sine-Gordon and
nonlinear Schrödinger equations, shown in Figs. 3 and 4,
respectively, were performed using the open source pack-
age py-pde [93] with adaptive time step and 601 spatial
discretization steps. For Figs. 3(b) and 3(c), the initial
condition corresponds to the breather profile described by
Eq. (3), while Fig. 4 uses Eq. (15) as an initial condition
with Φð0Þ ¼ 0.

APPENDIX C: THEORY

1. Continuum limit of the discrete model

The continuum limit of Eq. (1) is found by letting ϕi
become a continuous function ϕðxÞ of space x∈ ½0; Na�,
with N the number of units. We approximate finite
differences by a Taylor expansion according to ϕiþ1 − ϕi ≈
aϕx þ a2ϕxx=2 and substituting terms in the discrete model
of Eq. (1) then leads to Eq. (2) under rescaling of the spatial
variable x → ða= ffiffiffiffi

D
p Þx and time t → ðt= ffiffiffiffi

D
p Þ.

2. Inverse scattering method for the sine-Gordon
equation

In this section, we briefly review the main points of the
inverse scattering method for solving classical integrable
(1þ 1)-dimensional field theories. We follow mainly
Ref. [73]. We start with the sine-Gordon equation:

∂
2
tφ − ∂

2
xφþ sinφ ¼ 0: ðC1Þ

The key observation is that this equation is equivalent to the
following auxiliary linear system,

∂F
∂x

¼ UF;
∂F
∂t

¼ VF; ðC2Þ

where U and V are 2 × 2 matrices that depend on the field
φ and the auxiliary spectral parameter λ:

U ¼ ∂tφσ3
4i

þ λþ λ−1

4i
σ1 sin

φ

2
þ λ − λ−1

4i
σ2 cos

φ

2
; ðC3Þ

V ¼ ∂xφσ3
4i

þ λ − λ−1

4i
σ1 sin

φ

2
þ λþ λ−1

4i
σ2 cos

φ

2
: ðC4Þ

The equivalence to Eq. (C1) comes from the compatibility
condition of these linear systems (also called zero-curvature
condition),

∂

∂x
∂

∂t
F ¼ ∂

∂t
∂

∂x
F; ðC5Þ

or equivalently,

∂tU − ∂xV þ ½U;V� ¼ 0: ðC6Þ

Demanding that this relation is satisfied for every value of λ
we obtain our original equation (C1).
The important part of the scattering formalism are Jost

solutions T�ðx; λÞ. They are defined as solutions of the
linear system Eq. (C2) at the fixed moment of time,

dT�ðx; λÞ
dx

¼ UT�ðx; λÞ; ðC7Þ

and are specified by the following asymptotic behavior:

T−ðx → −∞Þ ¼ Ee−ixσ3ðλ2−1Þ=ð4λÞ ≡ Eðx; λÞ; ðC8Þ

Tþðx→þ∞Þ ¼
(
ð−1ÞQ=2Eðx;λÞ Q even

ð−1ÞðQ−1Þ=2iσ3Eðx;λÞ Q odd;
ðC9Þ

where matrix E and topological charge Q are given by

E ¼ 1ffiffiffi
2

p
�
1 i

i 1

�
; Q ¼ 1

2π

Z∞
−∞

dx∂xφðxÞ: ðC10Þ

The reason behind these definitions is twofold. First,
we consider very specific solutions of the sine-Gordon
equation, that at x → �∞ approach constant value
∂tφðx → �∞Þ ¼ 0; moreover, these values can differ by
the topological charge:

φðþ∞Þ − φð−∞Þ ¼ 1

2π

Z
dx∂xφ ¼ Q: ðC11Þ

In particular, we can put φð−∞Þ ¼ 0 so the function
Eðx; λÞ is a solution of the linear problem with the
asymptotic matrix Uðx → −∞Þ. The second reason is more
subtle since obviously the solutions of the linear problem
Eq. (C7) are defined up to multiplication on the constant

FIG. 7. Stability of breathers with decreasing discreteness.
Phase diagram of the logarithm of the ratio between minimum
and maximum energy

P
θ2i visited by the system up until

nondimensional time t ¼ 1000. As D decreases, the vertical
stable region also seen in Figs. 2(b) and 2(d) morphs into a
pointlike region as seen and predicted in Fig. 3(c). The black
region in the D ¼ 0.3 case corresponds to topological solitons,
also observed in Fig. 3(c). Regions hatched with squares (circles)
demarcate the weakly (strongly) nonlinear regime of Eq. (2).
Insets show the shape of the initial condition ϕ̇t¼0.
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matrix from the right. The choice of this matrix that leads to
the definition Eq. (C8) is dictated by the analytic properties
of the Jost solutions as functions of the spectral parameter
λ; namely, one can show that similar to the columns of

Eðx; λÞ, the columns TðlÞ
� , l ¼ 1, 2 of the Jost matrices

T�ðx; λÞ have the following analytical properties: Tð1Þ
− and

Tð2Þ
þ can be analytically continued to the upper half-plane,

and Tð2Þ
− and Tð1Þ

þ to the lower half-plane of the complex
variable λ. Moreover, the specific form of the differential
equation allows for the following conjugational properties
(involutions):

T̄�ðx; λÞ ¼ σ2T�ðx; λÞσ2; T̄�ðx;−λÞ ¼ −iσ1T�ðx; λÞ:
ðC12Þ

The Jost solutions should be related by the constant
matrix multiplied from the right. Traditionally, this matrix
is called the transfer matrix:

T−ðx; λÞ ¼ Tþðx; λÞTðλÞ; TðλÞ ¼
 
aðλÞ −b̄ðλÞ
bðλÞ āðλÞ

!
:

ðC13Þ

Since the matrix U is traceless, the determinant of Jost
solutions does not change with time ∂t detTðxÞ ¼ 0, which
means the unimodularity of the transfer matrix TðλÞ:

detTðλÞ ¼ jaðλÞj2 þ jbðλÞj2 ¼ 1: ðC14Þ

The form of the transfer matrix TðλÞ follows from the first
of the involutions Eq. (C12), which implies

T̄ðλÞ ¼ σ2TðλÞσ2: ðC15Þ

The second involution implies

T̄ðλÞ ¼ Tð−λÞ; ðC16Þ

which is equivalent:

að−λÞ ¼ āðλÞ; bð−λÞ ¼ b̄ðλÞ: ðC17Þ

Moreover, we can express

aðλÞ ¼ detðTð1Þ
− ; Tð2Þ

þ Þ; ðC18Þ

therefore, aðλÞ can be analytically continued to the upper
half-plane. The bound states in the scattering are described
by zeros in the upper half-plane, which due to Eq. (C17)
can be either purely imaginary λ ¼ iκn, κn > 0 or come in
pairs λ ¼ λn, λ ¼ −λ̄n, Im λn > 0 [see Eq. (C12)].
Moreover, using Kramers-Kronig relations along with
Eq. (C14) one can present

aðλÞ ¼ RðλÞ
YN1

n¼1

λ − iκn
λþ iκn

YN2

k¼1

λ − λk
λ − λ̄k

λþ λ̄k
λþ λk

; ðC19Þ

where RðλÞ is referred to in the main text as the radiative
part and is given explicitly as

RðλÞ ¼ exp

�Z
lnð1 − jbðμÞj2Þ
μ − λ − i0

dμ
2πi

�
: ðC20Þ

From the presentation of Eq. (C18), we see that whenever
the spectral parameter coincides with one of the zeros of
aðλÞ, then λ ¼ λj, and the first and second columns are
proportional to each other:

Tð1Þ
− ðx; λjÞ ¼ gjT

ð2Þ
þ ðx; λjÞ; aðλjÞ ¼ 0: ðC21Þ

The proportionality coefficient gj is another scattering data
along with the coefficient bðλÞ and the position of zeros λj.
The time evolution of the scattering data can be deduced
from the second equation in Eq. (C2) or the zero-curvature
condition Eq. (C6):

aðλ; tÞ ¼ aðλ; 0Þ; bðλ; tÞ ¼ bðλ; 0Þeitðλ2þ1Þ=ð2λÞ; ðC22Þ

gjðtÞ ¼ eitðλ
2
jþ1Þ=ð2λjÞgjð0Þ: ðC23Þ

Note that the nonlinear time dynamics of the original
equation reduces to the extremely simple evolution on the
scattering data. Therefore, the typical way to solve the
Cauchy problem for the sine-Gordon equation is to first
find the scattering data, i.e., to solve Eq. (C7) (so-called
direct scattering problem), then evolve it according to
Eq. (C22), afterward restore the potential by means of
the inverse scattering problem, i.e., from the given scatter-
ing data. The final step typically involves solving linear
integral equations to recover the profile. However, for so-
called reflectionless potentials, where bðλÞ≡ 0, these
integral equations reduce to algebraic ones—yielding
profiles with profound physical significance. In particular,
for

aðλÞ ¼ λ − λ1
λ − λ̄1

λþ λ̄1
λþ λ1

; λ1 ¼ ξþ iν: ðC24Þ

The corresponding profile is given by a breather [see
Eq. (5)]. A solution that corresponds to a single imaginary
zero,

aðλÞ ¼ λ − iκ
λþ iκ

; κ > 0; ðC25Þ

is called a kink (soliton), and has a profile

φðx; tÞ ¼ 4 arctan exp

�
x − vt − x0ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p

�
: ðC26Þ

NONRECIPROCAL BREATHING SOLITONS PHYS. REV. X 15, 031045 (2025)

031045-13



Contrary to a breather, this solution has a nonzero topo-
logical charge Q ¼ þ1 [see Eq. (C11)]. The antikink is
obtained by changing the overall sign in Eq. (C26) and
corresponds to Q ¼ −1.
As an example of the direct scattering problem, let us

discuss a spectral content that corresponds to the following
profile:

φðx; 0Þ ¼ 0; ∂tφðx; 0Þ ¼
Π

coshðx=dÞ : ðC27Þ

This profile is used to imitate the initial kick in the
experiment. To compute the scattering data we make a
substitution F ¼ Ef in the linear system Eq. (C2), rescale
x ¼ 4y=Π, and denote p ¼ 2ðλ − 1=λÞ=Π, which leads to

df
dy

¼
 
σ3p
2i

−
iσ2

cosh 4y
Πd

!
f: ðC28Þ

Taking into account results from Ref. [94] we obtain

aðλÞ¼
Γ2
�
1
2
− i ðλ−1=λÞd

4

�
Γ
�
1
2
− i ðλ−1=λÞd

4
−Πd

4

�
Γ
�
1
2
− i ðλ−1=λÞd

4
þΠd

4

� ; ðC29Þ

bðλÞ ¼ sin πΠd
4

cosh πðλ−1=λÞΠd
8

: ðC30Þ

So bðλÞ ¼ 0 for Πd ¼ 4n, n∈Zþ. For instance, n ¼ 1
correspond to

aðλÞ ¼ λ2 − 2iλ=d − 1

λ2 þ 2iλ=d − 1
: ðC31Þ

So for d < 1 we have kink-antikink pair and for d > 1 we
have breather. The special case Π ¼ 4, d ¼ 1 implies the
“degenerate” scattering data:

aðλÞ ¼
�
λ − i
λþ i

�
2

: ðC32Þ

In ðx; tÞ space this corresponds to the following solution:

φðx; tÞ ¼ 4 arctan
t

coshðx − x0Þ
: ðC33Þ

If Πd < 4 we do not have any discrete degrees of freedom.

3. Conserved quantities

Since integrable evolution does not change aðλÞ its
expansion coefficients around some point λ ¼ λ0 corre-
spond to conserved quantities. It turns out that if we
consider expansions around λ ¼ 0 and λ ¼ ∞, i.e.,

logaðλÞ ¼ i
X∞
n¼0

I−nλn; logaðλÞ ¼ i
X∞
n¼1

In
λn

; ðC34Þ

the coefficients In are given by the integrals of local
densities. In particular, I0 is related to the total charge
Eq. (C11), and I�1 ≡ I� are given by

I� ¼ 1

4

Z
dx

�ð∂tφ� ∂xφÞ2
2

þ 1 − cosφ

�
: ðC35Þ

Note that the energy is presented as a sum of these
expressions:

Et ¼ Iþ þ I−: ðC36Þ

Using presentation Eq. (C19) we obtain

I� ¼ Irad� þ Id�; ðC37Þ

where the radiation part is given by

Irad− ¼
Z∞
0

log
1

jaðλÞj2
dλ
π
; Iradþ ¼

Z∞
0

1

λ2
log

1

jaðλÞj2
dλ
π
:

ðC38Þ

The energy of radiation can be presented as

Er ≡ Irad− þ Iradþ ¼
Z∞
0

log
1

jaðλÞj2
1

π
d

�
λ −

1

λ

�
: ðC39Þ

The discrete part can be expressed as

Id− ¼ 2
X

Im λi; Idþ ¼ −2
X

Im λ−1i : ðC40Þ

Here by λi we understand every sort of zero in the upper
half-plane. This way, every kink is counted as λi ¼ iκi,
while every breather comes with λi and −λ̄i. By computing
aðλÞ numerically we can quantify the fraction of radiation
in each profile. To do this we plot in Fig. 8 the full energy
Et and the radiation energy Er. We clearly see three possible
scenarios: (i) in the decaying regime (the left-hand column)
where discrete degrees of freedom vanish and the profile is
determined completely by radiation Er ≈ Et; (ii) in the
exploding regime (the right-hand column) we see that the
discrete degrees of freedom take the most part of the pro-
file’s energy Er ≪ Et; (iii) finally in the central column we
see examples of how discrete degrees of freedom are crea-
ted from the radiation, i.e., we have the regime (i) followed
by a revival, followed by the regime (ii) in the course of
evolution. This way, we see that the decay of the solution is
possible only if the full profile turns itself completely into
the radiation modes, while the amplification is possible
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only if the discrete modes are present or are created from
the radiation.
Let us also mention the conserved quantities for the

Ablowitz-Ladik discretization Eq. (21). The discrete
analogs of the “number of particle” and the “momentum”
read as

Q0½ψ � ¼
1

a2
X∞
n¼−∞

lnð1þ a2jψnðtÞj2Þ; ðC41Þ

Q1½ψ � ¼
X∞
n¼−∞

iðψ�
nþ1ψn − ψ�

nψnþ1Þ: ðC42Þ

Evaluated on the one-soliton solution Eq. (22), these
quantities give

Q0½ψ ðsÞ� ¼ 2μ

a2
; Q1½ψ ðsÞ� ¼ 4 sinðkÞ sinhðμÞ

a2
: ðC43Þ

Computing the evolution of Q0 and Q1 with respect to t
he modified equation (21), we obtain Eqs. (27) and (28),
with

XðuÞ
a ðu; vÞ ¼ tanhðauÞ

a3u
η sinðavÞ

�
sinhðauÞ þ au

coshðauÞ
�

−
2Γ tanhðauÞ

a3
ð1þ a2Þ

þ 2Γ
a3

sinhðauÞ cosðavÞ þ VPN
u ; ðC44Þ

FIG. 8. The full energy Et [see Eq. (C36)] (blue lines) vs the radiation energy Er, given by Eq. (C39) (red lines) for the numerical
solution of Eq. (2) with the initial condition Eq. (3) with γ ¼ 0.1, and the parameters η and Π shown in each plot.
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XðvÞ
a ðu;vÞ ¼ sinhðauÞηcosðavÞ

a3u

�
1−

2au
sinhð2auÞ

�

þ 2
sinhðauÞ sinðavÞΓ½1−aucothðauÞ�

a4u
þVPN

v :

ðC45Þ

Here the Pierls-Nabarro potentials are given by

VPN
u ¼ 2π2η sinhðauÞ tanhðauÞ sinðavÞ cosð2πxca Þ

a4u2 sinhðπ2auÞ
; ðC46Þ

VPN
v ¼ 2π2 sinhðauÞ cosð2πxca Þ½2Γ sinðavÞ þ aη cosðavÞ�

a5u2 sinhðπ2auÞ
:

ðC47Þ

Numerically, we convince ourselves that these terms are not
relevant for the dynamics.

4. Nonlinear Schrödinger equation

For completeness let us also briefly review inverse
scattering transformation for the nonlinear Schrödinger
equation and outline the main steps in the derivation of
Eqs. (16)–(18). Let us denote the right-hand side of Eq. (14)
as P½ψ �. For P½ψ � ¼ 0 the dynamics can be rewritten as the
zero-curvature condition Eq. (C6), with matrices U and V,
now given by

U ¼
 

λ
2i iψ̄

iψ − λ
2i

!
; V ¼

 
−ijψ j2 ∂xψ̄

−∂xψ ijψ j2

!
− λU:

ðC48Þ

Similar, to the IST scheme for sine-Gordon, we define the
Jost solutions T� and the transfer matrix TðλÞ that connects
them. It can be written as [cf. Eq. (C13)]

TðλÞ ¼
�
aðλÞ −b̄ðλÞ
bðλÞ āðλÞ

�
: ðC49Þ

The evolution given by Eq. (14) for η ¼ γ ¼ 0 is extremely
simple on the scattering data [73]:

aðλ; tÞ ¼ aðλ; 0Þ; bðλ; tÞ ¼ bðλ; 0Þe−iλ2t: ðC50Þ

This follows from the zero-curvature conditions Eq. (C6)
and is also described below. The solitons correspond to the
zeros of aðλÞ in the upper half-plane, aðλiÞ ¼ 0, Im λi > 0.
Contrary to the sine-Gordon there is only one type of
soliton solutions. The associated scattering data are the
proportionality coefficient between the first column of
T− and the second column of Tþ as in Eq. (C21). The
evolution of this coefficient is given by

gjðtÞ ¼ gjð0Þe−iλ
2
j t: ðC51Þ

The general form of the transmission coefficient aðλÞ is
given by

aðλÞ¼
Yk
i¼1

λ−λi
λ− λ̄i

exp

�
1

2πi

Z
logð1− jbðμÞj2Þ

μ−λ− i0
dμ

�
: ðC52Þ

The one-soliton solution corresponds to

aðλÞ ¼ λ − λ0
λ − λ�0

; bðλÞ ¼ 0; ðC53Þ

for λ0 ¼ vþ iu, u > 0, the corresponding profile for g ¼
excuþiη is given by Eq. (15).
Now let us turn our attention to the case when the

nonreciprocity and dissipation are present in the system;
i.e.,P½ψ � ≠ 0. In this case the zero-curvature condition does
not hold anymore; it is transformed into

∂tU− ∂xVþ½U;V� ¼
 

0 −P�½ψ �
P½ψ � 0

!
≡P½ψ �: ðC54Þ

One can show using standard ideas of the soliton pertur-
bation theory [72,76,95] that such a change of the zero-
curvature condition has the following effect on dynamics of
the continuous and discrete scattering data:

∂tTðλÞ −
iλ2

2
½σz; TðλÞ� ¼

Z∞
−∞

dzT−1þ ðzÞP½ψðzÞ�T−ðzÞ;

ðC55Þ

dg
dt

þ iλ20g ¼ i
ȧðλ0Þ

Z∞
−∞

dz½Ṫð1Þ
− ðzÞ − gṪð2Þ

þ ðzÞ�T

× σ2P½ψðzÞ�Tð1Þ
− ðzÞ; ðC56Þ

dλ0
dt

¼ i
ȧðλ0Þ

Z∞
−∞

dz½Tð2Þ
þ ðzÞ�Tσ2P½ψðzÞ�Tð1Þ

− ðzÞ; ðC57Þ

here the dot means the derivativewith respect to the spectral
parameter λ and the right-hand side of Eqs. (C56) and (C57)
should be evaluated at λ ¼ λ0. Note that the evolution
Eqs. (C50) and (C51) readily follows if one neglects the
right-hand side in Eqs. (C55)–(C57). To get Eqs. (16)–(18)
we use the Jost functions and profile that correspond to
one-solitonic profile Eq. (15).
The conserved quantities can be deduced from aðλÞ as

coefficients at λ → ∞. The first coefficient in this expan-
sion can be related to the “total amount of matter”
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I0 ¼ 1
2

R
∞
−∞ dxjψðxÞj2. In the case when there is only one

soliton (at λ0 ¼ vþ iu) and radiation the value of I0 reads

I0 ¼ uþ 1

2π

Z∞
−∞

dλ ln
1

jaðλÞj≡ uþ Ir: ðC58Þ

As we can independently compute I0, u, and Ir we can use
the above relation to quantify the role of radiation in profile.
We do this in Fig. 9 for the perturbed equation (14) for the
initial condition u ¼ 1.0 and v ¼ 0.0. In this case, we see
that after some time the soliton disappears completely and
the whole profile starts to be dominated by the radiation.
This violates presumptions that we used while deriving
Eqs. (16)–(18), which explains deviations of blue lines
in Fig. 4.

5. Nonlinear Schrödinger equation
with constant driving

Finally, let us compare the effects of nonreciprocity with
the effects of constant driving. Namely, instead of Eq. (14)
we consider the following equation:

i∂tψ þ ψxx þ 2jψ j2ψ ¼ −f − iΓψ þ Γ
2
∂tψ : ðC59Þ

Then instead of Eqs. (16)–(18) the evolution of the soliton’s
parameters read as

dv
dt

¼ f
πv
u

cosΦ
cosh πv

2u

−
2u2

3
Γv; ðC60Þ

du
dt

¼ −πf
cosΦ
cosh πv

2u

þ uΓðu2 − v2 − 2Þ; ðC61Þ

dΦ
dt

¼ u2 þ v2 þ π2fv sinΦ sinh πv
2u

u2ðcosh πv
2uÞ2

; ðC62Þ

dxc
dt

¼ 2vþ π2f sinΦ sinh πv
2u

2u2ðcosh πv
2uÞ2

: ðC63Þ

The critical point of this system can be achieved only for
the extremely large value of the force f ≫ 1 and very
specific initial conditions. Indeed, the critical value of the
soliton’s amplitude uc and velocity vc are related by
uc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2þ v2cÞ

p
, and the critical value of its phase can

be found from Eq. (C60) provided that the force is related to
vc as

f2 ¼ 4u4c
π4v2c

cosh2
�
πvc
2uc

��
v2c

��
π2Γ2

9
þ 4

3

�
u2c þ 4

	

þ ð2v2c þ 3Þ2
.
sinh2

�
πvc
2uc

�
þ 9



: ðC64Þ

This way as vc → 0, jfj ¼ Oð1=v2cÞ, and, as vc → ∞,
jfj ¼ Oðv3cÞ, the minimal value is achieved for v2c ∼ 1, but
even in this case the obtained force is quite large.
This is in contrast to the driving introduced by the

Lugiato-Lefever equation, which would correspond to
the nonlinear Schrödinger perturbation ðγR − iγIÞψ þ if
instead of the right-hand side of Eq. (14) (see
Refs. [43–45]). One can easily derive a dynamical system
similar to Eqs. (C60)–(C63). This system has only a static
point,

vc ¼ 0; uc ¼ ffiffiffiffiffi
γR

p
; sinΦc ¼

2
ffiffiffiffiffi
γR

p
γI

πf
; ðC65Þ

provided that 4γRγ2I < π2f2 and γR > 0 (see, in particular,
Ref. [96]), which corresponds to a static soliton.
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