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On the central value of Rankin L-functions
for self-dual algebraic representations
of linear groups over totally real fields

Laurent Clozel and Arno Kret

À la mémoire de Joël Bellaïche

We give a new proof of a theorem of Gröbner and Raghuram and a generalisation of a theorem of Moeglin
on critical values of L-functions.

Introduction

(1) Let F be a number field. Grothendieck has defined the category of pure motives over F . (See
[Demazure 1969; Manin 1968] for the definitions. In this section, which is aimed at motivating our results,
we assume the optimistic properties of motives, defined using the relation of numerical equivalence of
cycles.)

Assume E is another number field. There is a natural notion of motives with coefficients in E .
If σ : E → C is an embedding, one conjectures the existence of an L-function L(σ,M, s) attached to M
having analytic continuation, functional equation and no poles for ℜ(s) > w/2, where w is the weight.
See [Deligne 1979, §1].

From a motive M over E we can deduce, for E ′
⊃ E , a motive ME ′ = M ⊗ E ′; M is absolutely

irreducible if ME ′ is irreducible for any E ′/E . For M absolutely irreducible and σ : E → C, it is
conjectured that L(σ,M, s) is equal to the L-function L(s, π) of a cuspidal (complex) representation
of GL(N ,AF ) where N is the dimension of ME ′ . This conjecture was formulated in the 1970s; see
[Langlands 1970; Serre 1986].

The class of cuspidal representations so obtained was specified by Borel [1979], and more precisely
in [Clozel 1990] where the correspondence was precisely spelled out [Clozel 1990, chapitre 4].

Now write simply M for an absolutely irreducible (pure) motive with E-coefficients. Deligne [1979]
has specified a set of critical integers and given a conjecture for the value L(M, σ, n) for n a critical
integer. It should be, up to an element of E×, a period given by the relation between the Betti and the de
Rham cohomology of M . In particular, under this conjecture,

L(M, σ, n)= 0 ⇐⇒ L(M, σ ′, n)= 0 (0-1)
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Keywords: Rankin L-functions, special values, periods.

© 2025 MSP (Mathematical Sciences Publishers).

http://msp.org
http://msp.org/tunis
https://doi.org/10.2140/tunis.2025.7-3-4


638 LAURENT CLOZEL AND ARNO KRET

for two embeddings σ, σ ′. (Gross further conjectured that the order of vanishing should be the same; see
[Deligne 1979, Conjecture 2.7(ii)].)

(2) Given the conjectural correspondence, this can be formulated unconditionally for the L-functions
of algebraic cuspidal representations, as defined in [Clozel 1990]. Consider such a representation π
of GL(N ,AF ). From now on we assume π self-dual and N even. We also assume π algebraic and
regular in the sense of [Clozel 1990]. Then the finite component π f of π is defined over a number field E
[Clozel 1990, théorème 3.3].1 In particular, for a ∈ Aut(C), there exists a representation a(π) with finite
part a(π) f = a(π f ).

For N even, the correspondence between L(σ,M, s) and L(s, π)— where π should be associated
to (M, σ )— is not trivial. Indeed, the usual multiplication by q1/2

v in the formation of the L-function inter-
venes (Hecke; see [Tate 1979]). This is detailed in Section 1.4. It follows that the critical values for L(s, π)
are contained in Z +

1
2 . Since π (cuspidal, regular, self-dual) is tempered at all primes, the Archimedean

factors L∞(s, π) and L∞(1 − s, π) are holomorphic at s =
1
2 . Deligne’s conjecture then implies:

Conjecture 1.3. For a ∈ Aut(C),

L
(1

2 , π
)
= 0 ⇐⇒ L

( 1
2 , a(π)

)
= 0.

(3) A similar conjecture applies, for the value at s =
1
2 , when π is cuspidal for GL(r), r even, ρ is

cuspidal for GL(t), t odd, and we consider the Rankin L-function L(s, π×ρ); both π and ρ are assumed
to be cohomological. Without the self-duality assumption on π and ρ, the conjecture follows in many
cases from the work of Harder and Raghuram. See [Harder and Raghuram 2020, Theorem 7.21]. In this
paper we only consider π , ρ self-dual. Our purpose is to give a new proof of the conjecture in this case,
which does not rely on period computations of [Harder and Raghuram 2020]. Instead we rely on Zucker’s
conjecture [1990], proved by Looijenga [1988] and Saper and Stern [1990].

However, this method forces us to assume that π is superregular (Definition 2.3) and π , ρ are disjoint
(Definition 3.2). In this case the result follows from [Harder and Raghuram 2020]. The argument for
this fact is given at the end of Section 3.5.

We think, however, that the (essentially simple) argument given here is of interest; we expect that it
will apply in other cases.

When the field F is totally imaginary, Conjecture 1.3 has been proved by Moeglin [2000]. Here we
assume F totally real. The Rankin L-function L(s, π ×π) can be written

L(s, π ×π)= L(s, π,32)L(s, π, S2)

associated to the representations 32 and S2 of the L-group. We say that π is symplectic (resp. orthogonal)
if L(s, π,32) (resp. L(s, π, S2)) has a pole at s = 1. (This applies for N arbitrary.). For N even and π
algebraic regular, π is always symplectic if F is totally real (Proposition 1.1).

We now impose a stronger condition on π : superregularity (see Definition 2.3).

1In the statement of [Clozel 1990, théorème 3.3], π should be in Alg0(n), the set of cuspidal algebraic representations.
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Our first result is a new proof of a theorem of Grobner and Raghuram [2014]:

Theorem 2.12. Assume N is even and the representation π of GL(N ,AF ) is algebraic, self-dual and
superregular. Then, for any a ∈ Aut(C),

L
(1

2 , π
)
= 0 ⇐⇒ L

( 1
2 , a(π)

)
= 0.

Grobner and Raghuram prove much more, since they obtain formulas for the critical values of L(s, π)
at all critical s ∈

1
2 + Z, from which this follows. However, we will now be able to consider Rankin

L-functions.

(4) Assume now r is even, t is odd, and π is a superregular, algebraic, self-dual, cuspidal representation
of GL(r,AF ) while ρ is a regular, algebraic, self-dual, cuspidal of GL(t,AF ). We must assume π , ρ are
disjoint (Definition 3.2), which is a condition of regularity on their Hodge-types (that is, representations
of WR associated to their Archimedean factors). Recall that π is symplectic, while ρ is orthogonal. The
conjectural representation π ⊠ ρ (Langlands tensor product) is then symplectic. As in Section 2, we see
that the relevant (critical) values will be in 1

2 + Z. In this case, we prove, for F totally real:

Theorem 3.6. For any a ∈ Aut(C),

L
( 1

2 , π × ρ
)
= 0 ⇐⇒ L

( 1
2 , a(π)× a(ρ)

)
= 0.

If F is totally imaginary, this is again due to Moeglin.

Remark. Theorem 2.12 follows from Theorem 3.6, by considering a representation ρ of GL(1).

(5) The proof relies on Eisenstein cohomology, for the group Sp(n)/F . We summarise the argument for
Theorem 2.12. Write G = Sp(n)/F , so G has a Levi subgroup isomorphic to GL(n). The L-group of G is

L G = SO(2n + 1,C)× WF .

Because π is symplectic, there is an Arthur parameter

ψ = π ⊗ sp(2)⊕ 1, (0-2)

where 1 is the trivial (cuspidal) representation of GL(1,AF ). (We refer to Section 2 for the details of
Arthur’s constructions.)

Associated to ψ , there is a subspace Hψ of L2
disc(G(F)\G(AF )). It can be checked that this space

is always nonzero (see the corollary after Theorem 2.5). For π cohomological, self-dual and superregular,
the Archimedean factors of the representations πG occurring in Hψ are cohomological.

There is a natural candidate for a representation πG in Hψ : consider, for s ∈ C, the induced represen-
tation

Is = indG
MN (π ⊗ |det|s),

(induction for the adèlic group) where P = MN is the parabolic subgroup associated to M . The space
of Is is independent of s. For f ∈ Is , we can form the Eisenstein series E( f, s), defined a priori for
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ℜ(s) > n − 1 (if n > 1). Its constant term with respect to P is

f 7→ f + M(s) f,

where M(s) : Is → I−s has a factor, outside a finite set S of ramified primes, equal to

L S(s, π)L S(2s, π,32)

L S(s + 1, π)L S(2s + 1, π,32)
.

Since π is symplectic, we see that the second factors will contribute a residue at s =
1
2 . It is cancelled if,

and only if, L
( 1

2 , π
)
= 0.

Assume L
( 1

2 , π
)
̸= 0. We then obtain a residual representation πG ⊂ Hψ , with cohomological factors

at infinity. Therefore we obtain a summand in the L2-cohomology Hq(SK ,C), SK being the Shimura
variety for some level K . (Recall that in our case, where rk(Gv)= rk(Kv) at all real primes v, Kv being
a maximal compact subgroup, L2-cohomology is obtained from the complex of square-integrable smooth
q-forms. See [Borel and Casselman 1983].) However, by Zucker’s conjecture,

Hq(SK ,C)∼= IHq(S∗

K ,C),

where the second term is the intersection cohomology of the Baily–Borel compactification S∗

K . In
particular Hq(SK ,C) inherits a Q-structure. If πG, f is the finite factor of πG and a ∈ Aut(C/Q), we see
that a(πG, f ) occurs in Hq(SK ,C): it comes from a representation a(πG), which is easily seen to belong
to Ha(ψ) where a(ψ) is defined as in (0-2), π being replaced by a(π).

Moreover, by a crucial result of Rohlfs and Speh [2011], a form ω ∈ Hq(SK ,C)— here q has to be
chosen minimal — restricts nontrivially to the boundary ∂(SBS

K ) of the Borel–Serre compactification of SK .
Since this restriction, seen as IHq(S∗

K ,C)→ Hq(SK ,C)→ Hq(∂SBS
K ,C), is defined over Q, we see that,

for a ∈ Aut(C), a(ω) restricts nontrivially, and consequently a(πG) is residual.
This, however, does not imply that a(πG) arises, by the formation of residues, from a(π). To prove this

we must show (replacing a(π) by π ) that any residual representation (cohomological) in Hψ can only be
obtained by the formation of residues of E( f, s) at s =

1
2 , for a function f in the space I (s) associated

to π . This is Theorem 2.7, which relies on a deep result in [Grbac and Schwermer 2014; Grbac 2018],
Theorem 2.6, and on a computation using fully Arthur’s parametrisation [2013] of the discrete representa-
tions of Sp(m′,AF ) in terms of representations of various GL(r). We refer to the proof of Theorem 2.7.

At this point we know that the residual representation a(πG) can only come from Eisenstein series
constructed from a(π); the previous computation of the constant term then shows that L

( 1
2 , a(π)

)
̸= 0.

We apologise to the reader for the length of our Section 2, especially in view of the fact that Theorem 2.12
is not new. However we have found that these arguments were best given first in this simpler case. In
Section 3, we only have to amplify them to treat Rankin L-functions. We now work with the Levi subgroup
M = GL(r)×Sp(n −r) of Sp(n); we are given a cuspidal representation π⊗σ of M(AF ), σ being asso-
ciated (by Arthur’s theorems) to a cuspidal, self-dual, orthogonal representation ρ of GL(N ′,AF ) where
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N ′
=2(n−r)+1. All our data are regular algebraic, so ρ and, therefore, σ are tempered. The arguments are

then completely similar, once we have proven the requisite extension of Theorem 2.7 — see Theorem 3.5.

Caveat. Theorems 2.12 and 3.6 both depend on Arthur’s book, for which full proofs have not yet appeared.
We do not know if proofs could be given using the different approach to functoriality between GL(n) and
classical groups (Cogdell, Kim, Piatetski-Shapiro, and Shahidi [Cogdell et al. 2004]).

1. Regular algebraic, self-dual cuspidal representations of GL(N)

1.1. In this section we consider self-dual cuspidal representations π of GL(N ,A), where F is a number
field and A = AF the adèles of F . Let L(s, π) be the complete standard L-function of π :

L(s, π)=
∏
v

Lv(s, π),

where v runs over all places of F . We consider also the L-functions

L(s, π ×π)= L(s, π,⊗2 St)

(Rankin L-function), where St is the standard representation of Ĝ = GL(N ,C); it decomposes as

L(s, π ×π)= L(s, π, S2)L(s, π,32),

where S2 (resp. 32) denotes the symmetric (antisymmetric) tensors in ⊗
2 St.

Assume now π is self-dual: π ∼= π̃ (where π̃ is the smooth dual of π ). Then L(s, π×π) is holomorphic
for ℜ(s) > 0, except for a simple pole at s = 1. It has been proved by Shahidi and Grbac [2011] that
L(s, π, S2) and L(s, π,32) are holomorphic for ℜ(s) > 0, except at most for a simple pole at s = 1;
this pole will occur either for the symmetric, or the exterior, square. We say that π is orthogonal
(resp. symplectic) as the case may be. If N is odd, π is orthogonal: this follows from [Arthur 2013,
Theorem 1.5.3(a)]; see also Cogdell, Kim, Piatetski-Shapiro, and Shahidi [2001; 2004].

If N is even, π can be orthogonal or symplectic, as can be seen by considering the case where π is
associated to an Artin representation ρ of Gal(F̄/F). The functional equation of L(s, π) can be written,
π being self-dual, as

L(s, π)= ε(π)D1/2−2s L(1 − s, π)

= ε(π, s)L(1 − s, π),

where D is the conductor of π . This implies that ε
(
π, 1

2

)
= ±1.

If π is orthogonal, ε
(
π, 1

2

)
= 1; see [Arthur 2013, Theorem 1.5.3(b)] — earlier results were proved

by Lapid [2004]. If π is symplectic, then both signs can generally occur. If ε
(
π, 1

2

)
=−1, then L

( 1
2 , π

)
=0.

1.2. We now consider regular algebraic representations in the sense of [Clozel 1990]. Recall the definition.
We fix an algebraic closure C of R. We write WC = C×, and define WR = C×

∐
jC×, j2

= −1, j z j−1
= z̄.

(Note that, independently of the choice of C, WR is defined up to unique isomorphism.)
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Let v be a real prime of F . Then πv defines, by the local Langlands conjecture, a representation

rv : WR → GL(N ,C).

We assume that rv|C× is of the form

z 7→

((
z
z̄

)p1

, . . . ,

(
z
z̄

)pN
)

(1-1)

with pi ∈ Z +
N−1

2 , and the pi are distinct. (Since π is self-dual, the weight w of π [Clozel 1990,
lemme 4.9] is 0.) The self-duality further implies that

{p1, . . . pN } = {−p1, . . . ,−pN }. (1-2)

If now v is a complex prime, we fix an isomorphism ι : Fv ∼= C and the representation πv of GL(N , Fv)
defines again

rv : C×
→ GL(n,C),

which must satisfy the same conditions, in particular π is regular algebraic.
In contrast with the case of nonregular representations (e.g., those of Artin type), we now have the

following simple result.

Proposition 1.1. Assume F has a real prime v. Let π be a regular algebraic, self-dual cuspidal represen-
tation of GL(N ,A). Then π is orthogonal (resp. symplectic) if , and only if , N is odd (resp. even.)

For a similar result — but under an unnecessary assumption named (b) — see [Chenevier and Renard
2015, Corollary 3.8]. This was, in effect, noticed in [Chenevier and Clozel 2009], but the formal argument
given there can now be made effective. If suffices to consider the case of N even. By Theorem 1.4.1 of
[Arthur 2013], π originates from a unique elliptic simple twisted endoscopic group G; then Ĝ = SO(N ,C)

or Sp(N/2,C)⊂ GL(N ,C). By Theorem 1.5.3 of [Arthur 2013], π is symplectic (in our sense) if, and
only if, Ĝ = Sp(N/2,C).

If Ĝ is orthogonal, G/F is isomorphic to the split group SO(N ) or to the quasi-split, nonsplit SO∗(N )
split over a quadratic extension F ′/F . In the first case there is an obvious morphism LG → GL(N ,C).
In the second one, we get a priori (LG)F ′/F → (LGL(N ))F ′/F (see [Arthur 2013, pp. 10–11]) but this
can be seen as a homomorphism O(N ,C)→ GL(N ,C) by the choice of a suitable element in O(N ,C)

of determinant −1.
Assume π is orthogonal and consider the Langlands parameter rv : WFv → GL(N ,C) associated to πv .

This quotients [Arthur 2013, Theorem 1.4.2] through a map WFv → O(N ,C)→ GL(N ,C). In particular
we get an orthogonal representation of WFv = WR. However, by (1-1) and (1-2) the representation
associated to πv is the following. Let χi (z) = (z/z̄)pi and ri = indWR

C× χi such that rv =
⊕

ri . The
representation ri is irreducible and self-dual. Its determinant, a character of WR, thus of R×, is, by a
well-known formula for “transfer”,

det ri = χi |R×εC/R,
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where εC/R is the sign character of R×. Since pi ∈
1
2 + Z, det ri = 1 and the image of ri is contained

in SL(2,C): ri is symplectic, and the χ±1
i being distinct, any invariant form on CN is symplectic. This

contradicts the fact that rv is orthogonal.

1.3. Recall now the arithmeticity properties of regular algebraic representations; see [Clozel 1990]. We
assume again that F is a general number field. For regular algebraic representations — not necessarily
self-dual — condition (1-1) is replaced by

z 7→ (z p1 z̄q1, . . . , z pN z̄qN ) (1-3)

with pi + qi = w, and pi ∈ Z +
N−1

2 .
Let π f =

⊗
v ∤∞ πv. It is then known that π f is defined over a number field E ⊂ C. We can take E

to be Galois over Q; then, for any a ∈ Gal(E/Q), a(π f ) = π f ⊗E,a E is the finite part of a cuspidal,
regular algebraic representation a(π). (The type of a(π) at infinity can be described; see [Clozel 1990,
théorème 3.13].)2

(In these arguments, one may also consider a(π f ) for a ∈ Aut(C/Q), with the same arguments, thus
defining a(π).)

1.4. Now fix F , and consider absolutely irreducible motives M over F , with coefficients in a number
field E [Deligne 1979, §1–2].

Given an embedding σ : E → C, one can form the L-function L(σ,M, s) [Deligne 1979, §2.2]. It can
be completed by an Archimedean factor L∞(M, s), independent of σ . Let

3(σ,M, s)= L∞(M, s)L(σ,M, s).

It is expected that 3(σ,M, s) extends meromorphically to C, with functional equation

3(σ,M, s)= ε(σ,M, s)3(σ, M̃, s),

where M̃ is the dual motive. An integer n is critical for M if L∞(M, s) and L∞(M̃, s) are holomorphic
at n. Deligne then conjectures that L(σ,M, n) is given by a period of the motive M . This implies that

for σ, σ ′
: E → C, L(σ,M, n)= 0 ⇐⇒ L(σ ′,M, n)= 0 if n is critical.

It is also conjectured that L(σ,M, s)= L(s, π) for an irreducible cuspidal (complex) representation π
of GL(N ,AF ), where N is the dimension of M . At an Archimedean place v of F , the representation
of C× associated to πv via the local Langlands correspondence is deduced from the Hodge structure on
the Betti realisation MBetti ⊗ C, where the tensor product is given by ι : E → C defining v. In particular,
if N is odd, π is algebraic. If N is even, this is not the case.

Assume N is even, and consider π ′
= π

[
−

1
2

]
:= π ⊗ |det|−1/2 where | · | is the idèle norm. It is

algebraic and π̃ ′
= π̃

[1
2

]
. One checks easily that

n critical for π ⇐⇒ L∞(ν, π
′) and L∞(1 − ν, π ′) holomorphic, ν = n +

1
2 .

2The statement of [Clozel 1990, théorème 3.13] is incorrect: π should be assumed cuspidal.
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In this case, we say that ν is critical for π ′. On the other hand, if a ∈ Aut(C),

L(σ,M, s)= L(s, π)=
∑

cnn−s

with cn ∈ σ(E)⊂ C. Thus

L
(
s +

1
2 , π

′
)
=
∑

cnn−s

and

L
(
s +

1
2 , a(π ′)

)
=
∑

a(cn)n−s

by the computation in [Clozel 1990, §4.3.4].3 This is L(aσ,M, s). Since we expect conversely that π ′

will also originate in a motive M ′, we see that:

Conjecture 1.2. For ν ∈
1
2 + Z critical, π algebraic,

L(ν, π)= 0 ⇐⇒ L(ν, a(π))= 0.

Assume in particular N is even and π is algebraic, cuspidal, regular and self-dual. Then 1
2 is critical

since π∞ is tempered and its L-function is holomorphic for ℜ(s) ∈]0, 1]. Thus:

Conjecture 1.3. For a ∈ Aut(C),

L
(1

2 , π
)
= 0 ⇐⇒ L

( 1
2 , a(π)

)
= 0.

2. The case of symplectic representations

2.1. In this section we assume n = 2m even and consider a regular algebraic, self-dual, cuspidal (RASDC
for short) representation π of GL(n,AF ). We assume F is totally real. We recall that the Ramanujan
conjecture is then known for π : all factors πv are tempered; see [Caraiani 2012; Clozel 2013].4 Moreover
π is symplectic.

Let G = Sp(n)/F . Then Ĝ = SO(2n + 1,C). We consider an Arthur parameter

ψ = π ⊗ sp(2)⊕ 1

(see [Arthur 2013, 1.4], where sp(2) is the two-dimensional representation of SL(2,C)). Here 1 is the
trivial (cuspidal) representation of GL(1,AF ). The group Lψ associated toψ [loc. cit.] is Sp(m)×SO(1)=
Sp(m). There is a natural embedding

Lψ × SL(2,C)→ Ĝ, (ℓ, u) 7→ ℓ⊗ sp2(u)⊕ 1.

Since ℓ is symplectic, ℓ⊗ sp2(u) is orthogonal.

3In [Clozel 1990] the translation of s is by N−1
2 rather than 1

2 , but this does not change the argument.
4For all the arguments in this paper, the easier result of [Clozel 2013] suffices.
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This can be extended to a homomorphism of split L-groups. Since π is symplectic, πv defines a Hecke
matrix tv ∈ Sp(n/2,C) for all unramified primes. Then

tv ⊗

(
q1/2
v

q−1/2
v

)
⊕ 1

is a Hecke matrix (in SO(2n + 1,C)) for G. The parameter ψ belongs to 9̃2(G) [Arthur 2013, p. 33];
Theorem 1.5.2 of that reference states that it contributes to L2

disc(G(F)\G(A)). Precisely, for each place v,
ψ defines a local parameter ψv : L Fv × SL(2,C)→ Ĝ where

L Fv = WFv (v Archimedean),

L Fv = WFv × SL(2,C) (v finite)

with WFv the Weil group of Fv; see [Arthur 2013, p. 40].
There is a group Sψ associated to ψ , the centraliser of Lψ × SL(2,C) in Ĝ. It is equal to {±1}. For

each v, there is a finite set 5̃ψv of representations-with-multiplicities of G(Fv) and a pairing

πG 7→ ⟨ · , πG⟩ ( · ∈ Sψ , πG ∈ 5̃ψv ).

See [Arthur 2013, Theorem 1.5.1].
Let Hψ ⊂ L2

disc(G(F)\G(A)) be the subspace associated to ψ . Then

Hψ
∼=

⊕
πG∈5̃ψ (εψ )

πG,

where 5̃ψ is the (restricted) tensor product of the representations in 5̃ψv — see [Arthur 2013, p. 47] for
details — and 5̃ψ(εψ) is defined by∏

v

⟨s, πG,v⟩ = εψ(s) (s ∈ Sψ),

where εψ : Sψ → ±1 is a character.
To understand Hψ , we must first compute εψ .

Proposition 2.1. Let s0 ∈ Sψ be the nontrivial element. Then

εψ(s0)= ε
( 1

2 , π
)
(= ±1).

The character εψ is defined by the adjoint action τψ of Sψ × Lψ × SL(2,C) on ĝ = Lie Ĝ, so

τψ =

⊕
α

λα ⊗µα ⊗ να, (2-1)

which is a decomposition into irreducibles for Sψ , Lψ and SL(2,C). Here Lψ = Sp(n/2,C) embeds
in a Levi subgroup M̂ = GL(n,C) in Ĝ. We have the triangular decomposition ĝ = m̂⊕ n̂⊕ û; as a
representation of M̂ , n̂= Stn ⊕32, û= (Stn)∗ ⊕ (32)∗. The representation Stn of Sp(n/2,C) is self-dual
and so is 32.
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In the decomposition (2-1) the irreducibles µα , representations of Sp(n/2,C), are self-dual; we are only
interested in those that are symplectic; µα (with the data L Fv → Lψ) defines a global L-function L(s, µα)
and an ε-factor ε

( 1
2 , µα

)
. See [Arthur 2013, p. 48].

Recall that the irreducible representations of Sp(g,C) (with its usual diagonal torus ∼= (C×)g) are
parametrised by their highest weight ξ ∈ Zg, with ξ1 ≥ ξ2 ≥ · · · ≥ ξg ≥ 0. The following lemma is
probably well known, but we have not found a reference.

Lemma 2.2. Let V = V ξ be the irreducible representation of Sp(g,C) with highest weight ξ . Then V is
orthogonal (resp. symplectic) if , and only if ,

∑
ξi ≡ 0 [2] (resp.

∑
ξi ≡ 1 [2]).

The group Sp(g) naturally contains Sp(1)g = H (associated to the long roots). Assume, for instance,
that V is symplectic. The irreducible representation W of H of highest weight ξ is a submodule of V . It
occurs with multiplicity one since ξ (as a character of the maximal torus TH = T = (C∗)g) does. Thus the
invariant bilinear form B on V is nonzero on W , since W is self-dual and occurs with multiplicity one.

We can write W = W1 ⊗ · · · ⊗ Wg, Wi having highest weight ξi . Then Wi is orthogonal/symplectic
according to whether ξi ≡ 0/ξi ≡ 1, and W is symplectic if, and only if,

∑
ξi ≡ 1.

The lemma implies that, in the foregoing decompositions, only Stn ⊂ n̂ and St∗n ∼= Stn ⊂ û contribute
symplectic representations. Looking at the triangular decomposition of ĝ, one checks that the action
of Lψ × SL(2,C) is isomorphic to Stn ⊗ sp(2). On the other hand, we have

s =

s1

1
s1


compatibly with the triangular decomposition, with s1 = ±1; then the adjoint action of s on the summands
Stn and St∗n is by X 7→ s1 X . We deduce that (the only relevant) λ⊗µ⊗ ν is sgn ⊗ Stn ⊗ sp(2); Arthur’s
definition of εψ is then

εψ(s)= sgn if ε
( 1

2 , π
)
= −1

≡ 1 if ε
( 1

2 , π
)
= 1,

recalling that the factor Stn defines the L-function associated to µ= π .

2.2. The description of the data 5̃ψv associated to ψ is in general (for our nontempered ψ) difficult. It
can be made more explicit, at the Archimedean primes, in the cohomological case.

A still indirect, but more concrete, description of 5̃ψv is given by Arthur [2005]. The global “packet” 5̃ψ

is related to the following global representation of GL(N ,A), N =2n+1. We write inda
a1,a2

(a =a1+a2) for
the unitary induction to GL(a) of a representation of GL(a1)×GL(a2). We write π [s] for π⊗|det|s . First,
ind2n

n,n
(
π
[ 1

2

]
⊗π

[
−

1
2

])
has a unitary irreducible quotient L

(
π
[1

2

]
, π
[
−

1
2

])
(Moeglin and Waldspurger).

Then we consider the adèlic representation

5= ind2n+1
2n,1

(
L (π

[ 1
2

]
, π
[
−

1
2

]
)⊗ 1

)
.

This also defines 5v at any prime; it is a unitary representation.
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The representation5v is θ -stable, for the automorphism of GL(N ) realising the duals of representations;
θ has to be chosen suitably (see [Arthur 2013, pp. 7–9]); in particular θ leaves the Borel subgroup invariant.
There is then a canonical intertwining operator Iθ :5v →5v ◦ θ . (In the tempered case, there is a unique
I :5v →5v ◦ θ fixing the Whittaker model that one chooses beforehand; the nontempered case reduces
to the tempered case via Langlands quotients; for more detail, see [Arthur 2013, p. 63].)

For a function ϕ on GL(N , Fv) we consider ϕ̃(ψ)= trace(5v(ϕ )Iθ ).
One can define associated functions ( f, ϕ) where f is (smooth compactly supported) on G(Fv) and ϕ

on GL(N , Fv). (Associated means that f is obtained from ϕ via the twisted form of Langlands–Shelstad
conjecture [Arthur 2013, §30].) If ρ is a representation of G(Fv) let f (ρ)= trace ρ( f ). Then, for (ϕ, f )
associated,

ϕ̃(ψ)=

∑
ρ∈5̃ψ

⟨sψ , ρ⟩ f (ρ),

where sψ is the image of
(
1,
(

−1
−1

))
∈ L F × SL(2,C) by the local version of ψ : L Fv × SL(2,C)→

GL(N ,C). For details we refer to [loc. cit.].
Since f and ϕ are associated by their (twisted) orbital integrals, this implies at an Archimedean prime

that the infinitesimal characters of 5v and of all representations ρ ∈ 5̃ψv are associated. We proceed to
describe this correspondence.

Choose a split maximal torus T ⊂ G(Fv). Then Lie T ⊗ C ∼= Cn and Lie T̂ ⊗ C ∼= Cn .
Similarly if TN ⊂ GL(N ) is a maximal split torus, Lie TN ⊗ C ∼= CN and Lie T̂N ⊗ C ∼= CN .
An infinitesimal character for G(R) is then X = (X1, . . . , Xn); an infinitesimal character of GL(N ,R) is

Y = (Y1, . . . , YN ).

The representation 5v is self-dual, and this implies Y = −Y (modulo the action of the permutation
group SN ), so we can write

Y = (Y1, . . . , Yn, 0,−Yn, . . . ,−Y1).

Then X = (Y1, . . . , Yn); X is well defined modulo WG = (±1)n ⋊Sn . Given the Langlands parameters
of π (Section 1.1) we see that (mod WG) X is equal to(

p1 +
1
2 , p1 −

1
2 , p2 +

1
2 , . . . , pm +

1
2 , pm −

1
2

)
with pi ∈

1
2 + Z, p1 > · · ·> pm > 0.

In particular pi ±
1
2 is now an integer, and X is a weight of G in the dual of Lie(T ). It is strictly

dominant if

p1 +
1
2 > p1 −

1
2 > · · ·> pm −

1
2 , that is, pi ≥ pi+1 + 2 (i = 1, . . . ,m − 1) and pm ≥

3
2 .

Definition 2.3. Assume π is a regular algebraic, self-dual representation of GL(n,R), n = 2m. Let
p = (p1, . . . , pn) be its infinitesimal character,

p = (p1, . . . , pm,−pm, . . . ,−p1), p1 > p2 > · · ·>−p1.
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We say that π is superregular if, mod Sn ,

pi ≥ pi+1 + 2 (i = 1, . . . ,m − 1),

pm ≥
3
2 .

If πG belongs to the ψ-packet associated to ψv , we see that the infinitesimal character of πG is regular
integral. Since πG is unitary, this implies that πG is a cohomological representation of G(Fv)= G(R)
[Salamanca-Riba 1988]. We record the result:

Proposition 2.4. Assume πv is superregular at all real primes. Then, for each such prime v, all represen-
tations in 5̃ψv are cohomological (unitary).

Consider, for given v, the sign s 7→ ⟨s, πG⟩ for πG ∈ 5̃ψv . Moeglin and Renard [2020] have studied
these Arthur packets, and their results imply inter alia:

Theorem 2.5. For ψ as above, v real and π (RASDC) superregular, the sign s 7→ ⟨s, πG⟩ is the trivial
(resp. nontrivial) character of Sψ for some πG ∈ 5̃ψv .

Corollary. The space Hψ ⊂ L2
disc(G(F)\G(A)) associated to ψ is nonzero.

This is clear: we must fulfil the condition∏
v

⟨s0, πG,v⟩ = εψ(s0),

where s0 is the generator of Sψ . Assume, for instance, εψ(s0) = 1 (see Proposition 2.1). The product
over finite primes takes the value 1 or −1 for a choice of the (πG,v)v ∤∞. We then choose the πv (v | ∞)

so as to make the total product equal to 1.
We sketch the proof of the theorem, which was explained to us by David Renard. At a real prime, the

parameter ψv is equal to

ψv =

m⊕
i=1

V (pi ,−pi )⊗ sp(2)⊕ 1,

where V (pi ,−pi ) is the discrete series representation of GL(2,R) associated to the representation
indWR

C× (z/z̄)pi . The corresponding (local) S -group is Sψv = (Z/2Z)m ; Sψv contains Sψ embedded
diagonally. We can write

ψv = V (p1,−p1)⊕ψ ′,

ψ ′ being a parameter for Sp(n−1,R) :=G ′; obviously Sψ ′ = (Z/2Z)n−1; we assume that the Arthur packet
5̃ψ ′ is defined; it is composed of cohomological (unitary) representations. The construction of Moeglin
and Renard [2020] realises 5̃ψ by cohomological induction from a θ-stable parabolic algebra q whose
Levi component l ⊂ g is associated to a complex subgroup L(C)= GL(2,C)× Sp(n − 1,C)⊂ Sp(n,C).
One considers groups L i that are pure inner forms [Moeglin and Renard 2020] of U (2)× Sp(n − 1,R);
that is,

L i = U (i, 2 − i)× Sp(n − 1,R), i = 0, 1, 2.
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Let ξi be the (abelian) character of U (i, 2 − i) of differential
(

p1 +
1
2 , p1 −

1
2

)
[Moeglin and Renard

2020, p. 1861]. Then 5̃ψ is composed of the representations of G obtained by cohomological induction:

πG = Rd
q (ξi ⊗π ′),

and d is defined in [Moeglin and Renard 2020, (5.4.4)].
The sign ⟨s0, πG⟩ associated to πG is the product of the sign associated to π ′ with (−1)i ; see [Moeglin

and Renard 2020, 7.1.2]. (The constant c in this formula is defined on p. 1830 of that article; here c = 1.)
For varying i we get all signs.

2.3. With the parameter ψ fixed as above, consider an irreducible global representation πG ⊂ Hψ . It
is automorphic, and therefore obtained from (multi)residues of Eisenstein series formed from parabolic
subgroups of G.

At almost all primes v, the representation πG is unramified and its Hecke matrix (in Ĝ = SO(2n+1,C))
is defined by the parameter ψ . We have T̂ = {diag(t1, . . . , tn, 1, t−1

n , . . . , t−1
1 )} ⊂ GL(N ,C). The element

t = (t1, . . . , tn) is then uniquely defined mod WG = (±1)n ⋊Sn .
At an unramified prime v, the Hecke matrix can be taken to be

tπG ,v = tψ,v = tπq1/2, (2-2)

where q = qv.
The representation πG can be cuspidal or can be obtained from (residues and principal values of)

Eisenstein series induced from a nontrivial parabolic subgroup. A standard Levi subgroup of G is of the
form M = GL(n1)× · · · × GL(nr )× G ′, where G ′

= Sp(n′) with n′
= n − n1 − n2 − · · · − nr .

We consider a datum (π1, . . . , πr , σ ) where πi (resp. σ) is a cuspidal representation of GL(ni ,A)

(resp. G ′(A)). We consider the induced representation

indG(A)
MN (A)(π1[s1] ⊗ · · ·⊗πr [sr ] ⊗ σ),

which we write π1[s1] ⊕ · · ·⊕πr [sr ] ⊕ σ . Its Hecke matrix at v is then

t1qs1 ⊕ · · · ⊕ tr qsr ⊕ t−1
1 q−s1 ⊕ · · · ⊕ t−1

r q−sr ⊕ tσ ,

where ti = tπi and tσ ∈ Ĝ ′ is seen as before as an element of TĜ ′ . It is defined modulo WG . We write
πM = (πi , σ ). (If G ′ is trivial, tσ = 1 and the following arguments also apply.)

Theorem 2.6. Assume a representation πG , obtained from multiresidues and principal values of Eisenstein
series from (M, πM) at the point s = (s1, . . . , sr ), is cohomological. Assume πi |R×

+
= 1 where R×

+ is
embedded diagonally in GL(ni , F∞). Then si ∈

1
2 Z.

This was proved for F = Q by Grbac and Schwermer [2011, Theorem 4.1], see also the exposition
in [Grbac 2018, Theorem 3.2]. (We note that the statement in [Grbac 2018] is imprecise, as it assumes
only the πi to be unitary: replacing πi by πi [i t] would replace s by s − i t . The correct condition on πi is
stated in [Grbac and Schwermer 2011, Proposition 1.1].). The general case, for F a number field, can be
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proved along the lines of the proof suggested by Harder in [Grbac and Schwermer 2011, pp. 1660 –1661].
The complete proof will be given in a forthcoming paper.

We note that there is an obvious candidate for a representation πG ⊂ Hψ . Namely, consider M =

GL(n)⊂ G, and the induced representation

πG,s = indG
MN (π [s])

(adèlic induced representation). Its Hecke matrix is given by (2-2) if s =
1
2 . If it gives rise to a residual

representation, this representation will belong to Hψ . We will return to this in the next paragraph.

Theorem 2.7. Assume πG ⊂ Hψ is not cuspidal, is cohomological and obtained from multiresidues
and principal values of Eisenstein series from (M, πM) at a point s. Then M = GL(n), πM = π (up to
association) and s =

1
2 .

By Arthur’s results, σ is associated to an Arthur parameter of dimension 2n′
+ 1,

ψ ′
=

⊕
σ j ⊗ sp(m j ),

where σ j is a self-dual, cuspidal representation of GL(ν j ) and
∑
ν j m j = 2n′

+ 1.
Fix a finite place v where all data are unramified. The corresponding Hecke matrix, seen as a matrix

of dimension 2n′
+ 1, is ⊕

tσ j ⊗ sp(m j ),

where we also write sp(m j ) for diag(q(m j −1)/2, . . . , q(1−m j )/2). The Hecke matrix of the representation
indG

MN (π1[s1] ⊗ · · ·⊗πr [sr ] ⊗ σ) is then

T =

⊕
i

(tπi q
si ⊕ tπ̃i q

−si )⊕
⊕

j

(tσ j ⊗ sp(m j )), (2-3)

written again as a matrix of dimension 2n + 1. We compare this with (2-2), in dimension 2n + 1:

T ′
= tπ q1/2

⊕ tπq−1/2
⊕ 1. (2-4)

(Recall that π is self-dual.) Now π is cohomological, self-dual. For any of the representations π , πi , σ j

we write tα for the diagonal entries of the Hecke matrix. By purity [Clozel 2013] we have, for π ,

|tαπ | = 1.

The representations πi are unitary cuspidal, as are the σ j . The entries tα, in each case, satisfy

q−1/2+δ < |tα|< q1/2−δ, (2-5)

where δ, 0< δ < 1
2 , is given by the theorem of Luo, Rudnick and Sarnak [Luo et al. 1999]. Comparing

(2-3) and (2-4), we see in the case of σ j that

q1/2
= |tα| q(m j −1)/2,
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whence by (2-5) m j ≤ 2, or that

1 = |tα| q(m j −1)/2, whence m j = 1.

Moreover m j = 1 can occur only once. It does occur since 2n′
+ 1 is odd.

We now consider the eigenvalues tαqsi , t−αq−si , tα of πi , with si ∈
1
2 Z. Let λ = logq |tα|. If

|tαqsi | = q1/2, λ+si =
1
2 with |λ|< 1

2 −δ. This implies si =
1
2 and λ= 0. Similarly, tαqsi = q−1/2 implies

λ= 0, si = −
1
2 . (We do not have to consider the eigenvalue 1 of (2-4), as it is accounted for by σ .)

Finally, we see that si = ±
1
2 for all i ; however by the invariance of the induced representation by

association, we can assume si =
1
2 . We also note that the argument implies that the πi are tempered (at

all unramified primes). Choosing representatives in T̂ , we see that⊕
i

(tπi q
1/2)⊕

⊕
j

(tσ j q
1/2),

the second sum ranging over such j ’s that m j = 2, is equal (i.e., conjugate in Sn) to tπq1/2. This implies
that the representation

π1 ⊞ · · ·⊞πr ⊞ σ1 ⊞ · · ·⊞ σs

(induced representation of GL(n,A)) has the same Hecke matrix as π , at almost all primes v. (Moreover
σ j = 1 for the unique j such that m j = 1). By the results of Jacquet and Shalika [1981], this implies that
π = π1 or π = σ1 (after reindexing). In the second case, σ is cuspidal by assumption, G ′

= G and πG is
cuspidal. In the first case, π = π1,M = GL(n) and we obtain the assertion of the theorem.

Note. This is a strengthening of Theorem 3.1 of [Grbac 2011], which describes only the part of Hψ

obtained from Eisenstein series from P = MN .

2.4. We now assume that there is a residual representation in Hψ ; it is then obtained from Eisenstein
series E( f, s) where f belongs to the space, independent of s,

I = indG
P=MN (π [s])= I (s)

with M = GL(n). The relevant part of the constant term is (in full), for f =
⊗

v fv ∈ I , fv unramified
for v /∈ S, ⊗

v∈S

Mv(s) fv ·
L S(s, π)L S(2s, π,∧2)

L S(s + 1, π)L S(2s + 1, π,∧2)

⊗
v /∈S

fv.

Here Mv(s) is the local intertwining operator; see [Harder and Raghuram 2020]. Since πv is tempered
at all primes, Mv(s) is holomorphic for ℜ(s) > 0, and not identically 0. We must further know that
L S(s, π,∧2) has a pole at s = 1, and that L S

( 1
2 , π

)
̸= 0 if L

( 1
2 , π

)
̸= 0. However, the local L-functions

Lv(s, π) and Lv(s, π,∧2) are holomorphic (and nonzero) for ℜ(s) > 0. This follows from [Kim 2004,
proof of Theorem 8.2]. The same argument applies to Rankin L-functions in Section 3.8. In particular
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we obtain residues at s =
1
2 if, and only if,

L
( 1

2 , π
)
̸= 0 (2-6)

(as the factors for v ∈ S are convergent and nonzero). See [Grbac 2011]. In this case, Ress=1/2 yields an
intertwining operator

R
( 1

2

)
: I
( 1

2

)
→ L2

disc(G(F)\G(A)).

Its image has been described by Grbac and Schwermer [2014, pp. 14 –15 and Theorem 8.2]. Note that
Iv(s) is for any s with ℜ(s) > 0 an induced representation with π [s] positive in the Langlands sense. It
has a unique irreducible Langlands quotient Jv(s) and the image of R

( 1
2

)
is⊗

v

Jv
( 1

2

)
.

We write L
(
πv,

1
2

)
for this Langlands quotient. For v | ∞, L

(
πv,

1
2

)
is unitary, with regular integral

infinitesimal character, and therefore cohomological. For simplicity of redaction we first assume that it
has cohomology with trivial coefficients. (The additions in the general case will be explained at the end
of this section.) Let qv be the smallest degree i such that

H i(gv, Kv; L
(
πv,

1
2

))
̸= 0

with obvious notation. (The value of qv is irrelevant to us; it has been computed by Grbac and Schwermer
[2014, Theorem 8.3]. Then dim Hqv

(
gv, Kv,L

(
πv,

1
2

))
= 1; see [Vogan and Zuckerman 1984].

We write, for K ⊂ G(A f ) compact open, SK = G(F)\G(A)/K∞K , G K = G(F)\G(A)/K , with
K∞ ⊂ G(F∞) maximal compact. Consider the cohomology of SK . We have first the cohomology of the
discrete spectrum:

H•(SK )= H •(g, K∞; L2
disc(G K )); (2-7)

this is the space of L2-harmonic forms on SK , equal to the L2-cohomology of SK in the sense of Borel
and Casselman [1983]. We consider also

H •(SK )= H •(g, K∞; A (G K )) (2-8)

the Betti cohomology of SK ; here A (G K ) is the space of automorphic forms; and we have a natural map
H•(SK )→ H •(SK ), and by definition we set

H •

(2)(SK )= Im(H•(SK )→ H •(SK )). (2-9)

So far all our cohomology spaces were taken with complex coefficients. The spaces H• and H •

have a topological interpretation and are therefore defined over Q. For H•, this follows from the proof
of Zucker’s conjecture: see [Zucker 1990] for an exposition. We have H•(SK ) = IH•(S∗

K ), a natural
isomorphism, where S∗

K is the Baily–Borel compactification; the (complex) intersection cohomology IH•
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(with middle perversity) has a natural Q-structure. We now denote by IH•

Q, H •

Q
the cohomology spaces

with Q-coefficients; and H•

Q
the Q-space defined through the isomorphism with IH•.

Let HK = H be the Hecke algebra of level K (with Q-coefficients). It acts naturally on H•(SK ).

Proposition 2.8. (i) HK acts naturally on IH•

Q(S
∗

K ).

(ii) The isomorphism H•(SK )→ IH•(S∗

K ) is Hecke-equivariant.

(iii) There is a natural map J : IH•

Q(S
∗

K )→ H •

Q
(SK ) which, tensored with C, induces the natural map

H•(SK )→ H •(SK ).

Proof. Ad(i,ii): See [Looijenga 1988, p. 18]. Note that Looijenga gives his proof for classical Hecke
correspondences associated to double cosets in G(Q) with respect to a congruence subgroup. Since G is
semisimple and simply connected, these coincide with the adèlic Hecke correspondences.

Ad(iii): The intersection cohomology is the cohomology of a complex of sheaves ICS∗

K
of Q-vector spaces

[Borel 1984]. If j : SK → S∗

K then j∗ICS∗

K
is quasi-isomorphic to QSK . Therefore we obtain a natural

map IH•

Q(S
∗

K ) = H •(S∗

K , ICS∗

K
) → H •(SK ,Q). On the other hand, Zucker defined a complex of fine

(complex) sheaves L(2) on S∗

K . The basic result is that L(2) and ICS∗

K
⊗ C are quasi-isomorphic. Thus

IH•(SK ) is defined by the complex of global sections of L(2) over S∗

K , and this is the cohomology of the
space of global L2-forms, i.e., H•(SK ). Over C, the natural map H•(SK )→ H •(SK ) is then defined by
the restriction of differential forms. □

From (ii) we deduce that HK preserves H•

Q
(SK ). If we define H•(S̃) as lim

−−→K H•(SK ) we see that
L
(
π f ,

1
2

)
=
⊗

v ∤∞ L
(
πv,

1
2

)
is a G(A f )-submodule of Hq(S̃) for q =

∑
qv(v | ∞). Probably it occurs

with multiplicity one (see below). Equivalently, if πv is unramified for v /∈ S and Kv (v ∈ S) is a suitable
subgroup having a triangular decomposition, the representation of

⊗
v Hv(Gv, Kv) occurs in H•(SK ).

The image of L
(
π f ,

1
2

)K in H•(SK ) has a further property. Let SBS
K be the Borel–Serre compactification

of SK [1973]; see [Clozel 2022] for the adèlic formulation. It contains in particular a facet e′(P), with
P = MN and e′(P)= AM\P(A)/K P KM,∞, K P ⊂ P(A f ) compact-open, and M ⊂ P(R) a Levi subgroup
invariant by the Cartan involution associated to K∞. See [Clozel 2022].5 Here AM = SM0(R)

+ where
M0 = ResF/Q M and SM0 is the split centre of M .

We have H •(SK )= H •(SBS
K ), thus we can consider the restriction

Res : H •(SK )→ H •(e′(P)).

It is of course defined over Q. Now we have [Rohlfs and Speh 2011, Theorem III.1]:

Theorem 2.9 (Rohlfs, Speh). If ω is a form in Hq(SK ) realised as a residue from
(
π, 1

2

)
, Res ◦ J (ω) ̸= 0.

See [Rohlfs and Speh 2011]. Now let a ∈ Aut(C/Q). Then, as recalled in Section 1, a(π) is naturally
defined. It has the same properties as π . In particular Theorem 2.7 applies to it, ψ (Section 2.1) being
now replaced by

a(ψ)= a(π)⊗ sp(2)⊕ 1.

5In fact e′(P) is a disjoint union of the facets denoted by e′(P) in [Borel and Serre 1973].
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Let πG, f = L
(
π f ,

1
2

)
⊂ Hq(S̃). We can consider its transform by a. Since Hq(S̃) carries a Q-structure

conserved by G(A f ), this transform is contained in Hq(S̃).

Lemma 2.10. a(πG, f )∼= L
(
a(π f ),

1
2

)
.

This follows easily from the methods in [Clozel 1990, §3.2]. For finite v, πG,v is the unique irreducible
quotient of ind(πv| · |1/2). The induction is unitary induction and is not a rational operation. However
ind(?) = Ind(?δ1/2

P ) where Ind denotes nonnormalised induction and δ1/2
P (m) = |det m|

(n+1)/2. Thus
ind(πv| · |1/2)= Ind(πv| · |n/2+1). Since n is even, we see that ind(a(πv)| · |1/2)= a(ind(πv| · |1/2)). Since
L is the unique irreducible quotient, the same applies to it.

Since Hq carries a Q-structure conserved by G(A f ), we see that L
(
a(π f ),

1
2

)
is contained in Hq(S̃);

it comes from a representation a(πG) in the discrete spectrum, associated to a(ψ). Moreover a(πG) is
not cuspidal: if ω belongs to our given copy of L

(
a(π f ),

1
2

)
, Res ◦ J (ω) ̸= 0 and, Res ◦ J being defined

over Q, Res ◦ J (a(ω)) ̸= 0. Consequently there exists a residual representation in Ha(ψ). By the previous
considerations, this implies that L

( 1
2 , a(π)

)
̸= 0.

Note that L(s, a(π),32) has a pole at s = 1 by Proposition 1.1. However this is in fact implied
by the foregoing argument. We note that the sign ε

( 1
2 , π

)
(see Proposition 2.1) has not figured in the

argument. This is not surprising, because of one of the properties of Arthur’s construction. Indeed we had
a representation πG of the form L

(
πv,

1
2

)
at all primes. For this Langlands quotient the sign ⟨ · , πG,v⟩

(see Section 2.1) is trivial for all v. This follows from [Arthur 2013, Proposition 7.4.1] and the fact that
the L-packet of π is reduced to one element — the group being GL(n). Thus L

(
π, 1

2

)
does not occur if

ε
( 1

2 , π
)
= −1. In any case we have

L
( 1

2 , π
)
̸= 0 L

( 1
2 , a(π)

)
̸= 0

ε
( 1

2 , π
)
= 1 ε

( 1
2 , a(π)

)
= 1

This leads to (but does not prove) this conjecture:

Conjecture 2.11 (π superregular algebraic, self-dual representation of GL(2n,AF )). For a ∈ Aut(C/Q),

ε
( 1

2 , π
)
= ε

( 1
2 , a(π)

)
.

We have now proven (at least when πG has cohomology with trivial coefficients):

Theorem 2.12. Assume π , a representation of GL(2n,AF ), is superregular algebraic and self-dual.
Then, for any a ∈ Aut(C/Q), L

( 1
2 , π

)
= 0 if , and only if , L

( 1
2 , a(π)

)
= 0.

2.5. We now explain how to extend this argument to the case where πG has cohomology with nontrivial
coefficients.

(a) Let G0 = ResF/Q G. Then G∞ = G0(R)=
∏
ι G(Fι⊗ R) where ι runs over the embeddings F → R

and Fι = ι(F)⊂ Q. We first consider a complex coefficient system, i.e., an irreducible representation V
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of G0(R). Thus V =
⊗

ι Vι, where Vι is determined by the highest weight mι= mv for G(C), mv = p′
−ρ,

where

p′
=
(

p1 +
1
2 , p1 −

1
2 , . . . , pm +

1
2 , pm −

1
2

)
,

see the formula before Proposition 2.1, and ρ = (n, n − 1, . . . , 1) is the half-sum of roots of G (for the
implicit choice of ordering). Here (pi ) is defined of course by v or, equivalently, ι; V =

⊗
V mι
ι with

obvious notation.

(b) Now G0(Q)= G(F)⊂
∏

G(Fι). An irreducible representation of G is always defined over Q, see
[Serre 1968], so G(F) operates on V mι

ι by endomorphisms defined over ι(F) ⊂ C. Thus the action
of G(F) on V is defined over

∏
ι(F)= Fgal ⊂ C, and the same is true of the local system V defined by V .

(c) We now have an intersection cohomology sheaf ICS∗(V ) with coefficients in Fgal. (We simply write S
for SK .) The maps used in the previous argument,

IH•(S∗,V )→ H •(S,V )→ H •(e′(P),V ),

are all maps of Fgal-vector spaces. Finally, IH•(S∗,V ) defines, through Zucker’s isomorphism, an
Fgal-structure on the L2-cohomology Hq(SK ,V ).

(d) However, we want to obtain a result concerning a(πG, f ) for a ∈ Aut(C/Q), not only in Aut(C/Fgal).
The action of Aut(C/Q) on πG,∞ is determined by the ‘reciprocity law at infinity’; see [Clozel 1990,
théorème 3.13] in the case of GL(n). In fact, an automorphism a ∈Aut(C/Q) transforms the representation
V =

⊗
V mι into a(V )=

⊗
V m(aι). The associated representation a(πG, f ) will therefore come from a

global representation having a type at infinity permuted from that of πG by the permutation ι→ aι.
Therefore, consider the reducible coefficient system W =

⊕
σ(V ), where σ ∈ Gal(F/Q). Now W is

defined over Q. The remarks in (c) apply, the local system, and ICS∗(W ), being defined over Q. We then de-
duce that a(πG, f ) will occur in Hq(SK ,W ). The argument concerning the restriction to e′(P) remains cor-
rect, so a(πG, f ) will originate from a residual representation. We are now reduced to the foregoing proof.

We recall again that Theorem 2.12 follows from the explicit formula of Grobner and Raghuram. The
present proof (for this special result) is more direct. However, we will now consider other cases.

3. Rankin L-functions

3.1. In this section we extend the method, and the main result, of Section 2, to Rankin L-functions. We
consider RASDC representations π and ρ, respectively, of GL(n1,A) and GL(n2,A), and the Rankin
L-function

L(s, π × ρ). (3-1)

As in Section 1 this is the complete L-function. We can consider a(π), a(ρ) for a ∈ Aut(C/Q) and are
interested in the “invariance of the zero” at s =

1
2 , assuming n1n2 even.
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We want to consider Eisenstein series (for a maximal parabolic subgroup) in the variable s, such that
the numerator of the constant term is essentially

L(s, π × ρ)L(2s, π, R),

where L(2s, π, R) should have a pole at 2s = 1, and R, a representation of the dual group GL(n1,C),
will be 32 or Sym2.

Since we are relying on Arthur’s results the “ambient” group G must be split classical. Furthermore
we must use the crucial rationality result (Proposition 2.8) and we need Zucker’s conjecture or its
generalisation by Saper [2005]. In particular, following [Langlands 1971] we see that there are two
possible cases. We refer to [Kim 2004] for a useful exposition of Langlands’ results.

3.2. In the first case we consider, as before, G = Sp(n), but the maximal parabolic subgroup has Levi
subgroup M = GL(r)× Sp(n − r). We are given a cuspidal representation π ⊗ σ of M(A).

We have Ĝ = SO(2n + 1,C), containing

M̂ = GL(r,C)× SO(2n + 1 − 2r,C).

Setting N ′
= 2(n − r)+ 1, we will assume that σ is (by Arthur’s theorems) associated to a cuspidal,

self-dual representation ρ of GL(N ′,A). The constant term of the Eisenstein series constructed from

indG(A)
MN (A) π [s] ⊗ σ

is given, as usual, by a ratio with numerator

L(s, π × ρ)L(2s, π,32). (3-2)

See [Kim 2004, p. 143]. (If r = 1, only L(s, π × ρ) occurs.) In particular the interesting case is that
where π is symplectic. Thus we have the data

L(s, π × ρ), (3-3)

where
π is a RASDC representation of GL(r,A) with r ≥ 2, r even,

ρ is a RASDC representation of GL(t,A) with t odd.
(3-4)

3.3. The other interesting case occurs for the split group G = SO(2n + 1). For any real prime v, G × Fv
is of equal rank, that is, rkR G = rkR K∞. The extension of Zucker’s conjecture has been proven by Saper.
Again we take M = GL(r)× SO(2(n − r)+ 1), and π ⊗ σ an irreducible cuspidal representation.

We have Ĝ = Sp(n,C), containing M̂ = GL(r,C)× Sp(n − r,C). We assume that σ comes from a
cuspidal, self-dual representation ρ of GL(N ′,A), N ′

= 2(n − r). Then ρ has to be of symplectic type.
The relevant numerator is then, for r < n,

L(s, π × ρ)L(2s, π, S2). (3-5)
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Thus π has to be orthogonal. We see that this will yield no new results compared with (3-4). Also
note that (3-5) is incorrect if r = n, in which case the numerator is

L(2s, π, S2).

This could be used to show that “π orthogonal” is invariant by Aut(C/Q), but we have seen that this
is known for regular algebraic representations.

In conclusion, we will only consider Eisenstein series for Sp(n). We have recorded this calculation
since other consequences might follow from this construction.

3.4. From now on our datum will be a pair π , ρ satisfying (3-4). We set t = 2m + 1, n = r + m; π is
symplectic, ρ is orthogonal. Also set r = 2r1.

Before we proceed it will be necessary to review the correspondence between σ , a cuspidal representa-
tion of Sp(n−r,A), and ρ, a cuspidal, self-dual, orthogonal representation of GL(N ′,A), N ′

=2(n−r)+1.
We have assumed ρ is cuspidal. Thus ρ ∈ 9̃sim(G ′) where G ′

= Sp(n − r). See [Arthur 2013, p. 37]. By
[Arthur 2013, Theorem 1.5.2], the parameter ψ ′

≡ ρ defines a collection of representations σ occurring
in L2

disc(G
′(F)\G ′(A)).

Proposition 3.1. Any σ in the A-packet defined by ρ is cuspidal. Moreover this A-packet is nonempty.

Indeed we know that, ρ being RASCD, it is tempered at all primes. The factors σv of σ are therefore
tempered at all primes, by [Arthur 2013, Theorem 1.5.1]. Since σ occurs in the discrete spectrum, it is
cuspidal by Proposition 4.10 in [Clozel 1993].

Moreover, in this case, Lψ ′ = SO(N ′) ⊂ GL(N ′) [Arthur 2013, 1.4.4], and Sψ ′ = Sψ ′ = {1}. This
implies that a tensor product σ =

⊗
σv, with σv any local representation in the ψ ′-packet, occurs

in L2
disc(G(F)\G(A))ψ ′ .

Remark. (1) By construction the first factor of (3-2) (coming from the theory of Eisenstein series)
considered outside a finite set S of primes is equal to L S(s, π × ρ).

(2) The case of G ′
= SL(2) shows that the set {σ } is, in general, infinite.

3.5. We are now interested in the ψ-parameter (for G)

ψ = π ⊗ sp(2)⊕ ρ.

Since π is symplectic, as well as sp(2), this is a parameter associated to G.
As in Section 2, it defines (almost everywhere) Hecke matrices (in Ĝ) which coincide with those of

the (adèlic) induced representation

indG
MN (π [s] ⊗ σ)

(
s =

1
2

)
. (3-6)

We first have to determine when such a representation will be cohomological. We consider a place v | ∞.
The infinitesimal character of πv is of the form p = (p1, . . . , pr ), with

p1 > p2 > · · ·> pr1 >−pr1 > · · ·>−p1
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with pi ∈
1
2 + Z. For s =

1
2 , we see that the infinitesimal character of π

[1
2

]
is

Y1 =
{

p1 +
1
2 , . . . , pr1 +

1
2 ,−pr1 +

1
2 , . . . ,−p1 +

1
2

}
.

It contributes a term (Y1,−Y1) to the character of the representation (3-6) lifted to GL(N ). (See
Section 2.2.)

On the other hand, the infinitesimal character of σ can be seen, lifted to Ĝ ′, as the infinitesimal character
of ρ, of the form

q1 > q2 > · · ·> qm > 0>−qm > · · ·>−q1.

Finally, the infinitesimal character of the induced representation (3-6) is obtained as a parameter of
dimension 2n + 1, equal to {

±pi ±
1
2 ,±q j , 0

}
, (3-7)

and defined modulo SN , N = 2n + 1. It must be regular, so we must assume

pi > pi+1 + 1, pr1 ≥
3
2 , pi ±

1
2 ̸= q j for all (i, j).

Modulo SN , we see that the character is (Y, 0,−Y ) where

Y =
(

p1 +
1
2 , p1 −

1
2 , . . . , q1, . . . , pa1 +

1
2 , pa2 +

1
2 , . . . , q2, . . . , qm, pr1 +

1
2 , pr1 −

1
2

)
,

the q j being interspersed so that

Y = (m1, . . . ,mn)

with m1 > · · ·> mn > 0. Here, Y is the infinitesimal character of ind
(
π
[1

2

]
⊗ σ

)
.

Definition 3.2. Assume π is superregular, and ρ is regular. We say that (π, ρ) are disjoint if, for all
i = 1, . . . , r1 and j = 1, . . . ,m,

pi ±
1
2 ̸= q j .

In this case the infinitesimal character of ind
(
π
[ 1

2

]
⊗ σ

)
is regular.

Remark. We will be considering the Rankin L-function L(s, π × ρ). Conjecturally this is the standard
L-function L(s, π ⊠ ρ) where π ⊠ ρ is the Langlands tensor product of π , ρ. This representation should
be symplectic. Recalling that the parameters p, q are associated to the representations z 7→ (z/z̄)p,
z 7→ (z/z̄)q of WC, we see that the Langlands parameters (or the infinitesimal parameters) of π ⊠ ρ will
be, with obvious notation,

(p1, . . . ,−p1)⊗ (q1, . . . , 0, . . . ,−q1).

In particular π ⊠ ρ will be regular if

(i) the ±pi ± q j are distinct,

(ii) ±pi ̸= ±pi ± q j .
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This is a much stronger condition. For instance, assume m = 1, r1 = 2, and we want to ensure the
condition (with q > 0)

p1 +
1
2 > p1 −

1
2 > q > p2 +

1
2 > p2 −

1
2 ≥ 1.

Can the tensor product be singular, e.g., p1 − q = p2 + q? We set p1 = p2 + 2q and we must ensure

p2 + 2q +
1
2 > p2 + 2q −

1
2 > q > p2 +

1
2 > p2 −

1
2 ≥ 1.

Thus we seek p2 >
1
2 − q, p2 < q −

1
2 and p2 ≥

3
2 . This is satisfied for q large.

We now explain why Theorem 3.6 follows from [Harder and Raghuram 2020]. According to [Harder
and Raghuram 2020, Theorem 7.21], it will be true if −

1
2 ,

1
2 are both critical — with their notation,

1
2 = 1 + m0 — and π , ρ have “disjoint cuspidal parameters” (to be explained below).

To check the first condition, we determine the critical half-integers for L(s, π×ρ). Let v be an infinite
prime and Lv(s, π × ρ) be the corresponding Archimedean L-function. For a ∈

1
2 Z, a ̸= 0, denote by ra

the irreducible representation of WR induced from the character (z/z̄)a of WC = C×. Since L-functions
are inductive [Tate 1979, 3.3.1], the L-function associated to ra is LC(χ, s) where χ = (z/z̄)a . For a ≥ 0
this is equal [Tate 1979, 3.2.1] to 0C(a + s)∼ 0(a + s), where we write ϕ ∼ ψ if ϕ/ψ is a holomorphic,
never vanishing function of s. Note that (z/z̄)a and (z/z̄)−a define the same L-function.

Now recall our conditions on pi , q j , where for symmetry we set t = 2t1 + 1:
pi ≥ pi+1 + 2 if i = 1, . . . , r1 − 1 and pi ∈

1
2 + Z,

pr1 ≥
3
2 ,

q j > q j+1 + 1, qt1 > 0 if j = 1, . . . , t1 and q j ∈ Z,

pi ±
1
2 ̸= q j .

(3-8)

The Weil group representation associated to ρ is
⊕

j rq j ⊕ ε, where ε is the character sgn0/1 of WR. The
representation associated to π ⊠ ρ is

R =
⊕

i
rpi ⊗

(⊕
j

rq j ⊕ ε
)

=
⊕

i
rpi ⊕

⊕
i, j
(rpi +q j ⊕ rpi −q j ).

Thus

Lv(π × ρ, s)∼
∏
i
0(pi + s)

∏
i, j
0(pi + q j + s)

∏
pi>q j

0(pi − q j + s)
∏

q j>pi

0(q j − pi + s).

For a ∈
1
2 + Z and s ∈

1
2 + Z,

0(a + s) holomorphic at s(sic) ⇐⇒ a + s > 0.

As the 0-function never vanishes, the holomorphy of Lv(s), s ∈
1
2 + Z, is then given by

(a) pi + s > 0,

(b) pi + q j + s > 0,

(c) pi − q j + s > 0 (pi > q j ),

(d) q j − pi + s > 0 (q j > pi ).
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Clearly (a) ⇒ (b); moreover using (3-8) we see that this is satisfied if

3
2 + s > 0, that is, s >−

3
2 .

Similarly Lv(1 − s) is holomorphic if

(α) pi + 1 − s > 0,

(β) pi − q j + 1 − s > 0 (pi > q j ),

(γ ) q j − pi + 1 − s > 0 (q j > pi ).

By the same argument we see that this is satisfied if

s < 3
2 + 1 =

5
2 .

Applying this to the product of the Lv(v | ∞) we conclude that the interval of critical values contains

1
2 + Z ∩

]
−

3
2 ,

5
2

[
=
{
−

1
2 ,

1
2 ,

3
2

}
.

Therefore, our regularity conditions imply that indeed −
1
2 and 1

2 are critical values.
We now check that π, ρ have disjoint cuspidal parameters. We first consider π . Again we fix an

infinite prime v, which defines p = (pi ). In order to state the condition, we introduce some notation from
[Harder and Raghuram 2020]. Define

λ= p −
( 1

2(r − 1), . . . , 1
2(1 − r)

)
∈ Tr (3-9)

(Tr is the diagonal maximal torus in GL(r); λ is µ in [Harder and Raghuram 2020, Theorem 7.21]).
As in [loc. cit., p. 18] we write

λ=

r∑
i=1

(ai − 1)γi + dδr = (b1, . . . , br ) (3-10)

with ai , bi , d ∈ Z, δr is the determinant, and

γi = (1, 1, . . . , 1︸ ︷︷ ︸
i times

, 0, . . . , 0)−
i
r
δr .

The condition in [loc. cit., p. 29] requires that λ be a pure weight. Write Z ⊂ Tr for the centre of GL(r).
By self-duality λ|Z = 0 (the central character of π maps to λ|Z ). Thus 0 = (λ|Z ) = dδr (as γi |Z = 0).
Hence λ is a pure weight if, and only if, λ is essentially self-dual and λ|Z = 0, i.e., λ is self-dual:

(b1, b2, . . . , br )= (−br ,−br−1, . . . ,−b1).

As ai − 1 = bi − bi+1 (i ≤ r − 1), then also

ar−i = br−i − br−i+1 + 1
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and using bi = −br+1−i we find ar−i = ai (see [loc. cit., Lemma 3.1]). On page 31 of that book the
cuspidal parameter ℓ= (ℓi ) of λ (given by the coefficient system for π ) is defined by

ℓ1 = a1 + a2 + a3 + · · · + ar−1 = a1 + a2 + a3 + · · · + ar−1,

ℓ2 = −a1 + a2 + a3 + · · · + ar−1 = a2 + a3 + · · · + ar−2,

ℓ3 = −a1 − a2 + a3 + · · · + ar−1 = a3 + · · · + ar−3,

...

ℓr = −a1 − a2 − · · · − ar−1.

(To obtain the last column, we used that ai = ar−i ). From (3-10) we see that ai − 1 = bi − bi+1 when
i ≤ r − 1, so we get

ℓ1 = b1 − br + (r − 1),

ℓ2 = b2 − br−1 + (r − 3),

ℓ3 = b3 − br−2 + (r − 5),
...

ℓr = br − b1 − (r − 1).

We have bi = pi +
1
2(2i − r − 1), and so

ℓi = pi +
1
2(2i − r − 1)− pr+1−i −

1
2(2(r + 1 − i)− r − 1)+ (r − 2i + 1)= pi − pr+1−i .

Now π is self-dual, so we have pi − pr+1−i = 2pi (i = 1, . . . , r ), and ℓi = 2pi . The same computation
applies to ρ, yielding ℓ′j = 2q j ( j = 1, . . . , t). By definition we have disjoint cuspidal parameters if
ℓi ̸= ℓ′j for all i, j [loc. cit., p. 94]. In terms of the infinitesimal characters this means pi ̸= q j for all i
and j . This is an empty condition, as pi ∈

1
2 Z\Z, while q j ∈ Z. In particular our Theorem 3.6 follows

from [loc. cit., Theorem 7.21].

Remark. In the generality of [loc. cit.] there are π, ρ that have nondisjoint cuspidal parameters (such
π, ρ are not both self-dual).

3.6. In this excursus, we return to the relation between ρ and σ (see Proposition 3.1) and consider
questions of rationality. We first make some general remarks, in the case where (the generalisation of)
Zucker’s conjecture is true. Changing notation, we denote by G a semisimple group over a totally real
field F , such that for each v | ∞, rk(Gv) = rk(Kv) where Kv ⊂ G(Fv) is maximal compact. If G is
Hermitian symmetric, or if G is of type Bn , there is an isomorphism

H•(SK )∼= IH•(S∗

K ),

where SK is defined as in (2-7) — K ⊂ G(A f ) is a compact subgroup — and IH•(S∗

K ) is the middle
perversity intersection cohomology of a suitable compactification of SK . See [Saper 2005] for the
non-Hermitian case.
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We deduce from this a natural Q-structure on H•(SK ) or H•(S̃)= lim
−−→K H•(SK ). We have

H•(S̃)=

⊕
π

H •(g, K∞;π∞)⊗π f ,

where
⊕
π is the discrete spectrum of G. In particular (in all these cases) this direct sum is “defined

over Q”. In particular, if a ∈ Aut(C/Q):

π f representation of G(A f ), π∞ ⊗π f ⊂ L2
disc(G(Q)\G(A)) for some cohomological π∞

⇒ a(π f ) has the same property for any a ∈ Aut(C/Q). (3-11)

Here a ∈ Aut(C) acts naturally, as in Section 1. We should point out, however, that if G is not GL(n), the
field of rationality and (a) field of definition may not coincide — for GL(n) see [Clozel 1990, §3.1].

Note too that if π = π∞ ⊗π f is cuspidal, this does not imply that π ′
= π ′

∞
⊗ a(π f ) is cuspidal.

3.7. We now return to our initial situation and apply this to the representation σ of Sp(m,A). We have
seen that it was cuspidal (Proposition 3.1). For a ∈ Aut(C), consider a representation σ ′

= σ ′
∞

⊗ a(σ f )

so obtained; we can assume

Hq(g, K∞; σ ′

∞
) ̸= 0

if Hq(g, K∞; σ∞) ̸= 0.
The representation σ belongs to the Arthur-packet defined by ρ. The Arthur packets are disjoint [Arthur

2013, Theorem 1.5.2]6 and defined by their Hecke matrices at almost all primes. (This is easily seen by
an adaptation of the proof of Theorem 2.7.)

Let Hρ denote, as in Section 2.1, the subspace of L2
disc(G

′(F)\G ′(A)) contributed by ψ ′
= ρ.

Lemma 3.3. σ∞ ⊗ σ f ⊂ Hρ (for some σ∞) if , and only if , σ ′
∞

⊗ a(σ f )⊂ Ha(ρ) for some σ ′
∞

.

Let S be a sufficiently large set of primes containing the infinite and the ramified places. Then
σ∞ ⊗ σ f ⊂ Hρ if, and only if, for v /∈ S,

tρ,v = tσ,v ⊕ 1 ⊕ tσ̃ ,v (3-12)

with obvious notation. These are the Hecke matrices for the Langlands normalisation.
Here, for instance, tσ,v ∈ T̂G ′ and T̂G ′

∼= Gm(C)
n has an obvious Q-structure, as does T̂GL(N ).

Define tT
ρ,v = tρ,vq

(1−N ′)/2
v (Tate normalisation; see [Clozel 1990, p. 106 –108]).

We then have tT
a(ρ),v = a(tT

ρ,v); see [Clozel 1990, lemme 3.5]. Since N ′ is odd, this implies that
ta(ρ),v = a(tρ,v).

On the other hand, tσ,v is defined by

ϕ · ev = Ŝϕ(tσ,v),

6The global packets, not their local components!
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where ev, in the space of σv, is the unramified vector, ϕ belongs to the local unramified Hecke algebra
for Sp(m), Sϕ is the function on TG ′(Fv) given by

Sϕ(τ)= δ
1/2
B (τ )

∫
N (Fv)

f (τn) dn

and δ1/2
B , B = TG ′ NG ′ , is the half-modulus [Cartier 1979, p. 146]. Finally,

Sϕ =

∑
λ∈X∗(TG′ )

bλch(ϖ λTG ′(O)) and Ŝϕ(t)=

∑
bλtλ.

Since for Sp(m), δ1/2
B is a rational character, this implies

S(a(ϕ))= a(Sϕ),

where a acts on the coefficients; dually we deduce that ta(σ ),v = a(tσ,v).
Finally, (3-9) is preserved by the action of a on both sides, which implies the lemma.
Since ρ is RASD cuspidal, so is a(ρ), and a(ρ) satisfies the Ramanujan conjecture. We deduce from

Proposition 3.1 that a(σ ) is (tempered) cuspidal.

3.8. Consider now, as in Section 3.4, a pair (π, ρ) satisfying (3-4), and a representation σ of Sp(m,A)

associated to ρ; σ is cuspidal (Proposition 3.1). The representation indG
MN
(
π
[ 1

2

]
⊗σ

)
, M =GL(r)×Sp(m),

adèlic induced representation, has Hecke matrices given by π ⊗ sp(2)⊕ ρ.
Forming Eisenstein series

E(−, s) : indG
MN (π [s] ⊗ σ)→ A (G(F)\G(A)),

absolutely convergent for ℜ(s) > n+1
2 [Moeglin and Waldspurger 1995, p. 86], we see that for fs ∈ Is =

ind(π [s] ⊗ σ) the constant term is
EP( fs)= fs + M(s) f−s

with M(s)=
⊗

Mv(s), Mv(s) given, for fv the unramified vector in Iv,s , by

Lv(s, π × ρ)Lv(2s, π,32)

Lv(s + 1, π × ρ)Lv(2s + 1, π,32)
.

This applies for v /∈ S, S ⊃ ∞. Assume now that L
( 1

2 , π × ρ
)

̸= 0. Writing M(s) = MS(s)M S(s),
we see, using the same argument as in Section 2.4, that E(−, s) has a residue at s =

1
2 ; we obtain an

intertwining operator (see Section 2.3)

R
( 1

2

)
: I1/2 → L2

disc(G(F)\G(A)).

The representation Iv,1/2, πv and σv being tempered at all v, has a unique irreducible quotient L
(
πv, σv,

1
2

)
;

the representation of G(A) on L2
disc being semisimple, we see that

R
( 1

2

)
: L

(
π, σ, 1

2

)
↪→ L2

disc(G(F)\G(A))
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with L the global Langlands quotient. For each Archimedean prime, L
(
πv, σv,

1
2

)
is cohomological;

let qv be the minimal degree of its cohomology; with q =
∑

v | ∞
qv we finally have (these cohomology

spaces being one-dimensional)

L f
(
π, σ, 1

2

)
↪→ Hq(g, K∞; L2

disc(G(F)\G(A)). (3-13)

The latter space is identified by Zucker’s conjecture with IHq(S̃∗). It is naturally defined over Q.
Moreover (see Section 2.4), if we fix a level K ⊂ G(A f ) and consider (3-10) at a finite level,

R
( 1

2

)
: L f

(
π, σ, 1

2

)K
↪→ IHq(S∗

K ),

we know that there is a component e′(P) of the boundary of the Borel–Serre compactification such that
Res ◦ J (ω) ̸= 0 for some ω in the image. (The notation is that of Proposition 2.8.)

Now let a ∈ Aut(C/Q).

Lemma 3.4. L f
(
a(π), a(σ ), 1

2

)
∼= a

(
L f
(
π, σ, 1

2

))
.

Note that a(π), a(ρ) are still (everywhere) tempered, and that the Langlands quotient on the left-hand
side is defined in the same manner. In particular, it suffices to check that, for any finite v,

ind
(
a(π), a(σ ), 1

2

)
= a

(
ind
(
π, σ, 1

2

))
with obvious notation. This would be true for nonnormalised induction (without the factor | · |

1/2). We
must check that, for m = (g, h) ∈ GL(r)× Sp(m),

|det g|
1/2δP(m)1/2 takes rational values,

where δP(m) =
∣∣det(Ad(m) | n)

∣∣. We can take m in the maximal torus T ⊂ M . We have n0 = n+ nM

where n0 is the unipotent radical of the Lie algebra of the Borel subgroup of G and nM is maximal
nilpotent (positive) in Lie(M), so

δP(t)= det(Ad(t) | n0) : det(Ad(t) | nM),

t ∈ T . Now, for t = (t1, . . . , tn),∣∣det(Ad(t) | n0)
∣∣1/2 = |tn

1 · · · tn|,∣∣det(Ad(t) | nM)
∣∣1/2 = |t (r−1)/2

1 · · · t (1−r)/2
r | |tm

r+1 · · · tn|.

Since r is even, multiplying by |det g|
1/2

= |t1 · · · tr |1/2 yields a rational value.
At this point we know that L f

(
a(π), a(σ ), 1

2

)
occurs in IHq(S̃∗), and moreover that it restricts nontriv-

ially to the boundary of the Borel–Serre compactification of S̃; see Section 2.4. (For psychological comfort
consider a finite level!) Furthermore, the representation L

(
π, σ, 1

2

)
belongs to Arthur’s ψ-packet with

ψ = π ⊗ sp(2)⊕ ρ.
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This implies that L
(
a(π), a(σ ), 1

2

)
belongs to Arthur’s packet for

a(ψ)= a(π)⊗ sp(2)⊕ a(ρ).

We know that it is residual since the restriction (in cohomology) to the boundary does not vanish. Renaming
a(ψ) as ψ , we see that we need only amplify the assertion of Theorem 2.7 in this context:

Theorem 3.5. Assume ψ = π ⊗ sp(2)⊕ ρ, πG ⊂ Hψ is cohomological, not cuspidal, and obtained from
multiresidues and principal values of Eisenstein series from (M, πM), where M ⊂ G is a Levi subgroup
and πM cuspidal, at a point s ∈ CI . Then M = GL(r)× Sp(m), πM = π × σ (where σ , a cuspidal
representation, is associated to ρ) and s =

1
2 .

By assumption πG is obtained from the formation of residues from M =GL(r1)×· · ·×GL(rI )×Sp(m′),
and representations πi (i = 1, . . . , I ) and σ ′. By Arthur’s results σ ′ is associated to a parameter
ψ ′

=
⊕

j σ j ⊗ sp(m j ), σ j being cuspidal self-dual. (Moreover σ ′ is cuspidal.) The Hecke matrices, at
almost all primes, of πG are given by

T = Tv = tπq1/2
⊕ tπq−1/2

⊕ tρ, (3-14)

where q = qv . (The Hecke matrices are viewed in GL(N ,C)). By Theorem 2.6 (Grbac and Schwermer)
they are also given by

T ′
= T ′

v =

I⊕
i=1

ti qsi ⊕ t−1
i q−si ⊕

J⊕
j=1

tρ j ⊗ sp(m j ). (3-15)

Here si ∈
1
2 Z, and ti = t (πi ); we assume that ωπi = 1 on R×

+, so πi is cuspidal unitary. (If the factor Sp(m′)

is trivial, the second term in the sum is 1, with m j = 1.) Since π and ρ are tempered, we deduce from
T = T ′ that m j ≤ 2, that |si | = 0, 1

2 ; if si = ±
1
2 we can assume si =

1
2 (use an associate datum). Now we

obtain separate equations, using as in Section 2 that the eigenvalues of ti , tρ j are in
[
−

1
2 + δ, 1

2 − δ
]
:

tπ =

⊕
si =1/2

ti ⊕

⊕
m j =2

tρ j , (3-16)

tρ =

⊕
si =0

(ti ⊕ t−1
i )⊕

⊕
m j =1

tρ j . (3-17)

All representations considered are cuspidal. Consider first (3-14). By the results of Jacquet and
Shalika [1981], there must be at most one term on the right-hand side. We deduce that {i : si = 0} = ∅,
that { j : m j = 1} has cardinality 1, and that ρ j = ρ.

Consider now (3-13). The first possibility is that #
{
i : si =

1
2

}
= 1, that no ρ j intervene, and tπ = ti = tπi .

In this case, using the previous remark, we see that

T ′
= tπq1/2

⊕ tπq−1/2
⊕ tρ

and that πG is induced from GL(r)× Sp(m) from (π, σ ) as sought.
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The second possibility is that I = 0, which implies that m = n and that πG is cuspidal. In this case
(3-12) yields

T = tπq1/2
⊕ tπq−1/2

⊕ tρ =

⊕
tρ j ⊗ sp(m j )= tρ ⊕ tπ ⊗ sp(2).

The only ρ j in (3-13) is equal to π ; it can of course occur (and it will occur depending on the behaviour
of the L-functions) that the ψ-packet only contains cuspidal representations.

3.9. We can now apply Theorem 3.5, with π, ρ replaced by a(π), a(ρ). Since L f
(
a(π), a(σ ), 1

2

)
occurs

in IHq(S̃∗), with nontrivial restriction to the boundary, it is given by the cohomology of (noncuspidal)
Eisenstein series. Theorem 3.5 shows that these are obtained from Eisenstein series coming from
indG

MN (a(π)[s] × σ ′) (and their residues) at s =
1
2 . Here σ ′, a cuspidal representation of Sp(m,A), is

associated to a(ρ). (It coincides with a(σ ) at almost all primes.) Since the cohomology in Hq is given
by square-integrable forms, this can only occur if these Eisenstein series present a residue at s =

1
2 . We

deduce, by inverting the argument at the beginning of Section 3.8, that

L(s, a(π)× a(ρ))L(2s, a(π),32)

must have a pole at s =
1
2 , and therefore that L

( 1
2 , a(π)×a(ρ)

)
̸= 0. We have therefore obtained the main

result of this paper. (In Section 3.8, we have implicitly assumed that L
(
π∞, σ∞,

1
2

)
had cohomology

with trivial coefficients. The corrections in the case of a general coefficient system are dealt with in
Section 2.)

Theorem 3.6. Let

• π be a RASDC, superregular representation of GL(r,A) (r even),

• ρ be a RASDC representation of GL(t,A) (t odd)

and assume that (π, ρ) are disjoint (Definition 3.2). Then, for any a ∈ Aut(C/Q), L
( 1

2 , π×ρ
)
= 0 if , and

only if , L
( 1

2 , a(π)× a(ρ)
)
= 0.
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