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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS FOR
UNIQUE CONTINUATION AND CAUCHY PROBLEMS*

HARALD MONSUUR! AND ROB STEVENSONT

Abstract. In this paper, conditional stability estimates are derived for unique continuation
and Cauchy problems associated to the Poisson equation in ultra-weak variational form. Numerical
approximations are obtained as minima of regularized least squares functionals. The arising dual
norms are replaced by discretized dual norms, which leads to a mixed formulation in terms of trial
and test spaces. For stable pairs of such spaces, and a proper choice of the regularization parameter,
the Lo-error on a subdomain in the obtained numerical approximation can be bounded by the best
possible fractional power of the sum of the data error and the error of best approximation. Compared
to the use of a standard variational formulation, the latter two errors are measured in weaker norms.
To avoid the use of Cl-finite element test spaces, nonconforming finite element test spaces can be
applied as well. They either lead to the qualitatively same error bound or, in a simplified version,
to such an error bound modulo an additional data oscillation term. Numerical results illustrate our
theoretical findings.
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1. Introduction.

1.1. UC and Cauchy problems. In this work we consider the following two
problems: the unique continuation (UC) problem that for bounded domains @) # w €
Q CR" seeks u: Q — R such that

—Au=/ on
uly=¢ on w;

and the Cauchy problem that for some open connected Lipschitz subset () # X C 9Q
seeks u: 2 — R such that

—Au=/ on Q,
(1.1) u=g onx,
Opu=1 on X.

These Poisson problems are known to be ill-posed, but so-called conditional stability
can be demonstrated.

To see what the latter means, let us consider the UC problem. The common
variational formulation reads as finding u € H!(£2) such that

{fQVu~Vvdx:£(v) (ve H(Q)),

ulw =¢ on w.
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1345

For A€ L(H'(Q),H () x Ly(w)) defined by Az := (v [,Vz-Vvdz,z|,), it is
known (cf., e.g., [BNO24, sect. 2.2]) that for a domain G with w € G € 2, there exists
an o € (0,1) such that under the condition that ||z||1,) <1, it holds that

||Z||L2(G) N HAZHOI—tI*l(Q)XLz(w) (HAZHH*l(Q)ng(w) —0).

For completeness, here and in the following, with C' < D it is meant that C can
be bounded by a multiple of D, independently of parameters on which C' and D may
depend. Clearly, C 2 D means D < C, and C =< D means C <D and C 2 D.

Conditional stability estimates have been the basis for the design of convergent
numerical approximation schemes (e.g. [Burl6, BO18, BFO20, BFMO21, BNO24] and
[DMS23]). The above conditional stability estimate is, however, not fully satisfactory.
The bound for z is in terms of its Ly(G)-norm, but boundedness of the right-hand
side requires z € H1(2). In the derived error estimates for the numerical schemes,
this is reflected by the fact that these error estimates are obtained for the Lqo(G)-
norm, whereas they require approximation properties of the applied trial space in the
H'(Q)-norm (see [BNO24, sect. 2.2]).

1.2. Ultra-weak variational formulations. In the current work we will there-
fore consider wultra-weak variational formulations of the UC and Cauchy problems.
Considering here again the UC problem, another integration-by-parts shows that

_/QuAvda: =l(v) (veHZ(Q)),

Uy =¢ on w.

Redefining A € L(L(Q), H2(Q) x La(w)) by Az := (v [, —zAvdz, z],), we will
show that under the condition that ||z||1,q) S 1, it holds that

[2llroe) S NAZIE-20)x o) (142l H-2(Q)xLa(w) = 0)-

So we will obtain the qualitatively same conditional stability estimate, in particular
with the same value of o, but in terms of this weaker || Az|| g —2(0)x L, (w)-n0rm. A sim-
ilarly improved conditional stability estimate will be shown for the Cauchy problem.

1.3. Regularized least squares approximations. In [DMS23], a regularized
least squares approximation scheme was proposed for general ill-posed, but conditional
stable PDE problems. For the ultra-weak variational formulation of the UC problem,
a family (X%)sc; of finite dimensional subspaces of Lo(f2), and an £ > 0, it reads as
finding

s

Ug 1= argm;nHAz ~ (LD F-20)x Law) T 7121170
zeX

Since the || + || 7-2(q)-norm cannot be evaluated, it is replaced by the discretized dual

NOIM SUP(_£,,cys %
of HZ(Q) such that the pair (X?,Y?) is uniformly stable. With uniformly stability
we mean that for arguments z € X?, the discretized dual norm of v fQ zAvdz is
equivalent to its true H~2(Q)-norm, uniformly in § € I. The general theory from

[DMS23] shows that for a suitable choice of € > 0,

, where (Y°®)s¢s is a family of finite dimensional subspaces

12 - el S (1o Colla-sniae + 0l sl
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1346 HARALD MONSUUR AND ROB STEVENSON

for the right-hand side tending to 0. Compared to such an estimate for the standard
variational formulation, here both the consistency error component —Awu — ¢ and the
best approximation error are measured in weaker norms. The other consistency error
component ul,, — ¢ is measured in || - ||z, () for both formulations.

What remains is the construction of uniformly stable pairs of “trial” and “test”
spaces. For (7°)se; being a family of conforming, uniformly shape regular triangula-
tions of a polygon Q C R?, we show that such a stable pair is given by X? being the
space of piecewise constants, and Y being the Hsieh—Clough-Tocher (HCT) macro
finite element space, both w.r.t. 7°.

1.4. Nonconforming test spaces. The use of C''-finite element test spaces is
the price to be paid for the ultra-weak variational formulation. Since C'-finite element
are somewhat complicated to implement, we also study the use of nonconforming
test spaces. Under a (generalized) uniform stability condition for the pair (X9,Y?),
we show a bound similar to (1.2), where the upper bound contains an additional
“data oscillation term.” For X9 being the space of piecewise constants, and Y the
Morley finite element space, both w.r.t. 79, we show that this uniform stability
condition is satisfied. Assuming that ¢ € Lo(Q2), it is shown that data oscillation
is of higher order than the error of best approximation. Alternatively, general ¢ €
H~2(Q) can be allowed when the nonconforming test functions are smoothed by a
suitable companion operator before being submitted to £. In this case the qualitatively
same error estimates are obtained as for conforming test functions, so without any
oscillation term.

The results concerning the least squares approximation with conforming or non-
conforming test spaces apply analogously to the ultra-weak formulation of the Cauchy
problem. For this problem the ultra-weak formulation has the additional advantage
that both Neumann and Dirichlet boundary conditions are natural ones, so that their
imposition will be nearly effortless.

1.5. Organization. In section 2, conditional stability estimates are derived for
ultra-weak variational formulations of the UC and Cauchy problems. Sections 3-6 are
devoted to least squares approximations of the UC problem, whereas in section 7 the
mostly minor adaptations are discussed for the application to the Cauchy problem.

In section 3 the general least squares approach for conditional stable PDEs from
[DMS23] is applied to the UC problem. The noncomputable dual norm in the reg-
ularized least squares functional is replaced by a discretized dual norm, which leads
to a mixed formulation. Under a uniform inf-sup stability condition on pairs of trial
and test spaces, it leads to the error estimate (1.2), where the value of « is shown
to be optimal. It is shown that the data approximation error and the error of best
approximation are measured in weaker, and thus more favorable, norms than with
the standard variational formulation. In section 4 the aforementioned uniform inf-sup
stability condition is verified for pairs of piecewise constants and HTC finite element
spaces w.r.t. to common, uniformly shape regular triangulations.

In section 5 the analysis from [DMS23] is generalized to the use of nonconforming
test spaces. The “medius analysis” of the effect of nonconforming spaces from [Gud10]
for elliptic problem is generalized to mixed formulations. In section 6 it is shown that
pairs of piecewise constants and Morley finite element spaces satisfy the necessary
generalized uniform inf-sup stability condition. This medius analysis requires the
construction of a bounded mapping of the nonconforming finite element space into a
conforming relative. Taking for this latter space the HCT space, it is shown that such
a “companion operator” exists with the additional property of being a right-inverse

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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of the Fortin operator. As a consequence, when the nonconforming test functions are
smoothed by this companion operator before being submitted to the forcing term, the
qualitatively same error estimates are obtained as for conforming test functions.

In section 8 numerical results are presented, and a conclusion is formulated in
section 9.

2. Conditional stability. A key ingredient in deriving conditional stability re-
sults is the following “propagation of smallness” result for harmonic functions
[ARRV09, Thm. 5.1], which is a corollary of the “three balls estimate”; see, e.g.,
[ARRV09, Thm. 2.1].

THEOREM 2.1 (propagation of smallness). For a bounded domain Q@ C R"™, and
subdomains ) # w € G € Q, there exists an o € (0,1) such that' for all harmonic
w e L2 (Q),

(2.1) lwll a6y S N1wllE, @) 1wl (o)-

2.1. Conditional stability for the UC problem. Recall that we consider the
ultra-weak variational formulation of the UC problem of finding u € Ly (€2) such that

,/Qumdz = ((v) (ve HZ(Q)),

Uy =¢ on w.

(2.2)

THEOREM 2.2 (conditional stability UC ultra-weak). With A € L(Ly(€2), H 2
(Q) x Ly(w)) defined by

A:=(B,C), (BZ)(U)IZ—/QzAvda: (ve HZ(Q)), Cz:=z|,,

for bounded domains 0 #w C G €, and a € (0,1] from Theorem 2.1, it holds that

a -«
121l 226) SIA2NF-2(0) x La() (12 a2 I A2l -2(0) x L2 () (z € L2(Q)).

Proof. Tt holds that
(2.3) I+ 20y = 1A - llLo(0) on HE ().

Indeed, for ¢ € D(Q), being the space of test functions, integration-by-parts shows
that |¢|g2q) = |A¢l1,) (cf. [GTOL, (proof of) Thm. 9.9]), and so (2.3) follows
from Poincaré’s inequality.

Let H(Q2) :=ranA|yz(q) C L2(Q2). As a consequence of (2.3), we have that H($2)
is closed and therefore is a Hilbert space.? The bilinear form (z,v) — — [, zAvdz on
H(Q) x H3(Q) is bounded,

sup M ~ sup M =12l Lo (z € H(Y)),
0#£vEHZ(Q) ||UHH2(Q) 0AvEHZ(Q) HAU”Lz(Q)

1Obviously, for G = w the result holds true for o= 1.

2From HZ(R2) being a proper subspace of HX () :={z € H}(Q): Az € L2(2)} equipped with a
graph norm, and A € L(HY ,(€), L2(£2)) being boundedly invertible, we infer that #(f2) is a proper
subspace of La(2).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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and

Jo z0vdx
sup S — [ Aol () = [0l 2oy (v € H5(42))
0£zen(@) |1ZllL.(0)

We conclude that for z € Ly(2), there exists a unique z € H () with

—/EAvda::—/zAvdx (ve HE(Q)),
Q Q

and [|Z][1,(0) S 1B2llr-2(0)-

We set z:= z — 2. Then [,ZA¢dx =0 (¢ € D(R)), and according to Weyl’s
lemma (see [Wey40]) this means that Z is harmonic.

As before, repeated applications of the triangle inequality and an application of
Theorem 2.1 to z show that

12lz2(6) < Wzl 2a(e) + 12Nl La(6) S 1Bzl H-2(0) + ||Z||L2(w)HZHL2(Q)
SIB2lla-2(9) + (121l 2a(w) + 121 La@)* (121 Lo + 1Zll Lo @)t
SUIC Loy + 1Bzl a-2(0) (12l Lag) + B2l a-2(0) + 1C2ll ) ™%

which is the estimate to be proven. ]

Remark 1. The operator A € L£(L2(2), H %(Q) x Ly(w)) is injective. Indeed, the
above proof shows that Bz = 0 implies that z is harmonic. Using z|,, = 0, Theorem 2.1
now shows that z vanishes on any G € (2, so that z =0. A

2.2. Conditional stability for the Cauchy problem. By multiplying (1.1)
with smooth v with suppv C QU X, and by integrating-by-parts twice while substi-
tuting the Neumann and Dirichlet boundary conditions on 3, we obtain the problem
of finding u € Ly(£2) such that

(Bu)(v) := —/QuAvda: =f(v):=4L(v) + /2 v —gdpvds (v € HE 5 (),

where 3¢ := 00\ %, and H 5. (Q) := {v € C*(Q) N H*(Q): suppv N X =0}.
THEOREM 2.3 (conditional stability Cauchy ultra-weak). Let Q@ C R"™ be a

bounded domain, ¥ # 0 an open, connected Lipschitz subset of 9, and G C Q a
domain that has a positive distance to £°. Then there exists an o € (0,1) such that

12lzatey S 1B2U3aa .y (12 zagey + 1 Bellisz o)™ (= € La(2).

_Proof. When GNY =0, enlarge G to a domain G with GNE # (), where, just as
G, G has a positive distance to ¥°.

Let & # 0 be a relatively open and connected subset of ¥ with ¥ N G - Y e
With 2(e) := {z € R": dist(z,%) < e}, let 7 > 0 be such that Q == QUX(r) has
a positive distance to X¢. Set G :=GuUx(r/2). Then G is connected, and from
G\ (r/2) € Q and %(r/2) S S(r) it follows that G € Q. Finally, let & be an open
and connected set with & € G \ ; see Figure 1. B B

For 2 € LQ(Q) let z € LQ(Q) be the zero extension of z to €. Setting B €
L(Ly(), H2(Q)) by (Bw)(v) — JgwAvdz, using that z| = 0 an application of
Theorem 2.2 with (w,G,Q, B) readmg as (&,G,Q, B) shows that for some constant

€(0,1),

~ = 11—«
12120 S 1B oy () + 1B a)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Fic. 1. Illustration with proof of Theorem 2.3.

The proof is completed by ||z[|,c) < 12l 1, @) 1211, @) =I2llL2(0), and

=zAvd Av|qd Avd
“up fQ~z vdx - - fQNZ V| dx - JozAvdx
0£TEHZ () HU||H2(Q) {TeH2(Q): Blaz0} ”U‘QHH%Q) 0£vEH? . (Q) HU”H?(Q)
by ¢ C 0. a

Remark 2. The operator B € E(LQ(Q),(H§7EC(Q))’) is injective. Indeed, the

above proof shows that Bz =0 implies that BZ=0 and Z|lz =0. The arguments from
Remark 1 now show that zZ=0 and thus z =0. A

3. Least squares approximations for the UC problem. We consider the
UC problem (2.2) and postpone the discussion of the (small) adaptations needed for
the Cauchy problem to section 7. Our goal is to (approximately) recover u € Lo ()
from the equation Au = (Bu,Cu) = ({,q), with A defined in Theorem 2.2. For
inexact data (¢,q), generally this equation has no solution, which is why we search a
least squares approximation. Moreover, following the general approach from [DMS23]
for conditionally stable PDEs, we consider a regularized least squares functional.
The regularization is designed to ensure control of the Ly(§2)-norm of the obtained
approximation by an absolute multiple of ||u[z,(q), so that we can successfully apply
the conditional stability estimate to its error.

Specifically, let (X°)se; be some (infinite) family of finite dimensional subspaces
of Ly(2). For § € I and a suitable 0 < ¢ < 1, we approximate u € L2(€2) by the
minimizer over z € X° of the reqularized least squares functional

(3.1) 20 [ Az = (6 -2 (0 x Lo () T €121 75 (0)-

To deal with the noncomputable norm on H~2(Q), let (Y°®)se; be a family of
finite dimensional (or closed) subspaces of HZ(f2) for which

(3.2) 0:=inf |(Bz)(v)|

inf > 0.
del {z€X%: B2#0} g£ycys ”BZHH*?(Q) ”AUHLQ(Q)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Notice that here we have used (2.3), i.e., || - | m2(0) = [|2A - | £.() on Hg (). We will
refer to X and Y as trial and test spaces. By replacing ||« || sr-2(q) by the discretized

dual norm supg_,ecys W in (3.1), an approximation to w is obtained that is

(@)
qualitatively equally good. épneciﬁcally7 we have the following result.
THEOREM 3.1 (see [DMS23, Thm. 4.1]). Assume (3.2), and let (¢,q) € H=2(2) x

Lo(w). Then?

. (B2~ )(v)]? s e
(3.3) ul:=argmin{ sup ="t +||Cz —ql|7, ., + 2]
T exs lomers 1000, La() L)

satisfies, for u € Ly(Q2),
(34) (1A~ ud)|l 20y x La(w) +ellu— 1]l Ly() S Edata+ Eappr(8) +ellull o)

where

Edata = |Au — (L, Q)|H—2(Q)xLa(w)>  Eappr(0) = ng?é lu = 2| L, (0)-

COROLLARY 3.2. In the setting of Theorem 3.1, let € >0 be such that
(35) €||U||L2(Q) ;gdata+5appr(5)-
Then, with « € (0,1] from Theorem 2.1, it holds that

[eY l1-«
36)  llu—ulllac) S (Edata+ Eappr(8))” max (Edata + Eappr(8), [l Loi) "

Proof. Substituting (3.5) in (3.4) shows that

{ ||U;U§||L2(Q) S llullzy@)

[A(w —u) [ H-2(Q)xLo(w) < Edata + Eappr(6),

so that an application of the conditional stability result from Theorem 2.2 gives the

result. |
Remark 3 (optimality of  in (3.6)). For (X?)ser with UserX? = Lo(f), an

estimate as in (3.6) with an exponent? & > @ := sup{a: (2.1) is valid for a} cannot

be valid for any scheme (£,q) — (u®)ser C [[5c; X° that maps zero data ¢ =0 =g

onto u® = 0. Indeed, suppose such a scheme does exist, and consider £ =0 = ¢ and a

harmonic u € Ly(€2). Then

)26y S e (lull oo + min, llu = 2l zaen) el ) = Il Il 5

in contradiction to the definition of a. A

The approximation u? defined in (3.3) is computed as the first component of the
pair (u$,v?) € X% x Y? that solves the saddle point problem

(A, A3 oy + (Bud) () — 1(3) (e v,
(3.7) {<Bz><v2>—L<0u§,cz>L2<w>—62<u2,z>L2<m — (0,CH i (FEXY)

(see, e.g., [DMS23]).
3Because A is injective, the proof given in [DMS23] for € > 0 extends to € > 0. Cf. also the
forthcoming generalization, Theorem 5.2.

4In two or three dimensions, the value of @ is known for w, G, and 2 being balls centered around
some common point; see [BNO24, Thm. 1].
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Finally, the uniform inf-sup or “LBB”-stability condition (3.2) is equivalent to the
existence of uniformly bounded “Fortin” operators. Precisely (see, e.g., [SW21, Prop.
5.1]), assuming ran B|xs # {0} and Y?° # {0}, let

(3.8) Q° € L(HZ(Q),Y?) with (BX?)(ran(Id — Q%)) =0
P (B2)(v)|
Then o .—lnf{zeXJ; Bz#0} SUPgx£yeys 1Bzl Q(Q)HA,U”LQ(Q) = ”Q ||£ (H2(Q),HZ(Q))"

Conversely, if ¢® > 0, then there exists a Q° as in (3.8), even being a projector
onto Y, with [|Q°|| £ sz (0 m2 () = 1/0°

Remark 4 (discussion). To compare with results from the literature, let us choose
the regularization parameter ¢ > 0 such that e|ul|, ) = Eappr(d), which corresponds
to the choice made in Corollary 3.2 as long as Eappr(0) 2 Edata- With this choice of e,
(3.4) shows that

{IW—Uﬂmm) < (1+ g2 lull oo,
A = ud)l| 2@ xLa(w) < Edata + Eappr (9)-

Assuming that Eqata + Cappr(6) S [|ull 1, (), substituting these bounds in the condi-
tional stability result from Theorem 2.2 gives

o g ata 11—«
o= 02lese) S (o + Eopor@)” ( (14 2225 ) Nl + St + Eun(6))

-
a gdata o
= (Eama + Eunn(@)” (14 222225l
gdata >
3.9 ~ | Cappr(0)™ + o— 7=
(39 (Eummr 91+ ot ) Il

This upper bound is proportional to Eappr(d)o‘||u\|1L;(°‘Q), as long as Eappr(9) 2 Edatas
and thus is proportional to (Egata)®||u|/' = when Eappr(0) = Edata, Whereas it increases
unboundedly for E,ppe(6) J 0 when Eppr(6) S Edata-’

Still for the purpose of comparison, let us consider X° to be a finite element space
of degree k w.r.t. a quasi-uniform partition of €2 with mesh-size hs into uniformly
shape regular n-simplices.

For the primal-dual weakly consistent regularized finite element method studied
in [BNO24], where the UC problem is considered with forcing term £ =0, it was shown
that

1)k
(3.10) =l 6y S B lull e oy + B ¥ lule — all 2w
and so
e = 4l a6y S lulo = allf g lull 125 g

for the minimum

luly = all o) \ *

Ul — 2 (w

h5§< q Lz( )>
||UHH1«+1(Q)

5 Although it results in a (qualitatively) equal minimal upper bound for |ju—u o (), our choice
in Corollary 3.2 of ¢||ul| ., () = Eappr () 4 Edata Prevents this latter increase.
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It was shown that the value of « in the exponents in (3.10) is optimal, but below we
see that the value of k in these exponents can be improved.

Indeed, using that Euppr(0) S h’g+1|u\Hk+1(Q) when u € H**1(Q) and by substi-
tuting this upper bound into (3.9) shows that

« gdaa —a
e =l ooy S | (B3l @)™ + == | Il
(hs ™ ul e ()

Solving h§+1|u|Hk+1(Q) =~ Edata gives

(3.11) e = | o) S (Eaata)*lull o)

for

1
h5 = < gdata ) ko ]
|U|Hk+1(9)
So our least squares method gives a qualitatively similar bound but, thanks to the

use of an ultra-weak formulation, for a larger mesh-size and so at lower computational
cost (cf. [BNO24, Rem. 3]). Alternatively, by taking finite elements of one lower

1
degree k — 1, we find (3.11) for hs = (|u|€d71km) * with a mesh-size as in [BNO24] but
HE(Q)

under a relaxed regularity condition.

Finally, notice that our least squares method is not restricted to quasi-uniform
meshes, meaning that with appropriately locally refined meshes regularity conditions
can be relaxed even further. On the other hand, our least squares method requires
the construction of a family of pairs of trial and test spaces that satisfies the uniform
inf-sup condition (3.2). A

What remains to show is that our least squares method is practical by constructing
test spaces, with dimensions proportional to those of the trial spaces, that give uniform

inf-sup stability. This will be done in the following section for piecewise constant and
continuous piecewise linear finite element trial spaces.

4. Examples of trial and (conforming) test spaces. Let 7 be a conforming
(uniformly) shape regular triangulation of a polygon Q C R%. With A% (MV?) and &°
(€2) we denote the sets of its (internal) vertices and (internal) edges. For K € T° and
e € &%, we set hx :=diam(K) and h, := diam(e).

First, let X° be the space of piecewise constants w.r.t. T°. For z € X% and
v € HZ(Q), integration-by-parts shows that

(4.1) (Bz)(v)=— Y /KZAvdx:— Z[[z}]e/anevds.

KeT? ec&l

For Y° we take the Hsieh—Clough—Tocher (HCT) macro-element finite element
space w.r.t. T°, i.e.,

(42) Yo={ve H}(Q):v|x €{z € CY(K): 2|k, € P3(K;), 1 <i<3}(K €T},

where {K;: 1 <i < 3} is the subdivision of K obtained by connecting the centroid
of K with its vertices; see Figure 2. The vanishing trace and vanishing normal trace
conditions on 0f2 are enforced by setting the DoF's associated to points on 912 to zero.
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Fic. 2. HTC macro-element and its 12 DoF.

It is known how to construct a projector P°: HZ(Q) — Y for which, for K € T?,
(4.3) 1(0d = POl g (i) S P [0l ey (0<k<2<E<4),

where w(K) :={K' € T°: KN K’ # ()} (see, e.g., the adaptation of the Scott—Zhang
projector for Lagrange elements to Hermite elements in [GS02]).

To construct from P? a valid Fortin operator, in view of (4.1) we have to adapt
it such that it preserves averages of normal derivatives over e € €. Let b, denote the
nodal basis function in Y that corresponds to the DoF associated to the midpoint
m. of e. We have 0,,,b. € Pa(e), 05, bc(m.) =1, and 0, b vanishes at the endpoints
of e. So

2
On.beds = =he.
L D73

Furthermore, both b, and its normal derivative vanish at all edges of 7° other than
e, and

(4.4) bel ey mh2™"  (0<k<2).
Setting

O, (Id — P?)vds
J. On.beds e’

(25UZ::1)5U-+ j{: J;

ec&s
we have
(4.5) /8neQ5vds:/8nevds (e€&).
From

1
S hé [0, (1d = PP)v]| 1, e

/ane (Id — P)vds

SNAd = PO)ol i i) + hel(Id — P°)ol g2k,

by a trace inequality, where K € 7° contains the edge e, in combination with (4.3)—
(4.4), we conclude that

1(0d = Q) s (r0) S P vl e iy (0<k<2<0<4),

so that in particular ||Q5||L(Hg(9)7H3(Q)) < 1. Together with (4.5) and (4.1) it shows
that @Q° is a valid Fortin operator, so that the family of pairs (X°,Y?%)sc; satisfies the
uniform inf-sup condition (3.2), and Theorem 3.1 and Corollary 3.2 are applicable.
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As a second option, let X® be the space of continuous piecewise linears w.r.t. T°.
For z € X% and v € H3(), integration-by-parts shows that

B = 3 [0n.2]. / vds.

ec&s

So a valid Fortin operator should preserve averages over e € £J.

For each e € £, e = K; N Ky with K1,Ky € T°, let b, € H2(K; U K,) with
[, beds 2 he, |be| ey Shi* (0<k<2). Such a b. can, e.g., be found in the HCT
space w.r.t. a refined conforming uniformly shape regular triangulation in which each
edge in 7° has been cut. Then

/e (1d— P*)uds

fe b, ds be

Q%v:=Pv + Z

ec&l

satisfies fe Qvds = fevds (e € £2), and similar arguments as applied above show
that

1(0d = Qv s (re) S P ol meuugry  (0<k<2<0<4).

We conclude that (X°,Y? +span{b.: e € EJ})se; satisfies the uniform inf-sup condi-
tion (3.2), so that Theorem 3.1 and Corollary 3.2 are applicable. The number of local
DoF's of this extended test finite element space is 15.

Following the above lines, also for higher order finite element trial spaces appro-
priate corresponding test finite element spaces in HZ(Q) can be found. It is, however,
fair to say that C'-finite element spaces are not easy to implement. Therefore in the
following we investigate whether nonconforming spaces can be applied instead.

5. Nonconforming test spaces. As before, let (X?)sc; be some (infinite) fam-
ily of finite dimensional subspaces of L (Q). Let (Y?)scr be a family of (finite dimen-
sional) Hilbert spaces, which is not necessarily included in HZ(£2), with norms ||« ||y-s.
Let E° € £(Y°, H3(Q)), in the literature sometimes called a companion operator or
smoother, with

(5.1) ?slél.r) ||E6||L(Y6,Hg(9)) < o0,
and let B® € £(La(Q), (H3 () +Y?)’) be such that
(52) (B’)(v) = (B)(v) (veH§(Q).

We assume that a family of (generalized) Fortin operators Q° € E(Hg(Q),Y(S) exists
with

(5:3) sup [[Q° e qa (e, v+) <00, (B*X®)(ran(ld - Q%)) =0.
From (5.2) and (5.3), for z € X° we have
|(B°2)(Q%v)| 5 (B°2)(Qv)]
|Bz||g-2(0)= sup —————= <||Q°|lz(m2 5y  SuUp
O e 180]) EHEDTD ez 1@%llva
Boz)(v
< sup Ki)()':HB‘szH(ys), (6€lI).

0AvEYS lvllys
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For 0 <& <1, defining on Ly(2) the norms

”| : |||s = \/”A ° H%I—2(Q)><L2(w) + 62” ° H2L2(Q)v
-l =\ JIB? - ysy, +1C - 12,0y + €2 - 12,

we have || - [|- S| - |z, and

(5.4) Il S lles on X°.

For (£9,q) € (Y?)" x Ly(w), where % approximates £ € H~2(Q), we define
(65 udimargmin {5 = e, + 102 = alffy e + el )
z€

It is the first component of the pair (u v ) € X% x Y that solves the saddle point
problem

56 { (u2,3)ys + (B7u)(0) S =em ey,
(B Z)(ve)i <Ousvcz>Lz(w) 7€2<u5aZ>L2(Q) = 7<QaCZ>L2(w) (ZGX )
First we establish well-posedness of (5.6) in an appropriate sense.
LEMMA 5.1. The linear mapping

MO :=X°xY? = (X x Y% : (u,0?)

g1 e

= ((2,8) = (v2,0)ys + (Bug)(0) + (B°2)(v2) — (Cul, CF) 1y w) — €7 {1, 2 La(e)

is invertible, and ||ul

Ollys = (1M (ul, 02) || (x5, - l1o.s) x Y5 -

Proof. The uniform boundedness of M?, i.e., the inequality “>”, follows from the
definition of || « ||c,5. To show the other dlrectlon consider an equatlon M 5(u o) =
f° € (X% xY?)'. We introduce the additional variables 62 := —Cu? and pl := —eu?
and the bilinear form

e(z (8,0, 1)) = (B"2)(9) +(C2,0) 1, (w) + (2 ) Lo(e)
on X9 x (Y5 X La(w) X Lo(€2)). Then one verifies that M°(ul,v2) = f? is equivalent

gr e

to finding (ul,v?,02, ul) € X° x (Y x La(w) x L(£2)) such that

((02,02,12), (9,0, 7))y s x () x a(er) +e(uls (0,0, 1)) + e(Z (02,02, 12)) = f°(2,7)

for all (2,9,0,/1) € X x (Y x La(w) x L2(9)).
Given z € X°, let © € Y be such that ||0]lys = [|B°z|(ys) and (B°z)(0) =
||B‘52H(YS Taking (0, i) := (Cz,ez), we have

e(2 (9,0, 1)) = | B 2|20y + 1102117, ) + 2121200
1312 + 1013, oy + 1711, -
From this LBB stability, we conclude that

ellys + 1020 Loy + Il zac) S Ul xo 1o o) vy - 0

e

The following theorem generalizes Theorem 3.1 to possibly nonconforming test
spaces.
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THEOREM 5.2. Let (£0,q) € (Y%) x Ly(w) and u € Ly(R), and assume (5.1)~(5.3).
Then the solution ul € X° of (5.5) satisfies

[[Au— US)HH*(Q)x@(w) +ellu— USHLQ(Q)
S || Au— (¢, Q)HH*?(Q)ng(w) + €HU||L2(Q)

5.7
(5.7) . |(B°2)(v — E%0) + £(E%v) — £ (v)]
+ min < |lu— 2|z, + sup .
zEX? 0#£vEYS vlys

Consequently, if, in addition,

sup |(B2)(v — E%0) + £(E%v) — £ (v)]
(5.8) 0£vEYS [v]lys

S = Bullg-2() + v — 2|z, + oscs(f),

where oscs(€) is some “data-oscillation” term, then
1A = ud) | r-2(52) x Lo (o) + €l = w2l 12(2) S Edata + Eappr(6) + 05¢5(£) +ellull L, -

Proof. For arbitrary z € X°, using ||+ [l S| - [|1,() and (5.4), we estimate

llu—wdlle < llw = 2lle + 2 = ullle $ llu = 2l o) + 1z = u2le.s-

With v being the second component of the solution of (5.6), an application of
Lemma 5.1 shows that

MO (z —ul, —v2)(,v
o= llls Uz —llles 4 —oflye e sup  PEZ VOB

0AEDEX XY 1212 5+ (|9]1F s
We estimate

|M® (2 —ul, —v2)(2,8)] = [M°(2,0)(,0) = £°(0) + (¢, CZ) L)

er

<[(B°2 = ) (D) + (g, CF) Lyw) — (C2,CE) ) — €72, D (o) -

We bound the second term in this upper bound as follows:

|<q - 02705>L2(w) - <\5‘2<2"7:7:>I/2(Q)|
< (lg = CullLyw) + 1C(w = 2)l| @) CZll L)
+ (ellu = 2l Loy +ellulla)ellZ] Lo
< (la = Cullpyy + llu = 2l o) +ellullzo @) IZle.s-
Using (5.2) we write the first term as
(5.9) (B2 —£°)(0) = (B°2) (% — E°0) + L(E°D) — 1°(0) + (Bz)(E°0) — £(E°D),
and, using (5.1), estimate
|(B2)(E°0) — ((E°D)| S ||B2 — ]| -2 1 Bllys
S (I =2l Lo + 1By =l g-2(2)[|0]lys
and
(B°2) (3 — E°) + ((E°0) — £°(3))|
5 _ s 5y _ pd
< sup [(B°z)(v— E°v) 4+ £(E°v) — £°(v)

0#veEY?d lvlys

|-
[0y
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By collecting the above estimates, and by minimizing over z € X?, the proof of
(5.7) is completed. o0

For completeness we state the following analogue of Corollary 3.2.

COROLLARY 5.3. In the setting of Theorem 5.2, let € >0 be such that
EHU||L2(Q) =~ Eqata + 5appr(5) + 0505(@.
Then, with o € (0,1] from Theorem 2.1, it holds that

lu =02 Ly) S (Edata + Eappr(8) + 05¢5(£))"
X max (Edam + Eappr(0) + 0scs (L), ||UHL2(Q))

11—«

6. Piecewise constant trial spaces with Morley test spaces. Let 7%, A0,
NS, £ and E° be as in section 4. Let X be the space of piecewise constants w.r.t.
T9. Let Y be the Morley finite element space w.r.t. 7°, being the space of piecewise
quadratic polynomials that are continuous at N and vanish at A® \ V2 and whose
normal derivatives are continuous at midpoints of £ and vanish at midpoints of
E9\ £2; see Figure 3. We equip Y with the Hilbertian norm

I llys o= [ D0 1 Prageyy
KeT?

which is uniformly equivalent to \/ZKET5 Il - ||§12(K) (see [WXO06, Lem. 8]), and
define

(B°2)(v) == — zAvdz,
Zh

which satisfies (5.2).
We set the operator Q° € L(HZ(Q),Y?) by

(6.1) (Q°v)(v)=v(v) (veN?), /aneQ‘;vds:/anevds (e &)

(notice that [ 8, Q°vds = he(8n, Q°v)(me) is single-valued). It is known (see, e.g.
[CG14)]) that

lv— Q6U||Hk(K) < hi(_k|’u|H2(K) (0<k<2,ve HQ(K))

Fic. 3. Morley element and its 6 DoF's.
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For z € X%, v € H3(R), integration-by-parts shows that

(Bz)(v)=— Z /KzAvdx: - Z [2]eOn. vds=— Z [2]eOn. Q%v ds

KeT? ec€d”° ecgs”"
== Y [ Qe =(B")(Q),
reTs VK

so that @ is a valid (generalized) Fortin operator, i.e., it satisfies (5.3).

Following [VZ19], we define a map E° € L(Y?, H2(£2)) into the HCT finite element
space w.r.t. T° from (4.2) as follows. Recall that a HCT function is determined by
its function values at v € N9, its normal derivatives at midpoints m, of e € £2, and its
gradients at v € N2. The first two types of DoFs are shared by the Morley space Y9,
and for v € Y we set (E°v)(v) :==v(v) (v € N?), and (9,, E°v)(me) := (On,v)(me)
(e € &%). For ve N2, we select some T° > K 3 v and set (VE)(v) := (Vo|g) (V).

As follows from [VZ19], it holds that

(6.2) h}_(4||’0 - E%H%Q(K) + h;<2|’” - Eé”ﬁ{l(}() + |E5U|§{2(K) S Z |’U|%12(K/)
K'cw(K)

(veY? K eT?. Actually, in [VZ19, (proof of) Prop. 3.17] only |v — E(;’Uﬁ{z(K) <
YK ew(K) |v|f{2(K,) was shown, but the remaining parts from (6.2) follow from [VZ19,
Lem. 3.15] and obvious bounds for the || - ||z,(q) and |+ |1 (o) (semi-) norms of nodal
basis functions of the HCT space that supplement such bounds in the |- |g2(q) semi-
norm from [VZ19, Lem. 3.14].

To construct a companion operator E? that has the additional property of being
a right-inverse of the Fortin interpolator, we modify E°. As in section 4, for e € £°
let b, be the nodal basis function from the HT'C space that corresponds to the DoF
associated to the midpoint m, of e. For v € Y°, we set E° € L(Y?, H3(Q)) by

/ane (1d — E%)vds

ec&l /anebe ds

From [be| g (qy ~he ™ (0<k <2), [, 0n beds= 5he,

be.

SIAd = E%)ol g1 (i) + el (Id — Bl g2 (sc),

/ O, (Id — E®)vds
where 7° > K De, and (6.2), we infer that

(6.3)  hitllv—E°lI3, k) + hi v — B olin gy + 1 B[ T2 (1) S Z |0l32 k)
K'cw(K)

(veY? K eT?), so that in particular E°® satisfies (5.1).
Moreover, by construction it holds that

/aneEévds:/anevds (ec& veY?),

and because E? reproduces function values at the nodal points, from (6.1) we conclude
that indeed

(6.4) Q°E° =1d.
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Finally, notice that the values of DoF's associated to v € N? of E% are equal to
those of E%v, which will be relevant in section 7.

Remark 5. Other than in, e.g., [Gall5, VZ19, CP20], we have not extended

the HCT space with additional higher order polynomial bubble functions to ensure
(6.4). A

We have established properties (5.1)—(5.3). For the application of Theorem 5.2
and Corollary 5.3, it remains to specify £° € (Y?)" (§ € A) which approximate £ € Y’
and to give a corresponding definition of oscs(¢) that verifies (5.8). We consider
two options for (£%)scr. As in [BS05, VZ18, CN21] for elliptic problems, with the
first option the nonconforming test functions are smoothed before being submitted to
te H2(Q).

THEOREM 6.1. Let (£,q) € H2(Q) x La(w), and let (X°,Y%)ser be as specified
above. Define £° € (Y°) by

0 (v) := L(E%).

Then (5.8) is valid with oscs(+) =0.
Proof. Thanks to (5.3) and (6.4), for (z,v) € X% x Y? it holds that

(B°2)(v — Bov) = (B 2)(v) — (B*2)(Q° E*v) =0,

and ((E%v) — 2 (v) =0. |

With the above definition of £?, the bounds from Theorem 5.2 and Corollary 5.3
are qualitatively equal to those from Theorem 3.1 and Corollary 3.2 for conforming
test functions. A disadvantage, however, is that, although not in the system matrix,
the “complicated” HT'C finite element space does enter the evaluation of the forcing
term.

At the price of restricting ourselves to ¢ € Ly(2), and getting a nonzero oscilla-
tion term in the upper bound (which is, however, of higher order than min, ¢ ys ||u —
2| L2(Q)), this disadvantage disappears by not smoothing the nonconforming test func-
tions, being our second option.

THEOREM 6.2. Let (£,q) € Lo(Q) x La(w), u € Ly(Q), and let (X°,Y?)scr be as
specified above. Take

0=,

For arbitrary, but fired r € N, let

oscs (€ \/Z min A% |0 — KHL (K-

TeT? tePr(K)

Then
B92) (v — E%v) + ¢(E%y — v
sup WEZ20 = BP0) # LB = 0| <y )+ — 210 + 065().
0AvEYS ||U||Y5

Proof. Because for (z,v) € X% x Y% we have (B°z)(v — E°v) = 0, it remains to
verify [((E%v —v)| < ([0 = Bullg-2() + [[u = 2| o) + oscs(€)) |v]lys.
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For v € Y?, using (6.3) we have

(6.5) [0(E%v —v)| = ((E°v —v)dx
Zh

< koI Y = ol S | Y ke ;o llvllys.-
KeT? KeT?

Following [Gud10], to proceed we use the bubble function technique (see [Ver96})
For K € T° and [ € P, (K ) there exists a “bubble” ¢ = ¢k € H§(K) with |||,k

1] L xc) HEHLZ(K S [ loda, and [|6]| Ly x) = h|élm2(x). For z € X°, using that
[y zA¢dx =0 we estimate

S [ Fode= [ @=00da+ [ s
:/ (?—Z)qﬁder/(zfu)Ad)d:rJr/ (¢ +ulddz
K K K

N (W - €||L2(K) + hEQHU - ZHLQ(K) + hz_<2||€ - BUHH”(K)) ||€||L2(K),

and so
100l Loy < 1= Ll Lycxy + 1€l o k)
<N =)l y(xey + hillu — 2l o) + PN — Bull g2k
or
(6.6) > I, ) Soses(0)? + llu—2]13, 0y + 1€ = Bull}—2q),

KeT?
where we have used that 3= s |+ |32 5y S 1|+ 32 (- Indeed, given f € H2(Q),

take ¢ € HE(K) with ”f”H*Z(K)Q W and [|¢x || m2(x) = [|f || sr-2(x). Then
2 _ _(Cf@r)? Ok er)? 2 s

2xers Il = Sfonn g = Toxingg S 1) By combining

(6.5) and (6.6), the proof is completed. d

Remark 6. For the analysis of the use of nonconforming test spaces, in Theo-
rems 5.2 and 6.2 we applied the "medius analysis’ introduced by Gudi in [Gud10]
(for Galerkin discretizations of elliptic problems).

Assuming that Au € Ly(9), alternatively in (5.9) for z € X? and 9 € Y, one may
expand (B%z — £°)(%) in (5.9) as

B%(z —u) (D) — (£° + Au)(D Z /vAu—uAvdx
KeT?

The first two terms in the modulus are bounded by a multiple of (||u — z| 1, ) +
1€° + Aullvsy ) ||0]lys. For Y° being the Morley finite element space w.r.t. 7°, and
assuming that u € H' (), the remaining consistency error known from Strang’s second
lemma can be bounded by

3 /ﬁAu—uAf)dx _ /aneu[[v]]—u[[ﬁ ] ds

KeTs /K ec&s

Z h%{|u|§{1(}()+h [ Aull7 Ly (K) [[9]lvs
KeT?

A

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/26 to 145.18.166.171 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1361
(e.g., consult [BHO2, pp. 1383-1384]). Taking £ := ¢, this leads to the bound
| A(u — ug)”H*Z(SZ)XLg(w) +ellu — USHLQ(Q)

S+ Aullvsy +1Cu = qllyw) +llull @) + min flu— z[|L, @)
(67) zeX

+ Z hiclulF o) + R llAUZ, -
KeT?

Unlike Theorem 6.2, this bound requires a priori smoothness conditions on wu,
whereas, moreover, the oscillation term in Theorem 6.2 is of higher order than the
square root term in (6.7). A

Remark 7. We expect that in any case the result of Theorem 6.2 extends to
polytopes Q C R™ for n > 3. The definition of the Morley finite element space Y
has been extended to n > 3 in [WXO06]. The construction of the Fortin projector
Q° from (6.1) also extends to n > 3. Some companion operator E° € L(Y° HZ(Q))
that satisfies (6.3), and so (5.1) can also be constructed for n > 3. For the result of
Theorem 6.2, the additional property (6.4) was convenient but not necessary. Without
(6.4), the proof of Theorem 6.2 is completed by

|(B°2)(v — E%0)| S \/Z helllzDell2, o llollys  (veY?, z€X?)
ec&d

and, using the bubble function technique, by

D helllelellZae) S llu = 2012, + 1€ = Bullf-2(q) +o0scs(£)®. A

ec&s

7. Least squares approximations for the Cauchy problem. In sections 3—
6, a regularized least squares method was presented for solving the UC problem in
ultra-weak variational form Au = (Bu,Cu) = (¢,q) (see Theorem 2.2). Here we
briefly discuss modifications needed for the application of this least squares method
for solving the Cauchy problem in the ultra-weak variational form Bu = f, where
(Bz)(v) :=— [ zAvdz, and f(v):=L(v) + [y v —gdvds (z € La(Q), v € Hf 5.())
(see Theorem 2.3) such that the key results Theorem 3.1-Corollary 3.2 and Theo-
rem 5.2-Corollary 5.3 remain valid. Since the case |X¢| = 0 is not relevant, in the
following we assume that |X¢| > 0. Further, we assume that ¥, and so 3¢ are unions
of edges from the triangulations 7.

The first adaptation needed is to omit from the saddle-point formulations (3.7)
(conforming test spaces) or (5.6) (nonconforming test spaces) terms that contain the
operator C. Furthermore the functional ¢ should be replaced by f.

Although the operator B has the same definition, for the UC problem it acts on
v € HZ(Q2) and for the Cauchy problem on v € ngu(Q). On HZ(R) it holds that
|+ lz2 () = |2+ || Ly(c2), Which is not true on H§ 5. (2). What does hold on the latter
space is that || - [|g2(q) = | * |a2(q)- So, for the Cauchy problem, the scalar product
(A, A () in (3.7) has to be replaced by Zla‘:z@a-,aa-m(m.

For the UC problem, as test spaces we considered HTC and Morley finite element
spaces where DoFs associated to points on 92 were set to zero. For the Cauchy
problem, only DoFs associated to points on X¢ have to be set to zero. With this
adaptation the constructions of valid Fortin (3.8) or generalized Fortin operators (5.3)
directly extend to the Cauchy problem. Inspection of the proof from [WXO06] reveals
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that, thanks to [X¢| > 0, also in setting of the Cauchy problem s |- |§12(K) =
Yrers ||%,2( x) is valid on the Morley finite element space, so that the scalar product
in (5.6) does not have to be adapted. The construction of the companion E° with the
properties (6.3) and (6.4) directly extends to the setting of the Cauchy problem.

For Y being the Morley finite element space, what remains is a definition of
f% € (V%) and that of oscs(f) that verifies (5.8). As in Theorem 6.1, a first option
is to take f°(-) = f(E°-), in which case (5.8) is valid with oscs(+) = 0. As noticed
before, a disadvantage of this option is that the “complicated” HT'C space enters the
evaluation of the forcing term.

Similarly to Theorem 6.2, a second option is to restrict ourselves to £ € Lo(2)
and, say, to ¥,g € Lo(X), and to extend that theorem to this setting. For nonzero
g, however, we did not manage to establish a bound of type (5.8) for oscs(f) being a
true oscillation term, i.e., an expression that vanishes for f, v, and g from spaces of
piecewise polynomials w.r.t. 7% or {e: e € £%, e C X}, respectively.

Therefore, for £ € Ly(f2), as a third option we propose to take

(7.1) f‘s(v):/Qﬁvdqu/Zd)E%fganE‘svds.

Then f(E°v) — fo(v) = [, ¢(E°v — v)dxz, and with oscs(¢) from Theorem 6.2, by
following its proof we find

wp (B W=E0) 4 f(E) -~ £ (w)

S €= Bullg—2(q)+ [u—z2|| L, @) +oscs(£)
0#veYs [vllys

< f = Bull (s ge )y + lu—2]| Ly () +08c5(£)-

To evaluate (7.1), for e€ {€: €€ €%, € C £} and v from the Morley space Y?°, we
need (E%v)|. € P3(e) and (9, Ev)|. € Py(e). The function (E%v)|. is determined by
its values at both v € N9 on e, which are the values of v at these nodes, together
with the values of its first order derivatives at these v, which for each of these v is
given by the first order derivative at v of (v|, )|, for some 7% 3 K, 3 v. The function
(O, E°v)|. is determined by its values at both v € N° on e, which for each of these v
is given by the value of (0, v|k,)(v), and the value of [ 9, E°vds, which is equal to
[, On. vds = he(Op,v)(me).

We conclude that this third option for f¢ does not require the construction of the
HTC basis functions, whereas, for £ € Ly(2), it results in an oscillation term which is
of higher order than the error of best approximation inf ¢ ys [|u — z||1,(q)-

8. Numerical experiments.

8.1. Unique continuation. On the square domain € = (—1,1)2, and subdo-

main w = (—%, %)2, for data ¢ and ¢ we consider the unique continuation problem of

finding u € Lo(2) that satisfies, in the distributional sense,

{ —Au=/{ on{,

u=gq onuw.

Let T denote the collection of all conforming triangulations that can be created
by the newest vertex bisections starting from the initial triangulation that consists
of four triangles created by cutting 2 along its diagonals. The interior vertex of the
initial triangulation of both squares are labeled as the “newest vertex” of all four
triangles in both squares.
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Fic. 4. DoFs in X% vs. error in ug in the Lo (G)-norm for different choices of w C G C Q. Left:
error for u(z,y) = e* cos(y). Right: error for u(z,y) = ﬁ log(x2 4+ y?). In both cases € = DoFs™ 3.

For 7° € T, we choose X? as the space of piecewise constants w.r.t. T° and Y?°
as the Morley finite element space w.r.t. 7° with all DoFs associated to boundary
points set to zero. In the experiments for this unique continuation problem, we
consider uniform triangulations 7 only.

Following sections 5-6, the numerical approximation ug of u is computed as the
first component of the pair (ud,v?) € X° x Y that satisfies

> / { > aavgaa@} —ul A — EA e — e (ud B) ) — (Ul B
KeTs /K 7 jal=2
=00) = (0,5, ((5,9)€ X xY?).

We will consider the prescribed solutions u(z,y) = e®cos(y) and u(z,y) = =

log(z2 + y?) and the corresponding ezact data (¢,q) = (—/Au,ul,). Because of the
latter and the fact that the best approximation error in Ly(€2) behaves at best as
~ DOFS_%, we have set ¢ := DoFs™ 2. Setting € = 0, however, gave similar results.

In the first, smooth case, we have £ =0, and we take £ = 0. In the second case,
we have £ = dy, where &y: v+ v(0) is the Dirac functional. Because &y ¢ (Y°)', we set
0% =/ o E’, where E° is the companion operator defined in section 6.

For different choices of w C G C Q, Figure 4 shows the Ly(G)-error in the finite
element approximations uS. For the smooth solution u(z,y) = e cos(y), the conver-
gence rates vary between the optimal rate % for G = w, being in correspondence with
footnote 1, and the rate 1—10 for G = , actually a case that is not covered by the
theory.

The results for u(z,y) = = log(z?+y?) are similar, although the rate % for G =w
is not exactly attained, which can be understood by noticing that this u is just not
in H*().

8.2. Cauchy problem. On the rectangular domain Q= (—1,1) x (0,1) and the
Cauchy boundary ¥ = (—1,1) x {0}, for data ¢, g, and ¢ we consider the Cauchy
problem of finding u € Lo(2) that satisfies, in the distributional sense,
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F1G. 5. Left: Plot of (z,y) — min(max(u(z,y),20), —20). Right: Example of a mesh generated
by our adaptive routine.

—Au=¢ on{,
u=g onx,
Vu-i =1 on X.
We prescribe the harmonic solution u(z,y) :=@(z,y) — a(—=,y) (see Figure 5), where
@(r,0) ;=72 sin(— %) in polar coordinates, and determine the exact data correspond-
ingly. One may verify that v € H2~¢(f) for all £ >0, whereas u & H2 (12).

Let T denote the collection of all conforming triangulations that can be created
by the newest vertex bisections starting from the initial triangulation that consists of
eight triangles created by first cutting Q along the y-axis into two equal squares and
then cutting these squares along their diagonals. The interior vertex of the initial
triangulation of both squares is labeled as the “newest vertex” of all four triangles in
both squares.

For any 7° € T, we choose X? as the space of piecewise constants w.r.t. T° and
Y% as the Morley finite element space w.r.t. 7% with all DoFs associated to points on
3¢ set to zero.

Following section 7, the numerical approximation ug of u is computed as the first
component of the pair (u,v?) € X° x Y that satisfies

Z /K{ Z 8av§3afi} - ugAf) - 2&1}? dx —52<ug,2>L2(Q) — <ug,Z>L2(w)

KeT? | =2

:/wE‘;@—ganE‘sﬁds ((2,7) € X° x Y°).
)

We will measure the Ly (G)-error for G = (—3, 2)x(0,1). Notice that G “touches”
the singularity of w in (0,0).

Because of the latter, and since only v € H275(Q) for ¢ > 0, even if u¢ would
be a quasi-best Lo(G)-approximation to u, then for uniform meshes the convergence
rate could not exceed i. We therefore investigate an adaptive refinement strategy.
Following the idea of the Zienkiewicz and Zhu estimator (see [ZZ87]), we define a

continuous piecewise linear @’ w.r.t. 7° by

é
aZS(V) = Z{KGT‘S: K>v} |K|UE|K
{ZK€T5: K>v} |K‘

(v € {vertices of T°})
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FIG. 6. DoFs in X% vs. error in La(G), exact data. Left: error for smooth solution with
1
e = DoFs™ 2. Right: error for singular solution u, as well as ||Q%u — ull L, (), where Q% is the

1
Lo-projection onto X°® corresponding to the adaptive refined T9. Here e = DoFs™2 or e =0 in the
adaptive or uniform refinement case.

and then approximate |lu — ug||%2(m by Y jeers Nk, wWhere ng = [[@® — UgH%Q(K)'
Using these local error indicators, we apply a bulk chasing strategy with parameter
0 =0.6.

8.2.1. Exact data. Besides for our singular solution u depicted in Figure 5,
first we computed our approximation u¢ for the smooth, harmonic solution u(z,y) :=

\/g sin(z) sinh(y) using exact data g and . The results shown in the left picture of

Figure 6 for uniform meshes and ¢ = DoFs™ % show the optimal convergence rate %

despite the ill-posedness of the Cauchy problem.

For the singular solution v and exact data g arlld 1, the results for uniform meshes
and € = 0, and adaptive meshes and ¢ = DoFs™ 2, are given in the right picture of
Figure 6. These results show that adaptive refinement gives a quantitative improve-
ment, although the asymptotic rate improves only slightly from 0.25 (being optimal
for uniform refinements) to 0.3. To verify whether our adaptive strategy produces
quasi-optimal meshes, we also computed the Ly (£2)-orthogonal projection of the exact
solution onto the corresponding piecewise constant finite element space, and indeed
the resulting errors decay with the optimal rate %

For the numerical experiments presented in the next two subsubsections, the
singular solution u depicted in Figure 5 is considered, and starting from the initial
mesh all meshes 7% have been created using the adaptive strategy described above.

8.2.2. Randomly perturbed data. We demonstrate the effect of adding ran-
dom perturbations to the Dirichlet datum. Noticing that ||v — [5, gOnv ds|laz )y =

||g||H,% &) given T° we chose a random piecewise constant ¢° w.r.t. £ NY with

Edata ~ ||g‘5||H_%(Z) ~ 0.05. We achieved this by normalizing a random function in

£9NY, taking values in [0,1], in a discrete H -3 (X)-norm that on piecewise constant
1
functions is uniformly equivalent to the true H~ 2 (X)-norm, and then multiplied the
1
result with 0.05. We used the discrete H 2 (X)-norm constructed in [Fiih21, p. 211]

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/16/26 to 145.18.166.171 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1366 HARALD MONSUUR AND ROB STEVENSON

|| —®— €= Eqata + DoF*?
|| = e=DoF*

10—2 Ll I Hmm[ Lol Lol L
102 10° 104 10°
Number of DoF's

(a)

FI1G. 7. DoFs in X% ws. error in L2(G) in the case of random piecewise constant perturbations
1
w.r.t. current (boundary) mesh of the Dirichlet datum with H™ 2 (X)-norm = 0.05.

using results from [AL09]. By computing the coefficients of g w.r.t. the H— 2 (—=1,1)-
orthonormal basis {,/%F sinnr$1}, one finds that HgHH,%(E) ~ 1.29.

Replacing the exact Dirichlet datum glby g + ¢°, in Figure 7 we compare the
regularization strategies € = Eqata + DoFs™ 2 and ¢ = DoFs™ 2. The results indicate
that such random perturbations are rather harmless and therefore do not require
additional regularization.

8.2.3. “Difficult” perturbations. We will construct “tough” perturbations in
the following way. One can show that for m € N, the solution u = u("™ of the Cauchy
problem with data (¢,g,v) = (0,¢™,0) where g™ (z) := /™E sin("2" (z+1)) is given

by w(™(2,y) = /T sin("" (z + 1)) cosh(“y). It holds that |\g<m>||H_%(E) =1,

(m — 00), illustrating the ill-posedness of the Cauchy

m
whereas [[u(™)| 1, @) ~ ﬁeT
problem.

Replacing the exact Dirichlet datum g by g + 0.0159(’”)7 we again compare the
regularization strategies of choosing € = Eqata + DoFs™ 2 and € = DoFs™ 2. For inter-
mediate values of m, Figure 8 shows that additional regularization because of the data
error is needed. An explanation why for larger m such regularization is not helpful is
that the resulting errors are not yet resolved on the meshes that were employed.

9. Conclusion. We have established conditional stability estimates for the
unique continuation and Cauchy problems in ultra-weak variational formulations,
whose estimates are the basis of regularized least squares formulations. Replacing
dual norms in the least squares functional by computable discretized dual norms
leads to a mixed formulation. For uniformly stable pairs of trial and test spaces, the
Lo-error on a subdomain can be bounded by the best possible fractional power of
the sum of the data error and the error of best approximation. In comparison to
standard variational formulations, they show a qualitatively best possible achievable
error decay at lower computational cost. The use of C! finite element test functions
can be avoided by the application of nonconforming test functions.
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