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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS FOR
UNIQUE CONTINUATION AND CAUCHY PROBLEMS\ast 

HARALD MONSUUR\dagger AND ROB STEVENSON\dagger 

Abstract. In this paper, conditional stability estimates are derived for unique continuation
and Cauchy problems associated to the Poisson equation in ultra-weak variational form. Numerical
approximations are obtained as minima of regularized least squares functionals. The arising dual
norms are replaced by discretized dual norms, which leads to a mixed formulation in terms of trial
and test spaces. For stable pairs of such spaces, and a proper choice of the regularization parameter,
the L2-error on a subdomain in the obtained numerical approximation can be bounded by the best
possible fractional power of the sum of the data error and the error of best approximation. Compared
to the use of a standard variational formulation, the latter two errors are measured in weaker norms.
To avoid the use of C1-finite element test spaces, nonconforming finite element test spaces can be
applied as well. They either lead to the qualitatively same error bound or, in a simplified version,
to such an error bound modulo an additional data oscillation term. Numerical results illustrate our
theoretical findings.
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1. Introduction.

1.1. UC and Cauchy problems. In this work we consider the following two
problems: the unique continuation (UC) problem that for bounded domains \emptyset \not = \omega \Subset 
\Omega \subset \BbbR n seeks u : \Omega \rightarrow \BbbR such that

\biggl\{ 
 - \bigtriangleup u= \ell on \Omega ,
u| \omega = q on \omega ;

and the Cauchy problem that for some open connected Lipschitz subset \emptyset \not = \Sigma \subset \partial \Omega 
seeks u : \Omega \rightarrow \BbbR such that \left\{ 

 
 

 - \bigtriangleup u= \ell on \Omega ,
u= g on \Sigma ,

\partial nu=\psi on \Sigma .
(1.1)

These Poisson problems are known to be ill-posed, but so-called conditional stability
can be demonstrated.

To see what the latter means, let us consider the UC problem. The common
variational formulation reads as finding u\in H1(\Omega ) such that

\biggl\{ \int 
\Omega 
\nabla u \cdot \nabla v dx = \ell (v) (v \in H1

0 (\Omega )),
u| \omega = q on \omega .
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1345

For A \in \scrL (H1(\Omega ),H - 1(\Omega )\times L2(\omega )) defined by Az :=
\bigl( 
v \mapsto \rightarrow 

\int 
\Omega 
\nabla z \cdot \nabla v dx, z| \omega 

\bigr) 
, it is

known (cf., e.g., [BNO24, sect. 2.2]) that for a domain G with \omega \Subset G\Subset \Omega , there exists
an \alpha \in (0,1) such that under the condition that \| z\| L2(\Omega ) \lesssim 1, it holds that

\| z\| L2(G) \lesssim \| Az\| \alpha H - 1(\Omega )\times L2(\omega ) (\| Az\| H - 1(\Omega )\times L2(\omega ) \rightarrow 0).

For completeness, here and in the following, with C \lesssim D it is meant that C can
be bounded by a multiple of D, independently of parameters on which C and D may
depend. Clearly, C \gtrsim D means D\lesssim C, and C \eqsim D means C \lesssim D and C \gtrsim D.

Conditional stability estimates have been the basis for the design of convergent
numerical approximation schemes (e.g. [Bur16, BO18, BFO20, BFMO21, BNO24] and
[DMS23]). The above conditional stability estimate is, however, not fully satisfactory.
The bound for z is in terms of its L2(G)-norm, but boundedness of the right-hand
side requires z \in H1(\Omega ). In the derived error estimates for the numerical schemes,
this is reflected by the fact that these error estimates are obtained for the L2(G)-
norm, whereas they require approximation properties of the applied trial space in the
H1(\Omega )-norm (see [BNO24, sect. 2.2]).

1.2. Ultra-weak variational formulations. In the current work we will there-
fore consider ultra-weak variational formulations of the UC and Cauchy problems.
Considering here again the UC problem, another integration-by-parts shows that

\left\{ 
 
 

 - 
\int 

\Omega 

u\bigtriangleup v dx = \ell (v) (v \in H2
0 (\Omega )),

u| \omega = q on \omega .

Redefining A \in \scrL (L2(\Omega ),H
 - 2(\Omega )\times L2(\omega )) by Az :=

\bigl( 
v \mapsto \rightarrow 

\int 
\Omega 
 - z\bigtriangleup v dx, z| \omega 

\bigr) 
, we will

show that under the condition that \| z\| L2(\Omega ) \lesssim 1, it holds that

\| z\| L2(G) \lesssim \| Az\| \alpha H - 2(\Omega )\times L2(\omega ) (\| Az\| H - 2(\Omega )\times L2(\omega ) \rightarrow 0).

So we will obtain the qualitatively same conditional stability estimate, in particular
with the same value of \alpha , but in terms of this weaker \| Az\| H - 2(\Omega )\times L2(\omega )-norm. A sim-
ilarly improved conditional stability estimate will be shown for the Cauchy problem.

1.3. Regularized least squares approximations. In [DMS23], a regularized
least squares approximation scheme was proposed for general ill-posed, but conditional
stable PDE problems. For the ultra-weak variational formulation of the UC problem,
a family (X\delta )\delta \in I of finite dimensional subspaces of L2(\Omega ), and an \varepsilon \geq 0, it reads as
finding

u\delta \varepsilon := argmin
z\in X\delta 

\| Az  - (\ell , q)\| 2H - 2(\Omega )\times L2(\omega ) + \varepsilon 2\| z\| 2L2(\Omega ).

Since the \| \cdot \| H - 2(\Omega )-norm cannot be evaluated, it is replaced by the discretized dual

norm sup0\not =v\in Y \delta 
| \cdot (v)| 

\| v\| H2(\Omega )
, where (Y \delta )\delta \in I is a family of finite dimensional subspaces

of H2
0 (\Omega ) such that the pair (X\delta , Y \delta ) is uniformly stable. With uniformly stability

we mean that for arguments z \in X\delta , the discretized dual norm of v \mapsto \rightarrow 
\int 
\Omega 
z\bigtriangleup v dx is

equivalent to its true H - 2(\Omega )-norm, uniformly in \delta \in I. The general theory from
[DMS23] shows that for a suitable choice of \varepsilon > 0,

\| u - u\delta \varepsilon \| L2(G) \lesssim 

\biggl( 
\| Au - (\ell , q)\| H - 2(\Omega )\times L2(\omega ) + min

z\in X\delta 
\| u - z\| L2(\Omega )

\biggr) \alpha 

(1.2)
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1346 HARALD MONSUUR AND ROB STEVENSON

for the right-hand side tending to 0. Compared to such an estimate for the standard
variational formulation, here both the consistency error component  - \bigtriangleup u - \ell and the
best approximation error are measured in weaker norms. The other consistency error
component u| \omega  - q is measured in \| \cdot \| L2(\omega ) for both formulations.

What remains is the construction of uniformly stable pairs of ``trial"" and ``test""
spaces. For (\scrT \delta )\delta \in I being a family of conforming, uniformly shape regular triangula-
tions of a polygon \Omega \subset \BbbR 2, we show that such a stable pair is given by X\delta being the
space of piecewise constants, and Y \delta being the Hsieh--Clough--Tocher (HCT) macro
finite element space, both w.r.t. \scrT \delta .

1.4. Nonconforming test spaces. The use of C1-finite element test spaces is
the price to be paid for the ultra-weak variational formulation. Since C1-finite element
are somewhat complicated to implement, we also study the use of nonconforming
test spaces. Under a (generalized) uniform stability condition for the pair (X\delta , Y \delta ),
we show a bound similar to (1.2), where the upper bound contains an additional
``data oscillation term."" For X\delta being the space of piecewise constants, and Y \delta the
Morley finite element space, both w.r.t. \scrT \delta , we show that this uniform stability
condition is satisfied. Assuming that \ell \in L2(\Omega ), it is shown that data oscillation
is of higher order than the error of best approximation. Alternatively, general \ell \in 
H - 2(\Omega ) can be allowed when the nonconforming test functions are smoothed by a
suitable companion operator before being submitted to \ell . In this case the qualitatively
same error estimates are obtained as for conforming test functions, so without any
oscillation term.

The results concerning the least squares approximation with conforming or non-
conforming test spaces apply analogously to the ultra-weak formulation of the Cauchy
problem. For this problem the ultra-weak formulation has the additional advantage
that both Neumann and Dirichlet boundary conditions are natural ones, so that their
imposition will be nearly effortless.

1.5. Organization. In section 2, conditional stability estimates are derived for
ultra-weak variational formulations of the UC and Cauchy problems. Sections 3--6 are
devoted to least squares approximations of the UC problem, whereas in section 7 the
mostly minor adaptations are discussed for the application to the Cauchy problem.

In section 3 the general least squares approach for conditional stable PDEs from
[DMS23] is applied to the UC problem. The noncomputable dual norm in the reg-
ularized least squares functional is replaced by a discretized dual norm, which leads
to a mixed formulation. Under a uniform inf-sup stability condition on pairs of trial
and test spaces, it leads to the error estimate (1.2), where the value of \alpha is shown
to be optimal. It is shown that the data approximation error and the error of best
approximation are measured in weaker, and thus more favorable, norms than with
the standard variational formulation. In section 4 the aforementioned uniform inf-sup
stability condition is verified for pairs of piecewise constants and HTC finite element
spaces w.r.t. to common, uniformly shape regular triangulations.

In section 5 the analysis from [DMS23] is generalized to the use of nonconforming
test spaces. The ``medius analysis"" of the effect of nonconforming spaces from [Gud10]
for elliptic problem is generalized to mixed formulations. In section 6 it is shown that
pairs of piecewise constants and Morley finite element spaces satisfy the necessary
generalized uniform inf-sup stability condition. This medius analysis requires the
construction of a bounded mapping of the nonconforming finite element space into a
conforming relative. Taking for this latter space the HCT space, it is shown that such
a ``companion operator"" exists with the additional property of being a right-inverse

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1347

of the Fortin operator. As a consequence, when the nonconforming test functions are
smoothed by this companion operator before being submitted to the forcing term, the
qualitatively same error estimates are obtained as for conforming test functions.

In section 8 numerical results are presented, and a conclusion is formulated in
section 9.

2. Conditional stability. A key ingredient in deriving conditional stability re-
sults is the following ``propagation of smallness"" result for harmonic functions
[ARRV09, Thm. 5.1], which is a corollary of the ``three balls estimate""; see, e.g.,
[ARRV09, Thm. 2.1].

Theorem 2.1 (propagation of smallness). For a bounded domain \Omega \subset \BbbR n, and
subdomains \emptyset \not = \omega \Subset G \Subset \Omega , there exists an \alpha \in (0,1) such that1 for all harmonic
w \in L2(\Omega ),

\| w\| L2(G) \lesssim \| w\| \alpha L2(\omega )\| w\| 1 - \alpha 
L2(\Omega ).(2.1)

2.1. Conditional stability for the UC problem. Recall that we consider the
ultra-weak variational formulation of the UC problem of finding u\in L2(\Omega ) such that

\left\{ 
 
 

 - 
\int 

\Omega 

u\bigtriangleup v dx = \ell (v) (v \in H2
0 (\Omega )),

u| \omega = q on \omega .
(2.2)

Theorem 2.2 (conditional stability UC ultra-weak). With A \in \scrL 
\bigl( 
L2(\Omega ),H

 - 2

(\Omega )\times L2(\omega )
\bigr) 
defined by

A := (B,C), (Bz)(v) := - 
\int 

\Omega 

z\bigtriangleup v dx (v \in H2
0 (\Omega )), Cz := z| \omega ,

for bounded domains \emptyset \not = \omega \subseteq G\Subset \Omega , and \alpha \in (0,1] from Theorem 2.1, it holds that

\| z\| L2(G)\lesssim \| Az\| \alpha H - 2(\Omega )\times L2(\omega )

\bigl( 
\| z\| L2(\Omega )+\| Az\| H - 2(\Omega )\times L2(\omega )

\bigr) 1 - \alpha 
(z \in L2(\Omega )).

Proof. It holds that

\| \cdot \| H2(\Omega ) \eqsim \| \bigtriangleup \cdot \| L2(\Omega ) on H2
0 (\Omega ).(2.3)

Indeed, for \varphi \in \scrD (\Omega ), being the space of test functions, integration-by-parts shows
that | \phi | H2(\Omega ) = \| \bigtriangleup \phi \| L2(\Omega ) (cf. [GT01, (proof of) Thm. 9.9]), and so (2.3) follows
from Poincar\'e's inequality.

Let \scrH (\Omega ) := ran\bigtriangleup | H2
0 (\Omega ) \subset L2(\Omega ). As a consequence of (2.3), we have that \scrH (\Omega )

is closed and therefore is a Hilbert space.2 The bilinear form (z, v) \mapsto \rightarrow  - 
\int 
\Omega 
z\bigtriangleup v dx on

\scrH (\Omega )\times H2
0 (\Omega ) is bounded,

sup
0\not =v\in H2

0 (\Omega )

\int 
\Omega 
z\bigtriangleup v dx

\| v\| H2(\Omega )
\eqsim sup

0\not =v\in H2
0 (\Omega )

\int 
\Omega 
z\bigtriangleup v dx

\| \bigtriangleup v\| L2(\Omega )
= \| z\| L2(\Omega ) (z \in \scrH (\Omega )),

1Obviously, for G= \omega the result holds true for \alpha = 1.
2From H2

0 (\Omega ) being a proper subspace of H1
\bigtriangleup ,0(\Omega ) := \{ z \in H1

0 (\Omega ): \bigtriangleup z \in L2(\Omega )\} equipped with a

graph norm, and \bigtriangleup \in \scrL (H1
\bigtriangleup ,0(\Omega ),L2(\Omega )) being boundedly invertible, we infer that \scrH (\Omega ) is a proper

subspace of L2(\Omega ).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1348 HARALD MONSUUR AND ROB STEVENSON

and

sup
0\not =z\in \scrH (\Omega )

\int 
\Omega 
z\bigtriangleup v dx

\| z\| L2(\Omega )
= \| \bigtriangleup v\| L2(\Omega ) \eqsim \| v\| H2(\Omega ) (v \in H2

0 (\Omega )).

We conclude that for z \in L2(\Omega ), there exists a unique \widehat z \in \scrH (\Omega ) with

 - 
\int 

\Omega 

\widehat z\bigtriangleup v dx= - 
\int 

\Omega 

z\bigtriangleup v dx (v \in H2
0 (\Omega )),

and \| \widehat z\| L2(\Omega ) \lesssim \| Bz\| H - 2(\Omega ).
We set \widetilde z := z  - \widehat z. Then

\int 
\Omega 
\widetilde z\bigtriangleup \varphi dx = 0 (\varphi \in \scrD (\Omega )), and according to Weyl's

lemma (see [Wey40]) this means that \widetilde z is harmonic.
As before, repeated applications of the triangle inequality and an application of

Theorem 2.1 to \widetilde z show that

\| z\| L2(G) \leq \| \widehat z\| L2(G) + \| \widetilde z\| L2(G) \lesssim \| Bz\| H - 2(\Omega ) + \| \widetilde z\| \alpha L2(\omega )\| \widetilde z\| 1 - \alpha 
L2(\Omega )

\lesssim \| Bz\| H - 2(\Omega ) + (\| z\| L2(\omega ) + \| \widehat z\| L2(\omega ))
\alpha (\| z\| L2(\Omega ) + \| \widehat z\| L2(\Omega ))

1 - \alpha 

\lesssim (\| Cz\| L2(\omega ) + \| Bz\| H - 2(\Omega ))
\alpha (\| z\| L2(\Omega ) + \| Bz\| H - 2(\Omega ) + \| Cz\| L2(\omega ))

1 - \alpha ,

which is the estimate to be proven.

Remark 1. The operator A\in \scrL 
\bigl( 
L2(\Omega ),H

 - 2(\Omega )\times L2(\omega )
\bigr) 
is injective. Indeed, the

above proof shows that Bz = 0 implies that z is harmonic. Using z| \omega = 0, Theorem 2.1
now shows that z vanishes on any G\Subset \Omega , so that z = 0. \vartriangle 

2.2. Conditional stability for the Cauchy problem. By multiplying (1.1)
with smooth v with suppv \subset \Omega \cup \Sigma , and by integrating-by-parts twice while substi-
tuting the Neumann and Dirichlet boundary conditions on \Sigma , we obtain the problem
of finding u\in L2(\Omega ) such that

(Bu)(v) := - 
\int 

\Omega 

u\bigtriangleup v dx= f(v) := \ell (v) +

\int 

\Sigma 

\psi v - g\partial nv ds (v \in H2
0,\Sigma c(\Omega )),

where \Sigma c := \partial \Omega \setminus \Sigma , and H2
0,\Sigma c(\Omega ) := \{ v \in C\infty (\Omega )\cap H2(\Omega ): suppv \cap \Sigma c = \emptyset \} .

Theorem 2.3 (conditional stability Cauchy ultra-weak). Let \Omega \subset \BbbR n be a
bounded domain, \Sigma \not = \emptyset an open, connected Lipschitz subset of \partial \Omega , and G \subset \Omega a
domain that has a positive distance to \Sigma c. Then there exists an \alpha \in (0,1) such that

\| z\| L2(G) \lesssim \| Bz\| \alpha (H2
0,\Sigma c (\Omega ))\prime (\| z\| L2(\Omega ) + \| Bz\| (H2

0,\Sigma c (\Omega ))\prime )
1 - \alpha (z \in L2(\Omega )).

Proof. When G\cap \Sigma = \emptyset , enlarge G to a domain \widehat G with \widehat G\cap \Sigma \not = \emptyset , where, just as
G, \widehat G has a positive distance to \Sigma c.

Let \widetilde \Sigma \not = \emptyset be a relatively open and connected subset of \Sigma with \Sigma \cap \widehat G \subset \widetilde \Sigma \Subset \Sigma .
With \widetilde \Sigma (\varepsilon ) := \{ x \in \BbbR n : dist(x, \widetilde \Sigma ) < \varepsilon \} , let r > 0 be such that \widetilde \Omega := \Omega \cup \widetilde \Sigma (r) has
a positive distance to \Sigma c. Set \widetilde G := \widehat G \cup \widetilde \Sigma (r/2). Then \widetilde G is connected, and from
\widetilde G \setminus \widetilde \Sigma (r/2) \Subset \Omega and \widetilde \Sigma (r/2) \Subset \widetilde \Sigma (r) it follows that \widetilde G \Subset \widetilde \Omega . Finally, let \widetilde \omega be an open
and connected set with \widetilde \omega \Subset \widetilde G \setminus \Omega ; see Figure 1.

For z \in L2(\Omega ), let \widetilde z \in L2(\widetilde \Omega ) be the zero extension of z to \widetilde \Omega . Setting \widetilde B \in 
\scrL (L2(\widetilde \Omega ),H - 2(\widetilde \Omega )) by ( \widetilde Bw)(v) :=  - 

\int \widetilde \Omega w\bigtriangleup v dx, using that \widetilde z| \widetilde \omega = 0 an application of

Theorem 2.2 with (\omega ,G,\Omega ,B) reading as (\widetilde \omega , \widetilde G, \widetilde \Omega , \widetilde B) shows that for some constant
\alpha \in (0,1),

\| \widetilde z\| L2( \widetilde G) \lesssim \| \widetilde B\widetilde z\| \alpha 
H - 2(\widetilde \Omega )

\bigl( 
\| \widetilde z\| L2(\widetilde \Omega ) + \| \widetilde B\widetilde z\| H - 2(\widetilde \Omega )

\bigr) 1 - \alpha 
.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1349
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Fig. 1. Illustration with proof of Theorem 2.3.

The proof is completed by \| z\| L2(G) \leq \| \widetilde z\| L2( \widetilde G), \| \widetilde z\| L2(\widetilde \Omega ) = \| z\| L2(\Omega ), and

sup
0\not =\widetilde v\in H2

0 (
\widetilde \Omega )

\int \widetilde \Omega \widetilde z\bigtriangleup \widetilde v dx
\| \widetilde v\| H2(\widetilde \Omega )

\leq sup
\{ \widetilde v\in H2

0 (
\widetilde \Omega ): \widetilde v| \Omega \not =0\} 

\int 
\Omega 
z\bigtriangleup \widetilde v| \Omega dx

\| \widetilde v| \Omega \| H2(\Omega )
\leq sup

0\not =v\in H2
0,\Sigma c (\Omega )

\int 
\Omega 
z\bigtriangleup v dx

\| v\| H2(\Omega )

by \Sigma c \subset \partial \widetilde \Omega .

Remark 2. The operator B \in \scrL 
\bigl( 
L2(\Omega ), (H

2
0,\Sigma c(\Omega ))\prime 

\bigr) 
is injective. Indeed, the

above proof shows that Bz = 0 implies that \widetilde B\widetilde z = 0 and \widetilde z| \widetilde \omega = 0. The arguments from
Remark 1 now show that \widetilde z = 0 and thus z = 0. \vartriangle 

3. Least squares approximations for the UC problem. We consider the
UC problem (2.2) and postpone the discussion of the (small) adaptations needed for
the Cauchy problem to section 7. Our goal is to (approximately) recover u \in L2(\Omega )
from the equation Au = (Bu,Cu) = (\ell , q), with A defined in Theorem 2.2. For
inexact data (\ell , q), generally this equation has no solution, which is why we search a
least squares approximation. Moreover, following the general approach from [DMS23]
for conditionally stable PDEs, we consider a regularized least squares functional.
The regularization is designed to ensure control of the L2(\Omega )-norm of the obtained
approximation by an absolute multiple of \| u\| L2(\Omega ), so that we can successfully apply
the conditional stability estimate to its error.

Specifically, let (X\delta )\delta \in I be some (infinite) family of finite dimensional subspaces
of L2(\Omega ). For \delta \in I and a suitable 0 \leq \varepsilon \lesssim 1, we approximate u \in L2(\Omega ) by the
minimizer over z \in X\delta of the regularized least squares functional

z \mapsto \rightarrow \| Az  - (\ell , q)\| 2H - 2(\Omega )\times L2(\omega ) + \varepsilon 2\| z\| 2L2(\Omega ).(3.1)

To deal with the noncomputable norm on H - 2(\Omega ), let (Y \delta )\delta \in I be a family of
finite dimensional (or closed) subspaces of H2

0 (\Omega ) for which

\varrho := inf
\delta \in I

inf
\{ z\in X\delta : Bz \not =0\} 

sup
0\not =v\in Y \delta 

| (Bz)(v)| 
\| Bz\| H - 2(\Omega )\| \bigtriangleup v\| L2(\Omega )

> 0.(3.2)
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1350 HARALD MONSUUR AND ROB STEVENSON

Notice that here we have used (2.3), i.e., \| \cdot \| H2(\Omega ) \eqsim \| \bigtriangleup \cdot \| L2(\Omega ) on H2
0 (\Omega ). We will

refer to X\delta and Y \delta as trial and test spaces. By replacing \| \cdot \| H - 2(\Omega ) by the discretized

dual norm sup0\not =v\in Y \delta 
| \cdot (v)| 

\| \bigtriangleup v\| L2(\Omega )
in (3.1), an approximation to u is obtained that is

qualitatively equally good. Specifically, we have the following result.

Theorem 3.1 (see [DMS23, Thm. 4.1]). Assume (3.2), and let (\ell , q)\in H - 2(\Omega )\times 
L2(\omega ). Then3

u\delta \varepsilon := argmin
z\in X\delta 

\Biggl\{ 
sup

0 \not =v\in Y \delta 

| (Bz  - \ell )(v)| 2
\| \bigtriangleup v\| 2L2(\Omega )

+ \| Cz  - q\| 2L2(\omega ) + \varepsilon 2\| z\| 2L2(\Omega )

\Biggr\} 
(3.3)

satisfies, for u\in L2(\Omega ),

\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega ) + \varepsilon \| u - u\delta \varepsilon \| L2(\Omega ) \lesssim \scrE data + \scrE appr(\delta ) + \varepsilon \| u\| L2(\Omega ),(3.4)

where

\scrE data := \| Au - (\ell , q)\| H - 2(\Omega )\times L2(\omega ), \scrE appr(\delta ) := min
z\in X\delta 

\| u - z\| L2(\Omega ).

Corollary 3.2. In the setting of Theorem 3.1, let \varepsilon > 0 be such that

\varepsilon \| u\| L2(\Omega ) \eqsim \scrE data + \scrE appr(\delta ).(3.5)

Then, with \alpha \in (0,1] from Theorem 2.1, it holds that

\| u - u\delta \varepsilon \| L2(G) \lesssim 
\bigl( 
\scrE data + \scrE appr(\delta )

\bigr) \alpha 
max

\bigl( 
\scrE data + \scrE appr(\delta ),\| u\| L2(\Omega )

\bigr) 1 - \alpha 
.(3.6)

Proof. Substituting (3.5) in (3.4) shows that
\biggl\{ 

\| u - u\delta \varepsilon \| L2(\Omega ) \lesssim \| u\| L2(\Omega ),
\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega ) \lesssim \scrE data + \scrE appr(\delta ),

so that an application of the conditional stability result from Theorem 2.2 gives the
result.

Remark 3 (optimality of \alpha in (3.6)). For (X\delta )\delta \in I with \cup \delta \in IX\delta = L2(\Omega ), an
estimate as in (3.6) with an exponent4 \widetilde \alpha > \widehat \alpha := sup\{ \alpha : (2.1) is valid for \alpha \} cannot
be valid for any scheme (\ell , q) \mapsto \rightarrow (u\delta )\delta \in I \subset \prod \delta \in IX

\delta that maps zero data \ell = 0 = q
onto u\delta \equiv 0. Indeed, suppose such a scheme does exist, and consider \ell = 0 = q and a
harmonic u\in L2(\Omega ). Then

\| u\| L2(G) \lesssim inf
\delta \in I

(\| u\| L2(\omega ) + min
z\in X\delta 

\| u - z\| L2(\Omega ))
\~\alpha \| u\| 1 - \~\alpha 

L2(\Omega ) = \| u\| \~\alpha 
L2(\omega )\| u\| 1 - \~\alpha 

L2(\Omega ),

in contradiction to the definition of \widehat \alpha . \vartriangle 

The approximation u\delta \varepsilon defined in (3.3) is computed as the first component of the
pair (u\delta \varepsilon , v

\delta 
\varepsilon )\in X\delta \times Y \delta that solves the saddle point problem

\biggl\{ 
\langle \bigtriangleup v\delta \varepsilon ,\bigtriangleup \~v\rangle L2(\Omega ) + (Bu\delta \varepsilon )(\~v) = \ell (\~v) (\~v \in Y \delta ),
(B\~z)(v\delta \varepsilon ) - \langle Cu\delta \varepsilon ,C\~z\rangle L2(\omega )  - \varepsilon 2\langle u\delta \varepsilon , \~z\rangle L2(\Omega ) =  - \langle q,C\~z\rangle L2(\omega ) (\~z \in X\delta )

(3.7)

(see, e.g., [DMS23]).

3Because A is injective, the proof given in [DMS23] for \varepsilon > 0 extends to \varepsilon \geq 0. Cf. also the
forthcoming generalization, Theorem 5.2.

4In two or three dimensions, the value of \widehat \alpha is known for \omega , G, and \Omega being balls centered around
some common point; see [BNO24, Thm. 1].
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1351

Finally, the uniform inf-sup or ``LBB""-stability condition (3.2) is equivalent to the
existence of uniformly bounded ``Fortin"" operators. Precisely (see, e.g., [SW21, Prop.
5.1]), assuming ranB| X\delta \not = \{ 0\} and Y \delta \not = \{ 0\} , let

Q\delta \in \scrL (H2
0 (\Omega ), Y

\delta ) with (BX\delta )
\bigl( 
ran(Id - Q\delta )

\bigr) 
= 0.(3.8)

Then \varrho \delta := inf\{ z\in X\delta : Bz \not =0\} sup0\not =v\in Y \delta 
| (Bz)(v)| 

\| Bz\| H - 2(\Omega )\| \bigtriangleup v\| L2(\Omega )
\geq \| Q\delta \|  - 1

\scrL (H2
0 (\Omega ),H2

0 (\Omega ))
.

Conversely, if \varrho \delta > 0, then there exists a Q\delta as in (3.8), even being a projector
onto Y \delta , with \| Q\delta \| \scrL (H2

0 (\Omega ),H2
0 (\Omega )) = 1/\varrho \delta .

Remark 4 (discussion). To compare with results from the literature, let us choose
the regularization parameter \varepsilon > 0 such that \varepsilon \| u\| L2(\Omega ) \eqsim \scrE appr(\delta ), which corresponds
to the choice made in Corollary 3.2 as long as \scrE appr(\delta )\gtrsim \scrE data. With this choice of \varepsilon ,
(3.4) shows that

\biggl\{ \| u - u\delta \varepsilon \| L2(\Omega ) \lesssim 
\bigl( 
1 + \scrE \mathrm{d}\mathrm{a}\mathrm{t}\mathrm{a}

\scrE \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}(\delta )

\bigr) 
\| u\| L2(\Omega ),

\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega ) \lesssim \scrE data + \scrE appr(\delta ).

Assuming that \scrE data + \scrE appr(\delta ) \lesssim \| u\| L2(\Omega ), substituting these bounds in the condi-
tional stability result from Theorem 2.2 gives

\| u - u\delta \varepsilon \| L2(G) \lesssim 
\bigl( 
\scrE data + \scrE appr(\delta )

\bigr) \alpha 
\biggl( \biggl( 

1 +
\scrE data

\scrE appr(\delta )

\biggr) 
\| u\| L2(\Omega ) + \scrE data + \scrE appr(\delta )

\biggr) 1 - \alpha 

\eqsim 
\bigl( 
\scrE data + \scrE appr(\delta )

\bigr) \alpha 
\biggl( 
1 +

\scrE data
\scrE appr(\delta )

\biggr) 1 - \alpha 

\| u\| 1 - \alpha 
L2(\Omega )

\eqsim 
\biggl( 
\scrE appr(\delta )\alpha +

\scrE data
\scrE appr(\delta )1 - \alpha 

\biggr) 
\| u\| 1 - \alpha 

L2(\Omega ).(3.9)

This upper bound is proportional to \scrE appr(\delta )\alpha \| u\| 1 - \alpha 
L2(\Omega ), as long as \scrE appr(\delta ) \gtrsim \scrE data,

and thus is proportional to (\scrE data)\alpha \| u\| 1 - \alpha when \scrE appr(\delta )\eqsim \scrE data, whereas it increases
unboundedly for \scrE appr(\delta ) \downarrow 0 when \scrE appr(\delta )\lesssim \scrE data.5

Still for the purpose of comparison, let us consider X\delta to be a finite element space
of degree k w.r.t. a quasi-uniform partition of \Omega with mesh-size h\delta into uniformly
shape regular n-simplices.

For the primal-dual weakly consistent regularized finite element method studied
in [BNO24], where the UC problem is considered with forcing term \ell = 0, it was shown
that

\| u - u\delta \| L2(G) \lesssim h\alpha k\delta \| u\| Hk+1(\Omega ) + h
(\alpha  - 1)k
\delta \| u| \omega  - q\| L2(\omega ),(3.10)

and so

\| u - u\delta \| L2(G) \lesssim \| u| \omega  - q\| \alpha L2(\omega )\| u\| 1 - \alpha 
Hk+1(\Omega )

for the minimum

h\delta \eqsim 
\biggl( \| u| \omega  - q\| L2(\omega )

\| u\| Hk+1(\Omega )

\biggr) 1
k

.

5Although it results in a (qualitatively) equal minimal upper bound for \| u - u\delta 
\varepsilon \| L2(G), our choice

in Corollary 3.2 of \varepsilon \| u\| L2(\Omega ) \eqsim \scrE \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}(\delta ) + \scrE \mathrm{d}\mathrm{a}\mathrm{t}\mathrm{a} prevents this latter increase.
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1352 HARALD MONSUUR AND ROB STEVENSON

It was shown that the value of \alpha in the exponents in (3.10) is optimal, but below we
see that the value of k in these exponents can be improved.

Indeed, using that \scrE appr(\delta ) \lesssim hk+1
\delta | u| Hk+1(\Omega ) when u \in Hk+1(\Omega ) and by substi-

tuting this upper bound into (3.9) shows that

\| u - u\delta \varepsilon \| L2(G) \lesssim 

\Biggl( 
\bigl( 
hk+1
\delta | u| Hk+1(\Omega )

\bigr) \alpha 
+

\scrE data\bigl( 
hk+1
\delta | u| Hk+1(\Omega )

\bigr) 1 - \alpha 

\Biggr) 
\| u\| 1 - \alpha 

L2(\Omega ).

Solving hk+1
\delta | u| Hk+1(\Omega ) \eqsim \scrE data gives

\| u - u\delta \varepsilon \| L2(G) \lesssim (\scrE data)\alpha \| u\| 1 - \alpha 
L2(\Omega )(3.11)

for

h\delta \eqsim 
\biggl( \scrE data
| u| Hk+1(\Omega )

\biggr) 1
k+1

.

So our least squares method gives a qualitatively similar bound but, thanks to the
use of an ultra-weak formulation, for a larger mesh-size and so at lower computational
cost (cf. [BNO24, Rem. 3]). Alternatively, by taking finite elements of one lower

degree k  - 1, we find (3.11) for h\delta \eqsim 
\bigl( \scrE \mathrm{d}\mathrm{a}\mathrm{t}\mathrm{a}

| u| 
Hk(\Omega )

\bigr) 1
k with a mesh-size as in [BNO24] but

under a relaxed regularity condition.
Finally, notice that our least squares method is not restricted to quasi-uniform

meshes, meaning that with appropriately locally refined meshes regularity conditions
can be relaxed even further. On the other hand, our least squares method requires
the construction of a family of pairs of trial and test spaces that satisfies the uniform
inf-sup condition (3.2). \vartriangle 

What remains to show is that our least squares method is practical by constructing
test spaces, with dimensions proportional to those of the trial spaces, that give uniform
inf-sup stability. This will be done in the following section for piecewise constant and
continuous piecewise linear finite element trial spaces.

4. Examples of trial and (conforming) test spaces. Let \scrT \delta be a conforming
(uniformly) shape regular triangulation of a polygon \Omega \subset \BbbR 2. With \scrN \delta (\scrN \delta 

\circ ) and \scrE \delta 

(\scrE \delta 
\circ ) we denote the sets of its (internal) vertices and (internal) edges. For K \in \scrT \delta and

e\in \scrE \delta , we set hK := diam(K) and he := diam(e).
First, let X\delta be the space of piecewise constants w.r.t. \scrT \delta . For z \in X\delta and

v \in H2
0 (\Omega ), integration-by-parts shows that

(Bz)(v) = - 
\sum 

K\in \scrT \delta 

\int 

K

z\bigtriangleup v dx= - 
\sum 

e\in \scrE \delta 
\circ 

[[z]]e

\int 

e

\partial nev ds.(4.1)

For Y \delta we take the Hsieh--Clough--Tocher (HCT) macro-element finite element
space w.r.t. \scrT \delta , i.e.,

Y \delta =
\bigl\{ 
v \in H2

0 (\Omega ): v| K \in \{ z \in C1(K) : z| Ki \in P3(Ki), 1\leq i\leq 3\} (K \in \scrT \delta )
\bigr\} 
,(4.2)

where \{ Ki : 1 \leq i \leq 3\} is the subdivision of K obtained by connecting the centroid
of K with its vertices; see Figure 2. The vanishing trace and vanishing normal trace
conditions on \partial \Omega are enforced by setting the DoFs associated to points on \partial \Omega to zero.
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1353

Fig. 2. HTC macro-element and its 12 DoF.

It is known how to construct a projector P \delta : H2
0 (\Omega )\rightarrow Y \delta for which, for K \in \scrT \delta ,

\| (Id - P \delta )v\| Hk(K) \lesssim h\ell  - k
K | v| H\ell (\cup \omega (K)) (0\leq k\leq 2\leq \ell \leq 4),(4.3)

where \omega (K) := \{ K \prime \in \scrT \delta : K \cap K \prime \not = \emptyset \} (see, e.g., the adaptation of the Scott--Zhang
projector for Lagrange elements to Hermite elements in [GS02]).

To construct from P \delta a valid Fortin operator, in view of (4.1) we have to adapt
it such that it preserves averages of normal derivatives over e\in \scrE \delta 

\circ . Let be denote the
nodal basis function in Y \delta that corresponds to the DoF associated to the midpoint
me of e. We have \partial nebe \in P2(e), \partial nebe(me) = 1, and \partial nebe vanishes at the endpoints
of e. So

\int 

e

\partial nebe ds=
2

3
he.

Furthermore, both be and its normal derivative vanish at all edges of \scrT \delta other than
e, and

| be| Hk(\Omega ) \eqsim h2 - k
e (0\leq k\leq 2).(4.4)

Setting

Q\delta v := P \delta v+
\sum 

e\in \scrE \delta 
\circ 

\int 
e
\partial ne

(Id - P \delta )v ds\int 
e
\partial nebe ds

be,

we have
\int 

e

\partial ne
Q\delta v ds=

\int 

e

\partial ne
v ds (e\in \scrE \delta 

\circ ).(4.5)

From
\bigm| \bigm| \bigm| \bigm| 
\int 

e

\partial ne(Id - P \delta )v ds

\bigm| \bigm| \bigm| \bigm| \lesssim h
1
2
e \| \partial ne(Id - P \delta )v\| L2(e)

\lesssim \| (Id - P \delta )v\| H1(K) + he| (Id - P \delta )v| H2(K),

by a trace inequality, where K \in \scrT \delta contains the edge e, in combination with (4.3)--
(4.4), we conclude that

\| (Id - Q\delta )v\| Hk(K) \lesssim h\ell  - k
K | v| H\ell (\cup \omega (K)) (0\leq k\leq 2\leq \ell \leq 4),

so that in particular \| Q\delta \| \scrL (H2
0 (\Omega ),H2

0 (\Omega )) \lesssim 1. Together with (4.5) and (4.1) it shows

that Q\delta is a valid Fortin operator, so that the family of pairs (X\delta , Y \delta )\delta \in I satisfies the
uniform inf-sup condition (3.2), and Theorem 3.1 and Corollary 3.2 are applicable.
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1354 HARALD MONSUUR AND ROB STEVENSON

As a second option, let X\delta be the space of continuous piecewise linears w.r.t. \scrT \delta .
For z \in X\delta and v \in H2

0 (\Omega ), integration-by-parts shows that

(Bz)(v) =
\sum 

e\in \scrE \delta 
\circ 

[[\partial nez]]e

\int 

e

v ds.

So a valid Fortin operator should preserve averages over e\in \scrE \delta 
\circ .

For each e \in \scrE \delta 
\circ , e = K1 \cap K2 with K1,K2 \in \scrT \delta , let be \in H2

0 (K1 \cup K2) with\int 
e
be ds\gtrsim he, | be| Hk(\Omega ) \lesssim h1 - k

e (0\leq k \leq 2). Such a be can, e.g., be found in the HCT
space w.r.t. a refined conforming uniformly shape regular triangulation in which each
edge in \scrT \delta has been cut. Then

\~Q\delta v := P \delta v+
\sum 

e\in \scrE \delta 
\circ 

\int 

e

(Id - P \delta )v ds
\int 
e
be ds

be

satisfies
\int 
e
\~Q\delta v ds =

\int 
e
v ds (e \in \scrE \delta 

\circ ), and similar arguments as applied above show
that

\| (Id - \~Q\delta )v\| Hk(K) \lesssim h\ell  - k
K | v| H\ell (\cup \omega (K)) (0\leq k\leq 2\leq \ell \leq 4).

We conclude that (X\delta , Y \delta + span\{ be : e \in \scrE \delta 
\circ \} )\delta \in I satisfies the uniform inf-sup condi-

tion (3.2), so that Theorem 3.1 and Corollary 3.2 are applicable. The number of local
DoFs of this extended test finite element space is 15.

Following the above lines, also for higher order finite element trial spaces appro-
priate corresponding test finite element spaces in H2

0 (\Omega ) can be found. It is, however,
fair to say that C1-finite element spaces are not easy to implement. Therefore in the
following we investigate whether nonconforming spaces can be applied instead.

5. Nonconforming test spaces. As before, let (X\delta )\delta \in I be some (infinite) fam-
ily of finite dimensional subspaces of L2(\Omega ). Let (Y

\delta )\delta \in I be a family of (finite dimen-
sional) Hilbert spaces, which is not necessarily included in H2

0 (\Omega ), with norms \| \cdot \| Y \delta .
Let E\delta \in \scrL (Y \delta ,H2

0 (\Omega )), in the literature sometimes called a companion operator or
smoother, with

sup
\delta \in I

\| E\delta \| \scrL (Y \delta ,H2
0 (\Omega )) <\infty ,(5.1)

and let B\delta \in \scrL 
\bigl( 
L2(\Omega ), (H

2
0 (\Omega ) + Y \delta )\prime 

\bigr) 
be such that

(B\delta \cdot )(v) = (B\cdot )(v) (v \in H2
0 (\Omega )).(5.2)

We assume that a family of (generalized) Fortin operators Q\delta \in \scrL 
\bigl( 
H2

0 (\Omega ), Y
\delta 
\bigr) 
exists

with

sup
\delta \in I

\| Q\delta \| \scrL (H2
0 (\Omega ),Y \delta ) <\infty , (B\delta X\delta )

\bigl( 
ran(Id - Q\delta )

\bigr) 
= 0.(5.3)

From (5.2) and (5.3), for z \in X\delta we have

\| Bz\| H - 2(\Omega ) = sup
0\not =v\in H2

0 (\Omega )

| (B\delta z)(Q\delta v)| 
\| \bigtriangleup v\| L2(\Omega )

\leq \| Q\delta \| \scrL (H2
0 (\Omega ),Y \delta ) sup

0 \not =v\in H2
0 (\Omega )

| (B\delta z)(Q\delta v)| 
\| Q\delta v\| Y \delta 

\lesssim sup
0\not =v\in Y \delta 

| (B\delta z)(v)| 
\| v\| Y \delta 

= \| B\delta z\| (Y \delta )\prime (\delta \in I).
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1355

For 0\leq \varepsilon \lesssim 1, defining on L2(\Omega ) the norms

| | | \cdot | | | \varepsilon :=
\sqrt{} 

\| A \cdot \| 2H - 2(\Omega )\times L2(\omega ) + \varepsilon 2\| \cdot \| 2L2(\Omega ),

| | | \cdot | | | \varepsilon ,\delta :=
\sqrt{} 
\| B\delta \cdot \| 2

(Y \delta )\prime 
+ \| C \cdot \| 2L2(\omega ) + \varepsilon 2\| \cdot \| 2L2(\Omega ),

we have | | | \cdot | | | \varepsilon \lesssim \| \cdot \| L2(\Omega ), and

| | | \cdot | | | \varepsilon \lesssim | | | \cdot | | | \varepsilon ,\delta on X\delta .(5.4)

For (\ell \delta , q)\in (Y \delta )\prime \times L2(\omega ), where \ell 
\delta approximates \ell \in H - 2(\Omega ), we define

u\delta \varepsilon := argmin
z\in X\delta 

\Bigl\{ 
\| B\delta z  - \ell \delta \| 2(Y \delta )\prime + \| Cz  - q\| 2L2(\omega ) + \varepsilon 2\| z\| 2L2(\Omega )

\Bigr\} 
.(5.5)

It is the first component of the pair (u\delta \varepsilon , v
\delta 
\varepsilon ) \in X\delta \times Y \delta that solves the saddle point

problem
\biggl\{ 

\langle v\delta \varepsilon , \~v\rangle Y \delta + (B\delta u\delta \varepsilon )(\~v) = \ell \delta (\~v) (\~v \in Y \delta ),
(B\delta \~z)(v\delta \varepsilon ) - \langle Cu\delta \varepsilon ,C\~z\rangle L2(\omega )  - \varepsilon 2\langle u\delta \varepsilon , \~z\rangle L2(\Omega ) =  - \langle q,C\~z\rangle L2(\omega ) (\~z \in X\delta ).

(5.6)

First we establish well-posedness of (5.6) in an appropriate sense.

Lemma 5.1. The linear mapping

M\delta :=X\delta \times Y \delta \rightarrow (X\delta \times Y \delta )\prime : (u\delta \varepsilon , v
\delta 
\varepsilon )

\mapsto \rightarrow 
\bigl( 
(\~z, \~v) \mapsto \rightarrow \langle v\delta \varepsilon , \~v\rangle Y \delta + (B\delta u\delta \varepsilon )(\~v) + (B\delta \~z)(v\delta \varepsilon ) - \langle Cu\delta \varepsilon ,C\~z\rangle L2(\omega )  - \varepsilon 2\langle u\delta \varepsilon , \~z\rangle L2(\Omega )

\bigr) 

is invertible, and | | | u\delta \varepsilon | | | \varepsilon ,\delta + \| v\delta \varepsilon \| Y \delta \eqsim \| M \delta (u\delta \varepsilon , v
\delta 
\varepsilon )\| ((X\delta ,| | | \cdot | | | \varepsilon ,\delta )\times Y \delta )\prime .

Proof. The uniform boundedness ofM\delta , i.e., the inequality ``\gtrsim "", follows from the
definition of | | | \cdot | | | \varepsilon ,\delta . To show the other direction, consider an equation M\delta (u\delta \varepsilon , v

\delta 
\varepsilon ) =

f\delta \in (X\delta \times Y \delta )\prime . We introduce the additional variables \theta \delta \varepsilon :=  - Cu\delta \varepsilon and \mu \delta 
\varepsilon :=  - \varepsilon u\delta \varepsilon 

and the bilinear form

e(z; (\~v, \~\theta , \~\mu )) := (B\delta z)(\~v) + \langle Cz, \~\theta \rangle L2(\omega ) + \varepsilon \langle z, \~\mu \rangle L2(\Omega )

on X\delta \times 
\bigl( 
Y \delta \times L2(\omega )\times L2(\Omega )

\bigr) 
. Then one verifies that M\delta (u\delta \varepsilon , v

\delta 
\varepsilon ) = f\delta is equivalent

to finding (u\delta \varepsilon , v
\delta 
\varepsilon , \theta 

\delta 
\varepsilon , \mu 

\delta 
\varepsilon )\in X\delta \times 

\bigl( 
Y \delta \times L2(\omega )\times L2(\Omega )

\bigr) 
such that

\langle (v\delta \varepsilon , \theta \delta \varepsilon , \mu \delta 
\varepsilon ), (\~v,

\~\theta , \~\mu )\rangle Y \delta \times L2(\omega )\times L2(\Omega ) + e(u\delta \varepsilon ; (\~v,
\~\theta , \~\mu )) + e(\~z; (v\delta \varepsilon , \theta 

\delta 
\varepsilon , \mu 

\delta 
\varepsilon )) = f\delta (\~z, \~v)

for all (\~z, \~v, \~\theta , \~\mu )\in X\delta \times 
\bigl( 
Y \delta \times L2(\omega )\times L2(\Omega )

\bigr) 
.

Given z \in X\delta , let \~v \in Y \delta be such that \| \~v\| Y \delta = \| B\delta z\| (Y \delta )\prime and (B\delta z)(\~v) =

\| B\delta z\| 2(Y \delta )\prime . Taking (\~\theta , \~\mu ) := (Cz, \varepsilon z), we have

e(z; (\~v, \~\theta , \~\mu )) = \| B\delta z\| 2(Y \delta )\prime + \| Cz\| 2L2(\omega ) + \varepsilon 2\| z\| 2L2(\Omega )

= | | | z| | | \varepsilon ,\delta 
\sqrt{} 
\| \~v\| 2

Y \delta + \| \~\theta \| 2L2(\omega ) + \| \~\mu \| 2L2(\Omega ).

From this LBB stability, we conclude that

| | | u\delta \varepsilon | | | \varepsilon ,\delta + \| v\delta \varepsilon \| Y \delta + \| \theta \delta \varepsilon \| L2(\omega ) + \| \mu \delta 
\varepsilon \| L2(\Omega ) \lesssim \| f\delta \| (X\delta ,| | | \cdot | | | \varepsilon ,\delta )\times Y \delta )\prime .

The following theorem generalizes Theorem 3.1 to possibly nonconforming test
spaces.
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1356 HARALD MONSUUR AND ROB STEVENSON

Theorem 5.2. Let (\ell \delta , q)\in (Y \delta )\prime \times L2(\omega ) and u\in L2(\Omega ), and assume (5.1)--(5.3).
Then the solution u\delta \varepsilon \in X\delta of (5.5) satisfies

\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega ) + \varepsilon \| u - u\delta \varepsilon \| L2(\Omega )

\lesssim \| Au - (\ell , q)\| H - 2(\Omega )\times L2(\omega ) + \varepsilon \| u\| L2(\Omega )

+ min
z\in X\delta 

\Biggl\{ 
\| u - z\| L2(\Omega ) + sup

0\not =v\in Y \delta 

| (B\delta z)(v - E\delta v) + \ell (E\delta v) - \ell \delta (v)| 
\| v\| Y \delta 

\Biggr\} 
.

(5.7)

Consequently, if, in addition,

sup
0 \not =v\in Y \delta 

| (B\delta z)(v - E\delta v) + \ell (E\delta v) - \ell \delta (v)| 
\| v\| Y \delta 

\lesssim \| \ell  - Bu\| H - 2(\Omega ) + \| u - z\| L2(\Omega ) + osc\delta (\ell ),

(5.8)

where osc\delta (\ell ) is some ``data-oscillation"" term, then

\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega )+ \varepsilon \| u - u\delta \varepsilon \| L2(\Omega ) \lesssim \scrE data + \scrE appr(\delta ) + osc\delta (\ell ) + \varepsilon \| u\| L2(\Omega ).

Proof. For arbitrary z \in X\delta , using | | | \cdot | | | \varepsilon \lesssim \| \cdot \| L2(\Omega ) and (5.4), we estimate

| | | u - u\delta \varepsilon | | | \varepsilon \leq | | | u - z| | | \varepsilon + | | | z  - u\delta \varepsilon | | | \varepsilon \lesssim \| u - z\| L2(\Omega ) + | | | z  - u\delta \varepsilon | | | \varepsilon ,\delta .
With v\delta \varepsilon being the second component of the solution of (5.6), an application of
Lemma 5.1 shows that

| | | z  - u\delta \varepsilon | | | \varepsilon ,\delta \leq | | | z  - u\delta \varepsilon | | | \varepsilon ,\delta + \|  - v\delta \varepsilon \| Y \delta \eqsim sup
0\not =(\~z,\~v)\in X\delta \times Y \delta 

| M\delta (z  - u\delta \varepsilon , - v\delta \varepsilon )(\~z, \~v)| \sqrt{} 
| | | \~z| | | 2\varepsilon ,\delta + \| \~v\| 2

Y \delta 

.

We estimate

| M \delta (z  - u\delta \varepsilon , - v\delta \varepsilon )(\~z, \~v)| = | M\delta (z,0)(\~z, \~v) - \ell \delta (\~v) + \langle q,C\~z\rangle L2(\omega )| 
\leq | (B\delta z  - \ell \delta )(\~v)| + | \langle q,C\~z\rangle L2(\omega )  - \langle Cz,C\~z\rangle L2(\omega )  - \varepsilon 2\langle z, \~z\rangle L2(\Omega )| .

We bound the second term in this upper bound as follows:

| \langle q - Cz,C\~z\rangle L2(\omega )  - \varepsilon 2\langle z, \~z\rangle L2(\Omega )| 
\leq (\| q - Cu\| L2(\omega ) + \| C(u - z)\| L2(\omega ))\| C\~z\| L2(\omega )

+ (\varepsilon \| u - z\| L2(\Omega ) + \varepsilon \| u\| L2(\Omega ))\varepsilon \| \~z\| L2(\Omega )

\lesssim 
\bigl( 
\| q - Cu\| L2(\omega ) + \| u - z\| L2(\Omega ) + \varepsilon \| u\| L2(\Omega )

\bigr) 
| | | \~z| | | \varepsilon ,\delta .

Using (5.2) we write the first term as

(B\delta z  - \ell \delta )(\~v) = (B\delta z)(\~v - E\delta \~v) + \ell (E\delta \~v) - \ell \delta (\~v) + (Bz)(E\delta \~v) - \ell (E\delta \~v),(5.9)

and, using (5.1), estimate

| (Bz)(E\delta \~v) - \ell (E\delta \~v)| \lesssim \| Bz  - \ell \| H - 2(\Omega )\| \~v\| Y \delta 

\lesssim (\| u - z\| L2(\Omega ) + \| Bu - \ell \| H - 2(\Omega ))\| \~v\| Y \delta 

and

| (B\delta z)(\~v - E\delta \~v) + \ell (E\delta \~v) - \ell \delta (\~v)| 

\leq sup
0\not =v\in Y \delta 

| (B\delta z)(v - E\delta v) + \ell (E\delta v) - \ell \delta (v)| 
\| v\| Y \delta 

\| \~v\| Y \delta .
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1357

By collecting the above estimates, and by minimizing over z \in X\delta , the proof of
(5.7) is completed.

For completeness we state the following analogue of Corollary 3.2.

Corollary 5.3. In the setting of Theorem 5.2, let \varepsilon > 0 be such that

\varepsilon \| u\| L2(\Omega ) \eqsim \scrE data + \scrE appr(\delta ) + osc\delta (\ell ).

Then, with \alpha \in (0,1] from Theorem 2.1, it holds that

\| u - u\delta \varepsilon \| L2(G) \lesssim 
\bigl( 
\scrE data + \scrE appr(\delta ) + osc\delta (\ell )

\bigr) \alpha 

\times max
\bigl( 
\scrE data + \scrE appr(\delta ) + osc\delta (\ell ),\| u\| L2(\Omega )

\bigr) 1 - \alpha 
.

6. Piecewise constant trial spaces with Morley test spaces. Let \scrT \delta , \scrN \delta ,
\scrN \delta 

\circ , \scrE \delta , and \scrE \delta 
\circ be as in section 4. Let X\delta be the space of piecewise constants w.r.t.

\scrT \delta . Let Y \delta be the Morley finite element space w.r.t. \scrT \delta , being the space of piecewise
quadratic polynomials that are continuous at \scrN \delta 

\circ and vanish at \scrN \delta \setminus \scrN \delta 
\circ and whose

normal derivatives are continuous at midpoints of \scrE \delta 
\circ and vanish at midpoints of

\scrE \delta \setminus \scrE \delta 
\circ ; see Figure 3. We equip Y \delta with the Hilbertian norm

\| \cdot \| Y \delta :=

\sqrt{} \sum 

K\in \scrT \delta 

| \cdot | 2H2(K),

which is uniformly equivalent to
\sqrt{} \sum 

K\in \scrT \delta \| \cdot \| 2H2(K) (see [WX06, Lem. 8]), and

define

(B\delta z)(v) := - 
\sum 

K\in \scrT \delta 

\int 

K

z\bigtriangleup v dx,

which satisfies (5.2).
We set the operator Q\delta \in \scrL (H2

0 (\Omega ), Y
\delta ) by

(Q\delta v)(\nu ) = v(\nu ) (\nu \in \scrN \delta 
\circ ),

\int 

e

\partial ne
Q\delta v ds=

\int 

e

\partial ne
v ds (e\in \scrE \delta 

\circ )(6.1)

(notice that
\int 
e
\partial ne

Q\delta v ds = he(\partial ne
Q\delta v)(me) is single-valued). It is known (see, e.g.

[CG14]) that

\| v - Q\delta v\| Hk(K) \lesssim h2 - k
K | v| H2(K) (0\leq k\leq 2, v \in H2(K)).

Fig. 3. Morley element and its 6 DoFs.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/1

6/
26

 to
 1

45
.1

8.
16

6.
17

1 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



1358 HARALD MONSUUR AND ROB STEVENSON

For z \in X\delta , v \in H2
0 (\Omega ), integration-by-parts shows that

(Bz)(v) = - 
\sum 

K\in \scrT \delta 

\int 

K

z\bigtriangleup v dx= - 
\sum 

e\in \scrE \delta 
\circ 

\int 

e

[[z]]e\partial ne
v ds= - 

\sum 

e\in \scrE \delta 
\circ 

\int 

e

[[z]]e\partial ne
Q\delta v ds

= - 
\sum 

K\in \scrT \delta 

\int 

K

z\bigtriangleup Q\delta v dx= (B\delta z)(Q\delta v),

so that Q\delta is a valid (generalized) Fortin operator, i.e., it satisfies (5.3).
Following [VZ19], we define a map \widetilde E\delta \in \scrL (Y \delta ,H2

0 (\Omega )) into the HCT finite element
space w.r.t. \scrT \delta from (4.2) as follows. Recall that a HCT function is determined by
its function values at \nu \in \scrN \delta 

\circ , its normal derivatives at midpoints me of e\in \scrE \delta 
\circ , and its

gradients at \nu \in \scrN \delta 
\circ . The first two types of DoFs are shared by the Morley space Y \delta ,

and for v \in Y \delta we set ( \widetilde E\delta v)(\nu ) := v(\nu ) (\nu \in \scrN \delta 
\circ ), and (\partial ne

\widetilde E\delta v)(me) := (\partial ne
v)(me)

(e\in \scrE \delta 
\circ ). For \nu \in \scrN \delta 

\circ , we select some \scrT \delta \ni K \ni \nu and set (\nabla \widetilde E\delta v)(\nu ) := (\nabla v| K)(\nu ).
As follows from [VZ19], it holds that

h - 4
K \| v - \widetilde E\delta v\| 2L2(K) + h - 2

K | v - \widetilde E\delta v| 2H1(K) + | \widetilde E\delta v| 2H2(K) \lesssim 
\sum 

K\prime \in \omega (K)

| v| 2H2(K\prime )(6.2)

(v \in Y \delta , K \in \scrT \delta ). Actually, in [VZ19, (proof of) Prop. 3.17] only | v  - \widetilde E\delta v| 2H2(K) \lesssim \sum 
K\prime \in \omega (K) | v| 2H2(K\prime ) was shown, but the remaining parts from (6.2) follow from [VZ19,

Lem. 3.15] and obvious bounds for the \| \cdot \| L2(\Omega ) and | \cdot | H1(\Omega ) (semi-) norms of nodal
basis functions of the HCT space that supplement such bounds in the | \cdot | H2(\Omega ) semi-
norm from [VZ19, Lem. 3.14].

To construct a companion operator E\delta that has the additional property of being
a right-inverse of the Fortin interpolator, we modify \widetilde E\delta . As in section 4, for e \in \scrE \delta 

\circ 
let be be the nodal basis function from the HTC space that corresponds to the DoF
associated to the midpoint me of e. For v \in Y \delta , we set E\delta \in \scrL (Y \delta ,H2

0 (\Omega )) by

E\delta v := \widetilde E\delta v+
\sum 

e\in \scrE \delta 
\circ 

\int 

e

\partial ne(Id - \widetilde E\delta )v ds
\int 

e

\partial nebe ds

be.

From | be| Hk(\Omega ) \eqsim h2 - k
e (0\leq k\leq 2),

\int 
e
\partial ne

be ds=
2
3he,\bigm| \bigm| \bigm| \bigm| 

\int 

e

\partial ne
(Id - E\delta )v ds

\bigm| \bigm| \bigm| \bigm| \lesssim \| (Id - \widetilde E\delta )v\| H1(K) + he| (Id - \widetilde E\delta )v| H2(K),

where \scrT \delta \ni K \supset e, and (6.2), we infer that

h - 4
K \| v - E\delta v\| 2L2(K) + h - 2

K | v - E\delta v| 2H1(K) + | E\delta v| 2H2(K) \lesssim 
\sum 

K\prime \in \omega (K)

| v| 2H2(K\prime )(6.3)

(v \in Y \delta , K \in \scrT \delta ), so that in particular E\delta satisfies (5.1).
Moreover, by construction it holds that

\int 

e

\partial ne
E\delta v ds=

\int 

e

\partial ne
v ds (e\in \scrE \delta , v \in Y \delta ),

and because E\delta reproduces function values at the nodal points, from (6.1) we conclude
that indeed

Q\delta E\delta = Id.(6.4)
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ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1359

Finally, notice that the values of DoFs associated to \nu \in \scrN \delta 
\circ of E\delta v are equal to

those of \widetilde E\delta v, which will be relevant in section 7.

Remark 5. Other than in, e.g., [Gal15, VZ19, CP20], we have not extended
the HCT space with additional higher order polynomial bubble functions to ensure
(6.4). \vartriangle 

We have established properties (5.1)--(5.3). For the application of Theorem 5.2
and Corollary 5.3, it remains to specify \ell \delta \in (Y \delta )\prime (\delta \in \Delta ) which approximate \ell \in Y \prime 

and to give a corresponding definition of osc\delta (\ell ) that verifies (5.8). We consider
two options for (\ell \delta )\delta \in I . As in [BS05, VZ18, CN21] for elliptic problems, with the
first option the nonconforming test functions are smoothed before being submitted to
\ell \in H - 2(\Omega ).

Theorem 6.1. Let (\ell , q) \in H - 2(\Omega )\times L2(\omega ), and let (X\delta , Y \delta )\delta \in I be as specified
above. Define \ell \delta \in (Y \delta )\prime by

\ell \delta (v) := \ell (E\delta v).

Then (5.8) is valid with osc\delta (\cdot ) = 0.

Proof. Thanks to (5.3) and (6.4), for (z, v)\in X\delta \times Y \delta it holds that

(B\delta z)(v - E\delta v) = (B\delta z)(v) - (B\delta z)(Q\delta E\delta v) = 0,

and \ell (E\delta v) - \ell \delta (v) = 0.

With the above definition of \ell \delta , the bounds from Theorem 5.2 and Corollary 5.3
are qualitatively equal to those from Theorem 3.1 and Corollary 3.2 for conforming
test functions. A disadvantage, however, is that, although not in the system matrix,
the ``complicated"" HTC finite element space does enter the evaluation of the forcing
term.

At the price of restricting ourselves to \ell \in L2(\Omega ), and getting a nonzero oscilla-
tion term in the upper bound (which is, however, of higher order than minz\in X\delta \| u - 
z\| L2(\Omega )), this disadvantage disappears by not smoothing the nonconforming test func-
tions, being our second option.

Theorem 6.2. Let (\ell , q) \in L2(\Omega )\times L2(\omega ), u \in L2(\Omega ), and let (X\delta , Y \delta )\delta \in I be as
specified above. Take

\ell \delta := \ell .

For arbitrary, but fixed r \in \BbbN , let

osc\delta (\ell ) :=

\sqrt{} \sum 

T\in \scrT \delta 

min\widehat \ell \in \scrP r(K)
h4K\| \ell  - \widehat \ell \| 2L2(K).

Then

sup
0\not =v\in Y \delta 

| (B\delta z)(v - E\delta v) + \ell (E\delta v - v)| 
\| v\| Y \delta 

\lesssim \| \ell  - Bu\| H - 2(\Omega ) + \| u - z\| L2(\Omega ) + osc\delta (\ell ).

Proof. Because for (z, v) \in X\delta \times Y \delta we have (B\delta z)(v  - E\delta v) = 0, it remains to
verify | \ell (E\delta v - v)| \lesssim 

\bigl( 
\| \ell  - Bu\| H - 2(\Omega ) + \| u - z\| L2(\Omega ) + osc\delta (\ell )

\bigr) 
\| v\| Y \delta .
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1360 HARALD MONSUUR AND ROB STEVENSON

For v \in Y \delta , using (6.3) we have

| \ell (E\delta v - v)| =

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\sum 

K\in \scrT \delta 

\int 

K

\ell (E\delta v - v)dx

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
(6.5)

\leq 
\sum 

K\in \scrT \delta 

h2K\| \ell \| L2(K)h
 - 2
K \| E\delta v - v\| L2(K) \lesssim 

\sqrt{} \sum 

K\in \scrT \delta 

h4K\| \ell \| 2L2(K)\| v\| Y \delta .

Following [Gud10], to proceed we use the bubble function technique (see [Ver96]).
For K \in \scrT \delta and \widehat \ell \in \scrP r(K), there exists a ``bubble"" \phi = \phi K \in H2

0 (K) with \| \phi \| L2(K) \eqsim 
\| \widehat \ell \| L2(K), \| \widehat \ell \| 2L2(K) \lesssim 

\int 
K
\widehat \ell \phi dx, and \| \phi \| L2(K) \eqsim h2K | \phi | H2(K). For z \in X\delta , using that\int 

K
z\bigtriangleup \phi dx= 0 we estimate

\| \widehat \ell \| 2L2(K) \lesssim 
\int 

K

\widehat \ell \phi dx=
\int 

K

(\widehat \ell  - \ell )\phi dx+

\int 

K

\ell \phi dx

=

\int 

K

(\widehat \ell  - \ell )\phi dx+

\int 

K

(z  - u)\bigtriangleup \phi dx+
\int 

K

\ell \phi + u\bigtriangleup \phi dx

\lesssim 
\bigl( 
\| \widehat \ell  - \ell \| L2(K) + h - 2

K \| u - z\| L2(K) + h - 2
K \| \ell  - Bu\| H - 2(K)

\bigr) 
\| \widehat \ell \| L2(K),

and so

\| \ell \| L2(K) \leq \| \ell  - \widehat \ell \| L2(K) + \| \widehat \ell \| L2(K)

\leq \| \widehat \ell  - \ell \| L2(K) + h - 2
K \| u - z\| L2(K) + h - 2

K \| \ell  - Bu\| H - 2(K)

or
\sum 

K\in \scrT \delta 

h4K\| \ell \| 2L2(K) \lesssim osc\delta (\ell )
2 + \| u - z\| 2L2(\Omega ) + \| \ell  - Bu\| 2H - 2(\Omega ),(6.6)

where we have used that
\sum 

K\in \scrT \delta \| \cdot \| 2H - 2(K) \lesssim \| \cdot \| 2H - 2(\Omega ). Indeed, given f \in H - 2(\Omega ),

take \phi K \in H2
0 (K) with \| f\| H - 2(K) \eqsim 

f(\phi K)
\| \phi K\| H2(\Omega )

and \| \phi K\| H2(K) = \| f\| H - 2(K). Then
\sum 

K\in \scrT \delta \| f\| 2H - 2(K) \eqsim (
\sum 

K f(\phi K))2\sum 
K \| \phi K\| 2

H2(K)

=
f(

\sum 
K \phi K)2

\| \sum K \phi K\| 2
H2(K)

\lesssim \| f\| 2H - 2(\Omega ). By combining

(6.5) and (6.6), the proof is completed.

Remark 6. For the analysis of the use of nonconforming test spaces, in Theo-
rems 5.2 and 6.2 we applied the ""medius analysis"" introduced by Gudi in [Gud10]
(for Galerkin discretizations of elliptic problems).

Assuming that \bigtriangleup u\in L2(\Omega ), alternatively in (5.9) for z \in X\delta and \~v \in Y \delta , one may
expand (B\delta z  - \ell \delta )(\~v) in (5.9) as

B\delta (z  - u)(\~v) - (\ell \delta +\bigtriangleup u)(\~v) +
\sum 

K\in \scrT \delta 

\int 

K

\~v\bigtriangleup u - u\bigtriangleup \~v dx.

The first two terms in the modulus are bounded by a multiple of (\| u  - z\| L2(\Omega ) +
\| \ell \delta +\bigtriangleup u\| (V \delta )\prime )\| \~v\| V \delta . For Y \delta being the Morley finite element space w.r.t. \scrT \delta , and
assuming that u\in H1(\Omega ), the remaining consistency error known from Strang's second
lemma can be bounded by\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 

\sum 

K\in \scrT \delta 

\int 

K

\~v\bigtriangleup u - u\bigtriangleup \~v dx

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\sum 

e\in \scrE \delta 

\int 

e

\partial ne
u[[\~v]] - u[[\partial ne

\~v]]ds

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 

\lesssim 
\sqrt{} \sum 

K\in \scrT \delta 

h2K | u| 2H1(K) + h4K\| \bigtriangleup u\| 2L2(K) \| \~v\| V \delta 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/1

6/
26

 to
 1

45
.1

8.
16

6.
17

1 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



ULTRA-WEAK LEAST SQUARES DISCRETIZATIONS 1361

(e.g., consult [BH02, pp. 1383--1384]). Taking \ell \delta := \ell , this leads to the bound

\| A(u - u\delta \varepsilon )\| H - 2(\Omega )\times L2(\omega ) + \varepsilon \| u - u\delta \varepsilon \| L2(\Omega )

\lesssim \| \ell +\bigtriangleup u\| (V \delta )\prime + \| Cu - q\| L2(\omega ) + \varepsilon \| u\| L2(\Omega ) + min
z\in X\delta 

\| u - z\| L2(\Omega )

+

\sqrt{} \sum 

K\in \scrT \delta 

h2K | u| 2H1(K) + h4K\| \bigtriangleup u\| 2L2(K).

(6.7)

Unlike Theorem 6.2, this bound requires a priori smoothness conditions on u,
whereas, moreover, the oscillation term in Theorem 6.2 is of higher order than the
square root term in (6.7). \vartriangle 

Remark 7. We expect that in any case the result of Theorem 6.2 extends to
polytopes \Omega \subset \BbbR n for n \geq 3. The definition of the Morley finite element space Y \delta 

has been extended to n \geq 3 in [WX06]. The construction of the Fortin projector
Q\delta from (6.1) also extends to n \geq 3. Some companion operator E\delta \in \scrL (Y \delta ,H2

0 (\Omega ))
that satisfies (6.3), and so (5.1) can also be constructed for n \geq 3. For the result of
Theorem 6.2, the additional property (6.4) was convenient but not necessary. Without
(6.4), the proof of Theorem 6.2 is completed by

| (B\delta z)(v - E\delta v)| \lesssim 
\sqrt{} \sum 

e\in \scrE \delta 
\circ 

he\| [[z]]e\| 2L2(e)
\| v\| Y \delta (v \in Y \delta , z \in X\delta )

and, using the bubble function technique, by

\sum 

e\in \scrE \delta 
\circ 

he\| [[z]]e\| 2L2(e)
\lesssim \| u - z\| 2L2(\Omega ) + \| \ell  - Bu\| 2H - 2(\Omega ) + osc\delta (\ell )

2. \vartriangle 

7. Least squares approximations for the Cauchy problem. In sections 3--
6, a regularized least squares method was presented for solving the UC problem in
ultra-weak variational form Au = (Bu,Cu) = (\ell , q) (see Theorem 2.2). Here we
briefly discuss modifications needed for the application of this least squares method
for solving the Cauchy problem in the ultra-weak variational form Bu = f , where
(Bz)(v) := - 

\int 
\Omega 
z\bigtriangleup v dx, and f(v) := \ell (v)+

\int 
\Sigma 
\psi v - g\partial nv ds (z \in L2(\Omega ), v \in H2

0,\Sigma c(\Omega ))
(see Theorem 2.3) such that the key results Theorem 3.1--Corollary 3.2 and Theo-
rem 5.2--Corollary 5.3 remain valid. Since the case | \Sigma c| = 0 is not relevant, in the
following we assume that | \Sigma c| > 0. Further, we assume that \Sigma , and so \Sigma c are unions
of edges from the triangulations \scrT \delta .

The first adaptation needed is to omit from the saddle-point formulations (3.7)
(conforming test spaces) or (5.6) (nonconforming test spaces) terms that contain the
operator C. Furthermore the functional \ell should be replaced by f .

Although the operator B has the same definition, for the UC problem it acts on
v \in H2

0 (\Omega ) and for the Cauchy problem on v \in H2
0,\Sigma c(\Omega ). On H2

0 (\Omega ) it holds that
\| \cdot \| H2(\Omega ) \eqsim \| \bigtriangleup \cdot \| L2(\Omega ), which is not true on H2

0,\Sigma c(\Omega ). What does hold on the latter
space is that \| \cdot \| H2(\Omega ) \eqsim | \cdot | H2(\Omega ). So, for the Cauchy problem, the scalar product
\langle \bigtriangleup \cdot ,\bigtriangleup \cdot \rangle L2(\Omega ) in (3.7) has to be replaced by

\sum 
| \alpha | =2\langle \partial \alpha \cdot , \partial \alpha \cdot \rangle L2(\Omega ).

For the UC problem, as test spaces we considered HTC and Morley finite element
spaces where DoFs associated to points on \partial \Omega were set to zero. For the Cauchy
problem, only DoFs associated to points on \Sigma c have to be set to zero. With this
adaptation the constructions of valid Fortin (3.8) or generalized Fortin operators (5.3)
directly extend to the Cauchy problem. Inspection of the proof from [WX06] reveals

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/1

6/
26

 to
 1

45
.1

8.
16

6.
17

1 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



1362 HARALD MONSUUR AND ROB STEVENSON

that, thanks to | \Sigma c| > 0, also in setting of the Cauchy problem
\sum 

K\in \scrT \delta | \cdot | 2H2(K) \eqsim \sum 
K\in \scrT \delta \| \cdot \| 2H2(K) is valid on the Morley finite element space, so that the scalar product

in (5.6) does not have to be adapted. The construction of the companion E\delta with the
properties (6.3) and (6.4) directly extends to the setting of the Cauchy problem.

For Y \delta being the Morley finite element space, what remains is a definition of
f\delta \in (Y \delta )\prime and that of osc\delta (f) that verifies (5.8). As in Theorem 6.1, a first option
is to take f\delta (\cdot ) = f(E\delta \cdot ), in which case (5.8) is valid with osc\delta (\cdot ) = 0. As noticed
before, a disadvantage of this option is that the ``complicated"" HTC space enters the
evaluation of the forcing term.

Similarly to Theorem 6.2, a second option is to restrict ourselves to \ell \in L2(\Omega )
and, say, to \psi ,g \in L2(\Sigma ), and to extend that theorem to this setting. For nonzero
g, however, we did not manage to establish a bound of type (5.8) for osc\delta (f) being a
true oscillation term, i.e., an expression that vanishes for f , \psi , and g from spaces of
piecewise polynomials w.r.t. \scrT \delta or \{ e : e\in \scrE \delta , e\subset \Sigma \} , respectively.

Therefore, for \ell \in L2(\Omega ), as a third option we propose to take

f\delta (v) =

\int 

\Omega 

\ell v dx+

\int 

\Sigma 

\psi E\delta v - g\partial nE
\delta v ds.(7.1)

Then f(E\delta v)  - f\delta (v) =
\int 
\Omega 
\ell (E\delta v  - v)dx, and with osc\delta (\ell ) from Theorem 6.2, by

following its proof we find

sup
0 \not =v\in Y \delta 

| (B\delta z)(v - E\delta v)+f(E\delta v) - f\delta (v)| 
\| v\| Y \delta 

\lesssim \| \ell  - Bu\| H - 2(\Omega )+\| u - z\| L2(\Omega )+osc\delta (\ell )

\leq \| f - Bu\| (H0,\Sigma c (\Omega ))\prime +\| u - z\| L2(\Omega )+osc\delta (\ell ).

To evaluate (7.1), for e \in \{ \widetilde e : \widetilde e \in \scrE \delta , \widetilde e\subset \Sigma \} and v from the Morley space Y \delta , we
need (E\delta v)| e \in P3(e) and (\partial ne

E\delta v)| e \in P2(e). The function (E\delta v)| e is determined by
its values at both \nu \in \scrN \delta on e, which are the values of v at these nodes, together
with the values of its first order derivatives at these \nu , which for each of these \nu is
given by the first order derivative at \nu of (v| K\nu )| e for some \scrT \delta \ni K\nu \ni \nu . The function
(\partial ne

E\delta v)| e is determined by its values at both \nu \in \scrN \delta on e, which for each of these \nu 
is given by the value of (\partial ne

v| K\nu 
)(\nu ), and the value of

\int 
e
\partial ne

E\delta v ds, which is equal to\int 
e
\partial ne

v ds= he(\partial ne
v)(me).

We conclude that this third option for f\delta does not require the construction of the
HTC basis functions, whereas, for \ell \in L2(\Omega ), it results in an oscillation term which is
of higher order than the error of best approximation infz\in X\delta \| u - z\| L2(\Omega ).

8. Numerical experiments.

8.1. Unique continuation. On the square domain \Omega = ( - 1,1)2, and subdo-
main \omega = ( - 1

2 ,
1
2 )

2, for data \ell and q we consider the unique continuation problem of
finding u\in L2(\Omega ) that satisfies, in the distributional sense,

\biggl\{ 
 - \Delta u = \ell on \Omega ,

u = q on \omega .

Let \BbbT denote the collection of all conforming triangulations that can be created
by the newest vertex bisections starting from the initial triangulation that consists
of four triangles created by cutting \Omega along its diagonals. The interior vertex of the
initial triangulation of both squares are labeled as the ``newest vertex"" of all four
triangles in both squares.
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Fig. 4. DoFs in X\delta vs. error in u\delta 
\varepsilon in the L2(G)-norm for different choices of \omega \subseteq G\subseteq \Omega . Left:

error for u(x, y) = ex cos(y). Right: error for u(x, y) = 1
4\pi 

log(x2 + y2). In both cases \varepsilon =DoFs - 
1
2 .

For \scrT \delta \in \BbbT , we choose X\delta as the space of piecewise constants w.r.t. \scrT \delta and Y \delta 

as the Morley finite element space w.r.t. \scrT \delta with all DoFs associated to boundary
points set to zero. In the experiments for this unique continuation problem, we
consider uniform triangulations \scrT \delta only.

Following sections 5--6, the numerical approximation u\delta \varepsilon of u is computed as the
first component of the pair (u\delta \varepsilon , v

\delta 
\varepsilon )\in X\delta \times Y \delta that satisfies

\sum 

K\in \scrT \delta 

\int 

K

\Bigl\{ \sum 

| \alpha | =2

\partial \alpha v\delta \varepsilon \partial 
\alpha \~v
\Bigr\} 
 - u\delta \varepsilon \bigtriangleup \~v - \~z\bigtriangleup v\delta \varepsilon dx - \varepsilon 2\langle u\delta \varepsilon , \~z\rangle L2(\Omega )  - \langle u\delta \varepsilon , \~z\rangle L2(\omega )

= \ell \delta (\~v) - \langle q, \~z\rangle L2(\omega ) ((\~z, \~v)\in X\delta \times Y \delta ).

We will consider the prescribed solutions u(x, y) = ex cos(y) and u(x, y) = 1
4\pi 

log(x2 + y2) and the corresponding exact data (\ell , q) = ( - \bigtriangleup u,u| \omega ). Because of the
latter and the fact that the best approximation error in L2(\Omega ) behaves at best as

\sim DoFs - 
1
2 , we have set \varepsilon := DoFs - 

1
2 . Setting \varepsilon = 0, however, gave similar results.

In the first, smooth case, we have \ell = 0, and we take \ell \delta = 0. In the second case,
we have \ell = \delta 0, where \delta 0 : v \mapsto \rightarrow v(0) is the Dirac functional. Because \delta 0 \not \in (Y \delta )\prime , we set
\ell \delta := \ell \circ E\delta , where E\delta is the companion operator defined in section 6.

For different choices of \omega \subseteq G \subseteq \Omega , Figure 4 shows the L2(G)-error in the finite
element approximations u\delta \varepsilon . For the smooth solution u(x, y) = ex cos(y), the conver-
gence rates vary between the optimal rate 1

2 for G= \omega , being in correspondence with
footnote 1, and the rate 1

10 for G = \Omega , actually a case that is not covered by the
theory.

The results for u(x, y) = 1
4\pi log(x2+y2) are similar, although the rate 1

2 for G= \omega 
is not exactly attained, which can be understood by noticing that this u is just not
in H1(\Omega ).

8.2. Cauchy problem. On the rectangular domain \Omega = ( - 1,1)\times (0,1) and the
Cauchy boundary \Sigma = ( - 1,1) \times \{ 0\} , for data \ell , g, and \psi we consider the Cauchy
problem of finding u\in L2(\Omega ) that satisfies, in the distributional sense,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1364 HARALD MONSUUR AND ROB STEVENSON

Fig. 5. Left: Plot of (x, y) \mapsto \rightarrow min(max(u(x, y),20), - 20). Right: Example of a mesh generated
by our adaptive routine.

\left\{ 
 
 

 - \Delta u = \ell on \Omega ,
u =g on \Sigma ,

\nabla u \cdot \vec{}n =\psi on \Sigma .

We prescribe the harmonic solution u(x, y) := \~u(x, y) - \~u( - x, y) (see Figure 5), where
\~u(r, \theta ) := r - 

1
2 sin( - \theta 

2 ) in polar coordinates, and determine the exact data correspond-

ingly. One may verify that u\in H 1
2 - \varepsilon (\Omega ) for all \varepsilon > 0, whereas u \not \in H 1

2 (\Omega ).
Let \BbbT denote the collection of all conforming triangulations that can be created

by the newest vertex bisections starting from the initial triangulation that consists of
eight triangles created by first cutting \Omega along the y-axis into two equal squares and
then cutting these squares along their diagonals. The interior vertex of the initial
triangulation of both squares is labeled as the ``newest vertex"" of all four triangles in
both squares.

For any \scrT \delta \in \BbbT , we choose X\delta as the space of piecewise constants w.r.t. \scrT \delta and
Y \delta as the Morley finite element space w.r.t. \scrT \delta with all DoFs associated to points on
\Sigma c set to zero.

Following section 7, the numerical approximation u\delta \varepsilon of u is computed as the first
component of the pair (u\delta \varepsilon , v

\delta 
\varepsilon )\in X\delta \times Y \delta that satisfies

\sum 

K\in \scrT \delta 

\int 

K

\Bigl\{ \sum 

| \alpha | =2

\partial \alpha v\delta \varepsilon \partial 
\alpha \~v
\Bigr\} 
 - u\delta \varepsilon \bigtriangleup \~v - \~z\bigtriangleup v\delta \varepsilon dx - \varepsilon 2\langle u\delta \varepsilon , \~z\rangle L2(\Omega )  - \langle u\delta \varepsilon , \~z\rangle L2(\omega )

=

\int 

\Sigma 

\psi E\delta \~v - g\partial nE
\delta \~v ds ((\~z, \~v)\in X\delta \times Y \delta ).

We will measure the L2(G)-error for G= ( - 1
2 ,

1
2 )\times (0, 12 ). Notice that G ``touches""

the singularity of u in (0,0).
Because of the latter, and since only u \in H

1
2 - \varepsilon (\Omega ) for \varepsilon > 0, even if u\delta \varepsilon would

be a quasi-best L2(G)-approximation to u, then for uniform meshes the convergence
rate could not exceed 1

4 . We therefore investigate an adaptive refinement strategy.
Following the idea of the Zienkiewicz and Zhu estimator (see [ZZ87]), we define a
continuous piecewise linear \widehat u\delta w.r.t. \scrT \delta by

\widehat u\delta (\nu ) =
\sum 

\{ K\in \scrT \delta : K\ni \nu \} | K| u\delta \varepsilon | K
\{ \sum K\in \scrT \delta : K\ni \nu \} | K| (\nu \in \{ vertices of \scrT \delta \} )

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Fig. 6. DoFs in X\delta vs. error in L2(G), exact data. Left: error for smooth solution with

\varepsilon = DoFs - 
1
2 . Right: error for singular solution u, as well as \| Q\delta u  - u\| L2(\Omega ), where Q\delta is the

L2-projection onto X\delta corresponding to the adaptive refined \scrT \delta . Here \varepsilon =DoFs - 
1
2 or \varepsilon = 0 in the

adaptive or uniform refinement case.

and then approximate \| u  - u\delta \varepsilon \| 2L2(\Omega ) by
\sum 

K\in \scrT \delta \eta K , where \eta K := \| \widehat u\delta  - u\delta \varepsilon \| 2L2(K).
Using these local error indicators, we apply a bulk chasing strategy with parameter
\theta = 0.6.

8.2.1. Exact data. Besides for our singular solution u depicted in Figure 5,
first we computed our approximation u\delta \varepsilon for the smooth, harmonic solution u(x, y) :=\sqrt{} 

2
\pi sin(x) sinh(y) using exact data g and \psi . The results shown in the left picture of

Figure 6 for uniform meshes and \varepsilon = DoFs - 
1
2 show the optimal convergence rate 1

2
despite the ill-posedness of the Cauchy problem.

For the singular solution u and exact data g and \psi , the results for uniform meshes
and \varepsilon = 0, and adaptive meshes and \varepsilon = DoFs - 

1
2 , are given in the right picture of

Figure 6. These results show that adaptive refinement gives a quantitative improve-
ment, although the asymptotic rate improves only slightly from 0.25 (being optimal
for uniform refinements) to 0.3. To verify whether our adaptive strategy produces
quasi-optimal meshes, we also computed the L2(\Omega )-orthogonal projection of the exact
solution onto the corresponding piecewise constant finite element space, and indeed
the resulting errors decay with the optimal rate 1

2 .
For the numerical experiments presented in the next two subsubsections, the

singular solution u depicted in Figure 5 is considered, and starting from the initial
mesh all meshes \scrT \delta have been created using the adaptive strategy described above.

8.2.2. Randomly perturbed data. We demonstrate the effect of adding ran-
dom perturbations to the Dirichlet datum. Noticing that \| v \mapsto \rightarrow 

\int 
\Sigma 
g\partial nv ds\| H2

0,\Sigma c (\Omega )\prime \eqsim 
\| g\| 

H - 1
2 (\Sigma )

, given \scrT \delta we chose a random piecewise constant g\delta w.r.t. \scrE \delta \cap \Sigma with

\scrE data \eqsim \| g\delta \| 
H - 1

2 (\Sigma )
\approx 0.05. We achieved this by normalizing a random function in

\scrE \delta \cap \Sigma , taking values in [0,1], in a discrete H - 1
2 (\Sigma )-norm that on piecewise constant

functions is uniformly equivalent to the true H - 1
2 (\Sigma )-norm, and then multiplied the

result with 0.05. We used the discrete H - 1
2 (\Sigma )-norm constructed in [F\"uh21, p. 211]
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(a)

Fig. 7. DoFs in X\delta vs. error in L2(G) in the case of random piecewise constant perturbations

w.r.t. current (boundary) mesh of the Dirichlet datum with H - 1
2 (\Sigma )-norm \approx 0.05.

using results from [AL09]. By computing the coefficients of g w.r.t. the H - 1
2 ( - 1,1)-

orthonormal basis \{ 
\sqrt{} 

n\pi 
2 sinn\pi x+1

2 \} , one finds that \| g\| 
H - 1

2 (\Sigma )
\approx 1.29.

Replacing the exact Dirichlet datum g by g + g\delta , in Figure 7 we compare the
regularization strategies \varepsilon = \scrE data +DoFs - 

1
2 and \varepsilon = DoFs - 

1
2 . The results indicate

that such random perturbations are rather harmless and therefore do not require
additional regularization.

8.2.3. ``Difficult"" perturbations. We will construct ``tough"" perturbations in
the following way. One can show that for m\in \BbbN , the solution u= u(m) of the Cauchy
problem with data (\ell , g,\psi ) = (0, g(m),0) where g(m)(x) :=

\sqrt{} 
m\pi 
2 sin(m\pi 

2 (x+1)) is given

by u(m)(x, y) =
\sqrt{} 

m\pi 
2 sin(m\pi 

2 (x + 1)) cosh(m\pi 
2 y). It holds that \| g(m)\| 

H - 1
2 (\Sigma )

= 1,

whereas \| u(m)\| L2(\Omega ) \sim 1
2
\surd 
2
e
m\pi 
2 (m\rightarrow \infty ), illustrating the ill-posedness of the Cauchy

problem.
Replacing the exact Dirichlet datum g by g + 0.05g(m), we again compare the

regularization strategies of choosing \varepsilon = \scrE data +DoFs - 
1
2 and \varepsilon =DoFs - 

1
2 . For inter-

mediate values ofm, Figure 8 shows that additional regularization because of the data
error is needed. An explanation why for larger m such regularization is not helpful is
that the resulting errors are not yet resolved on the meshes that were employed.

9. Conclusion. We have established conditional stability estimates for the
unique continuation and Cauchy problems in ultra-weak variational formulations,
whose estimates are the basis of regularized least squares formulations. Replacing
dual norms in the least squares functional by computable discretized dual norms
leads to a mixed formulation. For uniformly stable pairs of trial and test spaces, the
L2-error on a subdomain can be bounded by the best possible fractional power of
the sum of the data error and the error of best approximation. In comparison to
standard variational formulations, they show a qualitatively best possible achievable
error decay at lower computational cost. The use of C1 finite element test functions
can be avoided by the application of nonconforming test functions.
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Fig. 8. DoFs inX\delta vs. error in L2(G) for different choices of \varepsilon and perturbation of the Dirichlet
data with 0.05 \ast gm.
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