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1 Introduction

Integrable 2d σ-models play an important role in various domains of physics. For instance, in
string theory, they have been crucial in our understanding of the AdS/CFT correspondence

— see the reviews [1–4]. In that context, one is typically interested in conformally invariant
σ-models, but it is also important and instructive to consider RG flows between or away
from these fixed points. Various non-conformal integrable σ-models with either massive or
massless infrared phases have found interesting applications in condensed matter physics [5, 6]
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and as toy models to explore non-perturbative aspects of QFT [7–9]. It is therefore natural
to try to explore and understand the space of all integrable σ-models, their RG flows and
their conformal fixed-points.

For the purposes of this paper, we will restrict to bosonic 2d σ-models, defined by
the action1

S = 1
4πα′

∫
d2xL , L = −(Gmn(X)ηab +Bmn(X)ϵab) ∂aX

m ∂bX
n (1.1)

= (Gmn(X) +Bmn(X)) ∂+Xm ∂−X
n .

Here, the 2d scalar fields Xm are the coordinates on a target space, which is equipped with a
metric Gmn = G(mn) and a 2-form B-field Bmn = B[mn]. We will be particularly interested
in the classically integrable σ-models, corresponding to specific choices of metric and B-fields
for which the theory admits an infinite number of symmetries.

These 2d σ-models generally have UV divergences that trigger an RG flow [10–14]:

d
dt(Gmn +Bmn) = Rmn − 1

4(H
2)mn − 1

2(∇H)mn + . . . . (1.2)

Here we indicate only the 1-loop flow, which is a generalisation of the famous Ricci flow to
include the antisymmetric B-field (with field strength H = dB). This should be understood
as a flow in a space of infinitely many couplings, the space of metrics and B-fields.

The special σ-models that are integrable are expected to define consistent, self-contained
quantum theories. In particular, they should represent consistent truncations of this flow,
and thus should be renormalisable. One may hope to understand this property as resulting
from their ‘hidden’ integrable symmetries protecting their structure under renormalisation.
In the semiclassical limit, this yields the following conjectural statement [15–17]:

Folk theorem: The class of classically integrable σ-models is stable under the
1-loop RG flow (1.2).

Mathematically speaking, this seems rather non-trivial: it implies the existence of a non-trivial
subspace — among the infinite-dimensional space of geometries — that is closed under the
(generalised) Ricci flow. In recent years, several authors have studied the renormalisation
of integrable σ-models, observing this conjecture to be true without exception [18–31].2 As
well as our direct interest in integrable models, they are therefore a particularly simple
class of σ-models, often with finitely many couplings, in which to study the RG flow and
its fixed points.

We will prove this conjecture for a large class of integrable σ-models. First, however,
we need to define exactly what is meant by ‘classically integrable’. A typical criterion for
classical integrability is that the equations of motion can be written in zero-curvature form,

[∂a + La, ∂b + Lb] = 0 , (1.3)
1Here xa = (t, x) are the 2d coordinates, η = diag(−,+) is the 2d Minkowski metric, ϵab is the 2d

Levi-Civita tensor with ϵ01 = 1, and x± = 1
2 (t± x) are the 2d lightcone directions.

2See also the following studies extending these statements to higher-loop orders [24, 25, 32–39], as well as
related earlier works [40, 41].
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in terms of some Lax connection La(X, z), which depends on the fields X and meromorphically
on an auxiliary ‘spectral’ parameter z. This ensures the existence of infinitely many conserved
charges, extracted from the monodromy of L(X, z). In addition, one asks that these charges
pairwise Poisson-commute, which is ensured by requiring that the Poisson brackets of the
spatial component Lx(X, z) are given by a so-called Maillet bracket. For the purposes of
this article, we will take the existence of such a Lax connection as the definition of classical
integrability.

In recent years, two unifying frameworks have been proposed to study the space of
integrable σ-models at the classical level. They encompass all examples known to us and
have allowed for the systematic construction of many new ones. The first, phrased in the
Hamiltonian language, is the formalism of affine Gaudin models [42–44]; the second, defined
in a Lagrangian setup, is the 4d Chern-Simons theory [45–47]. In fact, these two frameworks
are closely related [48] but, in this work, we will focus on the 4d Chern-Simons theory.
This unifying 4d gauge theory,

S4d[A] =
1

16π2i

∫
ω ∧ CS[A] , ω = φ(z) dz , (1.4)

is designed to engineer integrable 2d models on certain surface defects in 4d. The 4d space
consists of the 2d space, plus the complex spectral parameter. The choice of integrable
2d model is then predominantly specified by the meromorphic 1-form ω, which is like the
‘coupling constant’ of the 4d theory. This object, called the twist 1-form, is allowed to have
poles and zeros in the z-direction, which distinguishes those special points as 2d defects, where
one needs to impose certain boundary conditions on the gauge field. The choice of those
boundary conditions is then the other main ingredient defining the theory. The fundamental
fields Xm of the 2d σ-model are extracted from the defect degrees of freedom located at the
poles of ω. Similarly, the zeros of ω, known as disorder defects, become the poles of the 2d
Lax connection La(X, z) and thus directly appear in the integrable structure of the model.
In this construction, the complex spectral parameter can be valued either in the Riemann
sphere, yielding rational integrable σ-models; on the torus, producing elliptic theories; or
on higher-genus surfaces. The detailed classical construction of these models with ‘disorder’
defects is owing to [46–53] (see also [54] and references therein for a review).

We will prove the folk theorem above for a large class of integrable σ-models derivable
from 4d Chern-Simons theory with disorder defects. Specifically, we will argue that this class
of theories is 1-loop renormalisable with the twist 1-form running as

d
dtω = ∂zΨ(z) dz . (1.5)

Here Ψ is a particular meromorphic function, determined by ω as the solution of an in-
terpolation problem. Specifically, Ψ is required to have the same pole structure as ω and
to take specific values at its zeros (see equation (3.21) for details). The result (1.5) then
defines a consistent 1-parameter flow on the moduli space of meromorphic 1-forms with
prescribed number and orders of poles and zeros. Let us briefly review its history. This
formula was first conjectured to be the RG flow of rational integrable σ-models in [23], based
on various examples. This was later proven in [24, 26] for theories with simple poles in the
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Lax connection and no gauge-symmetries, using the language of E-models [50, 55]. The
proof for more general rational models has not appeared in the literature so far. Another
related conjecture, proposed by Costello, was reported in the work [53] of Derryberry. It
expressed the RG flow as a remarkably simple flow of the periods of ω, i.e. its integrals over
specific contours in the underlying Riemann surface. This proposal, based on more geometric
considerations (and related to the so-called rel-flow [56, 57]), applied also to higher-genus
Riemann surfaces, therefore including elliptic models. More recently, it was proven [27] to be
equivalent to the flow (1.5), with the function Ψ introduced for rational models in [23] and
with an appropriate new definition of Ψ for elliptic ones. In the latter case, the conjecture
was then checked in a specific example [27] but remains open in general.

In this work, we will prove the formula (1.5), and thus the conjectures of [23, 53], in a
very general case. Our result applies to both rational and elliptic models, with arbitrary
pole structures for ω and the Lax connection — covering a large class of integrable σ-models.
As mentioned above, these 2d theories are defined not just by the twist 1-form ω but also
several other pieces of data, which essentially amount to a choice of boundary conditions
for the 4d gauge field at the defects. A part of our work will also be to derive how these
other data run under the RG flow. There are some known examples outside the reach of
our analysis, for instance ZT -cosets [58, 59], higher-genus theories [46, 53] and models on
flag manifolds [60, 61]. While the latter two are beyond the scope of the present paper, we
expect our approach to be applicable to ZT -cosets and their generalisations with only minor
technical modifications. We refer to the Discussion for more details on these prospects.

Our insight in proving the claim (1.5) comes from a general approach to studying these
integrable RG flows, independent of their origin from 4d Chern-Simons theory: the ‘universal’
1-loop divergences recently put forward in [62, 63]. The basic observation is that 1-loop
divergences are determined by the classical equations of motion. In integrable 2d models, the
equations of motion take a canonical zero-curvature form (1.3) in terms of the Lax connection:
hence the claim is that the 1-loop divergences always take the same form when written in terms
of the Lax connection. Concretely, under general assumptions, they are given by a universal
path integral in terms of the zero-curvature equations following from the Lax connection.

This path integral is universal in the sense that it only depends on the positions and
multiplicities of the poles of the Lax connection — not the particular form of the currents
appearing as these poles’ residues. Here, we will compute it in a very general case, finding
that it takes the elegant form

d
dt Ŝ

(1) = cG

2π

∫
d2x

∮
−Γ+

dz
2πi ⟨L+, ∂zL−⟩ , (1.6)

where −Γ+ is a contour encircling only the poles of L+ (and not those of L−). The contour
integral over the spectral parameter gives a sum of residues, which sums up particular
combinations of the currents in the Lax connection L± to produce a local 2d counterterm.
Our general approach allows us to derive this result not only for rational models, but also for
the elliptic ones. It is based on the observation that the pole structure of the Lax connection
can be written in both cases in terms of an R-matrix solving the classical Yang-Baxter
equation. Formulated in this language — presumably related to the underlying integrable
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structure — our argument applies immediately to both the rational and elliptic cases, with
the different R-matrices appearing in each case.

The universal counterterm (1.6) is derived only from the existence of the zero curvature
equation and minor technical assumptions on the Lax connection, independently of the details
of the model. To prove renormalisability, we must show that this universal counterterm
can be absorbed into a flow of the theory’s classical couplings. To do this, we will further
leverage the models’ origin from 4d Chern-Simons theory, by showing that (1.6) can be
rewritten as a local 4d counterterm

d
dt Ŝ

(1) = − 1
16π2i

∫
Ψ(z) ⟨F[A],F[A]⟩ = − 1

16π2i

∫
Ψ(z) dCS[A] . (1.7)

This expression is close to proving 1-loop renormalisability: after integrating by parts, one
gets a term ∂zΨ(z) ∧ CS[A] that can be absorbed as a flow of ω of the expected form (1.5),
upon comparing with the classical action (1.4). However, making this statement precise
requires additional care, as one needs to deal with various defect-localised terms arising
from the flow of the poles of ω and of the boundary conditions imposed there. Similarly,
in the elliptic case, one needs to take into account additional contributions stemming from
the flow of the torus moduli. The careful treatment of these aspects is the last technical
step required to prove (1.5) and will be detailed in the main text. Although we rewrote
the counterterm as a 4d integral, it is important to emphasise that, in this paper, we are
studying the renormalisation of a 2d theory, and the theory that we quantise is the 2d one.
The relation between this analysis and the quantisation of the 4d gauge theory has been
discussed in [63], where the equivalence between the classical 2d and 4d actions has been
extended to the 1-loop effective actions. We will comment more in the Discussion section
on the future prospects of quantisation directly in 4d.

The paper is structured as follows. In section 2, we review the classical construction of
rational integrable σ-models from 4d Chern-Simons theory with disorder defects. In section 3,
we use the ‘universal’ computation of integrable models’ 1-loop divergences to obtain a general
expression for the log-divergent terms in the 1-loop effective action, written elegantly as a
contour integral of the Lax connection. This computation is mostly independent of section 2.
We then recast this as a 4d counterterm, and show that it can be absorbed as a flow of the
twist 1-form ω and the other data defining the theory. In section 4, we review the construction
of (equivariant) elliptic integrable field theories from 4d Chern-Simons. We then repeat and
adapt the above analysis for the elliptic case, again proving 1-loop renormalisability. We
discuss the results and future directions in section 5.

Various technical issues are confined to the appendices. In the main text, we focus
on the case where the twist 1-form ω has simple, real poles; the general case is addressed
in appendix A (and we stress that our results apply equally to that case). Appendix B
explains the origin of certain distributional terms that arise when taking RG-derivatives of
integrals of meromorphic quantities. As a supplement to section 4, appendix C contains
a general version of the ‘universal’ computation of 1-loop divergences starting from a Lax
connection written in a general form in terms of a classical R-matrix (which includes both
the rational and elliptic cases). Finally, in appendix D, we exemplify our results in the
familiar case of the Principal Chiral Model.

– 5 –
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2 Rational integrable σ-models from 4d-CS theory

Let us begin by reviewing the construction of a large class of rational integrable σ-models
from 4d Chern-Simons theory. This construction was initiated in the important work [46] of
Costello and Yamazaki and has been actively extended since then, leading to a rich variety of
models. One of the main advantages of our approach to renormalisation is that it will apply
uniformly to all of these theories: we will thus consider a quite general framework, following
the recent works [49–51]. However, to make the presentation lighter, we will reserve the most
general case for appendix A, restricting to a simpler setup in the main text. We also refer
the reader to the lecture notes [54] for a more introductory review and further references.

2.1 The 4d Chern-Simons theory

General setup. Our aim in this section is to engineer integrable σ-models in 2 dimensions
from a 4-dimensional gauge theory. The 2d worldsheet of these σ-models will be denoted
by Σ, with light-cone coordinates (x+, x−) and a locally flat metric ds2 = dx+dx−. The
integrability of these theories will be encoded in the flatness of a Lax connection L±(z),
valued in a complexified Lie algebra gC and depending rationally on a complex spectral
parameter z ∈ CP1 (as well as smoothly on the 2d fields). The central gauge theory will be
defined on the 4d manifold M = Σ× CP1, with coordinates (x+, x−, z, z) that incorporate
the spectral parameter as part of the geometry. As we will explain, each of the resulting
integrable σ-models will be characterised by a choice (ω, Ẑ±, G, b) of the following ingredients:

• a meromorphic 1-form ω = φ(z) dz on CP1 called the twist 1-form;

• a partition of the zeros of ω into two subsets Ẑ+ and Ẑ−;

• a simple, real Lie group G with Lie algebra g;

• a maximally isotropic subalgebra b of the ‘defect algebra’ associated to (ω,G).
Surface defects will be located in the 4d space at the poles and zeros of the twist 1-form ω, and
their positions will be the main continuous parameters of the resulting integrable 2d σ-models.
In particular, the zeros Ẑ± will correspond to the poles of the light-cone components L±(z)
of the Lax connection and will thus play an important role in the integrable structure. The
Lie group G will be the gauge group of the 4d theory and will determine the Lie algebra gC

in which the 2d Lax connection is valued. The final ingredient is more subtle and is related
to the choice of boundary conditions imposed at the surface defects at the poles of ω. See
figure 1 for a schematic depiction of these defining data.

The twist 1-form. The twist 1-form ω is the most important ingredient, so we shall
describe it in some detail. Locally, it can be written as ω = φ(z) dz, where φ(z) is a rational
function of the spectral parameter z, often called the ‘twist function’. We will denote the
set of poles of ω as

P̂ = {p1, . . . , pN} . (2.1)

For simplicity in the main text, we will restrict ourselves to the case of simple poles on the
real axis: the general case, with higher-order and complex poles, will be discussed briefly

– 6 –
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z

x

Poles of ω Zeros of ω

Boundary
conditions:

A± ∈ b only A+
divergent

only A−
divergent

+ −

Figure 1. A cartoon of the defining data of the 4d Chern-Simons theory on Σ× CP1. The vertical
(x) direction depicts the 2d manifold Σ, while the horizontal (z) direction is the spectral CP1. The
meromorphic twist 1-form ω is defined by its poles (solid lines) and zeros (dashed lines). These marked
points in the spectral variable define 2d defects where certain boundary conditions must be imposed.
The zeros of ω are so-called ‘disorder defects’, where the 4d gauge field may become singular; they
split into two subsets Ẑ+ (in red) and Ẑ− (in blue) where the light-cone components A+ and A− may
diverge. At the poles of ω, where the 2d theory lives, the boundary condition is a choice of maximally
isotropic subalgebra b of the defect algebra d, where the jet of the 4d gauge field must lie.

at the end of this subsection and in detail in appendix A. This restriction is purely for
pedagogical reasons: we insist that all the results of this paper also apply to an arbitrary
pole structure, as explained in the appendix.

We now consider the zeros of ω. We will assume them to be real and, for reasons that
will become clear later in this section, separate them into two subsets

Ẑ+ =
{
z+1 , . . . , z

+
N+

}
, Ẑ− =

{
z−1 , . . . , z

−
N−

}
. (2.2)

Furthermore, we denote by m±
i ∈ Z≥1 the multiplicity of the zero z±i , which is allowed to

be arbitrary. We will demand that there are as many zeros in Ẑ+ as in Ẑ− when counted
with multiplicities, i.e. that

N+∑
i=1

m+
i =

N−∑
i=1

m−
i ≡M , (2.3)

with the last equality defining M . By the Riemann-Hurwitz theorem, we then have

N = 2M + 2 , (2.4)

where N is the number of poles. In particular, note that this forces ω to have an even number
of poles and of zeros (counted with multiplicities).

– 7 –
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We can write ω in a factorised form, in terms of its poles pr, its zeros z±i and a real
proportionality factor K,3

ω = K

∏N+
i=1(z − z+i )m+

i
∏N−

i=1(z − z−i )m−
i∏N

r=1(z − pr)
dz , (2.5)

so that it is parametrised by the numbers (K, pr, z
±
i ). Note that we can eliminate 3 of these

parameters by Möbius transformations of z. For fixed numbers and multiplicities of the poles
and zeros, and taking into account this redundancy, ω has N +N+ +N− − 2 continuous, real
parameters. We finally define the levels of the model as the residues4

ℓr = resz=pr ω , (2.6)

which are, by construction, rational functions of the parameters (K, pr, z
±
i ).

The 4d gauge theory. As mentioned at the beginning of this subsection, part of the
defining data of the 4d Chern-Simons theory is the choice of a simple, connected gauge group
G, with Lie algebra g. The fundamental field of this theory is then a gauge field

A = A+ dx+ +A− dx− +Az dz +Az dz , (2.7)

defined as a 1-form on M = Σ × CP1 valued in the (complexified) gauge algebra gC. As
usual, the Chern-Simons 3-form of A is defined as

CS[A] =
〈
A, dA+ 2

3A ∧A
〉
. (2.8)

Here, ⟨·, ·⟩ is the invariant bilinear form5 on gC and an exterior product ∧ is implicit when
taking pairings of gC-valued forms. The 4d Chern-Simons theory is then defined by the
action [46, 64, 65]

S4d[A] =
1

16π2i

∫
M
ω ∧ CS[A] . (2.9)

We refer to the appendix B.1 for a more detailed discussion of how such integrals against
meromorphic 1-forms are defined and computed. We note that the presence of ω = φ(z) dz
means that the only component of the 3-form CS[A] contributing to the action is the one
parallel to dz ∧ dx+∧dx−. As a consequence, the Az component of the gauge field completely
decouples from the theory: it is therefore unphysical and can be set to any value. The relevant

3Here, we assumed that the points pr and z±i are all in the finite complex plane C ⊂ CP1, which can always
be ensured by a Möbius transformation of z.

4These levels will eventually be related to coefficients of Wess-Zumino terms in the resulting 2d σ-models.
5Since G is simple, the invariant bilinear form ⟨·, ·⟩ coincides with the Killing form up to a proportionality

factor. Throughout this paper, we will normalise it so that

⟨X,Y ⟩ = − 1
2cG

Trg
[
adX adY

]
, ∀X,Y ∈ gC ,

where cG ∈ Z≥1 is the dual Coxeter number of G. The minus sign ensures that ⟨·, ·⟩ is positive-definite if G is
compact.

– 8 –
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dynamical degrees of freedom (subject to further gauge symmetry) are thus the remaining
components (A+, A−, Az).

To ensure the reality of the action (2.9), we impose that these components are equivariant
with respect to complex conjugation on CP1 and gC, i.e. that

Aµ(x±, z, z) = τ
(
Aµ(x±, z, z)

)
, µ = +,−, z̄ . (2.10)

Here, τ : gC → gC is the antilinear involutive automorphism of gC induced by complex
conjugation, whose fixed-point subalgebra is the real form g = {X ∈ gC | τ(X) = X

}
.

Disorder defects. Since the 1-form ω has zeros at Ẑ± = {z±i }N±
i=1, then the action can

remain finite even if the gauge field diverges at these points. For the action to be finite,
the different components of the gauge field should not blow up too much at the same time,
so we demand the following pattern of singularities:

A± = O

(
1

(z − z±i )m±
i

)
. (2.11)

In other words, the two sets of zeros Ẑ+ and Ẑ− are distinguished by the respective light-cone
components A+ and A− blowing up.6 Otherwise, we ask that the gauge field be smooth
and regular on M = Σ × CP1. The singularities (2.11) will play an important role in the
resulting 2d integrable model and are called disorder defects.

Variation and equations of motion. Let us now consider the variational problem associ-
ated with the action (2.9). Under infinitesimal transformations δA of the gauge field, one finds

δS4d = 1
8π2i

∫
M
⟨ω ∧ F[A], δA⟩+ δSdefect

4d + δSbdry
4d , (2.12)

where F[A] = dA+ A ∧ A is the curvature of A, and the last two terms are given by

δSdefect
4d = − 1

16π2i

∫
M

dω ∧ ⟨A, δA⟩ , (2.13a)

δSbdry
4d = 1

16π2i

∫
M

d (ω ∧ ⟨A, δA⟩) . (2.13b)

Since ω = φ(z) dz is a meromorphic 1-form, its exterior derivative dω = ∂z̄φ(z) dz̄ ∧ dz is
a distribution on CP1 supported on the poles P̂ (see appendix B.1 for more details). The
4d integral in equation (2.13a) thus localises to a surface integral on the poles defect Σ× P̂.
This defect term requires a careful treatment and will be the subject of its own paragraph
later. Similarly, the integral in (2.13b) localises to the boundary of M = Σ× CP1: since the

6Note that the reason why we distributed these singularities along the light-cone components of A is
because we are eventually interested in relativistic σ-models. We expect that similar requirements can also
be found that lead to Euclidean theories, using the components of A along complex coordinates on Σ. More
generally, one could consider an even larger class of theories, neither relativistic or Euclidean, corresponding
to singularities distributed along arbitrary directions in Σ. We believe that the methods developed in this
paper to study the 1-loop RG flow of the relativistic models could also apply to this more general class, but
leave a thorough analysis of this question for the future.
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boundary ∂CP1 is empty and we will assume that A decreases sufficiently fast towards the
boundary of Σ, this term can be discarded. In contrast, the first term in the variation (2.12)
is a proper 4d integral and thus corresponds to a bulk contribution. For the action to be
extremised, this term must vanish for all δA, giving the bulk equation of motion

ω ∧ F[A] = 0 . (2.14)

This is almost a zero curvature equation for the gauge field A, as in standard Chern-Simons
theory. The difference here is the presence of an additional fourth direction, tempered
by the exterior product with ω = φ(z) dz, which removes the Az-component of the gauge
field and all ∂z-derivatives from the equation. We thus see that — away from zeros of ω

— this equation amounts to the flatness of the gauge field Fµν [A] = 0 along the directions
µ, ν = (x+, x−, z) (but not along the z-direction).

Defect term from jets. Let us now discuss the defect term (2.13a) in detail. As mentioned
earlier, the derivative dω is a distribution, more precisely a sum of Dirac distributions localised
at the poles P̂ = {pr}N

r=1 of ω (see appendix B.1 and equation (B.9) for more details). The
integration over z ∈ CP1 in (2.13a) can thus be performed explicitly, yielding a surface
integral along Σ. One then finds

δSdefect
4d = − 1

8π

N∑
r=1

ℓr

∫
Σ
⟨A, δA⟩|z=pr , (2.15)

where {ℓr}N
r=1 are the levels (2.6). Note that the 2-form ⟨A, δA⟩ is integrated along the

surface Σ × {pr}, so only the spatial components A± of the gauge field contribute to the
above expression. This formula naturally leads us to consider the so-called jet of A± along
the pole defect Σ × P̂, defined as

A± =
(
A±
∣∣
z=pr

)
r=1,...,N

∈ d = gN . (2.16)

This object is just the set of evaluations of A± at the poles P̂. Due to the reality condition (2.10)
and our assumption that the poles pr are real, each of these evaluations is valued in the
real Lie algebra g. The jet A± is thus naturally interpreted as an element of the direct
product d = gN , which we call the defect Lie algebra. The latter will play a crucial role
in the rest of this section. It has dimension

dim d = 2(M + 1) dim g , (2.17)

with M as in equations (2.3) and (2.4). Moreover, it is naturally equipped with a Lie bracket

[X,Y]d =
(
[Xr, Yr]

)
r=1,...,N

, (2.18)

where X = (Xr)r=1,...,N and Y = (Yr)r=1,...,N are generic elements of d = gN . The relevance
of this Lie algebraic structure will be made clear later when discussing gauge symmetries.

We also introduce the notation A = A+ dx+ + A− dx−, which is a d-valued 1-form on
Σ. The defect term (2.15) can then be compactly rewritten as

δSdefect
4d = − 1

8π

∫
Σ
⟨⟨A, δA⟩⟩d , (2.19)
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where we have defined a symmetric bilinear form ⟨⟨·, ·⟩⟩d on the defect algebra by

⟨⟨X,Y⟩⟩d =
N∑

r=1
ℓr ⟨Xr, Yr⟩ . (2.20)

One easily checks that ⟨⟨·, ·⟩⟩d is non-degenerate and ad-invariant with respect to the Lie
bracket (2.18).

Boundary condition and the maximally isotropic subalgebra. Having rewritten the
defect term in the compact form (2.19), we can return to the analysis of the variation of
the action (2.12). For the variational problem to be well defined, this defect term needs to
vanish. This will be arranged by imposing a boundary condition on the gauge field’s jet A±.
Recall that the latter was defined as a field in the defect algebra d. We will demand that
it takes values in a maximally isotropic subalgebra b of d:

A± ∈ b . (2.21)

Different choices of b correspond to different boundary conditions, and such a choice is the
last ingredient defining the 4d Chern-Simons theory.

More concretely, an isotropic subalgebra of the defect algebra is a subspace b ⊂ d

satisfying the following conditions:

[X,Y]d ∈ b and ⟨⟨X,Y⟩⟩d = 0 , for all X,Y ∈ b . (2.22)

Clearly the second property, i.e. the isotropy of b, combined with the boundary condition (2.21),
implies the vanishing of the defect term (2.19), as desired. The first property — that b

should also close under the Lie bracket — will be justified in the next paragraph and has to
do with gauge symmetries. We finally ask that b is of maximal dimension for an isotropic
subspace of d, i.e. that it is half-dimensional:

dim b = 1
2 dim d = (M + 1) dim g . (2.23)

This assumption will be important later on when we will use the boundary condition to relate
the 4d gauge field to 2d fields localised on the defects.

Gauge symmetry. The theory is gauge-invariant under local transformations by a parameter
u(x+, x−, z, z), which is a smooth function on M valued in the gauge group GC. The gauge
field transforms as a connection, i.e.

A 7−→ Au = u−1Au+ u−1du . (2.24)

In order to preserve the reality condition (2.10) imposed on A, we ask that the gauge
parameter satisfies a similar condition u(x±, z, z) = τ

(
u(x±, z, z)

)
, where τ is the involutive

automorphism of GC characterising its real form G.
It is well-known that the curvature of A is covariant under gauge transformations:

F[Au] = u−1F[A]u. The equation of motion (2.14) is thus clearly gauge-invariant. To be true
gauge symmetries of the model, they also need to preserve its action (2.9). This is more
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subtle: we summarise the main ideas here and refer to [49] for a detailed analysis. A direct
computation shows that the gauge-transformed Chern-Simons form CS[Au] is equal to CS[A]
plus a closed 3-form. While this yields the same bulk equation of motion for A, it implies
that S4d[Au] is equal to S4d[A] plus a defect term located at the poles defect Σ× P̂, which is
non-vanishing in general. This is in fact to be expected: recall that we imposed the boundary
condition (2.21) on the configurations of the gauge field at these poles. The gauge symmetries
therefore need to preserve this boundary condition. Crucially, this will also ensure that no
defect terms arise in the gauge transformation of the action.

Recall that the boundary condition (2.21) was phrased in terms of the jet A± of the
gauge field at the poles P̂, defined in equation (2.16). The gauge transformation A 7→ Au

acts on this jet as

A± 7−→ Au± = u−1A± u+ u−1∂±u , (2.25)

where u = (u|z=pr)N
r=1 is the jet of the gauge parameter u. It is valued in the direct product

D = GN of N copies of the gauge group, which we interpret as the Lie group of the defect
algebra d = gN . The equation (2.25) thus takes the form of a 2d gauge transformation
of the jet A± : Σ → d by the function u : Σ → D. Note that, for this to make sense, it
was necessary to establish a Lie group structure on D and thus a Lie bracket (2.18) on
the defect algebra d. The boundary condition (2.21) that A± be valued in the maximal
isotropic subalgebra b of d is clealy preserved under the gauge transformation (2.25) if we
impose the similar boundary condition

u ∈ B , (2.26)

on the gauge parameter (where B is the unique closed subgroup of D such that Lie(B) = b).7
This is why we asked earlier for b to be a subalgebra of d.8 From now on, we will reserve
the term gauge symmetry for a transformation (2.24) whose gauge parameter satisfies the
boundary condition (2.26). As shown in ([49], Theorem 4.2), the action (2.9) is indeed invariant
under this class of transformations. In contrast, we shall refer to transformations (2.24) by a
parameter u not respecting the boundary condition as formal gauge transformations: these
generally do not preserve the action and are not physical gauge symmetries.

General pole structure. In the main text, we are making the assumption that the poles
P̂ = {pr}N

r=1 of ω are real and simple. We end this subsection with a brief glimpse of the
case of general pole structures, which is discussed in detail in appendix A. If pr is a pole
of order mr ∈ Z≥1, the defect term (2.13a) involves not only the evaluation A±|z=pr of the
gauge field at z = pr, but also its z-derivatives ∂k

zA±|z=pr of order k ≤ mr − 1. This naturally
leads to a generalised definition for the jet (2.16) of A as A± =

(
∂k

zA±|z=pr

)k=0,...,mr−1
r=1,...,N

. The
latter then has to be interpreted as an element of a more complicated defect algebra d than

7By a slight abuse of terminology, we will sometimes refer to B as a maximal isotropic subgroup of D.
8If b was only an isotropic subspace but not a subalgebra, the preservation of the boundary condition

A± ∈ b would impose stronger conditions on u, as for instance being valued in the trivial subgroup of D
rather than a half-dimensional one B. This would lead to more complicated 2-dimensional σ-models, with less
‘transparent’ integrable structures. We refer to the recent work [66] for more details on these cases.
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the one gN considered in the case of simple real poles. In particular, the Lie bracket and
invariant pairing of this defect algebra then take the form (A.11) and (A.9), which are intricate
generalisations of (2.18) and (2.20). In this setup, poles of higher order are associated with
so-called Takiff algebras and complex poles always come in pairs of conjugates, associated
with complexified algebras rather than real ones. The crucial property of this construction
is that with the defect algebra generalised in this way, the rest of this section stays exactly
the same. We insist that all the results of this paper also apply to this general case and
refer to the appendix A for detailed explanations.

2.2 Extracting the 2d integrable σ-model

In the previous subsection, we defined the 4d Chern-Simons theory associated with the data
(ω, Ẑ±, G, b). We now explain how this theory localises classically to a 2d integrable σ-model.
While the derivation is classical, and involves solving some of the 4d theory’s equations of
motion, note that the relation between the 2d and 4d theories was also argued to persist
to the level of 1-loop effective actions [63].

Fields ĝ and L. We start by re-parametrising the gauge field as

A = ĝ L ĝ−1 − d ĝ ĝ−1 , (2.27)

in terms of a new group-valued field ĝ : M → GC and a gC-connection

L = L+ dx+ + L− dx− (2.28)

with components only along the spatial directions Σ. We note that equation (2.27) can be
rephrased as L = Aĝ, using the notation (2.24) for formal gauge transformations. In this
sense, L can be thought of as a ‘formal axial gauge’ in which the dz- and dz-components are
set to zero. We recall that the dz-component Az completely decouples from the theory and
thus can be fixed to any given value: this freedom can always be used to ensure that L = Aĝ

has no dz-component. The part of (2.27) that defines ĝ is the dz-component, ∂z ĝ ĝ
−1 = −Az,

which admits a solution for ĝ.9 We note that the passage from A to L = Aĝ is only a formal
gauge transformation: indeed, the function ĝ defined through the above differential equation
will generally not satisfy the boundary condition (2.26) imposed on gauge parameters u
to define physical gauge symmetries. Thus, A and L = Aĝ are not physically equivalent
configurations of the gauge field.

L is for Lax connection. To interpret L, let us consider how it appears in the equa-
tions of motion. Since the bulk equation of motion (2.14) is invariant under formal gauge
transformations and L = Aĝ, it reduces to ω ∧ F[L] = 0. Projecting this equation along
dz ∧ dx+ ∧ dx− and dz ∧ dz ∧ dx± yields

ω
(
∂+L− − ∂−L+ +

[
L+, L−]

)
= 0 and ω ∂zL± = 0 . (2.29)

The simple form of the second equation relies on the defining property of L, namely that
it has no z-component. This equation tells us that, away from the zeros Ẑ of ω, L± is a

9Note however that ĝ is not uniquely determined. This will be discussed at the end of the subsection.
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holomorphic function of z. More precisely, as we will explain below, L± is a meromorphic
function of z ∈ CP1 with poles at the points Ẑ. On the other hand, the first equation in (2.29)
is the flatness of L seen as a connection on the 2d-manifold Σ, for all z ∈ CP1 \ Ẑ. We thus
see that L can be interpreted as a connection on the 2d-manifold Σ, which is flat on-shell
and depends meromorphically on an auxiliary complex parameter z. These are exactly the
properties of a Lax connection for an integrable 2d field theory on Σ, with z ∈ CP1 playing
the role of the spectral parameter. In 4d Chern-Simons theory, the two key features of this
Lax connection — meromorphicity and flatness — thus arise from the 4d bulk dynamics. In
the rest of this subsection, we will describe the resulting integrable 2d models in more detail.

Analytic structure of L. Let us describe more precisely how L depends on z. As explained
above, the second equation of motion in (2.29) implies that L is holomorphic in z away
from the zeros of ω. In fact, by Liouville’s theorem, any holomorphic function on all of CP1

is constant: so for L± to depend non-trivially on z, it must have poles at the zeros of ω.
Recall from equations (2.2) and (2.11) that we separated these zeros, the locations of the
‘disorder’ defects, into two disjoint subsets Ẑ± =

{
z±i
}N±

i=1, where the light-cone components
A+ and A− are respectively allowed to be singular. Since A± are related to L± by a formal
gauge transformation by ĝ, which is regular everywhere, L± can have poles of order m±

i at
the points z±i , but not at the points z∓i . The Lax connection L± thus takes the following
meromorphic form:

L±(z) =
N±∑
i=1

m±
i −1∑

k=0

J (i,k)
±

(z − z±i )k+1 + J (0,0)
± , (2.30)

where J (i,k)
± : Σ → g are Lie algebra-valued10 2d currents on Σ. This is the most general

solution of the second equation of motion in (2.29) compatible with the condition (2.11). In
particular, the zeros of ω and their splitting into the subsets Ẑ± =

{
z±i
}N±

i=1 exactly control
the respective poles of L+ and L−. This highlights their important role in the integrable
structure of the model.

The fundamental 2d fields. Let us now describe how the fundamental fields of the 2d
model are extracted from the 4d setup. Recall that the 4d theory is invariant under gauge
symmetries A 7→ Au, with u satisfying appropriate boundary conditions (2.26) at the poles
of ω. In terms of the new variables (ĝ, L±), these gauge symmetries act as

ĝ 7−→ u−1ĝ and L± 7−→ L± . (2.31)

In particular, the Lax connection L is left invariant. In contrast, these transformations allow
us to ‘gauge away’ most of the degrees of freedom contained in ĝ. In fact, one could naively
think that choosing u = ĝ would eliminate all of these degrees of freedom; however, ĝ does
not satisfy the boundary condition (2.26) imposed on gauge parameters, so it does not define
a proper gauge symmetry. In contrast, gauge parameters u with trivial evaluations at the

10The fact that they are valued in the real form g and not the complexified algebra gC follows from the
reality condition (2.10) on A and our assumption that the zeros z±i are real.
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poles P̂ = {pr}N
r=1 of ω correspond to true symmetries. We can thus use those to eliminate

all the degrees of freedom in ĝ except for its jet along the poles defect:

g =
(
ĝ|z=pr

)N
r=1 : Σ −→ D . (2.32)

The latter is naturally interpreted as a 2d field on Σ, valued in the defect group D = GN . It
could equivalently be treated as an edge mode on the defect Σ× P̂ (see [49] for more details).

The field g is not yet completely gauge invariant, since the gauge freedom ĝ 7→ u−1ĝ has a
residual part g 7→ u−1g, where u = (u|z=pr)N

r=1 ∈ D is the jet of u (and multiplication is that
of the defect group D). The jet u was constrained to be valued in the maximally isotropic
subgroup B of D, by the boundary condition (2.26) imposed on the gauge parameter u.
Hence the gauge-invariant field is the image of g under the canonical projection D → B \D,

g : Σ −→ B \D . (2.33)

We finally note that g is not yet completely physical: it will be subject to one more 2d
local symmetry, arising from a different mechanism, and which will be discussed at the
end of this subsection.

Lax connection in terms of g. Having extracted the gauge-invariant 2d degrees of freedom
contained in ĝ, let us now return to the Lax connection L±. As seen in equation (2.30), it
is described by the g-valued currents {J (i,k)

± }k=0,...,m±
i −1

i=0,...,N±
, where we define m±

0 = 1. In total,
each of L+ and L− therefore contains the following number of components, by (2.3):N±∑

i=0
m±

i

 dim g = (M + 1) dim g . (2.34)

Importantly, these components are not additional physical degrees of freedom: rather, the
boundary condition (2.21) will relate them to the field g introduced above in equation (2.32).
This boundary condition involves the jet of A± at the poles P̂ = {pr}N

r=1, which reads

A± = gL± g
−1 − ∂±g g

−1 with L± =

N±∑
i=1

m±
i∑

k=0

J (i,k)
±

(pr − z±i )k+1 + J (0,0)
±


r=1,...,N

, (2.35)

where we have written A in terms of (ĝ, L) using (2.27) and used the expression (2.30) for
L±. The boundary condition imposes that A± is valued in the subalgebra b ⊂ d. This
translates to a system of dim d − dim b = (M + 1) dim g linear equations on the currents
{J (i,k)

± }k
i (by (2.23)). Being the same in number as the components of the currents (2.34),

the boundary conditions thus completely fix the currents in terms of g and its derivatives
∂±g. We will not need their explicit expression here and refer to [50, 51] for more details.

We can now think of the currents J (i,k)
± as functionals of the D-valued field g. One

further checks that they are invariant under the residual gauge transformations g 7→ u−1g

with u ∈ B.11 Therefore, we can treat the currents as functionals J (i,k)
± [g] of the gauge-

invariant field g, obtained by projecting g onto the quotient B \D. In the end, the Lax
11This is in agreement with the second equation in (2.31), which states the invariance of the Lax connection

under all 4d gauge transformations.
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connection (2.30) then becomes a local functional L±[g] of g, linear in the derivative ∂±g
and depending meromorphically on z, as is standard for the Lax connection of an integrable
σ-model. We note that there are as many independent current components in each of L+[g]
and L−[g] as scalar fields encoded in g, since dimB \D coincides with the number (2.34).

The 2d action. The field ĝ may be decomposed into its gauge-invariant part g (built from
the values (ĝ|z=pr)N

r=1 at the defects P̂) and a pure-gauge part ĝbulk (essentially its behaviour
away from the defects P̂). By solving two of the equations of motion, we expressed L = L[g]
in terms of only g. However, by equation (2.27), the 4d gauge field depends on both g

and ĝbulk. Nevertheless, since the 4d action is gauge invariant, the pure-gauge component
ĝbulk decouples from it, leaving

S4d [A[g, ĝbulk]] = S2d[g] . (2.36)

This equation may initially be seen as a definition of S2d[g] as a 4d integral over Σ× CP1.
However, since we have solved for the dependence of L on z, the integration over CP1 can be
explicitly performed, allowing S2d[g] to be written as a local 2d integral over Σ. We will not
need its expression here, but refer to [46, 47, 49–51] where this has been done explicitly. See
also appendix D below, where we review the familiar example of the PCM.

Importantly, the functional S2d[g] governs the dynamics of g on Σ. By construction, its
equations of motion are equivalent to the flatness of the Lax connection L±[g], automatically
ensuring classical integrability in the sense of existence of an infinite number of conserved
quantities extracted from the connection’s monodromy. Moreover, the Poisson-commutation
of these quantities follows from the Hamiltonian analysis of [48]: in this context the function
φ(z) defining the 1-form ω = φ(z) dz controls the Maillet bracket of the Lax matrix and
is called the twist function.

Diagonal gauge symmetry. Recall that we reparametrised the gauge field A in terms of
(ĝ, L) in equation (2.27). It is important to note that this reparameterisation is in fact not
unique. Indeed, it is invariant under the following transformation of (ĝ, L):

ĝ 7−→ ĝ v , L 7−→ v−1 Lv + v−1dΣv with v : Σ → G , (2.37)

depending on a local G-valued parameter v(x+, x−) on Σ, independent of (z, z). Since this
is simply a redundancy in the parametrisation of the gauge field, it should be interpreted
as a gauge symmetry of the resulting 2d integrable model.

The field of the 2d model was defined as the projection g of the jet (ĝ|z=pr)N
r=1 onto the

quotient B \D. One easily checks that the transformation (2.37) acts on this field by12

g 7−→ g∆(v) , with ∆(v) = (v, . . . , v) ∈ Gdiag , (2.38)

where Gdiag is the diagonal subgroup of the defect group D = GN . Recall from the earlier
that we can write the solution for the gauge field as a functional A[g, ĝbulk]. By construction,
this functional should then be invariant under the redundancy (2.38) of g, and this can

12One initially finds g 7→ g∆(v), acting on the D-valued jet g. This induces the transformation (2.38) on
the B \D-valued projection g since the left B-action and the right Gdiag-action on D commute.
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indeed be checked by a direct computation. In particular, this means that the 2d action (2.36)
is also invariant:

S2d[g∆(v)] = S2d[g] . (2.39)

This confirms our expectation that the transformation (2.38) is a gauge symmetry of the
2d integrable model. Recall from equation (2.33) that g was valued in the quotient B \D.
The 2d model’s true physical degree of freedom is thus a field valued in the double quotient
B \D/Gdiag, which has dimension M dim g by equation (2.23). One can show that the
2d action is quadratic in this field’s derivatives, and hence it defines a non-linear σ-model
on the target space B \D/Gdiag.

Let us also recall that we wrote the 2d Lax connection L±[g] in terms of g. Coming
back to its construction, one can check that

L±[g] 7−→ L±[g∆(v)] = v−1 L±[g] v + v−1∂±v , (2.40)

in agreement with equation (2.37). This is the well-known gauge transformation of the Lax
connection, under which the 2d dynamics (the flatness F+−[L] = 0) are clearly invariant.

Since it will be useful later, let us consider how the g-valued currents J (i,k)
± [g] contained

in the Lax connection (in its partial fraction decomposition (2.30)) transform under (2.40).
For i ≠ 0, the currents correspond to poles of L± and simply transform covariantly under the
Gdiag-symmetry. In contrast, the constant term J (0,0)

± [g] transforms as a connection:

J (0,0)
± [g] 7−→ J (0,0)

± [g∆(v)] = v−1J (0,0)
± [g]v + v−1∂±v . (2.41)

It thus behaves as a gauge field for the Gdiag-symmetry, and on-shell the flatness of the
Lax implies that J (0,0)

± [g] is flat.

3 RG flow of rational integrable σ-models

In the previous section, we have reviewed the construction of a large class of rational integrable
σ-models from the 4d Chern-Simons theory on Σ × CP1. We will now show their 1-loop
renormalisability in a systematic way and will prove the conjecture of [23] on the RG flow of
their twist 1-form ω (already proven in [24] in some cases). We will begin by reviewing the
‘universal’ treatment of 1-loop divergences [62], which leads to a simple path integral in terms
of the zero-curvature equations. We will compute this path integral for the most general
rational Lax connection and recast the resulting 1-loop divergences as a simple contour
integral of the Lax connection. As an illustration, we also refer the reader to appendix D,
where we give the explicit expressions of the universal counterterm and the flow of the twist
1-form in the simple example of the Principal Chiral Model.

3.1 Review of ‘universal’ 1-loop divergences

It was recently observed [62] that the 1-loop divergences of integrable σ-models take a
‘universal’ form in terms of the Lax connection. The basic idea is that the integrable structure
heavily constrains the possible divergences — related to the fact that integrable models should
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be consistent truncations of the general σ-model RG flow (1.2). Concretely, the proposal is that
the 1-loop divergences can be built from the objects appearing in the classical Lax connection.

The argument of [62] relies on the fact that 1-loop divergences are completely determined
by the equations of motion. Since the latter take a canonical zero-curvature form F[L] = 0,
the 1-loop divergences must take a canonical form in terms of the Lax connection. The bulk
of that paper was making this argument precise at the level of the path integral, with a major
subtlety being that some parts of the zero-curvature equations are not genuine equations of
motion. Rather, they are Bianchi identities satisfied off-shell, as a consequence of the physical
form J = J [g] of the currents in the Lax connection in terms of the σ-model field g. In
order to deal with this, it was necessary to assume the converse statement known as ‘Bianchi
completeness’: that the Bianchi identities obeyed by the Lax currents J imply their physical
form J = J [g], at least to leading order when expanded around on-shell background fields.
This condition seems to pick out a large class of σ-models and excludes, for example, the
sine-Gordon model. In the context of 4d Chern-Simons theory with disorder defects, we
expect that all of the resulting 2d theories satisfy the Bianchi completeness assumption13

— although we will not prove it here.
The result is then as follows. Suppose the Lax connection has a given rational pole

structure (with z+i ̸= z−i ),

L±(z) =
N±∑
i=1

m±
i −1∑

k=0

1
(z − z±i )k+1 J

(i,k)
± . (3.1)

The zero-curvature equation of L±(z) is then equivalent to some list of ‘Lax’ equations
on the currents J (i,k)

± ,

F+−[L] = 0 , ∀z ⇐⇒ LaxA[J ] = 0 . (3.2)

For any Bianchi-complete theory realising such a Lax connection (whatever form the currents
J take in terms of the physical fields), the 1-loop divergent terms in the effective action
take the universal form:

Ŝ(1)[J̄ ] ∼ − i

2 log
∫

DUA Dj(i,k)± exp i
∫
UA LaxA[J̄ + j] . (3.3)

where J = J̄ + j, with J̄ on-shell background fields and j fluctuations, while the scalar fields
UA are Lagrange multipliers enforcing the equations LaxA[J̄ + j] = 0 in the path integral.
The symbol ∼ denotes that we are only keeping track of log-divergent terms.

Note that we assumed that there is no constant term (independent of z) in the Lax
connection (3.1). For the models arising from 4d Chern-Simons theory, such a term is

13Indeed, the boundary conditions at the defects are equivalent to the currents in the Lax connection taking
their form J = J [g] in terms of the physical fields (up to Gdiag gauge symmetry). At the same time, one can
show that these boundary conditions trivialise a particular subset of the zero-curvature equations, which we
identify as the ‘Bianchi identities’. Clearly, J = J [g] is then a solution of these identities. Conversely, we
expect at least to linear order in the background field expansion that these Bianchi identities imply the solution
J = J [g], giving Bianchi completeness. This is clearly reasonable since the number of Bianchi identities is
equal to the difference between the number of currents components J± and the number of scalar fields in g.
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generally present, corresponding to the current J (0,0) in equation (2.30). Crucially, however,
this current can always be gauge-fixed on-shell to zero, meaning that we can work with the
equations (3.1)–(3.3) for these models as well. Let us explain how this works in detail. In their
raw form, this class of theories have: (i) a diagonal G gauge symmetry (see discussion at the
end of section 2.2) and (ii) a constant term J (0,0) in the Lax connection. These two features
are related, since J (0,0) transforms as a gauge connection. A priori, the universal path
integral will differ from (3.3) in three ways. First, the path integral measure in (3.3) should
be divided by a gauge volume: DUA Dj(i,k)± → DUA Dj

(i,k)
±

vol(gauge) . The zero-curvature equations will
be modified, LaxA[J ] → L̃axA[J ], by the presence of J (0,0). Moreover, there is an additional
equation F+−[J (0,0)] = 0. The honest path-integral computation then yields

Ŝ(1)[J̄ ] ∼ − i

2 log
∫ DU DUA Dj(i,k)±

vol(gauge) exp i
∫ (

UA L̃axA[J̄ + j] + ⟨U,F+−[J (0,0)]⟩
)
, (3.4)

with the additional Lagrange multiplier U valued in g. Integrating out U imposes F+−[J (0,0)]=
0 as a delta-function constraint, which may be solved by J (0,0)

± = g−1∂±g (integrating over
the field g ∈ G). The gauge symmetry now acts as g → gh where h ∈ G, so it may be
fixed as g = 1 (with trivial Faddeev-Popov determinant). In this gauge, the constant part
of the Lax connection vanishes, J (0,0) = 0, and the zero-curvature equations revert to
L̃axA[J ] → LaxA[J ]. As a result, we obtain the path-integral (3.3) stated above, obtained
by simply deleting the constant term in the Lax connection.

Proceeding with the universal path integral (3.3), we note that it essentially computes
the volume of flat connections with a fixed pole structure, expanded around some background.
Its divergent 1-loop part is readily evaluated: for example, for a Lax connection with only
simple poles (with all z+i ̸= z−j ),

L+ =
∑

i

1
z − z+i

J i
+ , L− =

∑
j

1
z − z−j

J j
− , (3.5)

the 1-loop divergent term in this path integral is found to equal [62]

d
dt Ŝ

(1)[J̄ ] = −cG

2π
∑
i,j

1
(z+i − z−j )2

∫
d2x ⟨J̄ i

+, J̄
j
−⟩ . (3.6)

Here t = logµ is the renormalisation group (RG) parameter (where µ is a renormalisation
scale) and cG is the dual Coxeter number of G (see footnote 5). The above expression is
bilinear in the Lax currents J i, and depends rationally on the positions of the Lax connection’s
poles. It seems natural to reformulate it as a contour integral of the Lax connection itself,
which is the sum of these currents multiplied by different poles in z. After some consideration,
one observes that it is given by the following contour integral14

d
dt Ŝ

(1) = cG

2π

∫
d2x

∮
−Γ+

dz
2πi ⟨L+, ∂zL−⟩ , (3.7)

14NL would like to thank Konstantin Zarembo for a useful discussion of this point.
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along a path −Γ+ that encircles the poles of L+ anticlockwise (with the poles of L− on the
outside). In fact, we will show that this curious formula is correct in general.15

To derive the result (3.7) for the most general rational Lax connection (3.1), we will need
to use its zero-curvature equation, i.e. the corresponding ‘Lax’ equations in (3.2):

∂+J (j,p)
− +

∑
m≥p

∑
i,n

(−1)n+1

(z+i − z−j )m+n−p+1

(
m+ n− p

n

)
[J (i,n)

+ ,J (j,m)
− ] = 0 , (3.8a)

∂−J (i,q)
+ +

∑
n≥q

∑
j,m

(−1)m+1

(z−i − z+j )m+n−q+1

(
m+ n− q

m

)
[J (j,m)

− ,J (i,n)
+ ] = 0 . (3.8b)

These are obtained by simply writing down the zero curvature condition F+−[L(z)] = 0 and
performing a partial fraction decomposition.

3.2 Computing the universal path integral

Let us consider a more general class of equations,

∂+J I
− +

∑
K,L

[OI
KL · J K

+ , J L
− ] = 0 , (3.9a)

∂−J J
+ +

∑
K,L

[P J
KL · J K

− , J L
+ ] = 0 . (3.9b)

where OI
KL and P J

KL are linear operators g → g, the indices I, J,K,L run over some sets
(which are generically different for A+ and A−), and J I ∈ g for each value of I. This
general family clearly includes our equations (3.8) as a simple example — and the elliptic
case discussed in section 4 will be another example.

We shall compute the universal path integral (3.3) for these equations. Decomposing
the Lagrange multipliers UA into g-valued scalars uI and vI , it takes the form (summing
over repeated indices)

Ŝ(1) ∼− i

2 log
∫

DuI DvJ Dj±

exp
[
− i

∫ 〈
uI , ∂+j

I
− + [OI

KL · jK
+ , J̄ L

− ] + [OI
KL · J̄ K

+ , jL
−]
〉

+
〈
vJ , ∂−j

J
+ + [P J

KL · jK
− , J̄ L

+ ] + [P J
KL · J̄ K

− , jL
+]
〉 ]

.

(3.10)

The action in the exponent is a simple theory of Lie-algebra valued 2d scalars uI , vI and
vectors jI

±. J̄ I
± are background fields and I is a flavour index. The theory’s Feynman rules

are shown in figure 2. There is a single divergent 1-loop diagram, shown in figure 3, producing
the following log-divergent contribution to the 1-loop effective action

Ŝ(1) ∼ −1
2

∫
d2x d2k

(2π)2 e
−ikx

[∫ d2l
(2π)2

1
l−(l + k)+

]
Trg
[
adJ L

−
OJ

IL adJ K
+
P I

JK

]
∼ 1

4π log Λ
µ

∫
d2x Trg

[
adJ L

−
OJ

IL adJ K
+
P I

JK

]
,

(3.11)

15We note that any constant term in the Lax connection (which can be gauge-fixed to zero on-shell as
discussed above) does not contribute to the contour integral (3.7): it is annihilated by the derivative ∂z, first
in L−, and then in L+ after integrating by parts.
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Figure 2. The Feynman rules corresponding to the action in the exponent of the path integral
(3.10). Solid and dashed lines denote fluctuation and background fields, respectively. The fields
are algebra-valued and decomposed as u = uα Tα, where Greek indices run over a basis of algebra
generators {Tα}dimg

α=1 satisfying [Tβ , Tγ ] = fα
βγTα and are raised and lowered with καβ ≡ ⟨Tα, Tβ⟩ and

its inverse. The light-cone components of the 2d momenta are denoted by k±.

Figure 3. In the ‘universal’ formulation, the divergent part of the 1-loop effective action (3.11) is
given by a single Feynman diagram.

where Λ is a UV-cutoff and µ is a renormalisation scale, and henceforth we are dropping
the bar on background fields. Hence, denoting t = logµ, the log-divergent terms in the
effective action are given by

d
dt Ŝ

(1) = − 1
4π

∫
d2x Trg

[
adJ L

−
OJ

IL adJ K
+
P I

JK

]
. (3.12)

3.3 Universal divergences in the rational case

For the Lax equations (3.8) of a general rational Lax connection, we need to specialise to
a case where these operators are proportional to the identity:

O
(k,p)
(ℓ,q) (j,m) = δk=j δm≥p

(−1)q+1

(z+ℓ − z−j )m+q−p+1

(
m+ q − p

q

)
I , (3.13a)

P
(ℓ,q)
(k,p) (i,n) = δl=i δn≥q

(−1)p+1

(z−i − z+k )p+n−q+1

(
n+ p− q

p

)
I , (3.13b)
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where I : g → g is the identity operator. Substituting these operators into (3.12) leads to
(summing over i, j and m,n)

d
dt Ŝ

(1) = 1
4π

∑
i,j

p≤m,q≤n

∫
d2x Trg

[
adJ (j,m)

−
adJ (i,n)

+

] (−1)n

(z+i − z−j )2+m+n

(
m+ q − p

q

)(
n+ p− q

p

)

= cG

2π
∑

i,j,m,n

∫
d2x (−1)n+1

(z+i − z−j )2+m+n

(m+ n+ 1)!
m!n! ⟨J (i,n)

+ ,J (j,m)
− ⟩ , (3.14)

where in the second line we used the identity Trg[aduadv] = −2cG⟨u, v⟩ (see conventions in
footnote 5) and standard identities for binomial coefficients to perform the sum.

Now, using the following identity∮
−Γ+

dz
2πi ⟨L+, ∂zL−⟩ =

∑
i,j,m,n

∮
z+

i

dz
2πi

1
(z − z+i )n+1∂z

[ 1
(z − z−j )m+1

]
⟨J (i,n)

+ ,J (j,m)
− ⟩

=
∑

i,j,m,n

(−1)n+1

(z+i − z−j )2+m+n

(m+ n+ 1)!
m!n! ⟨J (i,n)

+ ,J (j,m)
− ⟩ , (3.15)

we identify the quantity on the r.h.s. of (3.14) as the expected contour integral. We have
therefore proven (3.7) in general for the class of theories with rational Lax connections (3.1):

d
dt Ŝ

(1) = cG

2π

∫
d2x

∮
−Γ+

dz
2πi ⟨L+, ∂zL−⟩ . (3.16)

3.4 Rewriting the RG flow in 4d Chern-Simons language

So far, our main result (3.16) for the RG flow of rational integrable σ-models has been derived
using only the analytic structure (3.1) of the Lax connection L±(z), independently of the
initial construction of these models. We now want to leverage their origin from 4d Chern-
Simons theory, as reviewed in section 2. This will allow us to interpret the counterterm (3.16)
as a flow of the defining data of these models. To do so, we ought to rewrite it as a local
4d counterterm in terms of the Chern-Simons gauge field A.

A first attempt. The attentive reader might worry that the formula (3.16) appears to be
asymmetric with respect to the + and − light-cone directions, and hence is not manifestly
covariant. But in fact this quantity is symmetrical under swapping (+ ↔ −). Indeed,
an integration by parts yields the integral of ⟨L−, ∂zL+⟩ over the contour with opposite
orientation, which can be seen as a path +Γ− enclosing the poles of L− (and not those of
L+). One can therefore rewrite (3.16) in the more symmetrical form

d
dt Ŝ

(1) = cG

8π2i

∫
d2x

(∮
−Γ+

dz ⟨L+, ∂zL−⟩+
∮

+Γ−
dz ⟨L−, ∂zL+⟩

)
. (3.17)

We now want to rewrite these contour integrals as a local 2d integral over CP1. This can
be done using the identity16∮

gΓf

dz f(z) g(z) = −
∫
CP1

d2z ∂zf(z) g(z) , (3.18)

16Here and below we use the normalisation d2z = dz ∧ dz.
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for f and g meromorphic functions with distinct sets of poles and gΓf a contour wrapping the
poles of f but not those of g. Taking f = L+ and g = ∂zL− for the first term and f = L−
and g = ∂zL+ for the second one, we can recast (3.17) as the 4d integral

d
dt Ŝ

(1) = − cG

8π2i

∫
M

d2x d2z
(
⟨∂zL+, ∂zL−⟩+ ⟨∂zL−, ∂zL+⟩

)
. (3.19)

Although this result looks promising, it is not manifestly possible to rewrite it covariantly in
the language of differential forms, in terms of the exterior derivative d and the connection
L. This is mostly due to the presence of a plus sign rather than a minus sign between
the two terms of the integrand. Solving this issue will require the introduction of a new
ingredient, namely the function Ψ(z).

Introducing the function Ψ(z). The trick is to make the desired minus sign appear in
our starting point (3.17) by considering:

d
dt Ŝ

(1) = − 1
16π2i

∫
d2x

(∮
−Γ+

dzΨ(z)⟨L+, ∂zL−⟩ −
∮

+Γ−
dzΨ(z)⟨L−, ∂zL+⟩

)
. (3.20)

The price to pay for this modification is the introduction in the integrand of a meromorphic
function Ψ(z) satisfying17

{
Ψ(z±i ) = ∓2cG

∂p
zΨ(z±i ) = 0 , p = 1, . . . ,m±

i − 1
, (3.21)

where we recall that the points z±i are the poles of L±(z) of orders m±
i ∈ Z≥1 — see

equation (3.1). One easily checks that the condition (3.21) leads to the same residues in
equations (3.17) and (3.20). However, it does not uniquely define Ψ(z): the residual freedom
in choosing Ψ(z) is fixed by demanding its poles are the same as those of the twist 1-form
ω = φ(z)dz and it is bounded when z → ∞. For now this is an arbitrary choice, but it
will be helpful later when we wish to absorb the counterterm into a flow of ω. Concretely,
this means that Ψ(z) takes the form

Ψ(z) =
N∑

r=1

ψr

z − pr
+ ψ∞ . (3.22)

The N + 1 coefficients ψr are then constrained by the conditions (3.21), which translate to
a linear system of N − 2 equations.18 They can thus be expressed as rational functions of
the parameters (pr, z

±
i ) and 3 unconstrained variables (whose interpretation will be made

clear in the next subsection).19

We now use the identity (3.18) to recast the contour integrals of equation (3.20) as surface
integrals over CP1 (taking f = L+ and g = Ψ(z)∂zL− for the first term and exchanging

17We have included a global factor −2cG in the definition of Ψ(z) for future convenience.
18Explicitly, the number of equations is

∑N+
i=1 m

+
i +

∑N−
i=1 m

−
i , which coincides with 2M = N − 2 using the

identities (2.3) and (2.4).
19For an example where Ψ(z) can be worked out explicitly after fixing these variables, see equation (D.14).

Note that appendix D considers a 1-form ω with double poles, one of which is located at z = ∞, hence
modifying the functional form of Ψ(z).
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+ and − for the second one). The result takes the form of a covariant 4d counterterm in
terms of differential forms:

d
dt Ŝ

(1) = − 1
16π2i

∫
M

Ψ(z) Tr[dL ∧ dL] . (3.23)

Since L only has legs in the + and − directions, this is the same as
d
dt Ŝ

(1) = − 1
16π2i

∫
M

Ψ(z) Tr [F[L] ∧ F[L]] = − 1
16π2i

∫
M

Ψ(z) dCS[L] . (3.24)

Counterterm in terms of A. We recall from equation (2.27) that the 4d gauge field A

is related to L by a formal 4d gauge transformation L = Aĝ (i.e. one not respecting the
boundary conditions). The quantity dCS[A] is invariant under formal gauge transformations
of A, since CS[A] transforms by a closed term. Hence we can replace L by A in the universal
result (3.24), yielding

d
dt Ŝ

(1) = − 1
16π2i

∫
M

Ψ(z) dCS[A] . (3.25)

This gives the interpretation of the counterterm as a local, gauge-invariant functional of the
4d gauge field.20 Geometrically, this is the integral of the so-called 2nd Chern character of
the gauge connection A, weighted by the function Ψ(z). It would be interesting to explore
a geometric reformulation of the present work.

Let us also comment on the role of the gauge field component Az in the counterterm (3.25).
Recall that, in the classical 4d theory, Az completely decouples from the action, so it can be
fixed to any value (see discussion below (2.9)). One may worry whether this is consistent
with the counterterm (3.25), which superficially appears to depend on Az. However, simple
manipulations show that Az decouples from it on-shell, since it only appears multiplied by
the quantity F+−[A], which vanishes on-shell. Therefore, Az can be freely shifted to any
given value also in this 1-loop counterterm, just as in the classical action.

Towards the flow of ω. After integration by parts, the 4d counterterm (3.25) takes the form

d
dt Ŝ

(1) = 1
16π2i

∫
M
∂zΨ(z) dz ∧ CS[A] + Cdefect , (3.26)

where the second contribution is the ‘defect term’

Cdefect =
1

16π2i

∫
M
∂z̄Ψ(z) dz̄ ∧ CS[A] , (3.27)

which obviously localises along the poles of Ψ (i.e. that of ω). Comparing with the classical
4d action (2.9), the first term in (3.26) is clearly interpreted as the desired flow of the twist
1-form d

dtω = ∂zΨ(z)dz, in agreement with the conjecture [23] that we want to prove. In the
next subsection, we will explain how the defect term (3.27) originates from the flow of the
gauge field’s boundary conditions (including the location of the defects in CP1).

20As mentioned, the counterterm (3.25) is not only invariant under 4d gauge transformations, but under the
strictly larger class of formal gauge transformations (this is what allowed us to pass from (3.24) to (3.25)).
The fact that we can write the counterterm as a functional of A invariant under formal gauge transformations
is equivalent to this counterterm being written in terms of the Lax connection L only, independently of the
pure formal gauge degree of freedom ĝ. This is therefore a consequence of its ‘universal’ form [62].

– 24 –



J
H
E
P
0
9
(
2
0
2
5
)
1
5
3

3.5 Universal divergence as a flow of ω

In this subsection, we will reverse our point of view and start from the conjectured flow
of the twist 1-form [23, 53], namely

dω
dt = ∂zΨ(z) dz , (3.28)

with the other defining data Ẑ±, G, b being RG-invariant. We will then show that the
resulting variation of the classical action matches the universal counterterm (3.26). In other
words, we will prove that we can absorb that counterterm into a flow of the defining data,
establishing the 1-loop renormalisability of this class of 2d theories.

As before, we only treat here the case where ω has simple real poles. For higher-order
ones and more general reality conditions, the expression (3.26) of the universal counterterm
is still valid. Similarly, the flow of ω takes the same form (3.28). However, we will generally
find a non-trivial flow of the maximally isotropic subalgebra b — see appendix A for details.

Flow of ω. To start with, we need to explain more precisely what we mean by the flow (3.28)
of the twist 1-form. Since we are focusing on the case of simple poles pr, ω can be written as

ω =
N∑

r=1

ℓr
z − pr

dz , (3.29)

with residues ℓr as defined in equation (2.6). The parameters (pr, ℓr)N
r=1 can be seen as

encoding the choice of ω. The flow of ω should then be understood as defining a flow of
these parameters, according to

dω
dt =

(
N∑

r=1

dℓr
dt

1
z − pr

+ dpr

dt
ℓr

(z − pr)2

)
dz . (3.30)

Concretely, comparing to the right-hand side of (3.28), we find

dℓr
dt = 0 and dpr

dt = −ψr

ℓr
, (3.31)

where ψr are the coefficients defined in equation (3.22).21 In particular, the levels ℓr are
RG-invariants: this is consistent with their interpretation as coefficients of Wess-Zumino
terms in the 2d σ-model (see footnote 4). The non-trivial RG flow is then contained in
the flow of the poles pr.

A subtle but technically important remark is that there are two different notions of
t-derivatives of ω that we need to consider. The one dω

dt defined in equation (3.30) is a
‘formal derivative’, mapping a rational 1-form to a rational 1-form. As explained above,
this derivative is particularly useful to compactly encode the flow of the parameters (pr, ℓr)
defining ω and it is the one we use in equation (3.28). In contrast, it has to be distinguished

21As explained around equation (3.22), ψr is a function of the parameters (pr, ℓr) and of 3 unconstrained
variables. One shows [23, 27, 67] that these additional variables induce a t-dependent Möbius transformation
of the poles pr along the flow, which can be undone by a change of spectral parameter. Therefore, they do not
enter the RG flow of the σ-model itself.
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from the derivative of ω seen as a ‘measure’, which also includes distributions arising from the
flow of the poles pr. Let us explain this more precisely. In the context of 4d Chern-Simons,
the 1-form ω is mostly used as a measure to integrate against. Namely, we are interested
in integrals of the form

∫
M ω ∧ Λ, where Λ is a 3-form on M , as for instance CS[A] for the

classical action (2.9). We then define the ‘measure derivative’ of ω through the variation
of such integrals with respect to t:

d
dt

(∫
M
ω ∧ Λ

)
=
∫

M

(dω
dt
∣∣∣
meas

∧ Λ + ω ∧ dΛ
dt

)
. (3.32)

With this characterisation, the two notions of derivatives are related in this case by

dω
dt
∣∣∣
meas

= dω
dt +

N∑
r=1

ℓr
dpr

dt ∂p̄r

( 1
z − pr

)
dz

= dω
dt + 2πi

N∑
r=1

ℓr
dpr

dt δ(z − pr) dz
(3.33)

We refer to the appendix B.2 for a more thorough explanation of this formula. Reinserting
our starting point (3.28) for the ‘formal derivative’ dω

dt , we thus get

dω
dt
∣∣∣
meas

= ∂zΨ(z) dz + 2πi
N∑

r=1
ℓr

dpr

dt δ(z − pr) dz . (3.34)

This is the object that will appear when taking RG derivatives of the Chern-Simons action.

Counterterm in the effective action. We now want to translate the conjectured beta-
function (3.28) for the ‘coupling’ ω to a divergent counterterm in the 1-loop effective action Ŝ(1).
Taking the action to be evaluated on a classical background solution, there is no distinction
between the 2d and 4d actions since S2d[g] = S4d[A[g, ĝbulk]], where A = A[g, ĝbulk] is a 4d
classical solution and g is a 2d one.22 Thus, by taking the RG-derivative of the classical 4d
action, the conjectured beta-function predicts the following counterterm:

d
dt Ŝ

(1)
conj =

1
16π2i

∫
M

dω
dt
∣∣∣
meas

∧ CS[A] + Cvar ,

= 1
16π2i

∫
M
∂zΨ(z) dz ∧ CS[A] + Cdist + Cvar . (3.35)

The ‘distributional’ term Cdist is the additional contribution arising from the distributions
in the measure derivative (3.34). Meanwhile the ‘variational’ term Cvar appears because
the background field A must run along the flow:

Cvar =
δS4d

δA

[dA
dt

]
. (3.36)

Indeed, such a term is guaranteed since A is subject to boundary conditions at positions in
CP1 that are moving along the flow. Let us now evaluate these Cdist and Cvar explicitly.

22The identity S2d[g] = S4d[A[g, ĝbulk]] is equation (2.36), which served as a definition of the 2d action in
the classical 4d-CS construction. Note that this also holds for an off-shell 2d field g, while the 4d gauge field
A[g, ĝbulk] is partially on-shell, having solved two of the three equations of motion to find the z-dependence of
A. While treating one-loop divergences, we can treat g as an on-shell background field, so that A[g, ĝbulk] is
also a fully on-shell 4d solution.
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The distributional term. The distributional part of the measure derivative (3.34) con-
tributes

Cdist =
1
8π

N∑
r=1

ℓr
dpr

dt

∫
M
δ(z − pr) dz ∧ CS[A] . (3.37)

To evaluate this term explicitly, note that, up to total derivatives and terms proportional to
the equation of motion F+−[A] = 0, the 4-form dz ∧ CS[A] coincides with −dz ∧ dz ⟨A, ∂zA⟩.
Then, thanks to the delta functions, the integral over z, z may be carried out to obtain

Cdist = − 1
8π

N∑
r=1

ℓr
dpr

dt

∫
Σ
⟨A, ∂zA⟩

∣∣∣
z=pr

. (3.38)

The variational term. The variation of the action (3.36) is given by a bulk term, a
boundary term and a surface defect term (see equation (2.12)). Since the background field is
on-shell along the flow, the bulk term vanishes. Moreover, the boundary term (2.13b) still
vanishes. However, as the positions of the pole defects are running, then the RG-derivative
dA
dt of the background field does not satisfy the boundary conditions at the poles, and the
defect term (2.19) contributes

Cvar = − 1
8π

∫
Σ

〈〈(
A|z=pr

)
r
,

(
dA
dt

∣∣∣
z=pr

)
r

〉〉
d

. (3.39)

The running of the background field A along the flow is governed by the flow of ω, and
in particular of its poles pr that appear in the boundary condition

(A|z=pr)r ∈ b . (3.40)

Since pr are themselves running, differentiating this expression yields
d
dt
(
A
∣∣
z=pr

)
r
=
(dA

dt
∣∣∣
z=pr

+ dpr

dt ∂zA
∣∣
z=pr

+ dpr

dt ∂zA
∣∣
z=pr

)
r
∈ b , (3.41)

where we are using the fact that the isotropic subalgebra b ⊂ d is taken to be RG-invariant.
This statement, alongside the facts that

(
A|z=pr

)
r
∈ b and that b is isotropic, allows us to

replace
( dA

dt

∣∣∣
z=pr

)
r

by −
(dpr

dt ∂zA
∣∣
z=pr

+ dpr

dt ∂zA
∣∣
z=pr

)
r

in (3.39):

Cvar =
1
8π

∫
Σ

〈〈(
A|z=pr

)
r
,

(dpr

dt ∂zA
∣∣
z=pr

+ dpr

dt ∂zA
∣∣
z=pr

)
r

〉〉
d

= 1
8π

N∑
r=1

ℓr

∫
Σ

〈
A,

dpr

dt ∂zA+ dpr

dt ∂zA

〉∣∣∣∣
z=pr

, (3.42)

where we used the definition (2.20) of the defect algebra’s bilinear form ⟨⟨·, ·⟩⟩d.

Matching the universal result. Recall that our goal is to show that the counterterm (3.35)
corresponding to the conjectured flow of ω coincides with the universal result (3.26). Adding
together the terms Cdist and Cvar, we find that the ‘antiholomorphic’ term cancels, leaving
the simple expression

Cdist + Cvar =
1
8π

N∑
r=1

ℓr
dpr

dt

∫
Σ
⟨A, ∂zA⟩|z=pr

. (3.43)
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This quantity is precisely equal to the ‘defect’ counterterm (3.27),

Cdist + Cvar = Cdefect , (3.44)

evaluated in the frame where Az = 0 (recalling that the universal result is on-shell independent
of Az). This can be seen from the fact that with Az = 0 we have dz̄∧CS[A] = dz∧dz∧⟨A, ∂zA⟩
and the explicit expression

∂zΨ(z) = 2πi
N∑

r=1
ℓr
dpr

dt δ(z − pr) , (3.45)

which is obtained from equations (3.22) and (3.31), with the delta-functions allowing the
integral over z, z to be carried out.

Altogether, we have proven that

d
dt Ŝ

(1)
conj =

1
16π2i

∫
M
∂zΨ(z) dz ∧ CS[A] + Cdefect =

d
dt Ŝ

(1) , (3.46)

as required. This shows that the universal counterterm Ŝ(1) can be absorbed as a flow of the
defining parameters (ω, Ẑ±, G, b) of the models, proving their 1-loop renormalisability. As
expected, the first term in equation (3.26) is directly tied to the running (3.28) of the twist
1-form ω. On the other hand, the defect term was found to originate from the flow of the
poles pr ∈ CP1 and hence of the boundary conditions imposed on the gauge field at those
locations. In particular, in the case where ω has simple poles, the isotropic subalgebra b ⊂ d

encoding the boundary condition is RG-invariant. As mentioned earlier, this is no longer
the case when ω has higher-order poles: rather, b flows according to a 1-parameter family
of automorphisms of d. We refer to the appendix A for details.

4 RG flow of elliptic integrable σ-models

In the analysis above, we assumed that the model belonged to the class of rational integrable
field theories of the Belavin-Drinfel’d classification [68]. Namely, the spectral parameter z
was assumed to live in CP1, implying that the meromorphic Lax connection is a rational
function of z, as in (3.1). However, an advantage of our approach is that it immediately
generalises to other classes of models: here we will consider elliptic integrable σ-models
arising from disorder defects, examples of which were considered in [27, 46, 52, 53]. The
spectral parameter now lives on the complex torus

T ≡ C/Λ , Λ = {n1λ1 + n2λ2 |n1, n2 ∈ N} , (4.1)

defined in terms of two basis vectors λ1, λ2 in C. Their ratio λ2/λ1 /∈ R is called the modulus.
We will take z throughout to be valued in the universal cover T̃ = C, in which case functions
of z should be doubly periodic with periods λ1 and λ2 in order to be well-defined on T.
Note that a third class of models, the trigonometric integrable field theories, are a special
case obtained by sending one of the |λa| to infinity, while the rational integrable models are
recovered by sending both to infinity. In particular, the RG flow of trigonometric models
can be derived as a special case of what follows.
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We will proceed in three steps. First, we will outline how elliptic integrable field theories
can be constructed using 4d Chern-Simons theory, as recently highlighted in [52]. Next,
we will consider how the Lax connection depending on a torus-valued spectral parameter
modifies the computation of 1-loop divergences: ultimately, we will still obtain the same
contour integral (3.16) in terms of the Lax connection. Finally, we will rewrite this result as
a 4d counterterm and interpret it as an RG flow of the data defining the theory, in particular
of the twist 1-form ω. In the process, we will encounter a new term, coming from the fact
that the periods of the torus generally flow under the RG, thus modifying the Riemann
surface on which the 4d Chern-Simons theory is defined.

4.1 Review of equivariant elliptic 4d Chern-Simons theory

Instead of reviewing 4d Chern-Simons theory from scratch, let us simply highlight the
modifications to the theory constructed for the rational case in section 2. In the Belavin-
Drinfel’d classification of integrable field theories, elliptic models only exist if the Lax
connection takes its values in the algebra slC(N). As such, we naturally restrict our attention
to gauge groups with complex algebra gC = slC(N) for the 4d Chern-Simons theory. The
4-dimensional manifold on which we construct the theory is Σ× T and the action is

S4d[A] =
1

16π2i

∫
Σ×T

ω ∧ CS[A] , ω = φ(z) dz . (4.2)

For ω to be a proper 1-form on the torus T, φ must satisfy

φ(z + λa) = φ(z) . (4.3)

The zeros and poles of ω will again be denoted respectively by z±i and pr. For simplicity, we
will once again require that all the poles pr are real and simple: complex and higher-order
poles require a slight adaptation of the more general setup of appendix A. For the action
to be real, one should take all z±i to be real, and the periods λ1 and λ2 to be respectively
real and imaginary (i.e. take the unit cell to be a rectangle) — but this will not affect
the validity of what follows. Indeed, under these assumptions, it was argued in [52] that
the action (4.2) is real upon imposing the equivariance (2.10), with the real form g being
slR(N). As before, we will impose that the gauge field A is smooth and regular, except at the
2M zeros of ω (counted with multiplicity), where we allow singularities of the type (2.11).
Similarly, at the 2M poles23 of ω, we will again impose the boundary condition that the
jet A is valued in a maximally isotropic subalgebra b of the defect algebra d. The major
difference between 4d Chern-Simons theory on Σ × T and Σ × CP1 is that we require A
to be multivalued on T, such that A(z + λa) ̸= A(z). More precisely, we will enforce that
A transforms equivariantly under such shifts:

A(z + λ1) = σ1 [A(z)] , A(z + λ2) = σ2 [A(z)] , (4.4)

where σ1,2 are two inner automorphisms of slC(N), first considered in [69]. We refer to [52]
for more details and an explicit expressions of the σa. Although A is multi-valued on T,24

note that the Chern-Simons 3-form is single-valued, so the action (4.2) is well defined: this
follows from (4.4) and the invariance of the bilinear form under automorphisms.

23Note that a 1-form on T has the same number of poles as zeros, as opposed to the relation (2.4) on CP1.
24Since (σa)N = I, then A is in fact well-defined on a larger torus with periods Nλa.
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Dynamics. Having fixed the properties of the gauge field A, we can proceed with con-
structing the 4d Chern-Simons theory. As before, the bulk equations of motion obtained
by varying (4.2) are

ω ∧ F[A] = 0 . (4.5)

The variation of the action also contains the defect and boundary terms (2.13a) and (2.13b).
The latter, which we recall here,

δSbdry
4d = 1

16π2i

∫
M

d (ω ∧ ⟨A, δA⟩) , (4.6)

was trivial in the rational case, but it will become important for the elliptic story since
the boundary of T is non-empty when seen as a subset of C. This boundary term still
vanishes when its integrand is elliptic, as is the case at present due to (4.3) and (4.4); however,
when we renormalise below, such a term will crop up with a non-elliptic integrand, giving
a non-zero contribution.

ĝ and the Lax connection. As in the rational case, we reparametrise A in terms of a
connection L = L+ dx+ + L− dx− and a group-valued field ĝ in the form

A↔ (ĝ, L) , A = ĝLĝ−1 − dĝĝ−1 . (4.7)

The existence of such a ĝ is subtle [45, 49, 70] but, as argued in [52], we expect it to exist
thanks to the equivariance property (4.4) of A. Assuming the existence of ĝ, it is uniquely25

specified by its equivariant transformation rule [52]

ĝ(z + λa) = σa[ĝ(z)] . (4.8)

In writing this down, we have for simplicity not distinguished between the automorphism
acting on the algebra slC(N) as in (4.4) and on the group SLC(N).

With the parametrisation (4.7), the equation of motion (4.5) again implies that the
connection L = L+ dx+ + L− dx− is flat and meromorphic in z. We will thus interpret it as
the Lax connection of the resulting 2d theory. The allowed singularities of the gauge field
imply that, around a zero z±i of ω in the set Ẑ±, this Lax connection takes the form

L±(z) =
m±

i −1∑
k=0

J (i,k)
±(

z − z±i

)k+1 +O
(
(z − z±i )0

)
, (4.9)

where J (i,k)
± are a set of 2d currents on Σ. Moreover, these are the unique poles of L±(z)

inside the unit cell T. Secondly, the combination of (4.4) and (4.8) requires that L± satisfies

L±(z + λa) = σa [L±(z)] . (4.10)
25Up to multiplication by a matrix N -th root of unity.
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Extracting the 2d theory. The 1-form ω has 2M poles pr, at which 4d gauge transforma-
tions satisfy specific boundary conditions (see equation (2.26) and nearby). Fixing this 4d
gauge symmetry, we once again conclude that the physical degrees of freedom of ĝ consist
of a 2d field g valued in the quotient B\D and built from the evaluations of ĝ at the poles
pr. Here, D = G2M is the defect group attached to these poles and B is the maximally
isotropic subgroup encoding the boundary conditions. Note that, when considering an elliptic
integrable field theory, the 2d diagonal gauge symmetry (2.37) of the rational model is no
longer present, since it is incompatible with the equivariance (4.8) of ĝ: therefore, we will not
need to further quotient by Gdiag. The B\D-valued field g is thus completely physical and
will serve as the fundamental field of the integrable 2d σ-model. In particular, the target
space of this model has dimension dim(B\D) = M dim g.

Let us now focus on the Lax connection L±(z), which satisfies the equivariance prop-
erty (4.10) and has singularities (4.9) in terms of g-valued currents

{
J (i,k)
±

}k=0,...,m±
i −1

i=1,...,N±
. As

it turns out, this completely fixes L±(z) as a linear function of these currents (see the
equation (4.11) below for the explicit expression). The light-cone components L±(z) are then
each expressed in terms of M dim g degrees of freedom. Moreover, they are each subject to
dim b = M dim g boundary conditions at the poles pr, relating these entries to the field g

and its ∂±-derivative. Solving these relations then allows one to express the Lax connection
as a functional L±[g] of this 2d field. Finally, similarly to the rational case (around (2.36)),
the 2d action S2d[g] can be obtained by substituting this into the 4d action and integrating
over the T directions.

Contrary to the rational case (2.30), we note that the elliptic Lax connection L±(z) does
not have a constant term J (0,0)

± , since it is forbidden by the equivariance property (4.10).
This aligns nicely with our previous observation that equivariance excludes Gdiag symmetry:
indeed, as explained around equation (2.41), the current J (0,0)

± played the role of a gauge
connection for this symmetry in the rational case. These statements are further reflected
in the counting of degrees of freedom of the theory. In the rational case, a twist 1-form
with 2M zeros (with multiplicities) has 2(M + 1) poles: there are then (M + 1) dim g scalar
components in the B\D-valued field g and (M + 1) dim g current components in each of
L+(z) and L−(z), all subject to the Gdiag gauge symmetry. In the elliptic case, a twist 1-form
with the same number of zeros has 2 fewer poles, which precisely compensates for the absence
of J (0,0)

± and the Gdiag symmetry. Indeed, there are now M dim g scalar components in g

and M dim g current components in L±(z). Note that in both cases the physical target
space of the σ-model has dimension M dim g.

A digression on Belavin’s R-matrix. Having built field theories whose equations of
motion can be expressed as the flatness of an elliptic Lax connection L±(z), we would like
a more explicit expression for L±(z) in terms of the currents J (i,k)

± . This will allow us to
repeat the steps of section 3 to renormalise the theory. Such an explicit form of L±(z) was
given in [52] in the case where it has simple poles. Its generalisation to arbitrary poles reads

L±(z) =
N±∑
i=1

m±
i −1∑

k=0

(−1)k

k!
〈
∂k

z RBel(z − z±i )12,J (i,k)
±,2

〉
2
. (4.11)
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To justify this expression, let us explain its ingredients and their properties. We use the
notation i to denote the i’th copy of slC(N) in a tensor product and ⟨·, ·⟩i to indicate that we
trace only over the i’th tensor factor. RBel is Belavin’s R-matrix, first constructed in [68].
This is a meromorphic map RBel : C → slC(N)1 ⊗ slC(N)2, which satisfies

RBel(z)12 =
C12

z
+O(z) , (4.12a)

RBel(z + λa)12 = σa,1
[
RBel(z)12

]
. (4.12b)

In the first equation, C12 ∈ slC(N)⊗ slC(N) denotes the split Casimir of slC(N), which itself
satisfies the following completeness relation for any X ∈ slC(N):〈

C12, X1
〉

1 = X2 . (4.13)

Let us now explain why the Lax connection takes the form (4.11). From the 4d Chern-Simons
construction, L±(z) is characterised by the following conditions: it is a meromorphic function
of z, with expansion (4.9) around its poles z±i and satisfying the equivariance property (4.10).
Using the two properties (4.12a) and (4.12b) of Belavin’s R-matrix, it is clear that the
expression of L±(z) proposed in equation (4.11) satisfies these conditions. Conversely, any
connection L±(z) satisfying these two conditions must take the form (4.11).26

4.2 Universal result in terms of the R-matrix

We will now generalise the treatment of the universal 1-loop divergences in section 3.1 to
elliptic integrable field theories. In fact, our construction will work for any Lax connection
that can be expressed in terms of an R-matrix as:

L±(z)1 =
N±∑
i=1

m±
i −1∑

k=0

(−1)k

k!
〈
∂k

zR(z − z±i )12,J (i,k)
±,2

〉
2
. (4.14)

This clearly includes the elliptic Lax connection (4.11), but also the rational one (2.30), after
gauge fixing Gdiag, if one takes R to be the Yangian R-matrix

RYang(z)12 =
C12

z
, (4.15)

as well as trigonometric integrable theories upon taking appropriate limits. We will require
that R satisfies the following three properties, which implies in particular that it belongs to
the Belavin-Drinfel’d classification [68, 71] (see also the lectures [72] for a review). First, it
should be skew-symmetric, i.e. R(z)12 = −R(−z)21. Secondly, to have an interpretation as
a classical R-matrix, it should satisfy the classical Yang-Baxter equation (cYBE)[

R(z12)12,R(z13)13
]
+
[
R(z12)12,R(z23)23

]
+
[
R(z32)32,R(z13)13

]
= 0 , (4.16)

26Indeed, one easily shows that the difference between L±(z) and the right-hand side of equation (4.11) is a
holomorphic function on the torus (with no poles). By Liouville’s theorem, this difference is then a constant
(z-independent) gC-valued current, which is further vanishing due to the equivariance property (4.10). We
therefore identified L±(z) with the right-hand side of (4.11).
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with zij = zi − zj . As we will see in the next paragraph, this relation will be crucial for us
to rewrite the RG flow arising from the Lax connection (4.14) in a compact form. Lastly,
around z = 0 it should satisfy

R(z)12 =
C12

z
+O(z) , (4.17)

which when inserted in (4.14) will allow the Lax connection’s poles to be expressed in terms
of the currents J (i,k)

± . We remark that this property is slightly stronger than the most general
one in the Belavin-Drinfel’d classification, where the O(z) correction may be replaced by
O(z0). This technical difference, which is needed for some of the following computations,
means that we are considering only a subset of R-matrices from this classification.

Note that, from our assumptions, it can furthermore be shown that any pole of R(z)
at z ≠ 0 will be related to the one at z = 0 by equivariance [68], in the following sense.
The poles of R(z) form a real lattice Λ ⊂ C (which is 0-dimensional, 1-dimensional or
2-dimensional) with generators λa. Moreover, there exist automorphisms σa of gC such
that R(z + λa)12 = σa,1 [R(z)12]. As a consequence, the poles of the Lax connection (4.14)
are the obvious ones at z = z±i together with their equivariant images (with the residues
related by the automorphisms σa).

Computing the 1-loop divergence. Although the general form of the Lax (4.14) in terms
of R-matrices might seem abstract, as we will see below, the cYBE satisfied by the R-matrix
is exactly what is needed for the argument to go through. The computation is rather technical
and we will relegate most of it to appendix C, simply highlighting the main points here.

First, we would like to extract the integrable field theory’s equations of motion, which
are the zero-curvature equations of the Lax connection (4.14). In the rational case, this was
done in equations (3.8) by decomposing the curvature of the Lax into partial fractions. As
we show in appendix C.1, the cYBE (4.16) for general R-matrices plays a precisely analogous
role to this partial fraction decomposition, allowing us again to express the equations of
motion of the currents in the following compact form:

∂+J (i,ℓ)
−,1 +

N∑
j=1

m+
j −1∑

n=0

m−
i −1∑

m=ℓ

(−1)n

n!(m− ℓ)!

[〈
∂n+m−ℓ

z−i
R(z−i − z+j )12,J (j,n)

+,2

〉
2
,J (i,m)

−,1

]
= 0 ,

∂−J (j,n)
+,2 +

N∑
i=1

m−
i −1∑

ℓ=0

m+
j −1∑

m=n

(−1)ℓ

ℓ!(m− n)!

[〈
∂ℓ+m−n

z+
j

R(z+j − z−i )21,J (i,ℓ)
−,1

〉
1
,J (j,m)

+,2

]
= 0 .

(4.18)

Since these equations of motion still match the abstract form assumed in (3.9), the 1-loop
calculation carried out in section 3.2 still applies. The general result (3.12) gives in this
case (see appendix C.2 for details)

d
dt Ŝ

(1) = cG

2π

∫
d2x

N∑
i,j=1

m−
i −1∑

ℓ=0

m+
j −1∑

n=0

(−1)ℓ

ℓ!n!

〈
∂n+ℓ+1

z+
j

R(z+j − z−i )12,J (i,ℓ)
−,1 J (j,n)

+,2

〉
12

. (4.19)

Remarkably, this can still be rewritten as the same contour integral formula as in the
rational case:

d
dt Ŝ

(1) = cG

2π

∫
d2x

∮
−Γ+

dz
2πi ⟨L+(z), ∂zL−(z)⟩ , (4.20)
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with −Γ+ encircling Ẑ+ but not Ẑ−. To see that (4.20) reproduces (4.19), we can express
the contour integral as a sum of residues of L+ at the poles z = z+k :

cG

2π

∮
−Γ+

dz
2πi ⟨L+(z), ∂zL−(z)⟩ (4.21)

=
N∑

k=1
res


N∑

i,j=1

m−
i −1∑

ℓ=0

m+
j −1∑

n=0

(−1)n+ℓ

n!ℓ!

〈〈
∂ℓ+1

z R(z−z−i )31, ∂
n
z R(z−z+j )32

〉
3
,J (i,ℓ)

−,1 J (j,n)
+,2

〉
12


z=z+

k

.

Then expanding R(z − z+j ) in the vicinity of such a pole using (4.17) allows us to identify

res
{(−1)n

n!
〈
∂ℓ+1

z R(z − z−i )31, ∂
n
z R(z − z+j )32

〉
3

}
z=z+

k

= res
{〈
∂ℓ+1

z R(z − z−i )31, C32
〉

3

δj=k

(z − z+k )n+1

}
z=z+

k

= δj=k

n! ∂n+ℓ+1
z+

j

R(z+j − z−i )21 ,

(4.22)

where we used (4.13) in the last step. Substituting this into (4.21) then precisely repro-
duces (4.19).

4.3 Interpretation as a flow of ω and the torus periods

We have seen that the features of the universal result from the rational case generalise
rather seamlessly to the elliptic case. We rephrased the universal computation of the 1-
loop divergences in terms of an R-matrix appearing in the classical Lax connection. This
formulation leads to the contour integral formula (4.20) in general, and in particular in
both the rational and elliptic cases. One therefore has good reason to hope that the further
miracles of section 3.5 — distributional and variational terms conspiring to allow the universal
counterterm to be interpreted as a flow of ω — should generalise to the elliptic case. We
will show in this section that this is indeed the case.

Even with all of the new complications associated with periodicity on the torus and the
presence of its modulus, we will find that the universal result is interpretable as the same
flow (3.28) of the twist 1-form ω in terms of a suitably generalised function Ψ. From this,
we will also extract the flow of the torus’ periods. Our findings here are consistent with
refs. [27, 53], which found the same flow of ω for elliptic models as for rational ones.

1-loop divergence as a 4d counterterm. Just as in the rational case, the contour integral
formula (4.20) is equivalent to the 4d counterterm (3.25), namely27

d
dt Ŝ

(1) = − 1
16π2i

∫
Σ×T

Ψ(z) dCS[A] , (4.23)

27In deriving this equality, we need to produce the elliptic equivalent of equation (3.17) from the countert-
erm (4.20). This is done by deforming the integration contour from −Γ+ (enclosing the points Ẑ+) to +Γ−

(enclosing Ẑ−) with opposite orientation. When working with contour integrals in C, one might worry that this
will produce contributions coming from the equivariant images of Ẑ±. But, since the integrand ⟨L+, ∂zL−⟩ is
elliptic, then this contour deformation really takes place on the compact torus where Ẑ± are the only poles.
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where Ψ : C → C again satisfies (3.21) at the zeros of ω. To further fix this function, we
still require that it has the same pole structure as the twist 1-form and additionally that
it satisfies the following quasi-periodicity condition:

∃β1, β2 ∈ C such that Ψ(z + λa) = Ψ(z)− βa φ(z) . (4.24)

This requirement will be important later when we want to identify ∂zΨ as the flow of ω. This
fixes Ψ up to two unconstrained variables, which will simply correspond to translations and
dilations of z along the RG-flow, similarly to the three unfixed parameters in the rational
case discussed in footnote 21. (See also [27] for an explicit construction of Ψ in the case
of simple zeros.)28

As in the rational case, we then use integration by parts in (4.23) to move the derivative
to Ψ. The result can be written as a bulk term plus lower-dimensional localised ones:

d
dt Ŝ

(1) = 1
16π2i

∫
Σ×T

∂zΨ(z) dz ∧ CS[A] + Cdefect + Cbdry , (4.25)

with

Cdefect =
1

16π2i

∫
Σ×T

∂z̄Ψ(z) dz̄ ∧ CS[A] , Cbdry = − 1
16π2i

∫
Σ×∂T

Ψ(z)CS[A] (4.26)

The first ‘defect’ term is the same as in the rational case above, and localises to the poles of
Ψ. The second ‘boundary’ term, arising from integration by parts, is a new feature of the
elliptic models, since the torus T when regarded as a unit cell inside its universal cover C
has a boundary (as shown in figure 4).29 While the boundary term of any elliptic integrand
(i.e. one well-defined on the torus and thus doubly periodic) would cancel between parallel
sides, the pseudo-ellipticity of Ψ (4.24) leads to a non-vanishing boundary term

Cbdry = − 1
16π2i

∑
a=1,2

∫
Σ×Ca

βa φ(z)CS[A] , (4.27)

with Ca the contours defined in figure 4. We will see shortly that similar boundary terms
will appear naturally from the flow of ω.

Flow of ω. The first term in (4.25) seems to have a natural interpretation as the same
flow of the twist 1-form as in the rational case:

dω
dt = ∂zΨ(z) dz . (4.28)

The similarity in the RG flow between rational and elliptic theories was already conjectured
in [27, 53]. Recall that in the rational case, the flow of the poles and residues could be
read off directly from that of ω: the same equations (3.31) remain true in the elliptic case,
with ψr identified with the residue of Ψ(z) at z = pr. Similarly, we find that the additional
data in the elliptic case, namely the periods of the torus, also flow under RG and that this

28Note that, up to the aforementioned dilation freedom, the βa are not independent of the parameters of the
theory: just like the residues ψr defined in (3.22), they are specific functions of the data (T, ω, Ẑ±), obtained
by solving the extrapolation problem for Ψ.

29Note that we assume that A decays sufficiently fast towards the boundary of Σ to discard any ∂Σ term.
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C2

C1

z0 z0 + λ1

z0 + λ1 + λ2z0 + λ2

z0 + λ′
1

z0 + λ′
1 + λ′

2z0 + λ′
2

Figure 4. The original unit cell representing T (marked in white) with basis vectors λ1 and λ2 and
boundary marked in black. Under RG, the surface changes its shape and is defined in terms of new
basis vectors λ′1 and λ′2: this introduces an additional area (marked in red) that should be integrated
over in the effective action, which in turn results in Cmoduli. C1 and C2 denote the contours along the
left and bottom boundaries, respectively, with orientation indicated by the arrows.

can be extracted from equation (4.28) as well. Namely, requiring that the twist function
remains elliptic (4.3) under RG flow imposes

d
dt [φ(z + λa)− φ(z)] = ∂zΨ(z + λa) +

dλa

dt ∂zφ(z + λa)− ∂zΨ(z) != 0 . (4.29)

Using that φ is elliptic and the pseudo-elliptic property (4.24) of Ψ imposed earlier, we
can then identify

dλa

dt = βa . (4.30)

We now want to prove the conjecture (4.28). As in the rational case, we will start from
the conjectured flow of ω and show that the resulting flow of the 1-loop effective action
matches the universal counterterm (4.25). A new feature is that the domain of integration
(i.e. the unit cell of the torus) itself flows, since we just found that the periods on the torus
are running (see figure 4). Leibniz’ integration rule then tells us that the conjectured flow
of the action takes the form

d
dt Ŝ

(1)
conj =

1
16π2i

∫
Σ×T

dω
dt ∧ CS[A] + Cdist + Cvar + Cmoduli ,

Cmoduli =
1

16π2i

∫
Σ×∂T

ιv (ω ∧ CS[A]) ,
(4.31)

where the additional ‘moduli’ term Cmoduli corresponds to the running of the modulus of
the torus T with v denoting the infinitesimal flow vector of the boundary, which will be
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discussed below. The quantities Cdist, coming from the difference between the flow of ω as
a measure and as a 1-form, and Cvar, coming from the fact that the background field A

depends on the parameters that are flowing, are broadly the same as in the rational case
and we will explain their new features below.

The elliptic moduli term. To evaluate the new moduli term, let us first determine the
flow field v = vz∂z + vz̄∂z̄. Consider the expression of z and z̄ in terms of the periods in
the following manner:

z = z0 + s1λ1 + s2λ2 , z̄ = z̄0 + s1λ̄1 + s2λ̄2 ,

s1 =
λ̄2(z − z0)− λ2(z̄ − z̄0)

V
, s2 =

λ1(z̄ − z̄0)− λ̄1(z − z0)
V

,
(4.32)

where the unit cell corresponds to the range s1, s2 ∈ [0, 1] and we defined V = λ1λ̄2 − λ2λ̄1
(which is proportional to the unit cell’s area). We included an arbitrary constant shift z0
in our choice of unit cell (see figure 4); we will see that it is useful to choose it such that
neither poles, zeros nor the lattice points Λ in (4.1) are located on the boundary of the unit
cell and the only lattice point in the interior is z = 0. This implies that

vz(z, z̄) = dz
dt = s1

dλ1
dt + s2

dλ2
dt

= 1
V

[dλ1
dt

(
λ̄2(z − z0)− λ2(z̄ − z̄0)

)
+ dλ2

dt
(
λ1(z̄ − z̄0)− λ̄1(z − z0)

)]
,

(4.33)

and similarly for vz̄(z, z̄) = vz(z, z̄). We note the following (quasi-)elliptic properties of
vz and its derivatives:

vz(z + λa) = vz(z) + dλa

dt , ∂zv
z(z + λa) = ∂zv

z(z) , ∂z̄v
z(z + λa) = ∂z̄v

z(z) , (4.34)

and similarly for vz̄.
With these properties of v established, we can now return to the moduli term. Using

that ι is a derivation, we can write

ιv (ω ∧ CS[A]) = ιv(ω)CS[A]− ω ∧ ιv (CS[A]) = vz(z)φ(z)CS[A]− ω ∧ ιv (CS[A]) , (4.35)

where we used that ω only has legs along dz. For the second term, we can use the expres-
sion (2.8) for the Chern-Simons form to find

ιv (CS[A]) = 2 ⟨ιv[A],F[A]⟩ − ⟨ιv[A], dA⟩ − ⟨A, ιv(dA)⟩ . (4.36)

Focusing on the last term, we can use Cartan’s magic formula to further rewrite

ιv (dA) = −d(ιv[A]) +Aµ(∂νv
µ)dxν + vµ∂µA , (4.37)

where µ = (z, z̄). From this, we can gather that we have∫
∂T×Σ

ω ∧ ιv (CS[A]) =
∫

∂T×Σ

[
2ω ∧ ⟨ιv[A],F[A]⟩+ d (ω ∧ ⟨A, ιv[A]⟩)− dω ∧ ⟨A, ιv[A]⟩

− ω ∧ ⟨A,Aµ⟩ ∂νv
µdxν − ω ∧ ⟨A, ∂µA⟩ vµ

]
. (4.38)

– 37 –



J
H
E
P
0
9
(
2
0
2
5
)
1
5
3

However, most of these terms actually vanish. The first term is killed by the on-shell equation
of motion ω ∧ F[A] = 0; the second term is a total derivative and ∂T has no boundary (as it
is itself a boundary); we chose z0 such that ω was holomorphic when restricted to ∂T, so the
third term vanishes; and we saw from (4.34) that ∂νv

µ is properly elliptic while we required
in (4.4) that A transforms equivariantly, which together kill the fourth term. However, the
last term is non-vanishing precisely because v is only quasi-elliptic (4.34): nevertheless, the
partial cancellation means that the moduli term simplifies to

Cmoduli = −
∑

a=1,2

1
16π2i

∫
Σ×Ca

dλa

dt φCS[A] + dλa

dt ω ∧ ⟨A, ∂zA⟩+
dλ̄a

dt ω ∧ ⟨A, ∂z̄A⟩ , (4.39)

where we recall that the integration contours Ca are as defined in figure 4.

The elliptic distributional term. Like before, we can split dω
dt
∣∣
meas into the formal

derivative dω
dt and a distributional term:

1
16π2i

∫
Σ×T

dω
dt
∣∣∣
meas

∧ CS[A] = 1
16π2i

∫
Σ×T

dω
dt ∧ CS[A] + Cdist . (4.40)

Recall that the distributional contribution can heuristically be seen as arising from the p̄r

derivatives of ω, as argued around (B.17). Since ω now also depends on λa, one might worry
that we need to consider the λ̄a derivatives of ω when computing the measure derivative.
However, this is not the case: one can check that ∂ω

∂λ
localises to the non-zero lattice points.

Since we chose z0 such that these were all located outside of the unit cell, such terms do not
contribute to the measure derivative. Thus, we can once again conclude that

Cdist = − 1
8π

N∑
r=1

ℓr
dp̄r

dt

∫
Σ
⟨A, ∂z̄A⟩

∣∣∣
z=pr

. (4.41)

The elliptic variational term. The situation is different for the variational term, where
the elliptic case has some genuinely new features as compared to the rational case. The
contribution from the defects still takes the form (3.42), since that computation was local and
independent of the global topology of the Riemann surface. However, we now have to consider
the additional boundary term (4.6), which leads to a variational contribution of the form

1
16π2i

∫
Σ×∂T

ω ∧
〈
A,

dA
dt

〉
. (4.42)

Similarly to how the quasi-elliptic property of Ψ could be read off from requiring φ to remain
elliptic under RG (4.29), the corresponding behaviour of dA

dt can be computed by requiring
that the gauge field remains equivariant (4.4) under the flow, leading to

d
dt [A(z + λa)− σa(A(z))] =

dA
dt (z+λa)+

dλa

dt ∂zA(z+λa)+
dλ̄a

dt ∂z̄A(z+λa)−
dσa[A]

dt (z) != 0.
(4.43)

Using that σa is independent of z and constant along the flow and reapplying (4.4), we
can then write

dA
dt (z + λa) = σa

[dA
dt (z)

]
− dλa

dt σa[∂zA(z)]−
dλ̄a

dt σa[∂z̄A(z)] . (4.44)
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Inputting the quasi-periodicity (4.44) in the boundary variational term (4.40) and adding
it to the defect variational term (3.42) then yields the total result

Cvar =
1
8π

N∑
r=1

ℓr

∫
Σ

〈
A,

dpr

dt ∂zA+ dpr

dt ∂zA

〉∣∣∣∣
z=pr

(4.45)

+ 1
16π2i

∑
a=1,2

∫
Σ×Ca

dλa

dt ω ∧ ⟨A, ∂zA⟩+
dλ̄a

dt ω ∧ ⟨A, ∂z̄A⟩ .

Matching the universal result. Combining these terms, we find as desired that

Cmoduli + Cdist + Cvar = Cbdry + Cdefect , (4.46)

where we used the identification (4.30). We have thus shown that d
dt Ŝ

(1) = d
dt Ŝ

(1)
conj. In other

words, the counterterm can again be interpreted as a flow of the defining parameters of the
integrable theory. In particular, ω runs according to (4.28), which now also implies that
the periods of the torus run. The other defining data is RG-invariant in the case of simple
poles. The case of higher-order poles (where the maximally isotropic subalgebra flows) follows
straightforwardly from adapting appendix A to the elliptic setup.

5 Discussion

Using the ‘universal’ approach to computing 1-loop divergences, we have studied the renor-
malisation of the large class of classically integrable 2d σ-models (rational, trigonometric and
elliptic) engineered with disorder surface defects in 4d Chern-Simons theory. For this class,
we have proven the folk theorem stated in the Introduction: these theories are renormalisable
at the 1-loop order, with the data defining the theories running in a way that absorbs all of
the 1-loop divergences. The twist 1-form ω, which encodes among other things the positions
of the defects, runs according to the flow (1.5), as previously derived in particular cases
and conjectured in general. The other data, encoding the boundary conditions at those
defects, is invariant in the simplest case when the poles of ω are simple, and runs in general
in a specific way found in appendix A. Finally, in the elliptic case, the flow of ω induces
a particular flow of the periods of the spectral torus.

Along the way, we computed the ‘universal’ path integral in generality. We encountered
a first miracle: while intermediate steps took a rather complicated form, the result can
be written as a very simple contour integral (1.6) over the spectral parameter. We then
re-wrote this counterterm as a local, gauge-invariant 4d counterterm (1.7). That term clearly
suggests the desired flow of the twist 1-form ω. However, making this precise required a
second miracle, namely that certain defect terms arising in the universal result conspire to
precisely match those required to make it interpretable as a flow of the twist 1-form. This
miracle became even more non-trivial for the elliptic theories in section 4, where a similar
precision matching happens with several additional terms, associated to the geometry of
the torus and the flow of its periods.

These miracles appear, in this paper, as empirical observations, but it would be interesting
in the future to understand how they come about — in other words, why these models conspire
to be renormalisable. One may wonder if there is a deeper and simpler proof of this fact,
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relying on the structural features of the 4d Chern-Simons theory. In that language, the
statement is that a certain class of integrable 2d defect theories in 4d Chern-Simons can be
quantised in a consistent and renormalisable manner. We expect that a useful way to gain
such an insight would be by perturbatively quantising the 4d Chern-Simons theory directly.
Renormalising this non-Lorentz-invariant 4d theory in the presence of defects does not seem
straightforward — particularly since the disorder defects naively correspond to places in
spacetime where ℏ diverges (see discussion in [45]). Having said this, the 4d quantum effective
action was argued in [63] to localise at 1-loop order to the 2d one: so, at least to this order,
the perturbative expansion may be expected to make sense.

The approach developed in this paper allows for a uniform treatment of the 1-loop
renormalisation of a very large class of integrable σ-models. There are, however, some models
not yet included in this approach. The simplest ones are the σ-models on ZT -cosets [58, 59]
and their integrable deformations [73–75] and generalisations [44, 76, 77]. These theories
are obtainable from affine Gaudin models or 4d Chern-Simons by imposing an additional
equivariance property with respect to the cyclic group ZT , and we expect their 1-loop RG
flow to take the same form (1.5) as for the models considered here. Moreover, the universal
divergence approach has been successfully applied to the simplest examples in this class [62].
We thus expect the methods and results of our paper to extend to these theories, with
only minor technical modifications. In particular, it would be interesting to show that their
1-loop divergences can also be written as the contour integral (1.6) in terms of their Lax
connection, using the techniques developed in subsection 4.2 based on R-matrices. The
R-matrix underlying the ZT -equivariant models (see for instance [44, 78]) presents two main
differences compared to the ones considered in the present paper: it is not of difference form
and satisfies a slightly weaker asymptotic condition than (4.17). Adapting the method of
subsection 4.2 to this larger class of R-matrices is thus the main technical step required
to include these theories in our approach.

A more complicated class of integrable σ-models that escape this approach are the
higher-genus ones considered in ([46], section 15) and [53]. Their main difference from
the models considered here is that their Lax connection is generally not a holomorphic
function of the spectral parameter, although the generating function of conserved charges
is. Moreover, they are only defined implicitly in terms of mathematical objects called Szegö
kernels, which are quite difficult to compute explicitly. However, Costello and Derryberry
conjectured [53] that these models are also 1-loop renormalisable, with their RG flow taking
the same form as the one considered here when written in terms of periods of ω.30 It would
thus be interesting to extend our approach to these theories. In particular, we hope that
the methods of subsection 4.2 can be adapted to evaluate the universal divergences of these
models, with the Szegö kernel and its Fay identity playing a role akin to that of the R-matrix
and the cYBE. This is, however, quite speculative and a careful analysis of this question
is a natural objective for future developments.

The last exceptions are the integrable σ-models on flag manifolds (see for instance [60, 61]),
which are of a quite different nature. In the 4d Chern-Simons language, they correspond
to a very simple 1-form ω = dz on the plane, the cylinder or the torus. In particular, this

30See [27] for the relation between that formulation of the RG flow and the one (1.5) used in this paper.
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1-form has no zeros, meaning that there are no disorder defects.31 The currents in the Lax
connection arise from another mechanism, associated with order defects (see [46]), and take a
different form than those considered here. In particular, we expect that this Lax connection
does not satisfy the Bianchi completeness condition (see subsection 3.1), so that the universal
divergence approach does not obviously apply to these models. We refer to [61, 79] for some
discussion of the renormalisation of these models using other methods.
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A Arbitrary pole structure

In this appendix, we generalise the presentation of 4d Chern-Simons theory on Σ× CP1 to
include higher order and complex poles in the twist 1-form. We will see that this requires
us to change the definition of the defect algebra d and its subalgebra b. This will force us
to consider an RG flow of the subalgebra b, i.e. of the boundary conditions imposed on
the gauge field A at the defects.

A.1 Classical 4d Chern-Simons theory with arbitrary poles

General twist 1-form. Let ω = φ(z) dz be a meromorphic 1-form on CP1 (with φ(z) a
rational function of z). As in the main text we denote by P̂ the set of poles of ω and we
split its zeros into two subsets Ẑ±. We label these points as

P̂ = {pr}N
r=1 and Ẑ± =

{
z±i
}N±

i=1 , (A.1)

and their respective multiplicities as mr,m
±
i ∈ Z≥1 (the case treated in section 2 is then

mr = 1 for every r). We suppose that the number of zeros in Ẑ+ and in Ẑ−, counted with
multiplicity, are the same and denote them by M . We then have

M =
N+∑
i=1

m+
i =

N−∑
i=1

m−
i = 1

2

N∑
r=1

mr + 1 , (A.2)

where the last equality follows from the Riemann-Hurwitz formula. Note that this forces the
number of poles/zeros of ω (with multiplicities) to be even. We can write ω in the following
factorised form, in terms of its poles, its zeros and an overall factor K:

ω = K

∏N+
i=1(z − z+i )m+

i
∏N−

i=1(z − z−i )m−
i∏N

r=1(z − pr)mr
dz . (A.3)

31In the Hamiltonian language, these theories are said to be ultralocal.
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It will also be useful to write its simple fraction decomposition

ω =
(

N∑
r=1

mr−1∑
k=0

ℓr,k

(z − pr)k+1

)
dz , (A.4)

introducing the levels ℓr,k = resz=pr(z − pr)kω. The latter can be seen as rational functions
of the parameters (K, pr, z

±
i ) and generalise the residues (2.6) considered for simple poles.

Reality conditions. To ensure that the 4d Chern-Simons theory associated with ω is real,
we need to impose certain reality conditions on this 1-form. Namely, we will ask that it is
equivariant with respect to the complex conjugation on CP1, i.e. that φ(z) = φ(z). In terms
of the factorised parametrisation (A.3), this forces K to be real while the poles and zeros
are either real or come in pairs of complex conjugates with the same multiplicity. We will
restrict to the case where all the zeros z±i are real. In contrast, we will allow for complex
poles. Up to a permutation, we can label them such that we have

• Nr real poles pr ∈ R with real levels ℓr,k ∈ R, for r ∈{1, . . . , Nr},

• Nc independent complex poles pr ∈ C with levels ℓr,k ∈ C, for r ∈{Nr+1, . . . , Nr+Nc},

• Nc conjugate poles pr = pr−Nc with levels ℓr,k = ℓr−Nc,k, for r ∈{Nr +Nc + 1, . . . , N}.

The total number of poles is then N = Nr+2Nc. Taking into account Möbius transformations,
the parameter space describing the choice of ω is of real dimension N +N+ +N− − 2. We
further ask that the gauge field satisfies the same reality condition (2.10) as in the main text,
in terms of the antilinear ‘complex conjugation’ automorphism τ of gC characterising the real
form g. Together with the above restrictions on ω, this ensures that the action (2.9) is real.

Defect term and jet. The main differences in the case of arbitrary poles arise in the
treatment of the defect term in the variation of the action. This term still takes the
form (2.13a), involving the derivative dω. Rather than being a sum of Dirac distributions,
like in the case of simple poles, dω now also involves derivatives of Dirac distributions at
higher-order poles (see appendix B.1 and equation (B.9) for more details). In terms of the
levels ℓr,k defined in (A.4), the defect term then reads

δSdefect
4d = − 1

8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k!

∫
Σ
∂k

z ⟨A, δA⟩
∣∣
z=pr

. (A.5)

This is the equivalent of equation (2.15) for simple poles.
In particular, the defect term now involves derivatives of the gauge field at the poles.

This naturally leads us to consider the jet of A along the pole defects, defined as the collection

A± =
( 1
k! ∂

k
zA±

∣∣
z=pr

)k=0,...,mr−1

r=1,...,N
. (A.6)

This is the higher-order generalisation of equation (2.16). Let us discuss the space in which
this jet is valued, taking into account the reality conditions imposed on the poles and on
A, i.e. equation (2.10). If r ∈ {1, . . . , Nr}, then pr is a real pole and ∂k

zA±|z=pr is valued
in the real form g. If r ∈ {Nr + 1, . . . , Nr + Nc}, then (pr, pr+Nc) forms a pair of complex
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conjugate poles: the corresponding components of the jet are then valued in the complexified
algebra gC and related by complex conjugation, i.e. ∂k

zA±|z=pr = τ
(
∂k

zA±|z=pr+Nc

)
. We can

thus naturally see the jet A± as an element of the vector space

d =

(Xr,k

)k=0,...,mr−1
r=1,...,N

∣∣∣∣∣∣ Xr,k ∈ g if r ∈ {1, . . . , Nr}

Xr,k = τ
(
Xr+Nc,k

)
∈ gC if r ∈ {Nr + 1, . . . , Nr +Nc}

 .

As the notation suggests, this is the defect Lie algebra, although for the moment it is not yet
defined as an algebra but only as a vector space. As such, it is isomorphic to the direct sum
of ∑Nr

r=1mr copies of g and ∑Nr+Nc
r=Nr+1mr copies of gC. In particular, it has real dimension

dim d = 2(M + 1) dim g , (A.7)

where M was defined through the equation (A.2).
Using the generalised Leibniz rule for higher-order derivatives of products, one rewrites

the defect term (A.5) in the compact form

δSdefect
4d = − 1

8π

∫
Σ
⟨⟨A, δA⟩⟩d,ℓ , (A.8)

in terms of the d-valued one form A = A+ dx+ + A− dx−. In this equation, ⟨⟨·, ·⟩⟩d,ℓ denotes
a natural symmetric bilinear form on d defined by

⟨⟨X,Y⟩⟩d,ℓ ≡
N∑

r=1

mr−1∑
k=0

k∑
l=0

ℓr,k ⟨Xr,l, Yr,k−l⟩ , (A.9)

where X = (Xr,k)k=0,...,mr−1
r=1,...,N and Y = (Yr,k)k=0,...,mr−1

r=1,...,N are two generic elements of d. For
future convenience, and contrarily to the main text, we have added an index ℓ in the notation
⟨⟨·, ·⟩⟩d,ℓ for this form, to indicate its dependence on the levels ℓ = (ℓr,k)k=0,...,mr−1

r=1,...,N . The
equation (A.8) takes the exact same form as the one (2.19) obtained in the main text, but
with a generalised definition of the space d, the jet A and the bilinear form ⟨⟨·, ·⟩⟩d,ℓ. In the
case of simple real poles, d becomes gN and the bilinear form (A.9) reduces to the one (2.20)
considered in the main text, as expected. One checks that this generalised pairing (A.9)
is also non-degenerate on d.

When considering an element X = (Xr,k)k=0,...,mr−1
r=1,...,N of d, one should recall that the last

components Xr,k with r ∈ {Nr +Nc + 1, . . . , N} are not independent from the previous ones,
as they are related by the complex conjugation Xr,k = τ

(
Xr−Nc,k

)
. In particular, the data of

the first components, up to r = Nr +Nc, is enough to fully characterise X ∈ d. For instance,
the bilinear form (A.9) can be rewritten in terms of these independent components as

⟨⟨X,Y⟩⟩d,ℓ =
Nr+Nc∑

r=1

mr−1∑
k=0

k∑
l=0

Re
(
ℓr,k ⟨Xr,l, Yr,k−l⟩

)
,

where Re(a) denotes the real part of a ∈ C. In particular, this alternative form makes it
apparent that ⟨⟨·, ·⟩⟩d,ℓ is real-valued. To obtain this expression, we have used the identity
⟨τ(X), τ(Y )⟩ = ⟨X,Y ⟩, true for any X,Y ∈ gC.
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Gauge symmetries and the defect Lie algebra structure. So far, we have described d as
a vector space equipped with a non-degenerate symmetric bilinear form. Let us now describe
its Lie algebra structure. We will be guided by the behavior of the gauge transformations (2.24)
along the pole defects. We consider such a transformation A 7→ Au and expand the gauge
pararameter as u = Id + V + O(V 2), where V is an infinitesimal gC-valued function. This
corresponds to taking the variation δA = [A, V ] + dV of the gauge field, which itself induces
a certain variation δA± ∈ d of the jet (A.6) along the pole defects. We will define the Lie
bracket [·, ·]d on the defect algebra d so as to get

δA± = [A±,V]d + ∂±V , (A.10)

where V = ( 1
k!∂

k
zV |z=pr)

k=0,...,mr−1
r=1,...,N is the jet of V . This uniquely determines the bracket:

after a few manipulations, we find

[
X,Y

]
d
=
(

k∑
l=0

[
Xr,l, Yr,k−l

])k=0,...,mr−1

r=1,...,N

, (A.11)

with X = (Xr,k)k=0,...,mr−1
r=1,...,N and Y = (Yr,k)k=0,...,mr−1

r=1,...,N in d. That this bracket satisfies the
Jacobi identity follows from the one of gC and a little bit of algebra. One easily checks
that in the case where all the poles pr are real and simple, this definition coincides with
the one (2.18) and thus d becomes the direct product gN , in agreement with the main text.
The main generalisation introduced in equation (A.11) is the Lie algebra structure involving
the additional indices k ∈ {0, . . . ,mr − 1} associated with higher-order poles, which are
sometimes termed the Takiff modes. Recall also that the last Nc components of a vector in d

are related to the previous ones by the antilinear involution τ : gC → gC. The fact that τ is
an automorphism, i.e. it preserves the bracket [·, ·] on gC, ensures that the right-hand side of
equation (A.11) also satisfies these conditions. Therefore, it really defines a skew-symmetric
bracket [·, ·]d : d × d → d. Finally, with a little bit of algebra, one shows that the bilinear
form (A.9) on d is ad-invariant with respect to the Lie bracket (A.11).

We note that each pole pr is naturally associated with a subalgebra of d, composed by
elements X = (Xr,k)k=0,...,mr−1

r=1,...,N with Xs,k = 0 for s ≠ r. This subalgebra takes the form
of a so-called Takiff Lie algebra, which can be realised in terms of truncated loops. More
precisely, a real pole of order m is associated with the Takiff algebra Tm−1g ≃ g⊗ R[ξ]/Rξm

and a pair of complex conjugate poles with its complexification Tm−1gC ≃ g⊗ C[ξ]/Cξm. In
particular, simple poles are attached to T0g ≃ g or T0gC ≃ gC, i.e. the gauge algebra or its
complexification. In contrast, for higher-order poles, Tm−1g and Tm−1gC are more exotic
Lie algebras, which in particular are not semi-simple and possess abelian ideals. In the end,
the whole defect algebra can then be seen as the direct sum

d =
(

Nr⊕
r=1

Tmr−1g

)
⊕

 Nr+Nc⊕
r=Nr+1

Tmr−1gC

 . (A.12)

Lifts from algebras to groups. Recall that g is the Lie algebra of the connected gauge
group G. Similarly, we lift the defect algebra (A.12) to a defect group

D =
(

Nr∏
r=1

Tmr−1G

)
×

 Nr+Nc∏
r=Nr+1

Tmr−1GC

 , (A.13)
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with Lie(D) = d. Here TpG (resp. TpGC) denotes the real (resp. complexified) Takiff group
of order p. TpG is often also called the pth-jet group of G. Let us illustrate this concept
with simple examples. The 0th-jet group is simply the group itself, i.e. T0G ≃ G. As a
manifold, the 1st-jet group is identified with the tangent bundle T1G ≃ TG, whose elements
are described by the choice of a point in G and a tangent vector at this point. There exists a
unique Lie group structure on this manifold which lifts the Lie algebra structure of T1g: one
then shows that T1G is isomorphic to the semi-direct product G⋉ g (where the Lie algebra g

is seen as an abelian group with addition, on which G acts by the adjoint action).
For brevity, we will not detail here the structure of the jet group TpG for general p and

refer to [50, 80] for a more thorough discussion. However, to give some intuition on this
object, we include the following heuristic description. If f : R → G is a G-valued function
and x0 is a given point in R, the evaluation

(
f(x0), ∂xf(x0)

)
of f and its derivative can

naturally be seen as an element of the tangent space TG, i.e. the 1st-jet group. Similarly,
the evaluation

(
∂k

xf(x0)
)

k=0,...,p
of f and its first p derivatives is naturally interpreted as an

element of the pth-jet group TpG. As a manifold, the latter is isomorphic to the product of
G with p copies of the vector space g. Moreover, the group structure on TpG is characterised
by the property that f 7→

(
∂k

xf(x)
)

k=0,...,p
is a homomorphism from the group of G-valued

functions (equipped with pointwise multiplication) to the jet group TpG.
After this Lie theoretic interlude, let us return to our 4d Chern-Simons theory. Earlier,

the Lie algebra structure on d allowed us to describe the effect of infinitesimal gauge transfor-
mations on the jet A of the gauge field — see equation (A.10). As one may expect, the lift of
this structure to the defect group D is useful to discuss finite gauge transformations A 7→ Au.
Indeed, in the same spirit as the heuristic discussion above, the jet u = (∂k

zu)
k=0,...,mr−1
r=1,...,N of

the gauge parameter can be naturally interpreted as a D-valued function on Σ. The induced
gauge transformation on the jet then takes the form

A± 7−→ Au± = u−1A±u+ u−1∂±u , (A.14)

where the adjoint action and Darboux derivatives are that of the defect group (A.13).

Maximally isotropic subalgebra b. Let us now return to the defect term (A.8), written
in terms of the jet A± ∈ d and the bilinear form ⟨⟨·, ·⟩⟩d,ℓ. As in the main text, we ensure
that this term vanishes by imposing the boundary condition (2.21), i.e. that A± is valued
in a maximally isotropic subalgebra b of d. Moreover, denoting by B the unique closed
subgroup of D with Lie(B) = b, we restrict the local parameter u of gauge transformations
to have a jet u = (∂k

zu)
k=0,...,mr−1
r=1,...,N valued in B, as in (2.26). By equation (A.14), this

ensures that the boundary condition A± ∈ b is preserved by these gauge transformations
(this is the main reason behind the requirement for b to be a subalgebra). Moreover, one
can show ([49], Theorem 4.2) that the transformations satisfying this boundary condition
leave the action (2.9) invariant and thus correspond to proper gauge symmetries. This is
completely analogous to what was discussed in the main text around equation (2.25), for
the case of simple poles. We refer to this discussion for more details.

Summary. In conclusion, we have defined the 4d Chern-Simons theory associated with the
data (ω, Ẑ±, G, b), with ω now allowed to have an arbitrary pole structure. The key message
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of this appendix is the following: once the defect algebra d is appropriately generalised to
the case of arbitrary poles, the rest of the construction follows exactly as in the case of real
simple poles. In particular, following the construction of subsection 2.2 of the main text, one
can extract a 2d integrable σ-model from this 4d setup. As in the case of simple real poles,
the target space of this σ-model is the double coset B\D/Gdiag. The main difference here is
hidden in the definition of the defect group D, which now takes the form (A.13) in terms
of Takiff/jet groups, instead of D = GN . To be complete, we still have to describe how the
diagonal subgroup Gdiag of D is defined in the case of higher-order poles. As mentioned above,
a real pole pr is associated to the factor Tmr−1G in the defect group (A.13). This factor
naturally contains a subgroup isomorphic to G.32 Similarly, a pair of complex conjugate
poles is associated with a jet factor Tmr−1GC, which possesses a subgroup isomorphic to
GC, which itself includes G as a subgroup. We then define Gdiag as the diagonal embedding
of G as a subgroup in each of these jet factors.

A.2 1-loop renormalisation for arbitrary pole structure

Setup. We now discuss the 1-loop renormalisation of the 2d integrable σ-model built in
the previous subsection and associated with the data (ω, Ẑ±, G, b). The case where ω has
simple real poles was treated in section 3 of the main text. Our main goal in this appendix
is to generalise this result to the case of an arbitrary pole structure. Our starting point
is the universal approach of [62], which allows us to determine the 1-loop divergence of
the model in terms of its Lax connection. The computation of this universal divergence
in subsections 3.1–3.4 of the main text is in fact perfectly valid also for general poles. In
particular, the equation (3.26) describing the RG dependence of the 1-loop effective action
in terms of the 4d-CS gauge field A also applies in the present case. For convenience, we
recall it here:

d
dt Ŝ

(1) = 1
16π2i

∫
M
∂zΨ(z) dz ∧ CS[A] + Cdefect , (A.15)

where the second contribution is the ‘defect term’

Cdefect =
1

16π2i

∫
M
∂z̄Ψ(z) dz̄ ∧ CS[A] . (A.16)

In these equations, the function Ψ(z) is defined as in subsection 3.4. More precisely, Ψ(z)
is characterised by the following properties: it has the same pole structure as φ(z) in the
complex plane, is bounded when z → ∞ and satisfies the property (3.21) at the zeros
Ẑ± = {z±i }N±

i=1 of ω.
The main result left to generalise is that of subsection 3.5, namely that we can absorb the

flow (A.15) as a running of the defining parameters (ω, Ẑ±, G, b) of the model. We note that
G and the splitting of zeros into the sets Ẑ± are essentially discrete data and thus cannot run.
In contrast, the twist 1-form ω encodes an important part of the continuous parameters of the
theory. As was the case for simple poles, these parameters are expected to run with the RG

32Recall the heuristic description of the group TpG as being composed by jets
(
∂k

xf(x0)
)

k=0,...,p
of functions

f : R → G. In this context, the natural embedding of G in TpG is obtained from constant functions f , whose
jets take the form

(
f, 0, . . . , 0).
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flow. More precisely, there exists a conjecture (3.28) for the flow of ω regardless of its pole
structure [23]. We will recall it in the next paragraph and will discuss how its consequences
differ in the case of higher-order poles. The behavior of the maximally isotropic subalgebra
b under renormalisation is a bit more subtle. It can depend on continuous parameters and
could thus encode running couplings as well: its RG flow has not been thoroughly discussed
so far in the literature. In the case of real simple poles, we showed in the main text that the
universal divergence can be absorbed into a flow of only ω, with b remaining RG-invariant.
As we will see in this appendix, this will no longer be true for general pole structures, where
we will also encounter a non-trivial flow of b.

The structure of this subsection is the following. We will first describe the expected RG
flow of ω and b, starting from the conjecture of [23]. We will then show that the induced
flow of the action matches the universal divergence computation (A.15), thus proving that
the model is 1-loop renormalisable.

Expected RG flow of ω. We will work with the partial fraction decomposition (A.4) of
the twist 1-form ω = φ(z) dz, written in terms of the parameters (pr, ℓr,k). The latter are
expected to flow with the RG-time t. This flow can be compactly encoded in the ‘formal
derivative’ of ω with respect to t, defined as

dω
dt =

N∑
r=1

mr−1∑
k=0

(dℓr,k

dt
1

(z − pr)k+1 + dpr

dt
(k + 1)ℓr,k

(z − pr)k+2

)
dz . (A.17)

In terms of this object, the conjecture that we aim to prove [23] (see also [27, 53]) is

dω
dt = ∂zΨ(z) dz , (A.18)

where Ψ(z) is the function appearing in equation (A.15). Recalling that Ψ(z) has the same
pole structure as φ(z), it will be useful to rewrite this function as

Ψ(z) = −f(z)φ(z) , (A.19)

where f(z) has singularities at the zeros Ẑ± = {z±i }N±
i=1 of ω, but is regular at its poles

P̂ = {pr}N
r=1. Comparing equations (A.17) and (A.18), one can extract the flow of the poles

pr and the levels ℓr,k predicted by the conjecture. We get

dpr

dt = f(pr) ,
dℓr,0
dt = 0 and dℓr,k

dt = βr,k = k
mr−1∑
l=k

f (l+1−k)(pr)
(l + 1− k)! ℓr,l . (A.20)

This generalises the equation (3.31) found for simple poles.33 The main difference here is that
the levels are not all RG-invariants. More precisely, the standard residues ℓr,0 = resz=prω are
still RG-invariants but the higher-order levels ℓr,k with k > 0 are generally running.

33The equation (3.31) was written in terms of the residues ψr of Ψ(z). To compare with (A.20), we note
that ψr = −f(pr) ℓr. The alternative formulation used here in terms of the function f(z) will turn out to be
quite convenient to treat general poles.
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RG flow of the bilinear form. This non-trivial flow of the levels will be the main technical
difference that we have to address in the case of higher-order poles. It means in particular that
the bilinear form ⟨⟨·, ·⟩⟩d,ℓ does not stay constant along the RG flow, as its expression (A.9)
depends explicitly on the levels. More precisely, we get

d
dt ⟨⟨X,Y⟩⟩d,ℓ =

N∑
r=1

mr−1∑
k=1

k∑
l=0

βr,k ⟨Xr,l, Yr,k−l⟩ , (A.21)

for elements X = (Xr,k)k=0,...,mr−1
r=1,...,N and Y = (Yr,k)k=0,...,mr−1

r=1,...,N of d that do not depend on
the RG-scale t. As a consequence, it follows that the maximally isotropic subalgebra b

will also have to run under the RG flow, since the notion of isotropy itself will evolve with
the energy scale.

The derivation ∆. Let us use the function f(z) to define the following linear map on d:

∆ :
(
Xr,k

)k=0,...,mr−1

r=1,...,N
→

(
k∑

l=1

f (k+1−l)(pr)
(k + 1− l)! lXr,l

)k=0,...,mr−1

r=1,...,N

. (A.22)

Using the expression for βr,k in (A.20), one checks that the RG flow (A.21) of the bilinear
form ⟨⟨·, ·⟩⟩d,ℓ can be rewritten in terms of this map as

d
dt ⟨⟨X,Y⟩⟩d,ℓ = ⟨⟨∆X,Y⟩⟩d,ℓ + ⟨⟨X,∆Y⟩⟩d,ℓ . (A.23)

Moreover, ∆ is a derivation of the defect Lie algebra d, in the sense that

∆[X,Y]d =
[
∆X,Y

]
d
+
[
X,∆Y

]
d
. (A.24)

This can be checked explicitly using the expression (A.11) for the Lie bracket [·, ·]d.

Exponentiating the derivation. The map ∆ : d → d depends on the parameters encoded
in ω and thus implicitly on the RG-scale t. We will ‘exponentiate’ it by defining another
t-dependent map ρ : d → d by the first order differential equation

d
dtρ = ρ ◦∆ , with ρ|t=0 = Idd . (A.25)

Since we have specified its initial condition at t = 0, this uniquely determines ρ. Formally, it
can be seen as the t-ordered exponential of the integral of ∆. We note that ρ is then invertible
on d. Crucially, the fact that ∆ is a derivation of d implies that ρ is an automorphism, i.e.

ρ[X,Y]d =
[
ρX, ρY]d . (A.26)

Proof. Let us define a bilinear map J : d× d → d by

J(X,Y) = ρ[X,Y]d −
[
ρX, ρY]d .

We then want to prove that J vanishes. Since ρ|t=0 = Idd, it is clear that J |t=0 = 0 at the
reference scale. Moreover, using the differential equation (A.25) obeyed by ρ, we get

d
dtJ(X,Y) = ρ

(
∆[X,Y]d

)
−
[
ρ(∆X), ρY

]
−
[
ρX, ρ(∆Y)

]
.
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We now use the derivation property (A.24) of ∆ to get

d
dtJ(X,Y) = ρ[∆X,Y]d + ρ[X,∆Y]d −

[
ρ(∆X), ρY

]
−
[
ρX, ρ(∆Y)

]
= J(∆X,Y) + J(X,∆Y) .

Let us fix a basis {Tα} of d and write J(Tα,Tβ) = Jαβ
γ Tγ and ∆(Tα) = ∆α

β Tβ , in ‘tensor
form’. The above equation then translates to

d
dtJαβ

γ = ∆α
η Jηβ

γ +∆β
η Jαη

γ .

The entries Jαβ
γ thus obey a system of homogeneous first-order linear differential equations.

Since their initial condition at t = 0 vanishes, we deduce that Jαβ
γ = 0 along the whole flow.

This means that J = 0, ending the proof of the automorphism property (A.26).

Solution of the RG flow for the bilinear form. We will now use the map ρ to explicitly
write the evolution of the bilinear form ⟨⟨X,Y⟩⟩d,ℓ under the RG flow. More precisely, we
will prove that

⟨⟨X,Y⟩⟩d,ℓ = ⟨⟨ρX, ρY⟩⟩d,ℓ0
, (A.27)

where ℓ0 = ℓ|t=0 is the value of the levels at the reference scale t = 0.

Proof. Define a bilinear form U : d× d → R by

U(X,Y) = ⟨⟨X,Y⟩⟩d,ℓ − ⟨⟨ρX, ρY⟩⟩d,ℓ0
.

We will prove that U vanishes. Since ℓ|t=0 = ℓ0 and ρ|t=0 = Idd, it is clear that U |t=0 = 0
at the reference scale. Using the formula (A.23) for the flow of ⟨⟨·, ·⟩⟩d,ℓ and the differential
equation (A.25) defining ρ, we get

d
dtU(X,Y) = ⟨⟨∆X,Y⟩⟩d,ℓ + ⟨⟨X,∆Y⟩⟩d,ℓ − ⟨⟨ρ(∆X), ρY⟩⟩d,ℓ0

− ⟨⟨ρX, ρ(∆Y)⟩⟩d,ℓ0
.

Therefore, we have
d
dtU(X,Y) = U(∆X,Y) + U(X,∆Y) .

As for J above, the entries of U in a basis of d obey a system of homogeneous first-order
linear differential equations. Since their initial condition at t = 0 vanishes, they vanish for all
t. This means that U = 0, ending the proof of the identity (A.27).

Expected flow of b. As observed earlier, the choice of maximally isotropic subalgebra b

of d cannot stay the same along the RG flow since the bilinear form ⟨⟨·, ·⟩⟩d,ℓ defining the
notion of isotropy is itself flowing. Let us denote by b0 the choice made at the reference
scale t = 0, which is then isotropic with respect to the bilinear form ⟨⟨·, ·⟩⟩d,ℓ0

. We note
that the subspace ρ−1b0 ⊂ d is

1. a subalgebra of d, since ρ is an automorphism;

2. isotropic with respect to ⟨⟨·, ·⟩⟩d,ℓ, using equation (A.27);

3. of maximal dimension since dim(ρ−1b0) = dim(b0) = 1
2 dim d.
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Therefore, the choice

b = ρ−1b0 (A.28)

is a very natural candidate for the role of maximally isotropic subalgebra at RG-scale t.
Equivalently, this can be reformulated as an infinitesimal RG flow of the subalgebra, i.e.
as a differential equation with respect to t:

d
dtb = −∆(b) , (A.29)

by which we simply mean that b is the set of vectors Xt evolved from X0 ∈ b0 by the
ODE d

dtXt = −∆(Xt).

RG dependence of the effective action. We have arrived at the conjectured 1-loop
flows (A.18) and (A.28) of (ω, b). They correspond to a particular dependence of the 1-loop
effective action on the RG-scale t = logµ. To confirm this expectation, we need to show that
this t-dependence matches the log-divergent universal counterterm (A.15) computed above.
Thanks to the 4d Chern-Simons construction, the action of the σ-model can be written in
terms of the 4d gauge field as (2.36). The computation of the derivative of this action with
respect to t starts exactly as it did for simple poles in equation (3.35) of the main text. In
particular, there are two subtle points to take into account. First, when taking the derivative
of the integral

∫
M ω ∧ CS[A], one needs to use the ‘measure derivative’ dω

dt

∣∣∣
meas

of ω, which
differs from the formal one (A.17) by distributions arising from the flow of the poles pr —
see equation (3.32) and appendix B.2. The second thing to account for is a variational term
coming from the t-dependence of A itself. Altogether, the conjectured counterterm in the
effective action then takes the form

d
dt Ŝ

(1)
conj =

1
16iπ2

∫
M
∂zΨ(z) dz ∧ CS[A] + Cdist + Cvar , (A.30)

including a distributional term Cdist and a variational one Cvar, which we compute below.

Distributional term. For simple poles, the measure derivative of ω was computed in
equation (3.34). In the present case, following appendix B.2, this generalises to

dω
dt
∣∣∣
meas

= ∂zΨ(z) dz + 2iπ
N∑

r=1

mr−1∑
k=0

(−1)kℓr,k

k!
dpr

dt ∂k
z δ(z − pr) . (A.31)

The distributions in the second term contribute to the flow of the action by

Cdist = − 1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k! f(pr)
∫
Σ
∂k

z ⟨A, ∂zA⟩
∣∣∣
z=pr

. (A.32)

To get this formula, we have carried out the integral over (z, z), imposed the equation of
motion F+−[A] = 0, discarded some total derivatives and used the equation (A.20) to express
dpr

dt = f(pr) (see (3.38) and above for the analogous computation in the case of simple poles).
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Variational term. We now turn our attention to the variational term Cvar arising from the
flow dA

dt of the gauge field. Such a variation is computed using equation (2.12). The bulk
term in this equation vanishes on-shell due to the equation of motion F[A] = 0, while the
boundary term does not contribute since A falls off at the boundary of Σ. The second term
is a defect one and can be computed using the formula (A.8). We find

Cvar = − 1
8π

∫
Σ

〈〈
A,
dA
dt

〉〉
d,ℓ
. (A.33)

In this equation, dA
dt denotes the jet of dA

dt , defined as

dA
dt =

(
1
k! ∂

k
z

dA
dt

∣∣∣∣
z=pr

)k=0,...,mr−1

r=1,...,N

∈ d. (A.34)

Crucially, this does not coincide with dA
dt , i.e. the t-derivative of the jet A =

( 1
k!∂

k
zA|z=pr

)k
r
,

since we are taking evaluations at points pr that are themselves t-dependent. Recalling from
equation (A.20) that dpr

dt = f(pr), we get

dA
dt = dA

dt −
(
f(pr)
k! ∂k+1

z A
∣∣
z=pr

+ f(pr)
k! ∂z∂

k
zA
∣∣
z=pr

)k=0,...,mr−1

r=1,...,N

. (A.35)

Flow of the boundary condition. To compute the variational term (A.33), we will need
to take into account the boundary condition imposed on A and its behavior under the RG
flow. This condition (2.21) is exactly where the maximally isotropic subalgebra b enters
the 4d Chern-Simons construction. In equation (A.28), we have proposed a natural guess
for the dependence of b on the RG-scale, namely that b = ρ−1b0. In this expression, the
dependence on t is hidden in ρ, while b0 is the initial condition for b and thus is independent
of t. Under this ansatz, the boundary condition (2.21) reads ρ(A) ∈ b0. Taking the derivative
with respect to t, using the definition (A.25) of ρ and further acting by ρ−1, we get

dA
dt +∆(A) ∈ b . (A.36)

We now take the pairing with A, which also belongs to the isotropic subspace b by construction.
We then find 〈〈

A,
dA
dt

〉〉
d,ℓ

= −⟨⟨A,∆(A)⟩⟩d,ℓ . (A.37)

Together with equation (A.35), we rewrite (A.33) as

Cvar =
1
8π

∫
Σ

〈〈
A,B+ B̃

〉〉
d,ℓ
, (A.38)

with

B = ∆(A) +
(
f(pr)
k! ∂k+1

z A
∣∣
z=pr

)k

r
and B̃ =

(
f(pr)
k! ∂k

z (∂zA)
∣∣
z=pr

)k

r

. (A.39)
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Computing the variational term. Let us analyse in more detail the field B defined in
equation (A.39). To do so, we use the explicit definition (A.22) of the derivation ∆ and apply
it to the jet (A.6). The two terms entering B then combine to

B =
(

k∑
l=0

f (k−l)(pr)
l!(k − l)! ∂

l+1
z A|z=pr

)k=0,...,mr−1

r=1,...,N

. (A.40)

From the generalised Leibniz rule, we recognise the quantity

B =
( 1
k! ∂

k
z

(
f(z) ∂zA

)∣∣
z=pr

)k=0,...,mr−1

r=1,...,N
. (A.41)

Substituting this expression into equation (A.38) and using the explicit definition (A.9) of
⟨⟨·, ·⟩⟩d,ℓ, we obtain

Cvar =
1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k∑
l=0

1
l!(k − l)!

∫
Σ

〈
∂l

zA
∣∣
z=pr

, ∂k−l
z

(
f(z) ∂zA

)∣∣
z=pr

〉

+ 1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k∑
l=0

f(pr)
l!(k − l)!

∫
Σ

〈
∂l

zA
∣∣
z=pr

, ∂k−l
z

(
∂zA

)∣∣
z=pr

〉
.

We then use the generalised Leibniz rule again to find

Cvar =
1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k!

∫
Σ

(
∂k

z

(
f(z) ⟨A, ∂zA⟩)

)
+ f(pr) ∂k

z ⟨A, ∂zA⟩
)∣∣∣

z=pr

.

Comparing with equation (A.32), we see that the second term coincides with the opposite
of the distributional contribution Cdist, and hence

Cdist + Cvar =
1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k!

∫
Σ
∂k

z

(
f(z) ⟨A, ∂zA⟩)

)∣∣∣
z=pr

. (A.42)

Matching with the universal computation. We now claim that the formula (A.42) can
be rewritten as the defect term (A.16) appearing in the universal computation, i.e. that

Cdist + Cvar = Cdefect . (A.43)

To prove this, we first recall that the component of A along dz decouples on-shell from the
universal counterterm (see the discussion below equation (3.25)) and can thus be set to zero
in the computations. We then rewrite the defect term (A.16) as

Cdefect =
1

16iπ2
∫

M
∂zΨ(z) dz ∧ CS[A] = 1

16iπ2
∫

M
∂zΨ(z) dz ∧ dz ∧ ⟨A, ∂zA⟩ . (A.44)

Recall that Ψ(z) is a meromorphic function with poles P̂ = {pr}N
r=1. Therefore ∂zΨ(z) is a

sum of derivatives of δ-distributions located at these points and the above integral localises
to Σ × P̂. We also recall that Ψ(z) = −f(z)φ(z), where Ψ(z) and φ(z) share the same
pole structure along P̂, while the poles of f(z) coincide with the zeros Ẑ± of φ(z) and thus
disappear from the product φ(z)f(z). Writing ∂zΨ(z) = −f(z)∂zφ(z)− ∂zf(z)φ(z), we see
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that the first term gives a contribution of the expected form, with distributions located along
P̂, while the second term would a priori give unwanted distributions along Ẑ±. We thus
expect this second term to disappear: this is indeed the case since the distributions along Ẑ±

in ∂zf(z) are multiplied by corresponding zeros in φ(z) and thus vanish in the distributional
sense. We thus get ∂zΨ(z)dz ∧ dz = −f(z)∂zφ(z)dz ∧ dz = f(z)dω, hence

Cdefect =
1

16iπ2
∫

M
dω ∧ f(z) ⟨A, ∂zA⟩ . (A.45)

Inserting the partial fraction decomposition (A.4), the standard defect computation gives

Cdefect =
1
8π

N∑
r=1

mr−1∑
k=0

ℓr,k

k!

∫
Σ
∂k

z

(
f(z) ⟨A, ∂zA⟩)

)∣∣∣
z=pr

.

This expression matches (A.42), proving the claim (A.43).
To conclude, the identification (A.43) implies that the universal counterterm (A.15)

matches the conjectured flow (A.30) of the effective action. We thus proved the renormalis-
ability of the model, with the expected RG flow of ω and b.

B Integrals over CP1 and their derivatives

B.1 Integration against meromorphic 1-forms on CP1

Generalities. Let ω = φ(z) dz be a meromorphic 1-form on CP1. Our goal in this appendix
is to define and study integrals of the form∫

CP1
ω ∧ Λ , where Λ = f(z, z) dz (B.1)

is a smooth (0, 1)-form on CP1. Without loss of generality, we restricted ourselves to Λ being
a (0, 1)-form, i.e. having a component only along dz, since ω is proportional to dz. Note that
Λ = f(z, z) dz is not assumed to be an anti-holomorphic form, i.e. it can depend on both z

and z, but is taken to be smooth on CP1. Integrals of the form (B.1) are central in the 4d
Chern-Simons theory, for instance in the definition of its action (2.9).34 To be more precise,
in that context, the integrals are taken over the direct product CP1×Σ and Λ is replaced by a
3-form f(z, z, x+, x−) dz∧dx+∧dx−, where (x+, x−) are coordinates on Σ. This appendix can
then be understood as dealing with the partial integration over CP1, working point-wise in Σ.

In the rest of this appendix, it will often be useful to write Λ as a ∂̄-exact form, i.e. as

Λ = ∂̄h = ∂zh(z, z) dz , (B.2)

where h is a smooth function on CP1. Such a rewriting always exists since the Dolbeaut
cohomology group H(0,1)(CP1) is trivial. Moreover, the function h is unique up to shifts
by a constant term h(z, z) 7→ h(z, z) + a (indeed, the difference between two solutions of
∂zh = f is by construction holomorphic on CP1 and thus constant by Liouville’s theorem).
We will call h a ∂̄-primitive of Λ.

34Technically, the integrals considered in this appendix are slightly less general. Indeed, we supposed here
that Λ is smooth on CP1 while in the 4d-CS theory it would generally be allowed to have singularities, located
at the zeros of ω so that these poles cancel in the integrand ω ∧ Λ. We do not consider this more general
setup for simplicity but expect most results of the appendix to extend to that case as well.
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A simple example. Before considering the most general case, let us investigate the simple
example of the meromorphic 1-form

ωs = ℓ

( 1
z − p1

− 1
z − p2

)
dz , (B.3)

with p1, p2 ∈ C. It has two simple poles at z = p1 and z = p2, with residues +ℓ and −ℓ
respectively (note that the opposite signs ensure that ω is regular at infinity). Introducing
polar coordinates (ρr, θr) by zr = pr + ρre

iθr and using dz ∧ dz = −2iρr dρr ∧ dθr, one sees
that the 2-form ωs ∧ Λ ∼ −2ife−iθr dρr ∧ dθr is locally integrable around z = pr (with the
singularity in ω being compensated by the factor ρr in the measure). Therefore, the integral∫
CP1 ωs ∧ Λ converges, despite the presence of poles in ωs. Working in polar coordinates,

the integration can be performed explicitly in terms of the ∂̄-primitive h(z, z) introduced
in equation (B.2), yielding∫

CP1
ωs ∧ Λ = 2iπℓ

(
h(p1, p̄1)− h(p2, p̄2)

)
. (B.4)

Recall that this ∂̄-primitive is not unique, as one can shift it by a constant, h(z, z) 7→ h(z, z)+a.
As a consistency check, we note that the right-hand side of equation (B.4) is invariant under
such shifts, so is independent of the choice of primitive.

General case. We now consider a general meromorphic 1-form ω. We denote its poles by
pr, r ∈ {1, . . . , N}, and their multiplicities by mr ∈ Z≥1. For simplicity, we will work with a
coordinate z on CP1 such that each pr is in the finite complex plane. We further introduce
the levels ℓr,k for k ∈ {0, . . . ,mr − 1} through the partial decomposition

ω =
N∑

r=1

mr−1∑
k=0

ℓr,k

(z − pr)k+1 dz . (B.5)

If mr > 1, then the 2-form ω ∧ Λ is not locally integrable around the pole z = pr. To make
sense of the integral (B.1), one needs to consider a regularised version of this 2-form, as
explained in [49]. Essentially, it is obtained by adding a ∂-exact form to ω ∧ Λ:

(ω ∧ Λ)reg = ω ∧ Λ + ∂χ . (B.6)

The (0, 1)-form χ is chosen in such a way that (ω ∧ Λ)reg ∼ ar
z−pr

dz ∧ dz around each pole
pr, ensuring that (ω ∧ Λ)reg is integrable on CP1. Such a χ always exists (see [49] for an
explicit ‘minimal’ construction). Moreover, different choices of χ would lead to regularised
2-forms (ω ∧ Λ)reg that differ from the ∂-derivative of a smooth form on CP1, whose integral
vanishes. Therefore, this procedure uniquely defines a regularised integral

∫
CP1(ω ∧ Λ)reg. In

the rest of this appendix and the paper, we always assume that integrals
∫
CP1 ω∧Λ have been

regularised in this way when ω has higher-order poles and omit the index ‘reg’ to lighten
the notation. Heuristically, this notion of regularisation amounts to discarding all integrals∫
CP1 ∂χ of ∂-exact forms, even if χ posseses singularities.

With this definition, the integral
∫
CP1 ω ∧ Λ can be computed explicitly in terms of the

pole structure of ω and the ∂̄-primitive h of Λ. Namely, we find:∫
CP1

ω ∧ Λ = 2iπ
N∑

r=1

mr−1∑
k=0

ℓr,k

k! ∂
k
zh(pr, pr) . (B.7)
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This generalises the simple example (B.4) treated earlier, corresponding to two simple poles
at p1 and p2. As one should expect, the right-hand side of equation (B.7) is independent of
the choice of ∂̄-primitive of Λ. Indeed, a shift h(z, z) 7→ h(z, z)+a adds a term 2πia∑N

r=1 ℓr,0,
which is proportional to the sum of all residues of ω and thus vanishes by the residue formula.

Distributions and integration by parts. Note that ω ∧ Λ = ω ∧ ∂̄h = ω ∧ dh, since ω is
along dz. To be able to do concrete computations with integrals against meromorphic 1-forms,
we want some standard rules such as integration by parts to hold, despite the presence of
poles in ω. In particular, we want to have∫

CP1
ω ∧ Λ =

∫
CP1

ω ∧ dh =
∫
CP1

dω ∧ h , (B.8)

without any boundary term since ∂CP1 is empty. Comparing with the explicit result (B.7),
one sees that this requires treating dω as a distribution. More precisely, we get

dω = −∂zφ(z) dz ∧ dz = 2πi
N∑

r=1

mr−1∑
k=0

(−1)kℓr,k

k! ∂k
z δ(z − pr) dz ∧ dz . (B.9)

Here δ(z − pr) is a 2d Dirac-distribution localised at z = pr (and normalised with respect to
the measure dz ∧ dz) and ∂k

z δ(z − pr) is its k-th derivative, satisfying∫
CP1

∂k
z δ(z − pr)h(z, z) dz ∧ dz = (−1)k∂k

zh(pr, pr) . (B.10)

B.2 Derivatives of integrals

Formal and measure derivatives. Let us consider the meromorphic 1-form ω in equa-
tion (B.5), written in terms of complex parameters Πa = (pr, ℓr,k). We now suppose that
these parameters depend themselves on an external variable t. We then get a continuous
family of t-dependent 1-forms ω. We define its formal derivative with respect to t as

dω
dt =

∑
a

∂ω

∂Πa

dΠa

dt =
N∑

r=1

mr−1∑
k=0

(dℓr,k

dt
1

(z − pr)k+1 + dpr

dt
(k + 1)ℓr,k

(z − pr)k+2

)
dz . (B.11)

This is still a meromorphic 1-form on CP1, whose data is equivalent to the knowledge of
the flow of all parameters Πa = (pr, ℓr,k).

The main goal of this subsection will be to study the behaviour of the integral (B.1)
when the external variable t varies (also allowing Λ to depend on t). Our main result will
be that the t-derivative of this integral will take the form

d
dt

(∫
CP1

ω ∧ Λ
)
=
∫
CP1

(dω
dt
∣∣∣
meas

∧ Λ + ω ∧ dΛ
dt

)
, (B.12)

where dω
dt
∣∣∣
meas

is another object that we will call the measure derivative of ω. As we will see,

the latter does not exactly coincides with the formal derivative dω
dt and includes additional

distributional terms, arising from the flow of the poles pr.
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Back to our simple example. Before investigating the general case, it is instructive to
consider the simple example treated in the previous subsection. There, we considered the
1-form ωs given by equation (B.3), possessing two simple poles and depending on 3 parameters
Πa = (p1, p2, ℓ). The integral

∫
CP1 ωs ∧Λ was computed explicitly in equation (B.4), in terms

of the ∂̄-primitive h. A direct derivation then yields
d
dt

(∫
CP1

ωs ∧ Λ
)
= 2iπdℓ

dt
(
h(p1, p̄1)− h(p2, p2)

)
+ 2iπℓ

(dp1
dt ∂zh(p1, p̄1)−

dp2
dt ∂zh(p2, p2)

)
+ 2iπℓ

(dp1
dt f(p1, p̄1)−

dp2
dt f(p2, p2)

)
+ 2iπℓ

(dh
dt (p1, p̄1)−

dh
dt (p2, p2)

)
, (B.13)

where we have used ∂zh = f in the second line. The last line takes into account the explicit
dependence of the function h on t: namely, dh

dt (z, z̄) is defined as the t-derivative of h(z, z̄)
keeping (z, z̄) constant. This derivative is related to the one of f by df

dt (z, z) = ∂z

(
dh
dt (z, z)

)
.

Using the identity (B.4), we can then rewrite the last line of equation (B.13) as
∫
CP1 ωs ∧ dΛ

dt .
Comparing with equation (B.12), the first and second lines of (B.13) should therefore

coincide with
∫
CP1

dωs
dt
∣∣
meas ∧ Λ, serving as a definition of the measure derivative of ωs. On

the other hand, its formal derivative reads
dωs

dt = dℓ
dt

( 1
z − p1

− 1
z − p2

)
dz + ℓ

(dp1
dt

1
(z − p1)2

− dp2
dt

1
(z − p2)2

)
dz . (B.14)

Using the identity (B.7) for the form dωs
dt , we then find∫

CP1

dωs

dt ∧ Λ = 2iπdℓ
dt
(
h(p1, p̄1)− h(p2, p̄2)

)
+ 2iπℓ

(dp1
dt ∂zh(p1, p̄1)−

dp2
dt ∂zh(p2, p̄2)

)
.

This coincides with the first line of the right hand side of equation (B.13). We thus see
that the formal derivative dωs

dt cannot coincide with the measure derivative dωs

dt
∣∣∣
meas

. More
precisely, they differ from a distributional term, whose presence accounts for the second
line in equation (B.13). Explicitly, we find

dωs

dt
∣∣∣
meas

= dωs

dt + 2iπ ℓ
(dp1

dt δ(z − p1)−
dp2
dt δ(z − p2)

)
dz . (B.15)

General case. We can straightforwardly extend the analysis of the previous paragraph
to the general meromorphic 1-form (B.5). Namely, one can take the t-derivative of the
integral (B.7) and compare it to the integral

∫
CP1

(
dω
dt ∧ Λ + ω ∧ dΛ

dt

)
, computed using the

formal derivative (B.11). One finds that these two quantities do not coincide and differ from a
distributational term. Eventually, we extract the following relation for the measure derivative:

dω
dt
∣∣∣
meas

= dω
dt + 2iπ

N∑
r=1

mr−1∑
k=0

dpr

dt
(−1)kℓr,k

k! ∂k
z δ(z − pr) . (B.16)

We note that there is another (more symbolic) way of justifying this formula. Indeed, one
can also interpret the measure derivative of ω as

dω
dt
∣∣∣
meas

=
∑

a

(
dΠa

dt
∂ω

∂Πa
+ dΠa

dt
∂ω

∂Πa

)
, (B.17)
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where we recall that Πa = (pr, ℓr,k) are the complex parameters defining ω. The first term
is nothing but the formal derivative (B.11), while the second term gives a distributional
contribution using the formal rule

∂

∂p

( 1
(z − p)k+1

)
= 2iπ

k! ∂
k
p δ(z − p) = 2iπ(−1)k

k! ∂k
z δ(z − p) . (B.18)

Distributional and variational terms. We end this appendix by introducing some
terminology that will be useful in the main text. Consider the expression (B.12) for the
t-derivative of the integral

∫
CP1 ω ∧ Λ. It will be useful to separate the different contributions

in this equation by writing

d
dt

(∫
CP1

ω ∧ Λ
)
=
∫
CP1

dω
dt ∧ Λ + Cdist + Cvar . (B.19)

The first term involves only the formal derivative of ω, as defined in equation (B.11). The
second one, called the distributional term, is the contribution of the distributions in the
measure derivative (B.16), which explicitly reads

Cdist = 2iπ
N∑

r=1

mr−1∑
k=0

dpr

dt
ℓr,k

k! ∂
k
z f(pr, p̄r) . (B.20)

Finally, the last term arises from the explicit t-dependence of Λ and is defined as

Cvar =
∫
CP1

ω ∧ dΛ
dt . (B.21)

In the main text, we will typically take
∫
CP1 ω ∧ Λ to be the 4d Chern-Simons action of a

classical configuration of the gauge field A. In this context, Cvar then measures the variation
of the action arising from the t-dependence of this field configuration: we will thus refer
to it as the variational term.

C 1-loop RG flow for Lax in terms of R-matrix

The purpose of this appendix is to carry out a general version of the universal computation
of the 1-loop divergences of integrable σ-models by writing the Lax connection in terms
of a classical R-matrix:

L±(z)1 =
N±∑
i=1

m±
i −1∑

k=0

(−1)k

k!
〈
∂k

zR(z − z±i )12,J (i,k)
±,2

〉
2

(C.1)

This argument will generalise the one for rational integrable theories in sections 3.1–3.2,
replacing the role of partial fraction decomposition on CP1 with the classical Yang-Baxter
equation (cYBE) (4.16). The argument will therefore apply as long as the Lax connection
takes this form regardless of the spectral parameter’s topology. In particular, it will allow
our results to be extended to the elliptic case in section 4.2. It should be noted that most of
the computation does not rely on R : g → g taking a difference form as we have written it in
section 4 and in this appendix: however, the properties assumed in subsection 4.2 actually
enforce this as long as cG ̸= 0 [71, 72].
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C.1 Extracting equations of motion from zero curvature

Usefully for what follows, we will still be able to use the universal path integral computation
from section 3.2, which is formulated abstractly in terms of equations of motion for the
currents appearing in the Lax connection. Our first task is therefore to extract these equations
of motion from the zero-curvature equation of the Lax connection,

∂+L−(z)− ∂−L+(z) + [L+(z), L−(z)] = 0 ∀z . (C.2)

Inserting the Lax connection (C.1) expressed in terms of a general R-matrix, we find the
following equations of motion for the currents J (i,ℓ)

±

0=
N∑

i=1

m−
i −1∑

ℓ=0

(−1)ℓ

ℓ!
〈
∂ℓ

zR(z − z−i )31, ∂+J (i,ℓ)
−,1

〉
1
−

N∑
j=1

m+
i −1∑

n=0

(−1)n

n!
〈
∂n

z R(z − z+j )32, ∂−J (j,n)
+,2

〉
2

+
N∑

i,j=1

m−
i −1∑

ℓ=0

m+
j −1∑

n=0

(−1)ℓ+n

ℓ!n!
〈[
∂n

z R(z − z+j )32, ∂
ℓ
zR(z − z−i )31

]
,J (i,ℓ)

−,1 J (j,n)
+,2

〉
12
, (C.3)

where the first line comes from ∂+L−(z)− ∂−L+(z) and the second line from [L+(z), L−(z)],
and we have recalled that the commutator in (C.2) is only non-trivial in the third tensor
factor of g. Using the cYBE (4.16) of R as well as the ad-invariance of the bilinear form
⟨·, ·⟩, we can re-express the trace in the second line as:

(−1)ℓ+n
〈[
∂n

z R(z − z+j )32, ∂
ℓ
zR(z − z−i )31

]
,J (i,ℓ)

−,1 J (j,n)
+,2

〉
12

= +(−1)n∂ℓ
z−i

〈
R(z − z−i )31,

[〈
∂n

z−i
R(z−i − z+j )12,J (j,n)

+,2

〉
2
,J (i,ℓ)

−,1

]〉
1

− (−1)ℓ∂n
z+

j

〈
R(z − z+j )32,

[〈
∂ℓ

z+
j
R(z+j − z−i )21,J (i,ℓ)

−,1

〉
1
,J (j,n)

+,2

]〉
2
.

(C.4)

This rewriting collects all the z-dependence into a single R-matrix, which makes the following
analysis easier. Note, however, that this comes at the cost of having one of the two derivatives
act on both R-matrices. Distributing these derivatives using Leibniz rule and re-shuffling
some terms, we are left with the commutator [L+, L−] being written as

N∑
i=1

m−
i −1∑

ℓ=0

(−1)ℓ

ℓ!

〈
∂ℓ

zR(z−z−i )31,
N∑

j=1

m+
j −1∑

n=0

m−
i −1∑

m=ℓ

(−1)n

n!(m−ℓ)!

[〈
∂n+m−ℓ

z−i
R(z−i −z+j )12,J (j,n)

+,2

〉
2
,J (i,m)

−,1

]〉
1

−
N∑

j=1

m+
j −1∑

n=0

(−1)n

n!

〈
∂n

z R(z−z+j )32,
N∑

i=1

m−
i −1∑

ℓ=0

m+
j −1∑

m=n

(−1)ℓ

ℓ!(m−n)!

[〈
∂ℓ+m−n

z+
j

R(z+j −z−i )21,J (i,ℓ)
−,1

〉
1
,J (j,m]

+,2

]〉
2

.

(C.5)
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We then notice the similarity between (C.5) and the first line of (C.3). Requiring these two
lines to cancel for any value of z, we can read off the equations of motion for the currents:

∂+J (i,ℓ)
−,1 +

N∑
j=1

m+
j −1∑

n=0

m−
i −1∑

m=ℓ

(−1)n

n!(m− ℓ)!

[〈
∂n+m−ℓ

z−i
R(z−i − z+j )12,J (j,n)

+,2

〉
2
,J (i,m)

−,1

]
= 0 , (C.6a)

∂−J (j,n)
+,2 +

N∑
i=1

m−
i −1∑

ℓ=0

m+
j −1∑

m=n

(−1)ℓ

ℓ!(m− n)!

[〈
∂ℓ+m−n

z+
j

R(z+j − z−i )21,J (i,ℓ)
−,1

〉
1
,J (j,m)

+,2

]
= 0 . (C.6b)

These are the generalisations of (3.8a) and (3.8b) to also include the elliptic integrable
field theories.

C.2 1-loop divergence

The equations of motion (C.6), match the general form in equation (3.9) of the main text,
with the operators O and P identified as

O
(i′,k)
(j′,m) (i,ℓ) [X]1 = δi′=iδℓ≥k

(−1)m

m!(ℓ− k)!

〈
∂m+ℓ−k

z−i
R(z−i − z+j′ )12, X2

〉
2
, (C.7a)

P
(j′,m)
(i′,k) (j,n) [X]1 = δj′=jδn≥m

(−1)k

k!(n−m)!

〈
∂n+k−m

z+
j

R(z+j − z−i′ )12, X2

〉
2
, (C.7b)

for X ∈ g. Thus, the general computation of the universal path integral in section 3.2 applies,
and the general result (3.12) gives in this case

d
dt Ŝ

(1) = − 1
4π

∫
d2xTrg

[
adJ (i,ℓ)

−
O

(i′,k)
(j′,m) (i,ℓ)adJ (j,n)

+
P

(j′,m)
(i′,k) (j,n)

]
, (C.8)

where summation over all indices is implied. Note that, given a basis {Tα}dim g
α=1 of the Lie

algebra, for an operator Q : g 7→ g the trace can be written as Trg[Q] = ⟨Tα, Q[Tα]⟩, where
the split Casimir C is defined by C12 = Tα

1 Tα,2. We would then like to unpack (C.8) by
essentially reversing the steps that led us from (C.3) to (C.5). We use Leibniz theorem and
ad-invariance to write it in the form

Trg
[
adJ (i,ℓ)

−
O

(i′,k)
(j′,m) (i,ℓ)adJ (j,n)

+
P

(j′,m)
(i′,k) (j,n)

]
(C.9)

=
N∑

i,j=1

m−
i −1∑

ℓ=0

m+
j −1∑

n=0

1
ℓ!n! ∂

ℓ
z−i
∂n

z+
j

〈[
R(z−i − z+j )12,R(z+j − z−i )23

]
,
[
J (i,ℓ)
−,1 , C13

]
J (j,n)
+,2

〉
123

.

It would then be natural to use the cYBE to simplify the commutator. However, we have
to be careful: we will seemingly generate terms where the two arguments of the R-matrix
are the same, but this is precisely where we assumed in (4.17) that R has a pole. Using
the asymptotic behaviour of R(z) ∼ C/z alongside the property

[
C12, X1

]
= −

[
C12, X2

]
and the skew symmetry of R, we find

[
R(−z)12,R(z)23

]
= −∂z

[
R(z)21, C13

]
. (C.10)
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We can insert this in (C.9), to obtain

∂ℓ
z−i
∂n

z+
j

〈[
R(z−i − z+j )12,R(z+j − z−i )23

]
,
[
J (i,ℓ)
−,1 , C13

]
J (j,n)
+,2

〉
123

= (−1)ℓ+1∂n+ℓ+1
z+

j

〈〈 [
R(z+j − z−i )21, C13

]
,
[
J (i,ℓ)
−,1 , C13

] 〉
13
J (j,n)
+,2

〉
2
.

(C.11)

We can then use the identity
〈
[X1, C13], [Y1, C13]

〉
13 = 2cG

〈
X1, Y1

〉
1 to compute the trace

over 3, which leaves us with a simple expression for the log-divergent terms in the 1-loop
effective action:

d
dt Ŝ

(1) = cG

2π

∫
d2x

N∑
i,j=1

m−
i −1∑

ℓ=0

m+
j −1∑

n=0

(−1)ℓ

ℓ!n!

〈
∂n+ℓ+1

z+
j

R(z+j − z−i )12,J (i,ℓ)
−,1 J (j,n)

+,2

〉
12
. (C.12)

D Example: the Principal Chiral Model

This appendix reviews the simplest model obtained from 4d Chern-Simons, the Principal
Chiral Model (PCM): a σ-model with a Lie group as its target space. We will follow
refs. [46, 47], and refer the reader to [54] for a more introductory disccussion.

The 4d setup. Let us consider the twist 1-form

ω = h
1− z2

z2
dz , (D.1)

depending on a real parameter h. It has simple zeros at z±1 = ±1 and double poles at
p1 = 0 and p2 = ∞. The latter have vanishing residues, i.e. ℓr,0 = resz=pr ω = 0, which will
correspond to the absence of Wess-Zumino terms in the resulting 2d action. We note that we
have moved away slightly from the conventions of the main text and appendix A, by allowing
the twist 1-form to have a double pole at infinity. While this choice makes most formulae in
this appendix simpler, it is inconsequential: all the results of the main text apply to this case,
sometimes with minor modifications (see also the related discussion below equation (D.3)).

Since ω has poles at p1 = 0 and p2 = ∞, we need to impose boundary conditions on the
gauge field at these points. To obtain the PCM, we choose the simple boundary conditions35

A±
∣∣
z=0= A±

∣∣
z=∞= 0 . (D.2)

The 2d field. Let us reparameterise the gauge field A in terms of (ĝ, L), as in equation (2.27).
The group-valued field ĝ is subject to the 4d gauge symmetry ĝ 7→ uĝ, where the gauge
parameter is a smooth function on CP1 × Σ required to satisfy u|z=0 = u|z=∞ = Id to
preserve the boundary condition (D.2). The only degrees of freedom left in ĝ are thus the
2d group-valued fields g = ĝ|z=0 and g̃ = ĝ|z=∞. The model is further invariant under the

35These boundary conditions can be reformulated in the language used in the main text and appendix A, in
terms of defect algebras. More precisely, the defect algebra is d = (g⋉ gab)2, where gab is the vector space
g equipped with an abelian Lie algebra structure, on which g acts by the adjoint action. The boundary
condition (D.2) can then be translated as the statement that the jet of the gauge field belongs to the isotropic
subalgebra b = ({0}⋉ gab)2 of d.
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redundancy ĝ 7→ ĝv, where v : Σ → G is independent of (z, z) — see section 2.2. This results
in a local 2d Gdiag-symmetry acting as (g, g̃) 7→ (gv, g̃v). For simplicity, we will fix this gauge
symmetry by setting g̃ to the identity, and we are left with only g. To summarise, the only
physical degree of freedom is a 2d field g : Σ → G, and ĝ satisfies

ĝ|z=0 = g and ĝ|z=∞ = Id . (D.3)

Note that we have used the Gdiag redundancy to fix the value of ĝ at z = ∞. In practice,
this makes the model behave quite similarly to one where ω has no pole at infinity. This
actually means that most formulae used in the main text and appendices A and B.1 are
still valid in the present case without modifications.

Lax connection. Following equation (2.30), the Lax connection can be written as

L±(z) =
J (1)
±

z ∓ 1 + J (0)
± . (D.4)

Recall the relation A± = ĝL±ĝ
−1 − (∂±ĝ)ĝ−1 between this connection and the gauge field.

Using the equation (D.3), the boundary conditions (D.2) translate to the constraints L±(0) =
g−1∂±g and L±(∞) = 0. This fixes J (0)

± = 0 and J (1)
± = ∓g−1∂±g: as a result, we obtain

the Lax connection

L±(z) =
g−1∂±g

1∓ z
. (D.5)

Note that the vanishing of the constant term J (0)
± in L±(z) is a consequence of the gauge-fixing

ĝ|z=∞ = Id of the local Gdiag-symmetry. This is a choice of gauge similar to the one done
in section 3 of the main text — see the discussion above (3.4).

Action. Recall that A = Lĝ−1 . The standard identity for the gauge transformation of the
Chern-Simons 3-form gives

CS[A] = CS
[
Lĝ−1] = ⟨L, dL⟩+ d ⟨ĝ−1dĝ, L⟩+ 1

3⟨ĝ
−1dĝ, ĝ−1dĝ ∧ ĝ−1dĝ⟩ . (D.6)

The first term does not contribute to the action since ω∧∂zL = 0. We will further work in the
so-called archipelago gauge [47], where ĝ is the identity everywhere except in a neighbourhood
of p1 = 0, where it interpolates between a plateau at the value g and the identity (in agreement
with the condition (D.3)). Following [46, 47], the third term in the above equation yields a
WZ term in the action proportional to the residue resz=0 ω. In the present case, the latter
vanishes, so that we are only left with the contribution of the second term. Discarding
integrals of spatial derivatives, we get

S = 1
16iπ2

∫
CP1×Σ

ω ∧ ∂ ⟨ĝ−1dΣĝ, L⟩ . (D.7)

This can be computed using the rule (B.7). Due to our choice of gauge for ĝ, we only get
contributions from the double pole p1 = 0, which has levels ℓ1,0 = 0 and ℓ1,1 = h. This gives

S = h

8π

∫
Σ
⟨g−1dΣg, ∂zL

∣∣
z=0⟩ (D.8)
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or, in light-cone coordinates,

S = h

8π

∫
Σ

dx+ ∧ dx−
(
⟨g−1∂+g, ∂zL−

∣∣
z=0⟩ − ⟨g−1∂−g, ∂zL+

∣∣
z=0⟩

)
. (D.9)

Equation (D.5) provides the quantities ∂zL±
∣∣
z=0 = ±g−1∂±g. Then taking into account

d2x = −2 dx+ ∧ dx−, we end up with the 2d action

S = h

8π

∫
Σ

d2x ⟨g−1∂+g, g
−1∂−g⟩ , (D.10)

which is precisely the standard action of the Principal Chiral Model.

RG flow. The 1-loop renormalisation of the PCM (D.10) is a standard computation using
the formulation as a Ricci flow (1.2) (without B-field). One then finds that the model is
renormalisable, with the coupling h running according to

d
dth = cG . (D.11)

This RG flow translates to the following log-divergent term in the 1-loop effective action:

d
dt Ŝ

(1) = cG

8π

∫
Σ

d2x
〈
g−1∂+g, g

−1∂−g
〉
, (D.12)

by simply taking the t-derivative of the classical action and using the expression (D.11)
for d

dth. In terms of the currents J (1)
± = ∓g−1∂±g appearing in the Lax connection (D.4),

this expression can be written as

d
dt Ŝ

(1) = −cG

2π
1

(z+1 − z−1 )2
∫
Σ

〈
J (1)
+ ,J (1)

−
〉

d2x , (D.13)

which precisely agrees with the universal result (3.6) above.
Let us now turn to the RG flow of the twist 1-form ω. According to the general

formula (3.28), this flow should be controlled by a specific meromorphic function Ψ(z) (see
subsections 3.4 and A.2). In the present case, it takes the form

Ψ(z) = −cG

(1
z
+ z

)
. (D.14)

As required, it shares the same poles as ω and satisfies Ψ(z±1 ) = Ψ(±1) = ∓2cG.36 The
flow (3.28) then becomes

d
dtω = ∂Ψ = cG

( 1
z2

− 1
)

dz . (D.15)

Comparing this with the form (D.1) of ω, one can extract from this formula the same
flow (D.11) of the coupling h.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

36Contrarily to the setup of subsections 3.4 and A.2, Ψ(z) is not bounded at infinity due to the linear term
z. This is because in this appendix we allowed ω to have a double pole at infinity.
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Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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