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I. RELATIVISTIC COULOMB LOGARITHM

In computing the momentum transferred by particles
scattering off a Schwarzschild spacetime, the contribution
from orbits with asymptotic velocity v and impact param-
eter b ≳ bcr(v) (i.e., only slightly larger than the one of
capture) must be computed numerically [1]. This contri-
bution can be encapsulated in the factor χ(v) defined in
the main text. Choosing bmin = 40bcr(v), the function χ
is accurately described (with an error ≤ 1.5%) by the fit

χ ≈ ln

√
b2cr(v)+b2gr(v)
b2min+b2gr(v) + 12786v2

(
1− 0.096v3

1 + 1844v1.62

)
.

II. DM DISTRIBUTION FUNCTION IN
VELOCITY SPACE

To better understand the distribution of velocities in
the companion’s frame, in Fig. 1 we show a density plot of
the distribution function dN/(dV d3vi) for a companion in
a circular orbit1 at the ISCO radius. We show the region
v1 ≥ 0 of a slice v2 = 0, as the distribution function is
symmetric under v1 → −v1 (for equatorial orbits, it is
also symmetric under v2 → −v2).

The white region represents the loss cone of the DM
spike, i.e., only particles with velocities within the colored
regions are in stable bound orbits around the supermas-
sive BH. All the others are either unbound or captured
by the supermassive BH. We notice two disconnected
regions associated with DM particles in prograde and
retrograde motion relative to the companion orbit. For a
companion in circular orbit at large radii, the prograde
region is roughly centered at v3 = 0, while for orbital
radii in the strong-field, most prograde orbits have v3 < 0,
contributing a net positive torque to the EMRI. Simpli-
fied models that neglect the velocity anisotropy of the
distribution cannot capture the radius-dependent compe-
tition between positive and negative torques, which can
affect the final torque. In fact, when using the distribu-
tion function dN/(dV d3vi) as measured by the stationary
observers [n = (−gtt)

−1/2∂t] in the integration in Eq. (7),
we observe a change of sign in the friction force happening
at r ≈ 8M (close to the peak density). Thus, the ‘friction’
effectively becomes an ‘impulse’ at smaller radii than
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1 Or at pericenter or apocenter.
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FIG. 1. Distribution function in the companion frame
at the ISCO (R = 6M) for the region v1 ≥ 0 of a slice
v2 = 0. For a (quasi)circular EMRI, the distribution function
is symmetric under v1 → −v1. The white region shows the
loss cone of our fiducial DM spike; only the velocities in the
colored regions correspond to stable bound orbits around the
supermassive BH.

8M . We have also checked that the same happens for a
Newtonian computation with Gondolo-Silk spike [2]; in
that case, the transition happens at larger raddi r ≈ 15M
(again near the peak density).

As explained in the text, both in the Newtonian and
phenomenological (with heuristic relativistic effects) mod-
els, we used the distribution function perceived by station-
ary observers n = (−gtt)

−1/2∂t to evaluate the integral in
d3vi. Their different local plane of simultaneity changes
the distribution function relatively to the companion’s
(shown in Fig. 1 for R = 6M) by a multiplicative factor
(−gtt)

−1/2E/γv, while not changing the loss cone. This im-
plies that these observers perceive a considerably smaller
density of particles in retrograde orbits, and slightly larger
in prograde orbits.

III. COMPARISON BETWEEN DIFFERENT
MODELS

In Fig. 2, we compare the faithfulness between mul-
tiple models as a function of observation period. The
oscillations are due to the incidental interference for long
waveforms and do not carry any physical meaning (see,
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FIG. 2. Faithfulness between different models as a
function of signal duration (in years before merger).
The solid lines are for the benchmark q = 10−5 system, while
the dashed are for a slightly heavier companion.

e.g., [3]). We show that the Newtonian and phenomenolog-
ical models (with heuristic relativistic effects) can largely
underestimate the impact of environmental effects on GW
waveforms. It is also shown that relativistic corrections
to interaction with the environment are comparatively
weaker for systems with less extreme mass ratios, as such
systems chirp faster through the strong-field region.
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