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Stellingen 

Behorende bij het proefschrift 

Price Dynamics in Equilibrium Models 

1. Wil de economische wetenschap serieus genomen worden dan zal er een consistente 
theorie moeten worden ontwikkeld die beschrijft hoe de economie zich in een situatie 
van onevenwichtigheid gedraagt. 

2. Economische dynamische systemen zijn in het algemeen niet-lineair en vertonen alle 
eigenschappen die bekend zijn van niet-lineare dynamische systemen. De conventie 
binnen de economische theorie om voornamelijk lineaire of gelineariseerde systemen 
te bestuderen doet daarom geen recht aan veel belangrijke eigenschappen van dy
namische economische modellen. 

3. Een belangrijke argument voor het gebruiken van een representatieve nutsmaxi-
maliserende agent in macro-economische modellen is dat deze modellen daarmee een 
micro-economische fundering hebben. Dit argument overtuigt echter niet omdat elk 
willekeurig opgeschreven systeem van geaggregeerde vraagfuncties gegenereerd kan 
zijn door de beslissingen van nutsmaximaliserende agenten (zie bijvoorbeeld Debreu 
(1974), Mantel (1974,1976) en Sonnenschein (1973)). 

4. Het is een wijdverbreid misverstand dat economie primair gaat over de beslissingen 
van individuele agenten. Economie handelt juist over het samenspel en de aggregatie 
van deze individuele beslissingen. 

5. De aanname van onbeperkte rationaliteit is zo populair binnen de economische weten
schap juist omdat deze aanname zo beperkend is. 

6. Veel economische modellen lijken in zekere zin op gedichten: zij moeten appeleren 
aan een gevoel van schoonheid en voor de verschillende onderdelen van zo'n model is 
het belangrijker dat zij met elkaar rijmen, dan met de werkelijkheid. 

7. Een stelling wordt pas interessant als zij onhoudbaar is. 

8. Marktwerking zou op de universiteit het best tot zijn recht komen door meerdere 
restaurateurs tot de mensa toe te laten. 

9. Relativeren betekent niet niks serieus nemen. 

10. In het algemeen zijn wetenschappers pas na vele jaren onderzoek en veel ervaring in 
staat om een inzichtelijk en overzichtelijk wetenschappelijk werk over één onderwerp 
te schrijven. Een proefschrift moet dan ook niet als zodanig worden beschouwd maar 
veeleer als een verslag van de eerste voorzichtige schreden in de wetenschap. 
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Chapter 1 

Introduction and Outline 

Economic theory deals primarily with the existence of equilibria, i.e. prices at which 

market clearing occurs. If such equilibrium prices exist, the question arises how they are 

attained. The problem of how economic agents can coordinate on such an equilibrium 

has received much less attention than the problem of existence, but nevertheless is highly 

important. Indeed, if this problem cannot be solved satisfactorily, economic predictions 

and comparative statics based upon equilibrium analysis are strongly hypothetical. In this 

thesis we discuss, in a number of different equilibrium models, some different adjustment 

processes and try to gain some insights into out-of-equilibrium dynamics and the questions 

whether coordination on an equilibrium will in general be achieved or whether other 

dynamical phenomena may be encountered. 

The best-known adjustment process in general equilibrium theory is the tâtonnement 

process, which is a very simple way to model the law of supply and demand. This law 

of supply and demand states that the price of a commodity will increase when demand 

for that commodity exceeds supply and that the price will decrease if supply exceeds 

demand. It is by now well-known (see Arrow and Hahn (1971)) that convergence of 

the tâtonnement process to an equilibrium price vector can only be guaranteed under 

rather restrictive assumptions on the aggregate excess demand functions. Moreover, it 

has been shown that for reasonable specifications of the fundamentals of the economy the 

tâtonnement process might lead to endogenous periodic and chaotic fluctuations of prices 

around an unstable steady state. 

In this thesis the tâtonnement process and a number of other adjustment processes 

are studied. These models differ significantly from each other but they have some impor

tant characteristics in common. Firstly, most of them are models of bounded rationality. 

The problem of coordination on equilibria becomes relatively easy once one assumes un

bounded rationality of economic agents, which implies that they have perfect knowledge 
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of their economic environment, including the behaviour of all other economic agents and 

with this information are able to compute the, possibly complicated, equilibria. This 

assumption of unbounded rationality is much too demanding however and hence we focus 

on models where economic agents use some simple rules of thumb or models where they 

try to make some inference about their economic environment by looking at observations 

of certain economic variables. There is a "wilderness of bounded rationality" but we re

strict this wilderness by considering rules of thumb that are "sensible" or "approximately 

rational".1 Secondly, since price adjustment processes are in general highly nonlinear, 

we apply the methodology of nonlinear dynamics. In fact, we find that in most of our 

models the adjustment processes have typical nonlinear features, such as periodic and 

chaotic behaviour, just as can be encountered in the tâtonnement process. In the rest of 

this introductory chapter we will first briefly consider bounded rationality, then we will 

discuss the field of nonlinear economic dynamics and illustrate some of its features by 

considering a simple example of a tâtonnement process in a general equilibrium model. 

We will conclude with a brief outline of the remaining chapters in this thesis. 

1.1 Bounded Rationality 

Economics is rooted deeply in the theory of choice. Economic agents are decision makers 

choosing their actions, given some feasibility constraints, in a way that optimizes their 

objective function. The leading paradigm in economic theory states that economic agents 

are rational in the sense that they know the set of actions from which they can choose, they 

know the set of consequences associated to each of these actions and they have a complete 

preference ordering over these different consequences. The rationality assumption can be 

divided into two parts. Firstly, it is assumed that the agents exhibit individual rationality, 

that is, given the perceived feasibility constraints economic agents choose that action that 

optimizes their objective function. Secondly, the perceived feasibility constraints have 

to be mutually consistent over all individuals. Since the feasibility constraints for any 

economic agent are in part determined by the actions of other economic agents this implies 

that agents have to predict the actions of all other agents. The rationality assumption thus 

also applies to expectations with respect to the actions of other agents and culminates in 

the so-called rational expectations hypothesis. This hypothesis is indeed very demanding 

and really presumes unbounded rationality, since it requires that each agent exactly knows 

' In the words of Sargent (1993, p.3): "I interpret a proposal to build models with 'boundedly rational' 

agents .... by expelling rational agents from our model environments and replacing them with 'artificially 

intelligent' agents who behave like econometricians." 
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how all other agents behave. It implies that all agents know the economic environment 

they are in and are able to compute equilibria and solve difficult optimization problems. 

It implicitly endows them with more ability and knowledge of the economic system, than 

economic theory can provide them with. Since the introduction of rational expectations 

by Muth (1961) and the introduction into macroeconomics by Lucas (1971) the rational 

expectations paradigm has been, until quite recently, the dominating paradigm in the 

modelling of expectations in economics. 

The high requirements on knowledge, information gathering and computational abil

ities implied by the rationality assumption recently have lead a number of scholars to 

study models of bounded rationality (see for example the review by Conlisk (1996) and 

the books by Sargent (1993, 1998)). Several reasons (apart from common sense) for this 

can be identified. There is a lot of experimental evidence indicating that people are not 

as rational as is often assumed by economic theorists (see for example Thaler (1992)). 

Furthermore, the existence of deliberation and information costs is often ignored. As 

argued above, rationality requires much computational effort and information gathering. 

Since these are costly activities, they should be part of the decision problem of economic 

agents and it might well be "rational" to decide not to invest too much time and effort in 

being able to make the best decision if the trade off between the increase in deliberation 

costs is not matched by an equal increase in pay-off (in, for example, profit or utility). 

Proponents of the rationality approach have defended their position by using the "as if" 

argument, which states that economic agents are not really rational, but act as if they 

are. This is supported by the arguments that agents can learn how to behave rationally 

and those agents who do not will be driven out of the market since they will perform not 

as well as the rational agents. Another argument for rational expectations is that it dis

ciplines the way in which behaviour of agents is modelled as opposed to the "wilderness 

of bounded rationality" which emerges if the rationality assumption is relaxed. These 

arguments implicitly suggest that we have to study models of bounded rationality and 

analyze whether in such models agents eventually behave as if they were rational. These 

models might also discipline the way in which we model bounded rationality. 

Models of bounded rationality assume that agents are not unboundedly rational. Some 

models of bounded rationality assume that agents use very simple rules of thumb in 

order to make decisions. An interesting issue then is which of these rules of thumb 

performs better than others and will be imitated by other agents and drives out rules of 

thumb that perform badly. This is the subject of evolutionary models, such as models 

from evolutionary game theory (see e.g. Samuelson (1997), Vega-Redondo (1996) and 

Weibull (1995)). Other models of bounded rationality assume that agents are individually 
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rational but boundedly rational with respect to their perceptions of the economy. They 

make inferences about their economic environment on the basis of some (incomplete) 

information set, for example by estimating some, possibly mis-specified, model of the 

economy. On the basis of this perceived model of the economy they are individually 

rational in determining their optimal choices. 

There is another reason why the models of bounded rationality have received attention 

in the economic literature, particularly in models with multiple rational expectations 

equilibria. In these models bounded rationality is used as an equilibrium selection device, 

to determine which of these equilibria is most "likely". The models of bounded rationality, 

studied in this thesis are meant to provide more insights in how agents behave in real 

life and should therefore not be considered as models of equilibrium selection. Models of 

bounded rationality are an interesting object of study because we believe economic agents 

in fact behave boundedly rational. 

1.2 Theory of Nonlinear Dynamics 

In this thesis we analyze a number of dynamical systems, which in general will be nonlin

ear. As an approximation one could study the linearization of these dynamical systems 

around a steady state of the dynamics and consider local stability of this linearized system. 

However, this approach neglects important dynamical features of the original nonlinear 

system. In particular, the linearized system is only a valid approximation for the nonlin

ear system in the neighbourhood of the steady state. In contrast to the case of a linear 

system, in a nonlinear system a locally unstable steady state does not imply that the 

time paths will diverge since the nonlinearity of the dynamical system may cause (some 

or all of the) time paths to be bounded, which may lead to some kind of periodic or 

nonconverging but bounded behaviour. 

In recent years the importance of the features of nonlinear dynamics has become grad

ually acknowledged in economic theory. In Section 1.2.1 we will briefly review the field 

of nonlinear economic dynamics and in Section 1.2.2 we will illustrate some important 

concepts from the theory of nonlinear dynamics, by studying a simple example of a tâ

tonnement process. 

1.2.1 Nonlinear economic dynamics: a historical perspective 

Nonlinear dynamic economic models can exhibit periodic cycles or even chaotic fluctua

tions. The question thus arises whether business cycles can be explained endogenously by 
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nonlinearities in the underlying economic system. This would be an appealing alternative 

to the currently dominating paradigm that business cycles arise from exogenous shocks 

hitting an inherently stable (linear) system. In the last decades some progress has been 

made in this endogenous business cycle approach. 

Among the earliest applications of the theory of nonlinear dynamics to economic mod

els were the Cournot adjustment model by Rand (1978) and the growth models by Day 

(1982, 1983). These models have been criticized for the fact that agents in these models 

are behaving suboptimal and are in fact irrational. An important role in the develop

ment of nonlinear economic dynamics has subsequently been played by the overlapping 

generations model. Benhabib and Day (1982) and Grandmont (1985) have shown that 

in the overlapping generations model with utility maximizing agents, market clearing 

in every period and perfect foresight, periodic and chaotic behaviour can occur. These 

models have in common with the earlier contributions that they can be written as a one-

dimensional difference equation. The existence of periodic and chaotic behaviour then 

requires that this difference equation is hump-shaped, which for the overlapping gener

ations model corresponds to a strong conflict between income effects and intertemporal 

substitution effects. In recent years higher dimensional economic dynamic models have 

been studied and it appears that these models exhibit periodic and chaotic behaviour for 

more 'reasonable' specifications. Poincaré (1890) already pointed out that the existence of 

homoclinic orbits in such higher dimensional systems implies very complicated behaviour. 

De Vilder (1996), for example, has studied the overlapping generations model with capital 

and has shown the occurrence of chaotic behaviour in this model, for a specification of 

the model where income effects are dominated by substitution effects everywhere. Other 

recent examples of two dimensional economic models exhibiting strange behaviour are the 

cobweb model with heterogeneous expectations (Brock and Hommes (1997)), where evo

lutionary competition between different boundedly rational expectation rules leads to the 

existence of homoclinic orbits and the tâtonnement process with three commodities (Go-

eree, Hommes and Weddepohl (1997)) which for certain values of the speed of adjustment 

leads to chaotic fluctuations in prices. 

The fact that periodic and chaotic behaviour can be consistent with utility maximiza

tion, market clearing and rational expectations or perfect foresight in a general equilibrium 

model can hardly be called surprising in light of the "anything goes" results by Sonnen

schein (1973), Mantel (1974,1976) and Debreu (1974) who have shown that any set of 

continuous functions satisfying Walras' law and homogeneity of degree zero in prices, 

can be the excess demand functions for such an general equilibrium model with utility 

maximizing agents. One of the challenges for the field of nonlinear economic dynamics 
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therefore lies in establishing that chaotic behaviour occurs for empirically relevant spec

ifications of the fundamentals of the economy, such as utility functions and production 

technologies.2 

The cycles and chaotic behaviour found in the overlapping generations model corre

spond to equilibria of a general equilibrium model and in that sense are not fundamentally 

different from the (stationary) equilibria economic theorists are used to studying. The re

cent upsurge of models of bounded rationality has lead to a renewed interest in the theory 

of nonlinear dynamics, from a different perspective. These models are populated by agents 

that behave adaptively: they make decisions on the basis of past observations. In general 

this leads to very complicated nonlinear dynamical systems, which often give rise to er

ratic disequilibrium behaviour. Most of the erratic dynamics in the models studied in this 

thesis are of this type. The main challenge for the theory of nonlinear economic dynamics 

lies in identifying the economic mechanisms that generate these erratic dynamics. 

1.2.2 An example 

We now briefly turn to a simple example of a tâtonnement process which features some 

of the dynamical phenomena that we will encounter throughout this thesis. Consider an 

economy with three commodities. The aggregate excess demand functions of the first two 

commodities are given by 

Zl(PuP2,P3) = EL) _|_ (El 
PI) \PI 

, x Pl+P3 „ 
Z2(PUP2,P3) = 2, 

Pi 

where a ^ 0. The aggregate excess demand for the third commodity then follows from 

Walras' Law. The unique equilibrium price vector is given by {p\,P2>Pt) ~ 0-> 1> 1) • Now 

take the third commodity as a numeraire (j>s = 1) and consider the following tâtonnement 

process 

Pl,t+1 = Plt + Azi(pi(,P2t,l) (1-1) 

P2.É+1 = P2t + ^Z2(pit,P2t, 1 ) , 

where A > 0 is the speed of adjustment. Let us denote the tâtonnement process (1.1) 

by the mapping F : IR\ —> IR2
+. We are interested in the time path or orbit of an 

2There is a large literature on detecting nonlinear structures in financial and economic time series 

(see for example Brock, Hsieh and LeBaron (1992)), which we will not touch upon in this thesis. The 

results to date are ambiguous. There has not been much evidence for low-dimension chaos in financial 

time series but the methods used are very sensitive to noise. 



1.2. THEORY OF NONLINEAR DYNAMICS 

a—\/+ and X—O.BS a 1 / - * and K-O.BO 

Figure 1.1: Long run behaviour for the tâtonnement process in the state space. On the 

horizontal axis pu and on the vertical axis pit. a) Period two orbit created in period 

doubling bifurcation, a = | and A = 0.85. b) Quasi periodic cycle created in Hopf 

bifurcation, a -i and A = 0.95. 

arbitrary initial price vector p0, under F, that is, the sequence of price vectors {Fl (po)}^0 

(where F* (p0) = F (F* -1 (p0)) and F° (p0) = po, for each p0) that is generated by the 

tâtonnement process. We are also interested in how the qualitative features of this orbit 

depend upon the parameters A and a. 

A first step in studying the dynamics of F is to consider a linearization of F around 

the equilibrium price vector (pî ,^) = Ui 1) • The linearized system is 

( ft.** ^ = ( l - 2A aX \ ( f l t 

V ft,tfi / V A l -2X A ft« 
where pit = pu —p*. Let /ij (A, a) and /x2 (A, a) be the eigenvalues of the linearized system 

(notice that they depend upon the parameters of the model). If both eigenvalues of this 

linearized system are smaller than 1 in absolute value then (plt,p2t) will converge to (0,0). 

For the original system the steady state then is locally stable: for all price vectors in some 

small neighbourhood of the equilibrium price vector the adjustment process will converge 

to the equilibrium price vector. However, if at least one of the eigenvalues lies outside 

the unit circle the equilibrium is locally unstable. As one of the eigenvalues crosses the 

unit circle as a parameter varies, a so-called bifurcation occurs.3 At such a bifurcation 

For a detailed analysis of the different local bifurcations, see for example the introductory texts on 
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n-1/4 and X-O.BS 

« - - 1 A dnd * -D .M 

Figure 1.2: Time series of first 200 values of plt for a) a = | and A = 0.85, and b) a = -\ 

and A = 0.95. 

there is a qualitative change in the dynamical behaviour of the system. For example, the 

stability of the steady state changes and periodic cycles can be created. Figure 1.1 shows 

two important examples of what can happen at such a bifurcation. Figure 1.1.a) shows 

a period two cycle, for a = \ and A = 0.85 that is created in the flip or period-doubling 

bifurcation that occurs at a = | and A = | . At these parameter values the eigenvalues are 

real and the smallest eigenvalue crosses the unit circle at —1 and a period two orbit of the 

dynamical system is created. The dynamical system then keeps on fluctuating between two 

price vectors. Figure 1.1.b) shows a closed curve which is invariant under F and which is 

created in the Hopf bifurcation4 at a = - j and A = jf. At these values for the parameters, 

nonlinear dynamics by Guckenheimer and Holmes (1983) or Kuznetsov (1995). 
In fact, the Hopf bifurcation describes the creation of limit cycles in continuous time systems. For 

discrete time systems such as ours, it would be more appropriate to refer to this bifurcation as the 

Neimark-Sacker bifurcation. 
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« - 1 / + 1M X—1.20 1/4 and K—1.11 

Figure 1.3: Strange attractors for the tâtonnement process, a) a = \ and A = 1.20, b) 

-\ and A = 1.11. 

the eigenvalues are complex conjugates and are equal to 1 in absolute value.5 The pictures 

in Figure 1.1 are constructed in the following way. An initial (nonequilibrium) price vector 

is chosen (in this case pw = 1 and p2o = 0.99, which lies close to the equilibrium price 

vector) and F is applied to this initial price vector 6000 times and the last 5000 points 

(Pit,P2t) are plotted in the Figure. Figure 1.2 shows the corresponding time series for 

Pi. The pictures in Figure 1.1 correspond to the long-run behaviour of the tâtonnement 

process (1.1), and from these pictures it is clear that for a nonlinear system perpetual 

endogenous fluctations around an equilibrium are a generic feature, after this equilibrium 

has become unstable. Such a set of points that captures the (possible) limit behaviour of 

the dynamical system is called an attractor. 

Important features of an attractor are that it is an invariant set (that is, if some orbit 

is "trapped" in the attractor it will move over the attractor forever) and that it attracts 

all points in some neigbourhood. An attractor is in fact a generalization of the concept of 

a locally stable equilibrium. In the case of a stable equilibrium this attractor consists of 

one point. Other examples of attractors are a stable periodic orbit of period k, where the 

attractor consists of k different points or a stable closed curve, where orbits move over 

5The bifurcation values can be easily computed as follows. The eigenvalues of the linearized system 

are /j.12 (A, a) = 1 - 2A ± \*/Et. They are real if a > 0 and the smallest of them then is 

They are complex conjugates whent a < 0, and then they he on the unit circle when A = j ^ -

-1 for A = ^y-. 
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n=1/4 and *=1.20 

i -

=\Ji and *=1.20 

Figure 1.4: a) Two time series (for a = \ and A = 1.20) of first 200 values of pu for 

(Pio.Pîo) = (1,0.99) (solid line) and for qlt with (910,920) = (1,0.99001) (dotted line), b) 

Time series of difference pu — qu-

the closed curve quasiperiodically. Examples of these attractors are shown in Figure 1.1. 

After the primary bifurcation of the equilibrium an infinite cascade of subsequent 

bifurcations can occur culminating in the existence of a strange attractor, with a com

plicated, fractal, structure. Examples are shown in Figure 1.3. From these pictures it is 

clear that the dynamics of the tâtonnement process for these parameter values behaves 

very erratically. These strange attractors can exhibit sensitive dependence on initial con

ditions. This concept can be clarified by considering time series corresponding to the 

strange and chaotic attractor in Figure 1.3.a). Two time series of orbits lying on this 

attractor and starting arbitrarily close to each other will follow quite different paths. To 

illustrate, consider Figure 1.4. In the first picture, two time series are shown. The time 

series with the solid line corresponds to the first 100 points iterated from the initial price 

vector pio = 1 and P20 = 0.99, the time series with the broken line corresponds to the 
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first 100 points iterated from an initial price vector pw = 1 and p2o = 0.99001, which 

obviously starts out very close to the first one. However, it can be seen that the two 

orbits drift apart very fast. This is even more clear in the second picture which shows 

the time series of the difference between the two time series in the first picture. In the 

first 10 periods the time series seem to behave approximately the same, but after that 

their behaviour is radically different. This implies that long-run predictions for a chaotic 

system are impossible (even if one knows the deterministic system and is therefore able 

to compute the whole orbit) since it requires that one knows the initial conditions with 

infinite precision. The time series generated by a chaotic system is very unpredictable 

and seems to be generated by a random system. This phenomenon is often referred to as 

deterministic chaos. In nonlinear systems chaos is the rule rather than the exception. 

1.3 Outline of the Thesis 

In this thesis we consider equilibrium models with boundedly rational agents and study 

the out-of-equilibrium behaviour of these models. This leads us to the study of nonlinear 

economic dynamics and in fact, for most of the models studied, we find that dynamical 

phenomena such as periodic and chaotic behaviour that were described in the previous 

section can occur. In this section we will briefly outline the different chapters of this 

thesis. 

Chapter 2 deals with the analysis of the tâtonnement process in a simple general 

equilibrium model. This chapter builds on earlier work by Weddepohl (1996) and Goeree, 

Hommes and Weddepohl (1997), who have studied the tâtonnement process in exchange 

economies with two and three commodities, respectively, and have shown that strange 

behaviour might occur. Since the tâtonnement process requires that prices are normalized, 

they choose the price of one commodity (the numeraire) to be equal to 1, just as was 

done in the example from the previous section. However, which commodity is chosen, 

or in general, which price normalization rule is used, turns out to be important for the 

dynamics of the tâtonnement process and therefore the normalization rule has to be 

chosen with care. We focus on the simplex as a normalization rule. This normalization 

rule has as an advantage that, when it is combined with the discrete time multiplicative 

tâtonnement process, prices automatically stay on the simplex (much like the sphere is 

invariant for continuous linear tâtonnement process (see Arrow and Hahn (1971))). In 

this way no information is lost in choosing the normalization rule. We focus on a general 

equilibrium model with three commodities which implies that the tâtonnement process is 

a two-dimensional nonlinear dynamical system. Since there is a wide variety of possible 
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economies, our approach is to focus on symmetric economies first. It appears that different 

kinds of dynamic behaviour correspond to different kinds of symmetry. In particular, we 

can have symmetry breaking bifurcations and coexistence of attractors. This coexistence 

of attractors also appears for closeby asymmetric tâtonnement processes. 

In the next two chapters we study the overlapping generations model. As was dis

cussed in the previous section, this model has played an important role in the development 

of the theory of nonlinear economic dynamics. The papers by Benhabib and Day (1982) 

and Grandmont (1985) show that under perfect foresight and market clearing determin

istic cycles and even chaotic behaviour can occur in the overlapping generations model. 

Chapter 3 deals with the close connection that exists between the appearance of such cy

cles with the existence of asymmetric equilibria in symmetric general equilibrium models 

of the kind that are analyzed in Chapter 2. These cycles are equilibrium cycles, that is, 

demand and supply along these cycles are in equilibrium. We construct some examples 

for which we can show that cycles of any period exist. Again it is of interest how agents 

can coordinate on such an equilibrium cycle (or on an equilibrium steady state). Chapter 

4 deals with this problem of coordination and learning in the overlapping generations 

model. A simple overlapping generations economy with two generations and one com

modity and boundedly rational agents is analyzed. The agents try to predict inflation 

rates by running a least squares regression on past prices or past inflation rates. The 

outcome of this learning process very much depends upon the way in which agents learn. 

If they learn on the basis of inflation rates beliefs may converge to some kind of limit be

lief, whereas the corresponding nonlinear dynamical system that determines the inflation 

rate still gives rise to periodic or chaotic behaviour. We call such a situation a Beliefs 

Equilibrium, since, given the class of beliefs they consider, the agents have no incentive 

to change their beliefs, although inflation rates might keep fluctuating in such a beliefs 

equilibrium. 

In Chapters 2, 3 and 4 the focus has been on simple general equilibrium models with 

perfect competition. In these models it is unclear how prices are determined since all 

agents take prices as given. In Chapters 5 and 6 we study models of imperfect compe

tition. Although we subscribe to the view that a real understanding of economic reality 

requires a general equilibrium perspective, the theory of general monopolistic equilibrium 

is quite complicated and includes a number of pitfalls. Hence, we will study the imperfect 

competition models mainly in a partial equilibrium context. Chapter 5 deals with what 

is probably the best-known partial equilibrium model of imperfect competition: the ho

mogenous Cournot duopoly model. The question is whether agents can learn to play the 

Cournot-Nash equilibrium by using simple behavioural rules. We address this issue by de-
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veloping a model of Cournot competition where there is evolutionary competition between 

these different rules. That is, there is a population of firms playing the Cournot duopoly 

game in pairs and the fraction of agents using a certain rule increases when average payoff 

corresponding to that rule is high in comparison with payoffs for other rules. We find that 

if agents switch relatively easy between different rules this evolutionary competition can 

generate complicated behaviour. In fact, for one typical example we are able to establish 

the occurrence of a homoclinic bifurcation between the stable and unstable manifolds of 

the equilibrium saddle point. This implies the existence of strange attractors for this 

model. Hence, evolutionary competition between a costly sophisticated behavioural rule 

and a cheap habitual rule of thumb leads to chaotic fluctuations. This kind of behaviour 

seems to be robust against considering different approaches to modelling evolutionary 

competition. 

Chapter 6 reviews several models where firms set prices instead of quantities. The 

general setup is as follows. There are a number of firms producing a differentiated com

modity. There is incomplete information in the following sense: firms do not have exact 

knowledge of the demand curve they are facing. Each firm acts as if it is a monopolist for 

the commodity he produces and neglects the effects from prices set by the other firms. 

Each firm then tries to estimate his demand curve and on the basis of this perceived 

demand curve sets a price for his product. This gives him new information, leading to a 

new estimate of the demand curve and subsequently to a new price. Notice that beliefs 

are misspecified, since firms do not take other firms prices into account. There might also 

be a misspecification in the structural form of the estimated relationship. We consider 

different learning models. One model assumes that firms have a lot of local information 

on the demand curve, it knows the amount it could have sold against last periods price 

and the price elasticity of the demand curve at that price. It uses this information (from 

the previous period) to estimate the demand curve. It can then be shown that this ad

justment process converges to the Bertrand-Nash equilibrium if the cross-price effects are 

relatively small. If these become too large, periodic and complicated behaviour can arise. 

Such a learning process only uses the most recent observations. We also discuss the model 

by Kirman (1983) who considers a model where all previous observations on prices and 

quantities combinations (but not on price elasticities) are used to estimate the individual 

demand function. Prices and quantities then seem to converge to a so-called conjectural 

equilibrium. There is a continuum of these conjectural equilibria, and therefore prices 

and quantities in general do not converge to the Bertrand-Nash equilibrium. 

Thus far all models that were considered showed that fluctuations in prices and quan

tities might emerge in flexible, competitive markets without any government intervention. 
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Chapter 7 demonstrates that electoral competition between political parties can also lead 

to these kinds of fluctuations or business cycles. In this chapter a simple general equilib

rium model is developed that shows that the interaction between economics and politics 

can endogenously generate these political business cycles as an equilibrium phenomenon. 

The simple economy studied in this chapter consists of two sectors, a sector using high-

skilled workers and a sector using low-skilled workers. There are two political parties, 

each representing workers from one of the sectors. In every period the political party that 

represents the biggest sector is elected. The elected political party is able to set wages 

in that period. An endogenous political business cycle can then develop in the following 

way. If the "high-skill" political party is in office it will raise wages above their equilib

rium level, in order to raise (average) welfare for its platform. However, then a number 

of high-skilled workers have to seek employment in the low-skill sector and therefore the 

platform of the "high-skill" party decreases. As a result the "low-skill" political party may 

be chosen in some future period. This party will bring wages back to their equilibrium 

level which is beneficial for agents working in the low-skill sector, but also reduces their 

number and may cause the "high-skill" political party to be elected in the future again. 

In this way a political business cycle may emerge. 

In this thesis we have considered a number of models from economic dynamics. These 

models are in general nonlinear and most of them assume that agents are boundedly 

rational. In general, the economic environment is too complex to be perfectly known. 

Agents therefore will often turn to simple habitual rules of thumb or adaptively updated 

mis-specified models of the world to choose the appropriate actions. Through trial-and-

error learning or evolutionary competition between the different rules of thumb boundedly 

rational agents may still end up in some kind of equilibrium, such as the Beliefs-Equilibria 

discussed in Chapter 4, which in some sense is "approximately rational". On the other 

hand, these adaptive models open the door for complicated dynamics. In fact, chaotic 

dynamics seem to be the rule rather than the exception. 



Chapter 2 

A Tâtonnement Process 

2.1 Introduction 

One of the simplest and best-known price adjustment processes is the so-called tâton

nement process. In this chapter we will study such a process in a general equilibrium 

model with three commodities, which gives rise to a two-dimensional nonlinear dynamical 

system. Partly due to the growing attention for the study of nonlinear economic dynamics 

there has been a renewed interest in the discrete tâtonnement process in recent years. It 

has been shown that the tâtonnement process does not always converge to an equilibrium 

price vector and can exhibit periodic or chaotic behaviour (Bala and Majumdar (1992), 

Day and Pianigiani (1991), Goeree, Hommes and Weddepohl (1997), Saari (1985) and 

Weddepohl (1995)). Our approach differs from previous contributions in that we choose 

the simplex as a price normalization rule instead of taking some good as numeraire. We 

argue that the simplex is a natural price normalization rule since it is an invariant space 

of the multiplicative adjustment process, just as the unit sphere is an invariant space of 

the continuous time linear adjustment process. 

We are interested in the dynamics of the tâtonnement process for all possible economies. 

However, general equilibrium models have too many free parameters and therefore as a 

first step towards a systematic analysis, we focus on tâtonnement processes for symmetric 

general equilibrium models. We apply the literature on dynamical systems with sym

metries (see Golubitsky, Stewart and Schaeffer (1988)) to study the resulting symmetric 

tâtonnement processes. 

Since some economic models have a natural symmetry, our study of symmetric dy

namical systems also has some importance from a methodological viewpoint. Examples of 

symmetries arising naturally in economic models are the cyclical symmetry in overlapping 

generations models (this will be the subject of the next chapter), the reflectional symme-
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try in the cobweb model with heterogeneous beliefs and linear supply and demand curves 

(see Brock and Hommes (1997)) and the reflectional symmetry in some specifications of 

the evolutionary model of Cournot competition as discussed in Chapter 5 of this thesis. 

After reviewing the existing literature on price adjustment processes briefly in Section 

2.2 we present our model and show results from numerical simulations in Section 2.3. In 

Section 2.4 we introduce symmetry. In Section 2.5 we look at the generic local bifurca

tions of the equilibrium price vector given a certain symmetry. Among other things we 

see that so-called symmetry breaking bifurcations can occur. In Section 2.6 the global 

dynamics of symmetric tâtonnement processes are studied. In Section 2.7 an asymmetric 

tâtonnement process which is in some sense close to a symmetric process is analyzed to 

illustrate the relevance of studying symmetric processes for processes that have no non-

trivial symmetries. In Section 2.8 we briefly discuss the multiplicity of equilibria and 

Section 2.9 concludes. 

2.2 Price adjustment models 

We want to study a price adjustment process in a competitive exchange economy. Let 

there be m consumers and n commodities. Each consumer takes prices as given and solves 

the optimization problem 

max Ui(xn,...,xin), i = l,...,m, (2.1) 
Xii,.,.,Xin 

subject to his or her budget constraint 

^2PjXij <^2PjU>ij, i = l,...,m, (2.2) 

where Ui (.) is the strictly quasi-concave, strictly monotonie utility function of consumer 

i, Xij the amount of good j consumed by consumer i, p}- the price of good j and w*,-

the initial endowment of good j owned by consumer i. Let Xij (p, w*) be the resulting 

demand for good j by consumer i, where p=(pi,---,Pn) £ JR+ is the price vector and 

Wj = (wn, ...,Win) G IRI^ the vector of initial endowments of consumer i. 

Aggregate excess demand for good j is 

zj(p) = '52xij(P>wi)-'52wiJ' j = l,...,n. (2.3) 
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The excess demand functions satisfy Walras' Law, 5Z?=i Pjzj (p) = 0 or in vector 

notation: p • z (p) = 0, where a dot denotes the inner product and z (p) is the vector 

of aggregate excess demand functions. Furthermore the excess demand functions are 

homogeneous of degree zero in prices, i.e. Zj (op) = Zj (p), Va > 0. Differentiating 

this last equality with respect to a at a = 1 gives Euler's equation: Z ^ i P f c ^ = "̂ 

The economy is in equilibrium at the equilibrium price vector p* if Zj (p*) = 0 for all j . 

Sufficient conditions for such a general equilibrium to exist are the strict quasi-concavity 

and strict monotonicity of the utility functions and the requirement that aggregate initial 

endowments lie in the interior of the commodity space. It can furthermore be shown that 

generically the equilibria are locally unique and finite in number (Debreu (1970)) and that 

generically their number is odd (Dierker (1972)). 

If at certain prices the economy is not in equilibrium there must be at least one 

agent who does not consume his optimal consumption level. It is a central assumption in 

economic theory (for example expressed by the notion of the law of supply and demand) 

that there are economic forces that drive the economy towards equilibrium. The well-

known tâtonnement process is the simplest way to model these equilibrating forces and 

can serve as a first approximation to more realistic adjustment processes. This process 

can be summarized by the following two characteristics. 

• Trade occurs if and only if all markets are in equilibrium. 

• If the economy is not in equilibrium at a certain price vector, prices are adjusted 

according to the following rule. If there is excess demand for a good its price goes 

up, if there is excess supply for a good its price goes down and if the market for a 

good is in equilibrium its price remains the same. 

The tâtonnement process can be formalized as a discrete or as a continuous dynamical 

system 

Pj,t+i - Pj,t = Fj (pu, Zj (p t)), j = 1,..., n, (2.4) 

dPj jt) 
= Fj(Pj(t),zj(p(t))), j = l,...,n, (2.5) 

dt 

with Fj (pj, Zj) a sign-preserving function in Zj that satisfies Fj (pjj, 0) = 0. 
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In order to discuss the stability properties of the tâtonnement process we distinguish 

local and global stability. An equilibrium price vector p* is said to be a locally stable 

equilibrium of a certain tâtonnement process if the trajectories of all initial price vectors 

in some small neighbourhood of p* converge to p*. p* is called globally stable if the 

trajectories of all initial price vectors converge to p*. An economy with multiple equilibria 

obviously cannot have a globally stable equilibrium, but the tâtonnement process then 

is called system stable if the trajectories of all initial price vectors converge to some 

equilibrium price vector. 

The continuous tâtonnement process has been extensively studied in the literature. 

The classical reference is Arrow, Block and Hurwicz (1959). Reviews can be found in 

Arrow and Hahn (1971), Hahn (1982) and Takayama (1985). Arrow, Block and Hurwicz 

(1959) consider the continuous tâtonnement process Fj (pj,t,Zj (Pt)) = \ZJ (pt) and try 

to prove global stability of the equilibrium by constructing an appropriate Lyapunov 

function. They find that a sufficient condition for global stability is that all goods are 

gross substitutes, that is: ^ (p) > 0, Vj, Vfc / j , Vp.1 This condition also implies 

that the equilibrium price vector is unique. An alternative condition is the weak axiom 

of revealed preference for aggregate demand functions. This weak axiom says that for 

any pair of price vectors p and q we must have: if p • z (q) < 0, then q • z (p) > 0. Both 

conditions can be shown to imply that p*z (p) > 0 for any p ^ p*, that is, the value of the 

aggregate excess demands weighted with the equilibrium prices is always positive outside 

of equilibrium. The Euclidian distance between the current price and the equilibrium 

price vector, that is V (p) = X^=i (Pj ~ Pf) > c a n then be taken as a Lyapunov function. 

We have 

% = 2±(Pj-p^ =2±PjZj(P)-2±P*Zj(p) 
j = l j = l j=\ 

n 

= -2^2p'jZj(p)<0, 

where the second equality follows from the specification of the adjustment process and 

the third from Walras' Law.2 Since the time derivative is negative everywhere outside 

of equilibrium, prices converge to the unique equilibrium price vector. Arrow, Block and 

'For small values of n this assumption can be relaxed: for n = 2 the tâtonnement process is always 

system stable and for n = 3 a sufficient condition for system stability of the tâtonnement process % = 

z (p) is the so-called weak law of market demand, which states that J27=i f^ ( P ) < 0 f° r a" P (Keenan 

and Rader (1985)). 
2Without loss of generality we have taken -V, = 1, for all j . This can be achieved by choosing the unit 

of each good appropriately. 
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Hurwicz also consider a Lyapunov function corresponding to the "max" norm, for which 

more general results can be achieved. In particular, global stability can be shown for 

general sign preserving functions of aggregate excess demand and it can be shown that 

a sufficient condition for global stability is that the Jacobian matrix has a dominant 

diagonal, that is ^ (p) > £ f c / j . |g-; (p) , for all j and all p. 

The discrete tâtonnement process has received much less attention than the continu

ous process. The first study of the stability of a discrete tâtonnement process was done by 

Uzawa (1959). He looked at the price adjustment process Pj,t+i = max{p^ + XZJ (pt), 0} 

and proved that for sufficiently small A > 0 gross substitutability is a sufficient condi

tion for global stability. Therefore for the discrete tâtonnement process the stability of 

competitive equilibrium is determined by the properties of the aggregate excess demand 

functions as well as the specific form of the adjustment rule. Recall that the specification 

of the adjustment rule has not been derived from economic fundamentals but has to be 

postulated in an ad-hoc fashion. 

The assumption of gross substitutability (or its alternatives) is rather severe. There 

are some well-known examples (e.g. Scarf (I960)) for which this condition does not hold 

and for which the continuous tâtonnement process does not converge to an equilibrium 

price vector, but where prices move over a cycle. Moreover, the possibility of nonconver-

gence of the tâtonnement process should not be surprising in the light of the so-called 

Sonnenschein-Mantel-Debreu results (see Debreu (1974), Mantel (1974,1976) and Sonnen

schein (1973)). These authors have shown that any set of continuous functions defined for 

relative prices bounded away from zero and satisfying Walras' Law and homogeneity can 

be the aggregate excess demand functions of an economy with utility maximizing agents 

with convex preferences, provided that the number of agents is at least as large as the 

number of commodities. Therefore no restrictions other than continuity, Walras' Law and 

homogeneity in prices can be imposed on the aggregate demand functions. 

In search for an adjustment process that converges for almost all aggregate excess 

demand functions Smale (1976) suggests the following process 

• / ( p ) f = -A(p)z(p), 

where J (p) is the Jacobian matrix of the aggregate demand functions evaluated at price 

vector p and where the sign of A (p) depends on the sign of det J (p). Smale shows 

that, under some boundary and regularity conditions it converges for almost all initial 

conditions. Notice that it implies that the auctioneer needs to have a lot more information 

on aggregate excess demand functions in order to update prices. In fact, in order to 

adjust the price for one particular commodity information on the excess demands for all 
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other commodities is required. This goes against the intuition of the law of supply and 

demand, where price adjustments only depend on the own excess demand. Therefore the 

adjustment process suggested by Smale should be seen mainly as an algorithm to find an 

equilibrium and not as a realistic model of price adjustment. 

This has led Saari and Simon (1978) to investigate what the minimal informational 

requirements are for an effective price mechanism, that is, a price adjustment process 

that converges for almost all possible economies. They consider price mechanisms of the 

following form (after a suitable normalization of prices) 

dp , / , \ dzi dz1 dzn-i 
— =M z ( p ) , — , dt \ ' dpi'' dpn-i'' ' dpn-i t 

and then ask the question how many of the demand derivatives dzi/dpj are necessary in 

order for M (.) to be an effective price mechanism. They show that for n > 3 most of 

these derivatives are necessary. Hence the information requirements for an effective price 

mechanism are substantial. 

From this it follows that one would only expect tâtonnement-like processes to converge 

for a small set of possible economies. In fact, this leads to the conjecture that all kinds 

of dynamical phenomena are possible in the tâtonnement process and indeed in recent 

years there have been a number of contributions that show the existence of complicated 

phenomena in the tâtonnement process, such as periodic, quasi periodic and chaotic 

behaviour (for example Bala and Majumdar (1992), Day and Pianigiani (1991), Goeree, 

Hommes and Weddepohl (1997), Saari (1985) and Weddepohl (1995)). All these papers 

consider discrete versions of the tâtonnement process but from our discussion above it 

should be clear that the same phenomena might arise in continuous versions of the model. 

In this chapter we will also study a discrete tâtonnement process but our main focus will 

not be on the fact that strange behaviour is possible, but on a characterization of this 

behaviour. But first we discuss some other problems related to tâtonnement processes. 

Besides the fact that it has poor stability qualities there are some conceptual problems 

with the tâtonnement process. The first problem is that there is no trade at disequilibrium 

prices. Clearly this is an unpalatable assumption and a realistic model of price adjustment 

would incorporate the possibility of disequilibrium trade. In particular, nonconvergence 

of the tâtonnement process, as we will encounter in the present chapter, implies that trade 

never takes place. An alternative interpretation of the absence of trade at disequilibrium 

prices would be the following. There is a sequence of periods. Each period starts with the 

same allocation of initial endowments. All commodities are perishable and there are no 

means of saving. Then in each period a price vector emerges according to the tâtonnement 

process described above. In general this price vector will not coincide with an equilibrium 
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price vector. Now (disequilibrium) trade takes place and the traded commodities are 

consumed. The next period then starts with the same allocation of initial endowments 

but with the (disequilibrium) price vector that was established in the current period. 

Some alternative adjustment processes, sometimes termed non-tâtonnement adjust

ment processes, have been suggested in which trade takes place at "false prices". We will 

now briefly discuss two of these. First consider the Edgeworth process (see Hahn (1962) 

and Uzawa (1962)). According to this Edgeworth process, in disequilibrium agents engage 

in trade with each other, that is feasible (that is, for each agent his trade has to satisfy 

his budget constraint) and that increases their utility. Endowments change and prices 

adjust according to excess demand. The a next round of trading emerges, and so on. By 

taking the sum of all utilities as a Lyapunov function it can then be shown that this pro

cess converges to a Pareto efficient allocation, since the utilities of agents increase as long 

as trade takes place and per definition trade stops at such a Pareto efficient allocation. 

There are some difficulties with this process. First of all it is assumed that agents can 

always find people to trade with. This might become rather complicated, since situations 

might arise requiring a large group of consumers to interact, in order to perform mutually 

advantageous trade. Another problem is that speculative trade is assumed away. One 

could imagine a case where agents buy certain commodities only because they belief the 

price of this commodity will increase in the future and therefore will make them better of. 

An alternative non-tâtonnement process is the so-called Hahn process (Hahn and Negishi 

(1962), for a discussion and extensions see Fisher (1983)). In contrast to the Edgeworth 

process it is assumed in the Hahn process that there are well organized markets for all 

traded commodities. Trade then takes place in a way such that no agent has an indi

vidual excess demand (supply) for a commodity when there is aggregate excess supply 

(demand) for that commodity. As a Lyapunov function the sum of the target utilities is 

used. The target utility is the utility an agent obtains if he can execute all his desired 

trades. Prices react to excess demand in the normal way and therefore a commodity 

for which the agent has an individual excess demand (and hence wants to buy) becomes 

more expensive (since there is also an aggregate excess demand) and a commodity that 

the agent has an individual excess supply of and hence wants to sell becomes cheaper 

(since there is also aggregate excess supply). Therefore the agents always is worse of after 

a price change and its target utility decreases until it reaches a lower bound. 

For both the Edgeworth and the Hahn process there is convergence under a mild set of 

conditions. The problem with both processes is that they converge to an allocation which 

is Pareto efficient but which, in general, does not correspond to a Walrasian equilibrium 

of the original economy. This is due to the fact that the incorporation of trade into the 
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model continually changes the endowments of the consumers and hence the Walrasian 

equilibria corresponding to these endowments change. These processes are therefore not 

appropriate to study the stability of the original Walrasian equilibrium. 

Another problem with the tâtonnement process arises when we ask the question who 

adjusts the prices. In the perfectly competitive economy described above all agents take 

prices as given in determining their optimal consumption. If the economy is not in equi

librium there are profit opportunities for economic agents since they can benefit from 

charging a higher price for goods in excess demand. Therefore it can be argued that 

perfect competition is only a good description of economic behaviour if the economy is 

in equilibrium (see Arrow (1959)). The traditional solution to this problem is the intro

duction of an auctioneer who sets prices. The tâtonnement process now works as follows: 

the auctioneer states an arbitrary price vector and collects information on the aggregate 

excess demands given this price vector. He then adjusts the price vector according to 

the rule stated above. This process is repeated until an equilibrium price vector is found. 

However, where all decisions of the consumers arise from utility or profit maximization 

the behaviour of the auctioneer is postulated ad hoc. This seems to be inconsistent with 

the general equilibrium framework. Whose behaviour does the auctioneer represent? It 

might be argued that a realistic model of price adjustment requires that prices are set by 

economic agents, in such a way that they believe it maximizes their utility or profit. In 

order to study these kinds of models we have to consider general equilibrium models with 

monopolistic competition. Here we will briefly review this literature.3 There have been 

two main branches of this literature. One uses the subjective demand approach, following 

the seminal paper by Negishi (1961) and the other uses the objective demand approach, 

following the paper by Gabszewicz and Vial (1972). 

Negishi (1961) considers an economy with two types of producers: perfect competitors, 

who take all prices as given and imperfect competitors who can affect some of the prices. 

It is assumed that for each commodity there is at most one producer able to affect its 

price. This commodity may be an input as well as an output for this producer. Each 

imperfect competitor has some conjecture over the demand curves of the commodities for 

which it can influence the price. These conjectures are assumed to be linear functions 

of the own price. The only restriction on the conjectures is that they have to pass 

through the actual price-quantity combinations that correspond to the current state of the 

economy. The economy then is in equilibrium if all consumers and perfectly competitive 

firms maximize their utility and profits given their budget restrictions and production sets, 

if all imperfectly competitive firms are maximizing their profits given their conjectures and 

3For comprehensive surveys see Hart (1985) or Bonanno (1988). 
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production sets and if excess demand is zero. It can then be shown that, given standard 

assumptions on preferences and technology, such an equilibrium exists. A problem with 

the subjective demand approach is that it has no predictive power: if conjectures of 

imperfectly competitive firms are not restricted any further almost any allocation can be 

an equilibrium. For example, if conjectures are such that firms believe demand to be 

infinitely elastic at a certain price, the Walrasian equilibrium results. For this reason 

a number of people have tried to construct general equilibrium models of monopolistic 

competition that incorporate objective demand curves. These objective demand curves 

exactly tell the firms the demand they are facing. 

In order to construct these objective demand functions we have to deal with the 

following problem. Firms want to choose prices or quantities in order to maximize profits. 

These profits are then redistributed to the agents who own the firms. These redistributed 

profits enter the budget equations of the agents and therefore are an ingredient of the 

objective demand functions that are used in the maximization process of the firms to 

generate these same profits. This circularity of profits is called the feedback effect and it 

clearly complicates the optimization problem of the firms. A related problem is whether 

profit maximization is the right criterion for oligopolistic firms. Since the owners of the 

firm can influence prices there might be some trade-off between lower nominal profits and 

more favourable prices. So maximization of utility of the owners might be a better criterion 

than profit maximization. However, aggregation problems might occur if different owners 

have different preferences. 

In the subjective Negishi framework it does not matter whether firms are price setters 

or quantity setters, since they act as monopolists and therefore arrive at the same decision 

in both cases. In the objective demand approach it does matter, since firms take account 

of the actions of the other firms in the economy. Gabsewicz and Vial (1972) construct a 

general oligopolistic equilibrium model in the Cournot-Nash framework in the following 

way. All firms are imperfect competitors producing commodities using some "nonmar-

ketable" resources of the consumers. There are no intermediate goods, as in the Negishi 

model. The commodities produced by the firms are distributed to the consumers (so it 

is not profits but commodities themselves that are distributed). The objective inverse 

demand functions are then constructed in the following way. For given production plans 

of the firms the consumers have modified initial endowments, consisting of the original 

initial endowments and the redistributed produced commodities. These consumers then 

form an exchange economy for which an equilibrium can be computed, which of course 

depends upon the production plans of the firms. The equilibrium prices of this exchange 

economy as a function of these production plans constitute the objective inverse demand 
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functions. The general oligopolistic equilibrium (called a Cournot-Walras equilibrium 

by Gabsewicz and Vial) then corresponds to the Cournot-Nash equilibrium of the game 

played by the firms and the equilibrium of the corresponding exchange economy. There 

are several problems with this approach. In particular, the equilibrium of the exchange 

economy does not have to be unique for a given production plan and the objective inverse 

demand function is not necessarily continuous. 

Nikaido (1975) constructs an objective demand model with price setting behaviour. 

The production sector is represented by a Leontief technology, which is rather restrictive 

but allows for the introduction of intermediate goods. Consumers have only an endowment 

of labour and sell this to the firms to generate income in order to consume other goods. 

All profits go to the owners of the firms, the capitalists, who use this profit to consume 

goods. Total demand then consist of final demand by workers, final demand by capitalists 

and intermediate demand by firms. In equilibrium this equals the production of the firms. 

For any vector of prices this equilibrium condition then gives a production vector which 

is consistent with it. In this way objective demand functions can be constructed and an 

equilibrium then corresponds to a Bertrand-Nash equilibrium of the corresponding game 

that is played between the firms. Notice that there is one firm per sector in this model, 

or alternatively, each sector behaves as if it was governed by one firm. 

The objective demand approach also has some drawbacks. In particular, it seems to 

be rather farfetched to assume that all firms construct a complete general equilibrium 

model in order to determine the objective demand curves. A compromise between the 

objective and subjective approaches would be to consider a subjective demand approach 

that incorporates more consistency conditions than Negishi (1961) does. An example is 

provided by Silvestre (1977). He considers a version of the Nikaido model and requires 

that in equilibrium not only subjective demand has to equal objective demand, but, at 

this equilibrium, the slope of the subjective demand curve also has to coincide with the 

slope of the objective demand curve. This can be extended to higher-order derivatives 

(Gary-Bobo (1987)). Other examples of relaxing the informational content of objective 

demand are given by Hart (1985) and Marschak and Selten (1974). In their models the 

firms treat the distribution of wealth as given in order to deal with the circularity of 

profits. Two other problems in the objective demand approach are that an equilibrium 

may not exist due to discontinuities in the reaction curves of the firms, which derive from 

the lack of quasi concavity of the profit functions (see Roberts and Sonnenschein (1977)) 

and that the (existence of) equilibrium depends upon the specific price normalization rule 

that is used (see Gabsewicz and Vial (1972) and Böhm (1994)). 

A realistic price adjustment process for general equilibrium models would incorporate 
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price-setting behaviour of economic agents and would fall within the literature discussed 

above. Notice that the equilibria in a general equilibrium model with price setting be

haviour will in general not coincide with the Walrasian equilibria. As a first step in the 

direction of these more realistic price adjustment processes we will study some price adjust

ment processes in partial equilibrium models with monopolistic competition in Chapter 

6. 

2.3 The Model 

In this section we introduce our model. In the first subsection we discuss the problem 

of finding an appropriate normalization rule and we suggest that for the multiplicative 

tâtonnement process normalizing prices on the simplex is the most natural normalization 

rule. In subsection 2.3.2 we specify our model and in subsection 2.3.3 we show some 

results obtained from numerical experiments. 

2.3.1 Price normalization 

The tâtonnement process (5.8.4) is a discrete n-dimensional dynamical system. From the 

homogeneity of the aggregate excess demand functions we have that if p* is an equilibrium 

price vector then so is ap* for any a > 0. Instead of an equilibrium price vector we have a 

ray of equilibrium price vectors. None of these equilibria can be locally stable since every 

neighbourhood in 2R™ of such an equilibrium point contains other equilibrium points (the 

tâtonnement process can however be system stable). The tâtonnement process then seems 

to be ill-defined. 

The tâtonnement process can be restricted to a n — 1 dimensional subspace of Mn by 

imposing an extra condition on the prices. Such a price normalization rule g (p) = c, 

where c is a constant, defines a n — 1 dimensional manifold in 7R" and has to be chosen in 

such a way that the intersection of this manifold with any ray of equilibrium price vectors 

consists of exactly one point. This intersection point is the equilibrium price vector of the 

tâtonnement process restricted to this manifold. Some well-known price normalization 

rules are g (p) = pk for some fixed k, g{p) = £"=iPj and g (p) = £"=iP|> all with 

c = 1, respectively corresponding to one good being chosen as numeraire, prices on the 

unit simplex and prices on the unit sphere. There is no economic motivation to choose 

a particular price normalization rule. Prices are free and there is no particular reason 

why they should obey a certain condition. In special cases some normalization rule seems 

obvious (e.g. money as a numeraire in a monetary economy), but no normalization rule 
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is appropriate a priori. 

Having chosen a normalization rule it subsequently has to be implemented. Assume 

g(p) = c can be rewritten as pk = h^ (pi, ...,pk-\,Pk+\, • ••,Pn) for some k. The tâton

nement process restricted to g (p) = c then becomes: 

Pj,t+i = Pjt±Fj(Pit,Zj(pu,-,Pk-i,t,hk{.),Pk+i,u-,Pra)), j ^ k , (2.6) 

Pkt = hk(pu,.-,Pk-l,t,Pk+l,t,—,Pnt)-

So the dimension of the dynamical system is reduced by one to n — 1. In fact the 

fc'th equation of motion has been deleted. From Walras' Law we have that if n — 1 

markets are in equilibrium the n ' th market must also be in equilibrium, so an equilibrium 

price vector of (2.6) is also an equilibrium price vector of (5.8.4). The dynamics of 

the tâtonnement process however depend crucially on this reduction. Which equation 

is deleted obviously influences the dynamical system. The tâtonnement process with 

commodity 1 as numeraire may have different stability properties than the process with 

commodity n as numeraire. There is "goods discrimination" in the sense that the price 

of one, arbitrarily chosen, good is treated different than the prices of the other goods. 

In some cases there is a nice solution to this last problem. If for some tâtonnement 

process p t + 1 = ƒ (p t) there exists a price normalization rule g (.) such that g{ f\ ( p ) , /2 (p ) , 

•••) în (p)) = g (Pi,P2, ••••,Pn) then the tâtonnement process ƒ leaves the manifold defined 

by g (.) = c invariant. In this case the n equations of motion of the tâtonnement process 

are not independent. In fact there is one redundant equation and any equation can be 

replaced by the normalization rule without affecting the dynamical system: the systems 

(2.6) and (5.8.4) are equivalent and no information is lost by imposing g (.) = c. 

For the continuous time case such a normalization rule exists for the linear tâtonnement 

process % = Xzt (p (*)). We have: | J2P1 (*) = 2 £ p , (t) f = 2A J > (t) zt (p (<)) = 0, 

due to Walras' Law, so the linear tâtonnement process leaves the sphere invariant. 

In the case of the discrete tâtonnement process a similar price normalization rule exists 

for the so-called multiplicative tâtonnement process 

Pj,t+i=Pjt{l + *zj.(pt)) j = l,...,n, (2.7) 

where A is the speed of adjustment4 and is assumed to be the same for all markets.5 

4 An alternative interpretation of A is that it is a measure of the size of the economy. 
5 This is not a restrictive assumption since we can always normalize the unit of goods such that the 

speeds of adjustment are equal across markets. 
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Summation of the prices gives (using Walras' Law): 

n n n n n 

^2pj,t+i = ^2 Pit (i+A*, (PO) = Yin*+xYlpitzj ( p ( ) = X ^ -
3=1 3=1 3=1 3=1 3=1 

Hence the multiplicative tâtonnement process leaves the simplex invariant. 

It can be argued that (2.7) is a reasonable way to model price adjustments. It states 

that the rate of change of the price of a good is proportional to its excess demand and 

it is homogeneous of degree one in prices. Prom now on we shall use (2.7) to study the 

dynamics of price adjustments.6 

2.3.2 Model specifications 

In order to analyze the global dynamics of our tâtonnement process we have to specify 

our model. We will study an economy with three commodities and three consumers that 

have CES (Constant Elasticity of Substitution) utility functions, i.e. the utility function 

of consumer i is 

Ui (xa,xi2,xa) = I ]TatijxÇj j , p < 0, « = 1,2,3. (2. 

The corresponding individual demand functions are 

&y 3 

Xij(puP2,P3) = „ /—vfy i f tWy. »,.7 = 1,2,3, (2.9) 

with a = TT" the (constant) elasticity of substitution. The individual demand functions 

are homogeneous of degree zero in prices p and in preference parameters an, a,2 and a^ 

and homogeneous of degree one in initial endowments Wj. Under the assumption that 

an > 0 we can take, without loss of generality, an = 1. 

We assume that the initial endowments are of the following form: iUy = 1 if i = j and 

Wij = 0 if i / j . So each consumer supplies exactly one good and is the sole supplier of 

6For the sake of simplicity we have not imposed a non-negativity constraint on the prices. If the speed 

of adjustment is not too large, say A < A, then for initial price vectors chosen not too close to the border 

of the simplex the tâtonnement process stays on the simplex. If A > A then for almost all initial price 

vectors the price of some good becomes negative in finite time and the tâtonnement process breaks down. 

However, all kinds of interesting dynamics can be observed for A < A. 
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Figure 2.1: Attractors of the tâtonnement process with rotational symmetry, a) au 

«23 = »31 = 1| OJ13 = »21 = »32 = jj, ° 

«13 = «21 = Û32 = 7, <? = \ a n d A = 8.45. 

5 and A = 4.95. b) a i 2 = a2z = a31 = 1, 

that good. This restriction is made for computational simplicity and does not influence 

the qualitative results. The multiplicative price adjustment process now becomes 

Pu+i Pu 1 + A f » fer ! 
2^=lPjt^p.J 

P2.É+1 = P2t 1 + A 

P3,t+1 = P3t M + A 

i = l 

3 

£ Pit I?"/ - l 
_«=i Elu»« ( g ) 

f ^fe)g
 x 

Z ^ „ 3 feV 

(2.10) 

This is the dynamical system under study. The parameters of the model are ay, a and A. 

We will study the behaviour of the dynamical system for given preference parameters ay 

and given elasticity of substitution a, as the speed of adjustment A increases. We focus 

on ay £ (0,1] and a € (0,1]. For most of the specifications of our model we will study, 

the equilibrium price vector is unique. Section 2.8 briefly deals with the case of multiple 

equilibria. 
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Figure 2.2: Attractors of the tâtonnement process with reflectional symmetry, a) Q12 

«31 = «32 = h °~ = in a n d ^ = 3 2 - b ) Q12 = Q21 = Q:21 = J , «13 = 

«13 = «23 = C*31 

« 2 3 

= " 3 2 2 ' a = U) anC^ ^ = " ^ ' 

2.3.3 Some typical numerical simulations 

Before analyzing our tâtonnement process in more detail we present some numerical re

sults. We are interested in the long run behaviour of our dynamical system: do prices 

settle down to an equilibrium price vector or is the discrete tâtonnement process unstable 

and can prices fluctuate forever? To describe the long run behaviour of the dynamical 

system we use the following definition (Guckenheimer and Holmes (1983), p.36). 

Definition 2.1 A compact set A is called an attractor of a dynamical system ƒ if: 

1) A is invariant with respect to f : f (A) C A. 

2) A is attracting, that is there is an open neighbourhood U of A such that the trajec

tory of every initial state p 6 U converges to A. 

3) A has a dense orbit. 

The simplest example of an attractor is a locally stable fixed point. Another simple 

example is an attracting periodic orbit. In that case we have ƒ" (p) = p and fk (p) ^ 

p, k < n. However, more complicated quasi-periodic attractors or attractors with a 

fractal structure can arise. This last type of attractors is sometimes called strange or 

chaotic since the dynamics on these attractors may seem unpredictable and shows sensitive 

dependence on initial conditions. 
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Figure 2.3: Strange attractors of the tâtonnement process with cyclical and reflectional 

symmetry, a) a^ 

Û32 = -ffi, o 

1, all i,j, a = 4; and A = 26. b) Q12 = a « = a%\ = «23 = 031 = 

i and A = 95. 

Some typical examples of attractors are shown in Figures 2.1-2.3.7 All these attractors 

were obtained by iterating (2.10) for different values of the preference parameters a^, the 

elasticity of substitution a and the speed of adjustment A.8 

Notice that the attractors have a certain symmetry. The pictures in Figure 2.1 have a 

rotation symmetry: rotating the pictures over an angle of |7r results in exactly the same 

pictures. The pictures in Figure 2.2 have a reflection symmetry: reflection of the pictures 

in Figure 2.2 in the line with pi = p2 results in the same pictures. The attractors in 

Figure 2.3 have a rotation as well as a reflection symmetry: the pictures are invariant 

both to a rotation over |îT and to a reflection in the line with p\ = p2. 

The prices move erratically across these attractors. The attractors show the long run 

behaviour of the prices of the tâtonnement process. From these simulations it is clear 

that for many parameter settings the tâtonnement process will not settle down to an 

equilibrium price vector but will keep on fluctuating forever. In the subsequent sections 

we will investigate bifurcation routes leading to these strange attractors. Symmetry will 

play an important role in characterizing these bifurcation routes. 

7 To plot the pictures in two dimensions we have transformed the simplex in R\ into a triangle in M2. 

This transformation is also used in the proof of proposition 2.2. 
8 All figures of attractors in this paper (with the exception of periodic orbits) were obtained by iterating 

the dynamical system 6.000 times and plotting the last 5.000 points. 
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2.4 Symmetry 

A priori the number of independent parameters of the tâtonnement process with prefer

ences given by (2.8) is 17 (ay,Wy,A and a). To study this model in a transparent manner 

we have to reduce this number. A first reduction was achieved by taking endowments 

Wa = 1 and Wij = 0 for i / j . This leaves us with 8 parameters. The simplex as such 

has both a rotation and a reflection symmetry. Therefore it seems to be natural to start 

a systematic investigation of the global dynamics by firstly focussing on symmetric en

dowments and preferences, to be defined below. In Section 2.7 we discuss properties of 

close-by asymmetric cases. There is a large literature on symmetry in dynamical systems 

(see for example Golubitsky, Stewart and Schaeffer (1988)). We will apply concepts and 

results from this literature to our multiplicative tâtonnement process. 

Consider the following dynamical system on the two-dimensional simplex 

Pt+i = / (P t ) , P t e S 2 = j p 6 ^ 1 ^ = 3 1 . (2.11) 

A linear transformation M : M3 —> IR3 is called a symmetry of ƒ, if M and ƒ commute, 

that is, if 

Mof = foM. (2.12) 

Let M and N be symmetries of ƒ and let p* be an equilibrium price vector of ƒ. Then 

we have the following properties 

• M o jV is a symmetry oif,MoNof = MofoN = foMoN, 

• M and N are symmetries of all iterates of ƒ, M o f2 = ƒ o M o f = f2 o M, etc, 

• Mp* is an equilibrium price vector of ƒ, ƒ (Mp*) = M f (p*) = Mp*. 

The simplex is invariant with respect to any permutation of prices, so the group of sym

metries that is interesting to study for the tâtonnement process on the simplex is the group 

of permutation matrices D3 = {M123,Mi32,M32i,M2i3,M312, M23i | Mijk 6 IR3^3}, with 
1 Pi \ / Pi \ 

Mijk P2 = Pj -Of course M123 = / is a trivial symmetry of all dynamical sys-

\P3 J \Pk J 
terns. Apart from I and D3 there are four different subgroups of D3, {ƒ, Mi32} , {/, M32i} , 
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{ƒ, M213} and {ƒ, Af3i2,M23i}. The first three of these are so-called Z2 symmetries: 

they correspond to a permutation of two of the three prices or equivalently a reflec

tion in one of the symmetry axes of the simplex. These symmetry axes are: /1 = 

{ p 6 S 2 \p2=p3},h = { p e S2 | P J = p3} and !3 = { p e S2 | p% =p2}- The last sub

group is the R3 symmetry and corresponds to a cyclical permutation of the three prices, 

or equivalently a rotation over |-7r. 

We can now define the symmetry group of a price adjustment process ƒ on the sim

plex as follows: F f = {M € ~D3\M o f = f o M}. By choosing suitable preferences and 

endowments we will study a price adjustment process with a Z2 symmetry, one with a R3 

symmetry and a price adjustment process with both symmetries, which is equivalent to 

symmetry group D3. So we study tâtonnement processes with three different symmetry 

groups: Tf = {ƒ, M312, M231}, Tf = {I, M213} and T/ = D3. These symmetry groups cor

respond respectively to tâtonnement processes that are invariant with respect to a cyclic, 

a reflective or all possible permutations of prices. 

Definition 2.2 The fixed point subspace Fix (M) of a symmetry M is the set 

Fix (M) = {p e S2 I Mp = p} . 

This fixed point subspace plays an important role in the bifurcations of the equilib

rium price vector in a symmetric tâtonnement process. Fix (M) is a linear subspace that 

consists of all points of the simplex that are invariant under symmetry M. Fix (M) is a 
line if M is a reflectional symmetry and Fix (M) is a point if M is a rotational symmetry, 

for example Fix (M213) = I3 and Fix(M3\2) = (1,1,1)- It can be easily seen that if 

M € Ff then ƒ leaves Fix (M) invariant, since for p &Fix (M) we have 

/ ( p ) = / ( M p ) = M / ( p ) , 

s o ƒ (P) € Fix (M). This means that a nonlinear dynamical system with a symmetry has 

a linear invariant space. This property will prove to be very useful when we study the 

bifurcations of tâtonnement processes with a reflectional symmetry. This property also 

implies that (1,1,1) is an equilibrium price vector of all tâtonnement processes that have 

a rotational symmetry, since Fix (M312) = (1,1,1). 

Now we want to impose symmetry on our economy with CES-utility functions. The 

following proposition establishes how we can construct a tâtonnement process with a 

rotational and a reflectional symmetry, respectively, if there are three agents and three 

commodities. 
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Proposition 2.1 Let U,V:IR\ —> IR be utility functions, p = (pi,P2,P3)' a vector of 

prices and w = (wi, u>2, W3)', v = (t>i, ui, V3)' vectors of initial endowments. Consider the 

two permutation matrices M231 and M213. Take V (.) such that V (M213X) = V (x). 

• Consider an economy with three consumers with utility functions U\ (x) = U (x), 
[/2 (x) = U (M231X) and f/3 (x) = U (M^x.) and vectors of initial endowments 

Wi = w, W2 = M ^ w and W3 = (M^j) w, respectively. Then the corresponding 

multiplicative tâtonnement process has rotation symmetry Mm. 

• Consider an economy with three consumers with utility functions U\ (x) = U(x), 

[/2 (x) = U (M213X.) and £/3 (x) = V (x) and vectors of initial endowments wj = 

w, W2 = M213W and W3 = v, respectively. Then the corresponding multiplicative 

tâtonnement process has reflectional symmetry M213. 

Proof. Let the utility maximizing consumption bundle be given by 

x = du (p, w) = arg max {U (x) | p'x < p'w} . 

Consider the problem of maximizing U (Mx) subject to the budget constraint p'x < 

p ' (M'w), where M € {M23i,M2i3}. Since M _ 1 = M', this problem is equivalent to 

maximizing U (Mx) subject to (Mp)' Mx < (Mp)' w. The solution to this last problem 

is easily seen to be 

x = M ' d ( M p , w ) . 

• First consider M = M23i. Notice that Mf31 = M231 and M|31 = / . The individ

ual demand functions become xfc+1= ( M ^ ) du (M231p,w), with k = 0,1,2. The 

aggregate excess demand functions z (p) = £^i=1 Xj — ^ i = 1 Wj can then be written 

as 

( df (p, w) + dV2 (M|31p, w) + d% (M231P, w) - wl - w2 - w3 > 

df (M231p, w) + dV2 (p, w) + d% (M|31p, w) - Wl - w2 - w3 . 

d\ (M23lP> W ) + d2 (Af23lP, W) + dg7 (p, W)-W1-W2-W3 / 

It can be easily checked that we have z (M23ip, w) = M23iz (p, w). This means that 

M231 is a symmetry of the aggregate excess demand functions. 

• Now consider M = M213. The demand functions are respectively xi = d t /(p, w), 

x2 = M2i3dt/(M2i3p,w) and x3 = dv ' (p,v) with 0% (p,v) = dS/(M2i3p,v) and 
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d3 (M213p,v) = d3 (p, v). The aggregate excess demand functions become 

( d\ (p, w) + du
2 (M213p, w) + d\ (p, v) - Wl - w2 - vx 

d^ (M213p, w) + d% (p, w) + d\ (M213P, v) - wi - w2 - vx 

d<{ (p, w) + <% (MaisP, w) + 4 (p, v) - 2w3 - v3 

We have M2i3z (p, w) = z (M2i3p, w). 

Now if the aggregate demand functions have symmetry M23i then for the multiplicative 

price adjustment process we have 

h (AfasiP) \ / Pit (1 + A21 (M231P)) \ / Pit (1 + \z2 (p)) \ 
h (M231p) = p» (1 + Az2 (Masip)) = Pst (1 + A23 (p)) = M231 ƒ (p) 

/3 (M231p) / V Pit (1 + A23 (Mjsip)) / \ Pit (1 + Xzi (p)) / 

and if the aggregate demand functions have symmetry M2i3 then for the multiplicative 

price adjustment process we have 

h (Af213p) \ / P2t (1 + Azi (M213p)) \ / p2t (1 + \z2 (p)) \ 

/2(M213p) = Pu (1 + Az2 (M213P)) = Pit (1 + Xzi (p)) = M 2 1 3 / ( p ) . B 

/3 (M213p) / \ pst (1 + Az3 (M213p)) / V p3t (1 + \z3 (p)) / 

This result gives us a way to impose symmetry on our price adjustment process with 

CES utility functions. Let A = (a*.,) be the matrix of preferences. We then have 

Corollary 2.1 For an economy with three commodities and three agents with CES utility 

functions and initial endowments Wu = 1 and Wij = 0 for i ^ j we have that the following 

types of preference matrices 

AR° = \ ß 1 a \ ,AZ* = \ a 1 ß \ , ^ D 3 = \ a 1 a \, (2.13) 

induce a rotational, a reflectional and both kinds of symmetries of the multiplicative price 

adjustment process, respectively. 

The attractors shown in Section 2.3.3 were obtained by using the matrices (2.13). The 

attractors in Figures 2.1-2.3 obviously exhibit the same symmetry as the corresponding 

tâtonnement processes. Rotating the pictures in Figure 2.1 over \n results in exactly the 

same pictures and reflection of the attractors in Figure 2.2 in the line with p\ — p2 leaves 

the attractors invariant. For the pictures in Figure 2.3 any permutation of the prices can 
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be executed without changing the picture. The symmetry of the tâtonnement process 

seems to determine the symmetry of the resulting attractor. 

If ƒ has symmetry M and p0 converges to an attractor A then obviously Mp0 con

verges to an attractor MA. If they converge to the same attractor, that is if MA = A, 

then this attractor can be said to have symmetry M. So we can define the symme

try group of an attractor of a dynamical system with symmetry group T/ as EA = 

{M € rf I MA = A}. For the attractors of Section 2.3.3 we have EA = I / . This might 

suggest that the attractor always has the same symmetry group as the dynamical system, 

but in general that need not be the case. We can have MA / A and then we must 

have coexistence of attractors. These coexisting attractors are related by symmetry and 

are called conjugate attractors. In the sequel we shall encounter symmetry breaking bi

furcations, where a single attractor breaks up into multiple coexisting attractors with a 

smaller symmetry group as a parameter changes, and symmetry increasing bifurcations 

where coexisting conjugate attractors merge into one single (symmetric) attractor. 

2.5 Local bifurcation analysis 

In this section we study which local bifurcations can occur in our tâtonnement process. 

We thereby focus on the symmetric equilibrium price vector. In subsection 2.5.1 we 

show that the symmetry of the tâtonnement process determines the form of the Jacobian 

matrix. In subsection 2.5.2-2.5.4 we study the implications of this result for the generic9 

bifurcations that occur for the tâtonnement processes with different symmetries. 

2.5.1 Symmetry and the Jacobian matrix 

To study the local bifurcations of the equilibrium price vector that can occur in our tâton

nement process we have to look at the eigenvalues ßi of the Jacobian matrix J = ( J£- (p) ) 

evaluated at the equilibrium price vector p*. These eigenvalues depend on the parameters 

of the tâtonnement process, so we have fit = ß{ (A, a, A) where A is the matrix with pref

erence parameters. The equilibrium price vector p* is locally stable if all eigenvalues lie 

inside the unit circle and p* is unstable when at least one eigenvalue lies outside the unit 

circle. If an eigenvalue crosses the unit circle, as a parameter varies, a bifurcation occurs. 

At such a bifurcation the behaviour of the tâtonnement process changes. There are three 

different ways in which an eigenvalue can cross the unit circle. At the bifurcation value 

an eigenvalue can be real and equal to +1, real and equal to —1 or two eigenvalues can 

Here generic means with respect to the set of dynamical systems with a given symmetry group. 
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be complex conjugates with absolute value 1. These three different cases correspond to 

different kinds of bifurcations. 

First we show that symmetry induces a special form of the Jacobian matrix evaluated 

in the symmetric equilibrium price vector. 

Proposition 2.2 The Jacobian of the two-dimensional tâtonnement process evaluated at 

a symmetric equilibrium has eigenvalues that are 

• real if the tâtonnement process has a Z2 symmetry. In this case one eigenvector 

lies in the fixed point subspace of the Z2 symmetry and the other eigenvector lies 

perpendicular to this fixed point subspace, 

• complex conjugates if the tâtonnement process has a R3 symmetry, 

• real and equal to each other if the tâtonnement process has both symmetries. 

Proof. Without loss of generality we can apply a linear transformation to the prices 

to transform the simplex in IR?+ to a triangle in the plane. Let q = T p with 

/ ±\/3 -\>ß 0 \ 
T= \ - \ -f 1 (2.14) 

The price adjustment process in terms of these new variables becomes q ( + i= T o / o T - 1 (q() 

= h (q t). Since we have q3t = £)Li Va = 3, for all t, this is equivalent to 

Qi,t+i \ = f h1{qlt,q2t,5) \ <2 ^ 

92,J+I / V h2 (9it>*«.3) / 

Notice that T transforms the centre of the simplex to the origin and the symmetry axis 

l3 to the q2 axis. We have Jh = T J / T " 1 and the eigenvalues of 3h are equal to the 

eigenvalues of J / . The Z2 and R3 symmetries can be represented respectively by 

*-(?;)• -(-At?)- « 
Mx corresponds to a reflection in the q2 axis and Mr corresponds to a rotation over 

J-K. With this transformation of variables it is easy to establish our result. Let M be a 

symmetry of h. Then by definition we have M h (q) = h (Mq). Differentiating both sides 

with respect to q gives 
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Now if q* is symmetric (that is Mq* = q*) we have 

M3*h = rhM. 

So the Jacobian evaluated at the symmetric equilibrium commutes with the symmetries of 

the dynamical system. An easy calculation shows that the only 2x2 matrices commuting 

with Mz and with Mr are J z and J r , respectively with 

a 0 ) , 3r=( a b). 
0 b J \-b a J 

The eigenvalues of J z are a and b with eigenvectors va — (1,0)' and v\, = (0,1)' respec

tively, the eigenvalues of J r are a±bi and therefore complex as long as b ̂  0. Note that 

if the dynamical system has both symmetries we have 

J D 3 = ( O ! ) = a / -

The statements of the proposition follow. • 

From this proposition it follows that the symmetry of the tâtonnement process deter

mines which primary bifurcation occurs as the symmetric equilibrium price vector loses 

stability. 

We now derive the eigenvalues of the Jacobian evaluated at the symmetric equilibrium 

for each symmetry. The Jacobian of our tâtonnement process (2.7) evaluated in the 

equilibrium price vector p* is 

( PÎ*n(p*) V\zn{v*) PÏ*13(P*)\ 

P5*2I(P*) P2*22(P*) P^23(P') , (2.17) 

P3Z31 (P*) PÎZZ2 (P*) P3233 (P*) / 

where Zij (p) = *pp'- Notice that the matrix (p*2y (p*))j = 1 2 3 has linear dependent rows 

(52i=iPÏzij (P*) — ~zi (p*) = 0 from Walras' Law) which implies that one eigenvalue of 

J* is equal to 1, for all possible parameter values. This unit eigenvalue corresponds to the 

fact that every simplex is invariant under the multiplicative tâtonnement process. Since 

we are only interested in the motion of the dynamical system on the simplex we can safely 

ignore this eigenvalue. The other two eigenvalues are 

ßi,2 = l + \*{pl{zn-z13)+p*2(z22-z23)±^} (2.18) 

D = \Pi{zn-z13)-p2{z22-z23)}
2+ 4plp2(z12-z13)(z2i-z23) 
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Under symmetry the expressions for these eigenvalues simplify considerably. These 

expressions are summarized in the following table 

R 3 = {I, M312} 

Z2 = {ƒ, M213} 

D 3 = {/,M3i2,M2i3} 

Ml,2 

1 + |A {3zu (p*) ± (Z12 (p*) - zw (p*)) V3i} 

1 + Xpl {Zu (p*) - fig (p*) ± (fig (p*) - *13 (p*))} 

1 + f Azn (p*) 

(2.19) 

Notice that if T/ = R 3 or T/ = D 3 and zn (p*) > 0 both eigenvalues lay outside the 

unit circle for all A > 0. Hence, in that case the equilibrium price vector is unstable for 

all positive values of A. 

In the following subsections we analyze which bifurcations occur for each of the sym

metry groups, as the speed of adjustment A increases. 

2.5.2 Rotational symmetry and the Hopf bifurcation 

In the previous subsection we found that the eigenvalues of the Jacobian of the tâton

nement process with rotational symmetry (and no other symmetry) evaluated at the 

symmetric equilibrium price vector p* = (1,1,1) are complex conjugates. The equilib

rium price vector loses stability if these eigenvalues cross the unit circle. Let XMf denote 

the value of A such that 1^ (XUf) | = |/x2 (X
bif) | = 1. We then have the following. 

Proposit ion 2.3 Assume that the tâtonnement process with symmetry group Tf = {/, M3i2 

has a stable symmetric equilibrium price vector for A > 0 small enough and that zn (p*) ^ 

z13 (p*). Furthermore assume that ( ^ (A6 i /)) r ± 1 for r = 1,2,3,4. Then a Hopf bifur

cation occurs at 

xMf 4zn (P*) 

3 [211 (p*)] + [212 (p*) - 213 (p*)] 

For X close to Xbif there exists an invariant closed curve. 

Numerical observations suggest the following: for A < Afn/ the equilibrium price vector 

p* = (1,1,1) is locally stable. For A > Xuf the equilibrium price vector is unstable and 

there is an attracting invariant closed curve. This closed curve has the same symmetry 

group as the tâtonnement process. Figure 2.4.a) shows an example of such an attracting 

invariant closed curve obtained after a Hopf bifurcation. 
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2.5.3 Reflection symmetry eind the period-doubling bifurcation 

Consider the tâtonnement process with symmetry group F f = {ƒ, M213}. The fixed point 

subspace of this Z2 symmetry is the symmetry axis I3. Prom proposition 2.2 we found 

that the eigenvalues of the Jacobian of this dynamical system evaluated in a point in the 

fixed point subspace are real and have eigenvectors that lie perpendicular to the fixed 

point subspace and in the fixed point subspace, respectively. 

The equilibrium price vector can only lose stability when the largest (in absolute value) 

eigenvalue goes through ±1. If an eigenvalue goes through +1 a saddle-node, pitchfork 

or transcritical bifurcation occurs (see e.g. Guckenheimer and Holmes, (1983)). All these 

bifurcations in some way deal with the multiplicity of equilibria. Since the equilibrium 

price vectors of the tâtonnement process correspond to the zeros of the system of aggregate 

excess demand functions, the location and multiplicity of these equilibrium price vectors 

is independent of the speed of adjustment A. Therefore we know that these bifurcations 

cannot occur in our model as A increases. These bifurcations might occur, however, 

when another parameter is varied (see Section 2.8). When one of the eigenvalues goes 

through —1 a. flip- or period doubling bifurcation occurs: at this bifurcation a period two 

orbit emerges. If this period doubling bifurcation occurs at A = A ' then we have the 

following scenario. For A < A6'̂  the equilibrium price vector is stable and for A > A '* 

the equilibrium price vector is unstable. For A close to \btf a period two orbit exists. 

Numerical observations suggest that this period two orbit exists for A > Xuf and that it 

is stable. 

Proposition 2.4 Assume that the equilibrium price vector of the tâtonnement process 

with symmetry group Tf = {I, M213} is stable for A > 0 small enough and that z\% (p*) 7̂  

1̂3 (P*)- Then we have 

• the equilibrium loses stability through a period doubling bifurcation at 

( 2 2 
Ah' = mm j - - ^ _ ^ — — ^ , _ _ _ _ j _ ^ _ _ _ w 

(2.20) 

• the resulting period two orbit has the same symmetry group as the tâtonnement 

process. The period two orbit lies in I3 if Zu (p*) < 213 (p*) o-nd it lies off but 

symmetric with respect to Z3 when Zyi (p*) > Z13 (p*)-1(l 

10These two types of period doubling bifurcations correspond to pitchfork bifurcations of f2. One of 

these pitchfork bifurcations is symmetry preserving (n2 = — 1) and the other one is symmetry breaking 

0*1 = - ! ) • 
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Proof. The eigenvalues are 

ju, = l + Xpl (zn (p*) - z12 (p*)), 

p2 = 1 + ApJ (zn (p*) + z12 (p*) - 2z13 (p*)). 

and the corresponding eigenvectors v\ and v2 lie perpendicular to Z3 and in l3 respectively. 

If an eigenvalue goes through —la period doubling bifurcation occurs in the dynamical 

system restricted to the center manifold (see Guckenheimer and Holmes (1983), p. 158). 

The center manifold is locally Z2-symmetric (Kuznetsov (1995), Theorem 7.6). When 

/ij = — 1 the center manifold lies tangent to v\ and therefore perpendicular to the fixed 

point subspace. When /j2 — —1 the center manifold coincides with the fixed point sub-

space. We have ß1 < p,2 if z12 (p*) > z13 (p*) and ß1 > fi2 if z12 (p*) < z13 (p*). • 

According to proposition 2.4 there are two different types of period two orbits with 

Z2 symmetry. Examples of these two period two orbits are shown in Figures 2.4.b) and 

2.4.c). Since the three prices have to sum up to 3 in every period an increase of one price 

has to be accompanied by the decrease of another price. Consider the period two orbit 

{ p \ p 2 } in Figure 2.4.b) that lies off l3. This period two orbit has the property that 

the market for the third good is in equilibrium in every period but the first two prices 

fluctuate between the same values: when pj is high, p2 is low and vice versa. In this case 

p2 has to adjust to the fluctuations in px. This happens when z12 (p*) > z13 (p*). 

The period two orbit in Figure 2.4.c) that lies in l3 has the property that prices of 

the first two goods are equal to each other in every period: in one period they are both 

high (above their equilibrium value) and in the next period they are both low (below 

their equilibrium value). In this case p3 has to adjust to neutralize the fluctuations in 

Pi (and p2). This happens when z13 (p*) > z12 (p*). So the burden of a change in px is 

completely carried by the price of that good that is the closest substitute to good 1 (at 

the equilibrium price vector). 

2.5.4 D3 symmetry and the Equivariant Branching Lemma 

In the previous sections we saw that a rotational symmetry leads to a Hopf bifurcation and 

that a reflectional symmetry leads to a period doubling bifurcation of the equilibrium price 

vector when it loses stability. We now want to study the case where the adjustment process 

has both a rotational and a reflectional symmetry. We can then apply the Equivariant 

Branching Lemma for period doubling (Chossat and Golubitsky (1988)) to arrive at the 

following result. 
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P2 P1 

o) a-1 , t-\/ï, s - t /2 . A-4.5 b) a»3/4, 0-X-1/2. j - t / 1 0 . **25 

c) o r - 1 / * . 0 -7 -1 /2 . cr-1/10. X-25 d) o - l . O-1/100. X-220 

Figure 2.4: Primary bifurcations for the tâtonnement process with different symmetry 

groups, a) Invariant closed curve created in Hopf bifurcation for the tâtonnement process 

with cyclical symmetry, a == 1, ß = \, a = | and A = 4.5. b) Period two orbit off the 

symmetry axis created in period doubling bifurcation for the tâtonnement process with 

reflectional symmetry, a = | , ß = 7 = \, a = ^ and A - 25. c) Period two orbit on 

symmetry axis created in period doubling bifurcation for the tâtonnement process with 

reflectional symmetry, a = | , ß = 7 = A, p- = -i and A = 25. d) Six period two orbits 

created in symmetry breaking period doubling bifurcation in tâtonnement process with 

cyclical and reflectional symmetry, a = 1, a = -r̂ - and A = 220. 
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Proposition 2.5 Assume that the symmetric equilibrium price vector p* = (1,1,1) of 

the tâtonnement process with rotational and reflectional symmetry group Tf = D3 = 

{ƒ, M312, M213} is stable for X > 0 small enough, p* undergoes a period doubling bifurca

tion as X goes through 

XU1 = - 7 - ^ T - T . (2-21) 
3zn (p*) 

At this value of X six period two orbits emerge, three stable and three unstable. For every 

fixed point subspace lui = 1,2,3 there is a period two orbit on k and a period two orbit 

off k but with a reflectional symmetry with respect to k. 

Proof. To proof Proposition 2.5 we use the following result (Chossat and Golubitsky 

(1988, Theorem 4.1)). 

Theorem 2.1 Equivariant Branching Lemma for period doubling. Consider a dynamical 

system h : JRn —> lRn with a symmetry group Th. Assume that I \ acts absolutely irre-

ducibly on lRn, that J*h = - / „ and that dim Fix (M) = l,fora subgroup M C Th© {±In}. 

Then generically, there exists a branch of period two points for h bifurcating at the fixed 

point and tangent to Fix (M) at the fixed point. If M C Th, then the branch lies in 

Fix(M). 

Sketch of proof of Theorem 2.1. The symmetry group Fh is said to be acting 

absolutely irreducible on IRn if the only matrices commuting with all symmetries of i \ are 

multiples of the identity matrix. Then at a bifurcation all eigenvalues are equal to +1 or 

all eigenvalues are equal to —1. For a good understanding of the bifurcation that occurs 

when all eigenvalues are equal to —1, it is useful to discuss the case where all eigenvalues 

are +1 first. Recall that the fixed point subspace of a symmetry is an invariant space of 

the dynamical system. Now if h (.) has a symmetry with a one dimensional fixed point 

subspace then the search for fixed points can be confined to this fixed point subspace. 

This gives the Equivariant Branching Lemma which states that for every subgroup of i \ 

that has a one dimensional fixed point subspace there exists a branch of fixed points of 

h bifurcating at the origin. This branch lies in this fixed point subspace (for a discussion 

of this theorem see Golubitsky, Stewart and Schaeffer (1988, Chapter XIII)). 

If all eigenvalues are equal to —1 the analysis is more complicated. The normal form 

does not only commute with the symmetry group I \ but also with the linear part of the 

dynamical system which is — In (Chossat and Golubitsky (1988)). Therefore the normal 

form commutes with I \© {±-fn}- Now we can apply the same reasoning as above, only 

we have to distinguish between subgroups with a one dimensional fixed point subspace 
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that are in 1^ and ones that are in Th© {±In} but not in Fh. Therefore, there exists a 

branch of period two points bifurcating at the fixed point and tangent to Fix (M), for 

each M € I \© {±In} with dim Fix (M) = 1. 

Proof of proposition 2.5. We can now use Theorem 2.1 to proof proposition 2.5. 

Prom proposition 2.2 it follows that the symmetry group D3 acts absolutely irreducible on 

M\. Furthermore D3© {±/3} contains six subgroups that have a one dimensional fixed 

point subspace. Three of these are also in D3, namely the three Z2 symmetries with fixed 

point subspaces /1, l2 and /3, respectively. The three other fixed point subspaces l{, l2 and 

11 can be obtained by rotating li, l2 and l3 over \-K. Application of Theorem 2.1 then 

gives the result. • 

For A > XHf six period two orbits exist, three of which are stable. Figure 2.4.d) 

shows the six period two orbits for a tâtonnement process with D3 symmetry (a = 1, a = 

TjjQ, A = 220). In this case the three period two orbits off the symmetry axes are stable. 

Up till now we have seen that when the symmetric equilibrium price vector loses stability 

the resulting attractor has the same pvmmetry group as the symmetric equilibrium price 

vector. For the period two orbits emerging in the case where the tâtonnement process 

has both symmetries this no longer holds. These period two orbits only have a reflection 

symmetry. In fact rotating each of these period two orbits over |7r gives one of the other 

period two orbits. Thus the symmetry of the three coexisting period two orbits is smaller 

than the symmetry of the equilibrium price vector. Therefore the bifurcation described 

in proposition 2.5 is called a symmetry-breaking bifurcation. 

2.6 Global dynamics 

2.6.1 Symmetry-breaking and -increasing bifurcations 

In Section 2.5.4 we have seen that when the symmetric equilibrium price vector of a 

tâtonnement process with both a reflectional and a rotational symmetry loses stability 

three attracting and coexisting period two orbits emerge. Each of these new attractors 

only has a Z2 symmetry. The symmetry group of the attractor of the tâtonnement pro

cess decreases from {ƒ, M2\z, M312} to either {I, M2n} , {I, MZ2\} or {ƒ, Mi32}. However, 

the attractors in Figure 2.3 which come from tâtonnement processes with D3 symmetry 

are fully symmetric. So as A increases at a certain point the symmetry group of the 

attractor has to increase again. This happens at a symmetry increasing bifurcation. Such 

bifurcations seem to be generic in tâtonnement processes with D3 symmetry. 
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P2 P1 

a) A-220 b) J-258 

c) 1-260 d) X-261 

Figure 2.5: Bifurcation scenario for tâtonnement process with D3 symmetry, a = 1, 

a = jig. a) A = 220, b) A = 258, c) A = 260, d) A = 261. 

Consider one of the stable period two orbits that emerges after the symmetry breaking 

period doubling bifurcation. This period two orbit undergoes a bifurcation route to chaos, 

resulting in a Z2-symmetric strange attractor. By symmetry there are two other, conjugate 

Z2-symmetric strange attractors. As the speed of adjustment increases these attractors 

grow in magnitude. At a certain point these attractors with Z2 symmetry merge into one 

attractor which inherits all symmetries of the conjugate attractors and therefore has D3 

symmetry again. 

Figure 2.5 illustrates one such a bifurcation scenario.11 After the symmetry breaking 

period doubling bifurcation there are three stable period two orbits (one of them is shown 

"This particular bifurcation scenario corresponds to scenario 3 in Chossat and Golubitsky (1988). 
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Hopf 

H o p f ( f ^ - -

• / Sadd le - node(f3) -

Figure 2.6: Bifurcation curves for tâtonnement process with cyclical symmetry, a = 1 

and er : l 
4 -

in Figure 2.5.a)). The period two orbit undergoes a Hopf bifurcation and an invariant 

set consisting of two closed curves emerges. More important for the global dynamics is 

the emergence of a stable period six orbit in the neighbourhood of each stable period 

two orbit. This period six orbit emerges through a saddle-node bifurcation of f6 (we will 

return to this bifurcation in the next section since it also plays an important role in the 

tâtonnement process with only a rotational or only a reflectional symmetry). Each of 

these stable period six orbits undergoes a Hopf bifurcation resulting in an attracting set 

consisting of six closed curves (Figure 2.5.b)). From this six closed curves a two piece 

strange attractor is created (Figure 2.5.c)). There are three of these strange attractors. 

If the speed of adjustment grows a little more a symmetry increasing bifurcation occurs 

and these three attractors merge into a large attractor with D3 symmetry (Figure 2.5.d)). 

This kind of bifurcation scenario (from an equilibrium price vector with D3 symmetry 

to three attractors with Z2 symmetry and then again to an attractor with D3 symmetry) 

seems to occur for all tâtonnement processes with D3 symmetry. However as we will see 

in the next two subsections, these symmetry breaking and increasing bifurcation routes 

can also occur for systems with only a Z2 or R3 symmetry. 
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P2 P1 

o) X-4.85 b) X-4.90 

P2 

c) X-4.925 d) i -4.93 

Figure 2.7: Bifurcation scenario for tâtonnement process with cyclical symmetry, a = 1, 

ß = I , a = I . a) A = 4.85, b) A = 4.90, c) A = 4.925 and d) A = 4.93. 

2.6.2 Rotational symmetry 

From Section 2.5.2 we know that the economy with a rotational symmetry undergoes a 

Hopf bifurcation as the speed of adjustment increases. For A < A6^ the equilibrium price 

vector p* = (1,1,1) is locally stable. For A > Xuf the equilibrium price vector is unstable 

and there is an attracting invariant closed curve. The dynamics on this curve can be 

periodic or quasi-periodic. Generically as A increases the system undergoes numerous 

bifurcations resulting in periodic orbits on the closed curve. Then two periodic orbits, 

of the same period, arise on the closed curve, one stable and one unstable. The stable 

periodic orbit attracts almost all points on the closed curve and the dynamics are then 
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periodic (this periodic orbit may however have a very long period). If for a certain value 

of the speed of adjustment such a periodic orbit does not exist the dynamics on the closed 

curve are quasi-periodic: the orbit of each point on the closed curve comes back arbitrarily 

close to that point but not exactly. The orbit fills up the closed curve completely. The 

time series of such an orbit is almost but not exactly periodic. 

For some regions of parameter values a period three orbit plays an important role. 

Figure 2.6 presents bifurcation curves for the model with a = 1 and a = \. These 

bifurcation curves show those combinations of ß and A at which a specific bifurcation 

occurs. 

The curve denoted Hopf represents the Hopf-bifurcation of the symmetric equilibrium 

p* as described above. The curve denoted Saddle-node (/3) gives the values of ß and 

A at which a saddle-node bifurcation of the third iterate of the tâtonnement process 

takes place. At these values of ß and A and the prices p at which such a bifurcation 

occurs we have that one of the eigenvalues of the Jacobian of the system p t + 3 = f3 (ps) 

becomes +1 and two period three orbits emerge, one stable and the other a saddle. Both 

period three orbits have symmetry M3i2, that is, if this three cycle is { p \ p 2 , p 3 } , then 

p2 = M312P1 and p 3 = M312P2. The curve Hopf (/3) gives the values of ß and A for 

which the stable period three cycle undergoes a Hopf bifurcation and an invariant set 

consisting of three closed curves emerges. Now take for example ß = \. Then from 

Figure 2.6 there are values As"3, Xh and AM of A with As"3 < Xh < Xh3 such that we 

have the following: for A < A8"3 the symmetric equilibrium is the unique attractor: for all 

initial price vectors the tâtonnement process converges to p*. For A = \h the symmetric 

equilibrium price vector becomes unstable. For Asn3 < A < Xh there are two attractors: 

the symmetric equilibrium and a stable period three orbit. For A f t < A < A / i + £ : < A 3 

there are also two attractors: an invariant closed curve around the unstable symmetric 

equilibrium and a stable period three orbit. At a certain value of A (A < A < A 3) the 

invariant closed curve loses stability and all points converge to the period three orbit. 

For A > Ah3 there is an attracting invariant set consisting of three closed curves. As A 

increases even more this three piece attracting invariant set bifurcates into a three-piece 

strange attractor (an example of an attractor created in this way is the one shown in 

Figure 2.1.b)). The behaviour of the tâtonnement process for large A is governed by 

what happens with the period three orbit instead of what happens with the symmetric 

equilibrium. Similar bifurcation scenarios, only then involving a period six orbit emerging 

in the neighbourhood of a period two orbit, occur for the tâtonnement process with D3 

or Z2 symmetry. 

We now discuss a bifurcation scenario for one particular tâtonnement process with 
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cyclical symmetry. We take a = l)ß = j a n d m= \. In this case a Hopf bifurcation occurs 

a t xuf = 35+2H| w 4 2446. For values of A larger than XHf an attracting closed curve 

exists. As A increases this closed curve becomes larger. For a certain value of the speed 

of adjustment (A « 4.8955) a saddle node bifurcation of / 5 on the curve occurs and two 

period 5 orbits emerge, one stable and one unstable. This period 5 cannot have a cyclical 

symmetry, so there have to be two other stable period 5 and two other unstable period 

5 orbits. Since these orbits have no nontrivial symmetry this is a symmetry breaking 

saddle node bifurcation resulting in three coexisting attractors. These coexisting period 

5 orbits undergo a cascade of period doubling bifurcations resulting in three coexisting 

five piece strange attractor. As the speed of adjustment increases even more (A « 4.9278) 

these three coexisting strange attractors merge into one large attractor. This attractor 

has a cyclic symmetry again and the last bifurcation therefore is a symmetry increasing 

bifurcation. Figure 2.7 shows the attractors for some values of A for this specific example. 

2.6.3 Reflection symmetry 

We now want to see what happens to the period two orbits in the tâtonnement process 

with Z2 symmetry when the speed of adjustment A increases. We distinguish between the 

two different period two orbits that were discussed in Section 2.5.3. 

First consider the period two orbit that lies in the fixed point subspace ls. This period 

two orbits consists of two symmetric equilibria of f2. Since f2 has the same symmetry 

group as ƒ it follows that the eigenvalues of the Jacobian of f2 evaluated at one of the 

fixed points are real and a Hopf bifurcation cannot occur. But in this case we cannot 

ignore the possibility of an eigenvalue going through +1 as A increases. There seem to be 

two possible bifurcations: a period doubling bifurcation resulting in a stable period four 

orbit, or a pitchfork bifurcation resulting in three period two orbits , two of which are 

stable. Let {p1^2} e l3 be the period two orbit. It is easy to see that the eigenvalues r]1 

and r)2 of the Jacobian of f2 evaluated at p1 are equal to the product of the eigenvalues of 

the Jacobians of ƒ evaluated at p1 and p2: r]1 = /ix (p
1) /^ (p2) and TJ2 = fi2 (p

1) fi2 (p
2). 

The eigenvector corresponding to ^ lies perpendicular to the fixed point subspace and 

the eigenvector corresponding to r]2 lies in the fixed point subspace. It is important again 

which eigenvalue goes through ±1 first. Numerically we only observe the following two 

bifurcations as A increases: 

• Vi = 1: a symmetry breaking pitchfork bifurcation of f2 occurs. The symmetric 
period two orbit loses stability and the two new period two orbits are stable and 
asymmetric, 



2.6. GLOBAL DYNAMICS 49 

Figure 2.8: Period doubling bifurcation curves for the tâtonnement process with reflec-
tional symmetry, ß = ±, .7 = | and a = j ^ . 

• % = - 1 : a period doubling bifurcation of / 2 occurs. The period two orbit loses 
stability and a stable period four orbit emerges. This new attractor lies in the fixed 
point subspace. 

Of these two the latter occurs more often. This period doubling bifurcation is followed 

by a cascade of period doubling bifurcations leading into a one-dimensional attractor that 

fills up part of the fixed point subspace. An example of such an attractor is given in 

Figure 2.2.a). 

Now consider the case where the stable period two orbit created through the period 

doubling bifurcation of the equilibrium price vector does not lie in the fixed point subspace. 

In this case p1 and p2 correspond to asymmetric fixed points of f2. Nothing much 

can be said about this. However, from simulations we found two important secondary 

bifurcations, reminiscent of the bifurcation in the tâtonnement process with rotational 

symmetry. One is the Hopf bifurcation and the emergence of an attractor consisting of 

two invariant cycles. The other possibility is this same Hopf bifurcation accompanied by 

a saddle-node bifurcation of f6 in the neighbourhood of the period two orbit resulting in 

an attracting period six orbit. The behaviour of this period six orbit then governs what 

happens to the tâtonnement process as the speed of adjustment grows even more. An 

example of an attractor created from such a process is shown in Figure 2.2.b). 

Figure 2.8 shows bifurcation curves for the tâtonnement process with symmetry group 
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P2 Pi 

a) X-25 

c) X-28 (J) X-28.35 

Figure 2.9: Bifurcation scenario for tâtonnement process with reflectional symmetry a = 

1, ß = \, 7 = \, o- = ^ . a) A = 25, b) A = 27, c) A = 28 and d) A = 28.35. 

{ƒ, M213} and ß = 7 = i,<T = i Curve 1 corresponds to combinations of a and A 

at which /^ equals - 1 and curve 2 corresponds to combinations of a and A at which 

/x2 equals - 1 . The two curves intersect at the point a where a = | . We obtain the 

following information from this diagram. The equilibrium price vector p* is locally stable 

if (a, A) lies in area I. If (a, A) lies in II or III then p* is a saddle point. In (the lower 

parts of) II there is a stable period two orbit off of /3 and in (the lower parts of) area 

III there is a stable period two orbit on l3. In area IV the equilibrium price vector p* 

is a repellor. With respect to the second bifurcation we have the following numerical 

results: for a € (0,a0) with a0 « 0.057 the period two orbit on the symmetry axis 

undergoes a pitchfork bifurcation resulting in three period two orbits, one unstable and 
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on the symmetry axis and two stable and off of the symmetry axis. For a e (a0, f ) the 

second bifurcation is a period doubling bifurcation resulting in a stable period four orbit 

in the fixed point subspace Z3. For a G (§, l] the stable period two orbit lies off of the 

symmetry axis and f2 undergoes a Hopf bifurcation. 

At the point a (a = ±) both eigenvalues are equal to - 1 : p* goes immediately from 

being an attractor to being a r^pellor. Notice that, since ß = 7 = | , for a = \ we have 

a tâtonnement process with D3 symmetry. However the case where both eigenvalues go 

through - 1 simultaneously occurs also in "proper" Z2-symmetric tâtonnement processes 

when ß ± 7 and z12 (p*) = z13 (p*). Then we have a so called codimension 2 bifurcation 

in the spa^e of Z2-symmetric tâtonnement processes. 

Now we consider one particular bifurcation scenario. Figure 2.9 shows the bifurcation 

scenario for the case with a ="l,'ß = 5,7 - \ and a = i . For \uf « 20.01 a period 

doubling bifurcation occurs resulting in a period two orbit off l3. As A increases two 

bifurcations occur: the period two orbit undergoes a Hopf bifurcation (at A « 26.23) 

resulting in an attracting invariant set consisting of two closed curves, and a saddle node 

bifurcation of f6 occurs (this happens at A « 26.88) resulting in two period 6 orbits, one 

stable and one unstable. The stable period 6 orbit undergoes a cascade of period doubling 

bifurcations resulting in a two piece strange attractor (Figure 2.9.c)). As the speed of 

adjustment A increases even more this two piece strange attractor becomes a one piece 

strange attractor (Figure 2.9.d)). Notice that if we consider the dynamical system f2 

then the Z2 symmetric two piece strange attractor of ƒ corresponds to two asymmetric, 

conjugate attractors of f2 and the change of this two piece attractor of ƒ2 into a one piece 

attractor corresponds to a symmetry increasing bifurcation. 

2.7 A price adjustment process close to one with D3 

symmetry 

Thus far we concentrated on global dynamics of symmetric tâtonnement processes. De

pending on this symmetry, different kinds of bifurcations occur. In particular a bifurcation 

from a stable steady state to six coexisting period two orbits occurs in the tâtonnement 

process with D3 symmetry. Then, as the equilibrium price vector loses stability, three 

coexisting attracting period two orbits emerge. Obviously, a price adjustment process 

with a D3 symmetry is very special. The question thus arises whether the analysis of 

a special symmetric tâtonnement process is useful in order to understand the global dy

namics of general asymmetric tâtonnement processes. In this section we show that nearby 
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Figure 2.10: a) Stable period two curves for tâtonnement process with D3 sym

metry (ay: = 1,<7 = jgg) created through symmetry breaking period doubling bifur

cation, b) Period two curves in a tâtonnement process close to D3 symmetry 

(a y = l,ai2 = 0.95, a13 = 0.9, a = ^ ) . 

asymmetric tâtonnement processes exhibit bifurcation routes to strange attractors very 

similar to the special symmetric bifurcation routes. Therefore, symmetric tâtonnement 

processes can serve as an "organizing centre" in the analysis of the global dynamics in 

general tâtonnement processes. 

We study a numerical example with the following parameter values 

A = ,o = 100' 
(2.22) 

and initial endowments as before. 

Notice that the multiplicative price adjustment process with these preferences has no 

nontrivial symmetry, but that it is close to a price adjustment process with D3 symmetry. 

The equilibrium price vector is p* = (1.0177656,1.0002052,0.9820292) and the eigen

values of the Jacobian evaluated at this equilibrium price vector are px = 1 — 0.00982501A 

and /j,2 = 1 - yijA, respectively. A period doubling bifurcation occurs at Xbif = 200 

resulting in a stable period two orbit. Only one period two orbit emerges. However as A 

increases to A3"1 « 228.2 the second iterate of the price adjustment process, f2, undergoes 
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P2 Pi 

a) ?,=259 b) J-259 

c) »-25S d) X-263 

Figure 2.11: Attractors for asymmetric tâtonnement process. a)-c) three different coex

isting attractors for A = 259. d) unique attractor for A = 265. 

a saddle node bifurcation and two period two orbits emerge, one stable and one unstable. 

As A increases even more to A8"2 « 237.0 f2 undergoes a second saddle-node bifurcation 

occurs again resulting in a stable and an unstable period two orbit. Just as in the price 

adjustment process with D3 symmetry three coexisting stable period two orbits exist. In 

this case however, these period two orbits are not created through a single bifurcation at a 

single value of the bifurcation parameter A, but through a series of bifurcations at different 

values of A. Figure 2.10 shows two bifurcation diagrams. Figure 2.10.a) shows the three 

stable period two orbits created in the symmetry breaking period doubling bifurcation for 

the tâtonnement process with D3 symmetry (a^ — l,<x — ^ ) and Figure 2.10.b) shows 

three stable period two orbits and three unstable period two orbits created in the period 
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Figure 2.12: Aggregate demand of good 1 on ^. a) Saddle-node bifurcation, b) Trans-

critical bifurcation. 

doubling and saddle-node bifurcations for the asymmetric tâtonnement process described 

above. 

Each of the three coexisting stable period two orbits undergoes a bifurcation route to 

a strange attractor, with bifurcations occurring for different values of the speed of adjust

ment A. Therefore for certain values of A there are three different coexisting attractors. 

Figure 2.11.a)-c) shows the three different coexisting attractors for A = 259. As A in

creases more the three coexisting attractors merge, just as in the symmetric case, to one 

large attractor. This attractor is shown in Figure 2.11.d) for A = 263. 

This example illustrates that the bifurcation scenario of the price adjustment process 

with a D3 symmetry might tell us something about the behaviour of a price adjustment 

process that has no nontrivial symmetry but that is close to a price adjustment process 

with D3 symmetry. 

2.8 Multiplicity of equilibria 

2.8.1 Transcritical and saddle-node bifurcations: a case study 

Up till now we have focused attention on what happens with the equilibrium price vector 

if the speed of adjustment is increased. We have seen that an attracting closed curve, a 

stable period two orbit or three coexisting stable period two orbits emerge, depending on 
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the symmetry of the economy, when the equilibrium price vector loses its stability. These 

bifurcations take place when the eigenvalues are complex conjugates and |MI,2|
 = 1> when 

they are real and min {^,p,2} = — 1 or when they are real and p,x = ß2 — — 1, respectively. 

We also argued that bifurcations where one of the eigenvalues goes through +1 do not 

occur when the speed of adjustment A increases since A cannot influence the number of 

equilibria. However, an eigenvalue can equal +1 as another parameter varies. In this 

section we will show that a saddle-node and a transcritical bifurcation occurs in our 

tâtonnement process with symmetry group Y f = D3 as a decreases. Because we cannot 

find an explicit expression for the asymmetric equilibrium price vectors in terms of a we 

present a numerical analysis. We will investigate the case with a = ^ . Our analysis is 

somewhat similar to Bala (1997) who shows that for the continuous tâtonnement process 

in a symmetric exchange economy with two commodities and CES utility functions the 

symmetric equilibrium price vector undergoes a pitchfork bifurcation for certain parameter 

values. 

The only fully symmetric equilibrium price vector is p*= (1,1,1) which is an equilib

rium for all values of a and a. The new equilibria must therefore have a smaller symmetry 

group. We will restrict attention to the set lx = {p e S3 | p2 = P3}. Using symmetry we 

find that 22 (p) = 23 (p) for p eh and from Walras' Law we find that piZi (p) = — 2p2z2 (p) 

for p eij. Hence a zero of z\ (p) with p el\ corresponds to an equilibrium price vector. 

Notice that such an equilibrium has symmetry M^2 and that therefore there have to 

be two other asymmetric equilibria related to this one by symmetry. We now have the 

possibility to study the multiplicity of equilibria (in l{) with the aid of simple diagrams 

(such a graphical analysis is always possible for a general equilibrium model with two 

commodities, see for example Bala (1997) and one of the examples in the next chapter). 

Figure 2.12 shows the function z\ (pi) = Z\ (pi, ^p*, ̂ 1 ) for er = ^ and different values 

of a. Figure 2.12.a) illustrates a subcritical saddle-node bifurcation. At asn « 0.051138 

a new equilibrium p s n « (1.7556,0.6222,0.6222) emerges. The eigenvalues at this price 

vector are /ix « 1 and fi2m 1 — 0.034A. For a > asn there are no equilibrium price vectors 

in the neighbourhood of p s n and for a < asn there are two equilibrium price vectors in 

the neighbourhood of psn. The new equilibrium price vector with zn(pi) < 0 is locally 

stable for A small enough, the new equilibrium price vector with 2n (pi) > 0 is unstable 

for all A > 0. Due to symmetry two other saddle-node bifurcations occur at asn and price 

vectors p =M3i2ps" and p =M23ipsr\ 

As a decreases further the distance between the new asymmetric equilibria in Figure 

2.12.a) increases until, at a certain value of a, one of the unstable equilibrium price 

vectors collides with the symmetric equilibrium p* and changes stability, as shown in 
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Figure 2.12.b). At p* we have ß12 = 1 + §Azu (p*). The transcritical bifurcation occurs 

when z„ (p*) = 0. This happens at atc = (^)" = (£ ) 1 0 « 0.041397. For a > atc the 

symmetric equilibrium price vector p* is locally stable for small enough A > 0. For a < atc 

the symmetric equilibrium price vector is unstable and the asymmetric equilibrium price 

vector is stable. Because of symmetry, at a = atc four equilibria collide and change 

stability. Notice that this is a straightforward application of the Equivariant Branching 

Lemma for fixed points. 

We can summarize the bifurcation scenario for an economy with T/ = D3 and a = ^ 

in the following table (keep in mind that this table only contains information about the 

equilibria that lie on the symmetry axes). 

a # equilibria (# locally stable equilibria) 

a > a3n 
1(1) 

a = asn 4(1) 

atc < a < am 7(4) 

a = atc 4(3) 

0 < a < atc 7(6) 

Here stability has to be interpreted as follows: there is a A > 0 such that for every 

A £ (Oi^) the equilibrium price vector is locally stable. Of course, as the speed of 

adjustment increases enough all equilibrium price vectors become unstable. 

Notice that the bifurcations in this subsection only depend on the aggregate demand 

functions and not on the adjustment rule. 

2.8.2 The continuous tâtonnement process 

It may be useful to compare the results of the last subsection with the continuous tâton

nement process. For continuous dynamical systems an equilibrium is locally stable if the 

real parts of the eigenvalues are negative. A bifurcation of the continuous system occurs 

when an eigenvalue crosses the imaginary axis. If the eigenvalue is real for example a 

saddle-node or a transcritical bifurcation occurs and if the eigenvalues lie on the imagi

nary axis a Hopf bifurcation occurs. The eigenvalues r]1 2 of the continuous tâtonnement 

process -£*• = Z; (p (t)) are related to the eigenvalues of our discrete tâtonnement process 

(2.7) in the following way: r\i =
 iii^-, where A is the speed of adjustment of the discrete 

tâtonnement process and /j,{ is an eigenvalue of the discrete tâtonnement process. Hence 

the saddle-node and transcritical bifurcations described above also occur in the continu

ous tâtonnement process. For an economy with rotational symmetry, Tf = {I,Mz\2\, a 
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Hopf-bifurcation occurs in the continuous tâtonnement process when zn (p*) = 0, since 

in that case both eigenvalues lie on the imaginary axis. 

These cases are similar to Scarf's well-known examples of global instability (Scarf 

(I960)). Scarf proves that for the continuous tâtonnement process with a R3 symmetry the 

equilibrium price vector is globally unstable if z n (p*) > 0. In this case the (continuous or 

discrete) tâtonnement process (which is based on the assumption that aggregate demand 

for a good falls when its price increases) moves away from the equilibrium price vector. So 

the instability in the examples of Scarf and in the cases studied in the previous subsection 

arises from the form of the aggregate excess demand functions. In the discrete case with 

"well-behaved" aggregate demand functions the continuous tâtonnement process is stable 

but the discrete tâtonnement process can be unstable due to overshooting: for A too high 

the tâtonnement process jumps too far over the equilibrium price vector. Instability in 

this case results from the specification of the adjustment rule. 

2.9 Summary and conclusions 

Price normalization plays an important role in the dynamics of the tâtonnement process. 

The tâtonnement process can be stable under one normalization rule and unstable under 

another. Furthermore, by introducing a normalization rule some information is lost. We 

have argued that for the multiplicative price adjustment process, using the simplex as a 

normalization rule is natural since the multiplicative price adjustment process leaves the 

simplex invariant. 

In studying the dynamical behaviour of our tâtonnement process we have focused on 

the cases where some nontrivial symmetry is present. We find that if the tâtonnement 

process has 

• a rotational symmetry the symmetric equilibrium loses stability through a Hopf 

bifurcation, 

• a reflectional symmetry the symmetric equilibrium loses stability through a period 

doubling bifurcation, 

• both symmetries the symmetric equilibrium price vector loses stability through a 

symmetry breaking period doubling bifurcation. 

In this last case the symmetry breaking bifurcation is followed by an infinite sequence of 

bifurcations leading to three coexisting conjugate strange attractors eventually resulting 
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in a unique strange attractor again. Eventually a symmetry increasing bifurcation oc

curs where the three conjugate attractors merge into one unique attractor, which is fully 

symmetric again. We also encountered symmetry breaking and increasing bifurcations 

when the tâtonnement process has only a cyclical or refiectional symmetry. Obviously 

the symmetry of the tâtonnement process plays an important role in the dynamics of that 

tâtonnement process. Studying symmetric tâtonnement processes has been a first step, 

and may serve as an organizing centre in understanding the possible bifurcation routes in 

the multiplicative tâtonnement process on the simplex. The example in Section 2.7 shows 

that the bifurcation scenario in a symmetric tâtonnement process can tell us something 

about the bifurcation scenario in a tâtonnement process without symmetries. 

The study of symmetric general equilibrium models has lead to another interesting 

result. It appears that the asymmetric equilibria of a general equilibrium model with a 

cyclical symmetry (like the ones that were found in Section 2.8) correspond to equilibrium 

cycles in a related overlapping generations model. This relationship is the subject of our 

next chapter. 



Chapter 3 

Perfect Foresight Cycles in OG 

Models 

3.1 The overlapping generations model 

Static general equilibrium models of the type discussed in the previous chapter are not 

particularly well suited for the analysis of dynamical issues. An alternative is the over

lapping generations model, which has become a popular tool to study issues in monetary 

economics, public finance, business cycle theory and other fields in economics. The over

lapping generations model is one of the first models in which it was shown that cyclical 

and chaotic behaviour can occur in equilibrium models with utility maximizing agents, 

market clearing in each period and agents that have perfect foresight. These perfect 

foresight cycles in overlapping generations models correspond to asymmetric equilibria 

of cyclical general equilibrium models of the type studied in the previous chapter. This 

equivalence is the subject of this chapter. But first, as a reminder, we will briefly discuss 

a simple example of an overlapping generations model with three generations.1 

In each period t a new generation of agents that live for three periods is born. For sim

plicity we assume that all members of the generation are identical and that their number 

is constant. Agents of different generations have the same preferences and endowments 

and there is only one commodity, which cannot be stored. In particular, an agent born 

in period t has initial endowment w = (w0, Wi,w2), where ws is his endowment in period 

t + s, and a lifetime utility function U (c£, c\, c'2), where és is consumption in period t + s. 

An agent born in period t faces prices pu pt+1 and p t + 2 , when "young", "middle-aged" and 

a l t h o u g h most of the applications of the overlapping generations model deal with two generations a 

number of properties only can be seen clearly in a model with at least three generations. 
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"old" respectively and maximizes his lifetime utility £/(c0,c$,4) subject to his lifetime 
budget constraint 

ptc0 +pt+ic\ + pt+2c2 < ptw0 +pt+1Wi +Pt+2W2. 

This gives demand functions 

do(Pt,Pt+i,Pt+2,w), di(pt,pt+i,pt+2,w) a,nd d2(pt,pt+1,pt+2,w). 

Notice that agents of different generations have the same demand functions but face 

different prices during their lifetime. In each period t there are a young, a middle-aged 

and an old generation alive. Equilibrium on the market for the good in period t then 

requires 

do (Pt,Pt+i,Pt+2,w) + d1 (pt-i,Pt,Pt+i,w) + d2 (pt-2,Pt-i,Pt,w) = w0 + w1 + w2. (3.1) 

An equilibrium path under perfect foresight is a price path that satisfies (3.1) for all t. 

Since only relative prices matter this equilibrium condition could also be formulated in 

terms of interest factors pt = -^- as 
r t pt+i 

do(puPt+uw)+di(pt^1,pt,w)+d2(pt_2,pt_l,w) =w0 + wl+w2. (3.2) 

Given pt, pt_x and pt_2 (3.2) determines the interest factor pt+1. We are dealing with a 

so-called temporary equilibrium model, where in each period a new price or interest factor 

emerges that clears the goods market in that period, given that past prices or interest 

factors are such that the markets cleared in previous periods. If the interest factor pt+1 

determined by condition (3.2) exists and is unique (which is not always the case) it is 

implicitly given by the temporal equilibrium map 

Pt+i = F {Pt,Pt-i,Pt-2) • (3.3) 

Often it will be difficult or impossible to find an explicit expression for F. All paths 

generated by (3.2) or (3.3) are equilibrium paths. If almost all of them are feasible, that 

is, a solution exists for all t, then we have a continuum of equilibria. The overlapping 

generations model is then called indeterminate in the sense that its equilibria are not even 

locally unique (for a comprehensive discussion of determinateness of dynamic economic 

models see Farmer (1993)). In the literature the main focus has been on stationary 

equilibrium paths. It can be easily seen that there is always a solution with a constant 

price level p (and a corresponding interest factor p* = 1). Condition (3.1) then becomes 

do (p,p,p,w) + dx (p,p,p,w) + d2 (p,p,p,w) = w0 + u>i + w2. 
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Multiplying both sides with p shows that this condition coincides with the budget con

straint for an individual agent and therefore is always satisfied. Notice that p* = 1 implies 

an interest rate of 0.2 Now we have to address the following issue. Implicit in the con

struction of the model is the assumption that agents can trade commodities with each 

other. This is not the case. Take for example the situation where an agent receives all 

of his endowment when he is young and none when he is middle-aged or old. If he has 

convex preferences he wants to trade some of his endowment when he is young for con

sumption in the later periods of his life. The only agents he could trade with are the 

presently middle-aged and old. But they have nothing to offer him, so these trades can

not take place. The young agent wants some of the good in the future from the (unborn) 

young generations of the next two periods in order to give some of his endowment to the 

present middle-aged and old in this period. Therefore there has to be some institution 

(for example money or debt) that can realize trades between agents that are not able to 

trade directly with each other. The steady state discussed above therefore is called the 

monetary steady state. Aggregate savings in the monetary steady state can be positive 

or negative. Gale (1973) calls overlapping generations models where aggregate savings 

are positive in the monetary steady state Samuelson and overlapping generations models 

where they are negative classical. There are also steady states where aggregate savings 

are 0 and trade can be executed directly between agents. These steady states are called 

balanced. For the model with two generations it is clear that the only balanced steady 

state corresponds to autarchy where each generation consumes its own endowment and no 

trade takes place.3 For overlapping generations models with more than two generations 

(or several commodities per period and different agents per generation) balanced steady 

states do in general not correspond to no-trade equilibria. As an example consider the 

following specification of the three generations model with loglinear utility functions 

C/(co,Ci,c2) = lnco + lncx +lnc 2 . 

2If we would allow the population to grow at a constant rate /3, then in this equilibrium prices would 

decrease at rate / 3 _ 1 and the steady state interest factor would be ß. The interest rate of an overlapping 

generations economy therefore only depends upon the biological growth rate and is not determined by 

economic factors, such as investment possibilities or discounting of the future by young consumers. 
3 The autarkic steady state interest factor pa is then such that it is optimal for an agent to consume 

his own endowment. It is easily seen to be 

a _ Pt _ tfl(tt>Q,tOi) 

Pt+\ U2(w0,wi)' 

where Ui (.,.) is the partial derivative of the utility function with respect to the i'th variable. 
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1 1 1 
3 
1 
3 

wo 1 fl 1 UU2 
Pt PtPt+1 . 

1 
ptw0 + Wi-\ W2 , 

Pt+1 . 

The demand functions of a generation born in period t are 

do(Pt,Pt+i,w) = 

di(Pt,Pt+i,w) = 

&2 (Pt, Pt+1: w) = - [ptPt+lW0 + Pt+\W\ + W2] , 

Condition (3.2) can then be written as4 

(2 - p t_! - Pt^Pt-z) w0 + ( 2 - p t_! ) Wi + ( 2 - — - — — ) w2 = 0. 
V Pt) \ Pt PtPt+i) 

The steady state equilibria are the solutions of a fourth order polynomial. One of the 

roots is p* = 1, which corresponds to the monetary steady state. The other steady state 

equilibria are solutions of 

Wop3 + {2w0 + wi)p2 - (wi + 2w2) p - w2 = 0. (3.4) 

It can easily be checked that (3.4) has at most one positive root. Notice that if an agent 

only has endowment when young, or only when old, a balanced steady state interest factor 

does not exist. Now we briefly consider two examples of balanced equilibria. 

First let endowments be w = (8,12,1). The unique balanced steady state then corre

sponds to pb = | . Individual excess demands are 

d o ( p 6 y , w ) -w0 = -[w0 + 2w1+4w2\- w0 = 1 2 - 8 = 4 

. / „ „ x i n . . „ l ~ -
d\ {pb, Pb, w) - w1 = -

d2 (pb, pb, w) - w2 = -

-w0 + wi + 2w2 

1 1 
- w 0 + -wi + w2 
4 2 

- w i = 6 - 1 2 = - 6 

w2 = 3 - 1 = 2 

TVade proceeds as follows: the young generation buys 4 units from the middle aged and 

pays | x 4 = 2 back when middle aged itself to the then old generation. 

4For this model the temporal equilibrium map F can be explicitly derived as 

W2 

Pt [(2 - Pt-i - Pt-iPt-i) wo + (2 " Pt-i - f, ) wi + (2-A) ï ü 2 
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As another example consider the endowment vector w = (5,0,16). The steady state 

interest factor is pb = 2. Individual excess demands are 

d0(p
b,pb,w)- -WQ = 

1 
3 

1 1 
w0 + -w\ + -7W2 — WQ = 3 — 5 = —2 

d i ( p V , w ) - - Wi = 
1 
3 

1 
2w0 + wi + - w 2 

- w i = 6 - 0 = 6 

d 2 ( p V , w ) - - w2 = "1' 4w0 + 2wi + w2] -- w2 = 12 - 16 = - 4 

The young generation trades 2 units of the commodity with the middle-aged consumer 

for 2 x 2 = 4 units in the next period. 

For both examples consumption in the monetary steady state is (eg, d[, c2) = (7,7, 7). 

It can easily be checked that for the first example aggregate savings are positive in the 

monetary steady state (the Samuelson case) and in the second example aggregate savings 

are negative in the monetary steady state (the classical case). Gale (1973) shows that for 

the Samuelson (classical) case one must have pb < p* (pb > p*). The intuition is clear: in 

order to give up saving in the Samuelson case, interest rates have to be negative and in 

order to give up borrowing in the classical case interest rates have to be positive. 

Optimality of the balanced equilibria has received a lot of attention in the literature. 

Balanced equilibria in the Samuelson case are not Pareto optimal. From the first example 

above this can be seen by letting each middle-aged agent transfer some endowment to 

the then old. Utility then increases for each generation. For the second example it is not 

possible to arrive at a Pareto improvement by letting each old agent transfer some of his 

income to the middle aged, because this makes the old agent of period 0 worse off. 

Up to now we have considered only stationary equilibrium paths. We could also have 

equilibrium paths where prices move in a cycle, for example when a price path of the 

form (... ,Po,Pi,P2,Po,Pi,P2,Po,-• •) satisfies condition (3.1) for all t. For some time it 

has been known that the overlapping generations model can exhibit these perfect foresight 

equilibrium cycles (see e.g. Benhabib and Day (1982) and Grandmont (1985)). There 

is a correspondence between these equilibrium cycles and equilibria in cyclical general 

equilibrium models. Different generations in the overlapping generations model have the 

same preferences and endowments but differ in the prices they face. Different agents in an 

exchange economy face the same prices but differ in their preferences and endowments. 

In this chapter we investigate the existence of (monetary) cycles of increasing length 

in overlapping generations models with a given number of generations, by utilizing the 

correspondence between these cycles and the equilibria in a sequence of cyclical general 

equilibrium models, with an increasing number of agents and commodities. Such a cor

respondence was, as far as we know, first mentioned in Balasko and Ghiglino (1995) for 
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the case of 2-cycles in two generations models. We study standard overlapping genera

tions models with n generations, one commodity per period and no bequest motive, while 

all generations have the same preferences and endowments. We look at cycles of length 

m> n, with the help of general equilibrium models with m goods and m agents having 

cyclically permuted preferences in only n goods (and eventually a permuted production 

structure). Symmetric and asymmetric equilibria correspond to steady states and equi

librium cycles, respectively. It seems to be impossible to extend the equivalence result to 

balanced steady states or balanced cycles in overlapping generations models. 

The rest of this chapter is organized as follows. In Section 3.2 we define the cyclical 

exchange economy and show that the asymmetric equilibria of this economy correspond 

to an equilibrium cycle in the overlapping generations model. Furthermore we show that 

this approach can be applied to two generations models to study the existence of cycles 

of any period and we show that the model can be extended in different ways. In Section 

3.3 we give some examples. The first example is a three generations model where cycles 

of different periods are shown to exist. The second example is a two generations model 

where cycles of any period can be shown to exist and the last example is a two generations 

model with capital, where also cycles of any period can be shown to exist. 

3.2 Equivalence 

3.2.1 A cyclical exchange economy 

In Chapter 2 we constructed exchange economies with three commodities and three con

sumers which had different kinds of symmetries: cyclical, reflectional or both. In this 

section we construct an exchange economy with n + 1 agents and commodities that has 

a cyclical symmetry. This construction is equivalent to the one used in Proposition 3 of 

Chapter 2. We let C/:7R"+1 —> M be a strictly quasi concave, strictly monotonie utility 

function and p = (p0, • ••,£>«) € 2R"+1 and w = (w0, ...,wn) € 7R"+1 a vector of prices and 

a vector of endowments respectively. The utility maximizing consumption bundle of an 

agent with these preferences and endowments is 

x = d (p, w) = arg max {U (x) | p • x < p • w} , (3.5) 
X6i î" + 1 

where individual excess demand is given by z (p, w) = d (p, w) - w. We want to construct 

an exchange economy that has symmetry group M (that is, the aggregate excess demand 
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functions must commute with M : Moz = zoM), where M is the permutation that shifts 

all elements of a vector one position backward and the first element to the last position:5 

M 
(yO,yi,-,Vn) • (2/l,-,2/n,3/o)- (3.6) 

The inverse M~l of this permutation shifts all elements one position forward and the 

last element to the first position; applying M n + 1 times leaves a vector invariant. M 

can be viewed as the following (n + 1) x (n + 1) matrix 

/ 0 1 0 ••• 0 \ 

0 0 1 ••• 0 

0 0 0 
1 0 0 

working on a column vector. Observe that M' = M _ 1 and Mn+l = I. 

Now we define a cyclical exchange economy with n + l agents, by constructing agents 

from the utility function U and the vector of endowments w as follows. 

Definition 3.1 Given a utility function U : iR"+1 —> IR and a vector of endowments 

w = (UJ0) ...,w„) £ 2R™+1 the corresponding cyclical exchange economy £ = {U, w,n + 1} 

is the exchange economy consisting of n+l agents where the i 'th agent has utility function 

U (M*x) and vector of endowments M~lw, i = 0,1,..., n. 

The following proposition then shows that this cyclical exchange economy has sym

metry M, as required. 

Proposition 3.1 The vector of aggregate excess demand functions z (p) = X^o-2» (P>w) 

of 8 has symmetry M, that is 

z (Mp) = Mz (p). 

Furthermore we have 

• p= (1 ,1 , . . . ,1) is an equilibrium price vector 

If p* ^ p is an equilibrium price vector then so is Mkp* for k = 1,2, ,n. 
5In the notation of Chapter 2 this permutation would be denoted M23...(„+i)i. 
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Proof. First consider the problem of maximizing U (M'x) subject to the budget 

constraint p x < p-(M~'w). This is equivalent to maximizing U (M'x) subject to 

(M'p) • M'x < (M'p) • w. The solution of this last problem satisfies M'x = d (M'p, w) so 

the utility maximizing consumption bundle for the i'th agent given prices and endowments 

is 

x* (p) = M"M (M'p, w) = arg max {U (M'x) | p • x < p- (M"V)} , (3.7) 
x£R' 

where 

4(p) = dj_i(M
ip,w) i,j = 0,1,... ,n, 

is the consumption of commodity j by agent i. The vector x (p) = YH=ox* (P) c a n ^ e 

written as 

/ d i f M - p . w ) \ 

d2 (M"p, w) 
x(p) 

By (3.7) 

( do(p,w) \ 

d\ (p, w) 

\ d„(p,w) ) 

( d„(Mp,w) \ 

do (Mp, w) 
+ ...+ 

\ 4-i(Mp,w) / 

(3.8) 

^ o ( M " p , w ) / 

Mx' (p) = Mx"'d (M'p, w) = M1 _ 'd (M'"1 (Mp), w) = x'"1 (Mp) 

that is: the demand of agent i— 1 at prices Mp equals Mx' (p). Hence, given the n+1 tuple 

of demand vectors (x° (p), x1 ( p ) , . . . , xn (p)) at p, (Mx° (p), Mx1 ( p ) , . . . , Mx" (p)) = 

(xn (Mp), x° (Mp) , . . . , x""1 (Mp)) and it follows 

z(Mp,w) = ^ z i ( M p , w ) = ^ ( x i ( M p ) - M - i w ) 
i=0 i=0 
n n 

= ^ (Mxi+1 (p) - M"'w) = M J2 z' (P.w) = Mz (P.w) 
t=0 

taking into account that £" = 1 ̂ ' w = ( E " = O WJ> E"=O wj' • • • > E"=o w j ) = E"=o M * *w 

and xn + 1 (p) = x° (p). Denote e = (1 ,1 , . . . , 1). For all j , k Zj (e) = Zk (e) while 

n n 

Zj (e) = ^2 di (e, w) - ^ Wj=0 

coincides with the budget equation for each agent. Furthermore, if p* is an equilibrium 

then by symmetry, so is Mkp* since 

z ( M V ) = Mkz (p*) = 0. 
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The equilibrium price vector p* might consist of a repetition of a shorter price vector 

with length m such that km = n + 1, where k is an integer. In this case we have 

Mm+1p* = p* and the number of asymmetric equilibria corresponding to p* then is m. 

Given that generically the number of equilibria in an exchange economy is odd (Dierker 

(1972)), this implies that for m even (odd) there must be an even (including zero) (odd) 

number of other asymmetric equilibria. In particular, if the number of commodities is odd 

and there are multiple equilibria, then there have to be at least two different asymmetric 

price vectors not related to each other by symmetry (compare the first example of Section 

3.3). 

3.2.2 An overlapping generations model 

We now present an overlapping generations model with n + 1 generations, similar to the 

model with three generations discussed in Section 3.1. Consider an overlapping genera

tions model (denoted OQ) with n + 1 generations and stationary endowments and pref

erences. Let each generation consist of a single agent. A generation born in period t has 

endowments w = (w0, wu ... ,wn) and utility function U (c') with c' = (4 , • • • , 4)> where 

4 denotes consumption in period t + s of a person born in period t. The model is specified 

by OQ = {U, w,n + 1} . A generation born in period t faces prices p ' = {pt,... ,pt+n) and 

maximizes U (c*) subject to his budget constraint p ' • ë< p ' • w. This gives a vector of 

demand functions 

c f = d ( p t , w ) , (3.9) 

4 = d s(P*>w) ' s = 0,l,...,n. 

In every period total demands of all living generations have to equal total endowments 

of all living generations. This gives the following set of equilibrium conditions (compare 

(3.1)) 

j2 é-s = Y.d° (p(~s>w) = E w' Vi- (3-10) 

s=0 s=0 s=0 

A price path p°° = (... ,P-i,Po,PuP2, • • • ) is an equilibrium path under perfect fore

sight if it satisfies conditions (3.10). 
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Consider equilibrium cycles of period n+1, that is price paths that repeat after n+1 pe

riods: p°° = (... ,Po,Pu--- ,Pn,P0,Pl,--. ,Pn,P0,---)- Forp = p° = (po,Pl,--- ,Pn-l,Pn) 
we have p ' = M'p, hence (3.10) becomes 

n n n 

Y/c
t-s = J2ds(M

t-sp,w)=J2^s i = 0 , l , . . . , n . (3.11) 
s=0 s=0 s=0 

We denote by OQ (n + 1) the model OQ with equilibrium conditions (3.11). 

3.2.3 Equivalence of cycles and asymmetric equilibria 

In this section we will show that there is a one-to-one correspondence between the equi

librium cycles of the overlapping generations model and (asymmetric) equilibria of the 

cyclical exchange economy defined above. 

Theorem 3.1 OQ (n + 1) has equilibrium cycle p* if and only if the cyclical exchange 

economy £ has equilibrium price vector p*. 

Proof. Using M = M~n, M2 = M 1 _ n etc. we can rewrite (3.8) as 

x(p) = 

/ do(p,w) + d1(M~1p,w) + ... + dn{M~np,w) \ 

do (M~np, w) + dx (p, w) + ... + dn {Ml~np, w) 

V d0(M-1p,w)+d1(M-2p,w) + ... + dn(p,w) / 

From this it follows that an equilibrium price vector p* of £ has to satisfy 

£ d i ( A f ' - y , w ) = £ « ; < , j = 0,l,...,n. (3.12) 
i=0 i=0 

By (3.11) the equilibrium conditions in OQ (n + 1) are 

n n 

YJds(M
t-sp*,w)=Y,w°' i = 0,l,...,n. (3.13) 

S=0 3=0 

Conditions (3.12) and (3.13) are exactly the same. So the existence of an equilibrium 

cycle p* in OQ (n+1) is equivalent with the existence of an equilibrium price vector p* 

in 5. • 

By Proposition 3.1, p = (1 ,1 , . . . , 1) is an equilibrium price in £, hence by Theorem 3.1 

it is an equilibrium in ÖQ (n + 1), the existence of which is well known and easily proved 
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directly from (3.10) or (3.11). The corresponding equilibrium allocation in ÖQ (n + 1) is 

usually called the monetary steady state. 

Theorem 3.1 also says that if £ has an asymmetric equilibrium p, then ÖQ (n + 1) has 

equilibrium cycle p. Its period is equal to m (with n + 1 = km, where k is an integer), if 

p is a repetition of k identical m-cycles. Theorem 3.1 therefore only identifies cycles with 

a period which is equal to ^±1 times the number of generations in ÖQ. 

An extension to cycles with a period different from n + 1, possibly consisting of sub-

cycles, is however straightforward. Let 

U (Co, Ci, . . . , Cn, Cn+i, ... , <V) = U (c0, . . . , Cn) , 

and 

w = (w0,... , wn, 0, . . . , 0), 

then £ (n' + 1) = { U, w, n + 1, n' + 1 > is again a cyclical exchange economy. A consumer 

in £ (n' + 1) only consumes and owns the first n + 1 commodities (in the order in which 

they appear in his own utility function). 

Proposition 3.2 ÖQ (n + 1) has equilibrium cycle p* of length n' + 1 if and only if 

£ (n' + 1) has an asymmetric equilibrium price vector. 

Proof. Demands for agent 0 are 

dj{qo,qi... ,<2W',w) = 
dj{qo, ••• ,fc,w) j -0,1,.,. ,n 

0 j = n + l,.".'. ,n' ' 

where q GJR™'+1 is a price vector. Agent i in £ (n' + 1) then has demand function 

dj (p,w) = dj-i ( A ^ P . W ) , 

where M is a permutation matrix of order n' + 1. In OQ it can be assumed without loss 

of generality, that every agent lives for n' + 1 periods, but consumes and owns resources 

only in the first n + 1 periods of his life. The demand functions of an agent born in period 

t are 

•> , ~ ( ds{pt,... ,pt+„,w) s = 0 , l , . . . , n 
ds{pt,... ,Pt+„',w) = i 

0 s = n+ 1 , . . . ,n 

In every period there are n' + 1 different generations, but only n + 1 of these contribute to 

the economy in the sense that they may have a nonzero excess demand for consumption. 
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Equilibrium cycles with period n' + 1 must satisfy (3.10) but with t = 0 , 1 , . . . , n', since 

they repeat after n' + 1 periods. Denote by ÖQ (n' + 1) = < U, w, n + 1, n' + 1 [ the 

overlapping generations model with equilibrium cycles specified by 

n' n' 

^d s(M s- sp,w) =Y,ß°> t = 0,l,...,n'. 
3=0 3=0 

Note that ÖQ (n + 1) and ÖQ (n' + 1) are special cases of ÖQ and that these three models 

are not qualitatively different, since equilibrium cycles in all three satisfy (3.10). By 

Theorem 3.1, p is an equilibrium cycle in ÖQ (n' + 1) if and only if p is an equilibrium in 

£ (n' + 1) .Now assume £ (n' + 1) has an asymmetric equilibrium. We consider two cases. 

If this asymmetric equilibrium price vector does not consist of a repetition of a shorter 

price vector, by Theorem 3.1, ÖQ (n' + 1) has a n ' + l cycle. Therefore also ÖQ has a 

n' + 1 cycle. If, on the other hand, the asymmetric equilibrium price vector consists of 

a repetition of subvectors of length m, where m < n + 1 we find that ÖQ (n' + 1) and 

therefore also ÖQ have a m-cycle. • 

By looking at a series of exchange economies £ (n' + 1) we can try to find equilibrium 

cycles of any period of the overlapping generations model. Notice that it is not the number 

of generations of the overlapping generations model, but the length of the equilibrium cycle 

that determines the number of agents and commodities in the exchange economy we need 

to study. If, for example, an overlapping generations model has two coexisting equilibrium 

cycles of different length, then these equilibrium cycles correspond to the asymmetric 

equilibria of two different cyclical exchange economies, £ (n' + 1) and £ (n" + 1). 

3.2.4 A special case: the two generations overlapping genera

tions model and Sarkovskii's theorem 

We want to spend some extra space on the overlapping generations model with two gen

erations. The equilibrium condition for this overlapping generations model is 

(do{pt,Pt+uw) - wo) + (di(p(_i,P(,w) - wi) = 0 , 

which can be written as a dynamical system implicitly as 

Z0(pt) = -Z1{Pt_1) (3.14) 

where pf = -^- is the interest factor in period t. As was discussed in Section 3.1, this 

dynamical system has generically two steady states, the monetary steady state p* = 1 and 
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the autarkic steady state pa for which we have Z0 (p°) = Zi (pa) = 0 and which does not 

correspond to an equilibrium in an exchange economy. We can distinguish two cases: the 

classical case where pa > p* and where in the monetary equilibrium people borrow when 

they are young and pay back when they are old and the Samuelson case where pa < p* 

and where in the monetary equilibrium people save when they are young and dissave 

when they are old. It is well-known that the autarkic steady state is unstable in the 

classical case and locally stable in the Samuelson case.6 For the overlapping generations 

model with two generations we can use our methods in a special way. This is due to the 

following well-known result from the theory on nonlinear dynamical systems (Devaney 

(1989), p.62) 

Theorem 3.2 (Sarkovskii's Theorem) Consider the following ordering of all positive 

integers: 

3y5y7y .... y 2 • 3 y 2 • 5 y 2-7 y ... y 2k -3 y 2k-5 y 2k-7 y .... >- 22 y 2 y 1 

If ƒ is a continuous map of an interval into itself with a periodic point of period p and 

py q in this ordering, then ƒ has a periodic point of period q. 

From this theorem it follows that if the overlapping generations model with two gen

erations can be described as a continuous map that maps an interval into itself and that if 

this overlapping generations model has a period three cycle, it has cycles of every period. 

Proposition 3.3 The overlapping generations model with two generations can be repre

sented by a uniquely defined, continuous function f : I —* I, if 

• pa > 1 and Z'0 (p) ± 0, for all p €"I = [0, pa] or 

• pa < 1 and Z[ (p) ^ 0 for all p e I = [0,p], where p <E (pa, 1] is the largest interest 

factor for which 

Z0(p) = -Z1(p) 

has a solution in (pa, 1). 
6That this is so can be easily seen by differentiating the budget restriction of the consumer at pa to 

obtain 

Zt,(pa) p' 
Then linearizing (3.14) around the autarkic steady state gives 

^-p) = -^)(Pt-i-p)=Pa(P^-P)-
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Furthermore, if the overlapping generations model has a monetary cycle of period three, 

it has monetary cycles of any period. 

Proof. Z\ (p) and Z0 (p) are continuously differentiable by the assumptions on the 

utility functions. First consider the classical case where pa > 1. Since pa is the only 

solution to ZQ (pa) + Z\ (p) = 0 we know that if a function of the overlapping generations 

model exists, it maps [0, pa] into [0, pa]. Furthermore, if Z'Q (p) ^ 0 on [0, pa] then we can 

invert (3.14) and write 

Pt = zöl {-Zi (Pt-i)) = ƒ {Pt-i) • 

Now consider the Samuelson case where pP < 1. In this case we have to study the backward 

dynamics. Clearly this backward dynamic map g maps [0, p] into [0, p]. Furthermore, since 

the global inverse of Zx (p) exists, we have 

Pt-i = Zf1 (~Zo (Pt)) = 9 (Pt) 

which is continuous. This completes the first statement. Application of Sarkovskii's 

theorem then gives the last part. • 

This proposition also implies that if the overlapping generations model with two gen

erations has a three cycle we can construct a series of exchange economies £ (n' + 1), 

having multiple equilibria for any n' > 1. 

3.2.5 Extensions 

We have considered, except for the number of generations, the most basic overlapping 

generations model with only one commodity, one agent per generation and a constant 

population. The model can be extended to allow for more commodities and more agents 

per generations and for a growing population. This section briefly deals with these exten

sions. 

More goods or more consumers 

The case with m goods, but with a single consumer in each period, is straightforward. 

The previous analysis can be repeated, but with x = (x0,Xi,... ,xn) replaced by x = 

(xo,Xi,... ,x„), with x5 = (x„i,a;32,. • • ,xsm); similarly for prices p and resources w. 

The transformation M now works on vectors: M(x 0 , x i , . . . ,xn) = (x!,x2 , . . . ,xn,Xo). 
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Prom the utility function U (x£, x',.'..-, x£) and the resource vector w, (n + 1) xm demand 

functions are derived (compare (3.5)) 

x,j = dsj (p, w) , s = 0 , 1 , . . . ,n, J = 1,2, . . . , m . (3.15) 

CÇ now is an overlapping generations economy with m goods in each period. The equi

librium conditions (3.11) for a cycle of period n + 1 are replaced by 

n n n 

^ c t
s - s = ^ d s ( M t - s p , w ) = ^ w S ) t - 0 , l , . . . , n . (3.16) 

3=0 s=0 s=0 

The agents of the corresponding symmetric exchange economy £ (n + 1) are specified 

by C/(M'x) and M"*w (z = 0 ,1 , . . .n) (compare Definition 3.1). Theorem 3.1 remains 

valid: in the proof scalar functions ds are replaced by vector functions ds. 

Note that in this case there exists p= (p1,... , pm) ,such that p° = (p, p , . . . , p) is an 

equilibrium of the exchange economy. Maximize U (x) under the constraint ^™=o x ' — 

^" = 0 w* = W. Since the constraint set is convex and compact, a solution x* exists. 

Substitution of the constraint for x° in U gives 

V ( x \ x 2 , . . . , x " ) = f / ( W - x 1 - x 2 x " ' , x \ . . . , x " ) . 

Differentiating in x* gives the first order conditions 

dV dU dU n . ' n , -, o 
^ F = - ^ + R = 0' î = l , 2 , . . , m , f c = l , 2 , . . . , n . 

Set ft = dU/dx°, then x* = d (p, p , . . . , p) maximizes U under p • {YZ=o x* _ S"=o w ' ) -

0, which implies x* is an equilibrium at p° = (p ,p , . . . ,p): it represents the "monetary" 

steady state in this economy. 

With I consumers h = 1,2,... ,I, in each period and a single good, we must have 

I utility functions Uh (xh) and / resource vectors wh = (WQ, W\, ... ,w%) giving n + 1 

demand functions for each agent h, giving, instead of (3.15) 

xh
s = dh

s (p,wh), s = 0 , l , . , . ,n, /i = l , 2 , . . . ,1, 

OQ = {Uh, wh, n + l} is now an economy with I consumers in each period. An equilibrium 

cycle of period n + 1 is a solution of (instead of (3.10)) 

É E ^~S = É È d° ( M ^ P ' w " ) = É Ê w" ' * = 0 , 1 , . . . n. (3.17) 
fe=l s=0 h=l s=0 h=l s=0 
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The corresponding cyclical exchange economy £ (Uh, wh, n + l) , has I x (n + 1) con

sumers with utilities Uh (M'x) and resources M_iwft. It is equivalent to the Co—model 

by Theorem 1: in the proof the individual demands ds have to be replaced by aggregate 

demands J2h=i ^l an<^ ws IS replaced by 5Zh=1 wj. Again p = e is an equilibrium price 

vector: (3.17) coincides with the sum of all budget equations. 

For a model with m goods and I consumers we get similar results. 

Growth 

We study the model OÇ (n + l,ß) which is the model ÖQ (n + 1) of Section 3.2.2, with 

a single good in each period, a lifetime resource vector w and with the utility function 

U (x) for all agents of all generations, but with a growing population: normalizing the 

number of agents born in t = 0 at 1, ß* (t € (-co, oo)) are born in t, ß being the rate of 

population growth. 

It is well known that with population growth at a rate ß the monetary steady state 

of ÖQ (n + 1) is replaced by a growth path with identical consumption of all generations, 

but with prices decreasing at the rate ß ' 1 , where Samuelson (1958) called the rate ß — 1 

the biological interest rate. 

The equilibrium condition (3.10) for period t is replaced by 

£ ; /rvs-< = J2 ß~Sds a*-., w) = J2 P~°W°- (3-18) 

p = (l,/? -1,/? -2,/? -3,....) is always a solution, since for every t condition (3.18) then 

reduces to the budget equation of the individual agent. This price sequence corresponds 

to the monetary steady state p = -^- = ß . Cycles are also possible. A cycle then has 

the following structure (... , ßn+1p0, ßn+lPi,..., ßn+1pn, Po, • • • , Pn, ß~n~lPo,...). Prices 

decrease along the cycle but interest factors pt = -^- move within a cycle. In fact, we 

havenr=oft = /^+1-
Now we construct n + 1 utility functions and vectors of endowments in the following 

way: Vt (x) = U (M^x) and w; = M^'w, and Np = (M^1)' where Mp and Np are the 

following (n + 1) x (n+1) matrices 
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Ma = 

( 0 0 

ß o 
o ß 

o /rn \ 
o o 
o o ,Nß 

/ o o • 
/r1 o • 
o /r1 • 

o /3" \ 
o o 
o o 

\o o ß o J \ o o • • • / r 1 o / 

Notice that M£+1 = ƒ and JVp = (Mp1)' = Mi . The demand functions are 

(3.19) 

Xi = M^ id(Ar
/jp,w), 

and the aggregate excess demand functions become 

n n 

z (p) = £ Mj'd (JVJp, w) - E M ^ w ' 
i = 0 

We have 

*(p) 

( d0 (p, w) + ß-% (Npp, w) + ... + /3""dn (7V£p, w) - Er=o /?' 
/34 (A^nP, w) + di (p, w) + ... + ßl~ndn {N^p, w) - £?=o Z?1-^, 

n /gl—i 

V /3"do(iV/3P,w)+/3"-1d1(^p,w)+... + dn(p,w)-Er=o/3n"1^ / 
(3.20) 

Multiplying the j ' t h element of z (p) by ß~j (where j = 0 , 1 , . . . ,n) gives the following 

n + 1 equilibrium conditions 

^ ^ « ' p , w ) = ^ i = 0,..,n + l. (3.21) 
i=0 t = 0 

Conditions (3.18) can be written in exactly the same way. The price vector p = (l, ß~ , ß~ ,..., ß~ 

is always an equilibrium vector. Furthermore, from conditions (3.20) it follows that if p* 

is an equilibrium, then so is iV|p*, for k = 1 , ...,n. (Notice that Npp = p.) Hence, if p* = 

(Po,Pi,--- ,Pn) is an asymmetric equilibrium, then this exchange economy has n other 

asymmetric equilibria, namely, (ßn+1p„,Po, • • • ,Pn-i), (ßn+1Pn-i, ßn+ Pn,Po, • • • ,Pn-2) , • • • , 

(ßn+lpu...,ß
n+l

Pn,p0). 
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3.3 Examples 

We will now illustrate the results obtained from the previous section by a set of examples. 

3.3.1 A three generations overlapping generations model with 

CES utility functions 

As a first example we study the occurrence of cycles in the overlapping generations model 

with three generations. A consumer born in period t has the CES utility function 

U{ct,Ct+1,ct+2) = (c°t + alC
9
t+l + a2c

e
t+2y - oo < 9 < l,aua2 > 0, (3.22) 

and a vector of endowments w = (1,0,0). The individual demand functions are 

do(pt,Pt+i,Pt+2) = -jr^ -pi 
pr + oclp^ + alp]-^ 

d2(pt,pt+1,Pt+2) = t a
 a]vf;2—p-, 

where a = ^ is the elasticity of substitution. Recall that the corresponding cyclical 

exchange economy was also studied in Section 2.8 of Chapter 2. There we took a = ^ and 

Qi = a2 = a and studied the emergence of asymmetric equilibria as a decreased. It was 

found there that asymmetric equilibria appeared at about a « 0.051138. Notice however 

that this exchange economy has two symmetries: a cyclical and a reflectional one. Here 

we want to study the occurrence of asymmetric equilibria when the exchange economy has 

only a cyclical symmetry. Therefore we take ax = i and a2 = i and study the emergence 

of asymmetric equilibria as the elasticity of substitution decreases. This emergence of 

asymmetric equilibria occurs at a" « 0.131 (or 0* « -6.634). For a > a* the symmetric 

equilibrium is unique but for a < a* there are 7 different equilibrium price vectors. 

One of them is the symmetric equilibrium price vector, three of them correspond to one 

asymmetric equilibrium price vector and its permutations and three of them correspond 

to another asymmetric equilibrium price vector and its permutations. For example for 
a = w (or e = -9) t h e equilibria are p = (1,1,1), p1 « (2.2637,0.4121,0.3242) and 

its permutations and p2 « (2.2637,0.4121,0.3242) and its permutations. This means 

that for a = i OC has two 3-cycles in interest factors: p1 « (5.493,1.271,0.143) and 

p 2 « (1.565,1.261,0.507). 
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We also study the occurrence of equilibrium cycles of period 2 and period 4 in the 

overlapping generations model ÖQ (4). Let 

V{xo,xux2,x3) = (xe
0 + a1x

e
1+a2x

e
2)

i , w = (1,0,0,0), (3.24) 

and construct the other three agents by permutation. Again consider cti = ^ and ai = ^ . 

The symmetric equilibrium is unique for a > <7° « 0.374. At <r° two new equilibria emerge 

of the form p* = (p,q,p,q). Notice that such equilibria are not symmetric with respect 

to M, but they are symmetric with respect to M2 (which is also a symmetry of £ (4)), 

since M2p* = p*, p* corresponds to a cycle of period 2 in ÖQ. As the elasticity of 

substitution decreases, 4 new equilibria of the form (p, q, r, s) emerge. These correspond 

to an equilibrium cycle of period 4 in ÖQ. This happens at er1 « 0.190. 

3.3.2 A two generations overlapping generations model with 

CARA utility functions 

Let an agent born in period t maximize the following CARA utility function7 

U (x0, an) = -e-X0 - e~ßxi 0 < ß < 1, (3.25) 

where ß is the coefficient of absolute risk aversion of the old generation. Furthermore we 

take WQ = W\ = 1. The demand functions of the corresponding (unpermuted) agent in 

the exchange economy are 

*(P».Pi.w) = ^ ^ - 4 (P«,ft,w) = ^ ^ . (3.26) 

To study the existence of a 2-cycle we consider the corresponding economy £. The 

excess demand function of the first commodity with commodity 2 as a numeraire equals 

c <i\ *(\•• U / / i A ß(p+l)-lnßp , l + P + ln/3i zo (p, 1) = rfo (P, 1, w) + di (l,p,w) -w0-w1 = 1 + j — 2. 

Notice that limp_o ZQ (p, 1) > 0 and lim^oo z0 (p, 1) < 0 and that z0 (p, 1) is continuous. 

This implies that if the excess demand function is upward sloping at the symmetric 
7This is the sum of two so called Constant Absolute Risk Aversion utility functions: for U (c) = -e~ac 

the coefficient of absolute risk aversion — J j V is equal to a and hence constant. Notice that this utility 

function is not homothetic. 
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equilibrium p* = 1, there have to be at least two other equilibria. The slope of the excess 

demand function is 

dz0 (p, 1) _ ( / ? - l ) l n / ? - ( / 3 2 + 3) 
dp 

So at ß* « 0.04337 two new equilibria emerge.8 The two asymmetric equilibria correspond 

to a 2-cycle in ÖQ. For example: for ß — ̂  we have the asymmetric equilibrium price 

vector p* = (1.3442,0.6558), so ÖQ has a 2-cycle in interest factors: p* = (2.0497,0.4879). 

Hence the overlapping generations model undergoes a period doubling bifurcation at 

ß = ß*. We can also look for 4-cycles in ÖQ by studying £ (4). For ß e (O, ß°) there are, 

besides the symmetric equilibrium and the two other asymmetric equilibria, four asym

metric equilibria of the form p = (p,q,r,s). These equilibrium price vectors correspond 

to a 4-cycle in the overlapping generations model. So at ß° a second period doubling bi

furcation occurs. Using the LOCBIF program (Khibnik, Kuznetsov, Levitin and Nikolaev 

(1992)) we constructed Figure 3.1 for £ (4) 

Figure 3.1 shows what happens as ß decreases: the cyclical exchange economy goes 

from a unique equilibrium to three equilibria to seven equilibria. The overlapping gener

ations model with two generations therefore undergoes two period doubling bifurcations. 

Equilibrium cycles with period three also occur. Let 

W{x0,x1,x2) = -e-x°-e-ßx\ w 1 =( l , l , 0 ) 

and construct the other 2 agents by permutation. S (3) has asymmetric equilibria for 

ß < ßc « 0.01013. Hence ÖQ with two generations and CARA utility functions has a 

3-cycle for ß < ßc. Furthermore, it is easily established that the conditions of Proposition 

3.3 are satisfied so we immediately find 

Proposition 3.4 The overlapping generations model with two generations and CARA 

utility functions has equilibrium cycles of any period, for ß < ßc. Furthermore, if we 

construct a cyclical exchange economy with n' + 1 commodities and n' + 1 agents by 

expanding and permuting the CARA utility functions and vector of endowments, with 

ß < ßc, then this exchange economy has multiple equilibria for all n' > 1. 
8 We would also have found these two extra equilibria if we would have replaced the CARA utility 

functions (3.25) by CES utility functions. This is similar to the result by Bala (1997) who finds for a 

cyclical exchange economy with two agents and CES utility functions that two extra asymmetric equi

libria might emerge. These equilibria correspond to a period two cycle in the corresponding overlapping 

generations model. The approach by Bala differs from ours in that he does not seem to be aware of this 

correspondence and the fact that he is mainly interested in the dynamics of the continuous tâtonnement 

adjustment process, ^ = zo (p, !)• 
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Figure 3.1: Equilibria in the cyclical exchange economy with four commodities and CARA 

utility functions as a function of /3. 

The results obtained in our example correspond to the example in Grandmont (1985). 

The utility function he uses in his example is (see Grandmont (1985), p. 1029) 

U(x0,xi) = 2^/xô + • 

Here a is the constant relative rate of risk aversion (which is —x\U"/U') of the old 

generation. Grandmont shows that, as this relative rate of risk aversion increases to a 

certain point there is coexistence of equilibrium cycles of any period. This is due to a 

conflict between the income and substitution effects of a change in the inflation rate. This 

conflict may make the savings function of the young generation nonmonotonic, introducing 

the possibility of cycles. In our model the old generation has a very low absolute rate of 

risk aversion. This is equivalent with a high absolute rate of risk aversion of the young 

generation. (That this is so can easily be seen by multiplying the CARA utility function 

(3.25) by e?, which does not change the preferences of the agents.) Coupling this with 

the fact that we are in the classical situation, where income is transferred from old to 

young agents, whereas Grandmont considers the Samuelson situation where the opposite 

occurs, leads to the result that the savings function of the old agents in our model may 

be nonmonotonic. Therefore our model is just the opposite of the Grandmont model. 
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3.3.3 An example with two generations and capital 

Our results can also be applied to overlapping generations models with capital of the 

type studied by e.g. Reichlin (1986). An extension of Theorem 3.1 to these models with 

capital is straightforward. In this section we will give an example of such an overlapping 

generations model with capital that exhibits cycles of any period. 

The commodity produced each period can be used for consumption and investment. 

The production technology is 

yt = f{h-i,lt) + (l-S)kt_1 (3.27) 

where ƒ(.,.) gives net production and (1 - 6) h-i gives the remaining capital stock after 

depreciation. Of course this setup requires that we have kt > (1 - 6) fct_i for all t. We 

assume that ƒ exhibits constant returns to scale with respect to capital and labour. 

Furthermore we assume labour is inelastically supplied and equal to 1. Profit for the firm 

in period t is then given by 

PtVt - Pt-ikt-i -qth 

where qt is the nominal wage rate. Capital demand follows from the first order condition 

df{tlA) + (! - 5) = %* = A-* =* fc- = ^ U - i ) > (3-28) 

production then equals 

Vt (Pt-i) = ƒ (h-i (Pt-i) , 1) + (1 - S) h-i (Pt-i) , (3.29) 

and due to constant returns to scale the real wage income is 

w (Pt-i) = y (ft-i) - Pt-ik (Pt-i) • 

The consumers are assumed to have one unit of labour when they are old and no units of 

labour when they are young. They therefore solve the following problem 

maxC/(co,Ci) s.t. ptco +pt+1ct+l < qt+1. (3.30) 

This gives consumption demand functions CQ (pt) and cj (pt). The equilibrium condition 
for period t then is 

co (Pt) + ci (ft_i) + h (pt) = yt (ft.j) , (3.31) 

which is an implicitly defined one-dimensional map pt = F (p t_x). If we can establish 

that this map has a period three cycle then it has cycles of all periods. 
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We study the following specification 

/ te-i . jo = (*T_I+J?)' + ( I - «5) ^ - 1 . 
C/(co,Cl) = c?c}-a. 

C/(co jCl)=c«cl-a. 

To investigate the possibility of cycles we study the corresponding general equilibrium 

model. This general equilibrium model has two firms and two consumers. Firm i pro

duces good i using labour of consumer j and capital consisting of good j , i =/= j , i,j = 0,1. 

We study the case with 6 = -k and a = ^ . The 2 x 2 general equilibrium model has 

multiple equilibria for a < a* « —24.19, so at a* « —24.19 the overlapping generations 

model undergoes a period doubling bifurcation. For example, for a = —25 we have 

the following asymmetric equilibrium p* = (1.0173138,0.9826862) which corresponds 

to the following two-cycle in interest factors p*= (0.9659617,1.0352377). We also can 

study the extended model where there are three consumers and three firms. In that 

case asymmetric equilibria appear at ac « —44.22. For example for a = —45 we have 

p* « (1.0921670,0.9037847,1.0040483) corresponding to a three cycle in interest factors 

p* « (1.2084371,0.9001407,0.9193176). Therefore, given the continuity of the system, we 

can apply Sarkovskii's theorem and find cycles of any period for a < ac. For example, 

for a = -35 we have a four cycle p* « (1.0335635,0.9792206, 1.0494497, 0.9377662) or 

equivalents p* «(1.0554961, 0.9330801, 1.1190952, 0.9073136). Notice that for very low 

values of the elasticity of substitution the CES production function is in some sense close 

to the Leontief production function, which is the limit case for a —• — oo. In this limit 

case also 3—cycles appear. 

Note that the present example corresponds to the classical case for the overlapping 

generations model, because wage income is obtained in the second period. The three 

commodities general equilibrium model, corresponding to labour supplied in the first 

period, gives similar results, including asymmetric equilibrium price vectors. But the 

difference equation of the overlapping generations model for that case is two dimensional, 

hence Sarkovskii's theorem cannot be applied. However, de Vilder (1995,1996) has shown 

that chaotic dynamics can occur in this two-dimensional version of the model, when there 

is a Leontief production technology and the utility functions are of the constant relative 

risk aversion type, similar to the ones studied by Grandmont (1985). 
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Chapter 4 

Learning in OG Models 

4.1 Perfect foresight versus learning 

In Chapter 3 we analyzed a number of examples of perfect foresight cycles in overlapping 

generations models. An important feature of these perfect foresight cycles is that they 

are equilibrium phenomena: markets clear in every period, agents maximize their utility 

given their perceived budget constraints and these perceptions are correct in the sense 

that agents' expectations with regard to prices equal the realized values of these prices. 

Especially the assumption of perfect foresight may not be so innocuous as it seems at first 

sight. It implies that agents have a correctly specified model of the economy and are able 

to compute correct expectations using this model. To see that it really requires unbounded 

rationality note that an agent with perfect foresight has to know, among other things, 

the expectations held by all other agents. Recently the shortcomings of the perfect fore

sight or rational expectations approach have led an increasing number of people to study 

models of learning (for nice reviews on bounded rationality see Sargent (1993,1998)). The 

overlapping generations model with two generations has played a prominent role in this 

recent literature. There seem to be two reasons for this. First, the overlapping genera

tions model provides a tractable dynamic general equilibrium model in which all agents 

are utility maximizers (or, given their perceptions, believe they are) and markets clear 

in every period. Therefore it has become a modelling tool often utilized by proponents 

of the rational expectations approach, especially when it comes to problems in the field 

of monetary economics. Secondly, under rational expectations or perfect foresight the 

overlapping generations model features indeterminacy: there is a continuum of perfect 

foresight orbits, of which all but one have the unsatisfactory characteristic that they con-
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verge to the autarkic steady state in which money has no value.1 Indeed, some of the 

first models of learning in overlapping generations models were developed to provide a 

selection device in picking the "most likely" of the different perfect foresight paths. 

In this chapter we will study a number of learning models in a standard version of the 

overlapping generations model. Our main focus is not on learning as a selection device 

but on the dynamics of different learning models itself. We belief the analysis of learning 

dynamics is an important subject since it may provide us with a better description of 

human behaviour than the rational expectations hypothesis does and it may account 

for some of the dynamical phenomena observed in reality. The actual dynamics of our 

model are given by a complicated nonlinear map. It is assumed that the agents do not 

know this complicated map but that they believe that the dynamics evolves according to 

some simple linear relationship. They estimate this relationship by using a least squares 

algorithm. The estimated model then provides agents' expectations about some variable, 

for example inflation rates. Since the actual realizations of this variable depend upon this 

expectation, the learning feeds back into the actual dynamics. These realizations of the 

variable again lead to an update of the estimated relationship. In this way a closed model 

of actual dynamics and learning dynamics arises. An important aspect of this model, in 

which it differs from most of the existing literature on learning in economic models, is the 

structural misperception of agents. The model they have of the economy is mis-specified. 

We believe that this is the most sensible approach to learning in economic models. The 

perceptions of an agent have to be much simpler than the unknown economic model itself 

which, among other things, depends upon the perception of this agent and the perceptions 

of all other agents in the economy and therefore will be very complicated. Agents will in 

general use simple "rules of thumb" to make predictions. 

We investigate some different types of perceived laws of motion in this chapter. We 

find that different types of beliefs may lead to different stability properties of the actual 

dynamics and in fact various dynamical phenomena, such as the existence of periodic 

cycles, quasi periodic orbits and strange attractors, might occur. Furthermore it is im

portant whether the perceived law of motion is put in terms of price levels or in terms 

of inflation rates, in particular when there is a positive net inflation rate in equilibrium. 

Clearly the number of possible perceived laws of motion is unbounded. We hope to pro-

'This is true, provided that we are in the Samuelson case. For the classical case almost all perfect 

foresight paths tend to the monetary steady state. This classical monetary steady state, however, cannot 

be supported by money and therefore is seen as less important in macroeconomic analysis. Notice that 

these results refer to the overlapping generations model with two generations and one commodity per 

period. For an analysis of indeterminacy in more general overlapping generations model see Kehoe and 

Levine (1985). 
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vide more insight into this "wilderness of bounded rationality" by studying which of these 

perceived laws of motion are, in some sense, reasonable. 

Our work is related to that of Hommes and Sorger (1998). They introduce the notion 

of consistent expectations equilibria. In their model agents use simple linear expectation 

rules in a nonlinear environment. A consistent expectations equilibrium then emerges 

when there are no structural errors in the forecasts agents make given their expectations 

function and the actual dynamics implied by this expectations function (that is, sample 

averages and sample autocorrelations are equal for the perceived and the actual models). 

In such an equilibrium agents cannot improve upon their forecasts in a linear statistical 

sense. Other related work can be found in the literature on learning in temporal equi

librium dynamics (Böhm and Wenzelburger (1999), Chatterji (1995), Duffy (1994) and 

Lettau and Van Zandt (1995)) and in the literature on least squares learning in macroeco-

nomic models (Bray (1982), Bray and Savin (1986) and Marcet and Sargent (1989a,b)). A 

number of contributions has focused on the possibility of nonconvergence of least squares 

learning or other learning algorithms in temporal equilibrium dynamics (Benassy and 

Blad (1989), Bullard (1994), Grandmont and Laroque (1991) and Schönhofer (1996)). 

Our approach falls within this strand of the literature. Although a popular way to model 

learning, the least squares learning approach is not the only learning model. For example, 

there has been a growing interest in the genetic algorithm as a learning model. Applica

tions of the genetic algorithm to overlapping generation models can be found in Arifovic 

(1995,1996) and Bullard and Duffy (1998,1999). 

This chapter is organized as follows. Section 4.2 introduces the overlapping gener

ations model we study in this chapter and briefly discusses stability properties of the 

perfect foresight paths. This model is taken from Bullard (1994) (and is also studied by 

Schönhofer (1996)). In Section 4.3 several forms of expectation formation are discussed. 

These are static in the sense that they are invariant over time and are not updated as 

new information becomes available. In Section 4.4 we study the least squares learning 

algorithm as put forth by Bullard (1994) and give a critical assessment of his results. We 

also present a learning algorithm on inflation rates, closely related to his, with signifi

cantly different stability properties. In Section 4.5 and 4.6 we present learning algorithm 

on perceived laws of motions that only involve inflation rates and not price levels. We 

show, mainly by numerical investigation, that complicated dynamical phenomena might 

occur, although the learning dynamics converges. Section 4.7 summarizes. 
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4.2 The overlapping generations model 

In this section we follow Bullard (1994) and consider a standard two period overlapping 

generations model where in each period a generation is born that lives for two periods. 

Of course this is a very simple model and it can only serve as a first approximation to 

more complicated models with more generations, different agents and more commodities 

per period. We believe, however, that this simplified model is sufficiently rich to illustrate 

the main features of learning in more general models. The generation born in period t 

solves the following problem 

max U (co, C\) subject to ptco + pe
t+lCi < ptw0 + pt+i^i, 

CO.Cl 

where U : IR\ —> IR is a strictly monotone, strictly quasi concave utility function, CQ 

and Ci are consumption in the first and second period of the agent's life, WQ and Wi are 

endowments in the first and second period of the agent's life, pt is the price in period t and 

pf+1 is the expected price in period t + 1. This optimization results in a savings function 

S ( ̂ 1 ) = Wo — Co ( ̂ *1 ) for the young consumer. We assume that the only means of 

saving is money and, at least for the price paths we will study, the savings function will 

always be nonnegative.2 The demand for money in period t then is 

Mt _ S ( P ' + 1 

Pt V Pt 

The government has a series of exogenous expenditures, possibly negative3, which it fi

nances by seignorage (this corresponds to a tax (or subsidy) on old agents). This results 

in the following rule for the growth of the money stock 

Aft = OMt-i. 

Equilibrium on the money market then is given by 

s^Cpi)Pt=es{pfi)Vt-u (41) 

or in terms of gross inflation rates 7rt s S ^ , 

^ _ 1 5 ( 7 r f ) = ö 5 « _ 1 ) . (4.2) 

2 We are therefore focusing on the Samuelson case, where agents save when young and dissave when 

old. 
3Negative government expenditures in this case implies that the government has a certain endowment 

of the commodity, which it trades for money on the market for this commodity. 
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From this last expression it can be seen that this system can have two different types of 

steady state equilibria: the monetary steady state TT* = 6 and, if it exists, the autarkic 

steady state TT* = 7ra, where ira is such that S (ira) = 0. If endowments in both periods are 

positive the autarkic steady state exists and if preferences are smooth and strictly convex, 

the autarkic steady state is unique. We will occasionally make the following assumptions 

on the savings function S (.) 

Assumptions 

1) S is twice differentiable and S' (.) < 0, 

2) S(fl)>0. 

Assumption 1 states that savings are a decreasing function of the inflation rate. This 

implies that CQ and C\ are gross substitutes. Assumption 2 states that we are in the 

Samuelson case where in the monetary steady state savings are positive and people transfer 

income from the present to the future. Assumptions 1 and 2 together imply that 7r° > 6. 

For convenience we introduce the following variable 

a(n) = — TT-
S (TT) 

a (TT) is the (negative of the) inflation elasticity of savings and plays an important role 

in the dynamical behaviour of the overlapping generations model. Under assumptions 1 

and 2 we have a (6) > 0. 

In order to do some numerical investigations we have to specify the savings function. 

Following Bullard (1994) we consider the following two typical examples. The first one 

derives from the well-known CES utility function U (CQ, CX) = (eg + cj) ' with endowments 

w0 = 1 and w\ = 0 and \ < p < 1. The savings function then becomes 

SW = - ^ : -
1 +n1~f 

Notice that it satisfies assumptions 1 and 2. Furthermore, since w\ = 0 the autarkic 

steady state does not exist in this case. The inflation elasticity of savings for this savings 

function is 

1 

»w 1 - P I +TTP-1 

We will also consider a more complicated example of a savings function to illustrate 

some complicated phenomena that might occur in our model. The savings function is 

an aggregate excess demand function and therefore by the Sonnenschein-Debreu-Mantel 

results (see Debreu (1974), Mantel (1974,1976) and Sonnenschein (1973)) it can take on 
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f-Z/i 

Figure 4.1: Savings functions. Upper diagram: CES savings function, lower diagram: 

complicated non-monotonic savings function 

almost any form. We therefore also consider the following non-monotonic transformation 

of the CES savings function 

S (IT) = exp 
10 

1 + 7TP-

Figure 4.1 shows these two savings functions for p = | . 

Before we turn to the study of different modes of learning and expectation formation 

in this overlapping generations model, we briefly consider the case of perfect foresight. 

Under perfect foresight agents know exactly which inflation rates will obtain in the future. 

Therefore 7if+1 = -Kt+\- The overlapping generations model (4.2) then reduces to 

S(nt) = e 
S (7T t-i 

TTt-1 
(4.3) 

Under the assumption that savings decrease as the inflation rate rises, the temporal 

equilibrium map, implicitly defined by (4.3) is upward sloping. Therefore no complicated 
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perfect foresight mapping 

Tt t_1 

Figure 4.2: The perfect foresight mapping. The lower equilibrium corresponds to the 

monetary steady state 9 and the higer equilibrium corresponds to the autarkic steady 

state 7Ta. 

perfect foresight dynamics, such as cycles and chaos can occur (as we saw in Chapter 3, if 

the savings function is non-monotonic, cycles and even chaotic perfect foresight paths may 

occur). Figure 4.2 shows this temporal equilibrium map. From this figure the following 

well known result immediately follows. 

Proposition 4.1 Under assumptions 1 and 2 the overlapping generations model with 

perfect foresight (4.3) has an unstable monetary steady state 9 and, if it exists, a locally 

stable autarkic steady state na. 

Proof. Linearizing (4.3) around a steady state IT* gives 

s'^)d*t = e*s'^:/^^. 
(TT*) * ï 2 

For IT* = 9 we have 

d-ïït 1 -
s ( 0 ) ~ 

9S'{9)_ 
ditt-i 1 + 

a(0). 
d-Kt-i 
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Since a (9) > 0 the monetary steady state is unstable. If an autarkic steady state exists 

we have for 7r* = 7r° 

d-Kt = —diTt-i, 
TTa 

and since 7ra > 9, the autarkic steady state is locally stable. • 

All orbits starting from the right of the monetary steady state converge to the autarkic 

steady state4 and all orbits starting from the left of the monetary steady state become 

infeasible in finite time, that is the inflation rates keep falling until for a certain irt there 

is no inflation rate 7rt+1 such that the money market clears. 

In the macroeconomic literature the dynamical behaviour of the overlapping gener

ations model under perfect foresight has been perceived as disturbing for the following 

reason. The perfect foresight equilibrium paths are indeterminate, that is, there is an 

infinity of perfect foresight equilibrium paths, none of which is locally unique (for a dis

cussion see Farmer (1993)). Only one of these perfect foresight paths gives the monetary 

steady state 9, all other perfect foresight paths converge to a steady state where money has 

no value. A number of contributions have focused on the multiplicity of perfect foresight 

paths and argued that by introducing some kind of adaptive expectations or learning the 

"most likely" perfect foresight path can be singled out. Lucas (1986) shows in a standard 

version of the overlapping generations model that if agents predict the (inverse of the) 

price level by using a sample average of previous observations of the (inverse of the) price 

level, there will be convergence to the monetary steady state. Marcet and Sargent (1989b) 

study the dynamical behaviour of an overlapping generations model of hyperinflation sim

ilar to ours, where agents use a least squares regression on past prices to predict future 

prices. They show, for their model, that there can only be convergence to the monetary 

steady state. They however also point out that the least squares learning algorithm may 

lead to instability. 

It is important to note that all these results refer to the Samuelson case, where income 

is transferred from the young to the old. All stability results are reversed when we consider 

the classical case, where young agents consume more than their endowment and therefore 

"dissave" (that is, saving of the young is negative). Old agents then pay back the debt 

they incurred when they were young. 

4 If an autarkic steady state does not exist (as in our example with CES utility functions) all orbits 

starting from the right of the monetary steady state then diverge to infinity. 
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4.3 Static expectations 

In the previous section we have discussed the dynamics of the overlapping generations 

model under perfect foresight. Clearly, the assumption of perfect foresight is a demanding 

one, since it requires that agents exactly know the market equilibrium equations and are 

able to use these to compute the market clearing prices for the next periods. From now 

on we will consider less divine agents, who use observations on past prices or inflation 

rates to make predictions about future inflation rates. In this section we will consider 

simple forms of backward looking expectations. First we have to be clear about the 

information agents posses at the moment they have to make predictions. Agents born 

in period t + 1 know all prices up to time t, and therefore the last inflation rate they 

have observed is irt-i = -21-- The savings decision of these newborn only depends upon 

the ratio of price levels between periods t + 1 and t + 2. The expectation -Ke
t+l of this 

price ratio is one of the determinants of the price level p t + i in period t + 1. We make 

the assumption that agents have already made their savings decision at the moment they 

enter the money market and that the prices they observe at this market therefore cannot 

effect this decision anymore. Hence, the expectation 7rf+1 and the savings decision is based 

upon information on inflation rates up till time t — 1. An alternative would be to let the 

expectation formation of agents for ir%+1 also depend upon the value of 7rt. Lettau and 

Van Zandt (1995) show that these differences in information structure lead to significant 

differences in the dynamical behaviour of the overlapping generations model.5 

We will first consider naive expectations. Under naive expectations agents believe 

that the inflation rate in the next period will be the same as in this period. Due to the 

information structure discussed above we then obtain the following expectations scheme: 

TTt+i = 7i"t—l- The overlapping generations model (4.2) now becomes 

A local stability analysis of the monetary steady state then reveals the following. 

Proposition 4.2 Assume that a' (9) ^ 0. Under assumptions 1 and 2 the overlapping 

generations model with naive expectations (4-4) genetically undergoes a Hopf bifurcation 

at the monetary steady state when a (6) = 1. For a (9) < 1 the monetary steady state is 

stable and for a (9) > 1 the monetary steady state is unstable. If a (6) < 0 generically 

5Our approach is more common in the literature. One of the reasons for this is that it would complicate 

the analysis considerably, if we would assume that the expectation would depend upon current inflation 

rates. This would imply that we have to solve for an equilibrium in each period and a closed form 

expression for the inflation dynamics would then not be available. 



92 CHAPTER 4. LEARNING IN OG MODELS 

a period-doubling bifurcation occurs at the monetary steady state for that value of 0 for 

which a (6) = -\. Then if -\ < a (9) < 1 the monetary steady state is locally stable and 

if a (6) < — i the monetary steady state is unstable. 

Proof. The overlapping generations model can be written as a system of two first 
order difference equations 

Tf+l - 9 

S(nt) 
It+i = Kt-

Linearizing this system around its steady state {TT*,Y) = (0,9) gives 

f dirt+1 \ = I a (6) -a(0) \(à*t\ 
V *fc+i J \ 1 0 )\dlt)' 

The eigenvalues of the Jacobian matrix are 

Mi,2 = \a (0) ± ^>/ (a(0) -4)a(0) . 

These eigenvalues are complex for a (9) G (0,4). The eigenvalues cross the unit circle 
when 

M1M2 = a (0) = 1 

Therefore a Hopf bifurcation occurs when a (0) = 1. If a (0) < 0 the eigenvalues are real. 
It can be easily checked that the positive root is always smaller than +1. The negative 
root equals —1 when a (0) = — | . • 

The Hopf bifurcation referred to in the proposition may be subcritical or supercritical. 

For a subcritical Hopf bifurcation a repelling invariant closed curve around the monetary 

steady state exists for a (0) close to but smaller than 1. This closed curve coalesces with 

the monetary steady state at a (0) = 1. It implies that, as a (9) approaches 1, the basin of 

attraction of the monetary steady state shrinks and finally disappears. For a supercritical 

Hopf bifurcation an attracting closed curve exists for a (0) close to and larger than 1. On 

the invariant closed curve created in the Hopf bifurcation the dynamics are quasi periodic. 

Simulations suggest that for our overlapping generations model with CES utility functions 

the Hopf bifurcation is supercritical. The bifurcation value of 0 can be explicitly calculated 

as 

* = ( T — - 2 < P < 1 . (4.5) 
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Figure 4.3: Attractors for the OG model with naive expectations, a) Invariant circle 

created through Hopf bifurcation for OG with CES savings function, p = | and 9 = 0.85. 

b) Period two cycle created through flip bifurcation for the complicated savings function, 

p = | and 9 = 0.36. c) and d) Strange attractors for OG with complicated savings 

function, p = | and 9 = 0.7926 and 9 = 2.14, respectively. 

Figure 4.3.a) shows an example of the attracting closed curve created through this super

critical Hopf bifurcation, for the model with CES utility functions and p = | , 9 = 0.85 > 

a I = 9*.6 The other pictures in Figure 4.3 are attractors for the overlapping generations 

model with the more complicated savings function. As can be seen from Figure 4.1.b) the 

slope of this savings function becomes positive at a certain time and therefore a (9) be

comes negative. For p = | and 9 « 0.3535, a (9) = -\ and a period doubling bifurcation 

occurs resulting in a period two orbit. This attracting period two orbit is shown in Figure 

4.3b), for 9 = 0.36. For this complicated savings function, also some strange attractors 

This corresponds to a situation of deflation where the government also supplies the commodity and 

extracts a certain amount of money from the economy. For other specifications of the CES utility 

functions (in particular for p < | ) periodic behaviour only occurs if 9 > 1 and there is positive inflation. 

The qualitative results remain the same however. 
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might emerge. As can be seen from Figure 4.1.b) as 9 increases S' (9) becomes negative, 

hence a (6) increases again and becomes positive. In fact, for 9 « 0.7890, the inflation 

elasticity of savings equals 1 and a Hopf bifurcation occurs. This Hopf bifurcation results 

in an invariant circle. This invariant circle undergoes a bifurcation route to a strange 

attractor as 9 increases even more. This strange attractor is shown for 9 = 0.7926 in 

Figure 4.3.c). It coexists with the period two orbit created in the primary bifurcation. 

The strange attractor soon becomes unstable however, and then almost all orbits converge 

to the period two cycle again. As 9 increases the monetary steady state becomes stable 

again and loses stability through a period doubling bifurcation again (compare Figure 

4.1.b)). Figure 4.3.d) shows another strange attractor, for 9 = 2.14. This attractor is 

created through a cascade of period doubling bifurcations. As 9 increases even more the 

period two orbit becomes the unique attractor once again. It disappears through a final 

period doubling (or period halving) bifurcation after which the monetary steady state is 

stable again. That this will happen can also be seen from Figure 4.1.b). 

Under naive expectations agents believe that the inflation rate in the current period 

will be the same as in the inflation rate in the previous period. Clearly for the attractors in 

Figure 4.3 the agents make forecast errors. If there is no structure in these forecast errors 

and they look like white noise, the agents might attribute them to some stochastic noise 

in the economy, although in reality they might be generated by a deterministic nonlinear 

system. For the attractors in Figure 4.3, however, there appears to be some structure in 

the forecast errors.7 

Another form of static expectations are given by so-called adaptive expectations. These 

are of the following form 

?rf+1 = Q7rt_! + (1 - a ) < , 0 < a < 1. (4.6) 

This can also be written as 

< + i = K + a (TTJ-I - < ) , 

which shows the adaptive character of this type of expectations formation: expectations 

are updated as new information becomes available. The parameter a gives the impor

tance that the agents attach to new observations. As is well-known we can, by repeated 

7Notice that due to the information structure in the overlapping generations model, it could be argued 

that there is no forecasting error under naive expectations if the dynamical system converges to a period 

two orbit. In fact, if agents would expect a period two cycle they would make the same forecasts as when 

they have naive expectations, but they would always be correct. 
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substitution, write the adaptive expectations scheme as 

t 

ne
t+1 = Y,a (1 - <*Y~l *t-i + (1 - af TTf. 

3=1 

Therefore expectations depend upon all previous realizations albeit with decreasing weights. 

It is also clear that the influence of the initial expectation, -n\, decreases as time goes by. 

The adaptive expectations scheme is a typical example of a so-called constant gains learn

ing algorithm, each new observation is as important as previous observations were (the 

gain of each new observation is the same as the gain from previous observations). This 

implies that observations in the past becoming increasingly less important as the above 

formula shows. 

We can again write the overlapping generations model (4.2) with adaptive expectations 

(4.6) as a system of two first order difference equations in the following way 

<+1 = ( l - a K + a * | M (4.7) 

7t+i = < 

Linearizing (4.7) around the monetary steady state gives the following Jacobian matrix 

( (l-a)+aa(e) -aa(8)\ 
Jadap - I I • (4.8) 

The eigenvalues of this matrix are complex if 1 + a — 2^/a < aa(9) < 1 + a + 2V/S. A 

Hopf bifurcation then generically occurs when the determinant of the Jacobian matrix 

equals 1, that is, when aa (9) = 1. In all other case we have real eigenvalues and a period 

doubling bifurcation occurs when a (6) = | — K The local dynamics around the steady 

state therefore are qualitatively equivalent with those of (4.4), except that the longer 

memory, represented by a > 0, stabilizes the dynamics. 

The dynamical phenomena that were encountered in the study of the overlapping 

generations model with naive expectations, such as periodic orbits, aperiodic orbits and 

strange attractors can also be found in model (4.7). Since this is not our main concern at 

this point we will not pursue this issue any further here. 

4.4 A regression on price levels 

In the previous section we saw that when agents employ static expectations in order to 

make their forecasts for future inflation rates may result in a stable equilibrium, periodic 



96 CHAPTER 4. LEARNING IN OG MODELS 

behaviour, quasi periodic behaviour and even strange and erratic fluctuations. In this 

section we will describe and discuss a learning model for the overlapping generations 

model from the previous sections, which was developed by Bullard (1994). He assumes 

that agents believe that prices evolve according to the following perceived law of motion 

Pt = ßpt- (4.9) 

Notice that this implies that they believe that the inflation rate is constant and equal to 

ß. However, ß is unknown to the agents and it is estimated by a regression of the price 

level on lagged values of the price level. That is, ß is estimated by an ordinary least 

squares regression, using information up to time t—1, which gives 

ßt 
E t-i 

s=lPs IPs 

2-is=\Ps-\ 
(4.10) 

as the estimate of agents born in period t. Their forecast of the inflation rate then becomes 

nf = ßt. Given this, the price dynamics of the overlapping generations model becomes 

> 5 ( A - i ) . 
pt 

s ißt) 
-pt-i- (4.11) 

Clearly (4.10) and (4.11) together form an expectations feedback system. Realized prices 

influence perceptions agents have about economic reality and these perceptions feed back 

into the actual dynamics and determine which prices will be realized. We can make a 

distinction between two types of dynamics: the learning dynamics (4.10) which determine 

how agents beliefs about the economy are adapted as they receive information about the 

price levels and the dynamics of price levels or inflation rates (4.11) that determine how 

the actual price levels evolve given the beliefs of the agents. 

We can write the complete system (4.10-4.11) as a recursive dynamical system by 

introducing the variable gt = p2
t_x [ E L I P L I ] " 1 • Using (4.11) the least squares estimate 

at time t + 1 can be written as 

HTJiPs-iPs + Pt-iPt _ ßt ( E t i P2-i - Pt-i) + Pt-iPt 
ß t+i 

Es=iP2 t 2 
i B - i 

= ßt + -

Furthermore we have 

Pt -i(£r-ft) 
E t 2 

iK- i 
= ßt+9t 

E 

}Hßt-i) 
s ißt) 

-ßt 

9t+\ pi 
E L I P L I + P ? 

Pi 
P2t-i9t l +P2t 

Pt-i 

Pt 
9t + 1 

,s(A-i)' 
S(ßt) 

9t + 1 
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The whole model can then be writ ten as a three-dimensional system of first order difference 

equations as follows 

ßt+i = ßt + at 

7t+i = Pu 

9t+i 9t 

L s(ßt) 

/ht) 
s(ßt) 

ßt 

+ i 

(4.12) 

Notice that the dynamics of the beliefs (ßt) coincides with the dynamics of the inflation 

rates, implying that if the least squares estimator ßt converges then so do inflation rates. 

The system (4.12) has steady state [ß*,l*,9*) = ( M . 1 - 0~2). 

Proposition 4.3 (Bullard (1994)) Assume assumptions 1 and 2 are satisfied and that 

6 > 1. Then the monetary steady state genetically undergoes a Hopf bifurcation at that 

value 9* of 9, for which 

(l-9-*)a(0) = l, 

for 9 < 6*, the monetary steady state is stable and for 9 > 9* it is unstable. 

Proof. The Jacobian matrix of (4.12) evaluated at the equilibrium (9,9,1 - 9~2) 

equals 

( 9~2 + (1 - 9~2) a (9) - (1 - 9~2) a [9) 0 

1 0 0 

9~2 

(4.13) 

9/3 
S3. 
9 7 

One of the eigenvalues is equal to 9 2 and hence stable for 9 > 1. The eigenvalues of the 

upper 2 x 2 matrix are complex and lie on the unit circle when (l — 9~2) a (9) — 1. • 

For our CES example with p = | we have 9* = \ + \ \ß « 1.3660. Two attractors for 

the CES savings function are shown in the upper pictures in Figure 4.4. The first picture 

shows the attracting invariant closed curve created in the Hopf bifurcation, the second 

picture shows a strange attractor that is created from this invariant closed curve. The 

lower pictures in Figure 4.4 show strange attractors that emerge from system (4.12) with 

the complicated savings function. For this complicated savings function (or in fact for any 

savings function with a (9) < 0) it can be shown that (4.12) undergoes a period doubling 

bifurcation at the monetary steady state at that value of 9 for which fsffa (9) = - | . 
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Figure 4.4: Attractors for the OG model with least squares learning on price levels, a) 

CES savings function, p = | and 6 = 1.40. b) CES savings function, p = | and 6 = 1.41. 

c) Complicated savings function, p = | and Ô = 1.5. d) Complicated savings function, 

p=\ and 0 = 1.8. 

Previous work on least squares learning in economic models mainly deals with estab

lishing convergence of the beliefs to some finite limit. We now want to develop an intuition 

why this does not happen in the current model. Ordinary least squares algorithms are 

so-called decreasing gains algorithms. Different observations receive the same weights in 

the regression which implies that, as time goes by, the impact of new observations (that 

is the gain of new observations) becomes smaller. In (4.12) this gain is represented by 

the variable gt = p\_xj ^ s=iPs-i- N°w ^ price levels are bounded then, maybe except for 

some very special time paths, gt will converge to 0. This would result in convergence of 

the inflation rate. In the model at hand, however, price levels are not bounded and in 

fact, in equilibrium they grow at a constant rate 6 > 1. This implies that the weight gt 

does not converge to 0 but to a positive number 1 — A, provided the monetary steady 

state is stable. Therefore, even for very large t new observations may lead to a significant 

change in the beliefs of the agents. In fact, if we put in the equilibrium value for gt, (4.12) 
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reduces to 

s(ßty 
7<+i = ßt, 

ßM = ißt+ l - i Je^m, (4-14) 

which is just the overlapping generations model under adaptive expectations, where the 

weight a equals 1 — -k. The stability condition for (4.12) is exactly the same as the 

stability condition for the adaptive case with a = 1 — ^ . This follows from the fact that 

the upper 2 x 2 matrix of (4.13) (which is the relevant part) is equal to the Jacobian of 

the overlapping generations model with adaptive expectations (4.8). Therefore the local 

stability properties of (4.12) are equivalent with those of (4.7). This explains why it can 

be possible that the learning and inflation dynamics do not converge.8 Notice that the 

belief parameters in this case keep fluctuating. 

Due to the nonstationarity of the time series of the price level an alternative approach, 

and a more sensible one from an econometrician's viewpoint, would be to forecast inflation 

rates by using the average of previous inflation rates. The agents in the previous model 

believe that the inflation rate is constant, and they estimate this constant by the ordinary 

least squares estimate of a regression of the price level on itself. The following question 

now arises: why don't agents estimate the inflation rate by computing the average of past 

inflation rates? This estimate would then be 

1 *"2 

s=0 

which is also the least squares estimate one obtains when regressing the inflation rate on 

a constant. ßt can be written recursively as 

A - ^ i ^2 1TS + 7Tt_2 
.3=0 

The dynamical system becomes 

2o 1 

-ßt-l + T^t-2-
t - r 1 - 1 t-i 

—ß<+i9-m ß.»i~i +&!!£¥-, (4-15) 

8The above results only hold if there is a positive amount of money creation, 9 > 1. If 6 < 1, the 

learning dynamics breaks down. The equilibrium value for g then becomes negative, whereas g is a ratio 

of strictly positive quantities, so clearly this equilibrium cannot be stable. Simulations show that in this 

case g approaches 0 very fast and this implies that beliefs are updated at a very low level and will not 

reach their equilibrium level. Inflation rates, on the other hand, do converge. 
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Now compare this with system (4.14). It is immediately clear that the stability properties 

of this system are different. Taking averages corresponds to a decreasing gains algorithm 

as can be seen by rewriting (4.15) as 

It is clear from this formulation that, as time goes to infinity, the contribution of new 

observations will decrease to 0. Therefore it seems reasonable to assume that inflation 

rates and beliefs will converge to the monetary steady state. Simulations support this 

conjecture, though convergence might be rather slow (which is also due to the decreasing 

gains character of (4.15)). It is however well known that time averages need not converge. 

Situations might arise where beliefs and inflation rates keep on changing, albeit at an 

increasingly slower rate. This might also happen in this case. For example, when S (n) 

gets arbitrarily close to 0 for some values of 7r, there might be no convergence at all, 

although it looks like it due to the fact that the magnitude of the adjustment becomes 

negligible. In the next section we will encounter an example with the same property. 

Other examples of nonconvergence of time averages can be found in Shapley (1964) and 

Gaunersdorfer and Hofbauer (1995). 

To summarize, it seems that the way in which the perceived law of motion is put is an 

important determinant of the stability of the inflation dynamics. In order to make fore

casts about future inflation rates a reasonable alternative to considering the nonstationary 

series of old prices seems to be to consider old inflation rates. 

4.5 A regression on inflation rates - par t I 

Above we saw that regressing prices on past prices might induce fluctuating inflation 

rates and fluctuating beliefs if the money growth rate is high enough. An intuition was 

provided for this result and it was argued that the same belief could also be learned in 

a different way that would almost always lead to convergence of beliefs. In this section 

and in Section 4.6 we consider a different kind of learning dynamics, namely we let agents 

regress inflation rates on past inflation rates. In Section 4.6 we consider a perceived law 

of motion of the form nt = a + ßitt-i, whereas in the present section we assume that 

agents belief that inflation rates evolve according to the following relationship 

n = ßn-i- (4.16) 

Given the estimate of ßt+1 of the generation born in period t + 1, their forecast of the 

inflation rate becomes irf+1 = 0\+l-Kt-\- The estimate ßt+1 is obtained by a least squares 
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regression on inflation rates, which is 

E t-i 

Pt+l - v t - l 2 • 

Again it is important to be clear about the timing of the process. Agents born in the 

beginning of period t+1 do not know pt+i yet, so the last inflation rate they have observed 

is 7rt_i = - j ^ - . They therefore make their estimates on the basis of all inflation rates up 

tO 7T t_i. 

The estimate ßt+1 can be written recursively again. First define Rt+i = [X^=1 i^-i] 

We then have 
- l 

XX-1+71?-! Rt+i = 

using this we can write 

t-i 

ßt+i = Rt 2_j T^S-I^S = R 

= [fit-
1 + ^ _ 1 ] - 1 (4.17) 

2^7TS_ l7Ts +7r(_27r(_i 

Rt [ßtR7\ + 7r(_27T(_1] = Rt [ßt (R^1 - 7T?_2) + **-2*t_i] 

= /3j + fii7r(_2 [7Tt_i - /3t7Tt_2] 

Therefore the learning dynamics can be written recursively as 

ßt+i = ßt + RfXt-2 [n-i - ßt^t-2] 

Rt+i = [R71 + T?-i] 

Giving these learning dynamics the actual inflation rates evolve according to 

(4.18) 

Tt = 
S ($ Kt-2 

i> yßt+i-Kt-i) 

Given the values of ßt, Rt, irt-i and irt-2 new values /3 t+1 , Rt+i and 7r( are determined 

according to the following four dimensional system of first order difference equations. 

s(ßH-i) 
S^t + Rat_x [irt-i-ßtlt-i}?*t--i) 

It = Kt-i 

ßt+l = ßt + RtJt-i [T«-I - ßtlt-l] 

Rt+1 = [RT^ + nU]-1 

(4.20) 

Notice that the difference of timing of the learning variables ß and R and the inflation 

variables 7r and 7 stems from the fact that expectations for people born in period t + 1 
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depend upon information about inflation rates up to time t . — 1. Of course we could 

formulate the model in terms of new variables ß*t = ßt+l and Rl = Rt+i, but this would 

obscure the interpretation of ßt+1 as the belief of the generation born in period t+1. 

In contrast to the learning model studied in the previous section in the present model 

convergence of beliefs does not imply convergence of the inflation rate. It could be the case 

that learning parameters converge but that the corresponding inflation dynamics (4.19) 

is unstable and generates erratic inflation dynamics. Consider the possible equilibria of 

(4.20). Clearly, at an equilibrium we must have IT = 7 = 9 and ß = 1. At these values 

of 7T, 7 and ß the value of R does not matter, but from (4.17) it follows that Rt must 

then approach 0. Notice however that at R = 0 the system (4.20) is not defined. To 

get some insights into the dynamics of (4.20) we can look at the Jacobian evaluated at 

(TT, 7, ß, R) = {9,9,1, R). This Jacobian is 

Jn = 

f [l+2R62]a(9) - [1 + 2R62} a{9) 0[l-9R]a{9) 0 \ 

1 0 0 0 

R9 -R9 l-92R 0 

{ -29 [R-1 + 92}~2 0 0 [1 + R92]'2 ) 

First of all notice that this matrix has an eigenvalue equal to [l + R92] which, for 

all positive R, lies strictly between 0 and 1. Now taking the limit of this matrix as R 

approaches 0 gives 

/ a(9) -a{9) 9a(9) 0 \ 

1 0 0 0 

0 0 1 0 

0 0 0 1 

Jo = lim JR = 

\ 

(4.21) 

/ 

The Jacobian matrix J0 has two eigenvalues equal to +1. These eigenvalues correspond to 

the learning dynamics and it is easy to see why they equal +1. At a point with TT = 7 = 9 

and ß = 1, we saw that there is no value of R disrupting this equilibrium. Furthermore, 

if the weight R would be equal to 0, and abstracting from the nonexistence problem of 

Rt+i, there would be no updating of /3, and therefore any ß would be neutrally stable. 

It is important to observe that both eigenvalues are strictly between 0 and 1 for R small 

but positive.9 

It might be instructive to consider a model where the weight is updated as follows 

Rt+1= [(.Re + er'+Tr?]"1, 

where e > 0 is small. In this case the equilibrium weight would be Re = i . / i e2 + 4£ \e > 0 and 
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The other two eigenvalues of (4.21) correspond to the inflation dynamics of (4.20), 

and they are 

la{0)±y(a(e)2-4a(9)). Mi,2 2 - v - , - 2 

Notice that these are exactly the same eigenvalues as for the case of naive expectations 

(they correspond to the upper 2x2 matrix of (4.21)). This is intuitively clear since, if the 

learning dynamics converges to /3 = 1, agents in fact have naive expectations. Therefore, 

the local stability conditions of the more sophisticated learning process (4.20) are the same 

as that of the simplest learning process (4.4) we studied sofar, namely —\ < a (8) < 1. 

We are interested in the dynamical behaviour of (4.20), in particular when the mone

tary steady state under naive expectations is unstable. We can make a clear distinction 

between learning dynamics and inflation dynamics here. Due to the decreasing gains 

character of the least squares learning algorithm the estimate ß will change very slowly as 

time goes by. There can however be large changes in inflation rates from period to period. 

Therefore it might be worthwhile to study the short-run dynamics of the inflation rates 

for a given, fixed value of ß, e.g. ß°. The short-run dynamics then are given by 

s(>0)Vi) 
T * + I = e v , : . , , - x • ( 4 - 2 2 ) 

((/?°)S 
From Section 4.3 we know that these short-run dynamics can exhibit all kinds of dynamical 

phenomena. In particular, the inflation rates might converge to the monetary steady 

state, to a periodic orbit, to an invariant closed curve or even to a strange attractor. Now 

suppose that the short-run dynamics (4.22) indeed converge to some attractor S^o C IR2
+. 

What would then happen with the long run dynamics (4.20)? Let {TTt}^ be an orbit 

generated by (4.22) and lying on SßO. Then a least squares regression can be performed 

on these inflation rates and this will reveal an estimate for /?, e.g. ß1. In general ß1 / ß°. 

Therefore we expect the learning dynamics to move from ß° to ß1. But, given /31, the short 

run dynamics will in general not converge to the attractor 5^0. Therefore the estimate of 

ß will change again. In this way we can in fact construct an implicit map of beliefs 

ßk+i = T (ßkj ] 

where the mapping T (.) gives the ordinary least squares estimate ß for the relationship 

7r( = ßirt-i, given that the inflation rates are generated by the short-run dynamics (4.22) 

no problems would arise at the equilibrium (8,6,1, Re). We then get results similar as the ones in the 

chapter. Of course, in this case the estimate ßt will not coincide with the least squares estimates of ß. 
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with fixed 0k. This artificial beliefs map can help us understand the dynamics of the 

long run dynamics (4.20). Our main concern are the equilibria of T (.), since at such an 

equilibrium 0* agents believe that nt = 0*nt-i and running a regression on inflation rates 

indeed does not give them reason to change their beliefs. So, although agents beliefs are 

mis-specified, new observations on inflation rates are consistent with these beliefs in the 

sense that these new observations do not modify these beliefs. This equilibrium belief is 

the best one in the class of beliefs that is considered by the agents. This leads us to give, 

loosely, the following general definition of a beliefs-equilibrium. 

Definition 4.1 Let G be a class of perceived laws of motion. An element g of G has the 

following general form 

"1+1 = 9 ( l" t- l , 7T(_2, . . . , TTt-l) = g ( ï * l - l ) , 

where the functional specification of g and the number of lags I is prescribed by the class 

G. Consider the dynamical system 

• nS(92{^t-2)) , . „ „ * 
7T( = t> TT, (4.23) 

S{g2(nt-i)) 
where g £ G. Then we call g* G G a Beliefs-Equilibrium (BE) if it is the perceived law of 

motion in G that fits the time series of inflation rates generated by (4-23) with g* better10 

than all other elements of G. 

In the present section the class G corresponds to all perceived laws of motion of 

the form irt = 0-Kt-\.
n One example of a beliefs-equilibrium is the situation, discussed 

above, where the overlapping generations model with naive expectations has a stable 

monetary steady state. In that case 0* = 1 and indeed one has (for t high enough) 

irt = /3*7Tt_i = nt-i- More interesting is a BE where inflation rates do not converge to the 

monetary steady state. An example is shown in Figure 4.5.a). Here we have considered 

the overlapping generations model with learning on inflation rates (4.20) with a CES 

savings function with p = | and 6 — 1. From Section 4.3 we know that for these values 

the monetary steady state is unstable under naive expectations. For our model (4.20) 

the beliefs then converge to 0* « 0.97346 and the inflation dynamics converge to an 

10 "Better" clearly is a rather subjective notion. In this chapter, where we only consider linear perceived 

laws of motion, one belief is "better" than another belief if its unweighted sum of squared forecast errors 

is smaller. This, of course, is consistent with using the (recursive) least squares algorithm as a learning 

model. 
11 We already encountered another general class G where we considered perceived laws of motion of the 

type 7T(+1 = ß. Clearly for this class the unique BE is given by nf+1 = 6. 
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p=2/A. #=D.H 
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Figure 4.5: Attractors of (4.20) and examples of beliefs-equilibra. a) BE for CES savings 

function with p=\ and 6 = 0.85. b) BE from a) with small noise, c) and d) Nonexistence 

of BE for complicated savings function with p = | and p = | , respectively and 0 = 1 . 

attracting invariant closed curve. It can easily be checked numerically that here ß* is 

indeed an equilibrium of T (.). Figure 4.5.a) shows the attractor of the inflation rates 

(the closed curve) and the beliefs of the agents (the straight line through the origin with 

slope /3*). One might argue that, when the agents observe this picture they might realize 

that their belief is mis-specified and try to learn something different. Figure 4.5.b) shows 

the results for the same model, only with a small noise on the parameter of the money 

growth. In fact, we assume 6t = 9 + et where et are IID disturbances that have a normal 

distribution with mean 0 and standard deviation 0.02. If agents see this diagram it might 

indeed be sensible to run a regression on past inflation rates. 

Figure 4.6 shows the time series for irt and ßt, corresponding to Figure 4.5.a). It is 

clear that the latter converges and the former keeps on fluctuating (notice that the time 

scales are different for these two time series). 

There can also be nonexistence of an equilibrium of these learning dynamics. Exam

ples of this nonexistence can be found for the overlapping generations model with the 
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Figure 4.6: Time series of irt and ßt for (4.20) with CES savings function and p 

O = 0.85. 
and 

complicated savings function. The corresponding pictures are the lower ones in Figure 

4.5. Here no equilibrium ß* of the map T(.) exists. To explain what happens consider 

the time series for the case with p = § and 9 = 1, depicted in Figure 4.7. 

Suppose that initial beliefs are such that ß is rather small and the corresponding 

short-run dynamics (4.22) are stable. In that case inflation rates converge to 6 = 1 and 

the estimate of ß will increase. At a certain time this ß will be so high that the short-run 

dynamics become unstable and a period two orbit emerges. This happens at ß « 0.5930. 

Then ß decreases again12 and this stabilizes the short-run dynamics (4.22). This repeats 

over and over. Notice that the inflation rate is stable for a long time which implies that 

12In fact, we can explicitly compute the value of ß corresponding to a period two orbit (7r1,7r2). Since 

we know that for a period two orbit of the overlapping generations model one must have TTITT2 = 92, the 

least squares regression estimate ß converges to 

, _ Et «t*t-i _ 2e\\ 2^2 

£**?-! : + 7 T ' 4 ' 

which is always smaller than 1 for ni ^ 0. 
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Figure 4.7: Time series of 7rt and ßt for (4.20) with complicated savings function and 

P ) = | and 9 = 1. 

agents will start believing more and more that it will be the same as in the previous 

period (which seems to be a plausible expectation) and this leads the inflation to become 

unstable. As discussed in the previous section we here have a situation where the least 

squares algorithm does not converge, though it moves slower and slower as time goes by. 

4.6 A regression on inflation rates — par t II 

In the previous section we saw that regressing inflation rates on past inflation rates may 

lead to a situation where the belief parameters, which are "slow" variables, converge, 

whereas inflation rates keep on fluctuating. It can be argued that the class of perceived 

laws of motion we considered there is too simple. Unless ß = 1, agents believe that the 

inflation rate will converge to zero or diverge to infinity, which clearly is not the case. 

In particular, sample averages are inconsistent with the perceived law of motion. In this 
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section we want to consider a more general class of perceived laws of motion, namely 

nt = a + ß (TTtli - a ) . (4.24) 

Notice that a = 0 corresponds to the perceived law of motion from the previous section 

and / 3 = 1 corresponds to naive expectations. For general a and /3, an agent beliefs 

that the long run equilibrium equals a and he beliefs the inflation rate will converge 

to this long run equilibrium at a rate ß (provided that \ß\ < 1). If ß < 0 he expects 

some overshooting, if ß > 0 he expects monotonie convergence. The two periods ahead 

prediction with (4.24) becomes 

<+i = a + ß2 (TTt-i - a) 

and given these expectations the overlapping generations model (4.2) becomes 

S {a+ ß2 {ir,.,-a)) 

S (a + ß' (TTJ - a)) 

In the previous section we saw that if expectations would be correct in equilibrium, 
which seems to be a minimal consistency condition to be imposed on the expectations 
scheme, one needs /3 = 1. For expectations schemes of the form (4.24) to be consistent in 
equilibrium we need 

*t = a + ß(0-a) = 9. 

In this case the equilibrium belief parameters a and /3 are unidentified. That is, there are 

a lot of values of a and /3 that satisfy the above consistency condition. In particular, all 

pairs with a = 9 and all pairs with ß = 1 satisfy it. This multiplicity of beliefs equilibria 

becomes important when we introduce learning. In particular, we know that the inflation 

dynamics depend upon the parameters a and ß so there are always consistent expectations 

schemes for which the monetary steady state is locally stable.13. 

13It can easily be calculated that, for a monotone decreasing savings function, a Hopf bifurcation occurs 
at that value of 9* for which we have 

which at an equilibrium where agent have consistent expectations becomes 

ß2a(9*)=.l. 

Clearly, there are then always values of ß for which the inflation dynamics are stable. 
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The expectations scheme (4.24) also admits the possibility of perfect prediction when 

the inflation rates move in a period two cycle. Let {TT\,TT2) be such a two-cycle of the 

dynamics. Then correct prediction requires a and ß to satisfy 

7T2 = a + ß (7Ti — a) and TT\ = a + ß (TT2 — a), 

or equivalently, the two periods ahead prediction, given that at this time the inflation 

rate is IT\, must be 

ITi = a + ß2 (ni - a) 

given that TT\ =£ TT2 ^ a this requires that ß* = — 1. a then has to equal \{TT\+TT2) • Of 

course this situation only occurs when the inflation dynamics given these values of a* and 

ß* indeed has a period two-cycle. That is 

TTt+l 
? 5 {a* + {ß*f fa-x - a»)) _eS(7Tt_1) 

S (a* + (ß*)2 fa - a*)) S(7Tt) 

must have a period two cycle. 

Thus expectations can be correct along the steady state and along a period two cycle. 

These expectations correspond to the so-called consistent expectations equilibria (CEE) 

introduced by Hommes and Sorger (1998). In their framework an expectations scheme is 

a CEE if agents make no structural forecast errors in a linear statistical sense. Besides 

steady state and two-cycle CEE they also have chaotic CEE, where the dynamics of the 

state variable moves over a chaotic attractor but there is no structure in the forecast errors. 

These CEE are related to the beliefs-equilibria we defined in the previous section. We 

now turn to the analysis of the learning model where agents have expectations according 

to (4.24) and the belief parameters a and ß are learned trough a least squares regression 

on inflation rates. We assume agents estimate the following perceived law of motion 

Kt = ß0 + ß1n-i, 

which is equivalent to the perceived law of motion (4.24) up to the transformation ß0 = 

a (1 - ß) and ßx = ß. Define 

X, t+i 

( 1 no \ 

1 7T! 

V 1 7Tt-2 ) 

( - 1 \ 

> *t+l 
TT2 

and xt+i = ( 1 TTt-i ) 

\ % - i / 
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Xt+i is the set of regressors for the generation that is born in period t + 1. Recall, that 

the last observation on inflation rates of these agents is irt-\. The estimator b for (ß0,ßi) 

at time t + 1 is 

bt+i = {X't+iXt+i) X't+1Yt+i = RtX't+lYt+i 

As before we can write this estimator recursively,14 and the learning dynamics then are 

given by 

bt+i = bt + Rtx't+1 [wt-i - xt+ibt], 

Rt+l = [Rt + Xt+2xt+2) , 

and the inflation dynamics are given by 

S (at + ß\ (7Tt-2 - at)) 
7Tt = 0-

S (a t+i + ß\+l (TT(_I - a t+i)) 

In terms of ß0 and ßx the whole system becomes 

bt+i = bt + Rtx't+i [TTJ-I - xt+ih] 

Rt+1 = (R^l+x't+2xt+2y
l (4.26) 

a S{ß0t(l+ßU)+ßlt*t-2) 
n S(ßo,t+i(l + ßi,t+i)+ßlt+i^i) 

Notice that these dynamics constitute an 8-dimensional system, since bt is a 2 x 1 vector, 

Rt is a 2 x 2 matrix and the inflation rate in time t depends upon 7r(_i and 7rt_2. 

In the model of the previous section we saw that there was only one equilibrium of the 

dynamics (corresponding to ß = 1) which implies that the stability of this equilibrium is 

equivalent with the stability properties of the overlapping generations equilibrium under 

naive expectations. In the model studied in this section the situation is a little more 

complicated. Since there is a continuum of beliefs equilibria consistent with the monetary 

steady state and the stability of this monetary steady state depends upon the belief 

parameters a and /3, there are always a number of stable equilibria and a number of 

unstable equilibria. In particular, there exists a number ß > 0, such that all equilibria 

with |/3*| < ß are stable under the learning dynamics discussed above and all other 

14We have Rt = (X'tXt + x't+1xt+l)~^ = (JÇ^ + x't+1xt+1)~
l and 

bt+i = RtX't+1Yt+1 = Rt [X'fYt + a4+iflt-i] = Rt [R^ih + x't+1irt-i] 

= Rt [(Ä(_1 - x't+1xt+i) bt + x't+1irt-i] =bt + Rtx't+1 [nt_i - xt+ibt]. 
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equilibria are not. The initial conditions on inflation rates and the initial beliefs therefore 

seem to be quite important for the dynamics. It might be worth mentioning here that 

the least squares learning algorithms we have been studying can have an interpretation 

as a Bayesian learning scheme. In particular, the above algorithm also specifies the case 

where agents have a normally distributed prior on a and ß and after each realization 

update this prior according to Bayes' rule (see Bray and Savin (1986) and Zelner (1971)). 

The matrix Ro then corresponds to the precision of the initial beliefs. If RQ is large, then 

agents are not to sure about their initial beliefs (their prior distribution has a relatively 

high variance) and if RQ is small they have a lot of confidence in their initial beliefs. 

Therefore, if for example according to their prior the agents know for sure that ßx = 0, 

(that is, they attach probability 1 to this event) the updating scheme discussed above is 

exactly equivalent to an updating scheme where agents forecast inflation rates by taking 

the average of previous inflation rates, which converges almost always as we saw before. 

Simulations of the overlapping generations model with the CES savings function sug

gest that, for all parameter values, there will be convergence to the monetary steady state 

and to belief parameters a and ß for which the steady state is stable and which correctly 

predict this steady state. Which belief parameters that will be depends upon the initial 

conditions. For the complicated savings function the situation is a little different. Figure 

4.8 shows some typical examples of the learning and inflation dynamics for this case. 

Initial beliefs appear to be very important. The first three pictures show the possible 

dynamics of the overlapping generations model with p = § and 0 = 1 . For all three 

pictures, the initial belief on a equals 5, they only differ in the initial belief over ß. 

The initial inflation values are the same for each simulation and are chosen near the 

period two orbit (which is the attractor for the overlapping generations model under naive 

expectations). In the first picture ß0 = - \ and as can be seen the inflation dynamics 

converges. The learning dynamics also converges to a situation with a = 6 = 1. As 

discussed before the final value of ß is indeterminate and very much depends upon the 

way in which the inflation rate converges to the monetary steady state 9. The second 

picture shows what happens when the initial value of ß is a bit lower, ß0 = - \ . In this 

case the inflation dynamics seems to converge to a strange attractor. However, this is a 

case of nonexistence, similar to the one discussed in the previous section. Starting with 

a = 5 and ß = - \ the inflation dynamics converges to a two-cycle. This makes ß converge 

to - 1 , however as ß becomes approximately -0 .76 the period two cycle becomes unstable 

and a strange attractor emerges. Across this strange attractor we have a regression 

coefficient ß smaller than -0 .76 which makes the system return to a stable period two 

cycle again and the whole story repeats. A brief look at the time series would then reveal 
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Figure 4.8: Attractors of (4.26) and examples of beliefs-equilibria with complicated savings 

function, a) BE corresponding to steady state, p = | , 0 = l , a0 = 5 and ß0 = -\. b) 

Nonexistence of BE, p = f , 0 = l, a0 = 5 and ß0 = -\. c) BE corresponding to period 

two cycle, p = f, 0 = 1, a0 = 5 and /?0 = -0.9. d) BE corresponding to four cycle, p = f, 

0 = 1.5, ao = 5 and /30 = -\. 

the following. The economy moves in an approximate two-cycle for a long period. As 

agents start believing more and more in this two-cycle it is disturbed and inflation rates 

start fluctuating more and more causing the beliefs to move in the reverse direction which 

leads to the two-cycle again. The third picture shows the inflation and learning dynamics 

when the initial belief on ß equals —0.9. The inflation rates converge to a period two 

orbit (7Ti, 7T2) and the learning dynamics converges to (a, ß) = (""̂ 71"2, - l ) . Agents really 

have to believe in a period two cycle in order for it to indeed emerge. The fourth picture 

shows the dynamics for 0 = \\. We then find that for initial beliefs a = 5 and ß = — | 

the inflation rates converge to a period four orbit. 
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4.7 Summary 

In this chapter we have considered a standard overlapping generations model and discussed 

several ways in which agents might learn about the dynamics of inflation. We have seen 

that, dependent upon the specific learning procedure at hand and the specification of the 

overlapping generations model, the monetary steady state might be stable or unstable 

and periodic, quasi periodic and strange behaviour might occur. An important aspect 

of our models is that agents perceptions are mis-specified. It is clear that for any agent 

it is impossible to understand the whole economy including the specific psychology and 

behaviour of all agents in it. Therefore, an agent always has some extremely simplified 

model of the economy in his mind when he tries to make forecasts of some economic 

variable. Therefore the use of mis-specified models of the economy is dominant in economic 

life. 

Some important lessons may be learned from the analysis conducted above. First of all 

it is clear that convergence to a steady state depends very much upon the specific type of 

learning models people use. Secondly, erratic dynamics can not be dismissed by a higher 

degree of sophistication of the learning models. Thirdly, though the learning dynamics 

might converge to a limit belief the corresponding inflation dynamics might be erratic. 

These fluctuating inflation rates are then in some sense consistent with the limit belief of 

the agents: in their class of models of the economy, the limit belief explains the inflation 

rates the best. Of course models from other classes might perform better, however the 

class of learning models has to be taken exogenously. 

A next step in the analysis would be to consider more general classes of perceived 

laws of motion and investigate which of these laws of motion and corresponding beliefs-

equilibria are the most relevant for the model under study. In this way one might be able 

to restrict the wilderness of bounded rationality by ruling out laws of motion that make 

structural forecast errors. 

Of course the analysis in this paper has only been a starting point in a more definite 

characterization of the dynamic properties of learning procedures. However we believe 

that it carries in it all the phenomena that one would find in more realistic dynamic 

economic models where agents can use more sophisticated learning algorithms. 
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Chapter 5 

An Evolutionary Model of Cournot 

Competition 

5.1 Introduction 

Up till now we have discussed general equilibrium models with perfect competition. In 

this and the following chapter we will consider models of imperfect competition. Probably 

the best known model of imperfect competition is the homogeneous Cournot duopoly 

model. In this chapter we will introduce a boundedly rational approach to this Cournot 

duopoly model. In Chapter 6 we will consider models where firms produce heterogeneous 

commodities. There the main focus will be on price setting behaviour. 

As was discussed in Chapter 4, the assumption of perfect foresight or rational expec

tations is a very demanding one and casual observation suggests that it is not the proper 

way to describe human behaviour. Knowing the correct model of the economy implies 

that rational agents know in which way all other agents form expectations and behave. In 

particular in game theoretic models, where interaction between agents plays an important 

role, this seems to be important, since even if the (Nash) equilibrium of a particular game 

is known to all agents, it does not have to be optimal for an agent to play this equilibrium 

if some of its opponents do not play it. We didn't touch upon the subject of heterogeneity 

in Chapter 4. There we analyzed learning in the context of a representative agent model, 

implying that all agents behave alike. In this chapter we consider heterogeneity between 

agents, where different agents might behave differently. We focus on an evolutionary 

game theoretic model of Cournot competition where in each time period the agents are 

matched in pairs to play a Cournot game. A standard evolutionary game theoretic model 

deals with a population of agents who are programmed to pure strategies in a symmet-
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ric two-player game in normal form. Extensive discussions on several evolutionary game 

theoretic models can be found in the books by Samuelson (1997), Vega-Redondo (1996) 

and Weibull (1995). In contrast to the common practice in evolutionary game theory 

to study games with a finite action space, we assume a continuous and therefore infinite 

action space. To be able to introduce some evolutionary competition we follow Brock 

and Hommes (1997) and let individuals choose their behavioural rule, i.e. routine, from 

a finite set of different rules. These rules are functions of past information and have a 

publicly available performance measure. Furthermore, the costs associated with a certain 

rule depend on the information and computational requirements of the rule. Individuals 

make a choice concerning the behavioural rules based upon their past performance and 

costs. Each behavioural rule specifies the quantity to be produced in the next period 

as a function of current or past production levels. Depending on profits made by such 

a behavioural rule, the fraction of the population using this rule will change, according 

to some measure of evolutionary fitness. This results in a nonlinear dynamical system 

with respect to the choice of behavioural rules that is coupled with the dynamics of the 

endogenous quantities supplied in the Cournot game. 

Our concern is whether or not an individual may want to switch between behavioural 

rules over time. Consider the following scenario. All individuals in a population can 

either behave according to a sophisticated behavioural rule Hi at small but positive costs 

or obtain a simple behavioural rule H^ for free. Each time period all individuals are 

randomly matched in pairs to play a Cournot duopoly game. They use the behavioural 

rules to determine the quantity they supply in this stage game and they tend to choose 

the rule that yields the highest expected net profit. Suppose that if all players use the 

sophisticated rule H\, all time paths of the endogenous variables, i.e. the quantities 

supplied in the Cournot game, would converge to a unique stable equilibrium, which is 

the well known Cournot-Nash equilibrium. Furthermore, assume that when all agents 

use the simple rule H%, the Cournot-Nash equilibrium is unstable. If quantities start 

out close to the Cournot-Nash equilibrium and almost all players use the simple rule H?, 

quantities will diverge from the equilibrium and average profits from using rule H^ will 

decrease. As a result, the number of players willing to pay some information costs to use 

the sophisticated behavioural rule H\ increases. As soon as enough agents have switched 

to Hi, quantities will be pushed back towards their equilibrium values. With quantities 

close to their equilibrium value, the average net profit of the simple rule H2 becomes 

higher, while the players using the sophisticated rule Hi still have to pay the information 

costs. Consequently, most agents will switch to using the simple rule Hi again, and 

the story repeats. In this chapter we analyze two typical examples where the mechanism 
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described above leads to erratic dynamics. For one of these examples we show that strange 

attractors exist. We do this by applying new results from homoclinic bifurcation theory 

to our evolutionary Cournot model. The use of homoclinic bifurcation theory is rather 

new in economic theory. It has been applied in the aforementioned work of Brock and 

Hommes (1997) and the work of de Vilder (1995,1996) who studies the appearance of 

homoclinic bifurcations in a two-dimensional overlapping generations model with capital. 

Another model in which agents are identified with a behavioural rule is discussed in 

Axelrod (1984). Axelrod describes two computer tournaments for which he invited various 

people to submit automata that would then compete against each other in the repeated 

Prisoner's Dilemma. The tit-for-tat automaton won both times. His next step was to 

simulate the effect of further tournaments. He began with an initial population in which 

each of the automata used in his second tournament was equally numerous. He then 

used a version of the replicator dynamics to make a guess at the profile of automata that 

would have been submitted in later tournaments. In the long run, the process settled 

on a polymorphic profile in which tit-for-tat had the largest share. The survival of the 

tit-for-tat automaton shows that cooperation in the Prisoner's Dilemma is sustainable. 

Related issues concerning the selection and evolution of behavioural or learning rules 

are discussed in Björnerstedt and Schlag (1994) and Kirchkamp and Schlag (1994), re

spectively. Banerjee and Weibull (1995) analyze the survival of nonrational agents in 

a strategic environment represented as a symmetric two-player game. Furthermore, see 

Vega-Redondo (1997) for an evolutionary model of Cournotian oligopoly and Rhode and 

Stegeman (1995) for a duopoly scenario. 

This chapter is organized as follows. In Section 5.2 we introduce the general evo

lutionary model and the corresponding dynamical system. In addition, we state some 

local instability results. In Section 5.3 we introduce our leading example, where agents 

can choose between two different behavioural rules. In Section 5.4 we analyze the local 

bifurcations of the model for two types of population dynamics: the discrete choice model 

and the replicator dynamics. We also provide some simulation results there. In Section 

5.5 we consider the global dynamics of the replicator dynamics and show that a homo

clinic bifurcation occurs. Another typical example with two behavioural rules is briefly 

studied in Section 5.6 and Section 5.7 concludes. The Appendices contain some of the 

computations needed for the main results of this chapter. 
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5.2 The Model 

Consider an infinite population of players who are matched in pairs randomly each 

discrete-time period to play a symmetric Cournot duopoly game. However, instead of 

simultaneously choosing the supplied quantities directly, the players act according to 

behavioural rules that exactly prescribe the quantity to be supplied. Note that even 

though the model is formulated for the duopoly case, it can easily be generalized to 

allow for any finite number of players being randomly matched to play a symmetric 

Cournot oligopoly game. For later convenience we start by briefly considering the tradi

tional Cournot duopoly analysis. For a more general review on existence and stability of 

Cournot-Nash and Bertrand-Nash equilibria we refer to Chapter 6. 

5.2.1 Traditional Cournot Duopoly Analysis 

Let Xi denote the quantity supplied by player i = 1,2. In addition, let P (xt + Xj), i ^ j , 

denote the inverse demand function and let C (xt) denote the cost function, which is 

identical for both players. We assume that P : R+ —> R+ is continuous, there exists 

x < oo such that P (x) = 0, and P is both C2, i.e. twice continuously differentiable, 

and strictly decreasing on [0, x). Furthermore, we assume that for all x € [0,x) it holds 

that P' (x) + XiP" (x) < 0. This means that each firm's marginal revenue is decreasing 

in the output of the other firm. Equivalently, each firm's profit function has nonpositive 

cross partials with respect to its own and the other firm's output. Finally, we impose 

that P (0) > C' (0). This condition states that each firm would like to produce at least a 

small quantity if it were a monopoly. With respect to the cost function we assume that 

C : R + —• R+ is C2 and nondecreasing. 

For player i the profit resulting from the above Cournot game is given by 

We assume that the profit function is strictly concave in the firm's own output X{. Profit 

maximizing behaviour, taking the quantity supplied by the opponent as given, results in 

the following so-called reaction function for player i 

Xi = Ri (XJ) = arg max [P (xi + Xj) Xi — C (xî)]. 
Xi 

Due to symmetry, players i and j , i / j , have the same reaction function R(-). Fur

thermore, for both players the Cournot-Nash equilibrium quantity x* corresponds to the 

solution of 

x* = R{x*). 
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Since profit functions are strictly concave such a solution x* exists. The first-order con

dition for a maximum is 

P (x) + XiP' (x) - C' (Xi) = 0. 

Taking the total differential of the first-order condition gives 

(2P (x) + XiP" (x) - C" (Xi)) dxi + (P (x) + XiP" (x)) dXj = 0. 

Rearranging terms we find that 

dxt P' (x) + XiP" (x) 
Ri (XJ) = — = -• dxj 2P> {x) + XiP" (x) - C" {Xi) ' 

Again, symmetry implies that i^ (•) = R'j (•). First, notice that the derivative of the reac

tion function is nonincreasing. The numerator is nonpositive because marginal revenue is 

decreasing in the other firm's output and the denominator is strictly negative because the 

profit function is assumed to be strictly concave. Second, the derivative of the reaction 

function is continuous because both the inverse demand function and the cost function 

are twice continuously differentiable. Tirole (1988) states that a sufficient condition for 

the equilibrium x* to be unique is that the derivative of the reaction function is unequal 

to 1 in absolute value over the relevant range of outputs, i.e. \R' (x)\ / 1 for all x 6 [0, x). 

Since the derivative of the reaction function is continuous this implies that |J2' (rn) | < 1 

for all x e [0, x) or \R' (x)| > 1 for all x G [0, x). 

The traditional Cournot analysis refers to a static environment. However, in a dynamic 

setting the reaction function introduced above can be used to establish the so-called best-

reply dynamics 

xiit = R{xjtt-\),i ± j , 

where xi<t, i = 1,2, denotes the quantity supplied by player i in period t. As shown by 

Rand (1978) these best-reply dynamics may converge to the Cournot-Nash equilibrium, 

result in an exploding path of quantities, or even result in cyclic or chaotic behaviour. In 

fact, the Cournot-Nash equilibrium is stable (unstable) under the best-reply dynamics if 

\R' {x*)\ < 1 (\R'(x*)\ > 1). The stability properties of the Cournot model under standard 

adjustment systems are analyzed more precisely in Hahn (1962) and Seade (1980) (see 

Chapter 6 for a brief review). 

In part of this chapter we focus on the following linear-quadratic specification of the 

Cournot duopoly game. The inverse demand and cost function are given by 

P (xi + x2) = a - b (xi + x2) 
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and 

G (xi) = cXi — —xi, 1 = 1,2, 

respectively. First, in order to have a strictly concave profit function we assume that 

d < 2b. Second, we require that at all times Xi < % since the cost function is only upward 

sloping if this condition holds. The fraction ^ can be interpreted as a capacity constraint. 

For the above specification of the inverse demand function and cost function the reaction 

function is given by 

a — c — bxi 
Jij 7 X l / I JU •} ) 

"J 

26 -d 

It can easily be calculated that in this case the Cournot-Nash equilibrium quantity, price, 

and profit are equal to 

respectively. Furthermore, we find that 

dRjq) b 
dq ~~2b-d' 

This implies that the Cournot-Nash equilibrium in the linear-quadratic specification of 

the Cournot duopoly game is stable (unstable) under the best-reply dynamics if d < b 

{d > b). 

5.2.2 Quantity Dynamics 

As mentioned before the players act according to behavioural rules that exactly prescribe 

the quantity to be supplied in the Cournot game. In fact, the players can choose be

tween K different behavioural rules Hi,H2,... ,HK- With each behavioural rule Hi, 

i = 1, . . . , K, we associate an information set It and costs T (ƒ;). An example of such 

an information set is the case where agents only need to know average industry output 

in the previous period. Another, more complete, information set may contain additional 

information about the structure of the underlying model or information about the best-

reply mapping. It seems obvious that obtaining the latter information set requires more 

resources than the former. Therefore the costs T (L) associated with obtaining this infor

mation set are higher. 

Let riitt, i = 1,. . . , K, denote the fraction of players using rule Hi in period t and 

let Xij, i = 1 , . . . , K, denote the quantity supplied by a player using rule Hi in period t. 
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Given a certain information set h the corresponding behavioural rule is given by 

xi,t+ï=Hi(Xt,Nt), (5.1) 

where 

X t 
* 2 , ( ^ 2 , 4 - 1 : 

XK,t • ' XKX-L 

and 

N, 

«i,( "i , t-i ••• ni,(_i, 

"2 ,4 " 2 , 4 - 1 

" K , t nK,t-L 

The above specification of X t and N ( indicates that behavioural rules have a limited 

memory of L + 1 periods.1 Note that, as the columns in N ( sum up to one, the last row 

of this matrix could be ignored. We include it, however, only for notational convenience. 

Together, the K heterogeneous behavioural rules constitute the quantity dynamics of the 

model. To make sure that the quantity dynamics are well-behaved in terms of dynamic 

implications we impose the following regularity conditions. Let Mmxn (S) denote the set 

of all m x n matrices with entries from the set S. 

Assumption 5.1 The functions {Hi} are all C \ i.e. continuously differentiable. 

Furthermore, each behavioural rule Hi : MKx(L+i) (R+) x MR-X(L+I) ([0,1]) —* R+, i = 

1 , . . . , K, has the Cournot-Nash quantity x* as its unique equilibrium quantity, i.e. x* = 

Hi (X*,N t ) , for all N t G MKx(L+1) ([0,1]), where X* G MKx(L+l) {{x*}). 

The latter assumption is a weak consistency assumption implying that the Cournot-

Nash equilibrium x* (or equivalently X*) is the unique equilibrium quantity of the com

plete dynamics of the Cournot duopoly model with heterogeneous behavioural rules: given 

that all players have been playing the Cournot-Nash equilibrium quantity for some time, 

each behavioural rule specifies to play the Cournot-Nash equilibrium in the current period. 

Particularly, it states that x* is the unique equilibrium of each homogeneous behavioural 

Notice that a priori it is possible that different rules have a different memory length of, say Lt + 1 

periods, but that this can be expressed in the present notation by taking L = max, Li. 
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rule. Assumption 5.1 excludes the possibility that players "believe" in different equilib

rium quantities. Allowing for this bias would introduce an additional source of instability 

in the model, not considered in this chapter. 

Remark 5.1 The Cournot duopoly game with heterogeneous behavioural rules described 

above can be interpreted as a symmetric KxK matrix game with a varying payoff matrix. 

This is caused by the fact that the quantity that a player using a certain behavioural rule 

supplies, and consequently also the profit this player receives, typically varies over time. 

Remark 5.2 The quantity dynamics of the model can alternatively be derived from the 

players having heterogeneous expectations with respect to the quantities supplied by their 

potential opponents in the next period. For economic models with heterogeneous beliefs 

we refer to Brock and Hommes (1997) and Cabrales and Hoshi (1996). 

5.2.3 Population Dynamics 

We will now describe how the fractions nitt evolve over time. The choice of a behavioural 

rule is based upon its past performance. Let 7r,Jj( (xiit, x]:t) denote the realized profit of 

a player supplying xi<t when he is matched with a player supplying Xjit in period t. More 

specifically, 

Ki,3,t (xi,t,Xj,t) = P (xi)t + xitt) Xij - C (xitt). 

To keep the dynamics of the model analytically tractable, we only use the realized profit 

in the last period to determine the fitness measure of a behavioural rule. The probability 

of meeting a player supplying xJtt in period t is equal to n]tt. Hence, the net average profit 

of behavioural rule Hi in period t is 

K 

Ui,t = J2 n
3,tKi,j,t (xitt, x3f) - T (It) = n* (xt, nt) - T (Ii), 

3=1 

where W (x(, n() is the average profit of agents using behavioural rule Ht in period t and 

T(Ii) are the associated information costs. In the above expression x t = (xiit,... ,xKit)' 

are the quantities corresponding to the different behavioural rules in period t and n t = 

(n1<t,... , nKtt) are the corresponding population fractions. We assume that the fitness 

measures Uitt are publicly observable. 

The fitness measures Uizt are used to determine the population fractions niit+1. In 

general, such an evolutionary dynamics in discrete time, describing how the population 

fractions evolve, is given by 

ni,t+i = h {Uiit, ni<t,\J^t, n_ M ) , 
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with U_M = {Ultt,... , Ui-U, Ui+U, ••• , UK,t)' and n'_M = (mj,... , n4_M, ni+i,t, ••• , nKyt). 

To make sure that the population dynamics is well-behaved in terms of dynamic impli

cations we assume that h (•, -, -, •) is continuous, nondecreasing in the first argument, and 

such that the population state remains in the (K - l)-dimensional unit simplex AK, which 

is a subset of the K-dimensional euclidean space R^. Given the fact that the dynamics 

remains in the unit simplex, the first regularity requirement is a sufficient condition for 

the existence of an equilibrium of the population dynamics. Note that dynamics in dis

crete time, contrary to dynamics in continuous time, automatically induce existence and 

uniqueness of a solution to the associated dynamical system through any initial popula

tion state in the simplex. The second regularity requirement reflects the assumption that 

successful behaviour reproduces more rapidly. In Section 5.3 and Section 5.4 we introduce 

some commonly used specific population dynamics that satisfy these conditions and figure 

prominently in economic applications. 

The preceding discussion shows that the evolutionary game theoretic model with K 

behavioural rules can be transformed into a (2K - l)-dimensional dynamical system. We 

need K equations to keep track of the quantity dynamics, i.e. the quantities supplied in the 

Cournot duopoly game by the players using the different behavioural rules. The other K-

1 equations describe the population dynamics, i.e. the fractions of the population using 

the different behavioural rules. Consequently, the general dynamical system considered 

in this chapter is the following 

xM+1 = Hi (X,, N.) for all i•= 1, . . . , K (5.2) 

ni)t+i = h ([/;,(, nM, U_M, n_M) for all« = 1, . . . , K - 1. 

In the examples analyzed in Section 5.3 and Section 5.6 we focus on models with K = 2 

behavioural rules. These evolutionary models give rise to (at most) 3-dimensional dynam

ical systems. This is no restriction since there are relatively few dynamical phenomena 

that are currently understood which only occur in dimension four or more. 

Remark 5.3 The definition of the fitness measure can be generalized in a straightforward 

manner to include the performance of the behavioural rule over the last M periods. In 

case there is a delay in evaluating the behavioural rules, a fitness measure Uiit becomes 

M K M 

Ui,t = ^2 wi>m ̂ 2 njtt-mirij,t-m - T (ij) = J ^ wiimW (x4_m, n t_m) - T ( i ) , Vi, 
m=0 ,7=1 m=0 

where 
M 

^ w i ] f c = l,Vz, and witk > 0,Vi,fc. 
fc=0 
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Numerical simulations indicate that incorporating a delay yields similar results as working 

with the more basic definition of a fitness measure used in this chapter. 

Discrete Choice Model 

This section contains a brief discussion of the discrete choice model. This model is treated 

extensively in Anderson, De Palma, and Thisse (1992) and Manski and McFadden (1981). 

Brock and Hommes (1997) also focus on the discrete choice model. Other interesting 

applications of the discrete choice framework can be found in Goeree (1997). Furthermore, 

see Chen, Friedman, and Thisse (1997) for an interesting discussion on the probabilistic 

choice approach. 

Suppose that the utility associated with using behavioural rule Hi takes the form 

Ui = Ui + -Si, 

where the Ej's are IID. In fact, [/, is the deterministic part and ie* captures the stochastic 

part of the utility of behavioural rule Hi. As explained by Anderson, De Palma, and 

Thisse (1992) the fraction of the population choosing behavioural rule Ht corresponds to 

the probability Pr ( Ui = max, Uj J. This captures the idea of bounded rationality since 

individuals do not necessarily select the rule that yields the highest utility. If the e '̂s 

are distributed according to the extreme value distribution this results in the so-called 

multinomial logit model, corresponding to the following updating of fractions 

exp lßUü] 

E f = i e x p f e ] 

The parameter ß is the intensity of choice measuring the inertia in switching behavioural 

rules. Notice that if ß = 0 behaviour is completely random: every behavioural rule is 

chosen with probability i . If ß —> oo the most profitable strategy is played by the 

complete population. In fact, ß can be interpreted as a measure of the natural selection 

with respect to the behavioural rules. 

Note that in the case of the discrete choice model the population dynamics h (•,-,-, •) 

even remains in the interior of the unit simplex for finite ß. This implies that in each time 

period all behaviour rules are present in the population and no behavioural rule will ever 

vanish (this is the so-called no-extinction condition). Furthermore, no new behavioural 

rules emerge in this model (this is the so-called no-creation condition). However, as we 

generally view all strategies as being represented in the initial distribution the no-creation 

condition has little bite. The equilibrium fractions are easily seen to be 

n . eW[-ßT(Ij)} 
1 £ L exp [-PT (ƒ«)]" 

nUt+l = -^K r „ r r i;Vz. (5.3) 



5.2. THE MODEL 125 

Replicator Dynamics 

Another dynamics that figures prominently in economic applications is the discrete time 

replicator dynamics. In this case the fraction of agents playing behavioural rule Hi in 

period t + 1 becomes 

nj,tUj,t 

\,j=i nj,tUj,t 

In this specification XJi%t can be interpreted as the number of offspring of an individual 

using behavioural rule Hi in period t. Obviously, the replicator dynamics satisfies both the 

no-creation and the no-extinction condition. This implies that offspring increases with the 

payoff of a behavioural rule. As shown by Gale, Binmore and Samuelson (1995), Binmore 

and Samuelson (1997), and Schlag (1996), using the replicator dynamics to represent the 

population dynamics can be motivated in the context of a learning, aspiration, or imitation 

story. Furthermore, the simplicity of the replicator dynamics lends it considerable appeal. 

Note that at an equilibrium of these replicator dynamics we must have n* = 0, n* = 1, or 

^ u ; = u;,viej, 

where J Ç { 1 , . . . , K} is the set of behavioural rules that are being played with positive 

probability in the equilibrium. This implies that U* has to be the same for all i £ J 

and this means that information costs T (ƒ;) have to be equal for all i £ J. If this is the 

case any set of fractions n* = (n\,... ,n*K) , with Yljejn*j = 1 ano^ n* = Q îoi i £ J is 

an equilibrium. The case of equal information costs is considered in Proposition 5.1 in 

Section 5.2.4. 

In general, when information costs T(/;) are different for all behavioural rules, we 

have K distinct equilibrias. In each of these equilibria^ only one behavioural rule is 

played with positive probability. Only the equilibrium in which the behavioural rule 

with the lowest information costs T (U) is played with positive probability can be locally 

stable. In any other equilibrium it is profitable to choose a behavioural rule with lower 

information costs, since the system will remain at the Cournot-Nash equilibrium. When 

in an equilibrium only the behavioural rule with the lowest information costs is played 

with positive probability, the (in)stability of an equilibrium of the complete system follows 

from the (in)stability of this behavioural rule. 

In the remaining part of the chapter we mainly focus on the replicator dynamics with 

deterministic noise, as discussed by Young and Foster (1991). The population dynamics 
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then looks like 

m^i = (l-KÔ) J^tUi'\ +6, (5.4) 
2 ^ = 1 nj,tuj,t 

where S < jç is assumed to be small. The parameter 6 is called deterministic noise and 

its interpretation is as follows. Each period t a fraction of K6 firms leaves the market and 

is replaced by new firms. In their first period these new firms choose one of the existing 

behavioural rules randomly. A law of large numbers argument can be used to show that 

each behavioural rule is chosen by a fraction of j^ of the new firms. The presence of 

the noise implies that equilibria have to be interior: the equilibria in which only one 

behavioural rule is played are destroyed. The interior equilibria have the property that 

6 < n* < 1 — (K — 1) 6 for alH = 1,. . . , K. Uniqueness of the equilibrium population 

fractions in case the costs of the behavioural rules are different, is shown by the following 

Lemma. 

Lemma 5.1 Assume T\ > ... > TK > 0. Then the equilibrium population fractions of 

the dynamical system with the population dynamics modelled by the replicator dynamics 

(5.4) are unique. 

Proof. When the population dynamics are given by the replicator dynamics (5.4), 

the equilibrium population fractions are determined by 

< = (1 - K6) " • ( n * - T * ) + 6_ ( 5 . 5 ) 

Ef=i-nj-(n*-ï}) 

In order to prove that (5.5) has a unique solution we assume that there are two differ

ent solutions, and then derive a contradiction. Let the two different solutions be de

noted as m* = (TO*,... , m*K)' and m* + fi* = (m* + /x*,... , m*K + (J,*K)', with /j,* ± 0 e 
MKXI ({0}). This implies that there exist k and /, k / I, such that ßl > 0 and ,̂* < 0. 

Obviously, it also has to hold that both J2?=1 m* = 1 and J2iLi mi + A** = L implying 

that £ \ = 1 ß* = 0. Since II* - T, > 0 for all i, i = 1 , . . . , K, by assumption, it follows 

from (5.5) that 

m* > 6 and TO* + ß* > ô, (5.6) 

for alH, i = 1,. . . , K. Furthermore, as the conditions specified by (5.5) have to hold for 

both m* and m* + /x*, straightforward calculations show that 

K + /JÎ - <5)f>*7} = [Kell* - J2m*iTJ + (!" KS)Ti) AC (5-7) 
3=1 V 3=1 / 
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for all i, i = 1, . . . ,K. 

Now suppose Yfj=\ ^)Tj = °- Since both / 4 / 0 and //,* ^ 0, the conditions given by 

(5.7) imply that IT - Tfc = IT - T ( . As Tk ± Tt this gives a contradiction, implying that 

Y,K=i V"*^} ¥" 0- T n i s observation enables us to divide both sides of (5.7) by J2f=i VjTjt 

to obtain that 

(KOU* - Ef=1 mfc + (1 - KS) T4) Ml 
m* + / 4 - <5 = „ , . T . 

for alii, i = 1, . . . , K. The conditions stated in (5.6) now imply that 

(KSU* - Ef=1 myti + (i-K6) ri) ß* 
0 < ^K  

< 
( # « ! • - 6 £f=1 T, + (1 - A"«) T4) tf 

E f = i M ^ 

(6 (KU* - Ef=1 Tj) + (1 - KG) Jj) /iî 

for all• i, i••= 1, . . . ,AT. Recall that either Y^=iß)Ti > ° o r E|=iA*jT> < °- F i rs t> 

suppose Y,f=iß*jTJ > °- Because n* - Tt > 0 for all i, i = 1, . . . ,K, it holds that 

S (KU* - J2f=i Tj) > 0. Furthermore, since also (1 - KS) Tt > 0, for all ï, i = 1,. . . , K, 

and (i* < 0, we find the following contradiction: 

(s Uw - Ef=1 T:) + (1 - /tf) T,) tf 
0 < 1 - i —K1 '-— < 0. 

Second, suppose J2f=i ^Ti < °- S i n c e /4 > ° w e n n d t n a t 

(«5 (/OF - £f=1 7}) + (1 - A3) Tfc) /4 
0 < - ^ ^ - ^ ^— < 0, 

Ei=i MFJ 

which is again a contradiction. This shows that the equilibrium population fractions 

determined by (5.5) are unique. • 

In this chapter we will primarily be concerned with the case K = 2, where there is 

one behavioural rule with zero information costs and one behavioural rule with positive 

information costs T. Some straightforward calculations show that the unique equilibrium 

fraction of people playing the behavioural rule with information costs T is equal to 

n* = 2T" (6(-m* - T ) + T - \]s2{2W-T)2 + {l-26)T2\ ' 
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where II* is the profit, exclusive of information costs, made by all the players in the 

equilibrium of the dynamical system. In fact, it can be shown that 6 < n* < \. 

There is an important difference between the discrete choice population dynamics 

and the replicator dynamics. The former determines fractions purely on the basis of 

the fitness measure, whereas the latter also incorporates the population fractions of the 

previous period. This implies that the population dynamics for the discrete choice model 

can move more rapidly: it is possible that almost the whole population switches from 

one rule to another in one period (provided ß is sufficiently high). For the replicator 

dynamics, there is some extra inertia since, even if a rule performs very badly in a certain 

period, a relatively high fraction of the population keeps playing it if a high fraction of 

the population played it in the previous period. Adjustment in the population fractions 

under the replicator dynamics is therefore more gradual than under the discrete choice 

dynamics (compare the time series for the discrete choice dynamics and the replicator 

dynamics in Section 5.4). 

5.2.4 Local Instability Results 

The Cournot duopoly model with K heterogeneous behavioural rules introduced in the 

previous section, can be represented by a (2K - l)-dimensional dynamical system. We 

need the first K equations to keep track of the quantity dynamics as specified in (5.1), 

while the remaining K — 1 equations describe the population dynamics given by (5.4) or 

(5.3). In this section we present two instability results which show that the dynamics 

typically does not settle down to the equilibrium. 

Let {x*,nr*), with nr* = (n\\... ,n£)' , and (x*,i&), with nd* = (ni*,... ,<*) ' , de

note the equilibrium of the dynamical system in case the population dynamics is modeled 

by the replicator dynamics (5.4) and the discrete choice model (5.3), respectively. From 

Assumption 5.1 and Lemma 5.1 it follows that, independent of whether the population 

dynamics is described by the replicator dynamics (5.4) or the discrete choice model (5.3), 

the dynamical system has indeed a unique equilibrium. 

In addition, Assumption 5.1 implies that x* e MKxï {{x*}) is the unique equilibrium 

quantity of the Cournot duopoly model with heterogeneous behavioural rules. Consider 

such a model with all population fractions being fixed at —, i.e., xitt+i = Ht (X (,N) for 

al i i = 1,...,K, where N 6 MKx{L+l) ({^}) . Thus, firms stay uniformly distributed 

over the set of behavioural rules. The quantity dynamics can then be described as x (+1 = 

H (Xt, N ) . We make the following assumption. 

Assumption 5.2 The equilibrium quantity x* of the model with all population frac-
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tions being fixed at ^— is hyperbolic, i.e., for all i, i = 1,... ,K, the linearization of 

Xt+i = H (X t , N,) at x* has no eigenvalues on the unit circle and x* is locally unstable. 

The above assumption means that when all firms stay uniformly distributed over the 

set of behavioural rules, the unique equilibrium quantity x* of the resulting quantity 

dynamics is unstable. 

The first instability result says that when all behavioural rules involve equal costs, the 

unstable equilibrium of the dynamical system with all population fractions being fixed 

at i cannot be stabilized by switching of behavioural rules. Given that all behavioural 

rules involve equal costs, we can assume without loss of generality that T; = 0 for all i, 

i = l,..., K. 

Proposit ion 5.1 Assume 5.1, 5.2 andTi = 0 for every behavioural rule Hi, i = 1 , . . . , K. 

Then the equilibrium of the dynamical system with the population dynamics modelled by 

either the replicator dynamics (5.4), i.e., (x*, nr*), or the discrete choice model (5.3), i.e., 

(x*,nd*), is unstable. 

Proof. The following analysis holds both for the population dynamics described by 

(5.4), in which case n* and Ni<t should be interpreted as n " and N [ ( , respectively, and the 

population dynamics described by (5.3), in which case n* and N i t should be interpreted 

as nd* and Nft, respectively. Because T, = 0 for al i i , i = 1 , . . . ,K, it follows immediately 

that the equilibrium population fractions n " = nf* = jr for all i, i = 1 , . . . , K. 

For all I, i = 1, , K, the linearization of Xi:t+i = Hi (X t , N () at the equilibrium 

(x*,n*) is given by 

dxi t+i 
dHi 

dX, 
o dX.t 

(x*,n*) 

+eJ 
dHi 

dNt (x',n*) 

e + e T 'dHi 

0N t 

o d N ( 

(s'jhï.) 

= e T dHi 

dXt 
o dXt 

V, e — k dHi 

9Nt (z*,n") 
e, 

where dxitt+i = xitt+i - x*, dni%t = n M - nf, eT e MlxK ({1}), e 6 M{L+1)xl ({1}), and o 

denotes the Hadamard or entry-wise product. From assumption 5,1 it follows that 

dHj 

dNt (x ' .n-) 
0 (5.8) 
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for alH, g = 1,. . . , K and I = 1,... ,L + 1, which implies that dxitt+i can be rewritten as 

dHi 
dxit+i = e 

dXt 

o<5X( 
(x*,n») 

which is exactly the linearization of xi]t+i = #i (X (,N) at x*. Now since by (5.8) the 

upper right block of the Jacobian of the linearized system contains only zeros, all eigen

values of the linearization of x t+i = H (Xt, N) at x* are eigenvalues of the linearization 

of the complete system at x*.Hence assumption 5.2 implies that the equilibrium (x*,n*) 

of the complete dynamical system is also unstable. • 

A second instability result arises when there are different costs associated with the 

behavioural rules. Assume without loss of generality that 7\ > . . . > TK > 0. We replace 

Assumption 5.2 by Assumption 5.2'. 

Assumption 5.2' When the whole population of firms use the cheapest behavioural 

rule HK, the equilibrium quantity x* is hyperbolic and unstable. 

In an economic setting it is natural to take the cheapest behavioural rule to be some 

myopic or naive rule of thumb. Such a behavioural rule typically includes a time lag, does 

not incorporate any knowledge about the way the market works, and lacks information 

on the equilibrium quantities. Furthermore, a myopic rule is likely to include persistent 

forecast errors with respect to the behaviour of other market participants, or not to take 

this behaviour into account at all. It is not difficult to imagine that markets are unstable 

under such a behavioural rule. 

Consider the dynamical system with the population dynamics represented by the repli

cator dynamics (5.4). For small deterministic noise 6, at the equilibrium (x*,n™), most 

firms will use the cheapest behavioural rule HK. The second instability result says that 

instability is inherent is such situations when more sophisticated behavioural rules are 

more expensive. A similar argument holds for a large intensity of choice /3, in case the 

population dynamics is given by the discrete choice model (5.3). 

Proposition 5.2 Assume 5.1, 5.2', and T\ > ... > TK > 0. In case the population 

dynamics is modelled by the replicator dynamics (5-4) and the deterministic noise 6 is 

sufficiently small, then the equilibrium (x*,nr*) of the dynamical system is unstable. Fur

thermore, in case the population dynamics is modeled by the discrete choice model (5.3) 

and the intensity of choice ß is sufficiently large, then the equilibrium (x*,nd*) of the 

dynamical system is unstable. 
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Proof. Consider the dynamical system with the population dynamics modeled by the 

replicator dynamics (5.4). According to the replicator dynamics, nitt+i = ƒ (x t,n t) for 

all, i = 1, . . . , K. Hence the dynamics can be represented by 

xM+1 = Ht (Xt, NI) = Hi (x t , . . . , xt_L, n[_L) , (5.9) 

where xt_( = (zM_,, . . . ,£*:,*_;)' for all /, Z = 0, . . . ,L, n[_L = (nj ] t _ £ , . . . ,rfKt_L) . 

First, notice that including the population fraction nKtt-L^n (5-9) is redundant since 

J2?=ini,t-L = 1.Second, notice that (5.9) is of dimension (L + 2) K - 1. By Assump

tion 5.1 we know that for alii, i = 1,. . . , K, it holds that 

/ / i ( x V . . ,x*X_L ) =x* 

for any nr
t_L. Thus, the partial derivative 

^ ( x ' , . . . , x ' , n [ . t ) o 

for all j = 1, . . . , K - 1 and i = 1, . . . , K. Let nr* (6) = {n{* (6),... , n£ (5))' denote the 

equilibrium population fractions, and consider the behavioural rules Hi, i = 1,. . . ,K, 

such that 

xitt+1 = Hi (Xt, N " («)) = ^ (x t , . . . , x t_L) , (5.10) 

with Nr* ((5) = [nr* (5) , . . . , n™ (6)}Kx,L+1y describing the quantity dynamics when the 

population fractions of firms using behavioural rules H\,... , HK are fixed at the equilib

rium population fractions of the dynamical system. Using (5.10) it can be shown that 

the Jacobian of (5.9), evaluated at the equilibrium has K — 1 eigenvalues Aj,..., , \K-I 

such that 0 < Ai,... , \K-I < l,while the other (L + 1) K eigenvalues are equal to the 

eigenvalues of (5.10), evaluated at the equilibrium. 

For 6 small, the equilibrium population fraction using the cheapest behavioural rule 

HK approaches one, i.e., rf£ (8) « 1. Now consider the system describing the quantity 

dynamics when the whole population of firms uses behavioural rule HK- By Assumption 

5.2', the equilibrium quantity x* of this system is unstable. Since, for 6 small, the system 

given by (5.10) gets enclose to the system in which the whole population of firms uses 

behavioural rule HK, we conclude that for 6 sufficiently small, at the equilibrium, the 

system specified by (5.10) is unstable. This implies that the dynamical system with 

the population dynamics modeled by the replicator dynamics (5.4) is unstable at the 

equilibrium. 

A similar argument as above can be used to show that for /3 sufficiently large, the 

dynamical system with the population dynamics modeled by the discrete choice model 

(5.3) is also unstable at the equilibrium. • 
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5.3 A Typical Example: Best-Reply versus Rational 

Players 

In this section we consider a simple, but typical, example of the general model introduced 

in Section 5.2. In fact, we analyze the case where there are K = 2 behavioural rules 

available in the population. Namely, a best-reply behavioural rule and a so-called rational 

behavioural rule. Let nt be the fraction of rational players in period t and let xt and yt 

denote the quantities supplied by the best-reply players and the rational players in period 

t, respectively. 

With respect to the best-reply players we assume that they know average industry 

output in the previous period. Since average industry output in period t is equal to 

xt = ntUt + (1 — nt)xt, the best-reply players supply the quantity 

Xt+i = R{xt) = R{ntyt + (1 - nt)xt) 

in period t + 1. From the above expression it follows that the introduction of a certain 

amount of rational players may stabilize the best-reply dynamics. In fact, we have j£'' = 

(1 — nt) R' (xt). Consequently, if the fraction nt is large enough the resulting best-reply 

dynamics may become stable, even though the original best-reply dynamics is not (that 

is, when \R'(x*)\ > 1). 

Rational players reason more subtle than best-reply players. We assume that at time 

t + 1 they know the fraction of people playing according to the rational behavioural rule in 

that period. Rational players can therefore also be interpreted as perfect foresight players. 

In addition, they are able to calculate the quantity xt+ï supplied by the best-reply players 

in period t + 1. Their optimal strategy is implicitly defined as follows 

yt+i = R (nt+iyt+i + (1 - rit+i) xt+i). 

The strategy of the rational players is something like a Nash equilibrium in a game 

which is "contaminated" with a number of best-reply players. Because of the extensive 

computational and informational requirements of the rational behavioural rule it seems 

reasonable to associate costs T > 0 with this rule. Since we assumed R (•) to be downward 

sloping the rational behavioural rule can be determined implicitly as 

2/t+i = G(xt+i,nt+i). 

Note that both rules discussed above are unbiased as they have the Cournot-Nash 

equilibrium quantity x* as their unique equilibrium quantity. Furthermore, x* is also the 
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unique equilibrium quantity of the complete dynamics of the model with heterogeneous 

behavioural rules. In fact, this dynamical system is given by 

xt+1 = f(xt,yt,nt) = R(ntyt + {l-nt)xt) 

yt+i = g(xt,yt,nt) = G(f(xt,yt,nt),h(xt,yt,nt)) 

nt+i = h(xt,yt,nt), 

where the mapping h(xt,yt,nt) represents the population dynamics. With respect to the 

above dynamical system it should be noted that 

xt+i = R (ntyt + (1 - nt) xt) = yt. 

This means that the only difference between the rational strategy and the best-reply 

strategy is that the latter always lags one period behind. Therefore, we can reduce the 

dimension of the dynamical system by one and write everything in terms of xt. The 

resulting 2-dimensional dynamical system is 

xt+1 = R(ntG(xt,nt) + (1 -nt)xt) (5.11) 

nt+i = h(xt,G{xt,nt),nt). 

In the following two sections we will analyze this two-dimensional nonlinear dynamical 

system. Section 5.4 discusses local bifurcation results for the discrete choice dynamics 

and the replicator dynamics and in Section 5.5 we show the existence of a homoclinic 

bifurcation for the replicator dynamics and the linear-quadratic specification of the model. 

5.4 Local Bifurcation Analysis 

In this section we analyze the model introduced in the previous section, for two types of 

population dynamics, the discrete choice model and the replicator dynamics. The analysis 

in this section is local, that is, we investigate the local stability of the evolutionary model 

when the evolutionary pressure (as expressed by the parameter ß for the discrete choice 

dynamics and the parameter 6 for the replicator dynamics) increases. We will also show 

the results from some simulations, to get an intuition as to what happens globally. Before 

specifying the population dynamics h(xt,G (xt, nt), nt) we make the following observation 

with respect to the dynamical system (5.11). 

Lemma 5.2 Consider the dynamical system (5.11). The eigenvalues of the Jacobian 

matrix of the linearized system, evaluated at the equilibrium (x*,n*), are Ai = 'X~^*^,A^/ 

and\2=
 9feKQK"')."')| 
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Proof. To determine the eigenvalues of the Jacobian matrix evaluated in the equilib

rium (x*, n*), we consider the entries in the first row of this matrix. It is easily seen that 

these entries are given by 

Ju = (n 'Gi (x*,n*) + (1 - n*)) R' (x*) and J12 = n*G2 (x*,n*) R' (x*), 

where G, is the derivative of the function G(-,-) with respect to its i'th variable. To 

compute both G\ (x*,n*) and G2 (x*,n*) we need to take the total differential of 

yt+i = R(ntyt+1 + (1 - nt+i) xt+ï), 

which results in 

dyt+i = R' {nt+1yt+1 + (1 - nt+l) xt+x) 

x ((1 - nt+1) dxt+i + nt+1dyt+i + {yt+\ - xt+i) dnt+l). 

Rearranging terms gives 

dyt+i „ 1 , (1 - nt+l) R' {nt+1yt+1 + (1 - n t + i ) xt+1) 
- Gi (a; (+i,n (+1J -dxt+1 ' 1 - nt+iR' {nt+iyt+i + (1 - n t + i ) £ ( + 1) 

and 

dyt+i = G ( v = (Vt+i - xt+i) R' (nt+iVt+i + (1 - nt+1)xt+i) 
dnt+i 2 t + 1 ' ' + 1 1 - nt+iR' {nt+lyt+ï + (1 - nt+\) xt+i) 

Evaluating the above expressions in the equilibrium (x*, n*) results in 

1 — n*H (x*) 

With respect to the Jacobian matrix this implies 

f t(l-n*)R'{x*) .. . l A w , « ( l - n * ) f i ' ( a ; * ) 
J u = n „ / / + (1 - n*) R (x*) = —^ '— . , and J12 = 0. 

Consequently, the eigenvalues of the Jacobian matrix of the linearized system, evaluated in 

the equilibrium {x*,n% are \ , = J „ = { \ $ g $ and A2 = J22 = * ^ ^ ^ . " « ) | . 

5.4.1 Discrete Choice Dynamics 

Suppose that the population fractions of players using a certain behavioural rule are 

updated according to the discrete choice model. In this case the dynamical system (5.11) 
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becomes 

Xt+i = R{ntG(xt,nt) + (l-nt)xt) (5.12) 

nt+i = h{xt,G(xt,nt),nt) = 
exp [/? (IT (xt, G (xt, nt), nt) - T)}  

exp [ß (IP (xt, G (xt, TH) , nt) - T)] + exp [ßUb (xt, G {xt, nt), n,)] ' 

where 

IT (xt, G (xt, nt), nt) = n(7r (G (xt, nt), G (xt, nt)) + (1 - nt) ?r (G (xt, nt), xt) 

and 

II6 (xt, G {xt, nt), nt) = nt7r (a;(l G {xu nt)) + (1 - nt) 7r (xt, a;t) 

are the average profit of the rational players and the best-reply players in period t, respec

tively. We will study what happens to the dynamics of (5.12) as the intensity of choice ß in

creases. Note that by definition we have that IT (xt, G (xt>nt), nt) > Ub (xt, G (xt, nt), nt). 

Local Stability Analysis 

The first step in analyzing the behaviour of the dynamical system (5.12) is to investigate 

the local stability properties of the equilibrium. These properties are summarized in 

Proposition 5.3. 

Proposition 5.3 Consider the dynamical system (5.12). Let R' (x*) < —1. The equi

librium of (5.12) is (x*,n*), where x* is the Cournot-Nash equilibrium quantity and 

n* = 1+ex
1 i0T] • Then given T there exists a value ß* of ß such that the equilibrium (x*, n*) 

is locally stable for all ß < ß* and unstable for all ß > ß*. Moreover, ß* = ^ In RrZ.l+i • 

Proof. Straightforward calculations show that (x*,n*) is the equilibrium of (5.12). 

According to Lemma 5.2 the eigenvalues of (5.12) are A! = ^ " I f f f f i and A2 = ^K G K"' ) . "0 

We start by considering the eigenvalue \2. Note that h(xt,G (xt,nt) ,nt) only depends 

upon nt through the profit functions. Furthermore, it holds that 

dTV(xt,G{xt,nt),nt) ^ ^ fdTr(y,y)c dir(y,y)c 

dnt V dy ^x 

d-K (y, x) 
+ (1 - nt) —T. G2 

dy 
+7T (G (xt, nt), G {xt, nt)) -n(G (xt, nt), xt), 
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which is equal to 0 in equilibrium because G2 (x*,n*) = 0. A similar argument can be 

used to show that 

dnt 
= 0. 

(x*,n*) 

From the above reasoning it follows immediately that À2 = 0. As a result, we have that 

the eigenvalue Ai is the only nonzero eigenvalue. Hence, the equilibrium is locally stable 

(unstable) if 

A l " l-n*R>{x*) > ( < ) - L 

Since n* = 1+ex
x MTI this condition is equivalent to 0 < ß < ß* (ß > /?*), where ß* = 

T1U [ä ' ( I-)+IJ- " 

Proposition 5.3 states that the equilibrium of (5.12) loses stability for high values of 

the intensity of choice ß. A high intensity of choice means that there is little inertia in 

switching between behavioural rules. As a result, most players will switch to the myopic 

behavioural rule whenever the dynamical system is close to the equilibrium. Namely, 

close to the equilibrium the best-reply rule results in a higher profit because there are no 

information costs associated with this rule. Since the equilibrium is unstable under this 

myopic behavioural rule we are left with the above result. 

Note that the equilibrium of (5.12) is locally stable for all values of the intensity of 

choice ß > 0 in case —1 < R' (x*) < 0. Furthermore, in case information costs T = 0 

we have Ai = , 2
1 i*. ,. This means that in the model without information costs the 

I - ^ ä ' ( I ' ) 

equilibrium is stable for all values ß > 0. 

Finally, Proposition 5.3 could be reformulated with the roles of the intensity of choice 

ß and the information costs T interchanged. In fact, given ß there exists a value T* = 

ß ^1 H'£l+i °f -̂  s u c ^ t^ i a t *^e equilibrium is locally stable for all T < T* and unstable 

for all T > T*. 

A Bifurcation Scenario 

This section deals with the linear-quadratic specification of the Cournot duopoly model. 

For later convenience we rewrite the dynamical system in terms of deviations Xt = xt — x* 

and Yt = yt — x* from the Cournot-Nash equilibrium quantity x*. It can easily be shown 

that 
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Consequently, the linear-quadratic specification of the dynamical system (5.12) written 

in deviations becomes 

_ b(l-nt) ( 3 ) 
A m (2 + nt)b-d l V ' 

nt+\ 
1 +exp 'ß{r-{b-i){^u4x") 

Write F for the 2-dimensional map (5.13). The derivation of the profit functions for the 

linear-quadratic specification of the model, which are used to determine the population 

dynamics of (5.13), can be found in Appendix 5.8.1. We have to keep in mind that 

production levels are always nonnegative and smaller than the capacity constraint, that 

is -x* < Xt < 2 - x* o r ' equivalents, - ^ < Xt < § - ^ . An important feature 

of the dynamical system (5.13) is that it is symmetric with respect to the line Xt = 0. 

This property will prove to be convenient later on. In fact, it enables us to determine the 

secondary bifurcation analytically. 

The model with best-reply versus rational players, discrete choice dynamics, and the 

linear-quadratic specification of the Cournot duopoly game is, upon a transformation of 

variables, mathematically equivalent to the model studied by Brock and Hommes (1997). 

They study the evolution of equilibrium prices in a cobweb model with rational versus 

naive expectations. The state variable in their model is the price pt and the parameters 

(next to the intensity of choice ß and information costs T) are marginal supply b and 

marginal demand B. In particular, if we transform the state variable pt according to 

Xt = J-^dPt and additionally assume that b = b and B = 2b - d we end up exactly with 

the model presented here. The equivalence is shown in more detail in Appendix 5.8.2. 

We will now study how the dynamical behaviour of (5.13) changes as ß increases. 

Proposition 5.4 states what happens when the equilibrium (X*,n*), with X* = 0 and 
n* = i+exW l o s e s stability. 

Proposition 5.4 Consider the dynamical system (5.13). Let b < d < 2b. Then the 

primary bifurcation, i. e. a period doubling bifurcation, occurs at ß* = ^ In [-jfj-J • In fact, 

for values ß < ß* the equilibrium (o, l+e^p<0TA « locally stable and for values ß > ß* the 

equilibrium is unstable and a locally stable period 2 cycle exists. This period 2 cycle is 

given by 
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The secondary bifiircation, where the period 2 cycle loses stability, occurs at /?** = ß* + 
b 

(d-b)T-

Proof. First, the local stability result and the primary bifurcation value follow directly 

from Proposition 5.3. At ß = ß* it holds that the eigenvalues of the Jacobian matrix, 

evaluated at the equilibrium, are equal to Ai = — 1 and A2 = 0. Consequently, a period 

doubling bifurcation occurs. Second, due to the aforementioned symmetry we are looking 

for a period 2 cycle of the form 

{{X^n)',{X2,n)'} , 

where 

- b ( l - n ) 
Ä2 - (2 + n)b-dXv 

Since the same equality must hold with X\ and Xi interchanged, we get 

-b(l-n) 
(2 + n)b-d 

implying n = ^ . Writing X = Xi = — X2 > 0 and using the second equation of the 

dynamical system (5.13) we find that X is the positive solution of 

1 + exp [ß (T + 26 (2n - 1) X2)] ' 

Substituting n = ^ and solving this equation gives the solution provided in Proposition 

5.4. Let F2 denote the second iterate of the map F, i.e. the map F composed with itself 

two times. Third, to study the stability of this period 2 cycle we consider the Jacobian 

matrix of F2, evaluated in the period 2 cycle {(Xi,n)', (X 2 , n ) ' } . This Jacobian matrix 

is given by 

( , _ 2(d-b)T(ß-ß') &{ß-ß')T b-(d-b)(ß-ß')T \ 
L b V (2b-d)ß 36-d 

jß(ß-ß')T (d-b)(2b-d)(3b-d)(b-(d-b)(ß-ß-)T) T(ß-ß')(d-b)(2b-(d-b)(ß-ß')T) I ' 
Y 2(2b-d) P P / 

It can be checked that the eigenvalues of this matrix are complex conjugates and that the 

determinant of JF2 is given by 

d e t J ^ - ^ - ^ 2 7 1 2 -b2 

At ß" the above determinant is equal to 1 and both eigenvalues lie on the unit circle. 

In fact, both eigenvalues are equal to —1. Finally, because det Jj?2 is increasing in ß the 

period 2 cycle is locally stable if ß < ß" and unstable if ß > /?**. • 
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Proposition 5.4 indicates a source of complicated dynamics for intermediate values of 

the intensity of choice ß. Namely, at ß** a so-called 1 : 2 strong resonance Hopf bifurcation 

occurs. An important feature of this Hopf bifurcation is the emergence of four period 4 

cycles, two locally stable and two unstable. Therefore, we have coexistence of low periodic 

attractors. It depends upon the initial state (X0, no) to which of the two stable period 4 

cycles, which are symmetric with respect to the line Xt = 0, the equilibrium path settles 

down. The basin of attraction of an attractor is the set of initial states (X0, n0) converging 

to the attractor. In case the dynamical system exhibits small stochastic noise, coexisting 

attractors can be a source of complicated dynamical behaviour since orbits may jump 

irregularly from one basin of attraction to the other. For a more detailed discussion of 

this special Hopf bifurcation we refer to Brock and Hommes (1997). 

For large values of the intensity of choice ß, the dynamical behaviour can be compli

cated due to the occurrence of strange attractors. Figure 5.1 shows the attractors of the 

model for the parameter values a = 17, b = 1, c = 10, d = | , T — 1, and for different 

values of /3. For this numerical example the primary period doubling bifurcation occurs 

at ß* — In 7 and the 1 : 2 strong resonance Hopf bifurcation of the period 2 cycle occurs 

at /?** = 4 + In 7. As ß increases further, apparently both stable period 4 cycles turn 

into 4-piece chaotic attractors after a cascade of infinitely many period doubling bifur

cations. One of these 4-piece chaotic attractors is depicted in Figure 5.1. Like the two 

stable period 4 cycles, the two coexisting 4-piece chaotic attractors are also symmetric 

with respect to the line Xt = 0. As ß increases even further, our numerical simulations 

show the existence of a strange attractor. 

Figure 5.2 shows the time series of Xt and nt for the dynamical system associated 

with the numerical example when ß equals 25. These time series clearly reveal what is 

going on. For some time almost all agents use the best-reply strategy, i.e. nt is close to 

0, and the production levels are close to the Cournot-Nash equilibrium, i.e. Xt is close to 

0. However, since the best-reply dynamics are unstable, the dynamics move away from 

the equilibrium and output begins to fluctuate erratically. At a certain time they move 

so wildly that it becomes worthwhile to spend money on the rational behavioural rule. 

Then almost all agents suddenly switch behavioural rules and nt becomes close to 1. This 

stabilizes the system and output returns to its equilibrium level, which in turn makes the 

best-reply strategy more profitable. As a result, nt converges to 0 very quickly again. 
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Figure 5.1: Attractors for the model with best-reply versus rational players and discrete 

choice dynamics with a = 17, b = 1, c = 10, d = 1.25, T = 1 and a) 0 = 8.1, b) ß = 8.2, 

c) ß = 8.5 and d) /3 = 25. 

5.4.2 Replicator Dynamics 

Now we consider the case where the population dynamics is modelled according to the 

replicator dynamics with deterministic noise instead of the discrete choice model. This 

transforms the dynamical system (5.11) into 

xt+1 = R(ntG(xt,nt) + (1 -nt)xt) 
nt(l-26)(W(xt,G(xt,nt),nt)-T) 

(5.14) 

nt+\ = nt (IP {xu G (xt, nt), nt) - T) + (1 - nt) Ub (xt, G (xt, nt), nt] + 6. 

In this section we study what happens to the dynamical behaviour of (5.14) as the deter

ministic noise S goes to zero. 

http://o-17.b-1.c-10.d-5A.T-1
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I O . d " f t / 4 . T - l , and P-f'-ilv 

Figure 5.2: Time series of quantities and fraction of rarional players for the model with 

best-reply versus rational players and discrete choice dynamics with a = 17, b = 1, c = 10, 

d = 1.25, T = 1 and ß = 25. 

Local Stability Analysis 

The local stability analysis of the equilibrium of the dynamical system (5.14) is summa

rized in Proposition 5.5. 

Proposition 5.5 Consider the dynamical system (5.14). Let 0 < 6 < \, T > 0, and 

R' (x*) < — 1. The equilibrium of (5.14) is (x*,n*), where x* is the Cournot-Nash equi

librium, quantity and 

n* = J - U(2IT -T)+T- ^62{2U*-T)2 + (1-26)TA . 

Furthermore, the equilibrium (x*,n*) is locally stable (unstable) f or 6 > 6* (6 < 6*), where 

g, (R'(x*)2-1)T 
2R' (x*) (T (R' (x*) + 1) - 2 (a + II*)) ' 

Proof. Straightforward calculations show that (x*,n*) is the equilibrium of (5.14). 

According to Lemma 5.2 the eigenvalues of the Jacobian matrix of the dynamical system 

(5.11), evaluated at the equilibrium (x*, n*), are Ai = {\~_^^ and A2 =
 aM*'>GK"')."') I 

First, consider the eigenvalue A2. In case the population dynamics are represented by the 

replicator dynamics with deterministic noise it holds that 

0 < A2 = (1 - 26) ^ <"* - ? < ™ <"* - ? < <n*> ^ - ? < 1. 
(n*-n*T) 2 ( I P - n ' T ) 2 ( I I * - f T ) 2 
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Note that in the above derivation we use 6 < n* < | . Second, because the eigenvalue A2 

is always strictly between 0 and 1, the equilibrium (x*,n*) is locally stable (unstable) if 

Xl~ l-n*R>(x') > ( < ) - L 

Substituting the expression for n* and solving for the deterministic noise 6 gives the 

condition as stated in Proposition 5.5. • 

Proposition 5.5 says that the equilibrium of (5.14) loses stability for low values of the 

deterministic noise 6. A low deterministic noise means that there are hardly any players 

who choose a behavioural rule at random. As a result, almost all players will use the 

best-reply behavioural rule whenever the dynamical system is close to the equilibrium. 

Namely, close to the equilibrium the best-reply rule results in a higher profit because there 

are no information costs associated with this rule. Since the equilibrium is unstable under 

this best-reply behavioural rule we are left with the result mentioned in Proposition 5.5. 

Note that the equilibrium (x*,n*) of (5.14) is locally stable for all values of the deter

ministic noise 6 if — 1 < R' (x*) < 0. Furthermore, in case there are no information costs 

the equilibrium is stable for all values of the deterministic noise 6 > 0. 

Again, Proposition 5.5 can be reformulated with the roles of the deterministic noise S 

and the information costs T interchanged. In fact, given 6 there exists a value 

T . = 46ïï{x*)ïl*  
R' (x*) (R' {x*) - 26 (R' (x*) + 1)) - 1 

of T such that the equilibrium is locally stable for all T < T* and unstable for all T >T*. 

A Bifurcation Scenario 

In this section we consider the linear-quadratic specification of the Cournot duopoly model 

where the replicator dynamics with deterministic noise describes the population dynamics. 

We have again written the model in terms of deviations from the Cournot-Nash quantity. 

Straightforward calculations show that the model then becomes 

ft ( 1 - T H ) v 
Xt+1 - -(2 + nt)b-dXt ( 5-1 5 ) 

H 2/n nt{W{Xunt)-T) 
t+1 { >nt(nr(Xt,nt)-T) + (l-nt)W(Xunt)

+C' 

with 
2 

1 ,\ / a — c \ , ... s f a — c\ I 2b — d 
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ni with a-17. b - I , »-10. 4 -1 .1 . r-1 and t-O.OOOeo rt with «-17. b -1 . <J—1CL d—1.1. r-1 uni »-O.0O0W 

Figure 5.3: Attractors for the model with best-reply versus rational players and replicator 

dynamics with a = 17, b = 1, c = 10, d = 1.1, T = 1 and a) S = 0.00080, b) 6 = 0.00066, 

c) 6 = 0.00064 and d) 6 = 0.00060. 

and 

W{Xunt) h_L\ ( Hl-nt) a-c 
2 ) \(2 + nt)b-d * 36 -d 

We shall refer to this dynamical system as (Xt+i,nt+i) = F(Xt,nt) • Note that the 

quantity dynamics of the current model are represented by the same equation as the 

quantity dynamics in (5.13). Contrary to the dynamical system (5.13), where the discrete 

choice model describes the population dynamics, the current linear-quadratic specification 

does not exhibit any symmetry. This is due to the fact that for the discrete choice 

dynamics the population dynamics only depends upon the difference in profits (which 

is a quadratic function in X) whereas for the replicator dynamics the level of profits 

also matters. Generically the secondary bifurcation is a Hopf bifurcation, resulting in 

an invariant set consisting of two closed curves. We conjecture, that a Hopf bifurcation 
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m wftn a—ir, n— 1. o - i o , a—1.1, T— 1 and »3—D.Doaoo 

Figure 5.4: Time series of quantities and fraction of rational players for the model with 

best-reply versus rational players and replicator dynamics with a = 17, b = 1, c = 10, 

d = 1.1, T = 1 and 6 = 0.00060. 

occurs when the period two orbit reaches a point at which profits for the rational firms 

and for the best-reply firms are equal (that is when IF (X,n) — T = Ub (X,n) , where 

[X,n\ is a point of the period two orbit), since from then on the best-reply strategy is 

not always more profitable any more, which is a possible explanation of the fact that the 

fraction of rational agents starts fluctuating.2 Now let us consider some numerical results 

obtained by simulations. In these simulations we let a = 17, b = 1, c = 10, d = 1.1 and 

T = 1. The equilibrium fraction of the population dynamics is then given by 

rC = I ( l l « + 1 - ^(115)2 + ( 1 - 2 S ) ) 

From Proposition 5.5 it can be concluded that the dynamical system undergoes the pri

mary bifurcation, i.e. a period doubling bifurcation, at <5* = g§f§§Q « 0.008563. 

As a result, a locally stable period 2 cycle emerges. Generically, the secondary bi

furcation is a Hopf bifurcation, resulting in an invariant set consisting of two closed 

curves. In this numerical example the period 2 cycle undergoes a Hopf bifurcation at 

fiHopf w Q 00107. Figure 5.3 gives four attractors of this dynamical system for the numer-

2The set of point where profits for both rules are equal can easily be computed as follows. We have 

IT - n*"" = (6 - \d) ((2tn)b-d) X2 aad therefore IF - T = n 6 r corresponds to points ( A » which 

satisfy X = ±^È^Jk.. 
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ical example with the parameters a = 17, b = 1, c = 10, d = 1.1 and T = 1 and different 

values of 5. 

Figure 5.4 shows the corresponding time series for 6 = 0.00060. The time series can 

be interpreted similarly as in the case of the discrete choice dynamics. If the dynamical 

system is near the Coumot-Nash equilibrium quantity, the fraction of players using the 

best-reply behavioural rule will increase. This causes the dynamical system to become 

unstable and drives the quantities away from the Cournot-Nash equilibrium quantity, 

making it profitable for the players to use the rational behavioural rule. Consequently, the 

fraction of rational players will increase and the dynamical system becomes stable again, 

i.e. quantities return to the Cournot-Nash equilibrium. The main difference between 

the discrete choice dynamics and the replicator dynamics is that the latter responds 

less fast to differences in the fitness of the behavioural rules, as can clearly be seen by 

comparing Figures 5.2 and 5.4. As mentioned in Section 5.2 this is due to the fact that 

for the replicator dynamics population fractions are partly determined by the old levels 

of the population fractions, whereas population fractions in the discrete choice model are 

determined only by the difference in profits between behavioural rules. 

5.5 Global Bifurcation Analysis 

In the previous section we have seen what happens if evolutionary pressure increases 

(corresponding to an increase in ß for the discrete choice model or a decrease in 6 for 

the replicator dynamics). In particular, simulations suggested that as this evolutionary 

pressure increases a bifurcation route to strange attractors occurs. In this section we 

will provide computer assisted proofs of the existence of these strange attractors by es

tablishing that a homoclinic bifurcation between the stable and unstable manifolds of 

the unstable equilibrium occurs. We only do this for the replicator dynamics since the 

model for the discrete choice dynamics is (upon a transformation of variables) equivalent 

to the cobweb model analyzed in Brock and Hommes (1997) and the existence of strange 

attractors was already proved there. 

5.5.1 Homoclinic Bifurcation Theory 

In this section we will briefly describe the theory of homoclinic bifurcations. For a com

prehensive treatment of this theory we refer to Palis and Takens (1993). Consider a 

differentiable two-dimensional map Fa : B 2 -» R2, where a £ R is a parameter. Let 

p be a saddle fixed point, that is, let the Jacobian of Fa evaluated at p have two real 
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stable manifold 

unstable manifold 

Figure 5.5: Shape of stable and unstable manifolds (W3 (p) and Wu (p)) if there is a 

homoclinic intersection point q . 

eigenvalues Ai and A2 where 0 < | A21 < 1 < |Ai| .3 We can now define the local stable and 

unstable manifolds of the equilibrium p as 

Wfocip) = {x £ U\Fl (x) -» p for t -» +00} , 

W£c(p) = {x € U\F* (x)-+p tor t ^-00} , 

where U is some small neighbourhood of p. These local manifolds are tangent to the 

corresponding stable and unstable eigenvectors of the linearized dynamical system at the 

equilibrium (this follows from the stable manifold theorem (see for instance Guckenheimer 

and Holmes (1983), p. 18)). The global stable and unstable manifolds are then defined as 

Ws (p) = UKOF' (W^ (p)) and Wu (p) = Ut>0F
t (W?oc (p)). 

3 The theory on homoclinic bifurcations can also be applied to a periodic saddle, but for the moment 

we focus on fixed points of F. 
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unstable manifold unstable manifold unstable manifold 

stable manifold 

Figure 5.6: Homoclinic bifurcation, a) Stable and unstable manifolds before the bifurca

tion (a > ao)i b) Stable and unstable manifolds at the homoclinic bifurcation (a = ao) 

and c) Stable and unstable manifolds after the homoclinic bifurcation (a < QQ). 

Notice that these manifolds are invariant under F, that is, F (Ws (p)) = Ws (p) and 

F (Wu (p)) = Wu (j>). If F is a linear system, these manifolds correspond to the stable 

and unstable eigenvectors of the linearized system. However, for a nonlinear mapping the 

stable and unstable manifolds can have a more complicated structure. In fact, they can 

have intersections, that is, there may exist a point q^p with q G W3 (p) n Wu (p). Such a 

point q is called a point of homoclinic intersection. Since the stable and unstable manifold 

are invariant under F, we then must have that Fl (q), t = ±1, ± 2 , . . . , are also points of 

homoclinic intersection. The sequence of points {F1 (ç)}^!*^ then is called a homoclinic 

orbit. The existence of such a homoclinic orbit implies a very complicated structure of 

the unstable and stable manifolds. Since the sequence F* (q) (by definition) converges to 

p when t —» — co, and all these points lie in the stable and unstable manifold the unstable 

manifold accumulates onto itself infinitely often as Fl (q) approaches p. The same holds 

for the stable manifold. Figure 5.5 shows the shape that the unstable and stable manifold 

have if there is a point of homoclinic intersection. 
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The map F, and therefore also the stable and unstable manifolds, depends upon the 

parameter a. A homoclinic bifurcation is said to occur at a = Qo when for a > cto there is 

no intersection between the unstable manifold Wu (p) and the stable manifold W3 (p), for 

a = cto there is a point of homoclinic tangency between W (p) and Wu (p) and for a < Qo 

there is a point of transversal homoclinic intersection. Figure 5.6 shows the creation of 

such a homoclinic bifurcation as a decreases. Such a homoclinic bifurcation implies all 

kinds of complicated behaviour. First of all, there have to be wild oscillations of the 

unstable and stable manifolds as pointed out above. Furthermore, it can be shown that 

if the map F has a transversal homoclinic orbit there exist infinitely many horseshoes. 

This implies the existence of an invariant Cantor set A containing infinitely many periodic 

points and an uncountable set of aperiodic points. F then exhibits sensitive dependence on 

initial conditions with respect to A. Since the set A may have Lebesgue measure zero, the 

complicated behaviour for this set may only influence the transient behaviour of almost 

all of the generated orbits of the map F. 

Other interesting dynamical phenomena occur in the interval (Q0 — e, a0 + e), with 

£ > 0 small, when the equilibrium is dissipative at the homoclinic bifurcation, that is, if the 

product of eigenvalues of the Jacobian matrix evaluated at p is smaller than 1 in absolute 

value. First, this implies existence of Henon-like strange attractors for an open interval of 

a—values with positive Lebesgue measure (Benedicks and Carleson (1991) and Mora and 

Viana (1993)). Second, there is coexistence of infinitely many stable cycles for a resid

ual set of a—values (this is called the Newhouse phenomenon, Newhouse (1974,1979)). 

Finally, there are cascades of infinitely many period doubling and period halving bifur

cations (Yorke and Alligood (1983)). In the following sections we will demonstrate that 

in our model a homoclinic bifurcation occurs and therefore all these phenomena occur in 

our evolutionary Cournot duopoly game. 

A homoclinic bifurcation in the Cournot model 

The first step in the global analysis lies in identifying parts of the stable and unstable 

manifolds. We know that for values of 6 below 6* (remember that this is the value of 6 

at which the equilibrium becomes unstable), the equilibrium is a saddle-point since Ai is 

smaller than —1 and A2 lies between 0 and 1. The corresponding eigenvectors are given 

in Appendix 5.8.3. Now recall that our dynamical system (5.15) is given by 
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Figure 5.7: Stable and unstable manifolds for the evolutionary model of Cournot com

petition with replicator dynamics with a = 17, b = 1, c = 10, d = 1.1, T = 1. a) Three 

parts of the stable manifold for 6 = 0.1, b) Stable and unstable manifolds for 6 = 0.005, 

c) Stable and unstable manifolds for 6 = O.OOland d) Stable and unstable manifolds for 

6 = 0.0005752. 

We first determine part of the stable manifold. The first picture in Figure 5.7 shows three 

components of this stable manifold. 

The first component (component /) consists of the points with X = 0. Clearly, if 

according to both rules the Cournot-Nash equilibrium quantity is played then neither the 

best-reply rule nor the rational rule will prescribe a deviation from this Cournot-Nash 

quantity. Therefore ƒ (0, n) = 0, for all n. Furthermore, for X = 0, the evolution of the 

fraction of rational players is governed by 

U-T 
nt+i = g (0, nt) = (1 - 26) nt- + 6, 

11 - ntl 

where n are the profits made in equilibrium, g (0, n) is an upward sloping function with a 

unique equilibrium, at which the slope lies between 0 and 1 (which, of course, is equal to 
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Figure 5.8: Homoclinic bifurcation: a) Stable and unstable manifolds for S — 0.00070, b) 

Stable and unstable manifolds for 6 = 0.0005752, c) Stable and unstable manifolds for 

6 = 0.00040 and d) Part of the strange attractor for 6 = 0.0005752. 

the second eigenvalue A2). Therefore the fractions converge to the unique equilibrium n*. 

The second component (II) consists of the points where all firms use the rational rule, i.e. 

where n = 1. If all firms are rational, everybody will play the Cournot-Nash equilibrium in 

the next period. And indeed as can be seen from (5.15) the points with n = 1 are mapped 

onto the point (0,1 - 8), which lies in component I. Therefore all points of component II 

converge to the equilibrium by the same argument as above, so that component II must 

be part of the stable manifold. We can take this argument one step further by considering 

points (X, n) which are mapped onto II, i.e. points with n = 1, that is, points (X, n) 

satisfying 

g(X,n) = l. 

Since IT (X, n) and IT6 (X, n) are quadratic in X we can compute two branches of solutions 

for this equation. The necessary computations are given in appendix 5.8.4. One of these 
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branches can be ignored, since it has X < —x* and therefore corresponds to negative 

production, the other branch corresponds to component III in Figure 5.7. The points in 

this third component are mapped onto points with n = 1, for which the argument given 

above can again be applied. Notice that this third component varies with the parameters 

of the model (in particular, it depends upon 6), whereas the first two components are 

independent of parameters. 

We have been able to explicitly compute a part of the stable manifold. We can not do 

this for the unstable manifold. However, since we know that the local unstable manifold 

lies tangent to the unstable eigenvector at the equilibrium we can approximate the local 

unstable manifold by a small piece of the unstable eigenvector. We can then approximate 

the global unstable manifold by iterating this small eigenvector a number of times. For 

our numerical example with a = 17, b = 1, c = 10, d = 1.1 and T = 1, Figure 5.7 shows 

the stable and unstable manifolds for different values of 6. In the second picture of Figure 

5.7 (6 = 0.005) we see that the unstable manifold of the equilibrium approaches the stable 

period two orbit and in the third picture (5 = 0.001) it spirals to a set of two invariant 

circles. In the final picture there seems to be a homoclinic tangency between the unstable 

manifold and component III of the stable manifold of the equilibrium. This happens at 

,5 = <5C « 0.005752. Figure 5.8 shows an enlargement of a small piece of the stable and 

unstable manifold. From the first three pictures it is clear that a homoclinic bifurcation 

occurs at 6C « 0.0005752. For S = 0.00070 there is no intersection between the stable 

and the unstable manifold, for 6 = 6C, there is a tangency and for 6 = 0.00040 there are 

two points of transversal homoclinic intersection. Figure 5.8 is thus numerical evidence 

of a homoclinic bifurcation as the parameter 6 decreases and approaches 0. The fourth 

picture shows the attractor on this part of the state space. This attractor seems to have 

a complicated, Cantor-like, structure. 

Furthermore, at 6 = 0.0005752, we have |Ai x A2| « 0.92235, hence the equilibrium is 

dissipative at the homoclinic bifurcation and the results from the previous section apply. 

Therefore complicated phenomena, such as the existence of Hénon like strange attractors, 

occur for a set of parameter values in (6° — e, Sc + e) of positive Lebesgue measure. 

We now want to point out an important difference between the replicator dynamics 

and the discrete choice dynamics. Since the discrete choice model implies that fractions 

always will be strictly between 0 and 1, there is no homoclinic tangency of the stable 

and unstable manifolds of the equilibrium. To establish complicated behaviour in the 

cobweb model with discrete choice dynamics (which is equivalent to the Cournot model 

with discrete choice dynamics) Brock and Hommes (1997) show that (the fourth iterate 

of) their mapping has a full horseshoe, which implies that there must be homoclinic 
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a=17, b = 1 , c=10, d = 1.1, T=1, m = 12 and 0=0.0006 

Figure 5.9: Horseshoe in the evolutionary model of Cournot competition: the rectangular 

box is mapped into the horseshoe-like figure in 12 iterations.. 

tangencies between the stable and unstable manifolds of some periodic saddle. 

As shown above, for the model with replicator dynamics, we are able to show that 

a homoclinic bifurcation occurs associated to the saddle point equilibrium. However, we 

have to deal with the following interpretation problem. If there is a transversal homoclinic 

intersection, part of the unstable manifold has n > 1. Of course, a fraction which becomes 

larger than one, has no real meaning in the interpretation of the model. Therefore we 

would like to show that the complicated phenomena occur already before the homoclinic 

bifurcation, that is, in the interval (6C, 6C + e), where everything is well-defined. The 

fourth picture in Figure 5.3 suggest that this is indeed the case, since there it looks like 

we have a strange attractor and 6 = 0.00060 > Sc. The results on homoclinic bifurcation 

theory support the conjecture that strange attractors occur before the bifurcation value. 

Finally we mention that the 12'th iterate of the mapping F of our model has a full 

horseshoe for 6 = 0.0006. This horseshoe is shown in Figure 5.9. Therefore we know that 
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there has to be a homoclinic bifurcation between the stable and unstable manifolds of 

some periodic saddle for some 6 > 6C. 

Sketch of the proof of a homoclinic bifurcation 

Most of homoclinic bifurcation theory applies to diffeomorphisms, that is, smooth maps 

with a smooth inverse. However, our map (5.15) is non-invertible. So we first analyze the 

special structure of our model. To do this it is helpful to introduce the following three 

curves (appendix 5.8.4 gives explicit expressions for these curves) 

Lb = {{X,n)\Tlb{X,n) = 0},LT = {{X,n)\W(X,n) = T) and 

Ln = {(X,n)\n{W{X,n)-T) + {l-n)nb(X,n) = 0}. 

These curves are shown in Figure 5.10. Lb and LT are curves that give combinations of X 

and n at which, respectively, the profit for best-reply agents and the net profit for rational 

agents are equal to 0. The curve Ln gives the points (X, n) at which the numerator in 

g(X,n) vanishes. Therefore the map (5.15) is not well-defined on Ln. Notice that these 

curves do not depend on the amount of deterministic noise 6. It can be easily seen that 

the curve U lies to the right of Lb. From its definition it follows that Ln must lie between 

Lb and V. Lb and Ln intersect the n—axis in the point (X!, O) , where X? is such that 

Ub (Xf, 0) = 0. In this point the map contains an element 0/0, and such a point is 

called a focal point. Focal points can play an important role in the global dynamics of 

noninvertible dynamical systems, see for example Bischi, Gardini and Kopel (1999). 

Our next step is to see when the map F has a smooth inverse. In order to do this 

we analyze the determinant of the Jacobian matrix. If this determinant is equal to 0, the 

system is not invertible at that point. It is impossible to determine analytically when 

the determinant disappears, however we know that it vanishes in the focal point [Xf, 0) , 

when n = 1 and on the curve Lr. Figure 5.10 shows the curves Lb, U and Ln and the 

curves along which the determinant of F vanishes {V and Ldet). We have checked that 

the only point where the determinant vanishes together with the curve Ln is the focal 

point. This implies that to the left of Ln the dynamical system is locally a diffeomorphism 

(except at the focal point). 

Now we focus attention on the component of the stable manifold, that is mapped into 

points with n — 1. This component is 

LI
6

II = {(X,n)\g(X,n) = l}. 

Now consider 
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Figure 5.10: Some important curves: Lb and U are the curves along which net profits 

for the best-reply and rational rule are zero, respectively. Ln is the curve along which the 

denominator of g (X, n) vanishes, Ldet is the curve along which the determinant of the 

Jacobian matrix vanishes and LUI is the third component of the stable manifold of the 

equilibrium. 

and notice that for this equality to hold we must have II6 (X, n) < 0, IT (X, n) > 0 and 

n (IT {X, n) - T) + (1 - nt) Ylb (X, n) > 0. In particular for 6 = 0, we have L!
0" = Lb. As 

S increases profits associated to the best-reply rule have to decrease even further and it 

can be easily seen that as 6 approaches | , L"1 approaches Ln. Clearly, for 0 < 6 < | , 

L1/1 lies between Lb and Ln and as 6 increases it shifts from Lb to Ln. Furthermore, the 

dynamical system is locally a diffeomorphism in the neighbourhood of L'6
n. 

We want to establish that a homoclinic bifurcation occurs. Now first we briefly con

sider the case 6 = 0. Notice that this corresponds to the replicator dynamics without 
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deterministic noise. The system then becomes 

Xt+1 = -J^uV' (5-16) 
(2 + nt)b-d 

nt{W{Xunt)-T) 
nt (IF (Xt, nt) - T) + (1 - nt) IP (Xt, n*) ' 

If T > 0 we have two equilibria: (X*, n*) = (0,0) and (X", ra") = (0,1) .4 Hence, in an 

equilibrium the whole population is playing the same rule. Clearly the equilibrium where 

all agents play the rational behavioural rule is an unstable equilibrium since a deviation to 

the best-reply strategy pays off since then information costs T do not have to be incurred.5 

On the other hand, the equilibrium where all agents use the best-reply behavioural rule 

is unstable when the best-reply dynamics are unstable. We are primarily interested in 

the equilibrium (X*,n*) = (0,0), since the other equilibrium disappears when 6 > 0. 

From (5.16) it follows that the stable manifold of this equilibrium is the n—axis, the 

unstable manifold is the X—axis. Notice that the unstable manifold contains the focal 

point [Xt, 0). We know that the unstable manifold varies continuously with <5. We now 

want to show that if 6 is a small but positive number, there is a point of homoclinic 

intersection. For 6 small but positive we know that part of the stable manifold lies close 

to Lb and the unstable manifold lies close to the X—axis. Furthermore, we know that for 

6 large, say below but close to 6', there is no intersection between the stable and unstable 

manifolds of the equilibrium of the system, see for example the second picture in Figure 

5.7. The unstable manifold then lies above and to the left of Lb and L'6
U lies to the right 

of Lb. Therefore, by a continuity argument, we can conclude that there has to exist a 

6C between 0 and 6*, for which there is a homoclinic tangency between the stable and 

unstable manifolds of the equilibrium. 

We now show that indeed, for 6 sufficiently small there is an intersection between 

the stable and unstable manifolds. In order to do this we construct a box OABCO 

with P = (0,0), A = (0,n0), B = (X0,n0) and C = (Xo,0), where 0 < X0 < X* 

and 0 < n* < n0, see Figure 5.11. We know that for 6 small enough, by the continuity 

argument made above, this box contains a piece of the unstable manifold and this unstable 

manifold leaves the box via the line segment BC. We then have to show that the second 

iterate of this box, which we shall call O'A'B'C'O' = F2 {OABCO) has a transversal 

intersection with the stable manifold. Now consider our numerical example with a = 17, 
4If T = 0 there is a continuum of equilibria: all states with X = 0 are equilibria, since profits for both 

rules are equal. 

Using terminology from evolutionary game theory, we say that this equilibrium is not evolutionary 

stable, since it can be invaded by the best-reply strategy, which, in the neighbourhood of this equilibrium 

does better against the rational strategy than the rational strategy does against itself. 
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a=17, b=1, c=10, d = 1.1, T=1 , m=2 and <5=0.0001 

Figure 5.11: Graphical sketch of the proof of homoclinic intersection. 

b = 1, c = 10, d = 1.1 and T = 1. Furthermore take 6 = 0.0001, X0 = 1 and n0 = 0.002. 

For these parameter values we have n* « 0.00061 and Xf « 1.1434 and therefore X0 

and n0 satisfy the necessary restrictions. We checked that B' and C' lie to the right of 

L'0
IQ001, which implies that also the unstable manifold has to cross LQ'Q001. Therefore, for 

6 = 0.0001 we have a transversal intersection between the stable and unstable manifolds of 

the equilibrium. Furthermore, since Figure 5.7 shows that there is not such a intersection 

for 6 = 0.005, by continuity there must be a value 6e G (0.005,0.0001) such that for 6C the 

unstable manifold and the stable manifold have a homoclinic tangency. Since the map is 

locally a diffeomorphism around points at LQ'OOOI
 w e c a n aPPly the results on homoclinic 

bifurcations and conclude that all kinds of strange behaviour referred to in Section 5.5.1, 

occur in our model. 
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5.6 Another Example: Imitators versus Best-Reply 

Players 

As a second example we confront best-reply players with imitators. Just like the model in 

Section 5.3, best-reply players respond optimally to the average industry output from the 

previous period. Imitators copy the quantity produced by the best-reply players in the 

previous period. As a consequence, the imitation rule is relatively cheap compared to the 

best-reply rule since it does not require any knowledge of the underlying Cournot model. 

Now let xt denote the quantity supplied by the best-reply players, zt the quantity supplied 

by the imitators, and nt the fraction of the population using the best-reply behavioural 

rule in period t. Consequently, the complete dynamics of the model are given by 

Xt+i = R{nxt + (l-n)zt) 

Zt+i = xt (5.17) 

n(+i = h{xt,zt,nt). 

Note that this is a 3-dimensional dynamical system which dimension cannot be reduced. 

Furthermore, the Cournot-Nash equilibrium quantity x* is not the unique equilibrium 

quantity of the imitation rule. In fact, any quantity is an equilibrium of the imitation 

rule. The Cournot-Nash equilibrium quantity is, however, still the unique equilibrium 

quantity of the complete dynamical system. For this reason we do not have to worry 

about Assumption 5.1 not being satisfied. Before specifying the population dynamics 

h(xt,Zt,nt) we have the following result with respect to the dynamical system (5.17). 

Lemma 5.3 Consider the dynamical system (5.11). The eigenvalues of the Jacobian 

matrix of the linearized system, evaluated at the equilibrium (x*,x*,n*), are 

A1)2 = ]-n*R' {x") ± }:\J{n*R' {x*)f + 4 (1 - n') R' {x*) 

andX m^nill 
0nt \(x-,x',n-) 

Proof. It can easily be shown that the Jacobian matrix, evaluated at the equilibrium 

(x*,x*,n*), is given by 

/ n*R' (x*) (1 - n*) R' (x*) 0 \ 

J = 1 0 0 

\ J31 J32 »« I«-,-.,».)/ 
The corresponding eigenvalues are exactly as stated in Lemma 5.3. • 
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5.6.1 Discrete Choice Model 

First consider the case where population fractions are updated according to the discrete 

choice model. The model with imitators and best-reply players, as represented by the 

dynamical system (5.17), then becomes 

xt+i = R(nxt + (l-n)zt) 

zt+i = xt (5.18) 
, , x exp[ß(llb{xt,zt,nt)-T))  

(xt,zt,TH) exp[ß{ub{xuZunt)_T)]+expmi{xuZunt)y 

where Ub (xt, zt,nt) and II1 (xt, zt,nt) are the average profit of the best-reply players and 

the imitators in period t, respectively. We will study what happens to the dynamics of 

(5.18) as the intensity of choice ß increases. 

Local Stability Analysis 

We have the following result with respect to the local stability of the equilibrium of the 

dynamical system (5.18). 

Proposition 5.6 Consider the dynamical system (5.18). Let - 8 < R'(x*) < —1. The 

equilibrium of (5.18) is (x*,x*,n*), where x* is the Cournot-Nash equilibrium quantity 

and n* = 1+eXp^ri • Then given T there exists a value ß* of ß such that the equilibrium 

(x*,x*,n*) is locally stable for all ß < ß* and unstable for all ß > ß*. Moreover, 

1 
/?* = ^ l n 

T l-R'{x*)-l 

Proof. Straightforward calculations show that (x*,x*,n*) is the equilibrium of (5.18). 

First, it can easily be checked that the eigenvalue A3 = 0. Second, the other two eigen

values Ai and A2 are complex conjugates if and only if 

(n*# (x*))2 + 4 ( 1 - n*) R' (x*) < 0. 

Rearranging terms shows that this condition is equivalent to 

1 — n* 
-R' (a:*) < 4-

(n*)2 ' 

Because of the information costs T > 0 we know that n* € (O, \]. Consequently, the 

above condition is always satisfied if R' (x*) > - 8 . The equilibrium (x*,x*,n*) loses its 

stability when the eigenvalues Ai>2 are on the unit circle, i.e. 

Ai x A2 = - .(1 - n*) R' (**) = 1 «• n* = 1 + ^ (f) _ 
R' (x*) 
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Substituting n* = ^ ,0T, and solving for 0 gives the condition as stated in Proposition 

5.6. • 

Note that the equilibrium of (5.18) is locally stable for all values of the intensity of 

choice 0 > 0 in case - 1 < R' (x*) < 0. 

; Willi o-17.li-1.c-1D,d-1.1.r-1 and S-2.2 de with a-17.b-1 rc-10.d-1.1.T-1 and £-2.» 

de v»lth a—17.B—l,e-10.<l-!.l.r—I und J-2.S de with a-17,b-l.c-lo1d-l.l,T-l ohd ß-2.i 

Figure 5.12: Attractors for the model with imitators versus best-reply players and discrete 

choice dynamics with o = 17, b = 1, c = 10, d = 1.1, T = 1 and a) 0 = 2.2, b) 0 = 2.6, 

c) 0 = 2.8 and d) 0 = 3.3. 
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A Bifurcation Scenario 

In case we consider a linear inverse demand function and quadratic cost functions, the 
dynamical system (5.18) rewritten in deviations becomes 

Xt+1 = ~2b^d ( n Ä + ( 1 ~~ nt) Zt) 

zt+i = Xt (5.19) 

nt+i 
1 + exp [ß(T-b (Zt - Xt) (ntXt + (1 - nt) Zt) + {\d - b) (Zf - X?))] ' 

where Xt = xt - x* and Zt = zt- x* are deviations from the Cournot-Nash equilibrium 

quantity x*. As indicated by Proposition 5.6 a Hopf bifurcation occurs at Q* = I In [^=^1. 
" T L d—b J 

In fact, the equilibrium of the dynamical system becomes unstable and an invariant closed 

curve emerges. Because the primary bifurcation is a Hopf bifurcation we cannot use 

the symmetry of the dynamical system (5.19) to determine the secondary bifurcation 

analytically. The invariant set resulting after the Hopf bifurcation consists of infinitely 

many points which cannot be written down explicitly. Consequently, it is not possible to 

determine the Jacobian matrix. As ß increases further the closed curve breaks up and 

a strange attractor is created. Figure 5.12 gives pictures of the attractors for parameter 

values a = 1 7 , b = 1, c = 10, d = 1.1, T = 1, and for different values of /3. For this 

numerical example the primary bifurcation occurs at ß" = 2 In 3. 

5.6.2 Replicator Dynamics 

Consider the model with imitators versus best-reply players and the population dynamics 

described by the replicator dynamics with deterministic noise. This results in a specifica

tion of the dynamical system (5.17) given by 

xt+i = R (nxt + (1 - n) zt) 

Zt+i = ^t (5.20) 

n = nt(l-2S)(Ub(Xt,Zt,nt)-T) 
nt (U»(XuZt,nt) - T) + (1 - nt)W (Xt,Zt,nt)

 + 

In this section we study what happens to the dynamical behaviour of (5.20) as the deter
ministic noise 6 approaches zero. 

Local Stability Analysis 

The local stability analysis of the equilibrium of the dynamical system (5.20) is summa
rized in Proposition 5.7. 
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ni wilh n-17, b - l . u-10. d-1.1. 1-1 and »-0.0175 rd wilh 0-17. b -1 . c-10. d—1-1. r-1 end I-0.013D 

ni with a-17» b -1 , 0-10, d-1.1, r-1 and Ï-Q.0114- rd wllh d-17, B- l , c-10, d-1 .1 , r - l dnd J-0.0111 

Figure 5.13: Attractors for the model with imitators versus best-reply players and replica

tor dynamics with a = 17, b = 1, c = 10, d = 1.1, T = 1 and a) 6 = 0.0175, b) 6 = 0.0130, 

c) 6 = 0.0114 and d) <5 = 0.0111. 

Proposition 5.7 Consider the dynamical system (5.20). Let 0 '< 8 < i , T > 0, and 

—8 < R'(x*) < —1. TTie equilibrium of (5.20) is (x*,x*,n*), where x* is the Cournot-

Nash equilibrium quantity and 

n* = -?- (<5 (2IT -T)+T- yjs2 (211* - T)2 + (1 - 25) T2 J . 

Furthermore, the equilibrium (x*,x*,n*) is locally stable (unstable) for 6 > 6* (6 < 6*), 

where 

{R'{x*) + 1)T 
6" = 

R' (a:*) ( ( # (i*) + 2) (a + II*) - (#' (x*) + 1) T) ' 

Proof. Straightforward calculations show that (x*,x*,n*) is the equilibrium of (5.20). 

It can easily be checked that the equilibrium (x*,x*,n*) loses stability when the eigen

values Ai and À2, which are complex conjugates, cross the unit circle. This happens 
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when 

» 1 + R' (x*) 
R'{x*) ' 

Substituting the expression for n* and solving for 8 gives the condition as stated in Propo

sition 5.7. • 

Note that the equilibrium (x*,x*,n*) of (5.20) is locally stable for all values of the 

deterministic noise 8 in case —1 < R' (x*) < 0. 

A Bifurcation Scenario 

We now present some simulation results for the dynamical system (5.20). Let the param

eters a = 17, b = 1, c = 10, d = 1.1 and T = 1. As indicated by Proposition 5.7 a Hopf 

bifurcation occurs at 8* = j |p. Figure 5.13 gives attractors for the numerical example 

with the above parameter values and different values of the deterministic noise 8. 

5.7 Concluding Remarks 

In this chapter we have considered an evolutionary game theoretic model dealing with the 

selection of behavioural rules in a Cournot duopoly game. Contrary to most evolutionary 

game theory, which concentrates on the selection of equilibrium actions in matrix games, 

we have focussed on a setting in which different types of behavioural rules are selected. 

The population dynamics representing the evolutionary selection of behavioural rules is 

coupled with the quantity dynamics arising from the interplay between these different be

havioural rules. Once again, note that the results in this chapter can easily be generalized 

to Cournot oligopoly games. An alternative interpretation of the model presented here 

is that it deals with a single market with two firms. At each time period the identical 

firms are characterized by a mixed strategy over the K behavioural rules. In fact, the 

population fractions should be interpreted as the probabilities with which the two firms 

choose a certain behavioural rule. When both firms have chosen a behavioural rule they 

play the Cournot game. Based upon the profits realized in that Cournot game the proba

bilities with which the firms choose a behavioural rule in the next period will be adjusted. 

Clearly, this model is mathematically identical to the one discussed in this chapter. 

The behaviour of the resulting dynamical system depends critically on the stability 

of the quantity dynamics. First, in case the cheapest behavioural rule is stable, the 

evolutionary process converges to a situation where most agents use this behavioural rule 

and produce quantities equal to the Cournot-Nash equilibrium quantity. Second, if the 
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cheapest behavioural rule is unstable, complicated dynamical behaviour may occur. In 

particular, high evolutionary pressure or a small noise rate with respect to the choice 

of behavioural rules leads to highly irregular quantity dynamics converging to a strange 

attractor. 

Two typical examples have been analyzed to illustrate the complicated dynamical be

haviour in detail. The fractions of the population using each of the two behavioural rules 

were determined by the discrete choice dynamics or the replicator dynamics with deter

ministic noise. In case the population dynamics is described by the discrete choice model, 

we found that if the simple behavioural rule is unstable and natural selection with respect 

to the behavioural rules is strong enough, strange dynamical behaviour may occur. In case 

we use the replicator dynamics to describe the updating of the population fractions, we 

observe complicated dynamical behaviour if the simple rule is unstable and deterministic 

noise is small enough. Note that the nonlinearity causing this erratic behaviour arises 

from the interplay between population dynamics and quantity dynamics and not from a 

particular nonlinear specification of the underlying Cournot duopoly model. 

For the case of best-reply players against rational players we have shown that the 

complicated behaviour of the Cournot model with the replicator dynamics is due to a ho-

moclinic tangency between the stable and unstable manifolds of the unstable equilibrium. 

Simulations suggest that this complicated behaviour also is a feature of the evolutionary 

Cournot model when we focus on other behavioural rules, and that therefore this existence 

of strange attractors is a robust feature of these kinds of models. 

The model presented in this chapter can be extended in a number of interesting direc

tions. The only equilibrium in the model discussed in this chapter is the unique Cournot-

Nash equilibrium. The model could be used to study a Cournot game with multiple 

equilibria, to address the issue of equilibrium selection. Furthermore it would be interest

ing to investigate a model with behavioural rules that would introduce the possibility of 

coordination on a 'non-Nash'-equilibrium, such as the joint profit maximum (the cartel 

solution) or the 'Walrasian' equilibrium (where quantities are chosen such that marginal 

costs equal the price). Another interesting line of research would be to change the match

ing structure. We have focused on a global interaction scheme. It might be worthwhile to 

look at some kind of local interaction structure, where firms are only matched with their 

direct neighbours. It is interesting to see whether the dynamical features of the global 

interaction model would be preserved in such a local interaction framework. 

Finally, we want to refer to Cox and Walker (1998), who report on some laboratory 

experiments with a Cournot duopoly model with random matching and exactly the same 

linear-quadratic specification as in our model. They find that in general the subjects do 
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not converge to the Cournot-Nash equilibrium if the best-reply dynamics are unstable. 

This seems to corroborate the model of this chapter. 

5.8 Appendix 

5.8.1 Derivation of Profit Functions 

Consider the symmetric Cournot duopoly game with a linear demand function and quadratic 

cost functions, as specified in Section 5.2.1. In that case, the profit of an individual sup

plying quantity x\, when he is matched with an individual supplying x2, is given by 

7r(xi,x2) = P(xi,X2)xi—c(xi) = (a-b(xi+x2))xi-cxi + -xl 

(a — c — bx?) X\ + \d-bjxl 

Now suppose the individuals in the population can choose between the behavioural rules 

Hi and H2, which prescribe quantities X\ and x2, respectively. Let n denote the fraction of 

the population supplying x\. Then, in the case of random matching between individuals, 

the average profit of someone supplying x\ can be written as 

n1(xi,X2,n) = 7wr(xi,xi) + (1 — n)w(xi, x2) 

= (a — c) Xi + I -d — b I x\ — b (nx\ + (1 — n) x2) X\. 

Rewritten in terms of deviations X\ = X\ — x* and X2 = x2 — x* from the Cournot-Nash 

equilibrium quantity x*, the above expression becomes 

*«,*,„> - (»-!*) (^) 2
+ ( i , -„ )x; 

-b(nXl + (l-n)X2)(x1+ ° 
3 6 -

Using a similar argument we can find the average profit of someone supplying x2. In fact, 

this profit is given by 

b-l2d)(^)2+(i- 2 

X2+:k^d 

file:///d-bjxl
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Note that only the difference between the average profits II1 (Xi, X2, n) and II2 (Xi ,X2,n) 

matters for the discrete choice dynamics. Therefore, an important quantity is 

n1(X1,X2,n)-U2(X1,X2,n) = (±d-b\(X*-X%) 

+b (nXi + (1 - n) X2) (Xx - X2). 

5.8.2 Equivalence of the Cournot and Cobweb Model 

In this appendix we show that the Cournot duopoly model discussed in Section 5.4.1 is 

mathematically equivalent to the cobweb model with naive versus rational expectations 

introduced by Brock and Hommes (1997). 

Consider the Cournot model with rational players and best-reply players. In case the 

discrete choice model describes the population dynamics, this Cournot model is repre

sented by the dynamical system (5.13), that is 

X, t+i 

Tk+i 

6 ( 1 - n t ) 
~(2 + nt)b-d 

X, 

1 +exp /»(r-(*-f)Gs&5b) x? 

The corresponding cobweb model of Brock and Hommes (1997), with a linear demand 

and supply function, can be represented by 

Pt+i 

m-t+i 

b(l-mt) 

2B + b(l+mt 
•Pt 

tanh ß b f b(l-mt) 

2 \2B + b{l + mt 
+ 1 Pt -T 

where b and B are the marginal demand and supply parameters, pt is the market clearing 

price in period t, and mt = n\tt — n2]t = 2nt — 1 is the difference in the population fractions. 

This means that if mt = 1 all agents are rational and if mt = —1 all agents use naive 

expectations. Rewriting their dynamical system in terms of nt gives 

b(l-nt) 
Pt+l = H zr-tpt B + bnt 

nt+i 

1 + exp *> fr-JG§£)rf 
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Clearly, if we take the parameters 6 = 6 and B = 26 — d their dynamical system becomes 

6 ( 1 - O 
(2 + nt)b- d 

Pt 

1 

Pt+i = 

nt+\ = 
1 + exp 

which is equivalent to (5.13) up to the following transformation of variables 

ß[T 2 \(2+nt)b-d) Pt 

2b-d 
Pt-

5.8.3 The Jacobian matrix 

In this appendix we derive the Jacobian matrix. The dynamical system (Xt+i,nt+i) 

(ƒ {Xu nt), g (Xt,nt))' is defined by 

b(l-n) 
ƒ(*,») (2 + n)b-d 

X 

g(X,n) = (1 - 25) • 
n{Ur(X,n)-T) 

. (IT/ (X, n) - T) + (1 - n) Ub (X, n] 
+ 6, 

where 

2b-d 

2 6 - d / ' ( 4 - n ) b - d N \ v 2 

(2 + n) b - d 
X1 

and 

YT(X,n) -y\(±z±Y-H1-n)' 3b-d 

2b-d 
3b-dJ \{2 + nt)b-d 

X, 

+ b 
6 ( l - n ) 

{2 + n)b-d xl 
1 0 (!-"•«) v « - e 
2 y V(2 + r i t )6 -d 3b-dj 

Straightforward computations give 

. 6 ( 1 - n ) , 6 (36- d) 
JX — ~7K~,—n j ' Jn •X 

and 

(2 + n)b-d'Jn ((2 + n)b-d) 

9x = (l-26)n{1-n)PbU*-{Ur-T)^ 
( n ( I F - T ) + ( l - n ) n ( f 
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Finally 

ir (ir - D + n (i - n) (ir-n; - (ir - T) nj) 
9n [ ' (n( i r-T) + (l-n)lP)2 

The Jacobian matrix is given by 

j _ ( fx fn 

\ 9x 9n 

If X = 0 (everybody playing the Cournot-Nash equilibrium) we have 

II6 (0, n) = IT (0, n) = 11, 

furthermore, from the profit functions it follows that 

b(l-n)(2b-d) f b(l-n) 

and 

Ux {2 + n)b-d \{2 + n)b-dX 3b - d 

• f t - - p l ^ b ( ' , ( 1 - " » ( ^ ) + ( < 4 - " ) 6 - ' i ) x 

K - -p-tJ&^xiJägLp *=± 
((2 + n)b-dy \{2 + n)b-d 3b -d 

I t = H3b~d)
 2x((^-)+(2b-d)X 

((2 + n)b-d)2 \\3b-dJ 

we have 
.,. f/ , _b{l-n)(2b-d) a-c 

Ux (0, n) = Tlx (0, n) = \ 2 + ^\_d
 J

3b_d and Wn (0, n) = i t (0, n) = 0. 

The Jacobian matrix evaluated at the equilibrium then is 

Kl-») 0 

with eigenvalues 

T* — I (2+n)b-d 

A ^ - ^ - ^ a n d A ^ q - ^ ) 1 1 ; ^ ^ . 
(2 + n)b-d v ' ( n * - n T ) 

and corresponding eigenvectors 

* " ( « 4 * 3 ^ 0 • " " " • " O 
The product of the eigenvalues has absolute value 

| A l x A 2 l = (1_2,)/ii_^_IL(ÎLz4 
1 2| v ; (2 + n ) 6 - d ( n * - n T ) 2 

which, for 6 and n£ close to 0, is approximately 2^5 "n*7'• 

file:////3b-dJ
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5.8.4 Some I m p o r t a n t Curves 

In this section we derive some of the curves that play an important role in the analysis of 

our model. We start with the main computations necessary to determine L1/1, the third 

component of the stable manifold. Using the fact that the profit functions are quadratic 

in X we can derive the following solutions 

where 

-Xi,2 = Y~ \ b n ± V^n - 4anc„j 

ft(l-n) Y .f(4-n)b-d 
(2 + n) b - dj y ' \ (2 + n) b - d 

H i \ , , i » - c \ un 
Cn = ((u-l)n+l)< 3b-d J 6 - i d 

and where /x = y4j- These points solve 

i _ f l 2M n ( i r ( X , n ) - l ) 

^ ; n ( n r ( X , n ) - l ) + (l-n)n f c(X,n) 

Clearly for 6 — 0, there is no solution to this equation. However, it can be easily shown 

t h a t l i m _ 0 X ( n ) = | f ^ ^ = ^ . 

Next we focus on the zero-profit curves Lb and Lr. Since II6 (X, n) and W (X, n) are 

quadratic functions in X the zero-profit functions can be easily solved for X, given n. 

The relevant solutions are given by 

L» = Ux,n)\X=?A
+n\l-d*-C\aDd 

\ v n ( 4 - n ) 6 - d 3 6 - d / 

n = ux,n)\x={2 + n)b-d(a-c .rW 
b(l-n) \3b-d \2b-dJ\' 

Now consider the curve Ln, the curve consisting of the points at which the denominator 

of g (X, n) vanishes. This occurs when 

n (IT (X, n) - n6 {X, nj) -nT + Ub (X, n) = 0. 

Again the right-hand side of this equation is quadratic in X and therefore can be solved. 
Now define 

1 a- c 
y ~ 77. n ~}X and 2 (2 + n) b - d 3b - d 

file:///3b-d


5.8. APPENDIX 169 

Then the relevant solution is 

Ln = {(X,n)\X = ((2 + n)b - d)yn} 

where 

2/12 = ; or \zbil — n) — vJD) and 
( l - n ) ( ( l - n ) 6 2 - ( 3 6 - d ) 2 ) V V y / 

D = (l~n)((Sb-d)2z2+((l-n)b2-(3b-d)2)n-^-). 
\ 2b — a J 

5.8.5 DifFeomorphisms tv 

From the inverse function theorem it follows that a map has a local smooth inverse if the 

determinant is unequal to 0. So to determine where a local smooth inverse exists we want 

to find the set of points (X, n) at which the determinant vanishes. For our dynamical 

system F (X, n) = (ƒ (X, n), g (X, n))' we have (as computed in appendix 5.8.3) 

v ' (2 + n)b-d y ' {n{nr-T) + (l-n)n»)2 

6 ( 3 6 ~ d ) X*(l 2f l"(1-")[n t n r*-( i r- r)n3r] 
{{2 + n)b-df [ ' (n{nr-T) + {l-n)W)2 

Since all terms contain the term (1 — n), we know that the determinant vanishes at n = 1. 

Now assume n < 1 and n (IT (X,n)-T) + (1- n) II6 {X, n) jt 0 and divide det J (X, n) 

by the strictly positive number (1 - 26) (1 - n) / (n (IT - T) + (1 - n) II6)2 . Then the 

determinant equals zero when 

D(X,n) = -((2 + n)b-d)*(Ub(Ur-T) + n(l-n)(UbUr
n-(W-T)Ub

n)) 

-{3b-d)X*n [UbWx - (IT - T) Ub
x] 

equals zero. It can be easily checked that for all points with FT (X, n) =T (that is, points 

in Lr) the determinant vanishes. We also computed another branch of points where the 

determinant vanishes numerically. This branch (which we call Ldet) starts in the focal 

point (Xf,0) . 

file:///zbil
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Chapter 6 

Price Adjustment in Monopolistic 

Competition 

6.1 Introduction 

There is a long-standing and still unanswered question in the theory of general equilib

rium: how does the economy get to an equilibrium? The best-known adjustment process 

is the tâtonnement process, which was discussed in Chapter 2. There we saw that the 

tâtonnement process need not converge to an equilibrium price vector and indeed this 

process allows for all kinds of complicated dynamical behaviour. Furthermore some un

desirable features of the tâtonnement process were discussed: the absence of trade at 

disequilibrium prices and the problem of price-setting. With respect to the latter, it was 

suggested that a more realistic model of price adjustment would require that economic 

agents themselves, instead of an abstract institution such as the auctioneer would set 

prices.1 This issue is explored further in the present chapter. This chapter reviews some 

simple adjustment processes in partial equilibrium models of monopolistic competition. 

These models may serve as a first (admittedly small) step in the direction of a more 

satisfactory theory of price adjustment in general equilibrium models. 

We are interested in the following type of model. Each commodity is manufactured 

by a single firm. These firms have incomplete information in the following sense: they 

do not know the demand for the commodity they produce and they assume that demand 

only depends upon the price of that commodity, that is, they do not take into account 

the interdependence with the prices of other commodities. Every individual firm acts 

1 Notice that the same argument holds for Cournot-type models (as the one studied in Chapter 5), 

where firms compete in quantities and where it is unclear how market clearing prices emerge. 
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as if it is a monopolist for the commodity it produces. Then a learning dynamics of 

the following type arises. In each period each firm estimates a demand curve for the 

commodity. This perceived demand curve leads to a (perceived) optimal price which in 

turn leads to more information on the demand curve, leading to a new optimal price, 

and so on. Notice that the demand curves are in general misspecified, since they do not 

incorporate information on prices for other products, that is, they believe the rest of the 

economy is constant. Furthermore, the functional specification might be wrong, when 

firms, for example, estimate demand curves that are linear in the own price, whereas 

the true demand curves might be nonlinear in the own price. We study the convergence 

properties of these learning processes. Two types of learning models are considered in 

particular. They differ in the information that is used to estimate the demand curves. 

These two types of learning models are by no means the only possible models of learning, 

but they seem to be interesting benchmark cases. 

In the short memory model only local information is used and learning proceeds as 

follows. When a firm sets a price it observes the amount it could have sold at that price 

and it observes the sensitivity of the demand curve with respect to small variations in 

that price, that is, it knows the derivative of the demand curve at the price it sets (it 

might observe this sensitivity through small market experiments for example). On the 

basis of this information a linear demand curve is estimated and a new optimal price is 

determined. In the next period, information about sales and the slope of the demand 

curve at the new price is gathered and this information gives a new estimated demand 

curve, and so on. 

The long memory learning process we discuss has been studied by Kirman (1975, 

1983) and is based on the following idea. Again firms collect information on price and 

quantity combinations from their perceived demand curve. In this case they do not know 

the sensitivity of the demand with respect to the own price, but they use all previous 

information to estimate a demand function. Firms use a recursive ordinary least squares 

algorithm to estimate this demand curve. Then there seems to be convergence on a so-

called conjectural equilibrium. Convergence of these kinds of learning processes in a more 

general framework has been shown by Schinkel, Tuinstra and Vermeulen (1999). 

A next step in the analysis would be to incorporate these learning processes into a 

general equilibrium framework and eventually allow for trade at disequilibrium prices. 

This is left for future research. We want to mention one important point here briefly: 

is it reasonable to assume that agents act as monopolists? This appears to be a less 

severe restriction in a general equilibrium model where, for example, each sector can be 

represented by a single firm that acts monopolistically (see Nikaido (1975)) than in a par-
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tial equilibrium model where this monopolistic behaviour is on the level of differentiated 

commodities, where there is more mutual dependency between the demand curves for the 

different commodities. 

The outline for the rest of this chapter is as follows. In Section 6.2 we discuss the partial 

equilibrium model and some well-known adjustment processes are reviewed. Section 6.3 

is devoted to the adjustment process in a partial equilibrium model, where firms know the 

derivative of the demand functions for any price they quote. Section 6.4 deals with the 

long-memory learning process of Kirman. Section 6.5 summarizes. Most of the results 

discussed in this chapter, except for the short run learning process in Section 6.3, are 

known. This chapter should therefore mainly be seen as an overview of the literature on 

price adjustment processes in models of monopolistic competition. 

6.2 A partial equilibrium model 

We consider a partial equilibrium model with heterogeneous commodities and imperfect 

competition. Let there be n firms, where each firm produces its own unique commodity 

and is the sole supplier of that commodity. The costs of making this product for firm i 

are given by a nonnegative, continuous, nondecreasing and twice differentiable function 

Ci : ïït+ —* M+. Let p = (pi, . . . ,pn) € .R" be a price vector, where pt is the price for 

the i'th commodity. Occasionally we write the price vector as (p;,p_;), where p_; = 

(pi, . . . ,Pi-i,Pi+i • • • ,pn) • The demand for commodity i depends upon the prices of all 

commodities and is given by a demand function D' : iR" —» IR+, which is assumed to 

be nonnegative, continuous and twice differentiable in all its arguments, whenever it is 

strictly positive. First and second order derivatives of the demand functions are denoted 

by Z?j (p) = dDg^p' and D^ (p) = a
d
 D'£p'. We assume demand is nonincreasing in the 

own price (D\ (p) < 0) and that £)J (p) and D\ (p) have the same sign. If £>*• (p) and 

Df (p) are positive we call commodities i and j substitutes, if they are negative, we call 

them complements. Each firm chooses its own price in order to maximize profits, which 

are given by 

TTi (Pi, p-i) = pp (p) - d (£>' (p)) . (6.1) 

We can then define a Bertrand-Nash equilibrium as follows. 

Definition 6.1 A price vector p* = (pi,... ,p*) is a Bertrand-Nash equilibrium if f or 

each i = 1, . . . , n we have 

*i (Pi.P-i) > Tt (Pi.Pti) f°r allPi-
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The idea underlying this equilibrium concept is that, given that all firms charge the 

Bertrand-Nash price, no firm can increase its profit unilaterally by deviating from this 

price level. Average payoff can be increased though, if firms cooperate and therefore the 

equilibrium will in general not be Pareto optimal with respect to firms. An alternative 

formulation of the Bertrand-Nash equilibrium is in terms of the reaction curves. The 

reaction curve for firm i gives the price that maximizes his profit, given the prices set by 

the other firms, that is, this reaction curve is given by 

Rl (P-i) = argmaxTT (pi,p_i). 
Pi 

A Bertrand-Nash equilibrium then corresponds to a fixed point of the map 

/ Rl
 ( P - I ) \ 

R(p) = 

\ß"(P-»)j 

To guarantee the existence of a Bertrand-Nash equilibrium we have to assume quasi-

concavity of the profit functions, a condition which cannot be derived from assumptions 

on the fundamentals of the economy, such as preferences, endowments or technology. In 

particular, as can be seen by differentiating (6.1) twice, this requires the demand function 

not to be too convex. However, it is well known (see e.g. Sonnenschein (1973)) that 

demand functions can take almost any form and still be consistent with utility maximiza

tion. As was pointed out in an influential paper by Roberts and Sonnenschein (1977), 

lack of quasiconcavity of the profit functions may cause the reaction curves to exhibit 

discontinuities, possibly leading to nonexistence of the Bertrand-Nash equilibrium (non-

pathological and robust examples can be found in e.g. Roberts and Sonnenschein (1977), 

Friedman (1983), Novshek (1985) and Bonanno (1988)). 

A way out of this problem would be to consider equilibria along the lines of Bonanno 

and Zeeman (1985) and Bonanno (1988). They consider price setting oligopolies where all 

agents have constant marginal costs, that is d (xi) = c ^ . Bonanno and Zeeman (1985) 

consider the case where producers only focus on the first order conditions for an optimum, 

that is, a price vector p* = ' (pj , . . . ,p*) is called an equilibrium when 

d-ïïi (p*) 
' V P ; = 0, for all i. (6.2) 
dpi v ' 

Bonanno and Zeeman show that under some very mild conditions, such an equilibrium 

always exists. At such an equilibrium it is however possible that some producer is at a 

local minimum of his profit function. It is somewhat peculiar to call such a situation an 
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equilibrium since all firms disregard second order conditions, but it can be defended on 

the grounds that if the producers think they face a linear demand curve, they believe 

they are at the global maximum of their profit function whenever the first order condition 

is satisfied. Bonanno (1988) defines a local Bertrand-Nash equilibrium as a price vector 

p* = (pi,... ,p*) for which, besides (6.2) the second order condition for a local maximum 

is satisfied, that is, 

d \ (
2

P,) < 0, for alii. (6.3) 
dpf 

At such a local Bertrand-Nash equilibrium no producer can improve his profit by deviating 

to a price in the neighbourhood of the equilibrium price. A sufficient condition for such 

a local Bertrand-Nash equilibrium to exist is that D%
H (p) ^ 2D1 (p) /{jpi — c,)2 for all i 

and p at which demand is positive. This condition implies that the first and second order 

derivative of the profit function never vanish together, which excludes the case that a 

local minimum and a local maximum of the profit function merge. 

6.2.1 Best-reply dynamics 

We are interested in how the firms might coordinate on a Bertrand-Nash equilibrium. 

There is a large literature analyzing the stability of the best-reply dynamics in the ho

mogeneous Cournot oligopoly model. In the homogeneous Cournot oligopoly model there 

is just one commodity and therefore one price. This price is the market clearing price 

and is determined by the total output supplied by the firms. Notice that for the Cournot 

model, just as for the general equilibrium model, it is unclear how this market clearing 

price emerges. The underlying idea of the best-reply dynamics is the following. Each 

individual firm assumes the outputs of the other firms to remain unchanged. It then 

produces the amount which, given these fixed quantities of its competitors, maximizes 

its profit. That is, it produces the amount specified by its reaction curve. Each firm 

therefore has full information with respect to its environment, that is, it knows the in

verse demand function and previous actions of its competitors, but it has to predict the 

amount that its competitors will produce in the current period. The study of the stability 

of the homogeneous Cournot oligopoly model in modern times2 started with Theocharis 

(1959), who showed that given a linear inverse demand function and constant marginal 

costs, the Cournot-Nash equilibrium is stable if there are only 2 firms, but that bounded 

oscillations occur when n = 3 and that for n > 3 quantities diverge.3 This result provoked 

2These best-reply dynamics were for the first time mentioned by Cournot himself (Cournot (1838)). 
3Recall that we studied a Cournot model with n = 2 and a linear inverse demand function in Chapter 

5. The Cournot-Nash equilibrium was ustable under the best-reply dynamics. This instability was due 
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a number of other papers on the stability of the best-reply dynamics for the homogenous 

Cournot oligopoly model. Here we briefly discuss the well-known papers by Fisher (1961) 

and Hahn (1962). 

Fisher (1961) extends the model of Theocharis in two directions: he considers a 

quadratic cost function which implies that marginal costs might be decreasing and he 

introduces a gradual adjustment to the best-reply quantity. He then shows that speeds of 

adjustment matter in this model. Furthermore, considering the continuous (limit) version 

of the model he shows that, provided that the slope of the linear inverse demand function 

is lower than the slope of the marginal cost function (which is positive if the cost function 

is convex), this continuous adjustment process is stable. Then, for speeds of adjustment 

sufficiently low, the discrete adjustment process is also stable. It remains however true 

that an increase in the number of firms might destabilize the best-reply dynamics. Similar 

results were obtained by McManus and Quandt (1961). 

Hahn (1962) considers the global stability of the continuous adjustment process by 

using the theory on Lyapunov functions. Hahn considers a general specification of the 

Cournot oligopoly model and shows that the continuous best-reply dynamics are globally 

stable under the following two conditions: i) the slope of the inverse demand function 

has to be smaller than the slope of the marginal cost function for any producer (which 

is the condition derived by Fisher (1961)) and ii) marginal revenue of each firm should 

fall, if total output (given output of this firm) increases.4 However, al-Nowaihi and Levine 

(1985) show that there is an error in Hahn's proof and claim that his results are only valid 

when the number of firms is less than 6. Seade (1980) argues that Hahn's second condition 

is rather severe and shows that, if it does not hold, instability is a general feature of the 

continuous adjustment process. 

The literature discussed above deals with the homogeneous Cournot model. Here we 

will briefly describe analogous results for the best-reply dynamics in the heterogeneous 

Bertrand oligopoly model set out above. We assume reaction curves are continuous and 

differentiable and a (not necessarily unique) Bertrand-Nash equilibrium p* exists. The 

instantaneous best-reply dynamics are given by 

/ p M + 1 \ ( R1 (p_M) \ 

\ Pn,t+l J 

(6.4) 

\ Rn (p_n]i) j 

These best-reply dynamics constitute an n—dimensional dynamical system. 

to the fact that marginal costs were decreasing for that example. 
4That is, if p(X) is the inverse demand function where X = X\ -f . . . + xn , then we must have 

p' (X) + xiP" (X) < 0, for all i and all X. 
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Proposition 6.1 The Bertrand-Nash equilibrium p* is locally stable under the instante-

neous best-reply dynamics (6.4) if 

dV (P*) 

dpi 
d2ni (p') 

dpidpj 
for all i. (6.5) 

Proof. The equilibrium p* is locally stable if the eigenvalues of the Jacobian matrix 

of (6.4) evaluated at p* lie in the unit circle. This Jacobian matrix is 

o R\{PU) RI(PU) 
R\ {pU) 0 

0 

K-i (P-

< ( p - l ) 

RI(PU) 

K-1 ( P V D ) 

0 

\ 

\RUP-U) W(PU) 

where R'j (p_,) = d QP~1' • Now we use the following result on matrices to derive a 

sufficient condition for local stability (see e.g, Atkinson (1989)). Let ||-|| be a matrix 

norm and let ||-||„ be a vector norm compatible with ||-||, i.e. HAxl^ < ||A||||x||„. 

Let A be an eigenvalue of the matrix A with corresponding eigenvector x. By the 

definition of a norm we have ||Ax||„ = ||Ax||„ = |A| ||x||„. Combining these two gives 

|A| llxll,, < ||A|| ||x||„ =>• |A| < ||A||. So the largest eigenvalue of A is always smaller, 

in absolute value, than the norm of A. Now consider the maximum row sum norm 

IIAHQJ, = maxj X™=i |Ay|, i.e. the largest row sum of absolute values of elements of 

A. The vector norm ||x|| = max, |x;| is compatible with this matrix norm. A sufficient 

condition for the Bertrand-Nash equilibrium to be locally stable under the best-reply 

dynamics then becomes £]™=1 \^j (P->)| < 1 f°r a ^ *• R' (P-») *s implicitly defined by 
a7T i(fl i(p- i),p- i) _ 

dp. 
= 0. Totally differentiating this equation with respect to Pj and solving for 

iß (p.,) = A i l gives 
dpj 

^•(P-i) 
d^i '9V(P) 
dpidpj f dpf 

The condition YTi=\ \R) (P-i)| < 1 then D e c o m e s equivalent with (6.5) 

(6.6) 

For the case of linear cost functions, that is C, (xi) = CtXi, the first order condition for 

an optimum is 

(P;-ci)D
i
i(p*) + Di(p*) = 0, foralU. (6.7) 

file:///rUp-u
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Condition (6.5) then becomes 

\2D\ (p*) + (p* - Ci) Di (p')| > J2 \D) (p*) + (pi - «) Dij (p*)l • 

Using (6.7) this reduces to 

2[Di(p*)Y-Di{p*)Di
ii(p

m) 

Ö5(P*) 

£>;(p«)£)î(p*)-£>i(p')Z3|J-(p*) 

öl (p*) 

If condition (6.5) holds not only at the equilibrium, but at any price vector p, the 

equilibrium p* is unique and globally stable (Friedman (1977)). It suffices to show that 

the mapping R(p) is a contraction, that is, ||R(p) - R(q)| | < ||p - q|| for all p and q, 

since it is well-known that a contraction has a unique and globally stable fixed point. The 

desired result is then given by the fact that R(p) is a contraction if X)"=i \R) (P-«)| < 1 

for all i and all p. Notice that this condition is far more demanding than the condition 

for local stability, since it has to be satisfied at every price vector. 

For the sake of completeness we briefly turn to the study of the continuous best-reply 

dynamics, which are given by 

* - * ( * < * Pi), * = 1, 

Here Ki > 0 is the adjustment speed of producer i. 

.. ,n. (6.8) 

Proposition 6.2 The Bertrand-Nash equilibrium p* is globally stable under the contin

uous best-reply dynamics (6.8) if 

d^dv) 
dpi 

d2n, (p) 
dpidpj 

, for all p, and all i. (6.9) 

Proof. Consider the following Lyapunov function 

V{p)=msx{Ki\R
i{p)-pi\}. 

Clearly, V (p) = 0 if and only if p is a Bertrand-Nash equilibrium and V (p) > 0 otherwise. 

If we can show that ^ < 0 for all p / p*, we know that the continuous best-reply 

dynamics are globally stable. Now let i be such that for all j we have 

Ki\R
i(p)-Pi\>Kj\Ri(p)-pj\. 

dV 
-r = Ki 
dt 

= -Kf(Ri-pi)+K, dR 

First assume R1 — Pi > 0. Then we have 

' dR1 dp., 

-Kf ( # - Pi) - E 1^KiKi (Rj - Pi) ' 
3¥« 
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where we have used 

I f H&i liai < 1 we obtain 

£ QijKiKj (R> - Pj) < X l«wl # (ßi - Pi) < Ki (Ri - ptf ' 

where the first inequality follows from the assumption that Ki (Rl - pi) > \Kj (Rj - Pj)\ 

for all j . Now consider Rl — pt < 0. Then 

Then if "£.# [gyj < 1 and using the fact that -K{ (R* - p{) > \K3 {Rj - Pj)\ for all j we 

obtain 

£ toKiKj {Ri - Pi) < - J2 l%'l Kl (Rl - PO < 'Ki (Ri - P«) • 

Therefore ^ . ,i \q^\ < 1 guarantees global stability of the (unique) Bertrand-Nash equi

librium. This condition is equivalent with (6.9). • 

This condition is exactly the same as the one we found for the instantaneous best-

reply dynamics. Notice that all conditions derived in this section are sufficient and not 

necessary conditions. Hence these conditions might be too demanding. 

It has been known for some time that the best-reply dynamics can also generate 

periodic and chaotic patterns. The crucial reference here is Rand (1978), who shows that 

periodic and chaotic behaviour can occur in the homogenous Cournot duopoly model. 

Other papers showing this kind of behaviour are Dana and Montrucchio (1986), Bischi 

and Gardini (1997) and Kopel (1997). As an example consider the situation with n = 2. 

A crucial aspect of the reaction curves is that they are unimodal, that is, there exists a 

critical value p\ of p2, such that for p2 < p\, an optimal reaction to an increase in p2 is 

an increase in pi and for p2 > P2 an optimal reaction to an increase in p2 is a decrease 

in p\. So, for small prices the products are complements and for high prices they are 

substitutes. This situation might be conceivable when demand is formed in the following 

way. Consumers are inclined to spend only a certain amount on the type of product 

supplied by these firms. Furthermore, they prefer having both varieties of the product 

over having a lot of one variety. Therefore, for low prices consumers want to spend money 

on both varieties and commodities are complements, whereas for high prices individual 
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consumers have to choose between the varieties and on an aggregate level the varieties are 

substitutes. If the reaction curves are indeed unimodal, periodic and chaotic behaviour 

might occur.5 

6.2.2 Gradient systems 

Another type of adjustment processes studied in the Cournot model are gradient processes, 

see for example Arrow and Hurwicz (1960), Fürth (1986), Bischi and Naimzada (1995) and 

Corchón and MasCollel (1997). These gradient processes assume that firms change their 

price in the direction in which profit increases. That is, if marginal profit at the current 

price is positive, the firm increases its price and if marginal profit is negative, the firm 

decreases its price. In both cases the firm expects an increase in profits, however, since 

other firms also change their prices, it is very well possible that profits in fact decrease. 

In continuous time this process can be written as 

-7- = Ki—-, t = l , . . . , n , (6.10) 
at opi 

where, as before, Kt is the speed with which the i'th producer changes the price for its 

product. First consider the steady states of this gradient dynamics. Any price vector 

where the first order conditions for a maximum are satisfied for each producer is a steady 

state of this dynamics. This implies that next to Bertrand-Nash equilibria and local Nash 

equilibria we might also have steady states where some producer is at a local minimum of 

his profit function. For any such a price vector we have the following result. The Jacobian 

matrix is 

1 dpi 1 ÖpiSp2 ^opi&pn 

TS d2-ïï2 IS d2Ki 
Kidïtfpl K*-äpt J = 

TS d2TTn TS a27Tn 

\ •a"ôp„ôpi n~dpl I 

If this matrix has diagonal dominance, that is, if for each row, the diagonal elements are 

larger in absolute value than the sum of the absolute values of the off-diagonal elements, 

and if these diagonal elements are negative, then J is negative definite. This implies that 

the real parts of the eigenvalues are negative and hence the gradient process is locally 

5 It is very easy to generate such behaviour. Assume zero costs and the following demand function for 

commodity i : D' (j>i,pj) = U (pj) — \pi, j ^i. Then the reaction curve for firm i is given by pi = fi (pj). 

Then for example, if we let fi (pj) = XiPj (1 — Pj), the best-reply dynamics is equivalent to the double 

logistic map, which exhibits all kinds of complicated periodic and chaotic behaviour. 
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stable. The condition for local stability for a (local) Bertrand-Nash equilibrium therefore 
becomes 

dV (P*) 
dû 

&*i (p*) 
dpidpj 

for all h 

which is condition (6.5) from the previous section. For a steady state corresponding to a 

local minimum of the profit function, the situation is somewhat more complex. We then 

in general expect the system to be locally unstable. 

Now consider global stability. 

Proposition 6.3 The Bertrand-Nash equilibrium p* is globally stable under the gradient 

system (6.10) if 

d2^ (p) 
dp2 

d2m (p) 
dpidpj 

, for all i and all p. (6.11) 

Proof. Take the Lyapunov function 

V (p) =maxiKi Hell 
and let i be such that 

If K{%£ > 0 we have 

dV 
dt 

Ki 
d-Ki 

dpi 
>K, 

diti 

dp. 

dpi 

, for all j . 

«£ d2iTi dpj 

dpidpj dt 
3=1 '"-"> 

d2TTi .^ndlti 

dp2 ' dp, + 

and if Ki ̂  < 0 we in a similar fashion find 

3=1 

d2m 
dpidpj 

dpidpj ' ' J dpj 

Kidp-

dV < _^JUK2^U _ v ^ 
dt dp2 ldPi 

j¥"> 

ôV 
dpidpj 

K, 
2d-Kj 

'dPi' 

Hence a sufficient condition for global stability is (6.11). • 

Notice that this is the same condition as was found for the best-reply dynamics. 

As with the best-reply dynamics gradient systems can exhibit complicated behaviour. 

In fact Corchón and MasCollel (1995) show that any set of functions can be generated 

by the gradient system with demand functions that satisfy nice properties such as gross 

substitutability, that is, for which, for example the centralized tâtonnement process is 

globally stable. 
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6.3 A short memory learning procedure 

In this section we introduce an alternative adjustment process for the partial equilibrium 

model with imperfect competition set out in the previous section. We assume firms do 

not know the demand curves for the products they are manufacturing but they perceive 

these demand curves to only depend upon their own price. This implies that they abstract 

from any interdependence with prices set by other firms. Furthermore, they believe that 

this relationship between price and demand is linear. Each firm estimates his demand 

curve on the basis of local information about the demand curve obtained in the previous 

period. This local information consists of two parts: a firm knows, given the price he 

charged in the previous period how much he could have sold against that price, and he 

knows the sensitivity of the demand curve with respect to price changes at that price 

(that is the slope of the demand curve at that price), for example through some level 

of experimentation or market research (compare Silvestre (1977)). This information is 

enough to identify a linear demand curve. On the basis of this perceived linear demand 

curve an optimal price is determined. In the next period this new price leads to new 

information about the location and slope of the true demand curve and hence to a new 

estimate of the perceived demand curve, leading to a new optimal price again. The main 

question now is if this learning process converges to some sort of equilibrium price vector. 

We assume marginal costs are linear, that is d (a;,) = CiXi. Firm i's perceived demand 

curve is 

di (pi) = at- biPi, with ai5 b{ > 0. (6.12) 

Given this perceived demand curve and the cost structure, firm i's (perceived) profit 
maximizing price is 

In each period firm i estimates the demand curve on the basis of information from the 

last period. Firm i knows the price it charged in the last period and the amount it (could 

have) sold, so it knows (pit, D
l (p()). Furthermore it knows the slope of the demand curve 

in this point, D\ (p t). The estimated perceived demand curve in period t then becomes 

dit {Pi) = alt - htpi = (£>* fa) - D\ (p() pit) + D\ (pt) Pi. (6.14) 

The price for the next period then is 

» « ^ ( P j ^ + i ^ i t a . + c j - i g g . (6.15) 
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It can be easily checked that any fixed point of (6.15) satisfies the first order conditions 
for a Bertrand-Nash equilibrium. 

We are interested in the stability of these Bertrand-Nash equilibria. We have the 
following (recall that D)k (p) ^ g ! ) 

Proposition 6.4 A sufficient condition for the local stability of a Bertrand-Nash equilib

rium p* = (pj,p%,... ,p*n) is 

Z?(P*)À(P*) 
(Di(p*)Y 

D' (P' )D\i (P*) - D](p )D) (P*) 

(AUP *))2 
< 2, for alii = 1, . . . , n. 

(6.16) 

Proof. To determine local stability we have to look at the Jacobian matrix J. The 

diagonal elements of the Jacobian are 

Jii 
dFt(p') l£>i(p*)Dji(p*) 

dp, 2 (Dï(p*)f 

The off-diagonal elements are 

dFj (p*) 1 Dl (p*) g j (p*) - D\ (p*) £>} (p») 
Jij — 

oft (A(p*)r 

Let A be an eigenvalue of J, then, as before we have |A| < || J | | , so the largest eigenvalue 

in absolute value is smaller than the norm of the Jacobian. If we now take as norm 

Mil» = m a x i £ j = i \Aij\, then a sufficient condition for all eigenvalues of the Jacobian 

matrix to lie in the unit circle is 

n 

Ji = ^2 l'A» I ̂  ii £°T all i = 1,..-. ,-n, 
3=1 

and this is equal to condition (6.16). • 

To get some intuition for condition (6.16) notice that the following two conditions are 

sufficient (but not necessary) for condition (6.16) 

| A ° ( P * ) | > £ | W ) | and |A*(P*)|> 
\ 

£ H ( p ' ) £ l ^ ( P * ) | -
3=1 

The first of these says that the matrix of substitution effects has a dominant diagonal, 

the second condition says that the curvature of the demand functions has to be small, as 
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compared to the slope. As a last remark notice that condition (6.16) also implies that p* 

satisfies the second order conditions for a Bertrand-Nash equilibrium. That this is so can 

be seen by rewriting the first and second order conditions for a maximum as 

D1(p)Dji(p) < 2 

(DOP))2 - • 

We now turn to some examples. Subsection 6.3.1 studies some examples for which conver

gence takes place and subsection 6.3.2 studies an example for which the learning process 

might exhibit nonconvergence and for which periodic and strange behaviour might occur. 

6.3.1 Examples: convergence 

Linear demand functions 

Consider a linear system of demand functions of the following form 

D(p) = a + /3p, (6.17) 

where a is a vector of intercepts and /3 is an n x n matrix, where ßü gives the sensitivity 

of demand for commodity with respect to its own price and /3y gives the sensitivity of 

demand for commodity i with respect to the price of commodity j . Assume ßü < 0. 

First consider the Bertrand-Nash equilibrium. The first order conditions for an equi

librium are 

-WiiPi =<*i- ßüCi + ^ßijPj, 1 , . . . , 7 1 , 

which in matrix r lotation becomes 

( 20n ß12 ••• 
P21 2p22 ' ' • 

ßm \ 
ß2n 

(PI) 
Pl 

( OLi - ßuCi ^ 

<*2 - /322c2 

^ ßm ßra ••• Wm) \Pn) \ an - ßnnCn J 

(6.18) 

(6.19) 

and therefore a nonnegative equilibrium price vector p* exists for all c — (ci, . . . , c„)' > 0 

and all a > 0 if the matrix (ß + ßD)~l exists and is nonpositive, where ßD is a diagonal 

matrix with ßü as its t'th diagonal element. In particular we have the following 

Proposition 6.5 If ßü < 0 and ß{j > 0 for all i,j with i ^ j , then an equilibrium exists 

for all a > 0 and allc>0 if 

2|/y>çi/y, 1 = 1, (6.20) 
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Proof. This is a straightforward application of Theorem 4.C.3 from Takayama (1985). 
• 

We now assume that a unique equilibrium exists and is given by 

p* = - ( /9 + / 3 D ) - 1 ( a - / 3 D c ) . (6.21) 

The adjustment process (6.15) becomes 

Pi,t+i = x*-^ > i = l,.., ,71. (6.22) 

Notice that (6.22) exactly corresponds to the best-reply dynamics for this case of linear 

demand functions as can be seen from (6.18). Also, the linear specification (6.17) together 

with the linear perceived demand curves implies that each firm knows the slope of the 

demand curve (ßü for firm i) but does not know the intercept since it neglect cross-price 

effects. The following stability property can easily be checked by looking at (6.22). 

Corollary 6.1 If a unique equilibrium p* > 0 exists and if the /3S • 's satisfy condition 

(6.20) the dynamical system is globally stable. 

Proof. Condition (6.20) follows directly from condition (6.16). Since the dynamical 

system is linear, local stability implies global stability. • 

Notice that condition (6.20) is weaker than diagonal dominance. 

Loglinear demand functions and linear cost functions 

As another special case consider the situation where firms face demand functions of the 
following form 

n 

D* (p) = OiJJpf«, (6.23) 
3=1 

where ß ü < - 1 for all i ensures the existence of a Bertrand-Nash equilibrium, which is 

P i = /rf-[Ci' * = 1 T». (6.24) 

This equilibrium does not depend on other parameters than ß ü and c*. Now consider the 

adjustment process (6.15). This can be written as 

*« = \ <*" + «) - L*Pb^B.. = Ul - Î-) » + U- (6-25) 2 t ó n - = 1 ^ 2v / V " 2 
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Notice that the dynamics of price of commodity i is independent of the dynamics of the 

other prices. The stability condition is ßü < - 1 which is always satisfied. Therefore 

the system with loglinear demand curves and constant marginal costs is always globally 

stable. This is an example of convergence without specific knowledge of the demand curve. 

6.3.2 Example: nonconvergence 

Above we have derived conditions under which the Bertrand-Nash equilibrium is locally 

stable with respect to the short memory learning procedure. In this section we study a 

specific example of the learning process in which other phenomena than convergence may 

occur. We assume n = 2 and d = 0 for i = 1,2. Demand functions are given by 

D1(pi,p2) = m a x { a i + f t l P J " + / 3 1 2 p ^ , 0 } , (6.26) 

D2{puP2) = max{a2+ß21p^+ß22p^,0}, 

where we assume ßu,ß22 < 0 and jn,j22 > 0. If ß12-y12 > 0 and ß21-y21 > 0 the two 

commodities are substitutes and if /?12712 < 0 and /321721 < 0 the two commodities are 

complements. The optimization problem for agent 1 is 

maxpxD1 (pi,p2) = maxpj (Ql + ßnpjn + ßnp}12), 
pi pi 

which gives first order condition 

O i + A i ( 7 i i + l ) r i , 1 1+/?i 2PÎ i a=0. 

The second order condition is ßu^n (-yn + 1) p]11'1 < 0, which by assumption is satisfied. 

Similar first and second order conditions can be derived for firm 2. To simplify the analysis 

we want (p*,p2) = (1,1) to be a Bertrand-Nash equilibrium. It can be easily checked that 

this is indeed an equilibrium if 

ai = Sx = -ßn (7 l l + 1) - ß12 and Q2 = a2 = -ß22 (722 + 1) - ß21. 

Notice that the Bertrand-Nash equilibrium does not have to be unique. The dynamics of 
the learning process (6.15) becomes 

If, 1\ loi + tó" 
Vu — r— 

T u / 2 7 n / W t n 

Wi M , la2 + ß2lPlr 
P2t+1 - - 1 \Plt - T—T-

2 V 722/ 2 7 « p^ 

PU+l = U 1 - ^ * ' - 2 . « A-*' (6-27) 
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In order to determine the local stability of (p*,p*) = (1>1) w e n a v e t o determine the 
Jacobian evaluated in the Bertrand-Nash equilibrium, which turns out to be 

I _ I-v 1712012 
T = [ 2 2 '11 2 7 i i 0 i i 

1721021 1 _ 1 
"2 722/522 2 2^22 

The eigenvalues of this Jacobian matrix are 

A H ( < 2 - « - W < 7 " - 7 J ! + 4 Ä ä ) (628) 

Therefore a necessary, but not sufficient, condition for these eigenvalues to be complex 

is (712/Ö12) x (721/̂ 21) < Oi that is, one of the commodities is a substitute to the other 

commodity, while the latter is a complement to the former. This seems to be an unrealistic 

case. However, since we know that any set of continuous functions can be the aggregate 

excess demand functions it is possible that it occurs. For the sake of completeness, the 

next result states what might happen then. Notice, however, that these phenomena are 

not so peculiar in examples with three or more different firms and commodities. 

Proposition 6.6 Assume j u = 722 = 7 > 0, ßn = /322 = —1, Pu = ßzi = ß > 0, 

and 712 = —721 = S. If 7 > 3 the symmetric equilibrium (p*,p2)
 = (1> 1) *s unstable for 

all values of ß and 6. If J € [0,3] then the equilibrium (p\,P2) is stable (unstable) for 

ê < (>) 6*, where 

5* = ̂ 3 + 2 7 - 7 2 -

At this value for S a Hopf bifurcation occurs and an invariant circle emerges. 

Proof. The eigenvalues are equal to 

Therefore if 7 > 3, both eigenvalues lie outside the unit circle. If 7 < 3 then the absolute 

value of both eigenvalues is equal to their product and hence 

***-iu-rf-i(«)'.' 
This product is equal to 1 when 6 = 6* and therefore at 6* the eigenvalues cross the unit 

circle. • 

At 6 = 6" an invariant circle emerges. For higher values of 6 even more complicated 

attractors exist. Figure 6.1 gives examples of these attractors, for ß = 1 and 7 = 2 | . A 
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Figure 6.1: Attractors of the short memory learning model with ßn = ß22 = - 1 , ß12 = 

An = li 7ii = 722 = 2 | , ai = a2 = 3§ and 712 = - 7 2 1 = 6, where we have: a) 6 = 3, b) 

6 = 4, c) 5 = 4i and d) 5 = 5. 

Hopf bifurcation occurs at 6* = j± v 7 ^ « 2.66. For values of S > 6* an attracting invariant 
cycle exists. This invariant cycle is shown for 5 = 3. More complicated attractors are 
shown for 6 = 4, 6 = 4± and for 0 = 5. 

Now focus on the case where both commodities are substitutes or both are comple
ments. 

Proposition 6.7 Assume 7 l l = 7 z 2 = 7 > 0, ßu = ß22 = - 1 , /?12 = ß21 = ß, and 

7i2 = 721 = <5- Then the eigenvalues are real and we have the following 

1. If 7 > 3 the equilibrium {p\,p*2) = (1,1) is unstable for all values of 6 and ß, 

2. if 1 < 7 < 3, tfie equilibrium {p\,p*2) = (1,1) is siaète (unstable) for \6\ < (>) |<5*|, 
w/ïere 

7 1**1 = ^ (3 -7 ) . 
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At this value of 6 a period doubling bifurcation occurs and a period two orbit emerges. 

3. If 0 < 7 < 1, the equilibrium (pi,pi) = (1,1) is stable (unstable) for \6\ < (>) \6°\, 

where 

m=^(i+7). 

Proof. The eigenvalues are 

Notice that for 7 > 3, there is always at least one eigenvalue smaller than —1 implying 

that the equilibrium is unstable. Without loss of generality assume 6 > 0. Then the largest 

eigenvalue corresponds to the positive root. We have to determine when this eigenvalue 

is smaller than 1. This gives 

^(l-7 + f ) < l ^ < * ° = |(l + 7) 
2 

The smallest eigenvalue corresponds to the negative root. We have to determine when it 

is bigger than — 1. This gives 

J ( l - 7 - ^ ) > - l ^ < < 5 * = ^(3-7) 

Clearly 6° < (>) 6* if 7 < (>) 1. Therefore if 7 > 1, the equilibrium loses stability through 

a period doubling bifurcation at 6 = S* and if 7 < 1 the equilibrium loses stability either 

through a transcritical or through pitchfork bifurcation at 6 = 5°. Whether a transcritical 

or a pitchfork bifurcation occurs depends upon the parameters of the model. • 

Notice that 7 < 1, implies that the demand for commodity i is strictly concave in p, 

and 7 > 1 implies that demand for commodity i is strictly convex in pt. 

Now consider the case 1 < 7 < 3. There is an important difference between the dynam

ics of the case with substitutes and the case with complements. If the commodities are 

substitutes, this leads to an attractor which lies off the diagonal y = x, but is symmetric 

with respect to this diagonal. This in general means that the following occurs: when one 

price is low, the other is high and vice versa. If the commodities are complements, the 

attractor lies along the y = x axis and prices move together: both are low or both are 

high. 

As example we take the following parameter setting: ß = 1, 7 = 2 | and 6 > 0. 

Figure 6.2 shows some attractors for this case. A period doubling bifurcation occurs at 



190 CHAPTER 6. PRICE ADJUSTMENT IN MONOPOLISTIC COMPETITION 

t-\. 7-2.75. 4-1 S-l, 7-Z.73, (-2.25 

û i i 14 tfi ia 

Figure 6.2: Attractors of the short memory learning model with ßn = ß22 = — 1, ßu — 

P2i = !> 7ii = 722 = 2f. Qi = Q2 = 3f and 712 = 721 = 8, where we have: a) 6 = 1, b) 

«5 = 2\, c) 5 = 2.70 and d) 6 = 2.78. 

(5* = -ji = 0.6875. The resulting period two orbit undergoes a Hopf bifurcation, leading 

into a invariant set consisting of two closed curves. This invariant set then evolves into 

a strange attractor as shown in Figure 6.2. As another example, take the case where the 

commodities are complements: ß = 1, 7 = 2 | and S < 0. A period doubling bifurcation 

occurs again at 6* = -jg. This bifurcation is followed by a sequence a period doubling 

bifurcations on the y = x axis, resulting in a one dimensional strange attractor as shown 

in Figure 6.3. 

We have throughout concentrated on the symmetric equilibrium, however it is clear 

from the last result that multiple equilibria may exist. The following result states when 

multiple symmetric equilibria exist in the symmetric version of the model. 

Proposition 6.8 Assume 7 n = 722 = 7 > 0, ßu = /322 = — 1, ß12 = ß2i — ß> and 

7i2 = 721 = <5 > 0> with S / 7- Consider A = (7 + 1 - ß) (6 - 7) . If A > 0 a sufficient 
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Figure 6.3: Attractors of the short memory learning model with ßn = ß22 = —1, ßw = 

An = 1) 7ii = 722 = 2f, ot\ = a2 = 3 | and 712 = 721 = 5, where we have: a) 6 = —1, b) 

«5 = - 2 , c) S = -2± and d) 6 = - 5 . 

conditions for the existence of multiple symmetric equilibria is 6ß ^ 7 (7 + 1). ƒƒ yl < 0 

and 6 < j a sufficient condition is Sß < 7 (7 + 1), i/ yl < 0 and 6 > 7 a sufficient 

condition is 6ß > 7 (7 + 1). 

Proof. A symmetric equilibrium (p, p) has to satisfy 

F (p) = 7 + 1 - /8 - (7 + l )p 7 + ßp6 = 0. 

If 7 + 1 — ß and (5 — 7 have the same signs, then so do limp_,o F (p) a n d linip^oo F (p), 

implying that the number of equilibria is generically even. By construction (1,1) is an 

equilibrium, so if F' (1) = 6ß — 7 (7 + 1) ^ 0, there is at least one other equilibrium (p,p). 

Now consider the case where 7 + 1 — ß and 6 — 7 have opposite signs. First consider 

7 + 1 - ß > 0 and 6 < 7. Then limp_o F (p) > 0 and lim^oo F (p) = -00. A sufficient 

condition for the existence of at least three equilibria, then is F' (1) > 0. Next consider 
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the case where 7 + 1 - ß < 0 and 6 > 7. Then limp_0 F (p) < 0 and linip^oc F (p) = 00. 

A sufficient condition for the existence of at least three equilibria now is F' (1) < 0. • 

What is the economic interpretation of the nonconvergence results established above? 

Clearly, when the system converges to a periodic orbit with a given period k, then agents 

can predict demand in each period much better by looking at past data. Therefore, it 

might then not be too sensible to follow the procedure discussed here. However, if the 

time series of prices show no clear pattern then these fluctuations might be attributed 

to stochastic demand shocks, and this may leave no reason for a single firm to doubt his 

specification of the demand structure. 

6.4 A long memory learning procedure 

We have discussed three adjustment models for our heterogeneous Bertrand oligopoly, the 

best-reply dynamics, gradient systems and the short memory learning procedure discussed 

in Section 6.3. All these adjustment processes only use the most recent information (with 

different degrees of sophistication) about competitors actions or price-quantity combina

tions. We have seen that this may lead to nonconvergent behaviour such as cycles and 

even chaotic fluctuations. Clearly, when agents observe that they are in a cycle they 

can use this knowledge to improve their predictions. These new predictions will again 

have its ramifications on the behaviour of the system which may lead to, for example, a 

cycle with a different period altogether. An alternative approach would be to consider a 

learning procedure where firms use information on the total history of price-quantity pairs 

available to make inferences on their perceived demand structures. In this section we will 

review the model that was studied by Kirman in a series of papers (Kirman (1975, 1983, 

1995) and Brousseau and Kirman (1992, 1993)). An interpretation and generalisation of 

this learning process in terms of Bayesian learning can be found in Schinkel, Tuinstra and 

Vermeulen (1999), but it would take us too far to discuss that paper in detail here. In the 

model by Kirman a symmetric price-setting duopoly model with linear objective demand 

curves is considered where the two firms estimate a misspecified model by running a least 

squares regression on past quantities and own prices. Simulation results suggest that this 

learning procedure converges to the set of conjectural equilibria, to be defined later, but 

a theoretical result establishing this convergence has not been provided yet. 

Before we turn to the Kirman model we first mention a related line of research by 

Gates, Rickard and Wilson (1977, 1978). They consider a Cournot oligopoly model where 

firms use a weighted least squares procedure to estimate a linear relationship between 



6.4. A LONG MEMORY LEARNING PROCEDURE 193 

output and average profit (that is profit per unit output). Output is then adjusted in 

the direction of the output that maximizes the estimated profit function. As in the 

Kirman model Gates, Rickard and Wilson (1977) use simulations to show that there is 

convergence. For the case of a duopoly they explicitly calculate the set of limit points. 

Gates, Rickard and Wilson (1978) consider a special case of this model, where only the 

first and last observation are used. They are able to prove that in this case, if average 

profit functions are linear in output, the process converges. 

Kirman (1975, 1983) considers the following symmetric duopoly model with heteroge

nous commodities 

Dl(pi,p2) = a - / ?p i+7P2 , (6.29) 

D2(pi,P2) = a-ßp2 + jpi-

We assume zero costs, implying that firms want to maximize total revenue. The Bertrand 

Nash equilibrium is p* = p\ = -^- and the cartel solution, where agents maximize their 

joint profit, is p\ = p\ = 2, ƒ •. (provided of course, that these prices are positive). Firm 

i believes that demand only depends upon its own price and therefore 

diipi) = ai-bipi+elt (6.30) 

d2(p2) = a2-b2p2 + e2, 

respectively, where they believe £j ~ N (0, of) makes up appropriately for the empirical 

deviations of quantity signals from expected sales. 

The parameters a\, 61, a2, and b2 are estimated in each period t as au, bu, a2t and b2t 

respectively, by applying an ordinary least square regression on all past observations of 

(self-made) prices and associated demand signals. Kirman (1975) shows that if producers 

know the slope ß of the individual demand curve and only have to estimate the intercept 

of the demand curve prices will converge to the Bertrand-Nash equilibrium. Formally this 

version of the model is equivalent with fictitious play, where each producer has a correctly 

specified model but has to make some inference about the price of its competitor and does 

this on the basis of the average of this price. 

We follow Kirman (1983) in assuming that the slope of the demand function is also 

unknown. We then define a conjectural equilibrium as a vector of belief parameters 

(Si,61,02,62) an<i a pair of prices (pi,p2) such that firms' expectations with respect to 

supply possibilities are satisfied. This occurs when objective demand equals (expected) 

perceived demand, that is 

D1 (Pi,p2) = a- ßpi+ 7P2 = ai - bipi = dx (pi) 

D2 (pi, Pi) = a - ßp2 + 7pi = 0 2 - b2p2 = d2 (p2) 
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where the prices have to be such that firms believe that they maximize profits, hence 

Si , ~ a2 Pi = -^r and p2 = ^ ^ . 
20! 262 

The set of conjectural equilibria is very large, in fact it can easily be seen that any 

pair of prices {p\,p2) for which demand is positive can be a conjectural equilibrium, just 

by taking 

a - ßp1 + 7P2 , a-ßpi+ 7P2 „, , „, 
fei = , o2 = , ai = 2oiPi and a2 = 2b2p2-

P\ P\ 

The least squares regression referred to above gives the following estimates 

E L i [dik - du] \Pik - Pa] Lit=i \Pik - Pui 
and ait = du + bapit, 

where dit = \ J2k=i dik and pit = j J2k=i Pik a r e average demand signals and average 

prices at time t respectively. It is well known that the ordinary least squares regression 

can also be written recursively (see also the recursive least squares learning models in 

Chapter 4). Define 

%t = " and Xu = ( 1 -pa J , 

then the estimate at time t using ordinary least squares becomes 

du = (X'itXit) X'itDit 

where 

' 1 -Pn \ ( da 

Xit= : I and Dit = i 

\ 1 -Pit J \ dit 

Now define Ru = \X'itXit. We then obtain 

•ßt* = fXifXit = — ( ^ | ( - i ^ j , t - i + xitXit) 

. _ ,-^t,t-l-^'t,t-l + J ( ^tt1« ~~ , _ -. Xi,t-\Xi,t-l j 

Ri,t-\ + - (a^za - Ri,t-i) 
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The estimate 6it can be written recursively since 

Sa = (XitXit) XitDit 

= (X'tXuV1 [X'^X^^t-i + x'udit] 

= {X'aXit)-
1 [(X'xXu - x'itxit) 9u-i + x'adit] 

= 0M_! + {X'itXity
l x'it (dit - Xitdifi-i) • 

The whole system therefore becomes 

Rit = Ri,t-i + \\x'itxit - Ri,t-i) (6-31) 

Ou = Oi,t-i + -Rülx'it{dit-Xit6ij-i) 

Starting with the right initial condition 6i0 and Ri0 this gives the exact same estimates 

as the non-recursive least squares procedure. 

Before agents can estimate a curve, at least two price-demand combinations have to 

be known, therefore the process needs some initial conditions. If these initial conditions 

are the same for both firms, that is, pu = P2t for t = 1,2, then the price quantity pairs of 

the first two periods lie on the demand curve 

d = a - (ß - 7)p 

and therefore prices will be equal to the cartel solution pc = a/ (2ß - 2-y) from the 

third period on. Kirman (1983) furthermore shows that if a conjectural equilibrium 

(21,61,02,^2) satisfies the following inequalities 

72 > ( /3-b i ) (/3-62) >o , 

there exist initial conditions for the first three periods, such that the learning procedure 

will jump to this conjectural equilibrium in the fourth period, and stay there. He calls 

these equilibria sustainable equilibria since they are possible limit points of the learn

ing algorithm. Of course we are mainly interested in what happens for arbitrary initial 

conditions instead of what happens for specific ones. Simulations suggest that the least 

squares learning procedure always converges to a conjectural equilibrium. We have also 

performed some simulations for some nonlinear objective demand functions and then the 

least squares learning procedure converges as well, so the result seems to hold for a wide 

variety of specifications. Notice that for these models the learning process hardly restricts 

the set of possible equilibria. 
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In the literature there are two types of convergence results for these kinds of recursive 

least squares algorithms, which we will briefly discuss in the following. 

First focus on the recursive formulation (6.31) of the ordinary least squares algorithm. 

Convergence of these types of algorithms can be shown by using a technique developed 

by Ljung (see Ljung (1977) and Ljung and Söderström (1983)). For applications of this 

technique in economics we refer to Marcet and Sargent (1989), Sargent (1993), Woodford 

(1990) and Evans and Honkahpohja (1997). The idea is to construct a (deterministic and 

autonomous) associated differential equation, which is related to the original (stochastic 

and nonautonomous) recursive algorithm. Under some regularity conditions stability of 

the equilibria of this associated difference equation implies convergence (almost surely) of 

the recursive algorithm itself. 

Brousseau and Kirman (1992) apply this procedure to the symmetric duopoly model 

set out above. They find that none of the conjectural equilibria are locally stable. This 

is due to the fact that there is a continuum of equilibria which implies that a slight 

perturbation in initial conditions leads the learning procedure to converge to a different 

equilibrium, convergence will be to a different equilibrium. Therefore there seems to be 

global convergence on the set of equilibria, but none of these equilibria is locally stable. 

Kirman (1995) holds that this is a case of 'apparent' convergence in the sense that the 

estimates keep on changing only at a rate that slows down until these adjustments are 

not observable anymore. This could be due to the fact that new information is weighed 

less and less as time goes by (as can be seen from the term \/t in (6.31)). Time averages 

need not converge. We saw that this could also happen with some of the recursive least 

squares learning models in Chapter 4.6 The least squares algorithm set out above is a so-

called decreasing gain algorithm: the gain from a new observation is decreasing since all 

observations get the same weight. An alternative would be to consider so-called constant 

gain algorithms.7 These algorithms have the property that the gain of new observations 

remains constant because these observations are weighed more heavily than older ones. 

For (6.31) this just means replacing l/t by a constant. We have performed simulations 

in the Kirman model with this constant gain algorithm and all these simulations have 

lead to convergence to a conjectural equilibrium, as was the case with the decreasing gain 

algorithm. This suggests that, in contrast to Kirman's conjecture, true convergence may 

occur, even in the case of the decreasing gain algorithm. 

Another route to establish convergence is to consider Bayesian learning. In the last 

"Other examples of this phenomenon can be found in Shapley (1964) and Gaunersdorfer and Hofbauer 

(1995). 
7For an interesting example of an application of a constant gain algorithm see Sargent (1998). 
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couple of decades there has been an increasing number of applications of Bayesian learning 

to economic models. Blume and Easley (1982, 1984), Bray and Savin (1986) and Bray and 

Kreps (1987) have, in different contexts, investigated whether Bayesian learning leads to 

a rational expectations equilibrium or not. Easley and Kiefer (1988), Kiefer and Nyarko 

(1989), Nyarko (1991) and others have addressed the issue of "active learning". They 

study a monopolist who does not know the demand curve he faces and who wants to 

maximize a discounted stream of profits. Actively learning firms are aware of the fact 

that there is a trade-off between learning and short-run profit maximization. For them 

it might be optimal to forfeit current profits to experiment with prices in order to gain 

information about the location of the demand curve, which may lead to higher future 

profits. Jordan (1991), Kalai and Lehrer (1993, 1995) and Nyarko (1994) have focussed 

on the conditions under which Bayesian learning leads to a Nash equilibrium in normal 

form games. 

Models of Bayesian learning assume that agents have some prior distribution over 

the parameters they want to estimate. Let us denote this prior distribution for firm i by 

fj,i0 {ai,ß{). Given this prior distribution firms choose a price that optimizes their expected 

profit. This leads to new information about the quantity that can be sold at that price. 

The beliefs of the firms are then updated according to Bayes' rule. These new beliefs 

ßn (Q,,/3J) for firm i lead to a new price again, and this process repeats over and over. 

If beliefs fiit (a*, ß{) converge then so do prices and quantities. Most of the literature on 

Bayesian' learning deals with well specified models, in which the prior distribution over the 

different models gives positive weight to the true model. We are interested in mis-specified 

models, where the true model cannot be learned by the agents. It is possible, however, that 

their beliefs converge and that, in the end, the firms receive no information that makes 

them want to change their distribution over different models. To prove that Bayesian' 

learning converges one proceeds in the following way. First, it is shown that the belief fiit 

is a uniformly bounded martingale, that is, the expectation of agent i of the belief ^ t+1 at 

time t equals fiit. Then, by the martingale convergence theorem, beliefs ßit converge almost 

surely, that is beliefs converge for almost all time paths of prices and quantities that are 

possible according to the prior distribution /xi0. In other words, for all sets of realizations 

of the trajectories of prices and quantities that have been given positive probability at 

time 0 in the minds of the firms, the Bayesian' learning model converges to some limit 

belief. This could be called subjective convergence of beliefs. Then the final step to 

relate this subjective convergence to objective convergence is to assume that the objective 

probability measure of all possible objective sample paths is absolutely continuous with 

respect to the subjective probability of all sample paths, that is, each set of sample paths 
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that has positive probability objectively has positive probability subjectively. Absolute 

continuity implies that no actual development is possible that was not a priori foreseen 

as a possibility by the firm concerned. This seems to be a natural condition necessary for 

beliefs to settle down, as one can hardly expect beliefs to converge if all the time new and 

unforeseen events stir up ones learning. 

The Kirman model can be interpreted as a model of Bayesian learning. Suppose both 

sellers have a normal prior /j,i0 (ßi), that is, agent i beliefs that 9, is distributed according 

to N (0,0, Eio) ' w n e r e #io = (flio, ho)' is a 2 x 1 vector, and T,i0 a 2 x 2 finite and nonsingular 

variance-covariance matrix. Furthermore, sellers believe Ö* is uncorrelated with the error 

term for all t. In this situation Bayesian learning can be shown to be equivalent with 

weighted least squares. Therefore convergence of Bayesian learning implies convergence 

of least-squares learning in the Kirman model. For more details on Bayesian learning in 

mis-specified models see Schinkel, Tuinstra and Vermeulen (1999). 

6.5 Concluding remarks 

We have been addressing one of the unresolved problems of economic theory, the problem 

of adjustment toward equilibrium. Clearly if this problem cannot be dealt with satisfacto

rily, the focus of the economics profession on the study of equilibria might be unwarranted. 

Traditional adjustment processes such as the tâtonnement process are unsatisfactory for 

two reasons. Firstly, they are unrealistic and secondly, the conditions under which con

vergence to an equilibrium indeed occurs are too special. It can be argued that a more 

realistic adjustment process would incorporate agents that set prices themselves. In this 

chapter we have investigated some simple adjustment processes in equilibrium models 

with price setting agents. These adjustment processes share the feature that firms do not 

take the behaviour of other firms into account when determining their optimal strategy. 

All firms act as if they are monopolists. Furthermore they have incomplete knowledge of 

the demand curve they face. Therefore, the models of the economy these firms have are 

misspecified. In Chapter 4 it was already argued that this seems to be most sensible way 

to approach learning. The adjustment processes differ in the way in which inferences are 

made about this demand curve. One process uses recent information about the amount 

that could be sold against yesterday's price and the sensitivity of demand at yesterday's 

price (for example obtained by small price experiments) to estimate a linear demand curve, 

the other process uses all previous experiences on quantity-price combinations in order to 

estimate a linear demand curve using standard regression techniques. The first adjust

ment process appears to be stable for situations where the cross price effects are relatively 
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small. This seems to be in accordance with the assumption that firms act monopolisti-

cally. The second adjustment process grants convergence to a conjectural equilibrium in 

most situations. Thus far, these adjustment models have only been studied in a partial 

equilibrium context. These models should also be applied to general equilibrium models 

of monopolistic competition. 

The analysis could be extended in a number of other directions. As mentioned before 

any realistic adjustment process should allow for the possibility of trade at disequilibrium 

prices. Furthermore, we have focused on myopic optimizers. Even though they sometimes 

use a lot of information to estimate their profit opportunities, firms are only interested 

in short term profit maximization. Ideally firms would try to maximize some discounted 

stream of profits, but this complicates the problem considerably. Every firm then has to 

solve an optimal control problem which takes account of the trade off between the benefits 

of experimenting with prices in order to gain information on the demand curve and the 

resulting loss in short run profits. Clearly, much work remains to be done on the subject 

of price adjustment processes. 
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Chapter 7 

A Model of Political Business Cycles 

7.1 Introduction 

In this thesis we have studied a number of models that feature cyclic behaviour. These 

cycles can be perfect foresight cycles that arise due to the structure of the aggregate 

excess demand functions, as the cycles in the overlapping generations models studied in 

Chapter 3. Alternatively, they can arise from some typical learning algorithm as was the 

case with the cycles encountered in the models of Chapters 2, 4 and 6. Finally, we have 

seen that cycles might arise due to a competition between different behavioural rules as 

in the Cournot model in Chapter 5. All these models have in common that markets are 

allowed to operate freely. In reality, however, markets are often subject to regulation by 

governmental authorities, who try to influence the income distribution. In this chapter we 

introduce the possibility of price regulations by the government and study the implications 

for the price dynamics. 

There is a close interaction between politics and economics. Political decisions in

fluence the functioning of the economy and the performance of politicians is evaluated 

according to the state the economy is in. This interaction between politics and economics 

may result in a situation of economic inefficiency.1 It may even cause the emergence of 

so-called political business cycles, that is fluctuations in prices, employment and output 

arising from the competition between political parties. 

In this chapter we study a simple general equilibrium model with endogenous po

litical behaviour and show that economically inefficient equilibria and political business 

cycles may emerge endogenously. The mechanism driving these results differs from the 

mechanisms identified in the earlier literature on political business cycles. 

1On the subject of economic efficiency versus political efficiency see Magee, Brock and Young (1989) 

who show that it may be political efficient to introduce some economic inefficiency, such as tariffs. 
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In voting theory it is usually assumed that political parties select platforms in a way 

that maximizes the probability of being elected. If there are two political parties, the 

policy space is one-dimensional and voting behaviour is deterministic, that is, an agent 

votes for the political party closest to his ideal point. This leads to the well-known median 

voter result: both political parties choose a platform coinciding with the ideal point of 

the median voter.2 Nordhaus (1975) shows that in such a model an opportunistic political 

business cycle might emerge. The incumbent party stimulates the economy prior to an 

election, for example, by trading off a higher inflation rate and a lower unemployment 

level, in order to be re-elected. After the election, the government lowers the high inflation 

rate, which leads to a reduction of employment again. This model therefore predicts an 

upswing of the economy just before each election and a downswing after an election. 

This political business cycle only emerges if agents form expectations adaptively3, or if 

there is some information asymmetry between the government and the voters. A number 

of contributions have criticized the assumption that political parties only care about 

winning elections (for example Alesina (1987), Alesina and Rosenthal (1995) and Wittman 

(1977)). Rather, it has been argued that political parties have certain preferences and 

different political parties execute different policies when elected.4 A "left-wing" political 

party may choose policies to reduce unemployment and a "right-wing" party may choose 

policies focusing on lowering inflation. A business cycle may arise since, if a left-wing party 

is elected, inflation will rise and, if a right-wing party is elected, inflation will decrease. 

Business cycles emerging in this way are called partisan business cycles (Alesina (1987)). 

A necessary condition for these partisan business cycles to exist is incomplete information 

about voter preferences (see Alesina and Rosenthal (1995)). 

In these partisan models party preferences are given exogenously. In this chapter we 

study the behaviour of a political-economic model with two parties where party preferences 

differ because parties represent different groups in the economy. An important aspect of 

our model is that the sizes of these groups are determined endogenously and depend upon 

government policies. In particular, the size of the group might decrease when the political 

party representing this group is in office. This occurs because a policy that is beneficial 

2 However, if the policy space is multidimensional an equilibrium only can be shown to exist under 

very restrictive assumptions (Kramer (1973)). 
3Rogoff and Sibert (1988) show that these opportunistic business cycles can also arise when there is 

some information asymmetry between the government and the voters (this can, however, only explain 

cycles in macroeconomic policy and not cycles in unemployment).. 

Wittman (1977) writes: "The extensive literature concerned with formal models of political candidate 

strategies has almost without exception viewed policy as a means to winning I suggest that the reverse 

is true-that candidates view winning as a means to policy." 
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to an average individual member of this group may cause a number of members of this 

group to transfer to the other group. 

As a very simple example consider an economy where agents can be divided in two 

groups, the "rich" and the "poor", for lack of better terminology. If the political party 

representing the poor is in office, it will devise policies such that the average poor agent 

will be better off, resulting in some poor people becoming rich, which decreases the number 

of poor people and increases the number of rich people. If, on the other hand, the party 

representing rich people is in office and if we make the realistic assumption that income for 

a rich agent is a decreasing function of the number of rich people, then this political party 

will execute policies that will at least not increase, and possibly decrease the number of 

rich people. In this way, an endogenous political business cycle emerges. 

We study these ideas in a simple general equilibrium model with two sectors, one 

of which uses high-skilled labour and the other low-skilled labour, where the number of 

people working in each sector is determined endogenously. A political party in office can 

impose a minimum wage to redistribute income in favour of the group it represents. We 

study the existence of a political economic equilibrium. Several situations may occur: i) 

the Walrasian equilibrium may be a political economic equilibrium, ii) there may be a 

continuum of political economic equilibria, possibly including the Walrasian equilibrium 

and ni) a political-economic equilibrium may not exist, in which case, an endogenous 

political business cycle emerges. 

Our model is similar to that of Herings (1997), who shows that price rigidities may 

emerge endogenously in a general equilibrium model through competition for votes be

tween two political parties. 

The outline of the rest of the chapter is as follows. In Section 7.2 we describe the 

model and show what can happen if a government can set a minimum wage for high-skilled 

labour. In Section 7.3 we study what happens if the government can set a minimum wage 

for low-skilled labour. Section 7.4 discusses the results. 

7.2 Minimum wages for high-skilled labour 

In this section we investigate circumstanves where a government is able to impose a 

minimum wage on high-skilled labour. In subsection 7.2.1 we briefly describe the general 

equilibrium model and give a definition of the fixed price equilibria we want to study. 

Subsection 7.2.2 gives the structure of political institutions and derives the optimal policy 

functions for the two different political parties. These optimal policy functions allow 

a classification into different types of equilibria can be made. Finally, subsection 7.2.3 
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briefly considers the outcome if a government can set a maximum wage for high-skilled 
labour. 

7.2.1 The economic sphere 

The firms 

There are two sectors producing the same homogenous nonstorable commodity, sector 

h and sector I. Each sector consists of a large number of firms with mass 1 having the 

following production technologies respectively 

Vh = f(x), yi=g(x), (7.1) 

where yt denotes production by a firm from sector i and x denotes labour input. There 

is perfect competition on the goods market. There are two types of labour, labour of 

type h and labour of type /. We interpret type h labour as high-skilled labour and type 

I labour as low-skilled labour. We make the following assumptions about the production 

technologies ƒ (.) and g (.). 

• Firms in sector h only use labour of type h, firms in sector I can use labour of type 
h and labour of type /. 

• ƒ and g are twice differentiable, strictly monotonically increasing and strictly con

cave: ƒ' (x) > 0, ƒ" (x) < 0, g' {x) > 0 and g" (x) < 0. 

• Firms in sector h are more productive than firms in sector I : f (x) > g (x) for all 
x>0. 

Firms take prices as given and solve the following problem 

maxt/j - w{x, i = h,l, (7.2) 
X 

where we take the price of consumption to be equal to one and where Wj is the real wage 

rate of labour of type i. This gives the following labour demand functions, consumption 

supply functions and profit functions 

xh (wh) = ( / T 1 (wh) = Xh (wh), 

ysh(wh) = f{xh{wh)), (7.3) 

TTfe (u>k) = ys
h {wh) - whx{ (wh), 
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and 

xt (wi) = (ff')_1 (wi) = xi (wd ' 

JlfW = s f o M ) , (7-4) 
Ti (W() = V\ {W[) - wixf {wi). 

We assume that total profits made by both sectors are equally distributed over all con

sumers. Since the number of consumers and the number of firms is large, practically all 

stockholders of the firm work in other firms. Therefore profit maximization is the proper 

objective for each firm. 

The consumers 

There are two types of consumers in this economy, those possessing labour of type h and 

those possessing labour of type I. Each consumer is endowed with one unit of labour. 

There is a large number of consumers with mass 1 and the fraction of consumers endowed 

with labour of type h is exogenously given and equal to ß G (0,1). The fraction of 

consumers endowed with labour of type lis 1 - ß. We assume that all labour is supplied 

inelastically. First consider an agent of type I (that is, an agent endowed with one unit 

of labour of type I). He solves 

s.t. C( < wixi +-KI + nh, (7.5) max ci 
{ci,xi} 

Xl < 1. 

This gives 

Ci wi + TTI + irh, x\ = 1. (7.6) 

An agent of type h can supply labour to both sectors. Under the condition that wages in 

sector h are always at least as high as wages in sector /, we find 

Cd
h = Wh + -Kl + 7T/1, XS

h=l. 

Consumption of agents working in the two different sectors can be expressed as 

ch(b) = f(b)+g(l-b) + (l-b)(f'(b)-g'(l-b)), (7.7) 

ci(b) = f(b)+g(l-b) + b(g'(l-b)-f'(b)), 

where b is the fraction of agents working in sector h. Since marginal production in sector 

h (I) is decreasing (increasing) in b, a sufficient condition for an agent of type h to supply 

labour to sector h is 

f(ß)>g'(l-ß). (7.8) 



206 CHAPTER 7. A MODEL OF POLITICAL BUSINESS CYCLES 

Under this condition, wages (and therefore consumption) for agents working in sector h 

will always be higher than wages for agents working in sector I. 

Throughout this section, we illustrate our results with the following simple example. 

Production technologies are given by 

g(x) =x- -x2, f(x) = ag(x), 

where a > 1 measures the difference in productiveness between labour of type h and labour 

of type I. Notice that these production technologies indeed satisfy the assumptions for 

x < 1. Condition (7.8) requires that a > ß/ (1 - ß). The wage rates in the two different 

sectors are 

wh = a (1 - Xh), wi = 1 - xi 

and the profit made by the two sectors are 

7Th (xh) = -ax\ and m (xt) = -x2. 

Given that employment in sector h is b, consumption of agents working in sector h and 

agents working in sector I then becomes 

ch (6) = a (1 - b) + \ab2 + | (1 - bf and c, (b) = b+ \ab2 + i (1 - bf . 

Fixed price equilibria 

If condition (7.8) is satisfied, all high-skilled workers supply their labour to sector h. 

Total supply of high-skilled labour is ß and total supply of low-skilled labour is 1 - ß. 

The Walrasian equilibrium wage rates are easily seen to be 

wh = f{ß) and n = g' (1 - ß). (7.9) 

If wage rates are flexible and adjusted according to market pressure, these might be the 

wage rates prevailing in this economy.5 However, in this chapter we assume that wage 

rates do not adjust flexibly, but are partly determined by the government. In particular, in 

this section we assume that the government can impose a minimum wage on high-skilled 

labour. Given this minimum wage rate, the wage rate for low-skilled labour adjusts 

competitively. 

Consider a minimum wage rate for high-skilled labour above the equilibrium wage 

rate wh. Then labour demand of firm h decreases and a number of high-skilled agents is 
5It is by now well known that price adjustment processes such as the tâtonnement process need not 

converge to the Walrasian equilibrium price vector (see for example Chapter 2). 
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^ - - ^ x! 
w. " 1 ^ - - ^ x'. 

l -ß 1-b 

Figure 7.1: The Walrasian equilibrium (wh,wi) and a fixed price equilibrium (wh,wi). 

rationed on the labour market. These agents then supply their labour to firms in sector I.6 

Total supply of labour to firms in sector I then increases and the wage rate for low-skilled 

labour will adjust until demand equals supply. Figure 7.1 illustrates the consequences of 

a minimum wage for high-skilled labour. 

We can now define a fixed price equilibrium as follows7 

Definition 7.1 A fixed price equilibrium W {wh) induced by a price regulation wh > wh, 

is a six-tuple of quantities and prices 

W (wh) = {{b, ch, lu,,} , {1 - 6, Q, wi}} (7.10) 

where the first triple corresponds to employment in sector h, consumption of an agent 

working in sector h and the wage rate for labour of type h, respectively and the second 

triple corresponds to employment in sector I, consumption of an agent working in sector 

I and the wage rate for labour of type I. These quantities are determined by the price 

regulation w/, in the following way 

b = xh (üJfc), ch = wh + nh (wh) + wi (wi), 

Wi = g' (1 — b), ci=Wi+ nh (wh) + 7r; (w;). 
6We assume part-time work does not exist. This implies that a fraction of 6 high-skilled workers are 

not rationed and a fraction of ß—b is completely rationed. If part-time work were available all high-skilled 

workers might be rationed such that they supplied 4 of their labour to sector h and =ä- to sector /. This 

possibility is excluded. 
7For an analysis of fixed price equilibria in general equilibrium models, see for example Benassy (1982) 

and Drèze (1975). 
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We can also express the fixed price equilibria in terms of employment in sector h as 

W (6). The Walrasian equilibrium then corresponds to W (ß). 

Due to the decreasing returns to scale technology, we have from (7.7) 

^ - = (l7b)(f"(b) + g"(l-b))<0, (7.11) 

^m. = _è(/(1_è)+r(è))>0. 
This is an important feature of the model: agents working in sector i benefit from a 
decrease of the number of agents working in sector i. 

7.2.2 The political sphere 

Political institutions 

There are two clearly distinguishable groups in this economy, agents working in sector h 

and agents working in sector I. The political system consists of two political parties, one 

representing agents working in sector h (political party H) and one representing agents 

working in sector I (political party L). There is an election at the beginning of each period 

t (t = 0,1, 2,....). Elections are decided by majority rule and if both parties receive the 

same number of votes the incumbent party remains in office. If political party H ( L ) is 

elected in period t, it chooses a minimum wage wh in order to maximize average expected 

consumption for period t for people working in sector h ( I) at time t - 1. We assume that 

agents and political parties have complete knowledge of the economic model. Agents vote 

for the political party giving them highest expected consumption in period t if elected. 

The optimal policy problem of political party H ( L), given that employment at time 

t in sector h is bt-i, is to maximize average expected consumption in period t of an agent 

working in sector h ( I ) in period i — 1, that is, it solves 

max V-(6,6t_i), i = H,L, (7.12) 

where Vi (b, bt-\) is the average expected consumption for period t of a consumer working 

in sector i in period t—1, when employment in sector h is 6(_i in period t - 1 and b in 

period t. So the political party in office in period t determines the fixed price equilibrium 

W (b) that will obtain in period t, by choosing the relevant minimum wage wh for high-

skilled labour. On the other hand, the optimal policies of the two different political parties 

determine which political party will win the election at the beginning of period t. We can 

then define a political economic equilibrium as follows. 
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Definition 7.2 A fixed price equilibrium W (b*) is a political economic equilibrium if 

one of the following conditions holds: 

1. Given W (b*), political party H is elected and 

b* = arg max VH (b, b*). 
b 

2. Given W (b*), political party L is elected and 

b* = arg max VL (b, b*). 
b 

Given this definition of a political economic equilibrium, we want to know if such an 

equilibrium exists and if it is unique. Furthermore, we are interested in the question 

whether the Walrasian equilibrium W (/?) is a political economic equilibrium. We will 

now study the optimal policies of political party H and L respectively, and then study 

the existence of a political economic equilibrium. 

Optimal policies for political party H 

Expected consumption for an agent of type h working in sector h in period t — 1 is 

VH (b, 6t-i) = (1 - P (b, b^)) ch (b) + P (b, bt^) c, (b), (7.13) 

where P (6,6t_i) is the probability for an agent working in sector h in period t — 1 to get 

rationed on the high-skilled labour market in period t. It is important to be clear about 

the rationing scheme here. We assume that a high-skilled agent working in sector h in 

period t — 1 is never replaced by a high-skilled agent working in sector I in period t — 1. 

The probability of being rationed therefore becomes 

/^-0 = 1 f J; J", (7.14) 
[ 0 b > bt-\ 

hence expected consumption of an agent employed in sector h in period t — 1 is 

VH(b,bt-^i^CUb) + h^C'{b) b < b ^ . (7.15) 

Notice that, for a high-skilled agent working in sector h at time t — 1, there are two, 

partially offsetting, effects of a decrease in the employment level b. Firstly, if this agent 

can keep working in sector h, his consumption level increases. Secondly, there is a positive 

probability that this agent will be rationed on the market for high-skilled labour and then 
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he has to work in sector I, which will make him worse off, since wages in sector I are lower 
than wages in sector h. 

To be able to derive some conclusions about the optimal policies of political party L, 

we want to ensure that the function VH {b, bt-i) is strict concave to the left of btl. 

Proposition 7.1 The function VH(b,bt-i) is concave in b on the interval [OA-i] for 
every bt-\, if for all b 6 [0,/?] we have 

2 (ƒ" (b) +g"(l-b))+b (ƒ'" (b) - g'" (1 - b)) < 0. (7.16) 

Proof. Let 

H{b,bt-i) = bch {b) + {bt-i - b) e, (b) 

= bt-i (ƒ (b) +g(l-b))+b(l- bt^) (ƒ' (b) - g' (1 - 6)). 

Observe that H is proportional to VH for b < bt-i (compare (7.15)). Then we have 

F(bA-i)^^^ = (f'(b)-g'(l-b)y+b(l-bt_1)(f'(b)+g"(l-b)). 

(7.17) 

Notice that F(b,bt_i) = 0 corresponds to the first order condition for an optimum. The 

second order derivative of H (b, bt-\) with respect to b is 

y ^ - = (2 - b^) (ƒ" (b) + g" (1 - b)) + b (1 - h-x) (ƒ'" (b) - g'" (1 - 6)) 

and since (2 - bt-i) / (1 - bt~i) > 2 a sufficient condition for strict concavity of H and 

therefore for strict concavity of VH for b < 6(_! is (7.16). • 

Condition (7.16) is a technical condition without a straightforward economic interpre

tation. However, it is satisfied for a number of standard production technologies, such as 

the quadratic ones in our examples and production technologies of the form h (I) = AP, 

with A > 0 and 0 < 7 < 1. 

Let the solution to the optimal policy problem be described by the following optimal 
policy function 

$H {k-i) = arg max VH {b,bt-i). (7.18) 

Since by (7.11) and (7.15) VH {b,bt-i) is downward sloping to the right of bt-i we know 

that §H (bt-i) < bt-i, so when party H is in office and finds itself not at a steady state of 

$H it will lower employment in sector h and approach a steady state of §H. We therefore 

want to find the steady states of the function $ H . The first question we want to answer 

is whether the Walrasian equilibrium is a steady state or not. 



7.2. MINIMUM WAGES FOR HIGH-SKILLED LABOUR 211 

Proposition 7.2 The Walrasian equilibrium ß is not a steady state o /$# (b) if and only 

if 

4 - Q < - / 3 ^ (7.19) 

Proof. The Walrasian equilibrium is not a steady state of $# if and only if 

F (ß, ß) = (ƒ' (ß) -g'(l- ß)) + ß(l-ß) (ƒ" (ß) + g" (1 - ß)) < 0 (7.20) 

since then expected consumption for agents working in sector h can be increased by a 

decrease in employment in sector h. Now by (7.11) and ƒ' (/?) — g' (1 — ß) = wh — wi = 

Ch — ci, condition (7.20) is equivalent with condition (7.19). • 

If the optimal policy function is concave to the left of bt-i, we can say more about the 

steady states of $H. 

Proposition 7.3 Suppose condition (7.16) is satisfied. Then $# has a continuum of 

steady states, of the form BH = {b\ b € [0, b*}}, where b* = min {/3, b0} and b° is implicitly 

determined by 

ch(b)-Cl(b) = - b ^ . (7.21) 

Furthermore 4^- > 0. 
abt-i 

Proof, b* is a steady state of $# if it is the global maximum of H (b,b*). Due to 

the concavity of H (., 6*), b* is the global maximum of H if J (b*) = F {b*, b*) > 0. We 

therefore need 

J (b*) = (ƒ' (b*) -g'(l- 6*)) + V (1 - b*) (ƒ" (b*) + g" (1 - b*)) > 0. 

This can be rewritten as condition (7.21). Furthermore, we have J (0) = ƒ' (0) —g' (1) > 0 

and 

J' (b) = 2 ( 1 - 6 ) (ƒ" (b) + g" (1 - b)) + b (1 - b) (ƒ'" (6) + g'" (1 - b)) < 0 

where the inequality follows from condition (7.16). Hence J (b) has a unique zero between 

0 and ß, and if J (b*) > 0, then J (b) > 0 for all b < b*. Finally to proof that $# is 

upward sloping on [b*, ß] notice that 
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so an increase in bt-\ has to be accompanied by an increase in b to keep aH(b&-i) eqUaj 

toO. • 

The interpretation of condition (7.21) is straightforward. The left-hand side gives the 

loss in utility resulting from a lay-off in the high-skill sector, the right-hand side gives a 

measure of the increase in expected consumption. Furthermore, notice that there always 

is a continuum of steady states, which may or may not include the Walrasian equilibrium. 

Figure 7.2 gives a picture of the expected consumption function VH and the corresponding 

optimal policy function 3>#. 

p^^-^*«(b,.,) 

b* 
K-

Figure 7.2: Expected consumption for an agent working in sector h and the optimal policy 
function for political party H. 

For our example, we find that the optimization problem for political party H can be 
written as 

max VH (b, bt-i) = max -— 
b b bt_i 

hb^i+ob-fl-lbt-! 

which is clearly a concave function. We then obtain 

$H(bt-i) = axgmaxVH (b,bt-i) =mm\bt_1,-^—-—-— \ 
b I l + a2- bt-i J 

The steady states of this optimal policy function are b e [0, b*}, where 

b* = min < 1 1 
l + a ß 
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Optimal policies for political party L 

There can be two types of agents working in sector I at time t — 1, agents of type I 

and agents of type h who are rationed on the market for labour of type h. Expected 

consumption of an agent of type I, given that employment in sector h will be b, is 

Wl(b,bt-i)=ci{b). (7.22) 

Expected utility for an agent of type h working in sector I at time t — 1 is 

Wh(b,bt-i) = Q(&A- iK(è ) + (l-Q(&A-i))c ;(&) (7.23) 

ß - bt-i p - bt-i 

where Q(b,bt-i) is the probability for an agent of type h working in sector I in period 

t — 1 to find employment in sector h in period t. The fraction of agents of type I in sector 

I in period t — 1 is ^? and the fraction of agents of type h working in sector I in period 

£ — 1 is j ~ 6 ' - 1 . Average expected utility then is 

MMt-i) = ^r-WiibM-^ + ̂ ^w^bA-i) (7.24) 
1 - öf_i 1 - bt-i 

ci {b) b < bt-i ' 

Given bt-\, political party L chooses b to maximize Vj, {b,bt-\). 

Proposition 7.4 We have 

$ L {bt-i) = a r g m a x ^ {b,bt-i) = ß, (7.25) 
0 

for all bt-i S [0,ß]. 

Proof. First notice that argmaxj VL (b, bt-i) > bt-\ since Vi, (6,6t_i) is a monoton-

ically increasing function on the interval [0, bt-\). So we have to focus on the interval 

[bt-i, ß] • On this interval we have 

VL(b,bt-l) = T—T^Cft 6 + — — e, (b) 
1 - bt-i 1 - 6j_i 

and we have 

dVL{b,bt-i) 

(f(b)+g{l-b))-(l-b)-^(f{b)-g'{l-b)) 

1-—(f'(b)-g'(l-b))-(l-b)-^-(f"(b)+g"(l-b))>0 
db l - bt-iv w v " v i - fc-i 
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by ƒ' {b) — g' (1 — b) = Ch (b) — ci (b) > 0 and decreasing returns to scale of ƒ and g. Clearly 

VL (b, 6j_i) is monotonically increasing from 0 to 0 and hence political party L will always 

return immediately to the Walrasian equilibrium ß. u 

The reason that the behaviour of political party L differs so much from the behaviour of 

political party H lies in the fact that, for political party H a decrease in the employment in 

the high-skill sector has two opposing effects. Agents still employed in sector h are better 

off, but agents who transfer to firm I are worse off. Party L always wants to increase 

employment in sector h since all agents presently working in sector I benefit from this. 

Political economic equilibria and political business cycles 

In the previous two subsections, we determined the policies the two political parties choose 

when elected. Now we close our political-economical system by determining the voting 

behaviour of agents. Assuming that agents vote for the political party that will present 

their interest in the best way, the following result follows intuitively. 

Proposition 7.5 It is an optimal strategy for an agent working in sector h (I ) in period 

t — 1 to vote for political party H ( L ) . 

Proof. First consider agents working in sector h in period t — 1. Since party H 

maximizes expected consumption of an agent working in sector h and all agents working 

in sector h are the same, by definition each agent working in sector h is at least as good 

off with party H as with party L. Now consider agents working in sector I in period t.— l. 

Consumption for an agent working in sector I becomes Ch or ci if political party L is 

elected and since min-fc^ci} = Q > Q {bt-i) > q ($H ( ^ - I ) ) an agent working in sector / 

in period t — 1 is at least as well off with party L as with party H. m 

This leads to the following characterization of aggregate voting behaviour: 

If bt-\ > | , party H will be in office in period t, if bt-\ < \ party L will be in office 

in period t, and if bt-i = \, the incumbent party will remain in office. 

Our model is now completely determined and we can study the existence of political 

economic equilibria. Government policies are given by 

bt = nbt-,)={^] ^ l (7.26) 
[ ß if bt-i < | 

where we ignore the case bt-\ = h for the moment. Political-economic equilibria of our 

model correspond to steady states of (7.26). The most interesting case arises when ß > \. 
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The behaviour of the economy then is determined by the iterations of the Walrasian 

equilibrium ß under $H : 3>H (/?), $2
H (ß) = $H (®H (/?)), etc. Clearly this is a decreasing 

sequence. Starting at the Walrasian equilibrium and given that ß > \, we have three 

possibilities 

1. $H (ß) = ß 

2. lim^oo*îrG0) = 6*>5 

3. 3k° > 1 such that $ £ _ 1 (/3) > \ and * g (ß) < \. 

In the first case we find that the Walrasian equilibrium is a political-economic equilib

rium. In the second case the Walrasian equilibrium is not a political-economic equilibrium 

but there is another equilibrium. In the third case we find that there is a political business 

cycle of the form 

{ß, $H 03), ̂  ( /?) , . . . ,<(/?)} . 

If we make the assumption that VH (b, bt_i) is a concave function in b on [0, bt-i] we can 

derive more explicit properties of the political economic system. An important role is 

played by the number b* from proposition 7.3. 

Theorem 7.1 Assume condition (7.16) holds. For ß < \, the Walrasian equilibrium 

W (ß) is the unique political-economic equilibrium. If ß > \ we can distinguish two cases. 

IJb* > \ we have a continuum of equilibria of the form {W (b) \b G [|, b*] } , the Walrasian 

equilibrium belongs to this continuum if and only ifb* =ß.Ifb*<\ no political-economic 

equilibrium exists. In this case a political business cycle exists. 

Proof. First consider ß < \. Then since bt < ß < \, bt evolves according to bt = 

$ L {h-i) = ß and therefore W (/3) is the unique political-economic equilibrium. Now 

consider ß = | . If party L is in office once, it will be in office forever and bt will be 

equal to \ forever. If party H is in office (implying b = ß = | ) and $ H ( |) < \ party L 

will be elected in the next period. If party H is in office and $# ( |) = \, it will be in 

office forever and stay at the Walrasian equilibrium. This concludes the case ß <\. Now 

consider the case ß > \. First take b* > \. Political party H will be in office at a certain 

time t0 and employment will then be b0 > ^. lî b0 < b* then 60 will be an equilibrium 

since $# (b0) = b0. If b0 > b* then bt will converge to b*. Now consider the case b* < \. In 

this case bt will fall below | at a certain time t\. At time U + 1 government L is elected 

and bt goes directly to ß, after which government H is elected again and bt decreases. bt 

will never converge and a political business cycle emerges. • 
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Figure 7.3: The emergence of a political business cycle. 

Figure 7.3 gives an example of such a business cycle. For our example we have b* = 

min il — \/jh*, ß \ • So for ß < 1 — w ^ j we have a continuum of steady states of $#, 

including the Walrasian equilibrium. Furthermore b* > \ if a > 3 and b* < \ if a < 3. 

Hence we can conclude the following: 

1. If ß < i , the Walrasian equilibrium is the unique political-economic equilibrium, 

2. if | < ß < 1 — i/yr^ there is a continuum of political-economic equilibria including 

the Walrasian equilibrium, 

3. if ß > 1 — t / y i j and a > 3, there is a continuum of political-economic equilibria 

not including the Walrasian equilibrium, and finally, 

4. if /3 > i and a < 3, there exists a political business cycle and no political-economic 

equilibria. 

Figure 7.4 shows the different areas in (a, ß) space for which the different regimes 

occur for this example. Notice that the existence of political business cycles does not 

require extreme values of a and ß. 

7.2.3 An extension to maximum wages for high-skilled labour 

In this section we have considered a government setting a minimum wage for high-skilled 

labour. We will now briefly discuss what happens if we also allow the government to set 
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Figure 7.4: Different political economie-regimes for the example where the government 

can set a minimum wage for high skillèd^labour. 1: Walrasian equilibrium is the unique 

political economic equilibrium. 2: Continuum of political economic equilibria, including 

the Walrasian equilibrium. 3: Continuum of political economic equilibria, not including 

the Walrasian equilibrium. 4: Existence of political business cycles. 

a maximum wage for high-skilled labour. Consider the implications of such a restriction 

on the high-skilled labour wage below the Walrasian equilibrium wage wh. As long as 

this maximum wage rate is higher than the wage for low-skilled labour, all high-skilled 

workers will supply their labour to sector h. Firms from sector h will demand more 

labour than is available and therefore will be rationed on the high-skilled labour market. 

Sector h then uses the same amount of labour as before and total production remains 

the same. However, the division of the revenues from production into wage and profit 

income changes. In particular, part of the wage income of the high-skilled workers is 

transferred as profit income to the low-skilled workers. This provides an incentive for 

political party L to impose a maximum wage on high-skilled labour when it is in office. 

In fact, consumption for low-skilled workers is 

ci = wi + irh (wh) +Tri(wl) = f(ß)-whß + g(l-ß)+ßg'(l-ß), 

which clearly increases with a decrease in wh. The wage for high-skilled labour will never 

be decreased below wi = g' (1 — ß). This would attract high-skilled workers to sector 

I and lead to a decrease in the wage for low-skilled labour (as well as a decrease in 

total production and aggregate profits). It is therefore optimal for political party L to 
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set Wk equal to wj = g' (1 — ß), leading to the same consumption level for all workers 

(cf = Ck = f (ß) + ff(l — ß))- Notice that this allocation is Pareto efficient and the 

maximum wage on high-skilled labour in fact corresponds to a nondistortionary lump

sum tax transferring income from high-skilled to low-skilled workers. 

How would the dynamics of the political-economic system be affected if the government 

could set a minimum or a maximum wage for high-skilled labour? Clearly, for political 

party H the optimal policy is unchanged. If ß < | political party L will always be in 

office and will equalize wages across sectors. The Walrasian equilibrium then no longer 

corresponds to a political economic equilibrium. If ß > | there are two possibilities. If a 

continuum of political-economic equilibria exists (6* > | ) , its structure remains the same 

as before. If no political-economic equilibrium exists (b* < ^) a political business cycle 

emerges again. This political business cycle differs from the one discussed above, since 

in periods in which party L is in office, it will have an incentive to equalize wages across 

sectors. 

7.3 Minimum wages for low-skilled labour 

In the previous section, the government was able to influence the allocation of income by 

setting a minimum wage for high-skilled labour. Minimum wages for low-skilled labour, 

however, seem to be of more empirical relevance. This case is analyzed in this section and 

we will see that similar phenomena occur. Since the analysis is very similar to that of the 

previous section, we will skip most of the details. 

7.3.1 The economic sphere 

We saw that rationing high-skilled workers on the high-skill labour market leads a number 

of high-skilled workers to seek employment in sector I. An important difference from the 

model presented in this section is that here low-skilled workers who are rationed on the 

market for low-skilled labour become unemployed since they are, by assumption, not 

suited for working in sector h. This introduces a third class of agents, unemployed low-

skilled workers. Furthermore, it follows that in any period all high-skilled workers will be 

working in the high-skilled sector. A priori, minimum wages in sector I may be increased 

beyond the wage for high-skilled labour, but this would have to be accompanied by a 

decrease in employment in the low-skill sector. Hence, even if high-skilled workers would 

want to work in the low-skill sector, there would be excess supply and they would be 

rationed on this market (assuming that the rationing scheme is such that no low-skilled 



7.3. MINIMUM WAGES FOR LOW-SKILLED LABOUR 219 

worker is replaced by a high-skilled worker). Employment in the high-skill sector therefore 

will always be ß with the corresponding wage rate wh = ƒ' (ß). 

Let de [0,1 - ß) be employment in sector I. The government can manipulate d by 

imposing a minimum wage Wi for low-skilled labour, equal to wi = g' (d). We can then 

define a fixed price equilibrium induced by such a minimum wage wt by the following 

eight-tuple of prices and quantities 

W (wi) = {{ß, ch, wh} , {d, ci,wi},{\- ß- d, Cu}} , 

where 

ch = wk + irh(wh)+7rl(wl) = f(ß)+g(d) + (l-ß)f'(ß)-dg'(d), 

d = w, + irh (wh) + TT, (wt) = f(ß)+g (d) + (1 - d) g' (d) - ßf (ß) and (7.27) 

eu = 7Th (wh)+ TT, (tu,) = ƒ(/?)+ 9(d) -ßf'(ß) -dg'(d). 

Notice that aggregate profits are once more redistributed over all agents, including those 

that are unemployed. 

7.3.2 The political sphere 

A political party can use the minimum wage for low-skilled labour in order to arrive at a 

fixed price equilibrium that is beneficial to the people it represents. First consider political 

party H, representing people working in sector h. As observed above employment and 

the wage rate in sector h are the same for any value of d. All agents working in this sector 

in period t - 1 will also be working in this sector in period t. Consumption of an agent 

working in sector h will therefore be 

VH (d, *_i) = c, = ƒ (/?) + g (d) + (l-ß) f' (ß) - dg' (d). 

Notice that the above expression does not depend upon d(_i. We have dVH {d, dk-i) /dd = 

-dg" (d) > 0 due to the concavity of g (.). Therefore political party H always wants to 

maximize employment in the low-skill sector, that is, the optimal policy function is 

$ H K - i ) = 1-/3-

The intuition is clear: since profits of sector I are an increasing function of employment in 

that sector, people working in sector h benefit from an increase in employment in sector 

I through higher profit income. 
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The optimal policy problem of the party representing low-skilled workers, political 

party L, is more complicated. Expected consumption for an agent working in sector I in 

period t — 1, given that employment in period t will be d is 

Vi(d>«U) = | ^ W ^ C " ( d ) d-dt-\ 
{ ci (d) d > dt-i 

where -^— is the probability of being employed in sector I, if employment at time t — \ 

is dt-i and employment at time t is d < dt-\, where again it is assumed that no agent 

working in sector I is replaced by an unemployed low-skilled worker. The following result 

describes the structure of the optimal policy function of political party L. 

Proposit ion 7.6 Assume that 

2g" {d) + dg'" (d) < 0 (7.28) 

holds for all d £ [0,1 — ß]. Then there is a unique solution $£, (dt-i) to the problem of 

maximizing VL (d,dt-i) • Furthermore $£ (dt-i) is increasing in dt-\ and $ L (d t-i) has a 

continuum of steady states of the form DL = {d\d G [0, d*}}, where d* = min {1 — ß, d0} 

and d° is implicitly defined by 

ci-cu = - d ^ . (7.29) 

Proof. First observe that ^^- = (1 - d) g" (d) < 0. Therefore political party L will 

never increase employment in sector I. We therefore concentrate on d < dt-\. Let 

L {d, dt-i) = dci (d) + {dt-i - d)cu 

= efc_, (ƒ (/?) - ßf' (/3) + g (d) - dg' (d)) + dg' (d). 

The first order condition for an optimum becomes 

dL{d, dt-i) 

dd 

The second order derivative is 

d2L(d,dt-i) 

dd? 

g' (d) + (1 - dt-i) dg" (d) = 0. 

(2-dt.1)g"(d) + (l-dt.1)g'"(d). 

Since (2 — dt-\) / (1 — dt-\) > 2, a sufficient condition for the strict concavity of L (d, dt-i) 

in d is (7.28). Hence, $L(d (_i) = a rgmaxL(d ,d t - i ) exists and is unique. Furthermore 

we have dg^g^ = -dg" (d) > 0, which implies that $ L (dt-i) is upward sloping. This 
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implies that $ L (dt-i) = min | dt-i, $L (dt-i)} = arg max V^ (d,dt_i) exists, is unique 

and is upward sloping. 

Now consider the set of fixed points of $£, (dt-i) • Let d° be a fixed point of $ L (dt-i) i 

then d° is implicitly defined as the solution to 

Since by (7.27) we have g' (d) = wt = c, - c, and f | = (1 - d) 3" (d), this condition is 

</(d) + ( l - d ) d < / ' ( d ) = 0 . 

ac 
equivalent t o condi t ion (7.29). Fu r the rmore we have 

d$L [dt-j) d2L{d,dt^)lddt^dd = dg" (d)  
ddt-i d2L (d, dt-i) /d<P (2 - d,_i) 9" (d) + (1 - dt_0 5 '" (d) ' 

and this expression is smaller than 1 in any fixed point of $ L (unless d = dt-\ = 1), 

by virtue of condition (7.28). This implies that d° is unique and $L(d t_i) lies be

low dt_i to the right of d° and lies above dt-i to the left of d°. Therefore $ L (dt_i) = 

min { d(_i, $£ (dt_i) > has a continuum of fixed points of the form DL = {d|d € [0, d*]} 

where d* = min {1 - ß, d°} . m 

Notice that (7.29) has an interpretation similar to (7.21). The left-hand side corre

sponds to the loss in consumption for a low-skilled worker who becomes unemployed, the 

right-hand side corresponds to the expected marginal increase in utility corresponding to 

a decrease in employment in sector /. From proposition 7.6 it follows that the form of 

®L (dt-i) is similar to the form of $H (6(_i) as shown in Figure 7.2. We can now turn 

to the political-economic system. It can easily be seen that, for the low-skilled agents 

working in sector Z, it is optimal to vote for political party L and for the high-skilled 

workers and unemployed low-skilled workers it is optimal to vote for political party H. 

Similar to the approach in the previous section, we can then show that the evolution of 

employment in the sector I can be described by 

A *>(A \ I *i-(*-l) tf*-l>i 
dt = W [dt-i) = < . . . ! • 

[ 1-/3 i f d t _ ! < 5 
Political-economic equilibria again correspond to fixed points of this mapping. As in 

the previous sections, the Walrasian equilibrium can be the unique political-economic 

equilibrium (if ß > | ) , there can be a continuum of equilibria that may or may not 

include the Walrasian equilibrium and we may have political business cycles. Our main 

result then becomes 

Theorem 7.2 Assume condition (7.28) holds. For ß > | , the Walrasian equilibrium 

W (ß) is the unique political economic equilibrium. If ß < \ we can distinguish between 
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two cases. If d* > \ we have a continuum of equilibria of the form {W (d) \d 6 [\, d*\ } , 

the Walrasian equilibrium belongs to this continuum if and only if d* = 1 - ß. If d* < \ 

no political-economic equilibrium exists. In this case a political business cycle exists. 

Notice that we would have obtained precisely the same results had we replaced political 

party H by a political party that represents the unemployed, or one that would have as 

its main objective reduced unemployment. The model presented in this section shows 

that unemployment can arise as an equilibrium phenomenon in a model where political 

behaviour is modelled explicitly. 

We again illustrate our main results by a simple numerical example. Consider the 
following specification of the production function of sector I : 

{ 57 x > 7 
x - ^x* x < 7 

where 7 6 (1 - /3,1]. Notice that this production function does not everywhere satisfy the 

assumptions we imposed on production functions but does satisfy them in the relevant 

part since 1 - ß < 7. Assume furthermore that ƒ does satisfy the assumptions of the 

model. The optimal policy for political party L can then be obtained as 

$ L K - I ) = mkJd i _ 1 , K1'^} 
It can be easily be checked that this is monotonically increasing in dt-\ and that the fixed 
point is given by 

d* = i- y r ^ . 
Now for 7 < §, d* will be below ± and for ß > ^/T^y we will have d* < ß. We can again 

identify four different regimes. They are (remember that for all these regimes we assume 

/ 3 > l - 7 ) : 

1. If ß > i the Walrasian equilibrium is the unique political-economic equilibrium, 

2. if y/l - 7 < ß < i , there is a continuum of political-economic equilibria, including 
the Walrasian equilibrium, 

3. if 1 - 7 < /3 < y/l - 7 and 7 > | there is a continuum of political-economic 
equilibria, not including the Walrasian equilibrium, and 

4. i f l — 7 < / 3 < i and 7 < f, no political equilibrium exists and political business 
cycles will occur. 

Figure 7.5 shows these different regimes. Notice the similarity with Figure 7.4. 
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Figure 7.5: Different political economic regimes for the example where the government 

can set a minimum wage for low skilled labour. 1: Walrasian equilibrium is the unique 

political economic equilibrium. 2: Continuum of political economic equilibria, including 

the Walrasian equilibrium. 3: Continuum of political economic equilibria, not including 

the Walrasian equilibrium. 4: Existence of political business cycles. 

7.4 Discussion 

In this chapter we have studied a simple general equilibrium model with two groups of 

agents, each represented by a distinct political party. We have shown that the Walrasian 

equilibrium might be the only political equilibrium. However, there might also be a 

continuum of political-economic equilibria that do not necessarily include the Walrasian 

equilibrium. If no political-equilibrium exists a political business cycle emerges. The 

interaction between politics and economics therefore can result in economically inefficient 

allocations of consumption and labour. The mechanism driving the results is that, for 

at least one of the parties choosing a policy that is beneficial to an "average" member 

of its platform the size of its constituency is decreased. In alternative models of political 

business cycles, it is assumed that political parties choose policies in order to maximize the 

number of votes (as is the case with opportunistic political business cycles as discussed 

in Nordhaus (1975) and Rogoff and Sibert (1989)) or that political parties themselves 

have preferences about policies (as is the case with partisan political business cycles, 

discussed for example in Alesina (1988) and Alesina and Rosenthal (1995)). An important 

characteristic of our model is that government behaviour is endogenized. This is driven 
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by the preferences of economic agents and not by the (exogenously given) preferences of 

"politicians", as in the opportunistic and partisan models. 

Of course, the general equilibrium model that is used in this chapter has been very 

simple. We believe, however, that the mechanism driving the results remains valid in 

more complicated models. Notice that agents and parties in our framework maximize 

(expected) consumption and have complete knowledge of the political-economic system. 

The possibility of political business cycles is therefore not due to incomplete information 

of voters, as is the case with alternative models of political business cycles. However, 

political parties and agents are myopic, in the sense that they are only interested in the 

current period's expected consumption level, rather than maximizing life-time utility. 

Does this model help us to explain empirical facts? Casual observation suggests that 

political parties influence the economy and that, as a consequence, the platforms for 

political parties change over time. Our model explains how platforms depend on the 

policies executed by political parties without needing to resort to some kind of incomplete 

information of voters. Minimum wages and the resulting unemployment are features of 

most contemporary democratic economies. This chapter shows that minimum wages and 

unemployment can be an equilibrium phenomenon if we take the political system into 

account. With respect to the existence of political business cycles empirical evidence 

has been provided by, amongst others, Alesina and Roubini (1992). They find evidence 

that supports the conjecture that for most OECD countries political business cycles exist 

and that these correspond to partisan business cycles. Another interesting model with 

predictions similar to ours is that of Alesina and Rosenthal (1995). They develop a 

partisan model with two political parties. In their model partisan business cycles can 

emerge because voters want to moderate the government, that is, most voters prefer 

government behaviour that lies somewhere between the optimal policies of the political 

parties. In this way a political business cycle can emerge. Alesina and Rosenthal (1995) 

provide empirical evidence that supports this conjecture. A similar idea lies behind the 

political business cycles model presented in this chapter. Here a political business cycle 

emerged because the political party that is in office alienates some of its voters with its 

policy. Our model predicts that the number of agents voting for the political party that is 

not in office is nondecreasing. Again, this seems to be in accordance with casual empirical 

observations. 
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Samenvatting (Summary in Dutch) 

Een korte blik op de financiële pagina's van een willekeurig dagblad is genoeg om in te zien 

dat onze economie continue in beweging is en maar zelden of nooit tot rust komt. Toch 

lijkt de economische wetenschap vooral bezig te zijn met het analyseren van evenwichten, 

waar voor alle goederen vraag gelijk aan aanbod is, waar alle prijzen en aandelenkoersen 

constant zijn of met een constante factor groeien en waar de ontwikkeling van de economie 

met grote zekerheid te voorspellen is. Er bestaat echter nog steeds geen bevredigende 

theorie over hoe zo'n evenwicht bereikt wordt en wat er gebeurt als de economie zich niet 

in een evenwicht bevindt. 

In dit proefschrift bestuderen we, voor een aantal bekende economisch-theoretische 

evenwichtsmodellen, verschillende aanpassingsprocessen en kijken we of deze aanpass

ingsprocessen er toe leiden dat de economie naar een evenwicht convergeert. De verschil

lende aanpassingsprocessen hebben twee belangrijke gemeenschappelijke aspecten die we 

eerst kort toe zullen lichten. 

Een eerste gemeenschappelijk aspect is dat economische agenten in onze modellen 

begrensd rationeel zijn. De hoofdrol in veel economische modellen is weggelegd voor 

onbegrensd rationele agenten. Deze onbegrensd rationele agenten hebben volledige in

formatie over de keuzes die ze kunnen maken, over de gevolgen van die keuzes en over 

de beperkingen waarmee ze rekening moeten houden. Omdat de individuele beperkingen 

mede worden bepaald door de keuzes van andere economische agenten impliceert de aan

name van onbegrensde rationaliteit in feite dat economische agenten de hele economis

che werkelijkheid kennen en in het bijzonder weten en kunnen voorspellen hoe andere 

economische agenten zich zullen gedragen. Deze aanname is niet erg realistich. Daarom 

is er de laatste decennia in de economische theorie steeds meer aandacht besteed aan 

zogenaamde begrensd rationele economische agenten. Met begrensd rationele agenten be

doelen we agenten die bepaalde vuistregels gebruiken of het gedrag van andere agenten 

imiteren om tot beslissingen te komen of agenten die op basis van de observaties van 

bepaalde economische variabelen een beeld van de economische werkelijkheid vormen en 

waar nodig bijstellen. 
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Een tweede eigenschap van de verschillende modellen in dit proefschrift is dat de aan

passingsprocessen, al dan niet veroorzaakt door de aanwezigheid van begrensd rationele 

agenten, vaak leiden tot complexe, niet-lineaire dynamische systemen. De dynamica van 

deze niet-lineaire systemen kan convergeren naar een evenwicht maar kan ook leiden tot 

periodieke oplossingen, of zelfs chaotische fluctuaties, waarbij het aanpassingsproces zich 

zeer onvoorspelbaar lijkt te gedragen. Het ontstaan van dit soort endogene fluctuaties 

blijkt in de meeste modellen in dit proefschrift eerder regel dan uitzondering te zijn. 

Elk van de hoofdstukken in dit proefschrift behandelt een bekend evenwichtsmodel 

en analyseert aanpassingsprocessen in zo'n evenwichtsmodel. Het bekendste model van 

een aanpassingsproces is wellicht het zogenaamde tâtonnement proces. Het tâtonnement 

proces is de meest eenvoudige modellering van de bekende "Wet van Vraag en Aanbod", 

die zegt dat de prijs van een goed stijgt als de vraag groter is dan het aanbod en de prijs 

daalt als het aanbod groter is dan de vraag. Dit proces convergeert slechts onder zeer 

speciale voorwaarden naar een evenwicht. In Hoofdstuk 2 van dit proefschrift wordt de 

dynamica van het tâtonnement proces bestudeerd in een eenvoudig symmetrisch algemeen 

evenwichtsmodel met drie goederen. Het blijkt dat in dit eenvoudige proces periodieke 

en chaotische fluctuaties op kunnen treden. Voor de symmetrische evenwichtsmodellen 

kan coëxistentie van aantrekkers optreden. Deze coëxistentie van aantrekkers treedt ook 

op voor asymmetrische evenwichtsmodellen die in zekere zin in de "buurt" van deze sym

metrische evenwichtsmodellen liggen. 

Een interessante eigenschap van een bepaald soort symmetrische evenwichtsmodellen 

heeft te maken met het al of niet bestaan van asymmetrische evenwichten van deze mod

ellen. Deze asymmetrische evenwichten blijken namelijk overeen te komen met zoge

naamde perfect foresight cycles in een standaard versie van het zogenaamde overlappende 

generaties model. Het overlappende generaties model is in feite een intertemporeel alge

meen evenwichtsmodel met oneindig veel consumenten en oneindig veel goederen en heeft 

een belangrijke rol gespeeld in de ontwikkeling van de niet-lineaire economische dynam

ica. Hoofdstuk 3 behandelt de equivalentie tussen de asymmetrische evenwichten van een 

eenvoudig symmetrisch algemeen evenwichtsmodel en cycles in dit overlappende gener

aties model. Er worden ook een aantal voorbeelden van overlappende generaties modellen 

besproken waarvoor met behulp van deze equivalentie aangetoond kan worden dat cycles 

van elke willekeurige periode voorkomen. 

De perfect foresight cycles uit Hoofdstuk 3 zijn in feite niet fundamenteel verschillend 

van reguliere "stationaire" evenwichten. De vraag blijft dan hoe economische agenten 

op zo'n evenwicht kunnen coördineren. In Hoofdstuk 4 worden in de context van een 

overlappende generaties model begrensd rationele economische agenten geïntroduceerd 
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die, op basis van tijdreeksen van prijzen of inflatievoeten, het onderliggende model van 

de economie proberen te schatten. Doordat zij de beslissingen van economische agenten 

beïnvloeden zijn deze schattingen zelf weer van invloed op de realisaties van de prijzen 

en inflatievoeten. Er bestaat dus een constante interactie en wederzijdse beïnvloeding 

tussen de economische werkelijkheid enerzijds en de percepties van de economische agenten 

anderzijds. Binnen deze context worden verschillende leeralgoritmen geanalyseerd. In 

sommige gevallen convergeren zowel de percepties van de economische agenten als de 

feitelijke prijzen. In andere gevallen convergeren ze beide niet en blijven zowel percepties 

als prijzen fluctueren. Het is ook mogelijk dat percepties convergeren naar een bepaalde 

limiet terwijl de corresponderende prijzen blijven fluctueren. De agenten schrijven deze 

prijsfluctuaties dan toe aan stochastische schokken van het economische systeem, hoewel 

het economische systeem in feite deterministisch is. De uiteindelijke perceptie van de 

economische agenten is dat model uit de door de economische agenten beschouwde klasse 

van modellen dat het best bij de waargenomen prijzen past. 

Een ander standaardmodel uit de economische theorie, het Cournot duopolie model, is 

het onderwerp van Hoofdstuk 5. Weer is de vraag hoe begrensd rationele agenten kunnen 

coördineren op een evenwicht, in dit geval het Cournot-Nash evenwicht. Waar de aan

dacht in Hoofdstuk 4 vooral uitgaat naar de interactie tussen de percepties van begrensd 

rationele agenten en de complexe economische werkelijkheid ligt de nadruk in Hoofdstuk 

5 meer op de interactie tussen heterogene agenten. Het Cournot duopolie bestaat daaruit 

dat twee bedrijven concurreren op de markt voor een homogeen goed. Beide bedrijven 

kiezen een bepaalde hoeveelheid om te produceren. Op basis van de totale geproduceerde 

hoeveelheid komt een prijs tot stand welke, samen met de individueel geproduceerde ho

eveelheid, bepaalt hoeveel winst de bedrijven maken. We gaan er nu van uit dat een grote 

populatie bedrijven elke periode in paren gesplitst wordt, waarbij elk paar het Cournot 

duopolie spel speelt. Elk bedrijf gebruikt een bepaalde gedragsregel om tot een besliss

ing over de geproduceerde hoeveelheid te komen. Sommige gedragsregels zijn erg simpel 

terwijl andere gedragsregels erg complex kunnen zijn. Voor de implementatie van de 

meer complexe gedragsregels zijn wellicht extra informatiekosten nodig. Er treedt een 

evolutionaire competitie tussen de verschillende regels op. Het aantal bedrijven dat een 

gedragsregel gebruikt die goed presteert, dat wil zeggen, een regel die tot hoge gemiddelde 

winsten leidt, zal groeien, terwijl het aantal gebruikers van minder succesvolle regels zal 

dalen. Het is dan mogelijk dat er endogene fluctuaties optreden volgens het volgende 

scenario. Stel er zijn twee gedragsregels: een simpele goedkope regel en een ingewikkelde 

regel die informatiekosten met zich meebrengt. Veronderstel verder dat als bijna alle 

bedrijven de ingewikkelde strategie volgen het Cournot-Nash evenwicht stabiel is en als 
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bijna alle bedrijven de simpele regel volgen het Cournot-Nash evenwicht instabiel is. Dit 

betekent dat als bijna iedereen de eenvoudige regel hanteert, winsten zullen dalen en het 

winstgevend is om de ingewikkelde regel te gaan gebruiken. Aan de andere kant, als bijna 

iedereen de ingewikkelde regel gebruikt en iedereen dicht bij het evenwicht zit wordt het 

winstgevend om de eenvoudige regel te gaan gebruiken, omdat dit geen informatiekosten 

vereist. Als de evolutionaire druk hoog genoeg is zullen bedrijven heel snel switchen tussen 

gedragsregels en treden er endogene fluctuaties op. 

Een onbevredigend element in het tâtonnement proces van Hoofdstuk 2 is dat er een 

veilingmeester nodig is om de prijzen te veranderen. Op de meeste markten komt zo'n 

veilingmeester echter niet voor. In een meer realistisch prijsaanpassingsmodel bepalen de 

producenten van de goederen dan ook zelf de prijzen van deze goederen en wel op een 

zodanige wijze dat ze verwachten hun winst te maximaliseren. Hoofdstuk 6 geeft een kort 

overzicht van dit soort prijsaanpassingsprocessen. Daarbij wordt er vanuit gegaan dat de 

producenten begrensd rationeel zijn. Ze weten niet precies wat de vraag naar hun goed is 

en houden geen rekening met het effect van de prijzen van andere bedrijven op de vraag 

naar hun goed. Op basis van de informatie uit het verleden wordt een vraagcurve als een 

lineaire functie van de eigen prijs geschat (het model dat de bedrijven schatten is dus niet 

goed gespecificeerd). Op basis van verschillende aannames over de informatie die bedrijven 

gebruiken kunnen we verschillende leeralgoritmen identificeren. In Hoofdstuk 6 worden 

twee verschillende modellen nader besproken. In het eerste model nemen bedrijven waar 

hoeveel ze hadden kunnen verkopen tegen hun laatste prijs. Bovendien nemen we aan dat 

de bedrijven weten hoe gevoelig de vraag naar hun product is voor die specifieke prijs. 

Ze weten de prijselasticitieit van de vraag naar hun product voor die prijs, bijvoorbeeld 

omdat ze een klein marktonderzoek hebben uitgevoerd. Convergentie naar het evenwicht 

treedt op als de wederzijdse prijsafhankelijkheid tussen de verschillende goederen niet te 

groot is en de vraagfuncties niet te veel afwijken van lineaire vraagfuncties. Als aan deze 

voorwaarden echter niet voldaan is dan is het mogelijk dat er periodieke en chaotische 

fluctuaties optreden. In het tweede model in Hoofdstuk 6 kijken we wat er gebeurt als 

bedrijven opeenvolgende data over de vraagfunctie gebruiken. We vinden dat er dan in 

het algemeen convergentie optreedt naar een zogenaamd "conjectureel" evenwicht. De 

verzameling van deze evenwichten is echter erg groot. 

In de hoofdstukken 2 tot en met 6 is gebleken dat verscheidene marktmechanismen 

kunnen leiden tot endogene fluctuaties in prijzen en hoeveelheden. Een belangrijke factor 

die invloed kan hebben op fluctuaties en die tot nog toe buiten beschouwing is gelaten 

is het gedrag van de overheid. In Hoofdstuk 7 wordt een model beschreven waarin de 

electorale competitie tussen verschillende politieke partijen kan leiden tot endogene fluc-



SAMENVATTING 243 

tuaties in lonen en werkgelegenheid. De intuitie is ruwweg de volgende. Elke politieke 

partij zal een beleid willen voeren dat haar achterban bevoordeelt. Dit beleid heeft echter 

ook invloed op de grootte van de achterban. Terwijl elk willekeurig lid van de achter

ban er gemiddeld op vooruit gaat kan de grootte van de achterban afnemen wat weer 

tot een slechter verkiezingsresultaat van deze politieke partij kan leiden. Neem bijvoor

beeld de situatie waarbij een politieke partij alle werknemers werkzaam in een bepaalde 

sector vertegenwoordigt. Het instellen van een minimumloon boven het evenwichtsloon 

is voordelig voor deze werknemers. Zo'n minimumloon betekent echter ook dat een aan

tal werknemers uit deze sector ontslagen zal worden en daarmee dat de achterban van de 

politieke partij slinkt. Dit kan er voor zorgen dat een andere politieke partij aan de macht 

komt die deze situatie weer herstelt waarbij we weer bij de beginsituatie zijn aangekomen. 

In Hoofdstuk 7 wordt dit mechanisme nader onderzocht in een eenvoudig algemeen even-

wichtsmodel met twee sectoren en twee politieke partijen. Daar wordt aangetoond dat er 

inderdaad politieke conjunctuurgolven op kunnen treden. 
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An important unresolved problem in economic theory is the question how the 

economy gets to an equilibrium. This book considers, for some well-known 

equilibrium models such as the general equilibrium model, overlapping generations 

models and Cournot and Bertrand oligopoly models, different price or quantity 

adjustment processes that might force the economy to settle down to such an 

equilibrium. Two features of the adjustment processes play an important role in this 

book. Firstly, for most of the models studied in this book the paradigm of rational 

agents is abandoned. Instead, the focus is on bounded rational agents who behave 

according to simple rules of thumb or use statistical techniques in order to make 

some inferences about their economic environment. Secondly, since most models 

lead to highly nonlinear dynamical systems describing the evolution of economic 

variables, recently developed methodology of nonlinear dynamics is applied. 

It appears that instability and periodic or even chaotic behaviour is a generic feature 

of adjustment processes in economic equilibrium models. 
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