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Chapter 2
A Tâtonnement Process
2.1

Introduction

One of the simplest and best-known price adjustment processes is the so-called tâtonnement process. In this chapter we will study such a process in a general equilibrium
model with three commodities, which gives rise to a two-dimensional nonlinear dynamical
system. Partly due to the growing attention for the study of nonlinear economic dynamics
there has been a renewed interest in the discrete tâtonnement process in recent years. It
has been shown that the tâtonnement process does not always converge to an equilibrium
price vector and can exhibit periodic or chaotic behaviour (Bala and Majumdar (1992),
Day and Pianigiani (1991), Goeree, Hommes and Weddepohl (1997), Saari (1985) and
Weddepohl (1995)). Our approach differs from previous contributions in that we choose
the simplex as a price normalization rule instead of taking some good as numeraire. We
argue that the simplex is a natural price normalization rule since it is an invariant space
of the multiplicative adjustment process, just as the unit sphere is an invariant space of
the continuous time linear adjustment process.
We are interested in the dynamics of the tâtonnement process for all possible economies.
However, general equilibrium models have too many free parameters and therefore as a
first step towards a systematic analysis, we focus on tâtonnement processes for symmetric
general equilibrium models. We apply the literature on dynamical systems with symmetries (see Golubitsky, Stewart and Schaeffer (1988)) to study the resulting symmetric
tâtonnement processes.
Since some economic models have a natural symmetry, our study of symmetric dynamical systems also has some importance from a methodological viewpoint. Examples of
symmetries arising naturally in economic models are the cyclical symmetry in overlapping
generations models (this will be the subject of the next chapter), the reflectional symme-
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try in the cobweb model with heterogeneous beliefs and linear supply and demand curves
(see Brock and Hommes (1997)) and the reflectional symmetry in some specifications of
the evolutionary model of Cournot competition as discussed in Chapter 5 of this thesis.
After reviewing the existing literature on price adjustment processes briefly in Section
2.2 we present our model and show results from numerical simulations in Section 2.3. In
Section 2.4 we introduce symmetry. In Section 2.5 we look at the generic local bifurcations of the equilibrium price vector given a certain symmetry. Among other things we
see that so-called symmetry breaking bifurcations can occur. In Section 2.6 the global
dynamics of symmetric tâtonnement processes are studied. In Section 2.7 an asymmetric
tâtonnement process which is in some sense close to a symmetric process is analyzed to
illustrate the relevance of studying symmetric processes for processes that have no nontrivial symmetries. In Section 2.8 we briefly discuss the multiplicity of equilibria and
Section 2.9 concludes.

2.2

Price adjustment models

We want to study a price adjustment process in a competitive exchange economy. Let
there be m consumers and n commodities. Each consumer takes prices as given and solves
the optimization problem

max Ui(xn,...,xin),

i = l,...,m,

(2.1)

Xii,.,.,Xin

subject to his or her budget constraint

^2PjXij

<^2PjU>ij,

i = l,...,m,

(2.2)

where Ui (.) is the strictly quasi-concave, strictly monotonie utility function of consumer
i, Xij the amount of good j consumed by consumer i, p}- the price of good j and w*,the initial endowment of good j owned by consumer i. Let Xij (p, w*) be the resulting
demand for good j by consumer i, where p=(pi,---,Pn) £ JR+ is the price vector and
Wj = (wn, ...,Win) G IRI^ the vector of initial endowments of consumer i.
Aggregate excess demand for good j is

z

j(p) = '52xij(P>wi)-'52wiJ'

j = l,...,n.

(2.3)
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The excess demand functions satisfy Walras' Law, 5Z?=i Pjzj (p) = 0 or in vector
notation: p • z (p) = 0, where a dot denotes the inner product and z (p) is the vector
of aggregate excess demand functions. Furthermore the excess demand functions are
homogeneous of degree zero in prices, i.e. Zj (op) = Zj (p), Va > 0. Differentiating
this last equality with respect to a at a = 1 gives Euler's equation: Z ^ i P f c ^ = ^"
The economy is in equilibrium at the equilibrium price vector p* if Zj (p*) = 0 for all j .
Sufficient conditions for such a general equilibrium to exist are the strict quasi-concavity
and strict monotonicity of the utility functions and the requirement that aggregate initial
endowments lie in the interior of the commodity space. It can furthermore be shown that
generically the equilibria are locally unique and finite in number (Debreu (1970)) and that
generically their number is odd (Dierker (1972)).

If at certain prices the economy is not in equilibrium there must be at least one
agent who does not consume his optimal consumption level. It is a central assumption in
economic theory (for example expressed by the notion of the law of supply and demand)
that there are economic forces that drive the economy towards equilibrium. The wellknown tâtonnement process is the simplest way to model these equilibrating forces and
can serve as a first approximation to more realistic adjustment processes. This process
can be summarized by the following two characteristics.
• Trade occurs if and only if all markets are in equilibrium.
• If the economy is not in equilibrium at a certain price vector, prices are adjusted
according to the following rule. If there is excess demand for a good its price goes
up, if there is excess supply for a good its price goes down and if the market for a
good is in equilibrium its price remains the same.
The tâtonnement process can be formalized as a discrete or as a continuous dynamical
system

Pj,t+i - Pj,t = Fj (pu, Zj (p t )),

dPj jt)
= Fj(Pj(t),zj(p(t))),
dt

j = 1,..., n,

j = l,...,n,

with Fj (pj, Zj) a sign-preserving function in Zj that satisfies Fj (pjj, 0) = 0.

(2.4)

(2.5)
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In order to discuss the stability properties of the tâtonnement process we distinguish
local and global stability. An equilibrium price vector p* is said to be a locally stable
equilibrium of a certain tâtonnement process if the trajectories of all initial price vectors
in some small neighbourhood of p* converge to p*. p* is called globally stable if the
trajectories of all initial price vectors converge to p*. An economy with multiple equilibria
obviously cannot have a globally stable equilibrium, but the tâtonnement process then
is called system stable if the trajectories of all initial price vectors converge to some
equilibrium price vector.
The continuous tâtonnement process has been extensively studied in the literature.
The classical reference is Arrow, Block and Hurwicz (1959). Reviews can be found in
Arrow and Hahn (1971), Hahn (1982) and Takayama (1985). Arrow, Block and Hurwicz
(1959) consider the continuous tâtonnement process Fj (pj,t,Zj (Pt)) = \ZJ (p t ) and try
to prove global stability of the equilibrium by constructing an appropriate Lyapunov
function. They find that a sufficient condition for global stability is that all goods are
gross substitutes, that is: ^ (p) > 0, Vj, Vfc / j , Vp.1 This condition also implies
that the equilibrium price vector is unique. An alternative condition is the weak axiom
of revealed preference for aggregate demand functions. This weak axiom says that for
any pair of price vectors p and q we must have: if p • z (q) < 0, then q • z (p) > 0. Both
conditions can be shown to imply that p * z (p) > 0 for any p ^ p*, that is, the value of the
aggregate excess demands weighted with the equilibrium prices is always positive outside
of equilibrium. The Euclidian distance between the current price and the equilibrium
price vector, that is V (p) = X^=i (Pj ~ Pf) > c a n then be taken as a Lyapunov function.
We have

%

= 2±(Pj-p^
j=l

=2±PjZj(P)-2±P*Zj(p)
j=l

j=\

n

=

-2^2p'jZj(p)<0,

where the second equality follows from the specification of the adjustment process and
the third from Walras' Law.2 Since the time derivative is negative everywhere outside
of equilibrium, prices converge to the unique equilibrium price vector. Arrow, Block and
'For small values of n this assumption can be relaxed: for n = 2 the tâtonnement process is always
system stable and for n = 3 a sufficient condition for system stability of the tâtonnement process % =
z (p) is the so-called weak law of market demand, which states that J27=i f^ ( P ) < 0 f° r a" P (Keenan
and Rader (1985)).
2
Without loss of generality we have taken -V, = 1, for all j . This can be achieved by choosing the unit
of each good appropriately.
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Hurwicz also consider a Lyapunov function corresponding to the "max" norm, for which
more general results can be achieved. In particular, global stability can be shown for
general sign preserving functions of aggregate excess demand and it can be shown that
a sufficient condition for global stability is that the Jacobian matrix has a dominant
diagonal, that is ^ (p) > £ f c / j . |g-; (p) , for all j and all p.
The discrete tâtonnement process has received much less attention than the continuous process. The first study of the stability of a discrete tâtonnement process was done by
Uzawa (1959). He looked at the price adjustment process Pj,t+i = max{p^ + XZJ (pt), 0}
and proved that for sufficiently small A > 0 gross substitutability is a sufficient condition for global stability. Therefore for the discrete tâtonnement process the stability of
competitive equilibrium is determined by the properties of the aggregate excess demand
functions as well as the specific form of the adjustment rule. Recall that the specification
of the adjustment rule has not been derived from economic fundamentals but has to be
postulated in an ad-hoc fashion.
The assumption of gross substitutability (or its alternatives) is rather severe. There
are some well-known examples (e.g. Scarf (I960)) for which this condition does not hold
and for which the continuous tâtonnement process does not converge to an equilibrium
price vector, but where prices move over a cycle. Moreover, the possibility of nonconvergence of the tâtonnement process should not be surprising in the light of the so-called
Sonnenschein-Mantel-Debreu results (see Debreu (1974), Mantel (1974,1976) and Sonnenschein (1973)). These authors have shown that any set of continuous functions defined for
relative prices bounded away from zero and satisfying Walras' Law and homogeneity can
be the aggregate excess demand functions of an economy with utility maximizing agents
with convex preferences, provided that the number of agents is at least as large as the
number of commodities. Therefore no restrictions other than continuity, Walras' Law and
homogeneity in prices can be imposed on the aggregate demand functions.
In search for an adjustment process that converges for almost all aggregate excess
demand functions Smale (1976) suggests the following process

• / ( p ) f = -A(p)z(p),
where J (p) is the Jacobian matrix of the aggregate demand functions evaluated at price
vector p and where the sign of A (p) depends on the sign of det J (p). Smale shows
that, under some boundary and regularity conditions it converges for almost all initial
conditions. Notice that it implies that the auctioneer needs to have a lot more information
on aggregate excess demand functions in order to update prices. In fact, in order to
adjust the price for one particular commodity information on the excess demands for all
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other commodities is required. This goes against the intuition of the law of supply and
demand, where price adjustments only depend on the own excess demand. Therefore the
adjustment process suggested by Smale should be seen mainly as an algorithm to find an
equilibrium and not as a realistic model of price adjustment.
This has led Saari and Simon (1978) to investigate what the minimal informational
requirements are for an effective price mechanism, that is, a price adjustment process
that converges for almost all possible economies. They consider price mechanisms of the
following form (after a suitable normalization of prices)
dp
, / , \ dzi
—
—,
dt =M \ z ( p )' ,dpi''

dz1
dpn-i''

dzn-i
' dpn-i t

and then ask the question how many of the demand derivatives dzi/dpj are necessary in
order for M (.) to be an effective price mechanism. They show that for n > 3 most of
these derivatives are necessary. Hence the information requirements for an effective price
mechanism are substantial.
From this it follows that one would only expect tâtonnement-like processes to converge
for a small set of possible economies. In fact, this leads to the conjecture that all kinds
of dynamical phenomena are possible in the tâtonnement process and indeed in recent
years there have been a number of contributions that show the existence of complicated
phenomena in the tâtonnement process, such as periodic, quasi periodic and chaotic
behaviour (for example Bala and Majumdar (1992), Day and Pianigiani (1991), Goeree,
Hommes and Weddepohl (1997), Saari (1985) and Weddepohl (1995)). All these papers
consider discrete versions of the tâtonnement process but from our discussion above it
should be clear that the same phenomena might arise in continuous versions of the model.
In this chapter we will also study a discrete tâtonnement process but our main focus will
not be on the fact that strange behaviour is possible, but on a characterization of this
behaviour. But first we discuss some other problems related to tâtonnement processes.
Besides the fact that it has poor stability qualities there are some conceptual problems
with the tâtonnement process. The first problem is that there is no trade at disequilibrium
prices. Clearly this is an unpalatable assumption and a realistic model of price adjustment
would incorporate the possibility of disequilibrium trade. In particular, nonconvergence
of the tâtonnement process, as we will encounter in the present chapter, implies that trade
never takes place. An alternative interpretation of the absence of trade at disequilibrium
prices would be the following. There is a sequence of periods. Each period starts with the
same allocation of initial endowments. All commodities are perishable and there are no
means of saving. Then in each period a price vector emerges according to the tâtonnement
process described above. In general this price vector will not coincide with an equilibrium
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price vector. Now (disequilibrium) trade takes place and the traded commodities are
consumed. The next period then starts with the same allocation of initial endowments
but with the (disequilibrium) price vector that was established in the current period.
Some alternative adjustment processes, sometimes termed non-tâtonnement adjustment processes, have been suggested in which trade takes place at "false prices". We will
now briefly discuss two of these. First consider the Edgeworth process (see Hahn (1962)
and Uzawa (1962)). According to this Edgeworth process, in disequilibrium agents engage
in trade with each other, that is feasible (that is, for each agent his trade has to satisfy
his budget constraint) and that increases their utility. Endowments change and prices
adjust according to excess demand. The a next round of trading emerges, and so on. By
taking the sum of all utilities as a Lyapunov function it can then be shown that this process converges to a Pareto efficient allocation, since the utilities of agents increase as long
as trade takes place and per definition trade stops at such a Pareto efficient allocation.
There are some difficulties with this process. First of all it is assumed that agents can
always find people to trade with. This might become rather complicated, since situations
might arise requiring a large group of consumers to interact, in order to perform mutually
advantageous trade. Another problem is that speculative trade is assumed away. One
could imagine a case where agents buy certain commodities only because they belief the
price of this commodity will increase in the future and therefore will make them better of.
An alternative non-tâtonnement process is the so-called Hahn process (Hahn and Negishi
(1962), for a discussion and extensions see Fisher (1983)). In contrast to the Edgeworth
process it is assumed in the Hahn process that there are well organized markets for all
traded commodities. Trade then takes place in a way such that no agent has an individual excess demand (supply) for a commodity when there is aggregate excess supply
(demand) for that commodity. As a Lyapunov function the sum of the target utilities is
used. The target utility is the utility an agent obtains if he can execute all his desired
trades. Prices react to excess demand in the normal way and therefore a commodity
for which the agent has an individual excess demand (and hence wants to buy) becomes
more expensive (since there is also an aggregate excess demand) and a commodity that
the agent has an individual excess supply of and hence wants to sell becomes cheaper
(since there is also aggregate excess supply). Therefore the agents always is worse of after
a price change and its target utility decreases until it reaches a lower bound.
For both the Edgeworth and the Hahn process there is convergence under a mild set of
conditions. The problem with both processes is that they converge to an allocation which
is Pareto efficient but which, in general, does not correspond to a Walrasian equilibrium
of the original economy. This is due to the fact that the incorporation of trade into the
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model continually changes the endowments of the consumers and hence the Walrasian
equilibria corresponding to these endowments change. These processes are therefore not
appropriate to study the stability of the original Walrasian equilibrium.
Another problem with the tâtonnement process arises when we ask the question who
adjusts the prices. In the perfectly competitive economy described above all agents take
prices as given in determining their optimal consumption. If the economy is not in equilibrium there are profit opportunities for economic agents since they can benefit from
charging a higher price for goods in excess demand. Therefore it can be argued that
perfect competition is only a good description of economic behaviour if the economy is
in equilibrium (see Arrow (1959)). The traditional solution to this problem is the introduction of an auctioneer who sets prices. The tâtonnement process now works as follows:
the auctioneer states an arbitrary price vector and collects information on the aggregate
excess demands given this price vector. He then adjusts the price vector according to
the rule stated above. This process is repeated until an equilibrium price vector is found.
However, where all decisions of the consumers arise from utility or profit maximization
the behaviour of the auctioneer is postulated ad hoc. This seems to be inconsistent with
the general equilibrium framework. Whose behaviour does the auctioneer represent? It
might be argued that a realistic model of price adjustment requires that prices are set by
economic agents, in such a way that they believe it maximizes their utility or profit. In
order to study these kinds of models we have to consider general equilibrium models with
monopolistic competition. Here we will briefly review this literature.3 There have been
two main branches of this literature. One uses the subjective demand approach, following
the seminal paper by Negishi (1961) and the other uses the objective demand approach,
following the paper by Gabszewicz and Vial (1972).
Negishi (1961) considers an economy with two types of producers: perfect competitors,
who take all prices as given and imperfect competitors who can affect some of the prices.
It is assumed that for each commodity there is at most one producer able to affect its
price. This commodity may be an input as well as an output for this producer. Each
imperfect competitor has some conjecture over the demand curves of the commodities for
which it can influence the price. These conjectures are assumed to be linear functions
of the own price. The only restriction on the conjectures is that they have to pass
through the actual price-quantity combinations that correspond to the current state of the
economy. The economy then is in equilibrium if all consumers and perfectly competitive
firms maximize their utility and profits given their budget restrictions and production sets,
if all imperfectly competitive firms are maximizing their profits given their conjectures and
3

For comprehensive surveys see Hart (1985) or Bonanno (1988).
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production sets and if excess demand is zero. It can then be shown that, given standard
assumptions on preferences and technology, such an equilibrium exists. A problem with
the subjective demand approach is that it has no predictive power: if conjectures of
imperfectly competitive firms are not restricted any further almost any allocation can be
an equilibrium. For example, if conjectures are such that firms believe demand to be
infinitely elastic at a certain price, the Walrasian equilibrium results. For this reason
a number of people have tried to construct general equilibrium models of monopolistic
competition that incorporate objective demand curves. These objective demand curves
exactly tell the firms the demand they are facing.
In order to construct these objective demand functions we have to deal with the
following problem. Firms want to choose prices or quantities in order to maximize profits.
These profits are then redistributed to the agents who own the firms. These redistributed
profits enter the budget equations of the agents and therefore are an ingredient of the
objective demand functions that are used in the maximization process of the firms to
generate these same profits. This circularity of profits is called the feedback effect and it
clearly complicates the optimization problem of the firms. A related problem is whether
profit maximization is the right criterion for oligopolistic firms. Since the owners of the
firm can influence prices there might be some trade-off between lower nominal profits and
more favourable prices. So maximization of utility of the owners might be a better criterion
than profit maximization. However, aggregation problems might occur if different owners
have different preferences.
In the subjective Negishi framework it does not matter whether firms are price setters
or quantity setters, since they act as monopolists and therefore arrive at the same decision
in both cases. In the objective demand approach it does matter, since firms take account
of the actions of the other firms in the economy. Gabsewicz and Vial (1972) construct a
general oligopolistic equilibrium model in the Cournot-Nash framework in the following
way. All firms are imperfect competitors producing commodities using some "nonmarketable" resources of the consumers. There are no intermediate goods, as in the Negishi
model. The commodities produced by the firms are distributed to the consumers (so it
is not profits but commodities themselves that are distributed). The objective inverse
demand functions are then constructed in the following way. For given production plans
of the firms the consumers have modified initial endowments, consisting of the original
initial endowments and the redistributed produced commodities. These consumers then
form an exchange economy for which an equilibrium can be computed, which of course
depends upon the production plans of the firms. The equilibrium prices of this exchange
economy as a function of these production plans constitute the objective inverse demand
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functions. The general oligopolistic equilibrium (called a Cournot-Walras equilibrium
by Gabsewicz and Vial) then corresponds to the Cournot-Nash equilibrium of the game
played by the firms and the equilibrium of the corresponding exchange economy. There
are several problems with this approach. In particular, the equilibrium of the exchange
economy does not have to be unique for a given production plan and the objective inverse
demand function is not necessarily continuous.
Nikaido (1975) constructs an objective demand model with price setting behaviour.
The production sector is represented by a Leontief technology, which is rather restrictive
but allows for the introduction of intermediate goods. Consumers have only an endowment
of labour and sell this to the firms to generate income in order to consume other goods.
All profits go to the owners of the firms, the capitalists, who use this profit to consume
goods. Total demand then consist of final demand by workers, final demand by capitalists
and intermediate demand by firms. In equilibrium this equals the production of the firms.
For any vector of prices this equilibrium condition then gives a production vector which
is consistent with it. In this way objective demand functions can be constructed and an
equilibrium then corresponds to a Bertrand-Nash equilibrium of the corresponding game
that is played between the firms. Notice that there is one firm per sector in this model,
or alternatively, each sector behaves as if it was governed by one firm.
The objective demand approach also has some drawbacks. In particular, it seems to
be rather farfetched to assume that all firms construct a complete general equilibrium
model in order to determine the objective demand curves. A compromise between the
objective and subjective approaches would be to consider a subjective demand approach
that incorporates more consistency conditions than Negishi (1961) does. An example is
provided by Silvestre (1977). He considers a version of the Nikaido model and requires
that in equilibrium not only subjective demand has to equal objective demand, but, at
this equilibrium, the slope of the subjective demand curve also has to coincide with the
slope of the objective demand curve. This can be extended to higher-order derivatives
(Gary-Bobo (1987)). Other examples of relaxing the informational content of objective
demand are given by Hart (1985) and Marschak and Selten (1974). In their models the
firms treat the distribution of wealth as given in order to deal with the circularity of
profits. Two other problems in the objective demand approach are that an equilibrium
may not exist due to discontinuities in the reaction curves of the firms, which derive from
the lack of quasi concavity of the profit functions (see Roberts and Sonnenschein (1977))
and that the (existence of) equilibrium depends upon the specific price normalization rule
that is used (see Gabsewicz and Vial (1972) and Böhm (1994)).
A realistic price adjustment process for general equilibrium models would incorporate
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price-setting behaviour of economic agents and would fall within the literature discussed
above. Notice that the equilibria in a general equilibrium model with price setting behaviour will in general not coincide with the Walrasian equilibria. As a first step in the
direction of these more realistic price adjustment processes we will study some price adjustment processes in partial equilibrium models with monopolistic competition in Chapter
6.

2.3

T h e Model

In this section we introduce our model. In the first subsection we discuss the problem
of finding an appropriate normalization rule and we suggest that for the multiplicative
tâtonnement process normalizing prices on the simplex is the most natural normalization
rule. In subsection 2.3.2 we specify our model and in subsection 2.3.3 we show some
results obtained from numerical experiments.

2.3.1

Price normalization

The tâtonnement process (5.8.4) is a discrete n-dimensional dynamical system. From the
homogeneity of the aggregate excess demand functions we have that if p* is an equilibrium
price vector then so is ap* for any a > 0. Instead of an equilibrium price vector we have a
ray of equilibrium price vectors. None of these equilibria can be locally stable since every
neighbourhood in 2R™ of such an equilibrium point contains other equilibrium points (the
tâtonnement process can however be system stable). The tâtonnement process then seems
to be ill-defined.
The tâtonnement process can be restricted to a n — 1 dimensional subspace of Mn by
imposing an extra condition on the prices. Such a price normalization rule g (p) = c,
where c is a constant, defines a n — 1 dimensional manifold in 7R" and has to be chosen in
such a way that the intersection of this manifold with any ray of equilibrium price vectors
consists of exactly one point. This intersection point is the equilibrium price vector of the
tâtonnement process restricted to this manifold. Some well-known price normalization
rules are g (p) = pk for some fixed k, g{p) = £"=iPj and g (p) = £"=iP|> all with
c = 1, respectively corresponding to one good being chosen as numeraire, prices on the
unit simplex and prices on the unit sphere. There is no economic motivation to choose
a particular price normalization rule. Prices are free and there is no particular reason
why they should obey a certain condition. In special cases some normalization rule seems
obvious (e.g. money as a numeraire in a monetary economy), but no normalization rule
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is appropriate a priori.
Having chosen a normalization rule it subsequently has to be implemented. Assume
g(p)

= c can be rewritten as pk = h^ (pi, ...,pk-\,Pk+\,

• ••,Pn) for some k. The tâton-

nement process restricted to g (p) = c then becomes:

Pj,t+i = Pjt±Fj(Pit,Zj(pu,-,Pk-i,t,hk{.),Pk+i,u-,Pra)),
Pkt =

j ^ k ,

(2.6)

hk(pu,.-,Pk-l,t,Pk+l,t,—,Pnt)-

So the dimension of the dynamical system is reduced by one to n — 1. In fact the
fc'th equation of motion has been deleted.

From Walras' Law we have that if n — 1

markets are in equilibrium the n ' t h market must also be in equilibrium, so an equilibrium
price vector of (2.6) is also an equilibrium price vector of (5.8.4).

The dynamics of

the tâtonnement process however depend crucially on this reduction. Which equation
is deleted obviously influences the dynamical system.

The tâtonnement process with

commodity 1 as numeraire may have different stability properties than the process with
commodity n as numeraire. There is "goods discrimination"

in the sense that the price

of one, arbitrarily chosen, good is treated different than the prices of the other goods.
In some cases there is a nice solution to this last problem. If for some tâtonnement
process p t + 1 = ƒ (p t ) there exists a price normalization rule g (.) such that g{ f\ ( p ) , /2 ( p ) ,
•••) în (p)) = g (Pi,P2, ••••,Pn) then the tâtonnement process ƒ leaves the manifold defined
by g (.) = c invariant. In this case the n equations of motion of the tâtonnement process
are not independent. In fact there is one redundant equation and any equation can be
replaced by the normalization rule without affecting the dynamical system: the systems
(2.6) and (5.8.4) are equivalent and no information is lost by imposing g (.) = c.
For the continuous time case such a normalization rule exists for the linear tâtonnement
process % = Xzt (p (*)). We have: | J2P1 (*) = 2 £ p , (t) f

= 2A J > (t) zt (p (<)) = 0,

due to Walras' Law, so the linear tâtonnement process leaves the sphere invariant.
In the case of the discrete tâtonnement process a similar price normalization rule exists
for the so-called multiplicative tâtonnement process

Pj,t+i=Pjt{l

+ *zj.(pt))

j = l,...,n,

(2.7)

where A is the speed of adjustment 4 and is assumed to be the same for all markets. 5
4
5

An alternative interpretation of A is that it is a measure of the size of the economy.
This is not a restrictive assumption since we can always normalize the unit of goods such that the

speeds of adjustment are equal across markets.
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Summation of the prices gives (using Walras' Law):
n

n

n

n

+x

p tz

^2pj,t+i = ^2 Pit (i+A*, (PO) = Yin* Yl i j
3=1

3=1

3=1

3=1

n

p( =

( ) X^3=1

Hence the multiplicative tâtonnement process leaves the simplex invariant.
It can be argued that (2.7) is a reasonable way to model price adjustments. It states
that the rate of change of the price of a good is proportional to its excess demand and
it is homogeneous of degree one in prices. Prom now on we shall use (2.7) to study the
dynamics of price adjustments.6

2.3.2

Model specifications

In order to analyze the global dynamics of our tâtonnement process we have to specify
our model. We will study an economy with three commodities and three consumers that
have CES (Constant Elasticity of Substitution) utility functions, i.e. the utility function
of consumer i is

Ui (xa,xi2,xa)

= I ]TatijxÇj j ,

p < 0,

« = 1,2,3.

(2.

The corresponding individual demand functions are

Xij(puP2,P3) =

„

&y

3

/—vfyiftWy.

»,.7 = 1,2,3,

(2.9)

with a = TT" th e (constant) elasticity of substitution. The individual demand functions
are homogeneous of degree zero in prices p and in preference parameters an, a,2 and a^
and homogeneous of degree one in initial endowments Wj. Under the assumption that
an > 0 we can take, without loss of generality, an = 1.
We assume that the initial endowments are of the following form: iUy = 1 if i = j and
Wij = 0 if i / j . So each consumer supplies exactly one good and is the sole supplier of
6

For the sake of simplicity we have not imposed a non-negativity constraint on the prices. If the speed
of adjustment is not too large, say A < A, then for initial price vectors chosen not too close to the border
of the simplex the tâtonnement process stays on the simplex. If A > A then for almost all initial price
vectors the price of some good becomes negative in finite time and the tâtonnement process breaks down.
However, all kinds of interesting dynamics can be observed for A < A.
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Figure 2.1: Attractors of the tâtonnement process with rotational symmetry, a) au
5 and A = 4.95. b) a i 2 = a2z = a 31 = 1,
«23 = »31 = 1| OJ13 = »21 = »32 = jj, °
«13 = «21 = Û32 = 7, <? = \ a n d A = 8.45.

that good. This restriction is made for computational simplicity and does not influence
the qualitative results. The multiplicative price adjustment process now becomes

Pu

Pu+i

1+A

f » fer !
i=l

2^=lPjt^ p .J

3

P2.É+1

=

P2t

1+ A

P3,t+1

=

P3t M + A

Pit

I?"/
-l
£
_«=i Elu»« ( g )

f
Z^„3

^fe)g

(2.10)

x

feV

This is the dynamical system under study. The parameters of the model are ay, a and A.
We will study the behaviour of the dynamical system for given preference parameters ay
and given elasticity of substitution a, as the speed of adjustment A increases. We focus
on ay £ (0,1] and a € (0,1]. For most of the specifications of our model we will study,
the equilibrium price vector is unique. Section 2.8 briefly deals with the case of multiple
equilibria.
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Figure 2.2: Attractors of the tâtonnement process with reflectional symmetry, a) Q12
Q:21 =

J, «13 =

«13 = «23 = C*31
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Some typical numerical simulations

Before analyzing our tâtonnement process in more detail we present some numerical results. We are interested in the long run behaviour of our dynamical system: do prices
settle down to an equilibrium price vector or is the discrete tâtonnement process unstable
and can prices fluctuate forever? To describe the long run behaviour of the dynamical
system we use the following definition (Guckenheimer and Holmes (1983), p.36).

Definition 2.1 A compact set A is called an attractor of a dynamical system ƒ if:
1) A is invariant with respect to f : f (A) C A.
2) A is attracting, that is there is an open neighbourhood U of A such that the trajectory of every initial state p 6 U converges to A.
3) A has a dense orbit.
The simplest example of an attractor is a locally stable fixed point. Another simple
example is an attracting periodic orbit. In that case we have ƒ" (p) = p and fk (p) ^
p, k < n. However, more complicated quasi-periodic attractors or attractors with a
fractal structure can arise. This last type of attractors is sometimes called strange or
chaotic since the dynamics on these attractors may seem unpredictable and shows sensitive
dependence on initial conditions.
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Figure 2.3: Strange attractors of the tâtonnement process with cyclical and reflectional
symmetry, a) a^
1, all i,j, a = 4; and A = 26. b) Q 12 = a « = a%\ = «23 = 031 =
i and A = 95.
Û32 = -ffi, o

Some typical examples of attractors are shown in Figures 2.1-2.3.7 All these attractors
were obtained by iterating (2.10) for different values of the preference parameters a^, the
elasticity of substitution a and the speed of adjustment A.8
Notice that the attractors have a certain symmetry. The pictures in Figure 2.1 have a
rotation symmetry: rotating the pictures over an angle of |7r results in exactly the same
pictures. The pictures in Figure 2.2 have a reflection symmetry: reflection of the pictures
in Figure 2.2 in the line with pi = p2 results in the same pictures. The attractors in
Figure 2.3 have a rotation as well as a reflection symmetry: the pictures are invariant
both to a rotation over |îT and to a reflection in the line with p\ = p2.
The prices move erratically across these attractors. The attractors show the long run
behaviour of the prices of the tâtonnement process. From these simulations it is clear
that for many parameter settings the tâtonnement process will not settle down to an
equilibrium price vector but will keep on fluctuating forever. In the subsequent sections
we will investigate bifurcation routes leading to these strange attractors. Symmetry will
play an important role in characterizing these bifurcation routes.

7

To plot the pictures in two dimensions we have transformed the simplex in R\

into a triangle in M2.

This transformation is also used in the proof of proposition 2.2.
8

All figures of attractors in this paper (with the exception of periodic orbits) were obtained by iterating

the dynamical system 6.000 times and plotting the last 5.000 points.

2.4. SYMMETRY

2.4

31

Symmetry

A priori the number of independent parameters of the tâtonnement process with preferences given by (2.8) is 17 (ay,Wy,A and a). To study this model in a transparent manner
we have to reduce this number. A first reduction was achieved by taking endowments
Wa = 1 and Wij = 0 for i / j . This leaves us with 8 parameters. The simplex as such
has both a rotation and a reflection symmetry. Therefore it seems to be natural to start
a systematic investigation of the global dynamics by firstly focussing on symmetric endowments and preferences, to be defined below. In Section 2.7 we discuss properties of
close-by asymmetric cases. There is a large literature on symmetry in dynamical systems
(see for example Golubitsky, Stewart and Schaeffer (1988)). We will apply concepts and
results from this literature to our multiplicative tâtonnement process.
Consider the following dynamical system on the two-dimensional simplex

Pt+i = / ( P t ) ,

Pt

eS2 = jp 6 ^ 1 ^ = 3 1 .

(2.11)

A linear transformation M : M3 —> IR3 is called a symmetry of ƒ, if M and ƒ commute,
that is, if

Mof

= foM.

(2.12)

Let M and N be symmetries of ƒ and let p* be an equilibrium price vector of ƒ. Then
we have the following properties
• M o jV is a symmetry oif,MoNof

= MofoN

=

foMoN,

• M and N are symmetries of all iterates of ƒ, M o f2 = ƒ o M o f = f2 o M, etc,
• Mp* is an equilibrium price vector of ƒ, ƒ (Mp*) = M f (p*) = Mp*.
The simplex is invariant with respect to any permutation of prices, so the group of symmetries that is interesting to study for the tâtonnement process on the simplex is the group
of permutation matrices D 3 = {M123,Mi32,M32i,M2i3,M312, M23i | Mijk 6 IR3^3}, with
1

Mijk

Pi \
P2

\P3 J

=

/ Pi \
Pj -Of course M123 = / is a trivial symmetry of all dynamical sys-

\Pk J

terns. Apart from I and D 3 there are four different subgroups of D 3 , {ƒ, M i32 } , {/, M32i} ,
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{ƒ, M213} and {ƒ, Af3i2,M23i}. The first three of these are so-called Z2 symmetries:
they correspond to a permutation of two of the three prices or equivalently a reflection in one of the symmetry axes of the simplex. These symmetry axes are: /1 =
{ p 6 S 2 \p2=p3},h
= { p e S2 | P J = p3} and !3 = { p e S2 | p% =p2}- The last subgroup is the R3 symmetry and corresponds to a cyclical permutation of the three prices,
or equivalently a rotation over |-7r.
We can now define the symmetry group of a price adjustment process ƒ on the simplex as follows: F f = {M € ~D3\M o f = f o M}. By choosing suitable preferences and
endowments we will study a price adjustment process with a Z2 symmetry, one with a R 3
symmetry and a price adjustment process with both symmetries, which is equivalent to
symmetry group D3. So we study tâtonnement processes with three different symmetry
groups: Tf = {ƒ, M312, M231}, Tf = {I, M213} and T/ = D 3 . These symmetry groups correspond respectively to tâtonnement processes that are invariant with respect to a cyclic,
a reflective or all possible permutations of prices.
Definition 2.2 The fixed point subspace Fix (M) of a symmetry M is the set
Fix (M) = {p e S2 I Mp = p} .
This fixed point subspace plays an important role in the bifurcations of the equilibrium price vector in a symmetric tâtonnement process. Fix (M) is a linear subspace that
consists of all points of the simplex that are invariant under symmetry M. Fix (M) is a
line if M is a reflectional symmetry and Fix (M) is a point if M is a rotational symmetry,
for example Fix (M213) = I3 and Fix(M3\2) = (1,1,1)- It can be easily seen that if
M € Ff then ƒ leaves Fix (M) invariant, since for p &Fix (M) we have
/(p) = /(Mp) = M/(p),
so

ƒ (P) € Fix (M). This means that a nonlinear dynamical system with a symmetry has
a linear invariant space. This property will prove to be very useful when we study the
bifurcations of tâtonnement processes with a reflectional symmetry. This property also
implies that (1,1,1) is an equilibrium price vector of all tâtonnement processes that have
a rotational symmetry, since Fix (M312) = (1,1,1).
Now we want to impose symmetry on our economy with CES-utility functions. The
following proposition establishes how we can construct a tâtonnement process with a
rotational and a reflectional symmetry, respectively, if there are three agents and three
commodities.
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Proposition 2.1 Let U,V:IR\ —> IR be utility functions, p = (pi,P2,P3)' a vector of
prices and w = (wi, u>2, W3)', v = (t>i, ui, V3)' vectors of initial endowments. Consider the
two permutation matrices M231 and M213. Take V (.) such that V (M213X) = V (x).
• Consider an economy with three consumers with utility functions U\ (x) = U (x),
[/2 (x) = U (M231X) and f/3 (x) = U (M^x.) and vectors of initial endowments
Wi = w, W2 = M ^ w and W3 = (M^j) w, respectively. Then the corresponding
multiplicative tâtonnement process has rotation symmetry Mm.
• Consider an economy with three consumers with utility functions U\ (x) = U(x),
[/2 (x) = U (M213X.) and £/3 (x) = V (x) and vectors of initial endowments wj =
w, W2 = M213W and W3 = v, respectively. Then the corresponding multiplicative
tâtonnement process has reflectional symmetry M213.
Proof. Let the utility maximizing consumption bundle be given by
x = du (p, w) = arg max {U (x) | p'x < p'w} .
Consider the problem of maximizing U (Mx) subject to the budget constraint p'x <
p'(M'w), where M € {M23i,M2i3}. Since M _ 1 = M', this problem is equivalent to
maximizing U (Mx) subject to (Mp)' Mx < (Mp)' w. The solution to this last problem
is easily seen to be
x=M'd(Mp,w).
• First consider M = M23i. Notice that Mf31 = M231 and M| 31 = /. The individual demand functions become x fc+1 = ( M ^ ) du (M2 31 p,w), with k = 0,1,2. The
aggregate excess demand functions z (p) = £^ i=1 Xj — ^ i = 1 Wj can then be written
as

(

df (p, w) + dV2 (M| 31 p, w) + d% (M231P, w) - wl - w2 - w3 >
df (M231 p, w) + dV2 (p, w) + d% (M| 31 p, w) - Wl - w2 - w3 .
d\ (M23lP> W ) + d2 (Af23lP, W) + dg7 (p, W)-W1-W2-W3

/

It can be easily checked that we have z (M 23 ip, w) = M23iz (p, w). This means that
M231 is a symmetry of the aggregate excess demand functions.
• Now consider M = M213. The demand functions are respectively xi = d t / (p, w),
x 2 = M 2 i3d t/ (M 2 i3p,w) and x 3 = d v '(p,v) with 0% (p,v) = dS / (M 2 i 3 p,v) and
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d3 (M 213 p,v) = d3 (p, v). The aggregate excess demand functions become

(

d\ (p, w) + du2 (M213p, w) + d\ (p, v) - W l - w2 - vx
d^ (M213 p, w) + d% (p, w) + d\ (M213P, v) - wi - w2 - vx
d<{ (p, w) + <% (MaisP, w) + 4 (p, v) - 2w3 - v3

We have M2i3z (p, w) = z (M 2 i 3 p, w).
Now if the aggregate demand functions have symmetry M23i then for the multiplicative
price adjustment process we have
h (AfasiP) \
/ Pit (1 + A21 (M231P)) \
/ Pit (1 + \z2 (p)) \
h (M231p)
=
p» (1 + Az2 (Masip))
=
Pst (1 + A23 (p))
= M231 ƒ (p)
/3 (M231p) /

V Pit (1 + A23 (Mjsip)) /

\ Pit (1 + Xzi (p)) /

and if the aggregate demand functions have symmetry M 2 i 3 then for the multiplicative
price adjustment process we have
h (Af213p) \
/ P2t (1 + Azi (M213p)) \
/ p2t (1 + \z2 (p)) \
/ 2 (M 2 1 3 p)
=
Pu (1 + Az2 (M213P))
=
Pit (1 + Xzi (p))
=M213/(p).B
/3 (M213p) /
\ pst (1 + Az3 (M213p)) /
V p3t (1 + \z3 (p)) /
This result gives us a way to impose symmetry on our price adjustment process with
CES utility functions. Let A = (a*.,) be the matrix of preferences. We then have
Corollary 2.1 For an economy with three commodities and three agents with CES utility
functions and initial endowments Wu = 1 and Wij = 0 for i ^ j we have that the following
types of preference matrices

AR ° = \ ß

1 a \ ,AZ* = \ a

1 ß \ ,^D3 = \ a

1 a \,

(2.13)

induce a rotational, a reflectional and both kinds of symmetries of the multiplicative price
adjustment process, respectively.
The attractors shown in Section 2.3.3 were obtained by using the matrices (2.13). The
attractors in Figures 2.1-2.3 obviously exhibit the same symmetry as the corresponding
tâtonnement processes. Rotating the pictures in Figure 2.1 over \n results in exactly the
same pictures and reflection of the attractors in Figure 2.2 in the line with p\ — p2 leaves
the attractors invariant. For the pictures in Figure 2.3 any permutation of the prices can
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be executed without changing the picture. The symmetry of the tâtonnement process
seems to determine the symmetry of the resulting attractor.
If ƒ has symmetry M and p 0 converges to an attractor A then obviously Mp 0 converges to an attractor MA. If they converge to the same attractor, that is if MA = A,
then this attractor can be said to have symmetry M. So we can define the symmetry group of an attractor of a dynamical system with symmetry group T/ as EA =
{M € rf I MA = A}. For the attractors of Section 2.3.3 we have E A = I / . This might
suggest that the attractor always has the same symmetry group as the dynamical system,
but in general that need not be the case. We can have MA / A and then we must
have coexistence of attractors. These coexisting attractors are related by symmetry and
are called conjugate attractors. In the sequel we shall encounter symmetry breaking bifurcations, where a single attractor breaks up into multiple coexisting attractors with a
smaller symmetry group as a parameter changes, and symmetry increasing bifurcations
where coexisting conjugate attractors merge into one single (symmetric) attractor.

2.5

Local bifurcation analysis

In this section we study which local bifurcations can occur in our tâtonnement process.
We thereby focus on the symmetric equilibrium price vector. In subsection 2.5.1 we
show that the symmetry of the tâtonnement process determines the form of the Jacobian
matrix. In subsection 2.5.2-2.5.4 we study the implications of this result for the generic9
bifurcations that occur for the tâtonnement processes with different symmetries.

2.5.1

Symmetry and the Jacobian matrix

To study the local bifurcations of the equilibrium price vector that can occur in our tâtonnement process we have to look at the eigenvalues ßi of the Jacobian matrix J = ( J£- (p) )
evaluated at the equilibrium price vector p*. These eigenvalues depend on the parameters
of the tâtonnement process, so we have fit = ß{ (A, a, A) where A is the matrix with preference parameters. The equilibrium price vector p* is locally stable if all eigenvalues lie
inside the unit circle and p* is unstable when at least one eigenvalue lies outside the unit
circle. If an eigenvalue crosses the unit circle, as a parameter varies, a bifurcation occurs.
At such a bifurcation the behaviour of the tâtonnement process changes. There are three
different ways in which an eigenvalue can cross the unit circle. At the bifurcation value
an eigenvalue can be real and equal to +1, real and equal to —1 or two eigenvalues can
Here generic means with respect to the set of dynamical systems with a given symmetry group.
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be complex conjugates with absolute value 1. These three different cases correspond to
different kinds of bifurcations.
First we show that symmetry induces a special form of the Jacobian matrix evaluated
in the symmetric equilibrium price vector.
Proposition 2.2 The Jacobian of the two-dimensional tâtonnement process evaluated at
a symmetric equilibrium has eigenvalues that are
• real if the tâtonnement process has a Z2 symmetry. In this case one eigenvector
lies in the fixed point subspace of the Z2 symmetry and the other eigenvector lies
perpendicular to this fixed point subspace,
• complex conjugates if the tâtonnement process has a R 3 symmetry,
• real and equal to each other if the tâtonnement process has both symmetries.
Proof. Without loss of generality we can apply a linear transformation to the prices
to transform the simplex in IR?+ to a triangle in the plane. Let q = T p with
T=

/ ±\/3 -\>ß
\ - \
-f

0 \
1

(2.14)

The price adjustment process in terms of these new variables becomes q ( + i= T o / o T - 1 (q()
= h (q t ). Since we have q3t = £)Li Va = 3, for all t, this is equivalent to
Qi,t+i \
92,J+I

/

=

f h1{qlt,q2t,5)

\

<2 ^

V h2 (9it>*«.3) /

Notice that T transforms the centre of the simplex to the origin and the symmetry axis
l3 to the q2 axis. We have Jh = T J / T " 1 and the eigenvalues of 3h are equal to the
eigenvalues of J/. The Z2 and R 3 symmetries can be represented respectively by

*-(?;)•

-(-At?)-

«

Mx corresponds to a reflection in the q2 axis and Mr corresponds to a rotation over
J-K. With this transformation of variables it is easy to establish our result. Let M be a
symmetry of h. Then by definition we have M h (q) = h (Mq). Differentiating both sides
with respect to q gives
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Now if q* is symmetric (that is Mq* = q*) we have
M3*h = rhM.
So the Jacobian evaluated at the symmetric equilibrium commutes with the symmetries of
the dynamical system. An easy calculation shows that the only 2 x 2 matrices commuting
with Mz and with M r are J z and J r , respectively with
a

0

) ,

3r=(

0 bJ

a

b

).

\-b a J

The eigenvalues of J z are a and b with eigenvectors va — (1,0)' and v\, = (0,1)' respectively, the eigenvalues of J r are a±bi and therefore complex as long as b ^ 0. Note that
if the dynamical system has both symmetries we have
J D 3 =

(O

!)=a/-

The statements of the proposition follow. •
From this proposition it follows that the symmetry of the tâtonnement process determines which primary bifurcation occurs as the symmetric equilibrium price vector loses
stability.
We now derive the eigenvalues of the Jacobian evaluated at the symmetric equilibrium
for each symmetry. The Jacobian of our tâtonnement process (2.7) evaluated in the
equilibrium price vector p* is

(

PÎ*n(p*) V\zn{v*) PÏ*13(P*)\
P5*2I(P*) P2*22(P*) P^23(P')
,

(2.17)

P3Z31 (P*) PÎZZ2 (P*) P3233 (P*) /
where Zij (p) = *pp'- Notice that the matrix (p*2y (p*))j = 1 2 3 has linear dependent rows
(52i=iPÏzij (P*) — ~zi (p*) = 0 from Walras' Law) which implies that one eigenvalue of
J* is equal to 1, for all possible parameter values. This unit eigenvalue corresponds to the
fact that every simplex is invariant under the multiplicative tâtonnement process. Since
we are only interested in the motion of the dynamical system on the simplex we can safely
ignore this eigenvalue. The other two eigenvalues are
ßi,2 = l + \*{pl{zn-z13)+p*2(z22-z23)±^}
D

2

= \Pi{zn-z13)-p2{z22-z23)} +

4plp2(z12-z13)(z2i-z23)

(2.18)
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Under symmetry the expressions for these eigenvalues simplify considerably. These
expressions are summarized in the following table
Ml,2
R 3 = {I, M312}

1 + |A {3z u (p*) ± (Z12 (p*) - zw (p*)) V3i}

Z 2 = {ƒ, M 213 }

1 + Xpl {Zu (p*) - fig (p*) ± (fig (p*) - *13 (p*))}

D 3 = {/,M3i2,M 2 i 3 }

1 + f Az n (p*)

(2.19)

Notice that if T/ = R 3 or T/ = D 3 and zn (p*) > 0 both eigenvalues lay outside the
unit circle for all A > 0. Hence, in that case the equilibrium price vector is unstable for
all positive values of A.
In the following subsections we analyze which bifurcations occur for each of the symmetry groups, as the speed of adjustment A increases.

2.5.2

Rotational symmetry and the Hopf bifurcation

In the previous subsection we found that the eigenvalues of the Jacobian of the tâtonnement process with rotational symmetry (and no other symmetry) evaluated at the
symmetric equilibrium price vector p* = (1,1,1) are complex conjugates. The equilibrium price vector loses stability if these eigenvalues cross the unit circle. Let XMf denote
the value of A such that 1 ^ (XUf) | = |/x2 (Xbif) | = 1. We then have the following.

P r o p o s i t i o n 2.3 Assume that the tâtonnement process with symmetry group Tf = {/, M 3 i 2
has a stable symmetric equilibrium price vector for A > 0 small enough and that zn (p*) ^
z13 (p*). Furthermore assume that ( ^ (A 6 i / )) r ± 1 for r = 1,2,3,4. Then a Hopf bifurcation occurs at
xMf

4zn (P*)
3 [211 (p*)] + [212 (p*) - 213 (p*)]

For X close to Xbif there exists an invariant closed curve.
Numerical observations suggest the following: for A < Afn/ the equilibrium price vector
p* = (1,1,1) is locally stable. For A > Xuf the equilibrium price vector is unstable and
there is an attracting invariant closed curve. This closed curve has the same symmetry
group as the tâtonnement process. Figure 2.4.a) shows an example of such an attracting
invariant closed curve obtained after a Hopf bifurcation.
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Reflection symmetry eind t h e period-doubling bifurcation

Consider the tâtonnement process with symmetry group F f = {ƒ, M213}. The fixed point
subspace of this Z2 symmetry is the symmetry axis I3. Prom proposition 2.2 we found
that the eigenvalues of the Jacobian of this dynamical system evaluated in a point in the
fixed point subspace are real and have eigenvectors that lie perpendicular to the fixed
point subspace and in the fixed point subspace, respectively.
The equilibrium price vector can only lose stability when the largest (in absolute value)
eigenvalue goes through ± 1 . If an eigenvalue goes through +1 a saddle-node, pitchfork
or transcritical bifurcation occurs (see e.g. Guckenheimer and Holmes, (1983)). All these
bifurcations in some way deal with the multiplicity of equilibria. Since the equilibrium
price vectors of the tâtonnement process correspond to the zeros of the system of aggregate
excess demand functions, the location and multiplicity of these equilibrium price vectors
is independent of the speed of adjustment A. Therefore we know that these bifurcations
cannot occur in our model as A increases. These bifurcations might occur, however,
when another parameter is varied (see Section 2.8). When one of the eigenvalues goes
through —1 a. flip- or period doubling bifurcation occurs: at this bifurcation a period two
orbit emerges. If this period doubling bifurcation occurs at A = A ' then we have the
following scenario. For A < A6'^ the equilibrium price vector is stable and for A > A '*
the equilibrium price vector is unstable. For A close to \btf a period two orbit exists.
Numerical observations suggest that this period two orbit exists for A > Xuf and that it
is stable.
Proposition 2.4 Assume that the equilibrium price vector of the tâtonnement process
with symmetry group Tf = {I, M213}

is stable for A > 0 small enough and that z\% (p*) 7^

^13 (P*)- Then we have

• the equilibrium loses stability through a period doubling bifurcation at
(
2
A h ' = mm j - - ^ _ ^ — — ^ ,

2
_ _ _ _ j _ ^ _ _ _

w

(2.20)

• the resulting period two orbit has the same symmetry group as the tâtonnement
process. The period two orbit lies in I3 if Zu (p*) < 213 (p*) o-nd it lies off but
symmetric with respect to Z3 when Zyi (p*) > Z13 (p*)-1(l
10

These two types of period doubling bifurcations correspond to pitchfork bifurcations of f2. One of

these pitchfork bifurcations is symmetry preserving (n2 = — 1) and the other one is symmetry breaking
0*1 = - ! ) •
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Proof. The eigenvalues are

ju, =

l + Xpl (zn (p*) - z12 (p*)),

p2 =

1 + ApJ (z n (p*) + z12 (p*) - 2z13 (p*)).

and the corresponding eigenvectors v\ and v2 lie perpendicular to Z3 and in l3 respectively.
If an eigenvalue goes through —la period doubling bifurcation occurs in the dynamical
system restricted to the center manifold (see Guckenheimer and Holmes (1983), p. 158).
The center manifold is locally Z2-symmetric (Kuznetsov (1995), Theorem 7.6). When
/ij = — 1 the center manifold lies tangent to v\ and therefore perpendicular to the fixed
point subspace. When /j2 — —1 the center manifold coincides with the fixed point subspace. We have ß1 < p,2 if z12 (p*) > z13 (p*) and ß1 > fi2 if z12 (p*) < z13 (p*). •
According to proposition 2.4 there are two different types of period two orbits with
Z2 symmetry. Examples of these two period two orbits are shown in Figures 2.4.b) and
2.4.c). Since the three prices have to sum up to 3 in every period an increase of one price
has to be accompanied by the decrease of another price. Consider the period two orbit
{ p \ p 2 } in Figure 2.4.b) that lies off l3. This period two orbit has the property that
the market for the third good is in equilibrium in every period but the first two prices
fluctuate between the same values: when pj is high, p2 is low and vice versa. In this case
p2 has to adjust to the fluctuations in p x . This happens when z12 (p*) > z13 (p*).
The period two orbit in Figure 2.4.c) that lies in l3 has the property that prices of
the first two goods are equal to each other in every period: in one period they are both
high (above their equilibrium value) and in the next period they are both low (below
their equilibrium value). In this case p 3 has to adjust to neutralize the fluctuations in
Pi (and p2). This happens when z13 (p*) > z12 (p*). So the burden of a change in px is
completely carried by the price of that good that is the closest substitute to good 1 (at
the equilibrium price vector).

2.5.4

D3 symmetry and the Equivariant Branching Lemma

In the previous sections we saw that a rotational symmetry leads to a Hopf bifurcation and
that a reflectional symmetry leads to a period doubling bifurcation of the equilibrium price
vector when it loses stability. We now want to study the case where the adjustment process
has both a rotational and a reflectional symmetry. We can then apply the Equivariant
Branching Lemma for period doubling (Chossat and Golubitsky (1988)) to arrive at the
following result.
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d) o - l . O-1/100. X-220

Figure 2.4: Primary bifurcations for the tâtonnement process with different symmetry
groups, a) Invariant closed curve created in Hopf bifurcation for the tâtonnement process
with cyclical symmetry, a == 1, ß = \, a = | and A = 4.5. b) Period two orbit off the
symmetry axis created in period doubling bifurcation for the tâtonnement process with
reflectional symmetry, a = | , ß = 7 = \, a = ^ and A - 25. c) Period two orbit on
symmetry axis created in period doubling bifurcation for the tâtonnement process with
reflectional symmetry, a = | , ß = 7 = A, p- = -i and A = 25. d) Six period two orbits
created in symmetry breaking period doubling bifurcation in tâtonnement process with
cyclical and reflectional symmetry, a = 1, a = -r^- and A = 220.
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Proposition 2.5 Assume that the symmetric equilibrium price vector p* = (1,1,1) of
the tâtonnement process with rotational and reflectional symmetry group Tf = D 3 =
{ƒ, M312, M213} is stable for X > 0 small enough, p* undergoes a period doubling bifurcation as X goes through
XU1 = - 7 - ^ T - T .

(2-21)

3zn (p*)
At this value of X six period two orbits emerge, three stable and three unstable. For every
fixed point subspace lui = 1,2,3 there is a period two orbit on k and a period two orbit
off k but with a reflectional symmetry with respect to k.
Proof. To proof Proposition 2.5 we use the following result (Chossat and Golubitsky
(1988, Theorem 4.1)).
Theorem 2.1 Equivariant Branching Lemma for period doubling. Consider a dynamical
system h : JRn —> lRn with a symmetry group Th. Assume that I \ acts absolutely irreducibly on lRn, that J*h = - / „ and that dim Fix (M) = l,fora subgroup M C Th© {±In}.
Then generically, there exists a branch of period two points for h bifurcating at the fixed
point and tangent to Fix (M) at the fixed point. If M C Th, then the branch lies in
Fix(M).
Sketch of proof of Theorem 2.1. The symmetry group Fh is said to be acting
absolutely irreducible on IRn if the only matrices commuting with all symmetries of i \ are
multiples of the identity matrix. Then at a bifurcation all eigenvalues are equal to +1 or
all eigenvalues are equal to —1. For a good understanding of the bifurcation that occurs
when all eigenvalues are equal to —1, it is useful to discuss the case where all eigenvalues
are +1 first. Recall that the fixed point subspace of a symmetry is an invariant space of
the dynamical system. Now if h (.) has a symmetry with a one dimensional fixed point
subspace then the search for fixed points can be confined to this fixed point subspace.
This gives the Equivariant Branching Lemma which states that for every subgroup of i \
that has a one dimensional fixed point subspace there exists a branch of fixed points of
h bifurcating at the origin. This branch lies in this fixed point subspace (for a discussion
of this theorem see Golubitsky, Stewart and Schaeffer (1988, Chapter XIII)).
If all eigenvalues are equal to —1 the analysis is more complicated. The normal form
does not only commute with the symmetry group I \ but also with the linear part of the
dynamical system which is — In (Chossat and Golubitsky (1988)). Therefore the normal
form commutes with I\© {±-fn}- Now we can apply the same reasoning as above, only
we have to distinguish between subgroups with a one dimensional fixed point subspace
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that are in 1^ and ones that are in Th© {±In} but not in Fh. Therefore, there exists a
branch of period two points bifurcating at the fixed point and tangent to Fix (M), for
each M € I \ © {±In} with dim Fix (M) = 1.
Proof of proposition 2.5. We can now use Theorem 2.1 to proof proposition 2.5.
Prom proposition 2.2 it follows that the symmetry group D 3 acts absolutely irreducible on
M\. Furthermore D 3 © {±/3} contains six subgroups that have a one dimensional fixed
point subspace. Three of these are also in D 3 , namely the three Z 2 symmetries with fixed
point subspaces /1, l2 and /3, respectively. The three other fixed point subspaces l{, l2 and
11 can be obtained by rotating li, l2 and l3 over \-K. Application of Theorem 2.1 then
gives the result. •
For A > XHf six period two orbits exist, three of which are stable. Figure 2.4.d)
shows the six period two orbits for a tâtonnement process with D 3 symmetry (a = 1, a =
TjjQ, A = 220). In this case the three period two orbits off the symmetry axes are stable.
Up till now we have seen that when the symmetric equilibrium price vector loses stability
the resulting attractor has the same pvmmetry group as the symmetric equilibrium price
vector. For the period two orbits emerging in the case where the tâtonnement process
has both symmetries this no longer holds. These period two orbits only have a reflection
symmetry. In fact rotating each of these period two orbits over |7r gives one of the other
period two orbits. Thus the symmetry of the three coexisting period two orbits is smaller
than the symmetry of the equilibrium price vector. Therefore the bifurcation described
in proposition 2.5 is called a symmetry-breaking bifurcation.

2.6
2.6.1

Global dynamics
Symmetry-breaking and -increasing bifurcations

In Section 2.5.4 we have seen that when the symmetric equilibrium price vector of a
tâtonnement process with both a reflectional and a rotational symmetry loses stability
three attracting and coexisting period two orbits emerge. Each of these new attractors
only has a Z2 symmetry. The symmetry group of the attractor of the tâtonnement process decreases from {ƒ, M2\z, M312} to either {I, M2n} , {I, MZ2\} or {ƒ, Mi32}. However,
the attractors in Figure 2.3 which come from tâtonnement processes with D 3 symmetry
are fully symmetric. So as A increases at a certain point the symmetry group of the
attractor has to increase again. This happens at a symmetry increasing bifurcation. Such
bifurcations seem to be generic in tâtonnement processes with D3 symmetry.
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a) A-220

b) J-258

c) 1-260

d) X-261

Figure 2.5: Bifurcation scenario for tâtonnement process with D3 symmetry, a = 1,
a = jig. a) A = 220, b) A = 258, c) A = 260, d) A = 261.
Consider one of the stable period two orbits that emerges after the symmetry breaking
period doubling bifurcation. This period two orbit undergoes a bifurcation route to chaos,
resulting in a Z2-symmetric strange attractor. By symmetry there are two other, conjugate
Z2-symmetric strange attractors. As the speed of adjustment increases these attractors
grow in magnitude. At a certain point these attractors with Z2 symmetry merge into one
attractor which inherits all symmetries of the conjugate attractors and therefore has D 3
symmetry again.
Figure 2.5 illustrates one such a bifurcation scenario.11 After the symmetry breaking
period doubling bifurcation there are three stable period two orbits (one of them is shown
" T h i s particular bifurcation scenario corresponds to scenario 3 in Chossat and Golubitsky (1988).
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Figure 2.6: Bifurcation curves for tâtonnement process with cyclical symmetry, a = 1
and er : 4l
-

in Figure 2.5.a)). The period two orbit undergoes a Hopf bifurcation and an invariant
set consisting of two closed curves emerges. More important for the global dynamics is
the emergence of a stable period six orbit in the neighbourhood of each stable period
two orbit. This period six orbit emerges through a saddle-node bifurcation of f6 (we will
return to this bifurcation in the next section since it also plays an important role in the
tâtonnement process with only a rotational or only a reflectional symmetry). Each of
these stable period six orbits undergoes a Hopf bifurcation resulting in an attracting set
consisting of six closed curves (Figure 2.5.b)). From this six closed curves a two piece
strange attractor is created (Figure 2.5.c)). There are three of these strange attractors.
If the speed of adjustment grows a little more a symmetry increasing bifurcation occurs
and these three attractors merge into a large attractor with D 3 symmetry (Figure 2.5.d)).
This kind of bifurcation scenario (from an equilibrium price vector with D 3 symmetry
to three attractors with Z2 symmetry and then again to an attractor with D 3 symmetry)
seems to occur for all tâtonnement processes with D 3 symmetry. However as we will see
in the next two subsections, these symmetry breaking and increasing bifurcation routes
can also occur for systems with only a Z 2 or R 3 symmetry.
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P2

o) X-4.85

P1

b) X-4.90

P2

c) X-4.925

d) i - 4 . 9 3

Figure 2.7: Bifurcation scenario for tâtonnement process with cyclical symmetry, a = 1,
ß = I, a = I. a) A = 4.85, b) A = 4.90, c) A = 4.925 and d) A = 4.93.

2.6.2

Rotational symmetry

From Section 2.5.2 we know that the economy with a rotational symmetry undergoes a
Hopf bifurcation as the speed of adjustment increases. For A < A6^ the equilibrium price
vector p* = (1,1,1) is locally stable. For A > Xuf the equilibrium price vector is unstable
and there is an attracting invariant closed curve. The dynamics on this curve can be
periodic or quasi-periodic. Generically as A increases the system undergoes numerous
bifurcations resulting in periodic orbits on the closed curve. Then two periodic orbits,
of the same period, arise on the closed curve, one stable and one unstable. The stable
periodic orbit attracts almost all points on the closed curve and the dynamics are then
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periodic (this periodic orbit may however have a very long period). If for a certain value
of the speed of adjustment such a periodic orbit does not exist the dynamics on the closed
curve are quasi-periodic: the orbit of each point on the closed curve comes back arbitrarily
close to that point but not exactly. The orbit fills up the closed curve completely. The
time series of such an orbit is almost but not exactly periodic.
For some regions of parameter values a period three orbit plays an important role.
Figure 2.6 presents bifurcation curves for the model with a = 1 and a = \. These
bifurcation curves show those combinations of ß and A at which a specific bifurcation
occurs.
The curve denoted Hopf represents the Hopf-bifurcation of the symmetric equilibrium
p* as described above. The curve denoted Saddle-node (/ 3 ) gives the values of ß and
A at which a saddle-node bifurcation of the third iterate of the tâtonnement process
takes place. At these values of ß and A and the prices p at which such a bifurcation
occurs we have that one of the eigenvalues of the Jacobian of the system p t + 3 = f3 (ps)
becomes +1 and two period three orbits emerge, one stable and the other a saddle. Both
period three orbits have symmetry M3i2, that is, if this three cycle is { p \ p 2 , p 3 } , then
p 2 = M312P1 and p 3 = M312P2. The curve Hopf (/ 3 ) gives the values of ß and A for
which the stable period three cycle undergoes a Hopf bifurcation and an invariant set
consisting of three closed curves emerges. Now take for example ß = \. Then from
Figure 2.6 there are values As"3, Xh and AM of A with As"3 < Xh < Xh3 such that we
have the following: for A < A8"3 the symmetric equilibrium is the unique attractor: for all
initial price vectors the tâtonnement process converges to p*. For A = \h the symmetric
equilibrium price vector becomes unstable. For Asn3 < A < Xh there are two attractors:
the symmetric equilibrium and a stable period three orbit. For A f t < A < A / i + £ : < A 3
there are also two attractors: an invariant closed curve around the unstable symmetric
equilibrium and a stable period three orbit. At a certain value of A (A < A < A 3) the
invariant closed curve loses stability and all points converge to the period three orbit.
For A > Ah3 there is an attracting invariant set consisting of three closed curves. As A
increases even more this three piece attracting invariant set bifurcates into a three-piece
strange attractor (an example of an attractor created in this way is the one shown in
Figure 2.1.b)). The behaviour of the tâtonnement process for large A is governed by
what happens with the period three orbit instead of what happens with the symmetric
equilibrium. Similar bifurcation scenarios, only then involving a period six orbit emerging
in the neighbourhood of a period two orbit, occur for the tâtonnement process with D3
or Z2 symmetry.
We now discuss a bifurcation scenario for one particular tâtonnement process with
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cyclical symmetry. We take a = l)ß = j a n d m= \. In this case a Hopf bifurcation occurs
Hf
an attracting closed curve
a t xuf = 35+2H| w 4 2446. For values of A larger than X
exists. As A increases this closed curve becomes larger. For a certain value of the speed
of adjustment (A « 4.8955) a saddle node bifurcation of / 5 on the curve occurs and two
period 5 orbits emerge, one stable and one unstable. This period 5 cannot have a cyclical
symmetry, so there have to be two other stable period 5 and two other unstable period
5 orbits. Since these orbits have no nontrivial symmetry this is a symmetry breaking
saddle node bifurcation resulting in three coexisting attractors. These coexisting period
5 orbits undergo a cascade of period doubling bifurcations resulting in three coexisting
five piece strange attractor. As the speed of adjustment increases even more (A « 4.9278)
these three coexisting strange attractors merge into one large attractor. This attractor
has a cyclic symmetry again and the last bifurcation therefore is a symmetry increasing
bifurcation. Figure 2.7 shows the attractors for some values of A for this specific example.

2.6.3

Reflection symmetry

We now want to see what happens to the period two orbits in the tâtonnement process
with Z2 symmetry when the speed of adjustment A increases. We distinguish between the
two different period two orbits that were discussed in Section 2.5.3.
First consider the period two orbit that lies in the fixed point subspace ls. This period
two orbits consists of two symmetric equilibria of f2. Since f2 has the same symmetry
group as ƒ it follows that the eigenvalues of the Jacobian of f2 evaluated at one of the
fixed points are real and a Hopf bifurcation cannot occur. But in this case we cannot
ignore the possibility of an eigenvalue going through +1 as A increases. There seem to be
two possible bifurcations: a period doubling bifurcation resulting in a stable period four
orbit, or a pitchfork bifurcation resulting in three period two orbits , two of which are
stable. Let {p1^2} e l3 be the period two orbit. It is easy to see that the eigenvalues r]1
and r)2 of the Jacobian of f2 evaluated at p 1 are equal to the product of the eigenvalues of
the Jacobians of ƒ evaluated at p 1 and p 2 : r]1 = /ix (p1) /^ (p2) and TJ2 = fi2 (p1) fi2 (p 2 ).
The eigenvector corresponding to ^ lies perpendicular to the fixed point subspace and
the eigenvector corresponding to r]2 lies in the fixed point subspace. It is important again
which eigenvalue goes through ±1 first. Numerically we only observe the following two
bifurcations as A increases:
2
• Vi = 1: a symmetry breaking pitchfork bifurcation of f occurs. The symmetric
period two orbit loses stability and the two new period two orbits are stable and
asymmetric,
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Figure 2.8: Period doubling bifurcation curves for the tâtonnement process with reflectional symmetry, ß = ±, .7 = | and a = j ^ .
• % = - 1 : a period doubling bifurcation of / 2 occurs. The period two orbit loses
stability and a stable period four orbit emerges. This new attractor lies in the fixed
point subspace.
Of these two the latter occurs more often. This period doubling bifurcation is followed
by a cascade of period doubling bifurcations leading into a one-dimensional attractor that
fills up part of the fixed point subspace. An example of such an attractor is given in
Figure 2.2.a).
Now consider the case where the stable period two orbit created through the period
doubling bifurcation of the equilibrium price vector does not lie in the fixed point subspace.
In this case p 1 and p 2 correspond to asymmetric fixed points of f2. Nothing much
can be said about this. However, from simulations we found two important secondary
bifurcations, reminiscent of the bifurcation in the tâtonnement process with rotational
symmetry. One is the Hopf bifurcation and the emergence of an attractor consisting of
two invariant cycles. The other possibility is this same Hopf bifurcation accompanied by
a saddle-node bifurcation of f6 in the neighbourhood of the period two orbit resulting in
an attracting period six orbit. The behaviour of this period six orbit then governs what
happens to the tâtonnement process as the speed of adjustment grows even more. An
example of an attractor created from such a process is shown in Figure 2.2.b).
Figure 2.8 shows bifurcation curves for the tâtonnement process with symmetry group
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Figure 2.9: Bifurcation scenario for tâtonnement process with reflectional symmetry a =
1, ß = \, 7 = \, o- = ^ . a) A = 25, b) A = 27, c) A = 28 and d) A = 28.35.

{ƒ, M213} and ß = 7 = i,<T = i
Curve 1 corresponds to combinations of a and A
at which /^ equals - 1 and curve 2 corresponds to combinations of a and A at which
/x2 equals - 1 . The two curves intersect at the point a where a = | . We obtain the
following information from this diagram. The equilibrium price vector p* is locally stable
if (a, A) lies in area I. If (a, A) lies in II or III then p* is a saddle point. In (the lower
parts of) II there is a stable period two orbit off of /3 and in (the lower parts of) area
III there is a stable period two orbit on l3. In area IV the equilibrium price vector p*
is a repellor. With respect to the second bifurcation we have the following numerical
results: for a € (0,a 0 ) with a0 « 0.057 the period two orbit on the symmetry axis
undergoes a pitchfork bifurcation resulting in three period two orbits, one unstable and
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on the symmetry axis and two stable and off of the symmetry axis. For a e (a 0 , f ) the
second bifurcation is a period doubling bifurcation resulting in a stable period four orbit
in the fixed point subspace Z3. For a G (§, l] the stable period two orbit lies off of the
symmetry axis and f2 undergoes a Hopf bifurcation.
At the point a (a = ±) both eigenvalues are equal to - 1 : p* goes immediately from
being an attractor to being a r^pellor. Notice that, since ß = 7 = | , for a = \ we have
a tâtonnement process with D 3 symmetry. However the case where both eigenvalues go
through - 1 simultaneously occurs also in "proper" Z2-symmetric tâtonnement processes
when ß ± 7 and z12 (p*) = z13 (p*). Then we have a so called codimension 2 bifurcation
in the spa^e of Z2-symmetric tâtonnement processes.
Now we consider one particular bifurcation scenario. Figure 2.9 shows the bifurcation
scenario for the case with a ="l,'ß = 5,7 - \ and a = i . For \uf « 20.01 a period
doubling bifurcation occurs resulting in a period two orbit off l3. As A increases two
bifurcations occur: the period two orbit undergoes a Hopf bifurcation (at A « 26.23)
resulting in an attracting invariant set consisting of two closed curves, and a saddle node
bifurcation of f6 occurs (this happens at A « 26.88) resulting in two period 6 orbits, one
stable and one unstable. The stable period 6 orbit undergoes a cascade of period doubling
bifurcations resulting in a two piece strange attractor (Figure 2.9.c)). As the speed of
adjustment A increases even more this two piece strange attractor becomes a one piece
strange attractor (Figure 2.9.d)). Notice that if we consider the dynamical system f2
then the Z 2 symmetric two piece strange attractor of ƒ corresponds to two asymmetric,
conjugate attractors of f2 and the change of this two piece attractor of ƒ 2 into a one piece
attractor corresponds to a symmetry increasing bifurcation.

2.7

A price adjustment process close to one with D 3
symmetry

Thus far we concentrated on global dynamics of symmetric tâtonnement processes. Depending on this symmetry, different kinds of bifurcations occur. In particular a bifurcation
from a stable steady state to six coexisting period two orbits occurs in the tâtonnement
process with D 3 symmetry. Then, as the equilibrium price vector loses stability, three
coexisting attracting period two orbits emerge. Obviously, a price adjustment process
with a D 3 symmetry is very special. The question thus arises whether the analysis of
a special symmetric tâtonnement process is useful in order to understand the global dynamics of general asymmetric tâtonnement processes. In this section we show that nearby
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Figure 2.10: a) Stable period two curves for tâtonnement process with D3 symmetry (a y : = 1,<7 = jgg) created through symmetry breaking period doubling bifurcation,
b) Period two curves in a tâtonnement process close to D3 symmetry
(a y = l,ai2 = 0.95, a 13 = 0.9, a = ^ ) .
asymmetric tâtonnement processes exhibit bifurcation routes to strange attractors very
similar to the special symmetric bifurcation routes. Therefore, symmetric tâtonnement
processes can serve as an "organizing centre" in the analysis of the global dynamics in
general tâtonnement processes.
We study a numerical example with the following parameter values

A=

,o =

100'

(2.22)

and initial endowments as before.
Notice that the multiplicative price adjustment process with these preferences has no
nontrivial symmetry, but that it is close to a price adjustment process with D 3 symmetry.
The equilibrium price vector is p* = (1.0177656,1.0002052,0.9820292) and the eigenvalues of the Jacobian evaluated at this equilibrium price vector are px = 1 — 0.00982501A
and /j,2 = 1 - yijA, respectively. A period doubling bifurcation occurs at Xbif = 200
resulting in a stable period two orbit. Only one period two orbit emerges. However as A
increases to A3"1 « 228.2 the second iterate of the price adjustment process, f2, undergoes
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Figure 2.11: Attractors for asymmetric tâtonnement process. a)-c) three different coexisting attractors for A = 259. d) unique attractor for A = 265.

a saddle node bifurcation and two period two orbits emerge, one stable and one unstable.
As A increases even more to A8"2 « 237.0 f2 undergoes a second saddle-node bifurcation
occurs again resulting in a stable and an unstable period two orbit. Just as in the price
adjustment process with D 3 symmetry three coexisting stable period two orbits exist. In
this case however, these period two orbits are not created through a single bifurcation at a
single value of the bifurcation parameter A, but through a series of bifurcations at different
values of A. Figure 2.10 shows two bifurcation diagrams. Figure 2.10.a) shows the three
stable period two orbits created in the symmetry breaking period doubling bifurcation for
the tâtonnement process with D 3 symmetry (a^ — l,<x — ^ ) and Figure 2.10.b) shows
three stable period two orbits and three unstable period two orbits created in the period
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Figure 2.12: Aggregate demand of good 1 on ^. a) Saddle-node bifurcation, b) Transcritical bifurcation.
doubling and saddle-node bifurcations for the asymmetric tâtonnement process described
above.
Each of the three coexisting stable period two orbits undergoes a bifurcation route to
a strange attractor, with bifurcations occurring for different values of the speed of adjustment A. Therefore for certain values of A there are three different coexisting attractors.
Figure 2.11.a)-c) shows the three different coexisting attractors for A = 259. As A increases more the three coexisting attractors merge, just as in the symmetric case, to one
large attractor. This attractor is shown in Figure 2.11.d) for A = 263.
This example illustrates that the bifurcation scenario of the price adjustment process
with a D3 symmetry might tell us something about the behaviour of a price adjustment
process that has no nontrivial symmetry but that is close to a price adjustment process
with D3 symmetry.

2.8
2.8.1

Multiplicity of equilibria
Transcritical and saddle-node bifurcations: a case study

Up till now we have focused attention on what happens with the equilibrium price vector
if the speed of adjustment is increased. We have seen that an attracting closed curve, a
stable period two orbit or three coexisting stable period two orbits emerge, depending on
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the symmetry of the economy, when the equilibrium price vector loses its stability. These
bifurcations take place when the eigenvalues are complex conjugates and |MI,2| = 1> when
they are real and min {^,p,2} = — 1 or when they are real and p,x = ß2 — — 1, respectively.
We also argued that bifurcations where one of the eigenvalues goes through +1 do not
occur when the speed of adjustment A increases since A cannot influence the number of
equilibria. However, an eigenvalue can equal +1 as another parameter varies. In this
section we will show that a saddle-node and a transcritical bifurcation occurs in our
tâtonnement process with symmetry group Y f = D3 as a decreases. Because we cannot
find an explicit expression for the asymmetric equilibrium price vectors in terms of a we
present a numerical analysis. We will investigate the case with a = ^ . Our analysis is
somewhat similar to Bala (1997) who shows that for the continuous tâtonnement process
in a symmetric exchange economy with two commodities and CES utility functions the
symmetric equilibrium price vector undergoes a pitchfork bifurcation for certain parameter
values.
The only fully symmetric equilibrium price vector is p*= (1,1,1) which is an equilibrium for all values of a and a. The new equilibria must therefore have a smaller symmetry
group. We will restrict attention to the set lx = {p e S3 | p2 = P3}. Using symmetry we
find that 22 (p) = 23 (p) for p eh and from Walras' Law we find that piZi (p) = — 2p2z2 (p)
for p eij. Hence a zero of z\ (p) with p el\ corresponds to an equilibrium price vector.
Notice that such an equilibrium has symmetry M^2 and that therefore there have to
be two other asymmetric equilibria related to this one by symmetry. We now have the
possibility to study the multiplicity of equilibria (in l{) with the aid of simple diagrams
(such a graphical analysis is always possible for a general equilibrium model with two
commodities, see for example Bala (1997) and one of the examples in the next chapter).
Figure 2.12 shows the function z\ (pi) = Z\ (pi, ^p*, ^ 1 ) for er = ^ and different values
of a. Figure 2.12.a) illustrates a subcritical saddle-node bifurcation. At asn « 0.051138
a new equilibrium p s n « (1.7556,0.6222,0.6222) emerges. The eigenvalues at this price
vector are /ix « 1 and fi2m 1 — 0.034A. For a > asn there are no equilibrium price vectors
in the neighbourhood of p s n and for a < asn there are two equilibrium price vectors in
the neighbourhood of psn. The new equilibrium price vector with zn(pi) < 0 is locally
stable for A small enough, the new equilibrium price vector with 2n (pi) > 0 is unstable
for all A > 0. Due to symmetry two other saddle-node bifurcations occur at asn and price
vectors p =M 3 i2p s " and p =M 2 3ip sr \
As a decreases further the distance between the new asymmetric equilibria in Figure
2.12.a) increases until, at a certain value of a, one of the unstable equilibrium price
vectors collides with the symmetric equilibrium p* and changes stability, as shown in
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Figure 2.12.b). At p* we have ß12 = 1 + §Azu (p*). The transcritical bifurcation occurs
when z„ (p*) = 0. This happens at atc = (^)"
= ( £ ) 1 0 « 0.041397. For a > atc the
symmetric equilibrium price vector p* is locally stable for small enough A > 0. For a < atc
the symmetric equilibrium price vector is unstable and the asymmetric equilibrium price
vector is stable. Because of symmetry, at a = atc four equilibria collide and change
stability. Notice that this is a straightforward application of the Equivariant Branching
Lemma for fixed points.
We can summarize the bifurcation scenario for an economy with T/ = D3 and a = ^
in the following table (keep in mind that this table only contains information about the
equilibria that lie on the symmetry axes).
a

# equilibria ( # locally stable equilibria)
3n

a > a
a = asn
atc < a < am
a = atc
0 < a < atc

1(1)
4(1)
7(4)
4(3)
7(6)

Here stability has to be interpreted as follows: there is a A > 0 such that for every
A £ (Oi^) the equilibrium price vector is locally stable. Of course, as the speed of
adjustment increases enough all equilibrium price vectors become unstable.
Notice that the bifurcations in this subsection only depend on the aggregate demand
functions and not on the adjustment rule.

2.8.2

The continuous tâtonnement process

It may be useful to compare the results of the last subsection with the continuous tâtonnement process. For continuous dynamical systems an equilibrium is locally stable if the
real parts of the eigenvalues are negative. A bifurcation of the continuous system occurs
when an eigenvalue crosses the imaginary axis. If the eigenvalue is real for example a
saddle-node or a transcritical bifurcation occurs and if the eigenvalues lie on the imaginary axis a Hopf bifurcation occurs. The eigenvalues r]1 2 of the continuous tâtonnement
process -£*• = Z; (p (t)) are related to the eigenvalues of our discrete tâtonnement process
(2.7) in the following way: r\i = iii^-, where A is the speed of adjustment of the discrete
tâtonnement process and /j,{ is an eigenvalue of the discrete tâtonnement process. Hence
the saddle-node and transcritical bifurcations described above also occur in the continuous tâtonnement process. For an economy with rotational symmetry, Tf = {I,Mz\2\, a
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Hopf-bifurcation occurs in the continuous tâtonnement process when zn (p*) = 0, since
in that case both eigenvalues lie on the imaginary axis.
These cases are similar to Scarf's well-known examples of global instability (Scarf
(I960)). Scarf proves that for the continuous tâtonnement process with a R 3 symmetry the
equilibrium price vector is globally unstable if z n (p*) > 0. In this case the (continuous or
discrete) tâtonnement process (which is based on the assumption that aggregate demand
for a good falls when its price increases) moves away from the equilibrium price vector. So
the instability in the examples of Scarf and in the cases studied in the previous subsection
arises from the form of the aggregate excess demand functions. In the discrete case with
"well-behaved" aggregate demand functions the continuous tâtonnement process is stable
but the discrete tâtonnement process can be unstable due to overshooting: for A too high
the tâtonnement process jumps too far over the equilibrium price vector. Instability in
this case results from the specification of the adjustment rule.

2.9

S u m m a r y and conclusions

Price normalization plays an important role in the dynamics of the tâtonnement process.
The tâtonnement process can be stable under one normalization rule and unstable under
another. Furthermore, by introducing a normalization rule some information is lost. We
have argued that for the multiplicative price adjustment process, using the simplex as a
normalization rule is natural since the multiplicative price adjustment process leaves the
simplex invariant.
In studying the dynamical behaviour of our tâtonnement process we have focused on
the cases where some nontrivial symmetry is present. We find that if the tâtonnement
process has
• a rotational symmetry the symmetric equilibrium loses stability through a Hopf
bifurcation,
• a reflectional symmetry the symmetric equilibrium loses stability through a period
doubling bifurcation,
• both symmetries the symmetric equilibrium price vector loses stability through a
symmetry breaking period doubling bifurcation.
In this last case the symmetry breaking bifurcation is followed by an infinite sequence of
bifurcations leading to three coexisting conjugate strange attractors eventually resulting
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in a unique strange attractor again. Eventually a symmetry increasing bifurcation occurs where the three conjugate attractors merge into one unique attractor, which is fully
symmetric again. We also encountered symmetry breaking and increasing bifurcations
when the tâtonnement process has only a cyclical or refiectional symmetry. Obviously
the symmetry of the tâtonnement process plays an important role in the dynamics of that
tâtonnement process. Studying symmetric tâtonnement processes has been a first step,
and may serve as an organizing centre in understanding the possible bifurcation routes in
the multiplicative tâtonnement process on the simplex. The example in Section 2.7 shows
that the bifurcation scenario in a symmetric tâtonnement process can tell us something
about the bifurcation scenario in a tâtonnement process without symmetries.
The study of symmetric general equilibrium models has lead to another interesting
result. It appears that the asymmetric equilibria of a general equilibrium model with a
cyclical symmetry (like the ones that were found in Section 2.8) correspond to equilibrium
cycles in a related overlapping generations model. This relationship is the subject of our
next chapter.

