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Chapter 4 

Learning World Models 

Although world models are usually not known a priori, it is possible to learn the world model 
from experiences. Learning world models by RL has wide applicability. If we first learn a 
model and then compute a Q-function, we can significantly improve the learning speed for 
particular environments. Furthermore, models are useful to improve exploration behavior, to 
explain causal relationships, to explain why the agent prefers some choice over another, and 
to report what the agent has been doing most of its time. 

This chapter describes how causal models can be learned by monitoring the agent in the 
environment and how they can be used to speed up learning. These causal models can be 
represented in different ways. We will concentrate on statistical maximum likelihood models 
which return a probability distribution over successor states given the current s tate and 
selected action. These models are approximations of the underlying transition and reward 
functions of the MDP and can be used by DP-like methods to compute Q-functions. The 
model-based RL agent has two goals: (1) to minimize the prediction error of the model so 
that optimal or near optimal policies may be computed, and (2) to spend most computat ional 
resources on the most promising parts of the s ta te /act ion space to obtain high cumulative 
rewards with little computational effort. 

O u t l i n e . We will assume finite MDPs. First we will explain how gathered experiences 
are integrated into a model. Dynamic programming (DP) techniques could immediately be 
applied to the estimated model, but online DP tends to be computationally very expensive. 
The estimated world model is updated after each experience and fully recomputing the policy 
is not practical for large s ta te /act ion spaces. Hence, we will use methods which can change the 
policy much faster. These methods direct state value updates towards the most interesting 
parts of the space. The first method we will propose uses 1-step lookahead Q-learning (a 
member of the family of Real Time Dynamic Programming (Barto et al., 1995) algorithms). 
By using the model Q-learning is significantly improved, but the method does not effectively 
use the complete model. A second, very efficient algorithm is prioritized sweeping (PS) 
(Moore and Atkeson, 1993) which only updates SAPs for which there will be large update 
errors. Finally, we present an alternative prioritized sweeping algorithm, which is quite similar 
to Moore and Atkeson's PS, but manages the updates in a different, more exact, way. 

Other methods, which we will shortly describe in the discussion are Dyna (Sutton, 1990) 

'if an agent is acting in the real world and uses a world model, it can simulate possible scenario's resulting 
from a particular action, and use desired or undesired happenings inside these scenario's to explain why it 
prefers some action. 
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56 CHAPTER 4. LEARNING WORLD MODELS 

and Queue-Dyna (Peng and Williams, 1993). These methods learn action models by recording 
(frequently) observed experiences and replay these experiences to speed up directed reinforce
ment learning. These methods work well for deterministic environments, but for stochastic 
environments they have no principled way to deal with multiple successor states. E.g. if only 
one successor s tate is replayed, the Q-function will become biased towards it. 

4.1 Extracting a Model 

In the previous chapter, we updated the Q-function using generated trajectories and made 
use of traces to track state dependencies for weighing update steps. Now we want to use con
nections in the s ta te /act ion model for updat ing the Q-function. When we store the complete 
model and we are given a new experience, we can propagate a change of a state value to all 
other state values using the directed probabilistic graph. 

Given a set of examples, we have to choose a model and compute its parameters. To 
define which model 0 and parameters Ç reflect the experimental da ta d best, we can use a 
likelihood function. This likelihood function gives us the probability P ( 0 ; (\d) tha t our model 
and parameters are the right one given the data. We can rewrite this with Bayes' rule as: 

Where P(d) is a normalizing constant and denotes the probability of generating the da ta 
(the complete set of generated experiences). One reason why the likelihood function is of 
importance is given by the likelihood principle. This tells us tha t assuming the model is 
correct, all the da ta has to tell us about the goodness of parameters is contained in the 
likelihood function (Box et al., 1994). 

In our case, we know which model is the right one, namely a connected s ta te /act ion 
transition graph consisting of transition probabilities and rewards. One simple way of induc
ing these parameters from a set of experiences is to count the frequency of the occurrence 
of experimental data, which are quadruples of the form (st,a.t,rt, Sf+i) received during the 
interaction with the environment. For this, the agent uses the following variables: 

Cfj = number of transitions from state i to state j after executing action a. 
C" = number of times the agent has executed action a in state i. 
Rfj = sum of the rewards received by the agent by executing action a in state i 

after which a transition was made to state j . 

The maximum likelihood model (MLM) consists of maximum likelihood estimates which max
imize the likelihood function. We represent the MLM by matrices of transit ion probabilities 
and matrices of rewards and estimate the parameters of these matrices by computing the 
average probabilities over possible transitions and the average reward: 

A » <- ̂  (4.1) 

D Q 

R(ha,j)^-4 (4.2) 
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After each experience, the variables are adjusted and then the MLM model is updated. It 
is easy to see that these parameters maximize the probability of generating the da ta (single 
experiences).2 If observations are without noise (the agent always perceives the real world 
state), we have a deterministic reward function and the estimated reward for a particular 
transition R(i, a, j) is known (and equal to R(i, a, j)) after a single experience. For estimating 
the transition probabilities, we need to have multiple occurrences of the transition in our 
experimental data, since there are multiple outcomes (in this case next states) given the 
occurrence of each s ta te /act ion pair and we want to have a good estimate of the probability 
of each possible outcome. To see how many experiences we need to compute fairly precise 
models, we show the bias and variance of the estimates as a function of the number of times 
a s ta te /act ion pair has occurred. 

B i a s . There is no bias. This is clear, since experiences are directly sampled from the 
underlying probability distribution and we use the correct model consisting of transition 
probability and reward matrices and so the estimator is unbiased. Note also that it is a 
maximum likelihood model. We do not use a prior on the model, but initialize all counters 
to 0 (this has the effect tha t initial policy changes can be very large though). 

Variance . While updat ing, each transition probability changes in a stochastic manner. 
As a measure of the size of update steps, we can use the variance. The variance of Pij(a) 

after n occurrences of the SAP (i, a) is: 

V a r ( 4 ( a ) | n ) = £ ( * - PlJ{a)f ( ? ) (1 - P „ - ( a ) ) » - » ( ^ ( a ) ) * = ^ ( ° ) ( 1 " ^ ( o ) ) 

k=o n W n 

The variance goes to 0 as n —> oo and so in the limit we have the exact estimate. To give 
an indication of the number of needed occurrences, assume that Py (a) = 0.5. Then we have 
to try out the SAP (i,a) 100 times before the s tandard deviation Stdev(Pij(a)) = 0.05. For 
general problems, however, we do not need to know all transition probabilities as accurately, 
but use exploration to focus on some parts of the state space. Note also that since the policy 
is computed from the model, learning from new experiences may decrease the performance of 
the policy as long as the variance is significant. Therefore model-based learning is in principle 
a stochastic approximation algorithm. 

4.2 Model-Based Q-learning 

The MLM can be combined with the DP-algorithms from Section 2 to compute a policy. 
Although the resulting policy may make optimal use of the experiences generated so far, it 
usually costs a lot of computat ional t ime to use DP-algorithms in an online setting, especially 
when the state-space is quite large. A more efficient way to recompute the policy introduces 
some bias to choose which computations really need to be performed. One simple, but quite 
effective method is using one-step Q-learning on the model — which is the simplest version in 
the family of adaptive Real Time Dynamic Programming methods (Barto et al., 1995). This 
method updates the Q-value for the current s ta te /act ion pair after it has been executed and 
the model has been updated by: 

Note that they do not maximize the probability of generating the complete state-trajectories, since many 
new (spurious) trajectories become possible. 
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Q(i,a) «-ÇA*M(£(W")+7V(J')) (4.3) 
i 

This update rule makes more efficient use of the experiences than s tandard Q-learning. We 
can see this as follows. For Q-learning, a particular update , let's say of Q(i,a) (which in our 
case equals V{i)) will only be used to adapt other Q-values if afterwards there occurs another 
s ta te /act ion pair (j, b) leading to state i. For model-based learning updates are already used 
if the model contains a transition from a s ta te /act ion pair (j, b) to s tate i. This transition 
does not have to reoccur. A new occurrence of (j, b) will automatically take V(i) 's update 
into account. Therefore it may need significant fewer experiences, although single update 
steps are computationally more expensive (the update complexity depends on the number 
of possible outgoing transitions). Note, however, tha t for deterministic environments both 
methods are identical. 

Variance of M o d e l - b a s e d Q vs Q. We will now verify whether model-based Q-learning 
also reduces the variance in the updates . The expected size of the update of Q(i,a) after its 
(n + l)th occurrence with model-based Q-learning is: 

. n + 1 f-f. n + 1 

If all the neighbors have not been updated in the meanwhile, this can be simplified according 

to: 

'£Pij(a)(Cij{al + 1(R(,i,a,j)+1V(j)) + £^)(Ä(i>0>fc)+7V(fc)) 
. n + 1 f-f. n + 1 

-(^^-(R{i,a,j)+yV{j)) + J2^^m,a,k)+1V(k))))2 

i*i n 

= E ̂ ^ninfl) (R{h aJ) + lV{3)) - £nfrW'a'fc)+7y(/c)))2 

= E ^ M ( ; fW.«,3)+7y(j1) - j:^-(R(z,a,k)+jV(k))) 
. n + 1 r-r. n + ' 

J k^j 

= J2Plj(^(^rr(R(h^j)+'rVU) - Q(i,a)))2 

. n + 1 
j 

For Q-learning where the learning rate anneals as i the variance is: 

. n + 1 
3 

Thus, in case of no updates of any neighbor's state value, the variances are equal. If some 
neighbors have had their values updated, it depends whether their values moved closer to the 
previous value of Q(i, a) or not. Usually, in the initial phase all values in the same region 
of s tate space are increasing or decreasing together. For such environments, model-based 
learning is expected to make larger update steps, and thus will have larger variance. Note, 
however, tha t Q-learning usually does not anneal the learning rate with i and thus may have 
a (much) larger variance. 
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4.3 Prioritized Sweeping 

We want to use the directed probabilistic graph to efficiently propagate current state-value 
updates to other state-values. Although model-based Q-learning is a fast way for using 
the model, it only performs a one-step lookahead which makes information passing between 
distant states slow. When distant states are connected by high probability trajectories in 
a state space, a change in the value of the state at the end of the trajectory will cause a 
corresponding change in the other state. Since model-based Q-learning is not able to do such 
deep information passing quickly, it may need much more experiences than D P algorithms 
which will execute sufficient updates to propagate the change of a s tate 's value to all other 
states. Although this always keeps the value function up-to-date, DP performs so many 
updates for each experience, that it becomes very slow. To speed up dynamic programming 
algorithms, some management of update-steps should be performed so that only the most 
useful updates are made. To find out which updates are important , we consider an experience 
as a newsflash: it brings information to a specific region which is in some way connected to 
it, but it does not need to be known everywhere (unless it is really big news). 

An efficient management method which determines which updates have to be performed is 
prioritized sweeping (Moore and Atkeson, 1993). This method assigns priorities to updat ing 
the Q-values of different states according to a heuristic estimate of the size of the Q-values' 
updates. The algorithm keeps track of a backward model, which relates states to predecessor 
s ta te /act ion pairs. After some update of a s tate value, the predecessors of this s tate are 
inserted in a priority queue. Then the priority queue is used for updat ing the Q-values for 
the actions of those states which have the highest priority. For the experiments, we will use 
a priority queue for which a promote/remove operation 3 takes O(logn) with n the number 
of states in the priority queue. Van Emde Boas, Kaas and Zijlstra (1977) describe a more 
efficient priority queue which only needs O (log log n) for a promote/remove operation, but 
which only handles integer valued priorities in the interval 1 , . . . , n. 

Moore and Atkeson's PS uses a set of lists Preds(j), where the list Preds(i) contains all 
predecessor s ta te /act ion pairs (j, a) of a s tate i. The priority of s tate i is stored in A( i ) . 
When state i has its value updated, the transition from (j, a) to i contributes to the update 
°f Q{h a)- The priority of a s tate j is the maximal value of such contributions. The algorithm 
is shown on the next page. The parameter Umax denotes the maximal number of updates 
which is allowed to be performed per update-sweep. The parameter e controls the upda te 
accuracy. The algorithm pushes the current s ta te /act ion pair on the top of the queue (1), 
then it repeats for all queue items: Remove the top state (step 2.1), update it (steps 2.2, 2.3 
and 2.6), store the size of the update in the variable D (step 2.4), reset its priority (step 2.5), 
assign new priorities to all predecessors of the state (steps 2.7 and substeps), and insert them 
if their new priority is larger than the threshold e (step 2.7.2.2.1). 

The operations are also called insert, delete (usually the top element), and heapify which means reinsert 
an element once it has been assigned a new priority. 
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Moore and Atkeson's Prioritized Sweeping: 

1) Promot« 3 the most recent state to the top of the priority queue 

2) While n < Umax AND the priority queue is not empty 

2.1 Remove the top state i from the priority queue 

2.2 V a do: 

2.2.1 Q(i,a)+-Ejfla(o)(Ä(t,a,i)+7VÜ)) 
2.3 V'(i) <— maxa<3(i,a) 
2.4 D*-\V(i)-V'(i)\ 
2.5 A(i) <- 0 
2.6 V(i) <- V'{t) 
2.7 V (j, a) G Preds{i) do: 

2.7.1 P <- Pji{a)D 
2.7.2 If P > A(j) 

2.7.2.1 A(j) <-P 

2.7.2.2 If P > e 

2.7.2.2.1 Promote j to new priority A(j) 

2.8 n <— n + 1 

Our Prioritized Sweeping. Our implementation of the algorithm uses a set of prede
cessor lists containing all predecessor states of a state. |A(i)| denotes the priority of state 
i. This priority is at all times equal to the true size of the update of value V(i) since the 
last time it was processed by the priority queue. To calculate this, we constantly update all 
Q-values of predecessor states of currently processed states, and track changes of V(i). Our 
PS looks as follows: 

Our Prioritized Sweeping: 

1) Update the most recent state s: V a do : 
1.1 Q(s,a) <- Y.J PsjHiRis,^!) + jV(j)) 

2) Promote the most recent state to the top of the priority queue 
3) While n < Umax AND the priority queue is not empty 

3.1 Remove the top state s from the priority queue 

3.2 A(s) <-0 

3.3 V Predecessor states i of s do: 

3.3.1 V'(i) <-V(i) 
3.3.2 V a do: 

3.3.2.1 Q(i,a) <- Zj Pij{a)(R(i,a,j) + -yV{j)) 
3.3.3 V (i) <— maxa Q(i, a) 
3.3.4 A(i) <-A(i) + V(i)-V'(i) 
3.3.5 If |A(i)| > e 

3.3.5.1 Promote i to priority |A(i)| 

3.4 rn-n + 1 
4) Make priority queue empty, but keep the A(i) values 

In Moore and Atkeson's PS (M+A's PS), states are inserted in the priority queue before 
their Q-values are updated. In our method Q-values of states are updated before the states 
are inserted. We do this to have an exact estimate of the update of the state value since it 
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has been used for updat ing the priority of its predecessors. This makes the priorities exact, 
whereas M + A ' s PS calculates priorities based upon the largest single update of a successor 
state. This means that states are only inserted if at some specific t ime step their successor 
s tate makes a large update step (larger than e). If the update-steps of successor states are 
smaller but more frequent it may happen tha t the states are never inserted in the priority 
queue, although the update could be quite large.4 

Our version uses priority values of states which are calculated by summing the new change 
of the s ta te value with the old change (A(i) in step 3.3.4). This has the advantage of being 
exact, but the disadvantage is that in our method Q-values of all actions for a particular 
predecessor s tate have to be updated which is more time consuming. 

Clearing t h e priori ty q u e u e . Another choice is whether the priority queue should be 
emptied or not after the update sweep (PS-call). In the algorithm shown above, our method 
empties the queue after the PS-call (step 4) while keeping the A-values of all states. Moore 
and Atkeson's PS does not empty the queue. The decision whether to empty the queue or not 
is independent of the selected method. Keeping the queue results in a quite different update 
sweep, if, for example, at some time step the size of the update of the current s tate value 
is small. The states still on the queue are then processed. These states have probably been 
inserted few time steps ago, but it is also possible tha t they were inserted while the agent 
visited different parts of the state space. Updat ing them costs t ime and since the updates 
did not belong to the most important Umax updates at the moment they were inserted in the 
queue, we can argue that we do not want to update them at all. Note that our method keeps 
the priority values, even when items are not in the priority queue. Then, if their priority is 
large enough, they will be inserted in the future anyway — being predecessor of some other 
visited state. 

4.4 Experiments 

We have evaluated the model-based RL methods described in this chapter by performing a 
series of maze experiments. The first experiments involve again the same 50 x 50 mazes 
used in Chapters 2 and 3. In all experiments selected actions are replaced by random actions 
with 10% probability. We have used policy iteration using the a priori model to compute a 
solution. We stopped the policy evaluation once the maximum difference between state values 
between two subsequent evaluation steps was smaller than e = 0.001. Policy iteration needed 
a total of 6450 (± 480) sweeps for computing the policies. This means that about 13 million 
value update steps were performed. We will call this policy the optimal policy, although it is 
not guaranteed to be the optimal policy due to the use of the cutoff parameter e (see Chapter 
2). Stopping the evaluation prematurely speeds up the process significantly, however. 

The optimal solution-paths cost on average a bit more than 100 steps. The optimal policy 
receives a cumulative reinforcement of 78.6K ± 2.OK (IK means 1000) within 10,000 steps. 
Within 2,000 steps, the cumulative reward is 15.7K ± 0.6K. 

4This could be overcome by making e small enough, although this would result in inserting many more 
(unimportant) states as well. 
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4.4.1 Comparison between Model-based and Model-free RL 

We compare Q-learning, Q(A)-learning, model-based Q-learning and (our) prioritized sweep
ing. For all Q(A) experiments, we have used the fast online Q(A) algorithm presented in 
Section 3.4. 

E x p e r i m e n t a l s e t u p . To compare the different RL methods, we executed them on 100 
different mazes. For all methods we used the Max-random exploration rule, where we linearly 
increased Pmax from 0.7 to 1.0 (Pmax = 0.7 —> 1.0). Thus, in the beginning the agent selects 
the action with maximum Q-value with probability 70% and at the end of the simulation it 
always greedily selects the action with largest Q-value. We ran 1,000,000 actions during a 
trial and recorded the cumulative rewards during intervals of 10,000 (training) actions. After 
each 100 trials, we also performed test trials to compute the number of steps to reach the 
goal. Finally, we recorded the approximation of the learned value function by calculating the 
average distance of s tate values to the optimal ^ ' - func t ion computed with policy iteration. 

P a r a m e t e r s . For Q-learning, we used a = 1.0 and ß = 0.1. For Q(A)-learning, we use 
the same learning rate parameters and set A = 0.5. For model-based Q-learning there are no 
additional parameters to set. We have used our version of the prioritized sweeping method 
with clearing the queue. For PS the maximum number of updates Umax = 100, and e = 1.0. 

R e s u l t s . Figure 4.1(A) plots the learning performance of the different methods. It clearly 
shows the advantage of using model-based RL. Both model-based approaches converge much 
faster (the linear increase of cumulative reward is only due to the decreasing amount of ex
ploration (stochasticity) of the tested policy) and reach much better final performance. The 
prioritized sweeping method needs the fewest experiences and reaches near-optimal perfor
mance levels (record that the optimal policy collects 78.6K ± 2.OK) points. Q(A) improves 
its performance faster than Q-learning although the final performances are equal. 

System Q-learning Q(A) model-based Q PS 

Performance 68K ± 10K 68K ± 15K 76K ± 4.4K 78.7K ± 2.0K 
Time 78 ± 3 149 ± 14 277 ± 17 308 ± 8 
Time for Solution 70 80 40 30 

Table 4.1: Final performance levels, average time needed by the different methods for a sin

gle simulation (1,000,000 steps), and the time needed to reach the interval of the highest 

performance. 

Table 4.1 shows the final performances and time costs of the methods. Time costs were 
computed by measuring CPU time for the entire simulation (including almost neglectable 
simulator time) on a 50 MHz Sun SPARC station. Note tha t the model-based approaches 
spend more time: their update-rules loop over all outgoing transitions. They could already 
be stopped much earlier, however, and the last row of the table indicates how much time it 
costs until the performance reaches the interval of the linear increase in the graphs (which is 
due to decaying exploration). Thus, we can see that our prioritized sweeping finds the best 
solution and finds this fastest. Prioritized sweeping only consumes more time during the first 
trials. When the goal s tate has been found for the first t ime, many updates are made. After 
the goal has been found a couple of times and most states have been visited, only few updates 
are made after each experience (most updates would be smaller than e). 

A p p r o x i m a t i o n error. Figure 4.1(B) shows the approximation errors of the different 
learning algorithms. It is clear that there is not sufficient exploration to learn good value 
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Figure 4.1: (A) A comparison between the learning performance of the RL methods. The 

plot shows averages over 100 simulations. (B) The approximation error of the RL methods. 

The figure plots the average distance of state values to their optimal values against number of 

agent steps. (C) Average number of steps per test-trial. Note the logarithmic scaling of the 

y-axis. The peaks in the model-free approaches indicate unsuccessful and long trials. 

function approximations. Only PS learns a reasonable value function approximation. The 
direct (model-free) RL methods initially increase the approximation error, since they learn 
negative state values. After this they hardly improve the value function approximation. It 
may seem surprising that the methods were able to learn reasonable policies at all with 
such bad value function approximations. This is exactly why (real time) RL methods work: 
policies only learn to approximate values of states which they frequently visit. Thus , we 
conclude that approximating the performance of the optimal policy tends to be much easier 
than approximating the optimal value function. 

Test trial resul ts . We have performed test trials after each 100 learning trials. We used 
the greedy policy and measured the number of steps needed to reach the goal. The trials 
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were stopped if the agent could not find the goal within 1,000,000 steps. In Figure 4.1(C) the 
average number of steps per test trial is displayed. The peaks in the model-free approaches 
indicate unsuccessful or long trials. The Q(A) agent did not find the goal in 2 mazes. In 1 
of these unsuccessful simulations, the goal had been found a couple of times, bu t the agent 
made some update step which ruined its policy. Hence, it could not reach the goal anymore 
from trial 1900 onwards — the policy must have been caught in cycles through a number 
of states from which it could not escape even though actions were selected/executed non-
deterministically. The Q-learning agent failed for only 1 maze, although its average solutions 
for the other mazes were worse than for Q(A) — which we can verify by considering that the 
average results are the same. 

C o m m e n t . We also used value iteration to compute the value function while estimating 
a maximum likelihood model. As expected online VI is computationally very demanding: for 
simulations consisting of 100,000 steps it required 24,000 CPU seconds (using e = 1.0). Its 
performance was also not bet ter than that of PS . 

M o r e no ise . We also tested the effect of more noise in the execution of actions in the 
same mazes. For this we performed 20 simulations using 20 different mazes and 25% noise in 
the execution of actions. For Q(A), the best exploration rate for the Max-random exploration 
rule is as follows: Pmax = 0.7 —» 1.0. Figure 4.2(A) shows the results. For Q(A), accumulate 
traces with the value 0.1 for A worked best. Whereas the performance on the same 20 mazes 
with 10% noise was 7% off from maximum performance, with 25% noise the best method is 
2 1 % off. Thus the performance of Q(A)-learning is quite sensitive to noise! 

Figure 4.2(B) shows the results of model-based Q-learning with Max-random exploration 
with different exploration rates (indicated as (P e l p -0 .0 , where Pexp equals 1 — Pmax), and with 
an exploration method which initializes the Q-values to 1000). Model-based Q-learning does 
not seem to have any problems with the increased amount of noise. It reached stable perfor
mance after 140K steps and the final performance is close to optimal. The best performance 
of 59K is only 2% off optimal! 

To study how well prioritized sweeping deals with more noise, we set up experiments with 
our PS method. We use 20 simulations during which 100K steps can be made. We used e = 1.0 
and max-updates = 100. Figure 4.2(C) show the results, exploration rates are indicated as 
(1 — Pmax) a n d are annealed to 0. It indicates that PS works very well, although the initial 
value of Pexp = 1 — Pmax should not be too small (0.1). The best result is at tained with 
P-max = 0.5 which achieves a final result of 11.5K, which is 4% off the optimal performance 
(12.OK). We expect slightly worse, but in overall similar results for M + A ' s P S . 

When we compare the three plots, we clearly see that model-based approaches work much 
better. This is due to the fact that they are much less sensitive to noise than direct RL 
approaches. Finally, we note that PS reaches its near-optimal performance levels much faster 
(about 5 times) than model-based Q-learning. 

Discuss ion . Model-free approaches work worse for stochastic environments, since trajec
tories generated in different trials are not combined in an efficient way. Have a look at Figure 
4.3, where we have designed two paths from the start (S) to goal (G) . The solid line is the 
best known pa th and the dashed line is the current path . We want to combine the two paths 
to learn to go from S to A using the dashed line, and from A to G using the solid line. Given 
both lines, model-based RL would easily learn this. Q(A)-methods, however, cannot learn 
this in a single pass.5 The problem is that for the states just before state A , Q(A)-learning 

Although learning from many trials solves the problem — single trials should make much larger improve-
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Figure 4.2: (A) A comparison between different values for A and the accumulate and replace 
traces algorithms for Q(X)-learning on twenty 50x50 mazes with 25% noise in the execution 
of actions. (B) A comparison between different amounts of exploration for model-based Q-
learning. (C) Different amounts of exploration with prioritized sweeping (note the different 
scalings of the X- and Y-axis). 

partially learns from A ' s s tate value, and partially from the trajectory shown by the dashed 
line after A . When À is large, the TD(A)-return from A will reach point S with a lower value 
than the Q-value of the action leading to the solid pa th (since the complete dashed pa th is 
worse than the solid pa th) . E.g. for À = 1.0, we would compare at each state the entire future 
solid path to the dashed pa th and no changes would be made at all. If A is small, the value 
from A would not be returned to S.6 Prioritized sweeping does not suffer from this problem. 

ment steps. 
Resetting A at A would solve the problem, but this is difficult for online approaches, since we cannot be 

certain before the goal is reached whether we should learn from the current trial or not. If we choose to learn, 
the update steps cannot simply be undone. 

http://Tnu.cs
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Figure 4.3: The difficulty for Q(\)-learning to improve. The solid line is the current best 
known path and the dashed line is the current path consisting of a good part from start S to 
point A and a bad part from A to goal G. 

The model-based approaches find near optimal performance levels and are able to learn from 
less experiences. Prioritized sweeping achieves excellent performance and is able to quickly 
solve large mazes. 

4 . 4 . 2 P r i o r i t i z e d S w e e p i n g : S e n s i t i v i t y A n a l y s i s 

In this sub-section, we shortly describe parameter setting for prioritized sweeping (PS). Two 
parameters have to be set, and we have analyzed the sensitivity of the learning behavior for 
these parameters. 

S e t t i n g t h e accuracy p a r a m e t e r 

The parameter 6 controls the level of update accuracy. By setting e to larger values, less up
dates have to be performed each time step so that the update speed is higher. Of course when e 
is set to very large values, the value function will be badly fitted to the experiences and this will 
result in performance loss. We tried out values for e out of the set {0.001,0.01,0.1,1,10,100}. 
We found that the t ime requirements depends a lot on the values of e, where values of 1.0 
or larger result in very fast performance (below 40 seconds per simulation of 100,000 actions 
with Max-random exploration). Surprisingly, it is not t rue that a higher accuracy (lower e) 

always results in bet ter performance — this may result in "overfitting the value function". 
This overfitting happens when the model is not very accurate, but is used to compute an 
accurate value function. If we only have partial data, it can happen that some distant states 
are connected through high-probability paths , which do not reflect the real M D P very well. 
Therefore if we have part ial da ta and make too many update steps, the value function can 
become very biased. Therefore we should use more exploration. The values 0.1 and 1.0 for e 
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worked best in both performance and time requirements. 

Tuning t h e m a x i m a l n u m b e r of u p d a t e s 

Each update sweep makes a number of updates . In order to increase the update-speed, we 
have limited the maximal number Umax of updates which are allowed to be made per update 
sweep. Computat ional costs are less sensitive to the maximal number of updates than to 
the accuracy parameter , however. We may again "overfit the policy to a wrong model" — 
when we increase the number of updates the performance does not always improve, but may 
become worse. If we update less, we will update relatively more on nearby located states, 
and thus we will less likely update on a specific erroneously estimated trajectory which may 
introduce a large bias in the Q-estimates. 

We found tha t using 100 updates resulted in the best performance for e = 1.0. For larger 
problems, having more updates may be necessary to keep the states connected — we may 
want to assure that each update could result in an update of any other s tate lying on the 
current shortest path . 

4 . 4 . 3 C o m p a r i s o n b e t w e e n P S M e t h o d s 

Our PS method is more selective in calculating the priorities, since it performs a full parallel 
backup for determining priorities. Moore and Atkeson's PS considers only one single output 
transition at a specific time-step for computing the priority. We have set up experiments 
to compare our PS method to Moore and Atkeson's PS. We test the policies each 1000 
steps for 200,000 steps and record when they collect 90% and 95% of what the optimal PI-
policy collects. One simulation ends when 100,000 actions have been executed. We combine 
all methods with Max-random exploration where P m a l stays 0.7 during the run. We also 
measure the required CPU time in seconds on a Ultrasparc 170MHz Sun station. For these 
experiments e = 0.1, and Umax = 1000. 

PS Clear Q? steps to 90% steps to 95% Final Reward time 

Our Yes 19K ± 15K (20) 23K ± 16K (20) 157K ± 2K 80 ± 12 
Our No 15K ± 3K (19) 17K ± 3K (17) 155K ± 5K 82 ± 12 

M + A Yes 19K ± 13K (19) 21K ± 16K (17) 155K ± 5K 79 ± 13 
M + A No 16K ± 5K (19) 22K ± 9K (14) 153K ± 6K 98 ± 16 

Table 4.2: Required number of actions for PS methods to find policies for the 50 x 50 mazes 

which are 90% and 95% off the maximal obtainable cumulative reward. Between brackets we 

show the number of simulations in which they succeeded. 

R e s u l t s . The results are shown in Table 4.2. For finding 90% optimal policies, the 
differences are not very large. However, unlike M + A ' s PS , our PS with clearing the queue 
found 95% optimal policies in all 20 mazes. Furthermore, this method also reaches the best 
final performance. We do not show here tha t the cumulative rewards for all methods are 
more or less the same, although there is a small advantage for not clearing the queue. This 
contradicts the final results (the cumulative reward over the final 20K steps), which shows 
better results for clearing the queue. The difference can be explained by the fact that not 
clearing the queue may speed up initial learning since more updates are performed, but as 
seen before many early updates may be harmful since it may lead to more initial bias in the 
value function. 
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Conc lus ion . Our PS method profits from exactness and therefore it will always work 
well. We expect that our PS method is currently the best model-based RL method for small 
to medium-sized discrete MDPs. 

4.5 Discussion 

P r o b l e m s of m o d e l - b a s e d R L . One problem of the methods is that computat ional memory 
requirements can be huge: in the worst case we have to store a full model using 0 ( | S | |A|) 
space. On current machines, this becomes infeasible for \S\ larger than 5,000. However, for 
large problems not all transitions are experienced in the limited lifetime of the agent, so that 
only partial models need to be stored. However, sometimes it is a big problem. Take for 
example the game of backgammon. For some states, there may be many ( > > 1000) successor 
states, because there are many possible actions. For such problems we should only store state 
transitions of actions which are frequently chosen by the policy or group transitions together 
if they lead to states with similar values. Of course this results in some loss of accuracy. 

Stat i s t ica l world m o d e l s . In this chapter we used statistical world models. The use 
of statistical methods makes it possible to estimate models which can be used with dynamic 
programming like algorithms. Using statistical learning theory, Kearns and Singh (1998) 
proved tha t a variant of a model-based reinforcement learning method converges in the 
probably approximately correct (PAC) framework. Tha t means tha t we probably succeed in 
learning an approximately correct value function after learning on a number of experiences 
which is bounded by the logarithm of the probability of success, a polynomial of the size of 
the s ta te /act ion space, and the inverse of the approximation error. 

Other world models include functional models consisting of a set of differential equations 
which are used in many sciences, e.g., in system dynamics (Vennix, 1996). Such models make 
cost assessment much harder, however, since we need to employ simulation techniques for 
predicting the results of actions. The advantage of such models is that they can be quite 
compact and based on physical properties of the problem. However, there is no systematic 
way of learning such models — although evolutionary methods (Holland, 1975; Rechenberg, 
1971) could be used, there is no guarantee that these methods will find a correct model. 

O t h e r wor ld m o d e l s . Sutton's Dyna systems and relatives (Sutton, 1990; Peng and 
Williams, 1993) do not estimate a probabilistic transition function, but store trajectories 
consisting of sequences of experiences. During the course of learning the system may choose to 
learn from previously stored experiences instead of making real world steps. This is useful for 
learning in real worlds for which generating new experiences is often much more expensive than 
"replaying" old experiences. For deterministic environments, these systems work very well. 
They may be less suited for stochastic environments, however, since updates are less informed 
and biased to the experiences which are replayed. Instead the PS methods manage the update-
sequences, updates are unbiased, and updates are more informed. An advantage of the Dyna 
approach is that it is easy to replay experiences for all kinds of function approximators. 

Jordan and Jacobs (1990) and similarly (Nguyen and Widrow, 1989) describe an approach 
based on two models: one neural network (the world model) tries to predict the successor 
state, and another (the action model) is used for selecting actions. Given some discrepancy 
between the desired state and a predicted state, errors are backpropagated from the world 
model to the action model so that an action is selected which minimizes that discrepancy. 
Since it is a global model, however, only single successor states can be learned, but it can 
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generalize well. Schmidhuber (1991) does the same kind of forward modeling with recurrent 
models and controllers. 

Lin (1993) describes experience replay and action models for TD-learning with feedforward 
networks. For experience replay he records experiences and replays them in backward order. 
He only records policy actions and not exploration actions, since experiences generated by 
exploration actions do not reflect the t rue dynamics generated by the policy. Experience 
replay was compared to learning action models. For learning action models, he learned to 
predict the most likely reward and successor state with a feedforward neural network. He 
found that using experience replay led to larger speedups than learning an action model. He 
did not estimate a probability distribution over successor states in his action model, however. 
This would also be very difficult, because he used a partially observable changing environment 
for which there were hundreds of possible successor states for each state. Feedforward neural 
networks are not well suited for learning such models due to their static architecture, which 
makes it difficult to store transition probabilities of a variable number of transitions. 

P l a n n i n g . Planning methods build explicit search trees start ing at the goal state as root 
note (backward planning) or at the start s tate (forward planning) in order to connect the 
goal and start states. Most planning mechanisms use heuristic functions and build search 
trees of a limited length after which they select the step leading to the leave node with the 
largest value. Davies, Ng and Moore (1998) discuss online search methods for improving 
a suboptimal value function and showed some improvements in performance at the cost of 
consuming more time. After the planning phase, they did not adapt the value function, 
however. It is also possible to use the planning phase for updat ing the values of states which 
were traversed during the planning process. This can be simply done by adapting state values 
to match the results of the planning process (a similar thing is done in (Baxter et al., 1997) 
which combine planning with TD(A)). The problem of planning is that it is computationally 
expensive, especially for non-deterministic environments. We also tried (forward) planning 
together with adjusting the value function for the planning steps, but found that PS makes 
it easier to backpropagate goal-related information. Once the goal is found, PS makes many 
updates so tha t the agent immediately stores trajectories to the goal s tate from many other 
states. For planning, updates are only made if the planning process was successful, and thus 
if the goal is found by accident, the planning method will not learn how it got there. We 
may use backward planning instead, but then we already need to know where the goal is, and 
since the environment is stochastic, it is not clear how we should compute trajectories linking 
the goal state to the current state. 

4.6 Conclusion 

This chapter described RL methods which estimate a maximum likelihood model and compute 
the Q-function using the model. We used experiments to compare different RL methods 
described so far. We have seen that model-based approaches outperform the model-free RL 
approaches in finite stochastic mazes. They make more efficient use of experiences. Model-
based approaches can profit from management techniques to keep computational requirements 
for making policy changes small. Prioritized sweeping's management rule: Focus on the largest 

errors (problems) is very effective. 

We also showed that the model-based approaches were very resistant against noise. Using 
a lot of noise in executing actions hardly influenced the final results, whereas this was not true 
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at all for direct RL methods, which suffered a lot from more noise. We consider our mazes 
to be a prototype of goal-directed stochastic finite MDPs, where the number of paths leading 
to the goal state, the number of possible choices at each step, the amount of noise in the 
transition function and the length of the pa th to the goal are the most important parameters 
which determine the problem's complexity. We think that for such problems, model-based 
RL methods will always outperform direct approaches. The difference will be larger if the 
noise in the transition function is larger and the length of the pa th to the goal is larger. 

Model-based techniques rely more on the Markov property than Q(A) methods, however, 
which can learn policies using Monte Carlo estimates for which the Markov property is not 
required. 


