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Chapter 7 

Function Approximation for RL 

In the first par t of this thesis we have described RL methods for finite s tate spaces for which 
it is possible to exactly store the optimal value function with lookup table representations. 
For high-dimensional or continuous state spaces, however, we need to employ function ap
proximators for compactly representing an approximation of the value functions. 

Function approximators (FAs) such as neural networks can be used to represent the value 
or Q-function by mapping an input vector to a Q-value. FAs consist of many adjustable 
parameters which are trained on learning examples to minimize the FA's approximation error 
of the target function. A very useful property of FAs is that they are able to generalize: 
if we train a FA on a set of training examples, the FA can interpolate between (or even 
extrapolate from) them to create a mapping from inputs to outputs for the complete input 
space. Learning a good approximation is very difficult (Judd, 1990), however. It can take a 
huge amount of t ime and even be unsuccessful. We call this the learning problem. However, 
sometimes it is possible to learn very useful value functions for huge state spaces after training 
the FAs on a relatively small number of training examples. This was demonstrated by the 
success of learning to play backgammon 1 with neural networks (Tesauro, 1992). 

Out l ine of th i s chapter . In Section 7.1, we will describe three different function ap
proximators: linear networks, neural gas (Martinetz and Schulten, 1991; Fritzke, 1994), and 
CMACs (Albus, 1975b; Albus, 1975a). Then in Section 7.2, we describe how they can be 
combined with direct RL methods. In Chapter 4, we have seen that the use of world models 
speeds up computing good value functions. Therefore, we would like to use world models in 
combination with function approximators as well. In Section 7.3, we will describe how we can 
combine models with the function approximators described in Section 7.1. Then, in Section 
7.4, we will describe an experimental study on using function approximators in a challenging 
domain: learning to play soccer with multiple agents. Here we compare different methods by 
their ability to learn to beat a prewired soccer team. In Section 7.5, we conclude this chapter 
with some closing remarks. 

7.1 Function Approximation 

Princ ip les of FAs . To use function approximators, we construct a u-dimensional input 
vector x based on selecting characteristic features for describing the state of the system or 

There are on the order of 1020 positions (states) on the backgammon board, whereas TD-Gammon had 
already learned a good policy after learning on about 107 examples. 
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agent. Constructing an input vector is quite important , since it provides the FA with all 
information to make its estimations from and therefore particular input designs can ease the 
burden of the learning problem. When we are constructing an input vector, it is important 
not to have ambiguities (see Chapter 6). More generally, we should t ry to circumvent having 
to deal with small distances between input vectors which must be mapped to very different 
outputs . 2 Furthermore, learning speed is largest if all input dimensions contribute something 
to the output (the output should be sensitive to all inputs) , otherwise it is bet ter to remove 
the non-contributing inputs. Usually we do not have a priori knowledge which enables us to 
decide which inputs are important and thus we should examine the output ' s sensitivity to an 
input 's value after some amount of learning time. 

FAs receive the input vector i , and compute a scalar output y (it is straightforward to 
extend the following presentation to using an output vector) using the mapping F: 

y = F(x) 

The FA F consists of a number of adjustable parameters (e.g. weights) and processing 
elements (nodes, neurons) structured in a specific topology (architecture). The topology can 
be static or dynamic. Static topologies are defined a priori by the engineer and during the 
training phase only the parameters in the FA are changed. Dynamic topologies develop and 
adjust themselves during the learning process. Although dynamic structures could make 
learning functions much easier with particular FAs (Baum, 1989), finding correct structures 
is generally considered to be a hard problem. 

Local v s . Globa l FAs . There are many different function approximators and each kind 
of FA has its own advantages and disadvantages. One important characteristic for FAs is their 
degree of locality. We will call a FA a local model if the FA only uses a fraction (e.g. less than 
20%) of all processing elements for computing the output given an input. Completely local 
models (such as lookup tables) only use a single processing element (e.g. a table entry) for 
computing the output . Examples of local models are: Kohonen networks (Kohonen, 1988), 
neural gas (Martinetz and Schulten, 1991; Fritzke, 1994), bumptrees (Omohundro, 1991; 
Landelius, 1997), decision trees, and CMACs (Albus, 1975b; Albus, 1975a). The counterpart 
of local models are global models, which use (almost) the entire representation for deriving the 
output . They usually interpolate more smoothly between training examples than local models, 
but also tend to overgeneralize more. Examples of global models are linear networks, sigmoidal 
feedforward neural networks trained with backpropagation (Werbos, 1974; Rumelhart et al., 
1986), Hopfield Networks (Hopfield, 1982), and Boltzmann machines (Hinton and Sejnowski, 
1983). 

7 .1 .1 L i n e a r N e t w o r k s 

Probably the simplest function approximator is a network which is linear in the components 

of x. The linear network can be writ ten as: 

2If inputs which are located near to each other require very different outputs, we need to train the FA to 
represent steep slopes which is difficult and hinders successful generalization. 
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where w is the u-dimensional weight vector and the parameter b is the bias.3 Figure 7.1(A) 
shows how a linear networks is used for regression tasks where we want to fit a straight u-
dimensional hyperplane through a number of examples. Linear networks can only be used 
for learning linear functions, however, and that is why their expressive power is quite limited: 
e.g. for the regression problem demonstrated in Figure 7.1(B) linear networks cannot be used 
fruitfully. 

Figure 7.1: (A) A linear network's approximation to a set of training examples (data points). 

(B) Training examples which cannot be represented well by a single linear hyperplane. 

T r a i n i n g t h e n e t w o r k . Given a set of training examples: input-output pairs (x; ,d;) , 
where i G { l , . . . , A f } (M is the number of training examples), we want to minimize the 
mean squared error between the desired outputs di, and the network's outputs y;. For online 
learning we derive the learning rule from the squared error function El: 

E> = - ( * 
1 
-(di -wTXi 

Given a set of example transitions (training patterns) (x{,di), we can compute w in closed 
form. First we collect all vectors xt in the matrix X by put t ing all vectors as row vectors 
in the matrix. Thus , the vector X^ defines the kth row of the m-by-u (m is the number of 
training pairs which should be larger or equal to u) matr ix X. Then we compute the weight 
vector w as: 

w = (XTX)-lXTd 

where d is the m-dimensional vector storing all desired outputs (di,... , dm), and (X X)~1XT 

is the pseudo-inverse (Moore-Penrose inverse) of the matr ix X (we assume tha t (XTX)_1 

exists, otherwise we have to use l im a_>o(^ r T-^ + al)~l which always has an inverse for a > 0. 
See (Rao and Mitra, 1971) for details). 

We can also iteratively find a solution: after differentiating E' with respect to w,4 we get 
the delta-rule (Widrow and Hoff, 1960) which decreases the error function making updates 
of the weight vector with learning rate af. 

To simplify the following discussion, we put the additional parameter 6 in the weight vector and add an 
input to the inputvector which is always set to 1. 

We assume that the bias is part of the weight vector. 
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Aw = ai(di -yt)xi 

Instead of linear networks, usually the much more powerful multi-layer neural networks 
are used. Such networks consist of (at least) one hidden layer with non-linear activation 
functions and are able to represent any Borel measurable function (Cybenko, 1989). They 
can be trained by using the backpropagation algorithm (Werbos, 1974; Rumelhart et al., 
1986) which implements gradient descent on the error function. We refer to Kröse and v / d 
Smagt (1993) for a full description of these more powerful function approximators. 

7 . 1 . 2 L o c a l F u n c t i o n A p p r o x i m a t o r s 

Global function approximators such as linear or multi-layer neural networks compute the 
output using all adjustable parameters. Furthermore, they adapt all parameters on each 
example. This creates interference or forgetting problems: after we have trained the FA to 
learn a good approximation in some part of the input space and then train it to approximate 
different parts of the input space, the learning algorithm tries to use the same parameters to 
decrease the error over a new input distribution so that the FA "forgets" what it had learned 
before. 

Local function approximators (LFAs) do not have this problem. They consist of many 
independent processing elements, which we will call processing cells or simply cells. Each 
cell has a centre in the input space (a vector) and an output value. Given some input, we 
compute cell activations based on the distance between cell centres and the input. For this, 
some weighting rule and a distance function is used which ensures tha t closeby located cells 
are activated most. Then, cell outputs are combined by first weighing them by the activities 
of the cells and then summing them. Finally, cell centres and outputs are adapted on the 
learning example where learning steps depend on cell activities. If we want to approximate 
the function in some unknown parts of the input space, most previously trained cells are not 
activated since the distance of their centres to the new inputs is too large. Therefore they are 
not adapted for these parts and the previously learned function approximation stays more or 
less the same. 

W i n n e r t a k e a l l . We can look at such learning architectures as a competition between 
the cells for being active in different parts of the input space. Each cell tries to approximate the 
target function in some region best so that it will become the most activated cell there. LFAs 
can use hard decision surfaces by implementing a winner take all (WTA) algorithm. Using 
WTA, only the closest cell is activated 5 and this cell will determine the output of the FA. 
Examples of LFAs which employ the WTA strategy are 1-nearest neighbor, learning vector 
quantization (LVQ) (Kohonen, 1988), and rasters (grids) with fixed or variable resolution 
(Moore and Atkeson, 1995). When we use a nearest neighbor scheme with WTA cells to 
divide the input space into subregions, we say that we make a Voronoi tessellation of the 
input space (see Figure 7.2). 

Once we have parti t ioned the input space, it becomes easy to learn output values. The 
output of each cell equals the average desired output of training examples falling inside a 
cell's region. However, learning a good parti t ioning is a hard problem, and if we change 
a parti t ioning (e.g. by adding or removing a cell), multiple output values of cells are not 
anymore up-to-date and need to be reestimated. 

5In case of multiple closest neurons, we break ties arbitrarily. 
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Figure 7.2: (A) A Voronoi tesselation of the input space derived from using WTA and the 
locations of a set of cells (shown as circles). In between each two cells, there is a hard decision 
boundary. The constructed tesselation determines those regions of the input space for which 
a particular cell is used (is activated) for returning its output. 

Soft cell c o m p e t i t i o n . Instead of WTA cells, we can also use a weighted combination of 
the outputs of particular closeby located cells as the final output , which results in a smoother 
function approximation. This is also referred to as soft competitive learning (Nowlan, 1991). 
Examples of smooth LFAs are k-nearest neighbor with k > 1, Delauney triangulizations with 
linear interpolations (Omohundro, 1988; Munos, 1996), locally weighted regression (Gordon, 
1995; Atkeson, Moore and Schaal 1996), Kohonen networks (Kohonen, 1988), and neural gas 
(Fritzke, 1994). 

N e u r a l gas 

We will now present a novel implementation of a smooth growing neural gas architecture. 
We use a set of Z neurons (cells): { n i , . . . ,nz} (initially Z = Zinn). They are placed in the 
input space by assigning to each a centre wk G Mu (a u-dimensional vector). Apart from the 
centre, each neuron nk contains an output y^. 

We calculate the overall output of the FA by locally weighting the outputs of all neurons 
(although most will have a neglectable influence on the final ou tput ) . We calculate the 
weighting factor gk (gate) for each neuron nk based on the cell centres and the environmental 
input x using: 

p—77 dist{wjc,x) 

9k = ^ — ^ T ^ - T T — ; , (7.1) 

U 
-7} dist(u)j ,x) ' 

where n £ R+ is a user-defined constant which determines the smoothness of the FA and 
dist(w, x) is an arbi trary distance function of the family of LQ-norms:6 

La(w,x) = (]T( x(i))a) 

Weighing inputs differently for computing the distance by e.g. an additional parameter vector allows for 
more useful decompositions of the input space, although it also requires more parameters to be learned. 
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where w(i) and x(i) refer to the value of the ith feature of the centervector and input, respec

tively. The overall output of the FA given input x is: 

Z 

y = J2s'jVi 
3=1 

Learning R u l e s . We want to maximize the probability of returning the correct output 
value. Since the output value depends on the locations of the neurons and on the output 
values of the neurons, we have to: (1) learn the network structure: move the neurons to 
locations where they help to minimize the overall error, and (2) learn correct output values: 
make individual neurons correctly evaluate the inputs for which they are used. 

In order to let the FA converge, we will anneal the learning rate of neurons so tha t they 
will stabilize over time. For this, we keep track of the overall usage of a particular neuron in 
a responsibility variable Ck which is initially set to 0. After each example, each neuron n^'s 
responsibility variable Ck is adapted: 

Ck <- Ck + gk 

Then, Ck is used to determine the size of n^'s learning rate (and also to determine conditions 
for adding a neuron). 

(1) Learning Structure. The structure of the neurons is of great importance, since 
it determines which states are aggregated together and thus which family of functions can 
be represented. We should keep the following principles in mind: (a) neurons should be 
placed where they minimize the overall error, and (b) we want to have most neurons (a finer 
resolution) in regions with the largest fractions of the overall error. 

There are a number of different ways for learning the s tructure of neural gas architectures, 
all based on using particular operations on the neurons. The most common operations are 
moving, adding and deleting (or merging) neurons. 

Fritzke (1994) presents a particular method for growing cell s tructures. His method learns 
a topology by creating edges which link two neurons which together have been closest to a 
particular example. His learning rule moves the closest neuron and its neighborhood to the 
input. Furthermore, his method incrementally adds neurons, for which it keeps track of the 
total error of neurons when they have won the WTA competition. After a fixed number of 
example presentations a neuron is added near the neuron with the largest accumulated error. 
This neuron is initialized by interpolating from the nearest neurons and is assumed to be able 
to learn to decrease the error in that specific region of the input space. 

Instead of using Fritzke's method, we have created a different method which does not 
accumulate error over time, but adds neuron's when the error on a single particular example 
is too large. The details are as follows: If the error \d — y\ of the system is larger than 
an error-threshold TE, the number of neurons is less than Zmax, and the closest neuron's 
responsibility Ck exceeds the responsibility threshold Tc (Ck grows with the density of the 
input distribution around neuron n^) , then we add a new neuron nz+i- We set its location 
wz+i to x, and set the output value yz+i <— d. Finally we set Z <— Z + 1. Thus if the error 
on an example is large, we immediately copy the example to a novel neuron. The method 
is a good method to immediately decrease the error of difficult regions in the input space, 
but it can also suffer from noisy examples, which causes newly added neurons to approximate 
regions by a wrong output value (although they could still adjust themselves later on). 
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If no neuron is added, we calculate for each neuron nj. (Vfc £ { 1 , . . . , Z}) a gate-value hk, 
which reflects the posterior belief that neuron nj. evaluates the input best: 

h-k -

We then move each neuron rik towards the example x according to: 

wk «- Wk + <Xkh\{x - wk), 

where O-k = ag{Ck)~ , cg is the system learning rate and ß is the learning rate decay factor. 
The effect of using the square of hk instead of hk is tha t neurons which are not a clear winner 
will not adapt themselves very fast. Thus, clear separations are made early on in the process, 
whereas finer divisions of the input space emerge only gradually. 

(2) Learning Q-values. We update the output yk of neuron roj, (Vfc € { 1 , . . . , Z}) by: 

Vk <- Vk + otkhk(d - yk) 

Note the similarities of our neural gas method with the hierarchical mixtures of experts 
(HME) architectures (Jacobs et al., 1991; Jordan and Jacobs, 1992). 

N e a r e s t ne ighbor search. An important issue in local FAs is to search for the set of 
neurons which are activated for returning the output . Even LFA's with smooth competition 
usually have only a small number of neurons which have non neglectable activations for 
returning the output . 

The same problem, called the data-retrieval problem, is known in database systems. Given 
the input, finding the closest neuron(s) /data- i tem is usually implemented by computing the 
distance to all neurons and then selecting the closest one(s). The complexity of this is O(Zu), 
where Z is the number of neurons, and u the dimensionality of the input space. If we have 
thousands of neurons, the input dimensionality is large, and we have to return outputs for a 
large number of queries (inputs), then the system gets very slow. A solution to speed up the 
search is to use preprocessing and to store the neurons in a datas t ructure which allows for 
faster online search. 

We can use datastructures and methods from computational geometry such as Voronoi 
diagrams (Okabe et al., 1990). These methods significantly speed up searching for the closest 
neuron, but the problem is that the size of such structures is exponential in the dimensionality 
of the input space. 

K-d trees (Friedman et al., 1977; Preparate and Shamos, 1985; Moore, 1991) are another 
datast ructure for speeding up nearest-neighbor search. To create a K-d tree, we recursively 
part i t ion the population of neurons by dividing the individuals up along a single input di
mension, which is chosen to keep the tree more or less balanced. The nearest neighbor is then 
found by descending the tree to find an initially best candidate, and then backtracking along 
the tree to examine whether all alternative siblings are not closer while discarding siblings 
which are surely not closer to the input than the current best one. K-d trees can be used to 
perform searches in expected time close to min(aulogZ,uZ), where a is a suitable constant 
> 1 (Moore, personal communication 1998). This means that searchtime is logarithmic in 
Z, but exponential in the input dimensionality. In practice the time requirements depends a 
lot on the distribution of the da ta (Omohundro, 1989; Moore, 1991). Constructing K-d trees 
takes 8(uZlogZ) preprocessing time (Preparate and Shamos, 1985). 
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A problem of the above methods is that they cannot be easily combined with neural gas; 
neurons are moved around and added to the system so that the da ta structures used for 
searching should change as well in an incremental way. This makes using these structures 
more expensive. Omohundro (1989) describes and experimentally evaluates some incremental 
methods for constructing balltrees, da ta structures very similar to K-d trees. 

A quite similar idea, especially suitable for radial basis functions is to use a hierarchy of 
neurons, where the higher level neurons are used for clustering lower level neurons. Then 
we can descend from the top layer to lower layers and use leaf neurons for the final output . 
Although the primitive method is not guaranteed to return the closest neuron, 7 we could 
decide to use this neuron anyway or to use backtracking, e.g., used in bumptrees (Omohundro, 
1988; Landelius, 1997), afterwards. Such methods can sometimes save a lot of t ime, see 
experimental results with bumptrees in (Omohundro, 1988; Landelius, 1997). 

Another possibility which is an 0 (1 ) method is to restrict the search among a fixed set 
of neighbors which are allowed to be activated. E.g. we can construct (a limited number of) 
edges to link neurons which are activated after each other, or we can constrain the search by 
using an a priori temporal s tructure. Although this method may work well, it may be the 
case that many more neurons may be needed since different neurons may be implementing 
the same function for the same region (only the sequence of examples arriving at the region 
was different). 

In our experiments we have used the simplest line search method, although it resulted 
sometimes in computationally very demanding simulations. 

7.1.3 C M A C s 

The third kind of FAs are also local, but are different from the ones described previously, 
since they do not construct a tesselation based on the positions of a number of cells. They 
use a fixed a priori decomposition of the input space into subregions. Usually the subregions 
are structured in an ordered topology such as hypercubes which makes searching for active 
cells much faster compared to the methods described earlier, since random access (instant 
lookup) becomes possible. This increased time efficiency is (as usual) at the expense of a 
huge increase of the storage space, however. A well known FA which uses (for example) 
hypercubes to divide the input space into subregions is the CMAC (Albus, 1975a). A CMAC 
(Cerebellar Model Articulation Controller) uses filters mapping inputs to a set of activated 
cells. Each filter parti t ions the input space into subsections in a prewired way such that 
each (possibly multi-dimensional) subsection is represented by exactly one discrete cell of the 
filter. For example, a filter might consist of a finite number of cells representing an infinite 
set of colors represented by cubes with 3 dimensions red, blue and yellow, and activate the 
cell which encloses the current color input. 

CMACs uses multiple filters consisting of a number of cells with associated output values. 
Applying the filters yields a set of activated cells (a discrete distributed representation of the 
input) , and their output values are averaged to compute the overall output . 

The difference with vector quantization methods is that the parti t ioning is designed a 

priori and that multiple cells are activated by using different views on the world. 
Genera l r emarks on filter des ign . In principle the filters may yield arbi trary divisions 

of the state-space, such as hypercubes, but also more complex partit ionings which make use of 

Higher level neurons are centered at the distribution of examples for which they are activated, but nothing 
is said about the positions of their lower level neurons. 
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preprocessing may be used. To avoid the curse of dimensionality which occurs when one uses 
all input-dimensions to construct hypercubes, one may use hashing to group a random set of 
inputs into an equivalence class, or use hyperslices omitting certain dimensions in particular 
filters (Sutton, 1996). Although hashing techniques may help to overcome storage problems, 
it collapses states together which can be widely apart . We expect that this will often not lead 
to good generalization performance. Therefore, we prefer hyperslices which group inputs by 
using subsets of all input dimensions. E.g. if we say that we see a green object which is larger 
than 5 meters, we could already infer that the object might be a tree, although there may be 
other options as well such as a green house or a mountain. If we add multiple descriptions 
(filters) of the object together, and all descriptions agree with the object, we may be certain 
which object we are examining. 

C o m p u t i n g t h e o u t p u t . The first step in computing the output is applying all filters 
to the input vector. Each filter uses particular input dimensions to create its universe, and 
parti t ions that universe using hyperboxes. Given an input, it projects the input vector in its 
universe and examines which of its cells encloses the input. 

More formally: a filter is represented as a multi-dimensional array. Given an input x, 
the filter uses the relevant features to search for the cell (out of { c i , . . . , c n e } , where nc is 
the number of cells) in which the input can lie. Applying all filters returns the active cells 
{/i. • • • i fz}, where z is the number of filters. 

The output value y given input x is calculated by averaging the outputs of all activated 

cells yk(fk)'-

y = ^yk{fk)/z, 
k=l 

where yk{fk) ls the output of the activated cell fk of filter k. 
Learning rule . Training CMACs is an extremely simple procedure: we just adapt the 

output values of all activated cells. Thus, for all activated cells we compute: 

Vkifk) <- Vk(fk) + ~(d - yk(fk)), 
z 

where a is the learning rate. 
Fi l ter des ign . The design of the filters is very important , since the construction of the 

filters determines what can be learned, and how fast tha t can be learned (more cells need 
more examples). There are two important matters in designing filters: (1) Which features to 
combine inside each filter. This introduces bias on which relationships can be learned. (2) 
How coarsely to divide each filter into cells. This determines the generalization behavior and 
the at tainable accuracy of a filter. The possible choice of (1) and (2) is restricted by space 
limitations, since combining D input features each divided into n c par ts , would mean tha t our 
multi-dimensional cube consists of ro^ cells.8 Note that there is no necessity to have a fixed 
uniform decomposition. We could also use adaptive variable-resolution filters to optimize the 
decomposition of a filter into cells, or activate a variable number of filters for different inputs, 
which makes richer descriptions possible for objects which require more specification. 

E x a m p l e of effective filter des ign . Sometimes a particular filter design for CMACs 
can be very effective. E.g. consider Figure 7.3(a) which shows an empty maze with a start ing 
state and a goal state. We can construct two filters for this maze, one slicing the maze up 

This is the worst case for which all cells can be made active, otherwise if some cells are never activated 
an implementation based on hashing tables could significantly decrease space requirements, while keeping the 
search for active cells efficiënt. 
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in vertical slices (Figure 7.3(b)) and one for slicing the maze up into horizontal slices (Figure 

7.3(c)). 

G 

S 

S G 

Figure 7.3: (A) A maze with starting state S and goal state G. (B) One filter slices the maze 

up into vertical slices (the vertical position does not matter). (C) The second filter slices 

the maze up into horizontal slices. Together the filters can be used for efficiently learning a 

solution. 

These filters do not allow for accurately representing the optimal value function, but the 
approximated value function can be used for computing the optimal policy — horizontal 
filters (except for the last) will learn that going north is the best action, and vertical filters 
(except for the last) learn that going east is the best action. Good filter design also means 
that we have to learn less: for the maze in Figure 7.3(a) and the usual 4 actions, we would 
only have to learn 10 x 4 instead of 24 x 4 values. 

Overgenera l i za t ion . If the maze would have blocked states, things get more compli
cated, since the filters would overgeneralize and filter away the exceptions. If there are few 
blocked states, we can still hope but not guarantee that the dynamics of the learning process 
will converge to a pa th which circumvents the blocked states. A more sophisticated approach 
to deal with few exceptions is to construct additional filters which are made active in the 
neighborhood of these exceptions and which add something to or override the values of the 
default filters. Wi th many blocked states, we would store almost all exceptions, which would 
mean that we would in principle combine both features in a filter and this would of course be 
equivalent to the lookup-table representation. 

Genera l i za t ion by shar ing features . CMACs also allow for another kind of general
ization by using multiple filters sharing the same feature space. In Figure 7.4 we show how 
multiple filters on the same input creates a smoother generalization. Using more than the 
shown 2 filters would make this even more pronounced. Using many coarse filters leads to 
a dynamical refinement of the function — each filter adds something while still being very 
general. 

7.2 Function Approximation for Direct RL 

We have introduced a number of different FAs which can be used for approximating value 
functions. In this section we describe how they can be combined with direct RL methods and 
we analyse possible problems arising from such combinations. Even if we are well acquainted 
with a particular FA, we have to keep in mind that training a FA with RL instead of with 
supervised learning puts different demands on the FA. For instance, in RL examples are gen
erated according to the policy and value function, which themselves are changing. Therefore 
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Figure 7.4: (A) A design of two filters which splice a single input dimension in parts. When 

added, they allow for a partitioning into 8 different regions. (B) A single filter which partitions 

the input into 8 regions. (C) We examine what happens if we receive training examples 

(the circles) — the vertical distance to the line is the desired output. We can see that the 

combination of the two filters from (A) leads to some kind of generalization behavior. (D) 

With a single filter, there is no generalization across cells. The first filter design results in a 

smoother function due to its hierarchical approach — some example's output is dynamically 

refined if we add multiple filters. 

the function we try to learn is constantly changing, which makes the task very hard. On the 
other hand, in supervised learning we are usually interested in the most accurate approxi
mation, whereas in RL we are much more concerned with the performance of the resulting 
policy. As we have seen in Chapter 4, we can have good policies with quite poor value function 
approximations. Wha t is important , however, is tha t the preferential order between different 
actions is reflected in the value function. 

R e p r e s e n t a t i o n a l i s sues . We are interested in storing the Q-function with FAs. For 
this, we need to compute outputs Q(x,a) for all actions a £ A. We will do this by using 
different functions for different actions Fa{x): 

Q(x,a) = Fa(x) 

A different way would be to put the actions in the input, but this makes learning different 
mappings for different actions more difficult. For continuous actions, however, we cannot use 
one FA for one action and thus we would need to use different methods, dependent on the 
used FA. E.g. for linear networks we could use the action(s) as part of the input and for 
CMACs we could discretize the action space. We assume in the following that we have a 
finite set of actions. 

Thus, with linear networks we will use \A\ networks, one for each action. For a multi-layer 
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feedforward neural network, we can have different networks for each action or we can share 
the hidden units of one network to approximate all Q-values. Lin (1993) compared both pos
sibilities and found that one network for one action worked better . For other tasks sharing 
the hidden layer may be worthwhile, however, since the hidden units need to settle down 
to extracting more characteristic features when they are used for describing the complete 
problem domain (shared by all actions) and that may improve generalization performance. 
E.g. Caruana (1996) added outputs for a prediction problem which puts an additional burden 
on the learning task, but lead to an improvement of the learned approximation for the re
quested output . Baxter (1995) presents a general theory of bias learning based upon the idea 
of learning multiple related tasks with a shared representation. Generally speaking, sharing 
parameters for learning multiple actions is fruitful if the tasks share mutual information. 

The neural gas and CMAC architectures use for each neuron and filter/cell Q-functions 
of the form Q(rii,aj) and Qf(ci,dj), respectively. 

7 . 2 . 1 E x t e n d i n g Q(A) t o f u n c t i o n a p p r o x i m a t o r s 

We can combine TD(A), Q-learning, and all Q(A) methods with function approximators. 
One should be careful choosing a combination and learning parameters, however, since the 
resulting learning system may not always be stable. E.g. if we allow a FA to adapt itself 
quickly to maximize learning speed, it can happen that a specific "lucky" trajectory leads to a 
large increase of values of states visited by the current trajectory. This may change the overall 
value function dramatically and can lead to undesirable large changes of the policy. Although 
a large change of the approximation of a FA for supervised learning can also happen, we can 
still relearn a previous good approximation since the training set is stored. Since in RL the 
policy generates the examples, we may have much larger problems relearning "good" value 
functions. Furthermore, since in RL the Q-function changes and the learning examples are 
drawn from a noisy source with often a sequence of (highly) correlated examples, there can 
be many unreliable updates or drift of the value function. Thus , our FAs should be robust 
enough to handle such problems. 

Offline Q(A) . To learn Q-values we monitor agent experiences during a trial in a history 
list with maximum size Hmax. At trial end, the history list H is: 

H = {{xti, oji, r t i , V(xti)},..., ( i f , ar, rt-, V{xt- )}} 

Here Xt is the input seen at t ime t, at is the action selected at t ime t, rt is the reward received 
at t ime t, V(xt) = Maxa{Q(xt,a)}, t* denotes the end of the trial, and t1 denotes the start 
of the history list: t1 <— 1, if t* < Hmax, and i1 «- t* — Hmax + 1 otherwise. 

After each trial we calculate examples using offline Q(A)-learning. For the history list 
H, we compute desired Q-values Qnew(t) for selecting action at, given xt (t = i 1 , . . . , **) as 
follows: 

Qnew{t') <- rt. 

Qnew(t) <- n + 7 - [A • Qnew{t + 1) + (1 - A) • V(xt+1)} 

Once the agent has created a set of offline Q(A) training examples, we train the FAs to 
minimize the Q(A)-errors. 

Offline mul t i -agent Q(A). In Chapter 3, we have already discussed using multiple 
autonomous agents simultaneously and presented two algorithms for using online Q(A) to 
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learn a shared value function. We can also combine offline Q(A) with multiple agents by 
using a different history-list for each different agent. In the experiments later in this chapter, 
we will use these history-lists independently. After having created multiple lists of training 
examples, we process the history-lists by dovetailing as follows: we train the FAs start ing 
with the first history list entry of agent 1, then we take the first entry of agent 2, etc. Once 
all fist entries have been processed we start processing the second entries etc. 

Online Q(A) for funct ion a p p r o x i m a t o r s . To combine online Q(A) with FAs, we use 
eligibility traces. The eligibility trace lt{wk,a) is used for weight (adjustable parameter) wk 

and action a as follows: 
( -1 

lt(wk,a) = ^2(1\Y-'C(wk,a), 
i=l 

where Ç'(wk,a) is the gradient of Q(x{,a) with respect to the weight wk: 

C*(wfc,a) 

and the online update at t ime t becomes: 

dQ(xi,a) 

dwi. 

Vwk do: wk <r- wk +a[e'tC
t(wk,a) + etlt{wk,a)] 

where as usual e't =rt + ~/V(xt+i) — Q(xt, at) and et = rt + ~/V(xt+i) — V(xt). 

Fast Q(A) can also improve matters in case of LFAs. Suppose a LFA consists of \S\ possible 
s tate space "elements" (e.g. neurons or total filter cells). The Q-values of z < \S\ elements 
are combined to evaluate an input (query). Here the update complexity of fast Q(A) equals 
0 ( z | A | ) . This results in a speed-up of ^ in comparison to conventional online Q(A). For 
global approximators z = \S\, so the method is not helpful. For quantized state spaces with 
fine resolution, the gain can be quite large, however. 

Onl ine Q(A)- learning for C M A C s . We will show in detail how we combine fast 
Q(A) with a LFA, in this case CMACs. Using a fixed partit ioning, a continuous input Xt is 
transformed into a set of active features: {}[, f%,..., / j } , where z is the number of active 
features (tilings). 

Before using Qk(fk,a) we call the Local Update procedure for all features ( ƒ { , . . . , fl
z) so 

that their Q-values are up-to-date. Local Update stays almost the same (except tha t we use 
different variable names). 

The Global Update procedure now looks as follows: 

C M A C Global U p d a t e ^ , at,rt, xt+{) : 

1) For i i s 1 t o z, Va e A Do 
l a ) Local Update(fl+1, a) 

2) V(i6n.i) <- m a X a E L l QiUt+\a)l* 
e't <- (n + 7 ^ ( ^ + 1 ) - Q(xu at)) 3) 

4) et V(xt)) (rt + 7 V ( x t + i ) 
5) <? «- "fXtf-1 

6) A <- A + et4>1 

7) For i i s 1 t o z Do 

7a) Local Update(f\, at) 

7b) QiUlat) <- QiUlat) +« (ƒ / ,a t ) e ' t 

7c) l'(flat)^l'(ft,at) + 4-
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R e m a r k s a b o u t onl ine mul t i -agent Q(A) . To use online Q(A) with multiple agents, 
we could use the connecting traces approach from Chapter 3. We have not done so in the 
experiments in this chapter, however. We have used different eligibility traces for different 
agents, however, since tha t is a necessity for multi-agent learning. 

7 . 2 . 2 N o t e s o n c o m b i n i n g R L w i t h F A s 

In the following we will shortly describe the representational and convergence issues for using 

our different FAs for RL. 

L i n e a r ne tworks . We know that if the number of input features is small compared to 
the total number of (distinct) states, we strongly limit the kind of value functions which can 
be represented accurately by linear networks. However, we can use many inputs and higher 
order inputs as well, which makes linear networks more powerful. E.g. in the limit we use a 
weight for each state, and we have a tabular representation with known convergence results. 

The networks try to learn a linear approximation of the Q-functions over the entire input 
space minimizing the squared error over all training examples. For many problems, there may 
be small differences between the Q-values of different actions. E.g. postponing the optimal 
action for one t ime step may only cause the expected discounted future reward (Q-value) to 
decay by the discount factor (if nothing changes, we may still select the optimal action at 
the next t ime step). T h a t ' s why the learning dynamics may cause large policy changes which 
makes policy evaluation hard. Thus , we should be extremely careful setting the learning rate 
for linear nets. 

N e u r a l g a s . The approximation of a neural gas representation may be very accurate, 
especially with a large number of neurons. Since RL becomes much slower when we use many 
neurons (retrieval t ime increases linearly and learning time even worse with the number of 
neurons), there exists a tradeoff between accuracy and learning time. Therefore we have to 
be careful choosing the number of neurons or alternatively the growthrate of a neural gas 
structure. Note that just a few neurons can already be sufficient for learning a good policy 
and make the learning problem a lot easier. 

For the neural gas, we have to be careful changing the structure. If neurons move fast 
around, this may cause large policy changes which makes learning a (more or less fixed) 
value function very hard. If we add a neuron, we initialize the Q-value of the selected action 
according to the desired Q-value (computed by e.g. offline Q(A) shown above). The Q-values 
of the other actions of the new neuron are computed by weighing the Q-values of existing 
neurons according to their posterior probabilities hk. One difficulty is that the decision to 
add neurons is based on TD-errors, which themselves may be very noisy. Since it is difficult 
to decide whether the example is noisy or the FA is unable to learn a correct mapping, we 
jus t add neurons and hope they will shape themselves inside the s tructure by learning from 
future examples. 

C M A C s . Using CMACs with direct RL may work quite robustly, since it always maps 
the same state to the same set of activated cells. Furthermore, CMACs may approximate 
the value function arbitrarily well given a large number of filters and cells and is shown to 
converge to the least squared error approximation on a set of training da ta given proper 
learning rate annealing (Lin and Chiang, 1997). In practice a lot of C M A C s functionality 
depends on the grouping of states. If a set of states with highly different values is grouped 
together by a cell, then the learned mean value of these states may not be very useful and 
the cell's updates will have large variance. If each cell groups states together with similar 
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Q-values, then learning may be quite fast. 
For RL this means that future trajectories of states grouped by a cell should be as similar 

as possible. In general this will not be the case, however. Furthermore cells may be biased 
or repelled from particular actions. This can cause problems for learning the policy. E.g., 
some actions which are only good in few states may never get selected. Such problems can 
be overcome by making the filters sufficiently specialized, however. 

C o n v e r g e n c e i ssues . Tsitsiklis and van Roy (1996) proof convergence of TD(A) methods 
for function approximators using linear combinations of fixed basis functions (note that the 
linear networks and CMACs belong to this class, neural gas do not since the neurons are 
not fixed). In their proof, they stress the importance of sampling from the steady-state 
distribution of the Markov chains. This can be done by generating trajectories using the 
simulator/real environment. Learning by making single simulation steps start ing in a fixed 
set of preselected input points may cause divergence (Boyan and Moore, 1995), however. 
Finally, Tsitsiklis and van Roy (1996) suggest that higher values of A are likely to produce 
more accurate approximations of the optimal value function. This may imply as well tha t 
TD(A) methods travel along lower mean squared error trajectories in parameter space for 
larger values of A. Unfortunately, little understanding of the convergent behavior of changing 
policies as that of using Q(A) with function approximators is available, however. 

7.3 World Modeling with Function Approximators 

Combining dynamic programming with function approximators was already discussed by 
Bellman (1961) who proposed using quantization and low-order polynomial interpolation for 
approximately representing a solution (Gordon, 1995a). 

Trans i t ion m o d e l i n g . We can use a function approximator to represent not only the 
value function, but also the world model. For this, it is best to use local function approxima
tors. Global function approximators may be very useful for modeling deterministic processes, 
but have problems to model a variable number of outgoing transitions due to their rigid struc
ture. Examples of using global FAs for world modeling are Lin's world modeling approaches 
(1993) for modeling a complex survival environment and explanation based neural network 
learning for learning a model of chess (Thrun, 1995). Although using these models helped 
speeding up learning a good policy, they cannot be easily combined with DP algorithms. 

On the other hand, if we parti t ion the space into a finite set of regions with local function 
approximators, we allow for a much higher variety of transitions and estimating transition 
probabilities becomes more precise and easier. Furthermore, when we use discrete states, we 
have the advantage of being able to apply DP-like algorithms to compute the value function. 

E s t i m a t i n g t rans i t ions . The largest problem which has to solved before D P can be 
used fruitfully in combination with LFAs is that we need a good parti t ioning of the input 
space so that estimated transition and reward functions reflect the underlying model well. 
Given the positions of the cells (or neurons), we can use sampling techniques to estimate 
the transition function. We may use Monte Carlo simulations to sample a state, map this 
to an active cell, select an action, use the simulator or environment to make a transition to 
the successor s tate and map this back to the next active cell. By counting how often each 
transition occurs, we can estimate the transition probabilities between cells and similarly we 
can compute the reward function (see Chapter 4). 

When we have a coarse partitioning, there may be many transitions from a cell which stay 
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inside tha t cell. Those recurrent transitions make computing a correct value function harder. 
Only rewarding transitions or transitions going to neighboring cells are useful for computing 
the value function and policy, since they show differences between different actions. The finer 
the representation, the better we may model the t rue underlying dynamics, but the larger the 
problem of noise. Furthermore, with a fine representation we need much more experiences 
before we have learned reliable transition probabilities and rewards, and D P becomes much 
slower. Finally, if the parti t ioning is changing, we have to recompute transit ion probabilities 
and rewards, which may not always be easy. 

Note that a model gives us the advantage of different splitting criteria: (1) If a (hypothet
ical) split will change the value function significantly, we keep it, and continue splitting; (2) 
If a current transition is unexpected according to the model, we can split the cell to be bet ter 
able to predict the dynamics. Moore and Atkeson's part igame algorithm (1995) does exactly 
the latter: the algorithm greedily executes a goal directed behavior, but whenever executed 
actions in a cell do not make a transition to the next cell as expected, the algorithm splits 
the cell so that more accurate predictions become possible. A difficulty of this approach is 
that stochasticity in the transition function makes it difficult to know whether splitting the 
cell will make the ability to predict the successor more accurate or just increase the model's 
complexity. A solution to this may be to use hypothetical splits and collect more experimental 
data. Another problem is tha t single splits may not always be helpful to see any differences, 
so that multiple splits (e.g. in multiple dimensions) have to be tried out at the same time 
which is computationally quite expensive. 

Sometimes, learning a model is not very difficult — if we have a deterministic MDP, 
discrete actions and discrete time, we could learn a perfect deterministic transit ion function 
between cells by making the coarseness of the representation sufficiently small, although for 
high-dimensional spaces the required space complexity may make this approach infeasible. 

Learning imperfec t m o d e l s . Although learning an accurate model is hard, we can 
learn useful, but incomplete models. Such models can be used for more reliable and faster 
learning of good policies. E.g. consider a soccer environment in which we do not try to 
predict the positions of all players and the ball (which would be infeasible due to the huge 
amount of possible game constellations), but only try to estimate the position of the ball at 
each following time step. Such a model is much easier to learn and even although it may not 
be very accurately, it could be quite useful for planning action sequences. 

First we will discuss learning linear neural network models and we will see tha t this leads 
to a very simple equation for estimating the value function. Then, we will discuss estimating 
models for neural gas and CMAC architectures after which D P or PS is used to compute 
value functions. 

7.3.1 Linear Models 

Linear models are the simplest models, but they can only be used to accurately model a 
deterministic evolution of the process. The goal is to estimate the linear model L 9 (a square 
matrix) which maps the input vector at time t, xt to its successor xt+\: 

Lt+\ = Xt L + T) 

To simplify the following discussion, we leave action parameters out of the nomenclature. 
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where x denotes the transpose of x and 77 is a vector which accounts for white noise. We 
also want to model the reward function. For this, we use a linear model wT to compute the 
expected reward rt given that we see xt: 

rt = xfwr 

Note that we use a linear reward function which makes the following short introduction to 
linear models somewhat simpler, but for practical use it has some disadvantages. We should 
realize that for infinite state spaces, the agent can continuously increase its received rewards 
by making actions which follow the direction of the linear reward plane. Therefore optimal 
performance can never be reached. We can only use this linear reward function if the state 
space is bounded by the transition function. Many other researchers have used a quadratic 
reward function, written as (rt = xtwTxt), which ensures that all positive rewards are bounded. 

Computing the models. Given a set of example transitions (training patterns) (xt,xt+i), 
and emitted rewards (xt,rt), we can compute L and wr. First we collect all vectors xt in the 
matrix X and the vectors xt+i in the matrix Y by putting the vectors as row vectors in the 
matrices. Then, we can compute L as follows: 

L = {XTX)-lXTY (7.2) 

Note that if the vectors (Xi,... ,Xm) are orthonormal,10 then (XTX)~l is identical to the 
identity matrix ƒ, so that we can simplify Equation 7.2 to: 

L = XTY 

We compute the weight vector wr for returning the immediate reward as: 

wT = {XTX)-1XTr 

where r is the m-dimensional vector which stores all immediately emitted rewards (»1, . . . , r m ) . 
Computing the value function. We approximate the value of a state by using the 

linear network (see above): 

V(x) = x w 

where the vector w is the weight vector and for simplicity includes the bias parameter (an 
additional on-bit is included in the input vector). 

Now we can rewrite the original DP Equation 2.2 from Chapter 2: 

V = -yPV + Diag'{PRT) 

as 
w = jLw + wr 

for which we require that all absolute eigenvalues of L are smaller or equal to 1 (otherwise 
the value function is non-existent). This we can rewrite as: 

w = (J — jL)~1wT 

In practice this is not very likely to happen, although it could happen if, for example, we use input vectors 
with a single bit on to model different discrete states. 
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Which gives us the solution for a linear model. 

Bradtke and Barto (1996) present an extensive analysis of linear least squared methods 
using a quadratic reward function combined with T D learning. They proof tha t if the input 
vectors are linearly independent and each input vector is of dimension equal to the number 
of states, the weights converge with probability 1 to the t rue value function weights after 
observing infinitely many transitions (examples). 

These linear models are also called optimal linear associative memory (OLAM) filters 
(Kohonen, 1988). There also exist more complicated linear models such as linear quadrat ic 
regulation (LQR) models which extends OLAM by allowing the modeling of interactions 
between inputs (Landelius, 1997). 

7.3.2 Neural Gas Models 

In contrast to global FAs, local models can be simply combined with world models and can 
in principle model the underlying MDP arbitrary accurately — we can make a (fine-grained) 
parti t ioning of the input space into cells and compute transition probabilities by counting 
how often one cell has been activated after another. 

D i s t r i b u t e d / F a c t o r i a l r epresenta t ion . Counting is easiest if we use WTA to create a 
set of discrete regions, since after each transition we only have to change three variables: the 
counters of the transitions and the variable which sums the transition rewards. If we would 
use smooth LFAs, we need to update all transitions between cells which were activated. This 
takes much longer: in the worst case of a full distributed probabilistic representation this 
takes 0(Z ), where Z is the number of neurons. In this case we could just connect cells which 
are more activated than some threshold to speed things up. 

Since WTA causes discontinuities at the borders of two subspaces, there may be advan
tages in smoothly combining the values of a set of states (Moore et al., 1997; Munos, 1996). 
Schneider (1997) uses multiple states to model uncertainty in model-based learning, and shows 
that dealing with uncertainty can be improved by interpolating over a larger neighborhood. 

Gordon (1995) shows conditions under which the (approximate) value iteration algorithm 
converges when combined with function approximators which compute weighted averages of 
stored target values. An interesting insight which he offers is the following: if a sample point 
uses a cell with some (normalized) weight, then this weight can be seen as the probability 
of making a step to this cell from the sample point. This may be a good way of initializing 
transition probabilities after inserting a new cell. 

Again we have to learn a neural gas s tructure and the Q-function. The latter is done by 
estimating the model and using our prioritized sweeping algorithm to manage the updates . 

Learning s t r u c t u r e . We used the same approach as before to learn the s tructure. 
Again, after each game we computed new Q-values according to Q(A), but now we used these 
values only to split states and not for computing a new Q-function. We also used the same 
conditions as before for adding neurons. Furthermore we initialize the transition variables to 
and from the new neuron to 0. Note that we may improve this initialization procedure by 
weighing the transitions from neighboring neurons according to their distances. Accurately 
initializing the transition probabilities and rewards is difficult, however, since we never know 
the exact dynamics at a new (unmodeled) region. Another way to learn the s tructure is to use 
hypothetical splits and model the dynamics at the new hypothetical cells without immediately 
using them for evaluating actions. Then we can estimate whether using them for real will 
significantly change the transition probabilities and the value function. If they would, we 
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keep them, otherwise we try new splits. We have not tried this algorithm, however, although 
it has the advantage that newly introduced cells may be guaranteed to improve the model 
and we have good initial transition probabilities for them. 

E s t i m a t i n g t h e m o d e l / L e a r n i n g Q. To estimate the transition model for the i neu
ron, we count the transitions from the active neuron n ' = i to the active neuron nt+ = j 
at the next time-step, given the selected action a. Thus , after each (i,a,j) transition we 
compute: 

Cij{a) <- Cij(a) + 1 and d{a) <- d(a) + 1 

We can also take all activated neurons (in the smooth competition case) into account by 

updat ing counters dependent on their gates. We do this by computing Vi, Vj: 

Cij{a) 4- Cij{a) + glg*+1 and d(a) <- d(a) + gj 

These counters are used (see Chapter 4) to estimate the transition probabilities P(j\i, a) = 
P(nt+1 = j\nl = i, a). For each transition we also compute in similar ways the average reward 
R(i, a,j) by summing the immediate reinforcements over the transition from the active neuron 
i to the next active neuron j by selecting action a. 

Our priori t ized sweep ing . We apply our prioritized sweeping to upda te the Q-values 
of the neuron/act ion pairs. After each time step, updates are made via the usual Bellman 
backup (Bellman, 1961): 

Q(t, a) <- Ç P(j\i, a)(-yV(j) + B(t, a, j)) 
3 

After each action we update the model and use PS to compute the new Q-function. Details 

of the algorithm are given in Appendix D. 

7 . 3 . 3 C M A C M o d e l s 

We now describe a world modeling approach for RL which uses CMACs. We know that 
learning accurate models estimating transitions between complete world states is very hard 
for complex tasks. E.g. the same world state may only appears once in an agent's life time. 
As an example consider a world state consisting of a number of input features for which the 

first feature would oscillate between two values: Xi = 1 ,2 ,1 ,2 ,1 , A second feature could 
oscillate between 3 values, a third between 5 values and so on. If we would use one filter 
for each feature, we could easily learn the correct predictive model (in e.g. 2 to 13 steps). 
Estimating the transition function of the complete s tate vector with a single filter would take 
a lot of t ime (e.g. 2 * 3 * 5 * 7 * 1 1 * 13 = 30030 steps), however, since a complete period 
in input space would cost so many steps. 

Therefore, instead of estimating full transitions models, we can sometimes profit sig
nificantly from using a set of independent models and estimating their uncoupled internal 
dynamics. In this way, we can study the dynamics of an object by separating it from the rest 
of the world. If the separation holds, we can learn perfect models. 

Our goals are to (1) create a set of filters which can be used for modeling the world, and 
(2) estimate parameters given the set of designed filters. 

C r e a t i n g fi lters. We have seen that with a completely observable discrete world and 
lookup tables, we can estimate a model and perfectly store the transition probabilities to 
successor states. This allows to compute answers to questions such as: "what is the expected 
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probability of entering the goal s tate within TV steps?" Furthermore, it is for static goal-
directed environments always possible to select an action which is expected to increase the 
state value. 

For CMAC models, we can in general not answer the question above, and it may not always 
be possible to select actions which lead to a larger value for each filter. If filters contradict 
each other, e.g., if one filter advises a particular action which is expected to decrease the value 
of another filter, learning problems may arise. Usually this happens in the initial phase, but 
such problems may be resolved due to learning, however. 

Suppose actions are executed which change the world state, but keep the activated cell 
of a particular filter the same. Such actions will not be considered by that filter to improve 
the state value. After some time, an action is executed which changes the activated cell of 
the filter, which is now activated in a much better world state. Therefore, the filter learns a 
large preference to select that action immediately. This may lead to a policy change — in a 
new trial the new action may be tried out a number of times, but leads to failure. The result 
is tha t other filters will s tart penalizing that action in their currently activated cells and this 
will suppress tha t action from being selected immediately. Finally, the system may converge 
to cell/action values which postpone the action for a while after which it will be selected. 

Difference t o C M A C - Q . The CMAC Q-learning system uses the overall evaluation of 
the complete set of filters to update previous filter/cell/action triples, whereas CMAC models 
keep filters separated from each other. Thus , for the example above, Q-learning may learn Q-
values of the filter which approve of the first action, even although the action does not change 
the filter's cell. However, once the other action needs to be selected, the filter itself may not 
have learned a large preference for that action. Thus, for Q-learning, the final Q-functions 
of filters may contain Q-values of different actions which are much closer to each other than 
those learned by the CMAC model (which may use large preferences and disapprovements). 

E s t i m a t i n g t h e m o d e l . To estimate the transition model for the k filter, we count 
the transitions from activated cell /^ to activated cell fl+ at the next time-step, given the 
selected action a. Thus , for all filters k = 1 , . . . , Z, we compute after each transition: 

Cft ,1+1 (a) <— Cft ft+i ( a ) -I- 1 
JfcJjfe JkJk 

These counters are used to estimate the transition probabilities for the kth filter Pk(cj\ci, a) = 

P(ft+1 = cj\fk = c i i a ) i where Cj and c,- are cells, and a is an action. For each transition 
we also compute the average reward Rk(ci,a,Cj) by summing the immediate reinforcements, 
given that we make a step from active cell C{ to cell Cj by selecting action a. 

Prior i t i zed s w e e p i n g ( P S ) . Again we apply prioritized sweeping (PS) to compute the 
Q-function. This t ime we upda te the Q-value of the filter/cell/action triple with the largest 
size of the Q-value update before updat ing others. Each update is made via the usual Bellman 
backup (Bellman, 1961): 

Qf{ci,a) <- ^2Pf(cj\ci,a)(jVf(cj) + Rf(c„a, Cj)) 

3 

After each agent action we update all filter models and use PS to compute the new Q-
functions. Note that PS may use different numbers of updates for different filters, since some 
filters tend to make larger updates than others and the total number of updates per t ime step 
is limited. The complete PS algorithm is given in Appendix D. 
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I n c r e m e n t a l l y c o n s t r u c t i n g fi lters. If there would be rare interactions between fea
tures, we could model them using filters based on their combination. This could mean that 
we may start out with a lot of parameters, however. A better way may be to incrementally 
construct and add filters. We can construct filters by making new combinations of inputs. 
Then we can add them in several ways: (1) we always use them, (2) filters can be only invoked 
if some condition holds, e.g. if some other particular filter/cell is activated, (3) filters may 
replace other filters if some condition holds. 

The good thing of CMACs is that we can easily add filters without making large changes 
to the policy. Thus, adding filters may only improve the policy on the long term, although 
the improvement is at the expense of larger computational costs (evaluation costs are linear 
in the number of filters). 

CMAC models are related to different kinds of probabilistic graphical models (Lauritzen 
and Wermuth, 1989). Both can be used to learn to estimate the dynamics of some state-
variables. CMACs uses a committee of experts for this, whereas Bayesian networks fuse 
probabilistic dependencies according to Bayes' rule. This makes inference in CMAC models 
faster, although they will in general need more space to store an accurate model. 

7.4 A Soccer Case Study 

We use simulated soccer to study the performances of the function approximation methods. 
Soccer provides us with an interesting environment, since it features high-dimensional input 
spaces and also allows for studying multi-agent learning. 

7.4.1 Soccer 

Soccer has received attention by various researchers (Sahota, 1993; Asada et al., 1994; 
Li t tman, 1994a; Stone and Veloso, 1996; Matsubara et al., 1996). Most early research fo
cused on physical coordination of soccer playing robots (Sahota, 1993; Asada et al., 1994). 
There also have been a t tempts at learning low-level cooperation tasks such as pass play (Stone 
and Veloso, 1996; Matsubara et al., 1996). Li t tman 's (1994) used a 5 x 4 grid world with two 
single opponent players to examine the gain of using minimax strategies instead of using best 
average strategies. Learning complete soccer team strategies in more complex environments 
is described in (Luke et al., 1997; Stone and Veloso, 1998). 

Our case study will involve simulations with continuous-valued inputs and actions, and 
up to 11 players (agents) on each team. We let team players (agents) share action set and 
policy, making them behave differently due to position-dependent inputs. All agents making 
up a team are rewarded or punished collectively in case of goals. We conduct simulations 
with varying team sizes and compare several learning algorithms: offline Q(A)-learning with 
linear neural networks (Q-lin), offline Q(A)-learning with neural gas (Q-gas), online Q(A) 
with CMACs, and model-based CMACs. We want to find out how well these methods work 
— what are their strengths and weaknesses? This gives us the possibility to increase our 
understanding of why some function approximators work well in combination with RL for 
some tasks and why some do not. 

E v o l u t i o n a r y c o m p u t a t i o n vs RL. Finally, we will compare the performances of the 
RL methods to an evolutionary computation (EC) approach (Holland, 1975; Rechenberg, 
1971) called Probabilistic Incremental Program Evolution (PIPE) introduced in (Salustowicz 
and Schmidhuber, 1997). A P I P E alternative for searching program space would be genetic 
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programming (GP) (Cramer, 1985; Koza, 1992), but P I P E compared favorably with Koza's 
G P variant in previous experiments (Salustowicz and Schmidhuber, 1997). Wi th the compar
ison to an EC method, we want to find out in what RL is particularly good or bad. When 
we look at backgammon, for which both approaches have been used before, the EC method 
described in (Pollack and Blair, 1996) was able to learn much faster in the initial phase, but 
did not lead to such a good final performance as that of TD-Gammon (Tesauro, 1992). Thus, 
it seems that EC can perform a faster coarse search, whereas getting high performance results 
in the long term is easier done with RL. 

P I P E . P I P E searches for a program which achieves the performance. Each program is 
a tree composed of a set of functions such as {sin, log, cos, +, exp}, and terminal symbols 
(input variables and a generic random constant). The system generates programs according 
to probabilistic prototype trees (PPTs) . The PPTs contain adaptive probability distributions 
over all programs that can be constructed from the predefined instruction set. The PPTs 
are initialized with probabilities for selecting a terminal symbol at a node and probabilities 
for selecting a function. If the former probabilities are set to high values, the generated 
programs are usually quite small (although learning can cause generated programs to grow 
in size). After generating a population of individuals, each individual is evaluated on the 
problem (e.g. by playing it one game against the opponent) . Then, the best performing 
individual (the one which maximizes the score difference) is used for adapting the P P T s : all 
probabilities of functions used by the programs of the best individual are increased so tha t 
generating the winning individual gets more probable (e.g. after adapting the probabilities, 
the probability that a newly generated program would be the best program from the previous 
generation is 20%). Thus, the search always focuses around the best performing program. To 
limit the problem of ending up in local minima, a mutat ion rate is added to the system which 
randomly per turbâtes probabilities in the P P T s . A large difference with G P is that instead 
of individuals, a probability distribution over individuals is stored, and that no crossover is 
used. Therefore P I P E is closer related to Evolutionary Strategies (ES) (Rechenberg, 1989) 
and PBIL (Baluja, 1994). 

7 .4 .2 T h e S o c c e r S i m u l a t o r 

We wrote our own soccer simulator, although there are also other, more sophisticated, sim
ulators available.11 Our discrete-time simulations feature two teams with either 1, 3 or 11 
players per team. We use a two-dimensional continuous Cartesian coordinate system for the 
field. The field's southwest and northeast corners are at positions (0,0) and (4,2) respectively. 
Goal width is 0.4. As in indoor soccer the field is surrounded by impassable walls except for 
the two goals centered in the east and west walls. Only the ball or a player with ball can 
enter the goals. There are fixed initial positions for all players and the ball (see Figure 7.5). 

P l a y e r s / B a l l . Players and ball are represented by solid circles consisting of a centre 
coordinate and a real-valued orientation (direction). Initial orientations are directed to the 
east (west) for the west (east) team. A player whose circle intersects the ball picks it up and 
owns it. The ball can be moved or shot by the player who owns it. When shot, the speed of 
the ball (vi,) gains an initial speed (0.12 uni t s / t ime step) and then decreases over t ime due 
to friction: Vf,(t + 1) = v\,{t) - 0.005 until vt(t) = 0. This makes shots possible of 1.5 units 
(37.5% of the length of the field). 

" S e e e.g. RoboCup JavaSoccer from Tucker Balch, which follows Robocup rules, retrievable from 
http:/ /www.cc.gatech.edU/grads/b/Tucker.Balch/JavaBots/EDU/gatech/cc/is/docs/index.html. 

http://www.cc.gatech.edU/grads/b/Tucker.Balch/JavaBots/EDU/gatech/cc/is/docs/index.html
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Figure 7.5: 22 players and ball (in the centre) in initial positions. Players of a 1 or 3 player 
team are those farthest in the back (defenders and/or goalkeepers). 

Players collide when their circles intersect. This causes the player who made the respon
sible action to bounce back to his previous positions at the previous time step. If one of the 
collision partners owned the ball prior to collision, the ball will change owners. There are 
four actions for each player: 

• gojorward: move player 0.025 units in its current direction if without ball and 0.8-0.025 
units if he owns the ball. 

• turn-to.ba.il: change the player's orientation so that the player faces the ball. 

• turn-to-goal: change the player's orientation so that the player faces the opponent 's 
goal. 

• shoot: If the player does not own the ball then do nothing. Otherwise, to allow for 
imperfect, noisy shots, turn the agent with an angle picked uniformly random from the 
interval [—5°,5°], and then shoot the ball according to the player's new orientation. 
The initial ball speed is: uïn i t = 0.12. 

A c t i o n framework. A game lasts from time t = 0 to time ten^ = 5000. The temporal 
order in which players execute their moves during each time step is chosen randomly. Once 
all players have selected a move, the ball moves according to its speed and direction, and we 
set t <— t + 1. If a team scores (or t = tenci), then all players and ball will be reset to their 
initial positions. 

Input . At a given time t, player p 's input vector consists of 14 basic features: 

• Three boolean inputs that tell whether (1) the player has the ball; (2) a team member 
has the ball; (3) the opponent team has the ball. 

• Polar coordinates (distance, angle) of bo th goals and the ball with respect to the player's 
orientation and position. 

• Polar coordinates of bo th goals relative to the ball 's orientation and position. 

http://turn-to.ba.il
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• Ball speed. 

These 14 basic features do not provide information about the position of the other players 
including the opponents. Therefore, we designed also a more complex input consisting of 16 
(1 player) or 24 (3 players) features by adding the following features: 

• Polar coordinates (distance and angle) of all other players w.r.t. the player ordered by 
(a) teams and (b) distances to the player. 

For Q-lin, Q-gas and P I P E , we change the input of distance d and angle p in [—II, II], by 
applying the following functions to them before giving the input to the learning algorithms: 
d <— ^ F ^ and p <— e~20p . This was mainly done to simplify Q-lin's function representation, 
so that it is able to focus its action selection on small distances and angles. For the other 
algorithms it should not mat ter much. 

7.4.3 Comparison 1: Q-lin, Q-gas and P I P E 

We first compare the following methods: linear networks and neural gas trained with offline 
Q(A), and the evolutionary method (Rechenberg, 1971; Holland, 1975; Koza, 1992) P I P E 
(Salustowicz and Schmidhuber, 1997). Results have been previously published in (Salustowicz 
et al., 1998; Salustowicz et al., 1997a). . 

We have used an offline Q(A) variant (using accumulating traces) for training the FAs. 
The reason for using offline Q(A)-learning is that reinforcement is only given once a goal is 
scored, so tha t the largest reason of using online learning, improving initial exploration, does 
not apply, whereas offline learning is computationally cheaper. 

E x p e r i m e n t a l s e t - u p 

O p p o n e n t . We train and test all learners against a "biased random opponent" BRO. BRO 
randomly executes actions, but due to the initial bias in the action set it performs a goal-
directed behavior. If we let BRO play against a non-acting opponent NO (all NO can do is 
block) for twenty 5000 time step games then BRO always wins against NO with on average 
72 to 0 goals for team size 1, 45 to 0 goals for team size 3, 109 to 1 goals for team size 11. 

We also designed a simple but good team GO by hand. GO consists of players which move 
towards the ball as long as they do not own it, and shoot it straight at the opponent 's goal 
otherwise. If we let GO play against BRO for twenty 5000 time step games then GO always 
wins with on average 417 to 0 goals for team size 1, 481 to 0 goals for team size 3, and 367 to 
3 goals for team size 11. For this simulator, GO executes a very good single agent strategy. 
Note, however, tha t GO implements a non-cooperative strategy, this makes it suboptimal for 
larger team sizes. 

G a m e d u r a t i o n and i n p u t s . We play 3300 games of length tend = 5000 for team sizes 
1 and 11 (we will not show results with 3 players here, since they are very comparable to 
those of 1 and 11 players). Every 100 games we test current performance by playing 20 test 
games (no learning) against BRO and sum the score results. 

For all methods we used the 14 basic input features (so without the additional information 
about other players). 

Linear ne twork s e t - u p . After a coarse search through parameter space we used the fol
lowing parameters for all Q-lin runs: a j=0.0001, A=0.9, Hmax=100 (a small size of the history 
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list worked best. Although in this case the FA is not trained on all possible examples, the most 
important ones leading to goals are learned.) All network weights are randomly initialized 
in [—0.01,0.01]. We use Boltzmann exploration where during each run the Boltzmann-Gibbs 
rule's greediness parameter (the inverse of the temperature) is linearly increased from 0 to 60. 
The discount factor 7=0.99 to encourage quick goals (or a lasting defense against opponent 
goals), r t - , the reinforcement at trial end, is -1 if opponent team scores, 1 if own team scores, 
and 0 otherwise. 

N e u r a l gas s e t - u p . For Q-gas we used: a s = 0 . 1 , ß = 0.1, A=0.9, Hmax = W0, rj = 30 (note 
that this large value makes the FAs very local), the initial number of neurons Zinit=10, and we 
constrain the maximum of neurons Zmax=100. We use Max-random exploration with Pmax 

= 0.7. Parameters for adding neurons are: the required error Tß=0 .5 and Tc = 1000. We 
used the Manhat tan distance or L\ norm, although some trial experiments using Euclidean 
distance resulted in similar performances. The components of the neuron centers w^ are 
randomly initialized in [—1.0,1.0]. Q-values are zero-initialized. The discount factor 7=0.98. 
Again rt- is -1 if opponent team scores, 1 if own team scores, and 0 otherwise. 

P I P E s e t - u p . We compare our RL methods with the evolutionary search method P I P E 
(Salustowicz and Schmidhuber, 1997). P I P E searches for the individual consisting of five 
programs (one for each action and one for determining the temperature for the used Boltz
mann exploration rule) achieving the best score difference when tested against the oppo
nent. The most interesting parameters for P I P E runs are set to: learning ra te=0.2 , mutat ion 
rate=0.2, and population size=10. During performance evaluations, we test the current best-
of-generation program (except for the first evaluation where we test a random program). Note 
that this is an advantage for P I P E , since the program which is tested is known to outperform 
all other programs of the same generation. 

E x p e r i m e n t a l resul ts 

We compare average score differences achieved during all test phases against BRO. Figure 
7.6 shows results for P I P E , Q-lin and Q-gas. It plots goals scored by learner and opponent 
against number of games used for learning (averaged over 10 simulations). Larger teams score 
more frequently because some of their players start out closer to the ball and the opponent 's 
goal. 

P I P E learns fastest and always quickly finds an appropriate policy regardless of team 
size. Its score differences continually increase. Q-lin and Q-gas also improve, but in a less 
spectacular way. They are able to win on average and tend to increase score differences until 
they score roughly twice as many goals as in the beginning (when action selection is still 
random). 

For the single agent case, Q-gas is able to learn good defensive policies, what can be seen 
from the strongly reduced opponent scores. For the multi-agent case, Q-gas slowly increases 
its score differences, although its learning performance shows many fluctuations. It seems 
that the system is changing its policy a lot and does not seem able to fix a good policy. Still 
it is almost always able to win. 

For Q-lin the score differences start declining after a while — the linear neural networks 
cannot keep and improve useful value functions but tend to unlearn them instead. We will 
now describe a deeper investigation of the catastrophic performance breakdown in the 11 
player Q-lin run followed by an explanation of neural gas' instability problems. 

Q-lin's ins tabi l i ty p r o b l e m s . Some runs of Q-lin led to good performance, although 
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Figure 7.6: Average number of goals scored during all test phases, for team sizes 1 and 11. 
Averages were computed over 10 simulations. 

sudden performance breakdowns hint at a lack of stability of good solutions. To unders tand 
Q-lin's problems in the 11 player case we saved a "good" network just before breakdown (after 
2300 games). We performed 10 additional simulations, for which we continued training the 
saved network for 25 games, testing it after every training game by playing 20 test games. To 
achieve more pronounced score differences we set the temperature parameter in the Boltzmann 
exploration rule to ^ — this leads to more deterministic behavior than the value round \ 
used by the saved network. 

Figure 7.7(left) plots the average number of goals scored by Q-lin and BRO during all test 
games against the number of games. Although initial performance is very good (the score 
difference is 418 goals), the network fails to keep it up. To analyze a particular breakdown we 
focus on a single run. Figure 7.7(middle) shows the number of goals scored during the test 
phases of this run, and Figure 7.7(right) shows the relative frequencies of selected actions. 

TD-Q l l -p l j yc TD-Q II-players 
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Figure 7.7: Performance breakdown study. Left: average numbers (means of 10 runs) of goals 

scored against BRO by a team with 11 players starting out with a well-trained linear network. 

Middle: plot for a single run. Right: relative frequencies of actions selected during the single 

Figure 7.7(middle) shows a performance breakdown occurring within jus t a few games. 
It is accompanied by dramatic policy changes displayed in Figure 7.7(right). Analyzing the 
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learning dynamics we found the following reasons for the instability: 
(1) Since linear networks learn a global value function approximation, they compute an 

average expected reward for all game constellations. This makes the Q-values of many actions 
quite similar: their weight vectors differ only slightly in size and direction. Hence small 
updates can create large policy changes. 

(2) Q-lin adapts some weight vectors more than others — the weight vector of the most 
frequent action of some rewarding (unrewarding) trial will grow (shrink) most. For example, 
according to Figures 7.7(middle) and 7.7(right), the action gojorward is selected most fre
quently by the initially good policy. Two games later, however, the behavior of the team is 
"dominated" by this action. This results in worse performance and provokes a strong "correc
tion" in the third game. This suddenly makes the action unlikely even in game constellations 
where it should be selected, and leads to even worse performance. 

For 11 player teams the effect of update steps on the policy is 11-fold and therefore 
instabilities due to outliers can easily become much more pronounced. 

The question can be asked whether the RL method is the cause for the learning difficulties 
or whether it is the linear networks. Although the linear networks are not very powerful, 
they can still be used to reach high performance levels (even although the learned value 
function approximation may be very bad) . Linear models could get rid of at least some of 
the instability problems. We have not tried them, however, since they are computationally 
much more expensive. 

N e u r a l g a s ' s instabi l i ty . Just like the linear network, neural gas is not able to constantly 
improve its policy. For the single agent case it quickly diminishes the opponents score to few 
goals and increases its own score, but does not keep good policies producing many goals. 
We also combined the neural gas with online Q(A)-learning, but this did not improve the 
results. Analysing the system, we found one particularly important reason for neural gas' 
learning problems: adding neurons usually helps to improve the performance, but sometimes 
adding a neuron can ruin good policies. Noise can be responsible for placing a neuron which 
s tar ts dominating some region, adds errors to its Q-function approximation, and selects a 
wrong action. Ways to solve this problem is to design more clever algorithms for adding 
neurons. If a neuron is added, the algorithm makes an unrealistically large update step of 
the value function. A way to get around this is to use local greediness values in Equation 7.1 
for computing the neuron gate-values. Then we can initialize a greediness value of a newly 
added neuron to a very low value and gradually increase it so that it has t ime to adapt to its 
environment before being used fully by the system. 

The lesson we have learned here is that (direct) RL methods require evaluating policies 
which do not change very fast. Each policy needs many experiences to be completely eval
uated, and although we can update the value function before we have collected a very large 
number of experiences (which would make learning very slow), we should be careful not to 
make any large changes based on little experience, since tha t may cause havoc — previous 
"plans" or strategies suddenly may not work anymore. Thus , using state quantization meth
ods for RL seems a powerful technique, but applying it may be quite difficult since they need 
lots of parameter twiddling and lack robust structures. We should try to gradually improve 
the s tructure and make small Q-value updates. 

N e u r a l gas m o d e l s . We also tried using neural gas models, but these did not work 
successfully either. One of the main problems of this approach is that transition probabilities 
are estimated according to a particular positioning of the neurons, which constantly (and 
probably too fast) changes. A second problem was that neural gas models result in many 
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outgoing transitions from each neuron, so that there is a lot of uncertainty about predicting 
the next s tate and Bellman backups consume a lot of time. Start ing with a fixed structure (and 
connective neighborhood) may circumvent this problem, but choosing an a priori s t ructure 
is a difficult design issue on its own. Finally, instability problems are caused by the used 
insertion procedure and initialization of new neurons. 

Conc lus ion 

We found tha t linear networks, despite of their lack of expressive power, can be used for rep
resenting and finding good policies. Since their function approximation of the t rue evaluation 
function is unstable, however, they quickly unlearn good policies once they are found. 

The neural gas method showed faster initial learning behavior than the linear networks, 
but in our experiments the neural gas systems did not continuously learn to improve policies. 
A problem of the neural gas method is that although adding neurons is usually useful, some
times it leads to bad interference with the learned approximation. Therefore more careful 
algorithms for growing cell structures should be used. 

Both algorithms performed worse than the evolutionary method P I P E , which tests mul
tiple different individuals and has a large probability of generating winning programs of the 
previous round again, thereby safeguarding the best found policies. Furthermore, P I P E was 
able to quickly find good policies, since it was biased to start searching for low complexity 
programs, and quickly discovered which features were important to use. Surprisingly, some 
low complexity programs implemented very good policies against the fixed soccer opponent. 

Learning soccer strategies with a single player or with multiple players does not seem to 
be very different in our soccer environment. The only real difficulty with multiple players is 
that particular outliers get heavier weight when we use multiple players, thus leading to more 
learning instability and requiring more robustness from the FA. 

From the current results, we conclude that value function based RL methods should be 
extended to make them also profit from (a) feature selection facilities, (b) existence of low-
complexity solutions, (c) incremental search for more complex solutions where simple ones do 
not work, and (d) keeping and improving the best solution found sofar. 

7 . 4 . 4 C o m p a r i s o n 2: C M A C s v s P I P E 

The previous function approximators were too unstable for reliably learning good soccer 
policies. CMACs possess different properties: while still being local, all cells have fixed 
locations. This could possibly make them more stable and therefore more suitable for RL. 
We will now compare CMACs trained with online Q(A), model-based CMACs trained with 
PS, and P I P E . Results have been previously published in (Wiering et al., 1998). 

E x p e r i m e n t a l s e t - u p 

Task. We train and test the learners against handmade programs of different strengths. 
We use a different set-up from the previous experiments to get some results against bet ter 
opponents, since we expect that evolutionary computat ion may be faster when it comes to 
finding solutions to simpler problems. The opponent programs are mixtures of the program 
BRO which randomly executes actions and the program GO which moves players towards the 
ball as long as they do not own it, and shoots it straight at the opponent 's goal otherwise. 
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Our five mixture programs, called Opponent(PT), use BRO for selecting an action with prob
ability PT 6 {0, j , | , | , 1}, and otherwise they use GO. Thus, Opponent(l.0) equals BRO and 
Opponent(0.0) equals GO. 

We test team sizes 1, and 3 (team sizes 3 and 11 do not show large differences in learning 
curves, although team size 11 consumes much more simulation time). 

For all methods we used the extended input vectors (with the additional player dependent 
input features). We have observed that for the neural gas and linear networks there were 
minor advantages using extended inputs, although the overall results look more or less the 
same. Thus we use 16 inputs for the 1-player case and 24 inputs for the 3-player case. 

C M A C - Q s e t - u p . We play a total of 200 games. Every 20 games we test current 
performance by playing 20 test games against the opponent and sum the score results. The 
reward is + 1 if the team scores and -1 if the opponent scores. The discount factor is set 
to 0.98. We used fast online Q(A) with replacing traces: A = 0.8 for the 1-player case, and 
A = 0.5 for the 3-player case. Initial learning rate (lr) ac = 1.0, lr decay rate ß = 0.3. We 
used Max-random exploration with P m a l = 0.7 —» 1.0. We use 2 filters per input (total of 32 
or 48 filters) and set the number of cells nc = 10. Q-values are initially zero. 

P I P E s e t - u p . For P I P E we play a total of 1000 games. Every 50 games we test per
formance of the best program found during the most recent generation. Parameters for all 
P I P E runs are the same as in previous experiments (Salustowicz et al., 1998). 

C M A C m o d e l s e t - u p 

For the CMAC models, we have some additional special features which improved the learning 
performance. 

M u l t i p l e res tarts . CMAC models turn out to be very fast learners: often they converge 
to a particular policy after a small number of games. The method sometimes gets stuck 
with continually losing policies (also observed with our previous simulations based on linear 
networks and neural gas), however. We could not overcome this problem by adding s tandard 
exploration techniques. Instead we reset the Q-function and W M once the team has not scored 
for 5 successive games whereas the opponent scored during the most recent game (we check 
these conditions every 5 games). This multiple restarts combined with model-based CMACs 
(which behaves as a stochastic hillclimber) is a new way for searching policies in RL, but is 
also used in operations research (OR) for searching for solutions to combinatorial optimization 
problems. Note that it is no problem whatsoever to use multiple restarts with any learning 
algorithm for any problem, e.g., it could also be used for lifelong learning approaches. 

N o n - p e s s i m i s t i c value funct ions . Since we let multiple players share their policies, 
we "fuse" experiences of multiple different players inside a single representation. These ex
periences are, however, generated by different player histories (scenario's) and therefore some 
experiences of one player would most probably never occur to another player. Thus , there is 
no straightforward way of combining experiences of different players. For instance, a value 
function may assign a low value to certain actions for all players due to previous unlucky expe
riences of one player. To overcome this problem we compute non-pessimistic value functions: 
we decrease the probability of the worst transition from each cell/action and renormalize the 
other probabilities. Then we use PS with the new probabilities. Thus , basically we do a 
similar thing as in Chapter 5 for computing optimistic value functions. The difference is that 
in Chapter 5, we made good experiences more important . Here we make bad experiences less 
important . Details are given in Appendix D. 
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P a r a m e t e r s . We play a total of 200 games. Every 10 games we test current performance 
by playing 20 test games against the opponent and summing the score results. The reward is 
+ 1 if the team scores and -1 if the opponent scores. The discount factor is set to 0.98. After 
a coarse search through parameter space we chose the following parameters . We use 2 filters 
per input (total of 32 or 48 filters) and set the number of cells nc = 20, Q-values are initially 
zero. PS uses e = 0.01 and a maximum of 1000 updates per time step. 
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Figure 7.8: Number of points (means of 20 simulations) during test phases for teams consisting 

of 1 player. Note the varying x-axis scalings. 

R e s u l t s : 1-Player case . We plot number of points (2 for scoring more goals than the 
opponent during the 20 test games, 1 for ties, 0 for losses) against number of training games 
in Figure 7.8. 

We observe that on average our CMAC model wins against almost all training programs. 
Only against the best 1-player team (P r = 0) it wins as much as it loses. Against the worst 
two teams, CMAC model always finds winning strategies. 

CMAC-Q(A) finds programs that on average win against the random team, although they 
do not always win. It learns to play about as well as the 75% random and 50% random teams. 
CMAC-Q(A) performs poorly against the best opponent, and although it seems that the 
performance jumps up at the end of the trial, longer trials do not lead to better performances. 

P I P E is able to find programs beating the random team and quite often discovers programs 
that win against 75% random teams. It encounters great difficulties in learning good strategies 
against the bet ter teams, though. Although P I P E may execute more games (1000 vs. 200), 
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the probability of generating programs that perform well against the good opponents is very 
small. For this reason it tends to learn from the best of the losing programs. This in turn 
does not greatly facilitate the discovery of winning programs. 

R e s u l t s : 3 -Player case . We plot number of points (2 for scoring more goals than the 
opponent during the 20 testgames) against number of training games in Figure 7.9. 

Again, CMAC model always learns winning strategies against the worst 2 opponents. It 
loses on average against the best 3-player team (with PT = 0.25) though. Note that this 
strategy mixture works better than always using the deterministic program (P r = 0) against 
which CMAC model plays ties or even wins. In fact, the deterministic program tends to 
clutter agents such that they obstruct each other. The deterministic opponent 's behavior 
also is easier to model. All of this makes the stochastic version a more difficult opponent. 

CMAC-Q is clearly worse than CMAC model — it learns to win only against the worst 
opponent. 

P I P E performs well only against random and 75% random opponents. Against the better 
opponents, it runs into the same problems as mentioned above. 
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Figure 7.9: Number of points (means of 20 simulations) during test phases for teams consisting 
of 3 players. Note the varying x-axis scalings. 

S c o r e d i f fe rences . We show the largest obtained score differences in Table 7.1 (1 player) 
and Table 7.2 (3 players). We should keep in mind that these score differences can have a 
large variance and may thus not convey too much information. E.g. in the case of CMAC 
models with 1 player, Opponent (0.0) may sometimes win 760-0 against CMAC models, since 
the CMAC model had not already found a good policy and its policy had just been resetted 
before testing. Although this only happens 2 or 3 times out of 20 simulations, these large 
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scores have a tremendous impact on the overall averaged score results. P I P E has a small 
advantage there, since P I P E always uses the best found program during the last generation 
for testing, and thus effectively diminishes the probability to almost 0 of testing a really 
bad policy. Still, the tables show that although P I P E is able to score more against the 
bad opponents than CMAC-models or CMAC-Q, P I P E often cannot score against the good 
opponents. CMAC-models do score against the good opponents, and were able to find (at 
least 1 time) winning policies against all opponents. It is difficult to say whether winning 
127-35 is bet ter or worse than winning 68-3, though. We remark that P I P E performs better 
against the weakest opponent and CMAC models perform best against the best opponents. 

Learning Algorithm 1.0 0.75 0.5 0.25 0.0 

CMAC-models 85-2 68-3 27-1 6-15 1-146* 

CMAC-Q 92-6 52-23 10-7 1-4 0-13 

P I P E 225-18 127-35 19-13 0-3 0-10 

Table 7.1: Best average score differences for the different learning methods against different 

strengths of the 1-player opponent. * = Although CMAC-models were sometimes able to score 

7 goals, they also sometimes lost 0-760. 

Learning Algorithm 1.0 0.75 0.5 0.25 0.0 

CMAC-models 161-31 236-100 84-70 6-20 0.3-0 

CMAC-Q 111-26 36-73 13-58 3-23 0-24 

P I P E 297-18 163-64 30-31 0-11 0-21 

Table 7.2: Best average score differences for the different learning methods against different 

strengths of the 3-player opponent. 

Instead of showing score differences, we may also plot relative score differences. We 

compute relative scores as: 

relativescore 
Player .goals 

Player _goals + Opponent.goal s 

This measure has as a drawback that the scores 1-0 and 10-0 are treated equally, although 
this makes comparing results against the strong opponents with results against the weak 
opponents easier possible. We plot relative scores against number of games in Figure 7.10. 
Here we can clearly see that relative scores against the 1-player team are larger than those 
against 3-player teams. 

C o m m e n t s 

F i l ter des ign . For CMAC-models we used 20 cells for each single-input filter, whereas we 
used 10 cells for CMAC-Q. Changing the number of cells does not affect the results very much, 
although learning can become slower. Using 4 instead of 2 filters results in good performance 
as well, although the computational time is doubled. A single filter results ' in less stable 
learning and worse performance, however. Finally, different filter designs combining different 
inputs works good as well. Thus, it seems that the method is quite robust to the actual design 
of the filters. 



7.4. A SOCCER CASE STUDY 147 

CMAC Model 1-Player CMAC-Q 1-Player 

ILf^s. Opponent (1 .()Q) -
Oppimenl(0.75) -
Opponent (0.S0) 
Opponent (0.25) 
Oppnnciil (O.IK)) -

10t 150 

CMAC Model .VPIayen. 

Opponen 
Op ponen 

<1.00) — 
(0.75) --

(l)!25) •• 
(0.00) — 

^r~~-Opponen 
Opponen 

<1.00) — 
(0.75) --

(l)!25) •• 
(0.00) — 

^r~~-

/"---..----* 
;.".-— "'._ r^ ^y 

CMAC-Q 3-Playcrs 

Opponent (1.1X1) -
Opponent (0.75) -
Opponent (0JJ" 

-OppwjtpKTU: 
Opponent {0.1'Xlj -

£*V £*V 

Opponent (1.00) 
Opponent (H,75),-
OppiihL'wtOJO) \,-'~\ . 

/ \ .--'opponent (0.25) 
Opponent (0.00) _ 

> 2(K) 400 600 K00 |0M 

KjjMmes 

PIPE 3-Players 

'• r Opponent (1.00) 
Opponent (0,75) 
Opponent (0.50) •— . 
OpponenlUÎ^JJ •..;;;-• 

-••-.• "• •." .".-•, ., - -

Figure 7.10: Relative scores (own goals / total goals) for the 3 methods for team sizes 1 and 
3. 

N o n player-sharing pol ic ies . We also tried using different representations for the Q-
functions of the 3-player teams. For this, we used CMAC-models and used an independent 
model for all players. We did not use the non-pessimistic value function approach, since the Q-
functions were not shared. Against Opponent(l .O), the results were comparable with sharing 
policies, except that the CMAC-models now tended to score slightly more (the best result 
was 173-27), but did not always win (average points was 1.9). Against Opponent(0.25), the 
results were much worse: CMAC models lost on average (0-23), and gained 0 average points. 
Thus, it seems that policy sharing improves learning when tasks get more complicated. 

Explora t ion in t i m e crit ical p r o b l e m s . In certain problems, an agent has to reach 
a specific goal before some time criteria or time-horizon has elapsed. For such time critical 
problems, policies need to be good and almost deterministic (exploiting or greedy) to be 
successful since each bad/non-policy action will waste precious time. This makes exploration 
very difficult. Soccer is an example of such a t ime critical problem. If we play with a policy 
that contains too many bad actions against a very good opponent, then the opponent will 
score even before one of our own players has approached the ball. Since in each state all actions 
are tried about the same number of times, it is very hard to learn which actions are really 
bad. This problem is shown by the results of all learners against the 3-player Opponent(0.25) 
team. There are no good ways to circumvent this problem with RL. If the agent only receives 
reward at a specific goal state, and that goal s tate is only reachable in a small percentage 
of all trials, other ways for initially exploring the policy space are needed such as exhaustive 
search, means-end analysis, or a priori knowledge to be able to test policies which perform 
well enough so that the goal is found. 

7 .4 .5 D i s c u s s i o n 

Onl ine v s Offline Q(A). We used offline Q(A) for the first two FAs and online Q(A) for 
CMACs. We switched to online learning because we thought that it might improve learning 
performance. Although online learning improves things a little bit, the different function 
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approximators are the main reason for the different learning performances. Although all FAs 

were often able to learn to beat the simplest fixed opponent, CMACs obtained the fastest 

learning performance. 

R L v s E C . When we compare RL to evolutionary computat ion for the soccer task, then 

we observe that EC may be bet ter in learning very good performances for the easier problems, 

whereas RL is bet ter in finding good policies for more difficult problems. This confirms our 

expectations: RL may need more time (e.g. CPU or modeling), but may finally come up with 

better solutions for difficult problems. 

C M A C m o d e l s no 1. CM AC models are able to learn good, reactive soccer strategies 
against all opponents despite treating all features independently. They prefer actions that 
activate those cells of a filter which promise highest average reward. The use of a model 
stabilizes good strategies: given sufficient experiences, the policy will hardly change anymore. 

T h e curse of filter d imens iona l i ty . First of all, a lot depends on the filter design. For 
particular problems, we would need to construct filters combining many context-dependent 
features. Such problems would need a lot of cells, which is especially a problem if we use 
model-based RL. Still, there may be ways cutt ing down the number of parameters . E.g. we 
could preprocess all "filter spaces" and transform them into lower-dimensional spaces using 
Independent Component Analysis, e.g., (Oja and Karhunen, 1995; Bell and Sejnowski, 1998). 

L i m i t a t i o n s of C M A C m o d e l s . Note tha t if there are a huge number of possible 
actions, we cannot store world model transitions conditioned on the selected action. Instead 
we model only the effect of the best (selected) action. Then we select an action by simulating 
all possible actions with a model and evaluating the resulting states using the CMAC. For 
this we need to have a simulator or model mapping s ta te /act ions to subsequent states. Then 
we update the CMAC model according to the selected action. 

I n d e p e n d e n t filter m o d e l s . In chess there is so much contextual dependent informa
tion, tha t CMACs would probably not be the best representation for it. However, we can 
generalize our CMAC models to a set of independent filter models. E.g., we could use de
cision trees (DT) to save a lot of memory, whereas they are only slightly less time-efficient. 
DT-models could be used in the same way as CMAC models: we learn Q-values for leave 
nodes and we learn transition probabilities and rewards between leave nodes. Furthermore to 
allow for the power of the committee of experts, we can use multiple DT-filters, where each 
DT-model is based on different subsets of all inputs. Of course, instead of DT-filters, we could 
also use unsupervised learning in a preprocessing phase and use the resulting quantizations 
for constructing different filters. The thing to remember is tha t we are interested in using 
multiple filters based on different views on the universe so tha t each policy can be quickly 
learned and the combined policy works well for the many different (partial) universes. 

N o n - s t a t i o n a r y filters. Finally, there may be problems if filters are only worthwhile 
during a particular stage of a process. After this stage, invoking them would just cost time. 
However, nothing forbids us to use temporal sequences of filter-sets or to use a higher-level 
decomposition of the process into subprocesses, all with their own filter design. 

Learning filters. If we have constructed an architecture with a good set of filters, the 
method may be expected to work well. Still, sometimes we would like to learn the filters. 
This can be done by different techniques. Since Independent-filter models are quite robust, it 
offers many possibilities for changing the architecture without causing large policy changes. 
This may make them suitable for incremental policy refinement. 
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7.5 Previous Work 

There have been quite a few combinations of function approximators and RL. We will give a 
sample of what has been done. Chapman and Kaelbling (1991) implemented the G-algorithm, 
a method based on incrementally computing decision trees by splitting nodes receiving in
consistent reinforcement signals. The algorithm used Q-learning for learning the Q-values, 
which were stored in the leave nodes. The system was successfully tested on an amazone 
environment, where the goal was to learn to shoot arrows at ghosts. One of the drawbacks 
of their (and similar) systems is that it could not handle multivariate splitting so that it is 
restricted to environments where singular inputs can show a difference. Another problem is 
that it may generate huge trees if all inputs are relevant. 

Boyan (1992) used hierarchical neural networks to learn the games of Tic Tac Toe and 
Backgammon and showed performance gains in using hierarchical nets compared to monolithic 
networks. Wiering (1995) extended this work and was able to reach optimal performance levels 
on Tic Tac Toe using Q(A)-learning. Furthermore, he showed which precision levels can be 
obtained by neural networks learning the evaluation function of the endgame of backgammon. 

Santamaria, Sutton and Ram (1996) compare CMACs to memory-based function approx
imation with Sarsa (Rummery and Niranjan, 1994; Sutton, 1996) on the double integrator 
and pendulum swing up problems. They found that both methods profit from a non-uniform, 
variable resolution allocation of the cells/neurons, and tha t CMACs profitted most from this. 
They found an elegant way to change the input space by using a skewing function which in
creases the size of important regions such as those around start and goal states. The obtained 
results of both FAs were comparable. 

Tham (1995) incorporated a set of CMACs in the hierarchical mixtures of experts (HME) 
architecture (Jacobs et al., 1991; Jordan and Jacobs, 1992). He used Singh's Compositional 
Q-learning (CQ-L) architecture (1992) which uses relevant task inputs to gate the different 
controllers. His system quickly learned good performance levels for different sequences of 
robot manipulator tasks. 

Kröse and van Dam (1993) use RL with a neural gas architecture for collision free nav
igation. The system gets 8 distance measures as input and has to learn to steer a vehicle 
left or right in a simulated environment. Whenever there is a collision, neurons are added 
so that critical regions get high resolution. The system also removes neurons which have 
similar values as their neighbors. The experimental results a virtual environment show that 
the system can quickly find collision free paths. 

Schraudolph, Dayan and Sejnowski (1994) used TD-learning to learn to play Go on a 9 x 9 
board and showed that the system achieved significant levels of improvement. The program 
learned good opening strategies, but often made tactical mistakes later in the game. In later 
phases of the game many complex interactions between stones dominate position evaluation. 
This was (to our knowledge) the first t ime anybody used a whole grid of local reinforcement 
signals to evaluate each possible board position, as opposed to just a single scalar evaluation. 
This made a big difference in performance. 

Th run implemented neurochess (1995), a program which uses TD-learning and explanation 
based neural network learning for learning to play chess. He learned a model to predict likely 
sequences of gameplay and used this model for training the position evaluator. The resulting 
performance of the neural network was of limited success — a better level of play needs a 
more accurate value function which takes the precise board constellation into account. 

Recently, Baxter, Tridgell and Weaver (1998) came up with a promising method for learn-
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ing to play chess which is very similar to Samuel's approach in the sense that it combines 
lookahead search with reinforcement learning. Their system used a simple initially hand
crafted position evaluator which was improved by TD-learning by updat ing the values of 
those leave nodes which result from a lookahead search for the best move. Using lookahead 
makes the accuracy of the position evaluator much less important for good play and that 
makes learning a useful value function much easier. The system played on the internet chess 
server and was able to significantly improve its level of play after learning from only 200 
games. 

Tadepalli and Ok (1998) describe H-learning, a model-based RL method maximizing aver
age reward per time step. They show that H-learning outperforms discounted model-based RL 
for particular tasks. Furthermore, they extend H-learning by introducing dynamic Bayesian 
networks to compactly store the model so that the system can cope with large state-spaces. 
The DBN for storing the model is then combined with local linear regression (LLR) for ap
proximating the value function. The results of this combination on an automated guided 
vehicle domain show promising results. 

S a m p l i n g & a p p r o x i m a t i o n 

There also exists a different way of using models for computing a value function. We still 
represent the value function in a function approximator, but now we generate a set of s tate 
vectors, use the model (or simulator) to perform a one-step lookahead for all states to obtain 
more accurate values (possibly in combination with Monte Carlo simulations for stochastic 
problems), and train the function approximator to learn the new state values. The method is 
in principle a hybrid: we can use one representation for the model (e.g. Bayesian networks), 
and use another for the value function (e.g. neural networks). Once we have computed a new 
generation of training examples, we use a training method to adapt the function approximator. 
The simplest methods use gradient descent to minimize the Bellman error of the generated 
examples. This is called the direct method, but is has been shown that it may lead to learning 
instability (Boyan and Moore, 1995; Baird, 1995). 

To overcome the problem of diverging value functions, Boyan and Moore (1995) used a 
method based on learning the value function backwards during which complete "roll-outs" are 
used for computing new value estimates while keeping a large batch set of training examples. 
This method showed promising results for deterministic problems, but is computationally 
expensive for stochastic problems. 

Baird (1995) discussed residual gradient algorithms, where steepest descent on the mean 
squared error Bellman residual is performed. These methods converge to a local minimum 
on the Bellman error landscape, bu t tend to be slow. Therefore, Baird introduced residual 
algorithms which are a mixture between the direct method and the residual gradient method, 
combining the property of minimizing the Bellman residual at each step with fast learning. 
The method can be applied for stochastic problems by combining two independent successor 
states in a single learning example. This is called the two sample gradient method (Bertsekas 
and Tsitsiklis, 1996). 

We have not used these methods here, because it may be difficult to select a set of target 
points. Furthermore the function can change dramatically if the environment is very noisy, 
since new target values may be quite different, dependent on the successor s ta te we have 
sampled. Finally, for real world learning, we cannot sample from arbi trary points,' so tha t the 
method requires engineering or learning a model first. 
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7.6 Conclusion 

In this chapter we discussed one of the most interesting topics in RL: the application of 
function approximators to learn the value function. We described three different types of 
function approximators: linear networks, neural gas, and CMACs, as well as ways to combine 
them with direct RL and model-based RL. Then we compared them on a soccer learning task. 

We found that linear networks had severe learning problems for the soccer task. Although 
the linear networks were sometimes able to learn good policies, small update steps of the 
weight vectors sometimes cause large policy changes after which good policies are unlearned. 

A difficulty of reinforcement learning compared to supervised learning is tha t the output 
value of examples change and are taken from a non-stationary distribution due to policy 
changes and exploration behavior. Therefore, in order to receive sufficient da ta from the 
same inpu t /ou tpu t mapping, the policy should not change too fast, and the used function 
approximator should be robust enough so that noise will not affect its approximation very 
much. We should be careful in assessing whether we really make an improvement step of a 
particular policy, since it is easy to make changes which decrease the performance level of the 
policy. Especially if we want to obtain high performance levels, we should circumvent this 
from happening. 

Approximators which use adaptive state quantization suffer from noise which may cause 
quick policy changes, and therefore they are not always very stable. One function approxima
tor which discretizes the input space using an a priori decomposition, CMACs, turned to be 
quite stable, especially when combined with world models. CMAC models are able to capture 
lots of statistics, and makes fast and robust learning possible. One problem of CMACs is that 
filters combining different input features need to be designed by hand. Therefore, we would 
like to use methods which can learn the possible filters. 

In this chapter we have not given any special attention to multi-agent RL. Future work 
on robotic soccer may profit by studying team strategies and the integration of perceptions 
of different agents. By mapping group states to team strategies, a useful abstraction can be 
made. Furthermore it may be easier to assign rewards to team strategies than to single player 
actions. Therefore it may be a good idea to define a set of team strategies involving reactive 
policies for each individual agent. 



152 CHAPTER 7. FUNCTION APPROXIMATION FOR RL 


