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Abstract

We present a two-parameter family of exactly solvable quantum manybody systems in one spatial dimension containing the Lieb–Liniger model
of interacting bosons as a particular case. The principal building block
of this construction is the previously-introduced (Stouten et al 2018
arXiv:1712.09375) family of two-particle scattering matrices. We discuss an
SL(2) transformation connecting the models within this family and make a
correspondence with generalized point interactions. The Bethe equations for
the ground state are discussed with a special emphasis on ‘non-interacting
modes’ connected by the modular subgroup of SL(2). The bound state
solutions are discussed and are conjectured to follow some correlated version
of the string hypothesis. The excitation spectrum of the new models in this
family is derived in analogy to the Lieb–Liniger model and we show that
for certain choices of parameters a spectrum inversion occurs such that the
Umklapp solutions become the new ground state.
Keywords: integrable systems, Bethe ansatz, Lieb–Liniger type models,
duality, Yang–Baxter equation, excitation spectrum
(Some figures may appear in colour only in the online journal)
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Introduction
Exactly solvable models play a profound role in our understanding of low-dimensional statistical mechanics and condensed matter physics. Of particular importance is the Lieb–Liniger
(LL) model, representing bosons in one spatial dimension interacting through a δ-function
potential of arbitrary strength c,
N
N


∂2
HLL = −
+
c
δ(xi − xj ).
(1)
∂xj2
j=1
i=j

Originally employed to extend the Bogoliubov theory predictions for the excitation spectrum [1, 2], it has emerged in quantum optics for modeling effective Kerr nonlinear media in
the quantum regime [3–5], and photonic many-body correlated states [6, 7]. In two-dimensional statistical mechanics this model appeared in the description of an interface interacting
with impurities [8], establishing a link of this problem to the Kardar–Parisi–Zhang universality class [9–11]. This could then also be connected to the asymmetric simple exclusion process, as discussed in [12]. Experiments with ultracold atomic systems can nowadays confine
the motion of the constituent particles to one spatial dimension (1D), if the two-particle scattering is determined by an interaction of the δ-function form, then LL model emerges [13].
This model then describes experimentally observed phenomena such as interaction-induced
fermionization of bosons [14–16], suppression of three-body recombination [17, 18], absence
of thermalization [19], stability in the attractive regime [20], and Bloch oscillations in the
absence of a lattice [21]. For a more detailed review we refer the reader to [22].
However, the LL model does not exhaust all integrable continuum models in 1D. Gaudin
[23], Yang [24, 25], and Sutherland [26] demonstrated that the solution to the LL model can
be further extended to a problem of δ-interacting particles with no limitation on the symmetry
of the wave function. In particular, the Yang–Gaudin model is a generalization to interacting
fermions, and multicomponent mixtures of point-interacting models have also been found by
Sutherland. In the remarkable paper [24], Yang then generalized the LL model to particles in
arbitrary representations of the symmetric group.
The key ingredient of integrability in 1D is the Yang–Baxter equation (YBE) for the twoparticle scattering matrices Šij (ki , kj ) of two particles labeled by i and j, given by
Šjk (ki , kj )Šij (ki , kk )Šjk (kj , kk )
(2)
= Šij (kj , kk )Šjk (ki , kk )Šij (ki , kj ),

in which k is the scattering rapidity of a particle. The scattering matrix found by Yang [24] was
expressed in terms of the permutation operator Πij , which interchanges quantum spaces of two
interacting particles, reading as
Πij − iF(ki , kj )
Šij (ki , kj ) =
.
(3)
+ iF(ki , kj )

Using Artin’s braid relation for the permutation operator, Π12 Π23 Π12 = Π23 Π12 Π23, combined with the fact that Πab 2 = , one can easily see that the function Fij ≡ F(ki , kj ) has to
satisfy the functional equation
Fij Fik + Fik Fjk = Fij Fjk .
(4)

Yang found a particular solution to this equation,
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c20
FijYang =
,
(5)
ki − kj

where c0 is a free parameter. By specifying a particular representation of the symmetric group
generated by Πij one can generate a large class of known continuum models. The LL model
with c = c20 follows from the totally symmetric representation, while the model of interacting
spin-1/2 particles can be obtained by taking Πij = 12 (1 + σi · σj ) with σ = (σx , σy , σz ) the vector composed of the three Pauli matrices.
The purpose of this paper is to generalize the solution of Lieb and Liniger. In [27] we
found a new solution to equation (4) in the class of rational functions. This solution is parametrized by two free (possibly complex) interaction parameters and thus generates a new class
of integrable many-body 1D systems with possibly as many physical applications as the LL
model. The symmetry properties and some consequences of this solution are discussed here.
Numerical solutions of the resulting Bethe ansatz equations are presented and several important limits are analyzed. We conclude that the model introduces many surprises which await
further analysis.
Generalization of the model of interacting bosons
The solution of any many-body problem starts with the analysis of the two-body case. A twoparametric generalization of the two-body scattering matrix from equation (5) was presented
in [27], reading as
c2 + c0 c1 (ki + kj ) + c21 ki kj
Fij = 0
,
(6)
ki − kj

where both c0 and c1 are free parameters.
This two-parameter solution has two clear limiting regimes. Yang’s scattering matrix is
reproduced in the c1  =  0 case, leading to the bosonic LL model with the usual δ(x)-interactions, whereas the c0  =  0 case returns the scattering matrix used by Cheon–Shigehara (CS)
[28, 29], representing a fermionic model with δ  (x) contact interactions. Furthermore, in the
limit when only the first two terms in the numerator of Fij are kept, namely when c0  c1, one
should retrieve results similar to those found in [30–32], where the connection with anyonic
models is studied.
SL(2) group structure of the model

In this section we repeat some of our previous findings [27] and specialize them to continuum
models. Previously, we noted that our solution has an intrinsic SL(2) duality symmetry associated with a transformation of the rapidities combined with a transformation of the couplings
c0,1. One can notice that if we transform the rapidities ki and kj of the scattering matrix (3) and
Fij from equation (6) according to the fractional-linear (Möbius) transformation,
αki,j + β
,
αδ − γβ = 1,
k̃i,j =
(7)
γki,j + δ

the solution (6) remains the same iff we simultaneously transform the couplings c0 and c1 as
  
 
c̃0
δ β
c0
=
.
(8)
γ α
c1
c̃1
3
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Here, the unimodularity condition αδ − γβ = 1 is essential. The rapidities ki,j are in principle
allowed to take arbitrary complex values (corresponding to bound states), so in principle the
parameters α, β, γ, δ could be complex as well, thus transforming under the group SLk (2, C)
(the subscript k denotes that they act on rapidities). At the moment, the couplings c0,1 can be
considered as complex as well. The SL(2, R) transformation connects rapidities of different
models with different coupling constants, and so it acts as a duality symmetry, similar to the
electric-magnetic duality in field theory. In particular, the LL and CS models are connected
by the inversion
kj ↔ −kj−1 ,
(9)

which would correspond to the S -transformation in the modular group case (see below).
Interestingly, one can understand the structure of the model by looking into the algebraic
properties of SL(2). Indeed, one can notice that the vector (c0 , 0)T (corresponding to the LL
model) only undergoes a scaling when transformed by the upper-triangular matrices. The vector (0, c1 )T (corresponding to the fermionic model of CS) has the same property with respect
to the lower-triangular matrices. Algebraically speaking, upper-triangular matrices represent
the parabolic elements of SL(2). In general, SL(2) has four conjugacy classes characterized
by the trace (α + δ): the parabolic class, when α + δ = ±2 ; the elliptic class, if |α + δ|  2
and α + δ is real; the hyperbolic class if α + δ is real and |α + δ|  2, and finally the loxodromic one, when α + δ is a complex number. Geometrically, these different classes correspond
to different transformations: the parabolic class (generated by the nilpotent element of the
algebra) is responsible for the shear mappings (the LL model), while the elliptic elements are
interpreted as Euclidean rotations, while the hyperbolic elements correspond to squeeze mappings (boosts) of the plane.
A particularly interesting subgroup of SL(2) is given by SL(2, Z), the group of matrices
with integer elements and unit determinant. Indeed, we will show in the next section that this
(modular) subgroup plays an important role in physics of the model.
The group-theoretical aspect of the model brings the following parallel with a problem of
self-adjoint extension [33–36]. Consider a single particle problem, where the kinetic energy
operator is defined as K = d2 /dx2 . The requirement of self-adjointness ψK|ψ = ψ|Kψ in
the domain Ω = R − {0} as written in coordinate representation translates into

0=
dx[ψ ∗ Kψ − (Kψ)∗ ψ]
(10)
Ω
= [ψ ∗ ψ  − (ψ  )∗ ψ](0+ ) − [ψ ∗ ψ  − (ψ  )∗ ψ](0− ),
where we have applied integration by parts. This condition is equivalent to the requirement of probability current j conservation across the boundary at x  =  0, where
j = −i[(ψ  )∗ ψ − ψ ∗ ψ  ]/2. Considering gluing conditions consistent with self-adjoint extensions at x  =  0 for a function ψ and its derivative ψ , it was shown in [33] (see also section 1 of
[36] for a review) that the most general gluing condition is given by





ψ(0+ )
ψ(0− )
iφ a b
,
=
e
(11)
ψ  (0+ )
ψ  (0− )
c d
where φ ∈ [0, π] and the real coefficients a, b, c, d satisfy the unimodularity condition

(12)
ad − bc = 1.
The central point of this construction is the conservation of the probability current across the
internal boundary. This can be compared with the case of the 1D Bose gas, where, because of
4
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the bosonic symmetry of the wave function, regularity of the wave function has to be imposed,
while its spatial derivative can experience a jump proportional to the interaction strength. In
the case of fermions the opposite situation occurs—the derivative is continuous while the
wave function exhibits a jump discontinuity. The most general potential v(x) respecting these
internal jump boundary conditions is a combination of δ(x), δ  (x) and δ  (x) [33–36],
1
d
v(x) = g1 δ(x) − (g2 − ig3 )
2
dx
(13)
d
d
d
+ (g2 + ig3 ) δ(x) − g4 δ(x) ,
dx
dx
dx
where the parameters gi , i = 1, . . . , 4 can be related to the elements of the transfer matrix (11)
across the boundary at x  =  0. Note that the bosonic and fermionic limits nicely correspond to
the lower- and upper-triangular matrices, similar to the discussion of SLc(2) in the scattering
matrix (note the transposition involved in going from SLk(2) to SLc(2)).
Combining this with explicit computations similar to [30], motivates us to conjecture7 that
the scattering matrix corresponding to Fij in equation (6) gives rise to the following manybody integrable Hamiltonian


N
N 


∂2
∂
∂
HF = −
+
c
−
ic
c
−
ic
0
1
0
1
∂xj
∂xk
∂xj2
(14)
j=1
j<k
× δ(xj − xk ),

encompassing and extending both the LL and SC models.
It is known that the LL model corresponds to the nonlinear Schrödinger equation in the
field theoretic formulation [36]. Inspired by this we propose that our Hamiltonian can be
interpreted as a model which (a) incorporates a density–density interaction c20 ρ(x)ρ(x), a
density-current interaction c0 c1 ρ(x) j(x) and a current–current interaction c21 j(x) j(x), where
ρ = Ψ† (x)Ψ(x) and j(x) = Ψ† (x)∂x Ψ(x). In these terms, our duality collects the densities
and currents into a unified object which transforms under the SL(2) group described above.
Bethe ansatz equations and roots
Bethe equations and non-interacting modes

While the SL(2) symmetry is preserved on the level of the scattering matrix and the YBE,
it acts nontrivially on a system with fixed external boundary conditions, in that sense relating different physical models. Let us demonstrate this explicitly by constructing Bethe equations for our new solution (6) following the standard procedure. Namely, we impose periodic
boundary conditions and move the particle j around a ring of size L. Every time this particle
experiences a collision with another particle (say i) a scattering phase shift Šij (ki , kj ) is collected. Moving the particle completely around the ring of N particles, the periodic boundary
conditions impose a single-valued condition on the wave function which results in the consistency equations
7

Some preliminary steps where taken to show that the Hamiltonian (14) indeed results in the desired Bethe equations (15) with (3) and (6) in a similar spirit as [30]. This process for the potential (13) however has proven to
be more subtle as in [30]. Because of the highly singular nature of the potential one has to deal with generalized
functions (distributions) with great care, and therefore define a corresponding Hilbert space and matrix elements
which could depend on the regularization procedure. In order not to overload the current paper this analysis will be
continued in future work, in this sense the Hamiltonian is conjecture.
5
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N

ŠF (kj , ki ) = 1,
eikj L
(15)
i=j

F

where Š (ki , kj ) is defined as in equation (3) with F given by equation (6). It is important to
note that here we assume that there is a basis in which the permutation operator which enters
equation (3) can be chosen to be proportional to identity operator: Πij = 8. In this case equation (15) serve as generalized Bethe ansatz equations (BAE) which define the allowed values
of the momenta kj.
Remarkably, it follows directly from equations (3) and (6) that there are special points
in the space of rapidities when the scattering matrix trivializes, ŠF (ki , kj ) ≡ . This happens
when either one of the rapidities satisfies
c0
kj = − .
(16)
c1
In this case equation (15) implies exp(ikj L) = 1, which means that at these points there are
free, non-interacting modes in a system with kj = −c0 /c1 = 2πnj /L for integer nj ∈ N. This
quantization of couplings (in units of L) combined with the SL(2, R) duality implies that a
subgroup of the latter, the modular group SL(2, Z) connects, in a sense of duality transformations, all free, noninteracting modes of the model. In the Yang model, the scattering function
Fij could vanish only if one of the momenta ki or kj becomes infinite. However, due to the
symmetry in the new solution, this can happen at finite momenta as long as c1 = 0. (Mapping
Yang’s solution for ki,j → ∞ and c1  =  0 to finite k̃i,j always results in c̃1 = 0.) This vanishing
has major consequences in both the Lieb–Liniger and the related Richardson–Gaudin class of
models as introduced in [27]. Given an eigenstate in the Lieb–Liniger model, any particle with
trivial scattering (k = −c0 /c1) can be added and the resulting state will still satisfy the Bethe
ansatz equations provided the quantization condition k = ±2πn/L, n ∈ N is simultaneously
satisfied. While this restricts the values of c0 /c1 for which such particles can be added for
finite systems, this will always be possible in the thermodynamic limit. Here, the Bethe ansatz
equations can be recast as a single integral equation, which will exhibit a singularity following
from this non-interacting mode (see appendix).
Ground state root distribution

In the following sections the numerical solutions to the BAE (15) will be discussed. These
solutions were obtained from the familiar logarithmic form of the BAE for real, fixed c0 and
varying c1. In figure 1 the ground state solution of the BAE for different c1 is given using
as initial values c1  c0 and c1  c0, where the ground state is known, following from the
correspondence to the LL and CS models. By ground state solution we mean the state following from the solution with (half) integer quantum numbers distributed around zero in these
limiting cases. While the ground states are explicitly known in both limits, it can immediately be observed that the resulting solutions do not match. This implies a crossing between
both ground states at some value of c1 = 0, where the original solution will correspond to
an excited state. This can be interpreted as a direct consequence of the non-interacting mode
8

The statement that Πij = 1 is a different way of saying that one is dealing with indistinguishable particles. In
contrast, if one would consider ‘colored’ particles a more general representation of the permutation group is needed
which would lead to a so-called nested Bethe ansatz. Therefore to be on the safe side we assume that our particles
are indistinguishable, so that Πij = 1 and proceed with that. Our assumption is supported by the two limiting cases,
c1  =  0 (a Lieb–Liniger model of interacting bosons) and c0  =  0 (a Cheon–Shigehara model) which do respect this
property.
6
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Figure 1. Ground state rapidity distribution for different values of 0  c1  50 for
c0  =  1, number of particles N  =  50 and system size L  =  100. The main plot corresponds
to the rapidities obtained starting from the limit c1  c0 while the evolution of rapidities
starting from the opposite limit c1  c0 is plotted in the inset. The line k = −c0 /c1 is
plotted in dashed red.

k = −c0 /c1, since it is impossible for rapidities to cross this line as c1 is changed. Indeed, if at
some point k = −c0 /c1, the resulting rapidity decouples from the system and remains a noninteracting mode as c1 is varied (this can be easily seen in the thermodynamic limit). In the
c1  c0 limit the LL model is obtained, for which all rapidities at small values of c1 lie at one
side of the diverging line −c0 /c1. This can be contrasted with the CS limit, where the rapidities are symmetrically distributed around 0 for c1 → ∞, and hence half the rapidities remain
above and half below the non-interacting line k = −c0 /c1 as c1 is varied. As such, it is impossible to continuously deform these solutions into each other, and a level crossing (or multiple
level crossings) needs to occur when changing c1 between the two known limits.
As further illustration, the root density


kj + kj+1
1
ρ
=
,
(17)
2
L(kj+1 − kj )

is displayed in figure 2, where the solution starting from the LL limit exhibits the characteristic semicircular root density distribution around zero for c1  =  0 [1]. Small positive and negative values of c1 are also shown for comparison to the anyonic behavior at c1  c0 [30, 31].
Due to decoupling of the roots at kj = −c0 /c1 the distributions of kj convergence asymptotically to −c0 /c1. This is confirmed by the study of the weakly-interacting Gaudin limit
c0  1 (see below). Starting from c1  c0 (LL initial conditions, main plot figure 1), c1 → ∞
also results in a condensate around kj  =  0, which is surprising because in this limit the model
should exhibit fermionic behavior as noted by CS [28]. Nevertheless, for large c1 all roots have
decoupled because they approach kj = −c0 /c1, which does happen in fermionic models and is
not contradictory to the findings of CS.
The second initial value c1  c0 can be considered a second Tonks–Girardeau limit
in c1, giving the same results as the single parameter case (c0  1 and c1  =  0), leading to
7

E Stouten et al

J. Phys. A: Math. Theor. 51 (2018) 485204

0.4

0.35

ρ(k)

0.3

0.25

0.2

0.15
−1

c1 =0.
c1 =0.25
c1 =0.5
c1 =1.
c1 =50.
c1 = −0.25
−0.8

−0.6

−0.4

−0.2

0
k

0.2

0.4

0.6

0.8

1

Figure 2. Ground state density for different values of −0.25  c1  50, starting at

c1  c0. Here c0  =  1, the number of particles is N  =  50, and the system size is L  =  100.

kj = 2πn/L where n ∈ Z (see figure 1). However, when approaching c1 ∼ 0 this limit does
not retrieve the same state as obtained from the first initial value. Instead the upper roots tend
to infinity and the lower roots approach the line k = −c0 /c1. At this point the roots decouple
and numerical analysis becomes unstable, leaving this region an open problem. This unstable
behavior is only present in states that contain roots the that hit the line kj = −c0 /c1. For highly
exited states which have kj > −c0 /c1, ∀j = 1 . . . N and ∀c1  0 the two initial states do connect, since then all rapidities lie at the same side of the non-interacting line.
The overall connection of the CS and LL initial states thus remains an open problem. We
conjecture that the solution seems to be related to states other than the ground state through
the ‘non-interacting modes’ due to the asymptotic decoupling and the excitation spectrum as
discussed in a later section.
We note that there is no definite property of the scattering phase with respect to kj → −kj
transformation. This is also manifested in both figures 1 and 2 that for c1 = 0 the parity
symmetry of the model is broken. We conjecture the following picture: Physically, the ground
state perhaps can be interpreted in terms of two counter-propagating liquids with different
densities and velocities. The overall momentum of all the above discussed states for any c1
however vanishes (as confirmed by numerics). Furthermore the domain for c1  <  0 shows
exactly the same behavior as the previously discussed cases for c1  >  0 except for an inversion
of the root spectrum in k due to the line −c0 /c1 now coming from above.
Gaudin limit

In order to better understand the asymptotic behaviour as the rapidities approach the line
−c0 /c1 for large c1, the limit c0  1 can be investigated, where the rapidities can be connected to the roots of orthogonal polynomials. In the LL model, it is known that for c0  1
the rapidities can be obtained as roots of Hermite polynomials [37], and this can be extended
to the current model for arbitrary c1.
8
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Figure 3. Approximate rapidities from the Gaudin limit for c0  =  0.01, N  =  10 and

L  =  100 from the roots of associated Laguerre polynomials, with the dashed red
line denoting k = −c0 /c1 and the dashed blue line denoting k = (N − 1)c0 /c1. The
qualitative behavior of the rapidities is the same as for larger values of c0 starting from
the LL limit.

As shown in the appendix, a series expansion for the rapidities can be obtained as
c0 L
c0
kj = − + 3 + O(c20 ),
(18)
c1
c1 zj

with zj the jth root of the associated Laguerre polynomial LNα (z) with 1 + α = L/c21 [38].
These roots can be obtained for arbitrary values of α by solving the recursion relation satisfied
by the associated Laguerre polynomials (A.31) and are illustrated in figure 3. These results
are in good agreement with the direct solution of the Bethe equations, as verified with the
algorithm that generated figure 1.
This limit is termed the Gaudin limit because of the similarity of the approximate BAE
with the previously-presented Gaudin equations [27]. For α positive, it immediately follows
from the properties of the associated Laguerre polynomials that all zj are strictly positive and
the rapidities lie above the line −c0 /c1 for all finite values of c1, as previously observed in
figure 1. This expansion can also be related to the known expansion for the LL model in the
limit of small c1. In this case, α becomes large, and the roots of the associated Laguerre polynomials LNα can be related to the roots yj of the Hermite polynomials HN as
√
zα
2αyj ,
for
|α| → ∞.
(19)
j ≈α+
Plugging this into the series expansion for kj, we obtain that for small c1

2
(20)
kj ≈ −c0
yj + O(c20 ),
L
returning the known behaviour of the rapidities in the weakly-interacting Lieb–Liniger gas.
For very large c1, the eigenvalues become independent of c1 and result in the zeros of LN−1.
This polynomial has a single root which goes to zero as (1 + α)/N for α → −1, and all other
roots are non-zero for α = −1. The exact values of these do not matter, since we see that in
the limit of large c1, the dominant term is given by

9
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c0
kj ≈ − + O(c20 ),
(21)
c1

with a single rapidity behaving as
c0
kj ≈ (N − 1) + O(c20 ).
(22)
c1
The existence of these two limits shows that in both cases, the series expansion was justified.
Non-analytic behaviour for c20 → 0 is obtained, similar to the LL model, since the interaction strength is determined by c20 and the rapidities scale as the square root of the interaction
strength. From the recursion relations satisfied by the associated Laguerre polynomials, the
total momentum and energy follow as
N

p({kj }) =
kj = 0 + O(c20 ),
(23)
j=1

N

N(N − 1)
E({kj }) =
kj2 = c20
+ O(c20 ).
(24)
2
L
+
c
1
j=1

Bound states
The standard derivation of the structure of the spectrum for bound states spectrum (solutions
corresponding to the complex values of rapidities) for both spin chains and continuum systems relies on the existence of a string hypothesis. This hypothesis states that in the L → ∞
limit the Bethe roots are arranged into sets of self conjugate complex numbers with equal
real part known as the string centre. This configuration is not conserved for finite L where
these strings are free to deviate from this configuration by some complex number δ. For more
information see [39–41] and the references therein. The limiting case L → ∞ imposes certain
constraints on the roots of the Bethe equations which are also present at large finite L. Here
we consider the simplest case of N  =  2 for our model and show that the string hypothesis does
not hold in its original form. We conjecture a structure of bound states spectrum for general N.
Our derivation closely follows the one for the LL model. Namely, we start with the twoparametric Bethe equations (15)
 kj − ki + i(c2 + c0 c1 (kj + ki ) + c2 kj ki )
1
0
,
eikj L =
(25)
2 + c c (k + k ) + c2 k k )
k
−
k
−
i(c
j
i
0
1
j
i
0
1 j i
i=j

specified to N  =  2,

eik1 L =

k1 − k2 + i(c20 + c0 c1 (k1 + k2 ) + c21 k1 k2 )
k1 − k2 − i(c20 + c0 c1 (k1 + k2 ) + c21 k1 k2 )


k2 − k1 + i(c20 + c0 c1 (k1 + k2 ) + c21 k1 k2 )
.
eik2 L =
k2 − k1 − i(c20 + c0 c1 (k1 + k2 ) + c21 k1 k2 )

(26)

Introducing real and imaginary parts of k,

kj = uj + ivj ,
j = 1, 2
(27)

we compare the squared modulus of both sides of the first equation in (26)
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where

A2 + B2+
e−2v1 L = −
(28)
A2+ + B2−
A± = u1 − u2 ± c1 [c0 (v1 + v2 ) + c1 (u1 v2 + v1 u2 )]
(29)
B± = v1 − v2 ± [(c0 + c1 u1 )(c0 + c1 u2 ) − c21 v1 v2 ].

In the limit of L → ∞ the left hand side vanishes (we postulate that v1 > 0), which implies
that the two conditions should be satisfied simultaneously

A− = 0
and
B+ = 0.
(30)

Multiplying the two equations in (26) implies that exp[i(k1 + k2 )L] = 1 which translates into
v(31)
1 + v2 = 0.

Substituting this into (29) gives
2
(u
(32)
1 − u2 )(1 + c1 v) = 0,
2 2
(c
(33)
0 + c1 u1 )(c0 + c1 u2 ) + c1 v + 2v = 0

where v ≡ v1 > 0 and so v2 = −v. The above conditions must be satisfied simultaneously.
Now, equation (32) implies that either
1
u(34)
or
v = − 2.
1 = u2
c1

In the first case of (34) equation (33) can be written as an equation for a circle
(35)
X 2 + Y 2 = R2
where
1
1
X = c0 + c1 u, Y =
+ c1 v, R = .
(36)
c1
c1

This implies that the real and imaginary parts of the ‘string’ are correlated in a special manner.
For the second case in (34) equation (33) implies that u1 , u2 and v are mutually correlated,
1
U
where
U1,2 = c0 + c1 u1,2 .
1 U2 = 2 ,
(37)
c1

We note that since according to our convention v > 0, it follows that c1 is purely imaginary.
Interestingly, one can arrive to the same conclusion by first applying the SL(2) transformation of kj to (25),
kj,l
kj,l → yj,l =
(38)
1 + cc10 kj,l

which transforms the right hand side of (25) to the LL form, and then follow the same analysis
as above. This is nothing but a manifestation of the geometrical property of the Möbius transformation: circles and lines (thought as circles of infinite radius) are transformed into circles
and lines respectively.
By looking into the case of N  3 one can convince oneself that the requirement for numerator or denominator to vanish (which is coming from the vanishing or divergence condition
11
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respectively of the left-hand side of the Bethe equation) occurs only for a single factor in (25)
for a given kj. This implies certain correlation between real and imaginary parts of the roots.
While we cannot advance analytically anymore, we formulate a
Conjecture: Real and imaginary parts of the roots of Bethe equations are correlated and live
on domains which have proper transformation properties with respect to the action of the
SL(2) (like e.g. circles and lines).
This conjecture can further be supported by the Gaudin limit (see appendix), where the
BAE roots occupy a spectral curve of the Heine–Stieltjes type differential equation. Moreover
it was noticed in [42, 43] that the bound state solutions in the model with δ and δ  interactions
(which can be regarded as a special limit of small c1 of the present model, such that c21 term is
neglected while the c0 c1 term is kept) are situated on circles with angular positions which follow a pattern of Farey sequences in the L = ∞ limit. We note that the modular group SL(2, Z)
is an automorphism group of the Farey sequence. It would be very interesting to study these
connections further.
Excitations
In order to discuss the excitation spectrum we distinguish between Type-I (particle) and
Type-II (hole) excitations, following Lieb [2]. We restrict ourselves to the c0  c1  0 initial
condition, in this case the negative momenta states give rise to new behavior because they
approach the decoupled regime around kj = −c0 /c1. All excitations with positive momenta
give similar results to the ground state because the roots never reach the line −c0 /c1. For
negative c1 and c0  −c1  0 the root spectrum inverts around k (as mentioned above) and
similar behavior is observed for excitations with positive momenta whereas negative momentum excitations remain similar to the ground state.
In figure 4, the spectrum for N  =  10 is given with unit filling N/L  =  1, where again
N
N


2
E({k
})
=
k
,
p({k
})
=
kj .
j
j
(39)
j
j=1

j=1

Note that the choice of low N is for illustrative purposes only, since large N exhibits the same
qualitative behavior. While the excitation spectrum remains similar for Type-I excitations for
different values of c1 (figure 4 top right). The Type-II excitations lose their characteristic
quadratic behavior and tend to E ∼ p instead of E ∼ |p| as expected for fermions. Comparing
the bottom panels of figure 4 the energies of the Type-II excitations for larger c1 becomes
strictly increasing with respect to the momenta, the linear behavior becomes more obvious for
increasing c1. This behavior is confirmed by the evaluation of the energy of negative momenta
Type-II excitations as a function of c1 in figure 5. A full inversion of the spectrum occurs at
c1 ∼ 3.5, which means that the spectrum reorders and becomes strictly increasing as expected.
Unfortunately, we were unable to continue our analysis of the negative momenta states to
increasingly negative momenta or higher c1 because these have the same numerical instabilities as the c1  c0 initial condition states near c1 → 0, where some of the rapidities hit the
line k = −c0 /c1.
Conclusion
Based on a previously-presented general solution of the rational Yang–Baxter equation [27],
we initiated the studies of a generalized model of an interacting one-dimensional gas. Our
12
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Figure 4. Excitation spectrum for the ground state at c0  =  5 and different values of c1
starting from c1  =  0. Plots with the same value of c1 are plotted with the same marker
and color. Top left: Type-I (filled markers) and Type-II (open markers) excitation
spectrum above the ground state with positive momenta. Bottom left: Type-I and TypeII excitations with negative momenta. At c1  =  5 all negative momentum excited states
have energies lower than those of the ground state at p  =  0 indicating that these states
crossed the ground state (compare figure 5). Top right: Type-I excitations with large
positive momenta. Bottom right: Type-II excitations with large positive momenta.
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Figure 5. Type-II excitation spectrum for negative-momentum excited states using

c0  =  5, L  =  10, N  =  10, starting from c1  =  0. In blue the ground state and in red
Umklapp excitation are given, crossing the ground state at c1 ∼ 2, where the dotted
lines represent the excitations with −2π < p < −π.

first guess was that these particles can, presumably, be interpreted as anyons in the spirit of
[30–32], since the different limits of this model return either interacting bosons with δ interaction or CS model with δ  interaction. However if our conjectured form of the Hamiltonian
(14) is correct, our model may be seen as the one containing density-current (mixed c0 c1
term) and current–current interactions (c21 term), in addition to the density–density coupling
13
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(traditional c20 term). The SL(2) acts then as a duality between density and current. This interpretation partially explains the title of this paper.
The interaction structures follow from study of the contact interactions [33–36] which can
be related to different subgroups of SL(2). The standard (δ) interaction corresponds to the
upper parabolic block of the transformation matrix (Borel subalgebra) while the lower parabolic group, related by the S -duality with the former, is given by the lower parabolic block and
corresponds to the δ  interaction. The diagonal subalgebra corresponds to either the elliptic or
hyperbolic block and is connected with δ interaction.
The Bethe ansatz equations are obtained assuming that there exists a basis where the permutation operator acts as an identity, and are solved both numerically and by connecting the
rapidities to roots of orthogonal polynomials in the weakly interacting limit. Also the excitation spectrum is presented. A particular feature of the presented model is the presence of noninteracting modes at specific values of the interaction constants, which prevents the ground
states of the corresponding fermionic and bosonic limiting models from being smoothly connected. These modes are connected by the modular SL(2, Z) subgroup of SL(2).
We further conjecture that the string hypothesis should perhaps be generalized to more
general domains of the rapidities complex plane. We believe that future studies of the presented model will encounter new surprises and mathematical richness.
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Appendix
Derivation of the integral equation

Here we outline a derivation of the integral equation in the continuum limit L → ∞, N → ∞,
N/L = ρ0 = const , though we believe that it has limited application because of singularities
contained in the kernel. These singularities can be extracted to the driving term by use of the
transformation (38) which cleans up the kernel but results in the same singular behavior.
We start with the equation (15) in its explicit form
N

kj − kl + i(c0 + c1 kj )(c0 + c1 kl )
eikj L =
.
(A.1)
kj − kl − i(c0 + c1 kj )(c0 + c1 kl )
l=j

The usual strategy of analyzing these coupled transcendental equations is to consider a logarithm of its both sides


N

N+1
Lkj +
θ(kj , kl ) = 2π nj −
(A.2)
2
l=1

where {nj}, j = 1, . . . , N is a set of integers, and
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if (kj , kl ) + (kj − kl )
θ(k
(A.3)
j , kl ) = i ln
if (kj , kl ) − (kj − kl )

is a scattering phase shift. Here

f (kj , kl ) = c20 + c1 c0 (kj + kl ) + c21 kj kl .
(A.4)

The kernel (A.3) is an antisymmetric function and therefore
N

θ(kj , kl ) = 0,
(A.5)
j,l=1

which implies that


N
N 


N+1
L
kj = 2π
nj −
(A.6)
2
j=1

j=1

N

and we can interpret j=1 kj as a total momentum.
One can bring the phase shift to the Lieb–Liniger form by applying a particular SL(2)
transformation
kj,l
kj,l → yj,l =
.
(A.7)
1 + cc10 kj,l
By considering the extended complex plane of kj,l augmented by the point at infinity, we can
formally allow singularities in the kernel θ(kj , kl ). In terms of the yj-variables the Bethe Ansatz
equation gets the following form




N

yj
N+1
L
+
θLL (yj − yl ) = 2π j −
(A.8)
1 − cc10 yj
2
k=1

where


 2
ic0 + k
.
θLL (k) = i ln
(A.9)
ic20 − k

Introducing the root density as

1
ρ(yj ) =
,
(A.10)
L(yj+1 − yj )
N
N


=
L
ρ(yj )(yj+1 − yj )
(A.11)
j=1

j=1

 B
N

f
(y
)
→
L
dyρ(y) f (y)
j
(A.12)
j=1

A

for arbitrary function f (y), we subtract equation (A.8) for yj+1 from the same equation for yj
and obtain


c0
1
1
L
−
(A.13)
c1 1 − cc10 yj+1
1 − cc10 yj
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N

+(yj+1 − yj )
θ (yj − yl ) = 2π
(A.14)
l=1

− ym )(yj+1 − yj ) = θLL (yj+1 − ym ) − θLL (yj − ym ) and we also
as N, L → ∞. Here
assume that the boundaries of integration A = −B = −Λ. Finally, expanding around small
δy = (yj+1 − yj ) = ρ(y1j )L and assuming that terms of O(δy2 ) can be neglected


1
c1
1
1
−
≈
(A.15)
1 − cc10 yj+1
1 − cc10 yj
c0 L ρ(y)(1 − cc10 y)2

θLL
(yj

we obtain
 Λ
1
1
1
ρ(y)
−
dxρ(x)K(x, y) =
(A.16)
2π −Λ
2π (1 − cc10 y)2

where
2c20
K(x, y) = 4
(A.17)
c0 + (x − y)2

and we have to supplement (A.16) by the normalization condition
 Λ
N
(A.18)
ρ(y)dy = D = .
L
−Λ
The final step, which is very convenient for the numerical implementation is to perform the
following change of variables,
1

(A.19)
c0 = Λ 2 α, c0 c1 ≡ β 2 , y = Λk, ρ(Λy) = g(k)

in terms of which we have the following system

α2 1
1
g( p)dp
1
g(k)
−
=
(A.20)
π −1 α4 + (k − p)2
2π (1 − β 22 k)2
α
 1
(A.21)
γ
dkg(k) = α2
−1

where γ = c20 /D .
Alternatively, one can perform the same analysis without making use of the SL(2) transform while dealing directly with the modified kernel (with respect to the LL kernel)

(α2 + β 2 k)(α2 + β 2 q) − β 2 (k − q)(α2 + β 2 q)
.
K̃(k, q) =
(A.22)
(α2 + β 2 k)2 (α2 + β 2 q)2 + α4 (k − q)2

We end up with the following equation then

1
α2 1
(A.23)
dqg(q)K̃(k, q) =
g(k) −
π −1
2π
1
supplemented by γ −1
dkg(k) = α2
The assumption that we can perform a Taylor expansion for arriving to the integral equaβ
< 1 which
tion is crucial here. This assumption is however only justified if the cc01 > |Λ| or α
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in general is not true for all parameters c0,1. At these same points the modified kernel becomes
singular which is also reflected in a singular behavior of the finite density, figure 2. An attempt
was made to solve these equations numerically, for the case where cc01 > |Λ| the numerics correspond to the finite density behavior, however we were unable to continue our studies outside
this regime.
Gaudin limit

Starting from the Bethe ansatz equations (15)
 kj − kl + i(c0 + c1 kj )(c0 + c1 kl )
eikj L =
,
(A.24)
kj − kl − i(c0 + c1 kj )(c0 + c1 kl )
l=j

a series expansion for the rapidities can be obtained in orders of c0 if c0  1. We propose an
expansion similar to the weakly-interacting limit of the Lieb–Liniger gas with
kj = c0 δj + O(c20 ),
(A.25)

in which j = 1 . . . N and δj is finite and independent of c0. Up to zeroth order in c0, the BAE
becomes 1  =  1, which is trivially satisfied. The first-order correction on the equation (A.24)
is then given by
N

(1 + c1 δj )(1 + c1 δl )
δ(A.26)
.
jL = 2
δj − δl
l=j

In taking this series expansion, we have made the assumption that c1 δj remains bounded for
all values of c1. This is expected for small c1 and can be verified afterwards for large c1. The
equation (A.26) can again be linked to the roots of orthogonal polynomials. Performing the
substitution δj = − c11 + c3Lzj and multiplying the equation with  −c1/L results in
1

N

1
1(A.27)
−
=2
.
zj
zj − zl

L/c21

l=j

The associated Laguerre polynomials LNα (z) satisfy the differential equation

zP (z) + (1 + α − z)P (z) + NP(z) = 0,
(A.28)

where from the Heine–Stieltjes connection [38] the roots zj are coupled through

N

1+α
1
1(A.29)
−
=2
.
zj
zj − zl
l=j

Taking 1 + α =

L/c21 ,

this returns the proposed series expansion as

c0 L
c0
kj = − + 3 + O(c20 ),
(A.30)
c1
c1 zj

with zj the jth root of the associated Laguerre polynomial LNα (z) with 1 + α = L/c21 . This is
known as a Laguerre function for non-integer values of α, satisfying the following recursion
relation
α
NLNα (x) = (2N − 1 + α − x)LN−1
(x)
(A.31)
α
− (N − 1 + α)LN−2 (x),
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Figure A1. Series approximation to the rapidities for purely imaginary parameters with

|c0|  =  0.01, L  =  20 and n  =  10. The red dashed line denotes −c0 /c1, the blue dashed
line denotes (n − 1)c0 /c1, and the vertical dashed lines denote |c1 |2 = L/m, m = 1 . . . n .
Insets show a zoom of the main plots at small values of |c1| for comparison with the
attractive LL model.

from which the roots can be determined for arbitrary values of α. These also satisfy


N+α
α
LN (0) =
,
(A.32)
N
and derivatives can be found as

dk α
α+k
(A.33)
L (x) = (−1)k LN−k
(x),
dxk N
for k  <  N. The roots of the polynomial P(z) = LNα (z) can then be easily shown to satisfy
N

N
P (0)
1
=
,
=−
zj
P(0)
1+α
j=1
N
  2
 1
N(N + 1 + α)
P (0)
P (0)
=
.
=
−
2
P(0)
P(0)
(1
+ α)2 (2 + α)
z
j=1 j

(A.34)

Using this in the expansion for the rapidities then returns the results presented in the main text.
Interesting things happen if we plot the rapidities k for both c0 and c1 purely imaginary, as
done in figure A1. Now the rapidities start as purely imaginary for c1  =  0 as expected for the
attractive LL case [40, 41], but obtain a real part for non-zero c1. Remarkably, the approx
imation breaks down at values of c21 = −L/m, m = 1 . . . n. At these points, the Laguerre
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polynomials have zero as root, and the first-order contribution diverges. It should be checked
numerically what happens at these points if we solve the full Bethe equations rather than the
first-order approximation. This also allows for a crossing of the line −c0 /c1 if we consider the
large c1 limit. Again, at both small and large c1 the approximation holds, but at intermediate
c1 the approximation breaks down at exactly c21 = −L/m, m = 1 . . . n, where the numerical
error on the Bethe equations becomes large. However, if we plot the energy, these divergences
cancel exactly except for c21 = −L , where the energy first dives towards minus infinity for
|c1 |2 < L and returns from plus infinity for |c1 |2 > L. This is consistent with the resulting
expression for the total energy (24).
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