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Introduction 

In this thesis, generalized Hamming weights of codes and generalized 
Hermite parameters of lattices in Euclidean space are studied. Gen
eralized Hamming weights, also called dimension/length profile, mini
mum support sizes, or weight hierarchy, are relatively new parameters 
of a linear code. They are being intensively studied since early 1990s. 
Generalized weights of a code are closely connected with the trellis 
complexity, decoding, and the performance of the code when used in 
a cryptographic channel of a special type. Besides that, generalized 
weights are used to classify the codes, to construct curves over finite 
fields with many points, and for other problems. 

Generalized Hermite parameters of lattices are analogues of gener
alized Hamming weights. They were first introduced by Rankin [Rani] 
in 1953 as natural invariants of a quadratic form; intensive research in 
this field started just several years ago. Generalized Hermite parame
ters are also connected with the trellis complexity and with decoding 
of Euclidean codes. They are the systoles of flat tori, so their study 
is important from the point of view of Riemann geometry. Recently, 
a nice adelic interpretation and generalization of generalized Hermite 
parameters was discovered. 

There exists a noticeable amount of results about generalized Ham
ming weights; generalized Hermite parameters are much less studied; 
in particular, few bounds are known. In this thesis, we obtain several 
new bounds. 

Many results from the coding theory have natural analogues in the 
theory of lattice sphere packings. In many cases, there exist general con
structions, so that the results about codes and lattices can be regarded 
as special cases of one general theorem. For example, the Poisson sum-
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mation formula implies the functional equations for the 0-functions 
of lattices as well as the MacWilliams identities for weight enumera
tors. We describe a new construction of this type which is useful in 
the study of generalized Hamming weights and generalized Hermite 
parameters. Namely, we construct a Radon transform in spaces con
nected with codes and lattices and demonstrate several applications of 
this transform. 

An interesting topic in modern algebraic coding theory is the study 
of algebraic-geometric codes obtained from algebraic varieties of dimen
sion greater than one. There is but few results in this direction QHTV], 
[Nogl], [Nog2].) The calculation of generalized Hamming weights for 
these codes leads to interesting and important geometric problems. 
In this thesis, we consider the problem of computation of generalized 
weights for projective Reed-Muller codes. This is equivalent to the com
putation of the maximum possible number of solutions to a polynomial 
system of a given rank over a finite field. 

We obtain the following new results in this thesis. The notion of 
the T-functions of lattice is introduced. These functions are a gen
eralization of the classical Q-function and analogues of the generalized 
MacWilliams weight enumerators. Several identities for these functions 
are proved. We derive from the Plancherel formula for Radon trans
forms in various spaces identities for weight enumerators and proofs 
of a bound on generalized Hamming weights and of the generalized 
Minkowski-Hlawka theorem. The last proof is based on our general
ization of Siegel mean value theorem which is also proved. The inver
sion formula for a Radon transform gives a new interpretation of the 
weight/multiplicity duality for projective multisets. 

From the known bounds on spherical codes, packings in Grassman-
nians and in projective spaces, we obtain new bounds for generalized 
Hermite parameters of lattices with several minimal vectors. For many 
classical families of lattices these bounds are far better than the pre
viously known ones. In particular, we obtain upper bounds on the 
(unknown) second generalized Hermite parameter of the dual root lat
tices A*n and D*. These bounds are approximately 1.3 times higher 
than the known lower bounds. 

We obtain a bound on the maximal number of points over a finite 
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field on an algebraic set of given dimension and degree. Another similar 
problem is to determine the maximum possible number of solutions to 
a polynomial system consisting of r linearly independent equations of 
the same degree d in a projective space over a finite field. We solve 
the problem for r = 2 and propose conjectures about the general case. 
The problem is equivalent to the computation of generalized Hamming 
weights for projective Reed-Muller codes. 

This thesis is organized as follows. In C h a p t e r 1, we give the neces
sary definitions and mention some known results. In In §1.1 we give the 
definition of a linear code and of a lattice and describe the connection 
between a code and its projective multiset. Consider an n-dimensional 
vector space F" over a finite field ¥q with the standard basis. We can 
introduce there the following metric: the distance between two vectors 
equals the number of distinct coordinates of these vectors. This dis
tance is called the Hamming distance; it induces on F™ a structure of 
a metric vector space. An [n, k, d]q-code C is a ^-dimensional subspace 
in F" such that the minimum distance between any two distinct vec
tors from C equals d. A code may be considered as a packing of qk 

non-intersecting open balls of radius of/2 in F". From any [n, k,d]q-
code one can construct a projective multiset. It is an n-point multiset 
in a (k — l)-dimensional projective space over ¥q. A code can be re
constructed from a multiset up to an isometry. The sets of Fg-points 
of algebraic varieties are an ample source of good projective multisets. 
The corresponding codes are called algebraic-geometric (AG) codes. 

A lattice L is a discrete subgroup of M.n, that is the set of all integer 
linear combinations of the elements of a certain basis in Rn . Let r(L) 
denote the length of the shortest non-zero lattice vector. Open balls of 
radius r(L)/2 with the centers in lattice vectors do not intersect each 
other. The density of such packing is an important parameter of the 
lattice. On of the ways to measure this density is the Hermite parameter 
j(L) = r2(L)/ vol ' " L, where volL is the volume of the fundamental 
domain of L. Another interesting parameter of a lattice is the kissing 
number T(L) equal to the number of vectors of length r(L) in L. 

In §1.2 we define generalized Hamming weights of linear codes and 
their analogues for lattices - generalized Hermite parameters. An r-
subcode is a linear dimension r subspace of a code. The support of a 
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subset D C F™ is the set of coordinate positions such that there exists 
an element of D with a nonzero coordinate at this position. Define the 
r-th generalized Hamming weight dr(C) of a code C as the minimum 
support size of an r-subcode. It is clear that dx(C) = d(C) and that 
dk{C) = n provided that there is no position which is zero for all 
vectors from C. Generalized weights have a natural interpretation for 
projective multisets, and, in particular, for AG-codes: the r generalized 
weight is equal to the minimal number of points outside a section of 
the multiset by a linear space of codimension r. 

Let volm(L) denote the minimum volume of a sublattice M C L 
of rank m. Norming this parameters on the volume of the lattice, 
one gets the generalized Hermite parameters-yr(L) of L. Like the 0 -
function enumerates the norms of lattice vectors, the r-th T-junction 
r = 1 , . . . , n enumerates the norms of r-sublattices. These functions 
satisfy duality relations; the first T-function is connected with the 0 -
function by the means of a Moebius transform. 

Further, we describe various relations and bounds on general
ized Hermite parameters: generalized Mordell inequality, Coulangeon 
bound, bounds from packings, and generalized Minkowsky-Hlawka the
orem. 

The chapter is concluded by a description of two situations where 
lattices and their generalized Hermite parameters appear as special 
cases: adelic geometry after Thunder and systoles of Riemann mani
folds after Gromov. 

C h a p t e r 2 describes applications of the theory of homogeneous 
spaces in duality ([Hell],[Hel2]) to codes and lattices. In §2.1 we give 
a short overview of this theory. The classical example of such an ob
ject is the pair of spaces (points in Rn , hyperplanes in R") connected 
by the standard incidence relation, that is, a point x is incident to a 
hyperplane f (we denote it by x ix f) iff x G f. In the general case, a 
pair of homogeneous spaces in duality is a pair of factors of the same 
locally compact group by two "nice" subgroups. Given a pair (X,E) of 
homogeneous spaces in duality, to any "nice" function f(x): X -> C 
corresponds the Radon transform of this function ƒ (£) : S ->• C. In 
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the discrete case, the function ƒ(£) is defined by 

ƒ(£):= £ / ( * ) • 
xtxf 

Similarly, one defines the dual Radon transform defined on "nice" func
tions (ƒ>(£) : E —> C. An important identity is the Plancherel formula 

E ƒ(*)#(*) = E/(Oflfl- (o-i) 

In §2.2 we give a representation of the sublattice spaces L^ as ho
mogeneous spaces in duality and derive from the Plancherel formula 
(0.1) identities on T- and 0-functions. 

In §2.3 we construct a Radon transform in a projective space over 
a finite field and obtain inversion formulas for it. These formulas have 
a nice interpretation in the terms of weight/multiplicity duality for 
projective multisets. 

In §2.4 and §2.5 we give two more applications of the Plancherel for
mula for Radon transforms: a proof of an known Plotkin-type upper 
bound for generalized Hamming weights and a proof of a nonconstruc-
tive lower bound for generalized Hermite parameters (a generalized 
Minkowski-Hlawka theorem.) 

In C h a p t e r 3, we prove a number of bounds on the second gener
alized Hermite parameter. The main idea is the following: if a lattice 
L has several minimal vectors and a big second generalized Hermite 
parameter j2{L), then the configuration of the minimal vectors gives 
rise to sphere packings and packings in projective space which are "too 
good to exist." Various known bounds on these packings lead to upper 
bounds on the ratio j2(L)/jl(L) in terms of the dimension n and the 
kissing number T(L). 

These bounds can be applied to estimate the second generalized 
Hermite parameter of classical lattices. In some cases the second gen
eralized Hermite parameter is known; our bounds are often approxi
mately 1.3 times higher, than the true value. For some other lattices, 
second generalized Hermite parameter is unknown; it is interesting, 
that in these cases our bound differs from the lower bound (generalized 
Mordell inequality) also approximately in 1.3 times. 
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In C h a p t e r 4, we study the following problem. Consider the Tri
dimensional projective space P m over a finite field ¥q with q elements 
and a system of r linearly independent homogeneous polynomials of the 
same degree d. The problem is to find the maximum possible number 
of solutions in Fm to such a system. For r = 1 this problem was 
solved by J.-P. Serre [Ser] who proved a conjecture by Tsfasman. We 
solve this problem for r = 2 and state several conjectures about the 
general case. For the affine space this problem was solved by Heijnen 
and Pellikaan [HP]. The answer is similar, but the methods they used 
are quite different and it is not clear how they can be extended to the 
projective case. 

Another similar problem is to determine the maximum possible 
number \X\ of F9-points on an algebraic set X in F m of given dimension 
s and degree d. This problem was addressed by several researchers in 
last 40 years ([Nis],[Sch],[Lac].) We prove that 

\X\ < dps, 

where ps = (qs+1 - \)/{q - 1) is the number of points in a projective 
space of dimension s. Previously, this inequality was proven only under 
various restrictions on d, q, m, and s. 

The first problem is equivalent to the calculation of the maxi
mum possible number of points on a section of codimension r of a 
Veronese variety, and, thus, to the calculation of the generalized Ham
ming weights of the corresponding AG-code. These codes are called 
degree d projective q-ary Reed-Muller codes and are interesting from 
the theoretical point of view (they are in a certain sense a universal 
family of codes.) 

Proofs of our results are based on construction, which is equivalent 
to the use of the Plancherel formula for a Radon transform in P m . 
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