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Chapter 1
Introduction

In this thesis, we use the Langlands-Kottwitz method to study the Frobenius-Hecke traces
of the étale cohomology of certain strata of Kottwitz varieties (which are certain compact
unitary Shimura varieties considered by Kottwitz in [31]). We express the Frobenius-
Hecke traces in terms of automorphic representations and certain explicit polynomials. In
Chapter 1, we give a short introduction to the Newton stratification of Shimura varieties
and the Langlands-Kottwitz method. In Chapters 2 to 4, we explain in detail how we use
the Langlands-Kottwitz method to study certain strata of Kottwitz varieties, where the
mathematical contents of Chapters 2 to 4 are self-contained and have technical difficulties

in increasing order.

1 History and motivation

Shimura varieties were introduced by Goro Shimura as generalization of modular curves
(see [7] for a survey on Goro Shimura’s work on Shimura varieties), inspired by the classical
theory of complex multiplication and the moduli interpretation of modular curves. The
formal definition of Shimura varieties as algebraic varieties defined over C and the theory
of canonical model over number fields are introduced by Deligne in [9]. Formally, a
Shimura variety is associated with a Shimura datum (G, X), where G is a connected
reductive algebraic group over Q and X is a Hermitian symmetric domain satisfying
certain axioms. An important class of Shimura varieties is called PEL-type Shimura
varieties, which parameterize abelian varieties with PEL (polarizations, endomorphisms
and level structures) structures, see §4 of [32].

For PEL-type Shimura varieties, the integral canonical models defined over certain
localizations of ring of integers exist, and the reduction mod p of the integral canonical
model is called the good reduction of Shimura varieties. Note that integral canonical
models exist for a more general type of Shimura varieties, which are called abelian-type
Shimura varieties, see [19]. The integral canonical models and the good reduction of PEL
type Shimura varieties are moduli of abelian varieties with PEL structures, as studied
in §5 of [32]. In §3 of [53], Rapoport and Richartz introduced Newton stratification of
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CHAPTER 1. INTRODUCTION

a connected scheme S of characteristic p associated with an isocrystal with additional
G-structure on S (where G is a connected reductive algebraic group over Q,), their con-
struction are based on the theory of isocrystals with additional structures developed by
Kottwitz in [26]. If we take S to be the good reduction of PEL-type Shimura varieties,
with associated Shimura datum (G, X) (note that S parametrize abelian varieties with
PEL-structures, and S has an isocrystal with additional Gg,-structure associated with
the moduli interpretation), then we obtain the Newton stratification of PEL-type Shimura
varieties, which consists of a finite subset of subvarieties of S (which are called the Newton
strata of ), indexed by certain isocrystals with additional Gg,-structure.

The Newton strata of PEL-type Shimura varieties are non-empty (see [64]), and they
parametrize certain abelian varieties with PEL-structures, for example, the basic stratum
(which we will define in §2) parametrizes supersingular abelian varieties with PEL struc-
tures. The geometry of the Newton strata is an interesting topic to study, for example,
their dimensions and number of irreducible components, especially for the basic stratum
(see §7 of [55] for properties of the Newton strata). The Newton strata have been studied
by many people using geometric methods involving the Ekedahl-Oort strata and the affine
Deligne-Lusztig varieties (see §2 for more details). In this thesis, we use a totally different
method from the geometric method to study Newton strata: We follow the strategy devel-
oped by Kret in [35] to study the Newton strata using the Arthur-Selberg trace formula
and representations of p-adic groups. We study a new class Newton strata of Kottwitz
varieties (which are certain compact unitary Shimura varieties considered by Kottwitz in
[31], for the definition, see §4), some of the strata in the class we studied are challenging

for geometric approaches and have not yet been studied (see §2 for more details).

2 Newton Stratification

We give a brief introduction to the Newton stratification of Shimura varieties. Let (G, X)
be a PEL-type Shimura datum, as defined in §4 of [32], and let E denote its reflex field
(for definitions of the Shimura datum and its reflex field, see [9]). Let p be a prime number
such that there exists a smooth reductive model G of Gg, defined over Z,, define K, as
the group G(Z,) and let K? C G(A%) be a neat compact open subgroup. In §5 of [32],
Kottwitz constructs a PEL-type moduli problem of abelian varieties over O ®7Z ;) using
the PEL-type Shimura datum along with some additional data (which we will not discuss,
as they will not be used in this thesis), we will denote the PEL-type moduli problem by
M. The moduli problem M is represented by a smooth quasi-projective scheme over
Op ®z Zp (loc. cit.). Let S denote the moduli space associated with M, and let Mg, g»
denote the canonical model of Shk, x»(G,X) over I, as defined in §2.2 of [9]. Then the
scheme Sp is isomorphic to |ker' (Q, G)| copies of My, r» (see §8 of [32]).

Let v be a place of E above p and let mg, be a uniformizer in Op,. We write ¢ =

Ok, /(7E,)

and let F, = O, /(7g,). We extend S over Op, via the integral canonical

4



2. NEWTON STRATIFICATION

model (as defined in [19]), and we use S to denote Sp,. Let B(Gg,) denote the set
of isocrystals with additional G-structure (as defined in [26]), which is the set of o-
conjugation class in G(L), where L is the completion of the maximal unramified extension
of Q,, and ¢ : G(L) — G(L) is the Frobenius automorphism. For each geometric point
z € S(F,), let b(A,) denote the isocrystal with additional G-structure associated to the
abelian variety A, corresponding to x (see pp.170-171 of [53]). The set of isocrystals with
additional G-structure {b(A;) : « € S(F,)} is contained in a certain finite set B(Gg,, yt) C
B(Gg,) (see §6 of [33]). For b € B(Gg,), we define S to be {z € S(F,) : b(A,) = b}.
Then S}, is a locally closed subset of qu (see §1 of [54]), and we equip Sy, with the structure
of an algebraic variety induced from S,. The collection {S,}ye B(Ggy ) of subvarieties of
S is called the Newton stratification of S (for properties of the Newton stratification

{Sb}bEB(G@p,u)a see §7 of [54]).

When b is the unique p-ordinary element of B(Ggq,,p) (see §6 of [33]), then S is
dense in g@q (see [67]). When b is the unique basic element of B(Gg,,u) (see §6.4 of
[33]), and we call S, the basic stratum (in this case, the basic stratum S} is closed in Sg ,
see §1 of [54]). The basic stratum of PEL-type Shimura varieties (in the case of good
reduction) has been studied by many people using geometric methods, before we explain
the case considered in the thesis, we first present some examples. We first consider the
case (G, X) = (GSpyg, M) (the Siegel modular varieties case, as defined in §3.1 of [42]):
If g =1, then Sy is a finite set. If g = 2, then irreducible components of .5, are isomorphic
to P!, which intersect pairwise transversally at the superspecial points (i.e., the points
where the underlying abelian variety is isomorphic to a power of a supersingular elliptic
curve), see [21I] and [16]. If g = 2, then every irreducible component of S, is birationally
equivalent to a P!'-bundle over a Fermat curve, see [44]. For general g > 0, the dimension
and the number of irreducible components of S, are calculated in [44]. For the baisc
stratum of a Hilbert-Blumenthal variety associated with a totally real field extension of
degree g over Q (as defined in §1 of [69]): See [59] for the case where g = 2 and p is an
inert prime. The case where g = 3 and p is an inert prime is studied in [I2]. For the case

where g = 4 and p is an inert prime, see [70].

For GU(r, s) Shimura varieties associated to quasi-split unitary groups (associated to
an imaginary quadratic field extension of Q, as defined in p670 of [65]), if » = 1 and p
is an inert prime, the basic stratum is pure of dimension [s/2] and locally of complete
intersection (see [66]). In the case of (r,s) = (1,2) or (r,s) = (1,3), and p is an inert prime,
the irreducible components of the basic stratum are Fermat curve in P? given by equation
xé’“ —i—:(:ﬁ”“ —|—:I:§’+1 = 0, the singular points are the superspecial points and there are p*+ 1
superspecial points on any irreducible components, each superspecial point is the pairwise
transversal intersection of p + 1 irreducible components if s = 2, and each superspecial
point is the pairwise transversal intersection of p + 1 irreducible components if s = 3, see
[65] for s = 2 and [66] for s = 3. In the case of (r,s) = (2,2) and p is an inert prime, the

basic stratum is pure of dimension 2, each irreducible component of the basic stratum is
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CHAPTER 1. INTRODUCTION

isomorphic to the Fermat surface in P? given by equation 2™ + z2%! 4 22! 4 2271 — 0,
and if two irreducible components intersect nontrivially, the reduced scheme underlying
their scheme-theoretic intersection is either a point or a projective line, see [15]. If s = 2
and p is an inert prime, the irreducible components of the basic stratum are realised
as closed subschemes of flag schemes over Deligne-Lusztig varieties defined by explicit
conditions, see [10].

In this thesis, we consider certain compact PEL-type unitary Shimura varieties of
signature (r,s) arsing from a division algebra D (with an anti-involution * such that
* induces the complex conjugation on F', where F' is the center of D), introduced by
Kottwitz in §1 of [31], which we refer to as Kottwitz varieties. We assume that p is an
inert prime or splits in the extension F'/Q, we use automorphic forms and representation
of p-adic groups to study certain Newton strata of Kottwitz varieties. In the case of good
reduction, we express the trace of the Frobenius operator and the Hecke operator of G(AP)
on the (-adic cohomology of S in terms of orbital integrals, and then in terms of elliptic
parts of the stable Arthur—Selberg trace formula for the endoscopic groups (see [30] [32]
for PEL-type Shimura varieties, and see [20] for abelian type Shimura varieties), such
method to study the Frobenius-Hecke trace is called the Langlands-Kottwitz method.

Now let Sj, be a Newton stratum of a Kottwitz variety, we use B to denote the closed
subscheme of S (defined over F,), such that Bg, is Sy (See Theorem 3.6 of [53]). In [34],
the Langlands-Kottwitz method is adapted to study the Frobenius-Hecke trace of the ¢-
adic cohomology of Sy, and we can express the Frobenius-Hecke trace in terms of orbital
integrals, and then in terms of traces of automorphic representations. In this thesis, we
study the Frobenius-Hecke action on the f-adic cohomology of certain Bg, for Kottwitz
varieties, and we derive a pointing counting formula for By, for a € Zsq in terms of
automorphic representations. Our method is totally different from geometric methods
(no use of automorphic forms is made in geometric methods), and the advantage of our
method is that we can study the Newton strata of Kottwitz varieties of arbitrary signature
(r,s) (where the geometric methods are restricted to the case where min{r, s} < 2, and b
is baisc or p-ordinary). Our method is of both global and local nature: On the global side,
we apply a truncation of the formula of Kottwitz for the number of points on Shimura
varieties over finite fields (introduced in [34]), the Arthur - Selberg trace formula, base
change of certain automorphic forms and the twisted trace formula. On the local side, we

apply truncated traces and representations of p-adic groups.

3 Preliminaries on p-adic groups

Let F' be a p-adic field, let G be an unramified smooth reductive group G, and choose a
smooth reductive model G over Of and write K = G(Op). Let g be a uniformizer of
Op, and let F be an algebraic closure of F. We normalize the p-adic norm on F so that
lp| = p~CardOr/(mr) (the convention as in pp.491-492 [34]) and we normalize the Haar
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3. PRELIMINARIES ON p-ADIC GROUPS

measure on G(F') so that u(K) = 1. We choose a Borel subgroup B of G and standardize
the parabolic subgroups of G with respect to F,. Let P be the set of standard parabolic
subgroups containing Fy. We write Py = MyN, such that M, is the Levi part and N is
the unipotent part, and let W (G, My) = Ng(My)/My denote the Weyl group.

The modular character dg p(m) is defined to be |det(m,n)|, where m € M(F') and
n is the Lie algebra of N (we also use dp to denote d¢g p if there is no ambiguity). Let
Ind$ denote the normalized parabolic induction (which sends unitarty representations to
unitary representations, as defined in §VI.1.2 in [50], note that the modular character
dc.p(m) is defined to be |det(m,n)|~* in [56]), which is different from our convention (we
also use dg p to denote dg p when there is no ambiguity). Let m be a representation of
G(F). The Jacquet module 7y of a representation 7 is the space of coinvariants for the
unipotent subgroup N C G. We use Jy(7) to denote the normalized Jaquet module,
which is 7y (5 %).

We have a Borel subgroup P, C G such that Py(F) = Py(F). Let I C G(Op) be
the group of elements g € G(Op) that reduce to an element of the group Py(Op/mr)
modulo mr. The group I is called the standard Iwahori subgroup of G(F'). A smooth
representation 7 of G is called semi-stable if it has a non-zero invariant vector under the
subgroup I of G(F).

Definition 3.1. Let g be an element of G(F), we use g to denote the image of g in G(F)
and we use sy, to denote the semisimple part of g. Then g is called compact if for some

(any) mazimal torus T in G(F) containing g.m, the absolute value |a(gsy)| is equal to 1

for all roots a of T in Lie(G(F)).

Remark 3.1. If G = GL, (n € Z+g), then g € G(F) is compact if and only if the
norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F') are

compact.

Remark 3.2. Let M be a Levi subgroup of G and let g be an element of M(F') C G(F).
Note that the condition that g is compact for the group M(F') is not equivalent to the
condition that g is compact for the group G(F).

Let f be a locally constant, compactly supported function on G(F') and let (7, V)
be a smooth admissible representation of G(F'). For v € V| we define fG(F) f(g)m(g)vdg
as follows: Let L C G(F) be a compact open subgroup such that the locally constant
function from G(F') to V defined by g — f(g)m(g)vdg is right L-invariant, then we define
fG(F) f(g)m(g)vdg to be u(L) > cqimy f(g)m(g)v (this is independent of the choice of
L). We suppose that f is L'-bi-invariant for some compact open subgroup L' C G(F),
we define Tr(f, 7) to be Tr(v — fG(F) f(9)m(g)vdg)|w, where W C V satisfies that V¥ C
W C V and that W is finite-dimensional (this is independent of the choice of W and L').

We use H(G(F)) to denote the Hecke algebra of locally constant, compactly supported
functions on G(F), where the product on H(G(F')) is the convolution integral defined by

7



CHAPTER 1. INTRODUCTION

fixfa(h) = [, G(F) f1(h) f2(gh™")dg with respect to the Haar measure which gives the group
K measure 1. When L is a compact open subgroup of G(F'), we use H(G(F')//L) to denote
the Hecke algebra of locally constant, compactly supported functions on G(F') which are
bi-invariant under the action of L. Let H"™ (G(F')) denote H(G(F)//K), elements of
H(G(F)//K) are called unramified Hecke operators.

Let P = MN € P and let f € H(G(F)), we define the constant terms f(”) by
f®)(m) f N(F f(mn)dn, note that the constant terms f +— f) are injective
(221, §5]

We write Py = TU where T' C P, is a maximal torus of GG, let S C T be a maximal

split torus, and we write d for the dimension of S. We use
Sq: H(G(F)//K) = H(T(F)//T(F)NK) = H(S(F)//S(F)NK) = C[X{, ..., XF]

to denote the Satake transform, where H(G(F)//K) — H( (F)//T(F)N K) is defined
to be f + f) the isomorphism H(T(F)//T(F)N K) = H(S(F)//S(F)N K) is given
by f = flser) and H(S(F)//S(F)NK) = C[X7",..., X;"] as described in 2.2 of [49].
Note that Sg has image in H(T(F)//T(F) N K)V(EDE) swhere W (G, T) = Ng(T)/T is
the Weyl group and Ng(T') is the normalizer of T in G.

4 Kottwitz varieties

Now we give the definition of Kottwitz varieties (which are certain compact unitary
Shimura varieties considered by Kottwitz in [31]). Let D be a division algebra over
Q equipped with an anti-involution *. Let Q be the algebraic closure of Q inside C.
Write F for the centre of D, and we embed F into Q. We assume that F' is a quadratic
imaginary field extension of Q and we assume that % induces the complex conjugation on
F.

Let n be the positive integer such that n? equals the dimension of D over F. Let G
be the Q-group, such that for each commutative Q-algebra R the group G(R) is defined
as follows:

GR) ={r € D®qgR:zzx" € R}

The mapping ¢ : G — G,,q, defined by = +— xa*, is referred to as the factor of
similitudes. Let hy be an algebra morphism hg : C — Dg such that ho(z)* = ho(Z)
for all 2 € C. We assume that the involution of Dg defined by = + ho(i) *xho(i)
(x € Dg) is positive. We restrict hy to C* to obtain a morphism A’ from the Deligne
torus Resc/rGy,,c to Gr. Let h denote b/~ and let X denote the G(R)-conjugacy class of
h, then the pair (G, X) is a PEL-type Shimura datum ([31]). Let S denote Resc/rGpc.
We define isomorphism 7 from S¢ to Gy, ¢ X Gy, ¢ as follows: for an arbitrary C-algebra
A, define A ®r C — A? by a ® 2z — (za,za). We define cocharacter i’ : Gyc — Sc by
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5. THE LANGLANDS-KOTTWITZ METHOD

rop(z) = (z,1) and we define u € X,(G) to be y o h.

Let E denote the reflex field of the Shimura datum (G, X, h). We copy Kottwitz’s
description of the reflex field £ ([31]): Let v;,vs be the two embeddings of F' into C.
We associates number n,, to v; and n,, to ve, so that the group Gy is isomorphic to the
group GUc/r(ny,,My,). The group Aut(C/Q) acts on the set of Z-valued functions on
Hom(F,C) by translations. The reflex field F is the fixed field of the stabilizer subgroup
in Aut(C/Q) of the function v — n,. Then we obtain varieties Shx defined over the field
E, and these varieties represent corresponding moduli problems of Abelian varieties of
PEL-type as defined in [31].

At p: Let K C G(Ay) be a compact open subgroup. Let p be a prime number
such that Gg, is unramified, and such that K decomposes into a product K,K? where
K, C G(Q,) is hyperspecial and K? C G(A%}) is small enough so that Shg(G,X) is
smooth. Let Shi (G, X) be the Shimura variety (defined over E). Let My be the moduli
scheme over Op ®z Z(, which represents the corresponding moduli problem of Abelian
varieties of PEL-type (as defined in §5 of [32], note that M  is |ker' (Q,G)| copies of
Shk(G,X)). Under our assumption, the group Gg, is unramified, and thus quasi-split.
By the classification of unitary groups over real numbers, we have Gg = GUg/r(s,n — 5)
for some 0 < s < n. If n — s # s, then the reflex field is F, and if n — s = s, then the
reflex field is Q.

We write ¢ for the number of elements in the residue field of Op,. For each geometric
point x € M5 , we consider the isocrystal with additional Gg,-structure b(A,) associated
to the abelian variety A, corresponding to x (see pp.170-171 of [53]). The set of isocrystals
with additional Gg,-structure {b(A;) : © € My, (F,)} is contained in a certain finite
set B(Gq,,pn) C B(Gg,) (see 86 of [33]). For b € B(Gg,), we define Sy to be {z €
M K,Fq(FlI) : b(A;) = b}. Then Sy is a subvariety of My (see §1 of [54]) and the
collection {Sy}ren(cy, ) of subvarieties of My 5 is the Newton stratification of My .
Now we fix a stratum S, C My 5 , we use By to denote the locally closed subscheme
of Mk, (defined over Fy), such that By g is S (see Theorem 3.6 of [53]). The Hecke
correspondences on Shy (G, X) may be restricted to the subvariety ¢ : Bx — M KF,, and
we have an action of the algebra H(G(Af)//K) on the cohomology spaces H',(Bg,t*L).
Furthermore, the space H',(Sy,t*L) carries an action of the Galois group Gal(F,/F,),
which commutes with the action of H(G(Ay)//K).

5 The Langlands-Kottwitz method

In the case of good reduction, the trace of the Frobenius-Hecke operator of G(AP) on the
(-adic cohomology of the reduction mod p of Shimura varieties can be described in terms
of orbital integrals and then in terms of elliptic parts of the stable Arthur—Selberg trace
formula for the endoscopic groups (see [30], [32] for PEL-type Shimura varieties and see

[20] for abelian-type Shimura varieties). This approach to studying the Frobenius-Hecke

9
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trace is called the Langlands-Kottwitz method. In [34] and [36], the Langlands-Kottwitz
method is adapted to study the Frobenius-Hecke trace of the ¢-adic cohomology of Newton
strata, and we can express the Frobenius-Hecke trace of Newton strata in terms of orbital
integrals. In this thesis, we study the Frobenius-Hecke action on the /-adic cohomology
of Sy, and we derive a formula for the Frobenius-Hecke traces in terms of automorphic
representations. We now give a more detailed introduction on the adapted Langlands-
Kottwitz method.

Let ¢ be an irreducible algebraic representation over Q of Gy, associated with an
(-adic local system on S (where ¢ # p is a prime number). Let g be the Lie algebra
of G(R) and let K, be the stabilizer subgroup in G(R) of the morphism h. Let f;
be an Euler-Poincaré function associated to ¢ (as introduced in [5], see also §3 of [31]).
Note that f¢~ has the following property: Let 7o be a (g, K« )- module occurring as
the component at infinity of an automorphic representation m of G. Then the trace of
fe.0o against mo is equal to Noo > o (—1)'dim(H (g, Koo; Too ®()), where Ny is a certain
explicit constant as defined in §3 of [31]. Let @, be an algebraic closure of Q, with an
embedding Q C Q,. We write £ for the (-adic local system on M K05, associated to the
representation ¢ ® Qq of Gg,. Let [P € H(G(A)//KP) be an arbitrary KP-bi-invariant
Hecke operator. Let p be a prime ideal of Og above p, given an a € Z+,, let E, , denote
a degree o unramified extension of E,

By applying Theorem 5.4.5 of [I1], we have

Tr(Froby x f7, Z et.e(S, 1" L)) = Z Tr(Froby x f7*,1"L,)

J:EFlXFmba x fPoS (F )

Repeat the proof of Proposition 10 of [34], we have

Z Tr(Frobl x f7°,1°L,) = |ker' (Q, G |Z c(70:7,0) O~ (fP°)TOs(da) Tr (e (70))

meleFroba fpoo (Fq) (7057,9)

for a big enough (we may remove the big enough condition on « later), where

e The sum ranges over Kottwitz triples (as defined in §14 of [32]) (7o; 7, d) so that the
isocrystal corresponding to do(6) - - - olFraiQrl=1(5) equals b (where is the Frobenius

automorphism).
e c(70;7,0) is a certain constant defined in §19 of [32].

e The function ¢, € H"™(G(Ey)) is the characteristic function of the double coset
G(Og, . )u(p~")G (O, ,)-

e O.,(:) (resp. TOs(-)) are orbital integrals (resp. twisted orbital integrals).

10
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Remark 5.1. Note that the above equality reduces Hecke-Frobenius traces to group-
theoretical terms involving orbital integrals and twisted orbital integrals, and it holds when

Sy are Newton strata of PEL-type Shimura varieties.

We may further reduce the group-theoretical terms to traces of automorphic forms
when Sy, is a Newton stratum of Kottwitz varieties: By the proof of Theorem 2.14 on
pp.24-25 of [36], we have

ker (Q, G)| D e(y0;7, )04 (f7°)TOs( ) Tr (¢ (0))

(7057,6)

= |ker' (Q, G)| Tr(Cy @ fo fP° fr oo A(G)),
where

e A(G) is the space of automorphic forms on G,

e The function C’,)G(Qp) € H(G(Q,)) is a certain truncation function depending on b

and G(Q,), as defined in Definition 2.1 of [36]

e The function f, € H"™(G(Q,)) and the function ¢, € H"(G(E,,)) are associated
in the sense of base change (as defined in §3.2 of [40]).

Remark 5.2. We have the above equality when S, is a Newton stratum of a Kottwitz
variety because Kottwitz varieties “have no endoscopy”, see §2 of [31)]. In general, we do
not have the above equalities when Sy, are Newton strata of endoscopic Shimura varieties
(in particular, when the group R(Iy/Q) defined in §2 of [31)] is non-trivial, which holds
for most PEL-type Shimura varieties).

6 Local computation

Now let Sj, be a Newton stratum of Kottwitz varieties, by applying the Langlands-Kottwitz
method, we have

Tr(Frob? x f¥, Z L o(Sh " L)) = [ker' (Q, G| Te(Cy ) fu f7™ fe oy AG)).

Note that

Te(Cy D fu P feor AG)) = Te(CF W fu fP™ feoo, AG)) = S Te(CF ) fuf7 fr o)

TCA(G)

= Z Tr(cf(@p)fmWp)rﬁ(fp@)me)Tr(me,Wm)’

TCA(G)

11
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where Tr(f¢ 00 Too) = Noo 9 sy (1) dim(H (g, Koo; oo @ ¢)) The traces Tr(C), cl@ g )
are the most important: By letting fP* = 1g», we find that Tr(C @) fa,ﬂ'p> gives in-
formation on traces of Frobenius, further if we let the representation ¢ to be the trivial

representation, then we have

‘BK( )’ - TI'(FYOb Xle?Z etc Sb?@é)) - Z Tl“( cr) fomﬂp)Tr(lea )Tr(f(,omﬂ—oo)
i=0 TCAG)

= (Noc Z Jidim(H (g, Koo; oo © ¢))) - dim((x7) ") - Te(C ) £, ),
ﬂ'C.A( )

where By is the locally closed subscheme of the moduli scheme My, such that By g =
Sh.

We give a brief explanation on how to compute Tr(CbG @) fasmp) we first introduce
compact traces and compact elements: Let G be a reductive group over a p-adic field F,
let g be an element of G(F), we use g to denote the image of g in G(F) and we use gqn,
to denote the semisimple part of g. Then g is called compact if for some (any) maximal

torus T in G(F) containing g.,,, the absolute value |a(gsm)| is equal to 1 for all roots a

of T in Lie(G(F)).

Remark 6.1. If G = GL, (n € Zsg), then g € G(F) is compact if and only if the
norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F') are

compact.

Let C&%) denote the characteristic function of the set of compact elements of G(F).
We assume that G is unramified and let B be a Borel subgroup of G. Let f € H"™ (G(F))
be a spherical Hecke operator and let 7 be an admissible representation of G(F') of finite

length, to compute compact traces, we have the following formula (see p259 of [6]):

Te(CEO fm) = > Te(wfD, (),

P=MN

where

e the sum ranges over the set of standard parabolic subgroups of G

e the function Yy f) € H"™ (M (F)) are certain spherical functions for which we have

explicit descriptions.

e Jy(m) is the normalized Jacquet module of 7.

From the above formula, we have that Tr(C. o) f,m) # 0 implies that 7 has an Iwahori
fixed vector (see Corollary 1 of [34]). If we further assume that 7 is the local component of
a discrete automorphic representation, then 7w belongs to a very restricted class of repre-
sentations (see §2 of Chapter 2, and §3 of [34]), and it is possible to compute Tr(CS "y, )
(but getting explicit formulas of the traces Tr(Ce o) f,m) is still very challenging).

12
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Now we return to the computation of the truncated trace Tr(Cf (@) fasmp): When b
is the basic element, we have C’bG @) — 0@ When p splits in the extension F//Q and b
is not basic, we may still reduce the computation of Tr(C’bG (@) fasmp) to the computation

of certain compact traces (see Proposition 3.3 and Proposition 3.4 in Chaper 3).

Remark 6.2. The most challenging part of this thesis is to compute the truncated trace
Tr(C’bG(Q”)fa, 7p) (and the twisted truncated traces in Chapter 4).

7 Results of the thesis

In this thesis, we follow the strategies developed in [34] and [36] to study the Newton
stratification of Kottwitz varieties using the Langlands-Kottwitz method. Before giving
the main results of this thesis, we first give a summary of Kret’s work on Newton strati-
fication. In [34], Kret studies the cohomology of the basic stratum of Kottwitz varieties,
where p splits in the extension F'/Q, using the Langlands Kottiwtz methods and compact
traces, under certain assumptions on the signature of the group Gg. The work [37] is the
continuation of the work [34], where Kret removes the assumptions on the signature of
the group G by resolving certian combinatorial problems. In [38], Kret compares the
cohomology of the basic stratum of Kottwitz varieties and that the cohomology of the
basic stratum the basic stratum of quasi-split unitary Shimura varieties, where p splits in
the extension F'/Q, using the Arthur-Selberg trace formula. And Kret shows that Hecke
operators act with equidistribution on the basic stratum of quasi-split Shimura varieties
and Kottwitz varieties, where p splits in the extension F'/Q and the basic stratum is zero-
dimensional. In [36], Kret studies truncated traces, combined with the Arthur-Selberg
trace formula, Kret gives an argument on the nonemptiness of the Newton strata of certain
PEL-type Shimura varieties, under some technical assumptions.

We now present the main results of this thesis. In Chapter 2, we study the cohomology
of the basic stratum of Kottwitz varieties of signature (1,2), where p is inert in the
extension F'/Q. We assume that the dimension of the division algebra D equals 9 and
that the group G is isomorphic to the group GUc/r(1,2). Let b € B(Gg,, ) denote the
basic element. we use ¢ : B < S to denote the closed subscheme of S (defined over F,
with ¢ = p?), such that Bz = S, (See Theorem 3.6 of [53]). And we have the following

theorem:

Theorem A. (See Theorem 4.1 in Chapter 2) Let o € Z~q, then we have
#B(Fge) = C2g” + C1(—p)* + Co

where Cy, Cy,Cy € C are certain constants that can be expressed in terms of A(G) (see
Theorem 4.1 in Chapter 2 for the precise definition).

Chapter 3 is adapted from the paper [45], https://arxiv.org/abs/2507.04122, written
by the author of this thesis. In Chapter 3, we study the cohomology of certain intermediate

13


https://arxiv.org/abs/2507.04122

CHAPTER 1. INTRODUCTION

strata of Kottwitz varieties, where p splits in the extension F'/Q. Let b € B(Gg,, i) such

that the corresponding Newton vector v(b) (as defined in §5 of [26], see also [54] for the

case when G, is a general linear group) equals (s, A", \5*) € R"*! where

® pi,p2 € Lo and py + py = n,

e A\ > X >0and (Ap1,p1) = (Aop2, p2) = 1.

We write Gg = GUc/r(s,n—s) with 0 < s < n. Let S, be the corresponding stratum, we
use ¢ : B < S to denote the closed subscheme of S (defined over F,), such that Bg, = 5
(see Theorem 3.6 of [53]). We have the following theorem:

Theorem B. (See Theorem 6.1 in Chapter 3) Let o € Z~g, then we have:

1. If nis odd, or n is even and (p1,p2) # (5,5%), (5 £1,5 F 1), then

Tr(Frobg x f7°,% " Hi (S, 0°L)) = [ker'[(@Q,G) DY ¢Tr(Chfuas: prp)
i=0 TCA(G)
pr,p s of type I

n

2. If nis even and (p1,p2) = (5,%5) or (p1,p2) = (5 £ 1,5 F 1), then

Tr(Frobg x f7°,% Hi (S5, 0°L)) = [ker'[(@Q,G) D> ¢Tr(Chfuas: prp)

i=0 TCA(G)
pr,p s of type II

where

e the constant ¢, equals CCTr( P, TP )Noo Y oo (—1)'dim(H (g, Koo} Too ® C)) such
that (; is a root of unity.

e by assumption, we have G(Qp) = Q) X GL,(Qp). We write m) = 07 ® pryp, s0 that
Onyp (T€SP. prp) is a representation of Q) (resp. GL,(Qy)).

o the truncated traces Tr(C) fras, Prp) Where pr, are representations of GL,(Q,) of
type I or type II (as defined in Definition 5.3 of Chapter 3) and are computed in
Proposition 5.3 of Chapter 3.

We make some remarks on the notation appearing in the above theorem:
e The function fP> € H(G(A})) is a KP-bi-invariant Hecke operator.

e The function f,.s € H"™(G(Q,)) is a certain unramifed Hecke operator whose

Satake transform is given by pw(gfs) >, where X' =T, ; X;.
1c{1,2,..n}
[I|=s

e The function C) € H(G(Q,)) is a characteristic function associated with the isocrys-
tal b.

14
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e The space A(G) is the space of automorphic forms on G(A).

e The representation ( is an irreducible algebraic representation over Q of Gg, asso-
ciated with an /-adic local system on S (where ¢ # p is a prime number). Let Q,
be an algebraic closure of Q,; with an embedding Q ¢ Q,. We write £ for the ¢-adic
local system on S associated to the representation ¢ ® Q, of Go,-

Chapter 4 is adapted from the paper [45], https://arxiv.org/abs/2411.01224, written
by the author of this thesis. In Chapter 4, we use base change (see §3.2 of [40]) and a
twisted version of the computation deployed in §4 to study the zeta function of the basic
stratum of Kottwitz varieties, where p is inert in the extension F'/Q. We use base change
to reduce the computation of compact traces of representations of quasi-split unitary
groups to the computation of twisted compact traces of representations of general linear
groups, with the sacrifice being that we need to compute twisted traces instead of traces.
We now give a precise statement of the main results. We write Gr = GUg/r(s,n—s) with
0<s<n. Letbe B(GQP, 1) denote the basic element. we use ¢ : B < S to denote the
closed subscheme of S (defined over F, with ¢ = p? if s #n —s, and ¢ =p if n — s = s),
such that B = S (see Theorem 3.6 of [53]). Then we have the following theorem:

Theorem C. (See Theorem 5.2.1 in Chapter 4)

1. If n — s # s, then for an arbitrary o € Z~q, we have

| ( )l - |ker Qa ’ZN Tr9 C@c¢no¢s; )

=ker' (@G D, D, D NacqueuS(REONL) (g, ... glree).

™ QGPG,Q:LU wEGG

Where w’s are representations of GL,(F,) of the form Ind%(@iStani (¢1)), such
that €; is either the trivial character or the unramified quadratic character (note
that g = £1 is introduced before Proposition 5.2.1 in Chapter 4 and eqp = £1 is
introduced in Proposition 2.2.3, Chapter /), and

Ne=+ > Tra(el, (X ®7)oa) Tra("™, (x © 7)7°)C2 Mo,

XQTCA(F*XxD*):
Tp 15 of 0 type,
T<Tp

(the partial ordering is defined before Proposition 3.5.2 in Chapter 4, and M, . is
introduced in Theorem 3.3.1, Chapter 4). And the space A(F* x D*) is the space
of automorphic forms on (F* x D*)(A).

2. If n — s = s, then for an arbitrary even o € Z~q, we have

| ( )‘ - ’ker Q7 ZN TI‘@ CGc(bn sy T )
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= ket @G)Y D D NecuequS(RLONE) (@0, gte)
T QEPY,Q=LU wedGy
with N as defined above, and m’s are representations of GL,(F,) of the form
Indg(@)iStGLni (¢1)), such that ¢; is either the trivial character or the unramified

quadratic character.

3. If n — s = s, then for an arbitrary odd o € Z~q, we have

|B<IFPO‘)| = |ker1((@, G)l Z Nﬂ’p_%S(n_S)Tre(Cﬂcgbnasy 7T)

= kel @O > Y Nﬂp*%“"*S)gQ,egQ,ws(X"Ud)i%’s)(thm,...,th(nw

T QePY.Q=LU weGf

with N, as defined above, and m’s are representations of GL,(F,) of the form
Ind%(@iStGLni (7)), such that €; is either the trivial character or the unramified

quadratic character.
We make some remarks on the notation appearing in the above theorem:

e The traces Try are twisted traces which we define in §2.2 in Chapter 4, where 6 is
a certain involution of GL,(F,) which comes from the Galois action (see Remark
4.1.1 in Chapter 4).

e The functions ¢nas (resp. CoePnas) are certain spherical functions on G'L,,(F,) (resp.
truncated spherical functions on GL,,(F},)) which will be defined in §2.2 and §2.4 in
Chapter 4.

e The group Q € P?, Q = LU ranges over f-stable standard parabolic subgroups
of GL,, (standardized with respect to the Borel subgroup of the upper triangular

matrices), where L is a Levi subgroup and U is a unipotent subgroup.

e The constants €g 9,0, are equal to £1 with gy as defined in Definition 2.2.3,
Chapter 4 and ¢, as defined before Proposition 5.2.1, Chapter 4.

e We make a few more remarks on the constant

Ne=% Y Tro(el (X ® 7)oo) Tro(0", (x @ 7)7°)(2 M-, .
X@TCA(F*xDX):
X®T is O-stable,
Tp is of 6 type,
T<Tp
appearing in our theorem: The +1 term comes from intertwining operators, and
the roots of unity come from certain twisted traces against characters of A% (see

Proposition 4.3.1 in Chapter 4). The term Tra(¢?, (X ® T)oo) Tro(07>, (x ® T)P)
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comes from twisted traces away from p, the constant M. . and the partial ordering
come from ring of Zelevinsky (see §3.2 and §3.3 in Chapter 4). We have

Trg(ly (X © 7)) = S Tr(0, H' (. Koo (x © 7))

i=1

where K, is a maximal compact subgroup of H(R) and b is the Lie algebra of H(R).
Representations of G L, (F,) of f-type (Definition 3.1.1 in Chapter 4) are certain 6-
stable irreducible admissible representations of GL,,(F,), which are local components

of discrete automorphic representations and have an Iwahori fixed vector.

The sets G%Q is a certain subset of the symmetric group S, (see §5.2 in Chapter
4) with a combinatorial interpretation using Young tableau (see §5.3 in Chapter 4),

and note that P comes from the representation Ind$(®;St¢ L, (€i))-

The functions S(x¥, %é) are certain polynomial functions (see §2.6 in Chapter 4

for an explicit description of S ()A(g,gb,(ﬁl))

The point
(qtﬂ"17 et qt”nn) - (q61 1_2n1 Y q01 S_in VAR qCI le_I VAR qu 172nk:’7 qu 372nk AR qu nk271 )’
such that (ng,...n) is the partition of n corresponding to the parabolic subgroup

P, and ¢ = €;(q) (note that me must have |¢“| = 1 because ¢; is either the trivial

character or the unramified quadratic character).
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Chapter 2

The Cohomology of the basic
stratum of Kottwitz varieties of

signature (1,2) (p inert)

1 Introduction

We explain how to use the Langlands-Kottwitz method introduced in §3 of Chapter 1
to study the cohomology of the basic stratum of Kottwitz varieties of signature (1,2)
(p inert), denoted by By (defined over F, with ¢ = p?). We will express the number
of points |Bk(F,)| (for o € Z-g) in terms of automorphic forms, and traces of certain
representations of quasi-split unitary groups. This chapter is technically less demanding
than the next two chapters of this thesis; the aim of this chapter is to explain the method

for a relatively easy example.

2 Semi-stable representations of some unitary groups

Let G be a quasi-split reductive group over a p-adic field F' with a chosen Borel subgroup
Py = MyNy, it P = MN C G is a standard parabolic subgroup, then the modular
character dg p(m) is equal to |det(m,n)|, where m € M(F) and n is the Lie algebra of
N (we also use dp to denote dg p if there were no ambiguities). The induction Ind%
is unitary parabolic induction. The Jacquet module 7y of a smooth representation m
is normalised by convention, it is the space of coinvariants for the unipotent subgroup
N C G, twisted by the character 65%};. For the definition of the constant terms f”) and
the Satake transform, we refer to the article of Kottwitz [[22], §5].

Let F be a local field. Let E/F be a quadratic field extension and let o be the non-
trivial element of Gal(E/F). For an arbitrary a € E, we write a = o(a). For n € Z+,
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and s € Z~ with s < n, let

I, = € GL,(F)
0 1

be the diagonal matrix with the entries being 1, and let

0 1
A= € GL,(F)
1 0

be the anti-diagonal matrix with the entries being 1. We use GU, g/r to denote the

algebraic group over F' given by
GUpp/r(A) ={9 € GL,(A®p E) : g"Ayg = c(g)An, c(g) € A"}

where ¢g* denote the conjugate transpose and A is an arbitrary F-algebra. Let U, g/r =
ker(c). And we use SU, g/r to denote the algebraic group over F' given by SU,, g/r(A) =
{9 € SL,(A®Fp E) : g*Ang = Ay} where A is an arbitrary F-algebra. Then SU, g/r
the derived group of GU, g/p.

— e

S

In the following, we assume that F' = Q,, n = 3 and that pOp is prime in Op. A
maximal torus of GUs p/q, is the diagonal torus (see §2.2 of [50])

A 00
T3 = O )\2 0 . )\1, )\2, )\3 € RGS(SP (Gm7(@p), )\15\3 = )\35\1 = )\25\2 € Gm,(@p y
0 0 X3

the maximal split torus of T3 is

M 00
S3 = 0 A 0 |:MAEGhg,
0 0 M\!

A minimal parabolic subgroup of GUs g/q, containing T3 is Py = Bz N GUs g/g, Where
B3 C G L3 is the subgroup of upper triangular matrix.

Let G,B,T,S denote GUs g/q,(Q,), Fo(Q,), T5(Qy), S3(Qp) respectively. Then the

0 0 1
Weyl group W(G, S) = {1,w} wherew = |0 -1 0
1 0 0
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For s,t € C, we define ¢,7; to be the character of S given by

M 00
0 X 0 |[—= PN
0 0 A\!

Note that ¢g7s is the modular character of B.
The unramifed Hecke algebra H"™(G) is isomorphic to

(C[X:tl,Xftl]{il} SN (C[X:tl,XiH] ~ Hunr(T> ~ Hunr(s)
with H"™(T) = H"™(S) given by f — f|s for f € H"™ (T3) (see 2.4 of [49]), and where:

e X, corresponds to the characteristic function of S3(Opg)diag(p, 1,p~1)S3(Og).
e X corresponds to the characteristic function of S3(Og)diag(p, p,p)S3(Og).
o (o) € {£1}* acts by (o) - X; = XM and (—1)- X = XX 1.

see 4.2 of [50]
We use SU to denote SUs g/q,(Q,). We write SB = SUN B, and we write

MO0
sS=snsu={|0 1 0 |:xeqQ})
0 0 A

Let 77 denote the character of SS given by

A 00
01 0 ||\
0 0 X!

Note that 7 is the modular character of SB.

Remark 2.1. Note that ¢s7 and 7, also define unramified characters of T and ST re-
spectively by acting trivially on the unipotent part. The resulting characters on B and SB
are still denoted by ¢s1; and 7.

We define character x, : Q; — C* (with s € C) by a — |[al*.

Lemma 2.1. We have

Indg (¢s7¢) 2 Indg (do7e((xs/2 © ©)|5)) = Indg (¢o7:) (Xs/2 © ).

Proof. For the first isomorphism, note that ¢,7 = ¢o7:(xs/2 © ¢|B).
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For the second isomorphism, note that Indg’(qﬁgn)(xs /2 0c) is the set Ind$ (¢7;) but
with a twisted action defined by gf(h) = x:s(c(g)) f(hg). And, for f € Ind§ (¢o7:) (xs/20¢),

we define f : G — C* by f(g) = f(g)xz(c(g)), then we have that

F(bg) = F(bg)xs(c(bg)) = doms(b)d2 (b) s (c(b)) f(9)

for every g € G and b € B. Hence f € Ind§(dom(xs/2 © c|5)). Moreover, note that

fe Ind§ (¢o7i(xs/20¢|)), and the action of G on f is defined by (gf)(h) = f(hg)xs(c(g)),
we see that

gf(h) = gf(h)xs(c(h)) = f(hg)xs(c(g))xs(c(h)) = f(hg)xs(c(hg)) = gf(h).

(Sl

Thus f — f gives a homomorphism from Ind$ (¢om)(xs /20¢) to Ind$ (o7 (xs /20¢|B)).

For every f € Ind§(¢o7:(xs/2 © ¢|B)), we define f by f(g) = f(g)X%(c(g))_l, then we
have that

N
N

Fbg) = f(bg)xs(c(bg)) ™" = domu(b)d= (b)xs(b)xs(c(bg)) ™" f(g) = ¢omi(D)d=(D) f(9g)

for every g € G and b € B. Hence f € Indg(gbon)(xs/g o ¢). Moreover, note that the

action of G on f is defined by (gf)(h) = x:(c(g))f(hg), we see that

2

af(h) = x3(c(9))f(hg) = f(hg)xs(c(h)™" = gf (R)xs(c(h)) ™" = g (R).

(Sl

Thus, the map f — f gives a homomorphism from Ind(B;(QSOTt(XS/Q oc|p)) to Ind(B;(Xs/Q oc),
which is the inverse of f — f, and we have Inch;(%Tt((Xs/z oc)|p)) = Indg(¢0Tt)(Xs/2 o
c). O

We also have Ind$; (w-¢,7;) = Ind$ (¢s7_¢). Then we have Ind§ (w-¢s7) = Ind§ (w-¢s7)
if and only if s = 0 or s = 7wi/log(q).

We now introduce ¢ -functions which play an important role in deciding the reducibility
of Ind§ (¢s7) when w(¢7;) # ¢7: (as defined in [3]).

Definition 2.1. We define c¢(Indg, ¢,7) = c(IndSy, 71) to be

(1—p*)(A+p* A —p> )1 +p*")
(1—=p=)(1 —p*) '

Remark 2.2. Note that ¢(Indg, ¢,71), c(IndSy, 71) are exactly the functions as defined in
Proposition 3.5 (b) of [3] when we take G on page 387 of [3] to be G or SU defined
in this section. And c¢(Indy = ¢,7), c(Indgy, 7y), because Gaep = SU and SU is simply
connected, and the constants defining c(Indg, ¢sTi) is defined in terms of the affine roots
system associated to SU (pp.387 - 391 and p397 of [3]). With the constants defining
c(Indg, ¢sm) = c(IndSy, 71) as computed on pp.217 - 219 of [].
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Proposition 2.1. Ind§ (¢,7;) is irreducible if t = 0 or t = mi/log(p).

Proof. By Lemma 2.1, we only need to show that Indg (¢po7i) is irreducible if ¢ = 0 or
t = mi/log(p). We use R(¢o7¢) and R(7:) to denote the R-groups associated with G and
SU respectively, as defined on p399 of [I7]. Note that R(¢o7;) is isomorphic to R(7),
because R-groups are defined in terms of the affine roots system (see pp.397-398 of [17]).
And we have that Ind$ (¢o7) is irreducible if and only if |R(¢o7;)| = 1 (see p402 of [I7]).
Note that w - ¢ps7 = 57y = ¢y if and only if ¢ = 0 or ¢ = 7i/log(p), in both cases,
we have Indgy (7;) is irreducible (see p126 of [I8]). Then we have |R(¢7)| = |R(r)| = 1
if t =0 or t =mi/log(p).
[

Proposition 2.2. Ind§(¢e7;) is irreducible if and only if t # %1, £(3 + mi(2log(p))~?) .

Proof. Ift = 0 or t = mi/log(p), by Proposition 2.1 we know that Ind$ (¢,7;) is irreducible.
If t # 0 and t # mi/log(p), then w - pg7y # o7 (in this case, we say that the principal
seies representation Ind§(¢or) is regular). And Ind§(¢em) is irreducible if and only
if c(IndSy, ) = c(Ind§, do7;) is 0 at t with c(Indgg, ) = c(Ind§, ¢o7;) as defined in
Definition 2.1. O

Note that ¢o7_1 = dp” and that Ind$ (¢o71) is the dual of Ind$ (¢o7_1), then we have
the following proposition (recall that the Steinberg representation St is the irreducible
1
quotient of Ind$ (6 2)):

Proposition 2.3. Ift = —1, then Ind$ (¢o7;) is reducible, with the unique irreducible un-
ramified subquotient being the trivial representation and Indg (po7t) fits into the following
short exact sequence:

0 — 1¢c — Ind§(¢o7_1) — Stg — 0.

Ift =1, then Indg(qbon) 18 reducible, with the unique irreducible unramified subquotient

being the trivial representation and Ind(B;(gzﬁoTt) fits into the following short exact sequence:
0 — Stg — Ind§ (7)) — 1c — 0.

Note that GUs g/q, is unramified, in the following, let G be a model of GUs g/q, over
Zy,. We write K, = G(Z,). We have a parabolic subgroup £ C G such that F(Q,) = B.
Let I C G(Z,) be the group of elements g € G(Z,) that reduce to an element of the
group Fy(Z,/(p)) modulo p, the group I is called the standard Iwahori subgroup of G.
A smooth representation 7 of G is called semi-stable if it has a non-zero invariant vector

under the subgroup I of G.

Remark 2.3. Note that Ind$ (¢s7) has length at most |W(G,S)| = 2 (see Proposition
6.3.9 of [Jl]), thus the irreducible unramified subquotient of Ind$ (¢sm) is either an irre-

ducible subrepresentation of Ind§ (¢s7:), or an irreducible quotient of Ind$ (psm).
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Definition 2.2. We use m; to denote the irreducible unramified subquotient of the repre-
sentation Indg(¢07'%+m(%g(p))_l). Let my denote Indg(¢07'%+m(2mg(p))_1)/7r1 if ™y 4s an irre-
ducible subrepresentation ofIndg(¢OT%+M(210g(7,))71), let o denote Indg(¢07_%_wi(2log(p))—l)/7“-1

if my is an wrreducible quotient of Ind(B;((bOT%er(%g(p)),l).

Note that representations with an Iwahori fixed vector can be realized as irreducible
sub-representations of unramifed principal series (see Proposition 2.6 of [3]), then we have

the following theorem:

Proposition 2.4. Let w be an irreducible admissible representations of G with an Twahori
fixed vector, then 7 is of the following form:

(a) Ind§ (¢s7;) where t # £1, £(2 + mi(2log(p))~H).

(b) 1(x) where x is an unramified character of G.

(¢) Sta(x) where x is an unramified character of G.

(d) m1(x) where x is an unramified character of G.

(e) m2(x) where x is an unramified character of G.

Proof. Let m be an irreducible subrepresentation of G with an Iwahori fixed vector, then
7 is embedded into Ind$ (¢,7) for some s,t € C.

(1) If 7 is unramified, by Lemma 2.1, Proposition 2.2 and Proposition 2.3, we have
that 7 must be of the form (a), (b), (d) or (e).

(2) If 7 is ramified, then Ind§ (¢,7;)/7 is irreducible (see Remark 2.3) and unramified,
and Ind§(¢.7,)/7 can be realized as a subrepresentation of Indg(¢s7_;). We use 7’ to
denote Ind§ (¢,7) /7. Then 7’ must be of the form (b), (d) or (e), thus 7 2 Indg (¢s7_) /7’
must be of the form (c), (d) or (e).

O]

3 Cohomology of the basic stratum

In this section, we study the cohomology of the basic stratum of some Kottwitz varieties
(as introduced in [31], which are certain compact Shimura varieties associated to division
algebras). We first carry out necessary local computation. We define f, € H"™(G) to
be the unramifed Hecke operator whose Satake transform is given by p* X*(X{ + X, %),
and we define Yy, e g "(T) to be the unramifed Hecke operator whose Satake
transform is given by p?**X*X®. Let Ny denote the unipotent part of Py, and let C.f,
denote the truncation of f, at compact elements (as defined on p492 of [34], we will give
the precise definition of compact elements in Chapter 3 and Chapter 4, and we do not

need the precise definition here), then we have
Tr(Cefarm) = Tr(fa, ) — Tr(f(NoféPO)? T™No)»

see P259 of [41]. Note that Ind§(¢s7i)n, = C(ds7i) @ Clés7—) (see Theorem VI.5.1 of
[56]), then we have the following proposition:
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Proposition 3.1. Let x be an unramified character of G, then we have:

p* 0 0
b Tr(CCfmInch;(CbsTt)) =p* ¢, | 0 p* 0
0 0 p~
p* 0 0
d Tr<06favlnd(B;(¢OTt)<X>> =p*x | 0 p* 0
0O 0 p*
p** 0 0 p* 0 O
o Tr(Cefarla(x))=x| 0 p* O +p**x| 0 p* 0O
0 0 1 0O 0 p~
p2a 0 0
o Tr(Cefa,Sta(x)) =—x| 0 p* 0
0 0 1
p2a 0 0
o Tr(C.fa,m(x)) = (=1)*pmx | 0 p* 0| withm € {1,3}.
0 0 1
p2a 0 0 pa 0
o Tr(Cefa,m(x)) = (=1)p™x | 0 p* 0|4+ x| 0 p* 0 | withm e {1,3}.
0 0 1 0O 0 p°

Proof. By the corollary on p492 of [41], we have

Tr(CCfav Ind(B;<¢sTt)) = Tr(faa Ind(B;(¢sTt)) - Tr(fCNof(gzPO)’ Ind(B;(¢sTt)No)'

Note that
p* 0 0 p* 0 0 p® 0 0
Te(fI) ) =p*0, | 0 p* 0| (|0 1 0 |+n| 0 1 0|+1),
0 0 p* 0 0 p@ 0 0 p*
and that

Tr(Xn, £, Ind$ (657 ) ny) = Tr(Xne £50), i @ 7y

(83 (67

0 p
—+ T—¢ 0
0

p* 0 0
= p2a¢s 0 po‘ 0 (Tt
0 0 p~

p
0
0

—Q

S = O
[a)
S = O
~—

p
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p* 0 O
= Tr(f(gPO)a ¢8Tt) - p2a¢s 0 pa 0
0 0 p~
Then we have
p* 0 0
Tr(ocfon Ind(B;(¢sTt)) = p2a¢s 0 pa 0
0 0 p*

Similarly, we have

0 0
Tr(Ce fo, Indg (do7) (X)) =™ x| 0 p* 0
0 0 p°

Now we compute the trace Tr(C.f,, Sta(x)): We have
Tr(Cefar Sta(x)) = Tr(Ste(x), fa) = Tr(Xn S8, Sta(X)m)

= _Tr(XNofo(zPO)a StG(X)No) = _TI(XNoféPO)7 51530<X))

1 p* 0 0\ p* 0 0
=300 [ 0 p* 03000 1 0
0 0 p~ 0 0 p=@
p* 0 0 p* 0 P’ 0 0
==px [0 p* 0 ]px|0 1 =—x| 0 p* 0
0O 0 p* 0 0 p ¢ 0 0 1

And we can conlude that

Tt(Cefar 1(x)) = Tr(Cefa, Indi (9071) (1)) — Tr(Cefa, Sta(x))

% p2a

0 0 0
=p* x| 0 p* O0l+x| 0 p°
0 0 p° 0 0

Q

= O O

Note that my is ramified, if (ma)n = @71

14 ri(2og(p)-1> TePeAL the argument for the case

of Steinberg representation, we have:

Tr(C far m2(x)) = Tr( far m2(x)) — Tr(Xne £, 72 (X) o)
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= —TI‘()A(NOf(iPO),W2<X)NO) = _Tr(XNof(gzPO)7 (bOT%Jrﬂ'i(Qlog(q))_l))

© 0 0 0 0
:_p2a¢07—%+ﬂi(2log(p))_1(X) 0 p* 0 | P71 ymiarogy—(X) [ 0O 1 0
0 0 p~ 0 0 p@

© 0 0 00 200

— _p2aX 0 pa 0 (_p)faX 0 1 0 — (_1>a+1an 0 pa 0
0 0 p* 0 0 p@ 0O 0 1

Now we compute Tr(C.fa,m1(x)): We have

Tr(CCfOH US| (X)) = Tr(Cchm Indg(qsolré—f—ﬂi(ﬂog(p))*l)) - Tr(CCfOH WQ(X))

P20 0 0 0

= (=% [ 0 p* Of+p* x| 0 p* 0

0O 0 1 0 0 p*

Similarly, if (72) N, = G0T_1_ri(ai0g(p)) 1 We have

p2a 0O 0

Tr(Cefa, m2(x)) = (=1)*F'p**x | 0 p* 0

0O 0 1

and

P20 0 0 0
Tr(Cofo, mi(X)) = (=Dp**x | 0 p* 0| +p* x| 0 p* 0
0 0 1 0 0 p

]

Now we return to the global story. Let D be a division algebra over Q equipped with
an anti-involution . Let Q be the algebraic closure of Q inside C. Write F for the centre
of D, and embed F in Q. We assume that F is a quadratic imaginary field extension of
Q and we assume that * induces the complex conjugation on F'.

We assume that the dimension of D over F equals 9. Let G be the Q-group, such that
for each commutative Q-algebra R the group G(R) is defined as follows:

Gp(R):={r € D®qg R:xa" € R*}
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The mapping ¢ : Gp — Gy, g, defined by x — xx*, is referred to as the 'factor of
similitudes’. Let hy be an algebra morphism hy : C — Dy such that ho(z)* = ho(Z)
for all z € C. We assume that the involution of Dg defined by = +— ho(7) *zho(i)
(x € Dg) is positive. We restrict hy to C* to obtain a morphism A’ from the Deligne
torus Resc/rGin,c to Gr. Let h denote /'~! and let X denote the Gp(IR)-conjugacy class of
h, then the pair (Gp, X) is a PEL-type Shimura datum ([31]). Let S denote Resc/rG c.
We define isomorphism 7 from S¢ to G,, ¢ X G,, ¢ as follows: for an arbitrary C-algebra
A, define A ®r C — A% by a ® z — (za, za). We define cocharacter p/ : G,,c — Sc by
rop(z) = (z,1) and we define u € X,.(Gp) to be p' o h.

Let E denote the reflex field of Shimura datum (Gp, X,h). We copy Kottwitz’s de-
scription of the reflex field £ ([31]): Let vy, ve be the two embeddings of F' into C. We
associates number n,, to v; and n,, to vy, such that the group Gpr is isomorphic to
the group GUg/r(ny,,Mw,) (as defined in §2.3). The group Aut(C/Q) acts on the set of
Z-valued functions on Hom(F, C) by translations. The reflex field E is the fixed field of
the stabilizer subgroup in Aut(C/Q) of the function v — n,,.

We assume that Gpr = GUc/r(2,1)(R), then the reflex field is /. Then we obtain
varieties Shx defined over F', and these varieties represent corresponding moduli problems
of Abelian varieties of PEL-type as defined in [31].

At p: Let K C Gp(Af) be a compact open subgroup. Let p be a prime number
such that G'p g, is unramified, and such that K decomposes into a product K,K? where
K, C Gp(Q,) is hyperspecial and K? C G(A’}) is small enough so that Shi(Gp, X) is
smooth. Let Shy(Gp, X) be the Shimura variety (defined over E). Let My be the moduli
scheme over Op ®z Z(, which represents the corresponding moduli problem of Abelian
varieties of PEL-type (as defined in §5 of [32], note that My p is |ker' (Q, Gp)| copies of
Shk(Gp, X)). We assume that p is inert in F'/Q (the case that p splits in extension F'/Q
is studied in [34] and [37]). Under our assumption, the group Gp g, is unramified, and
thus quasi-split, then we have Gp o, = GUs ,/q,, as defined in §2, recall that we use G
to denote GUs f, /0, (Q).

Let ¢ be an irreducible algebraic representation over Q of G p.g» associated with an
(-adic local system on S (where ¢ # p is a prime number). Let g be the Lie algebra
of G(R) and let K, be the stabilizer subgroup in G(R) of the morphism h. Let f;
be an Euler—Poincaré function associated to ¢ (as introduced in [5], see also §3 of [31]).
Note that fr . has the following property: Let mo be a (g, K« )- module occurring as
the component at infinity of an automorphic representation m of Gp. Then the trace of
fe.00 against mo is equal t0 Noo > oo (— 1) dim(H (g, Koo; Too ®()), where Ny, is a certain
explicit constant as defined in §3 of [31]. Let @, be an algebraic closure of Q, with an
embedding Q C Q,. We write £ for the f-adic local system on M KO, associated to the
representation ¢ ® Q; of Gp g, -

We write ¢ = p? for the number of elements in the residue field of Op,. For each

geometric point © € My , we consider the isocrystal with additional Gp,g,-structure
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b(A,) associated to the abelian variety A, corresponding to x (see pp.170-171 of [53]).
The set of isocrystals with additional Gg,-structure {b(A,) : @ € M5, (F,)} is contained
in certain finite set B(Gg,, ) C B(Gg,) (see §6 of [33]). For b € B(Gp,g,), we define Sy
to be {z € My5, (F,) : b(A,) = b}. Then S, is a subvariety of My, (see §1 of [54]) and
the collection {Sp}pe B(Gp,optt) of subvarieties of M KT, is called the Newton stratification
of My 5, . We take b to be the basic element of B(Gp g, #t), and call Sy the basic stratum
(in this case S is closed in M5 , see §1 of [54]).

Now let S5, be the basic stratum of M , we use Bk to denote the closed subscheme
of Mk, (defined over Fy), such that Byg is S (See Theorem 3.6 of [53]). Note that
Shirk,(Gp, X ) is compact in this case, then M K F, is proper, therefore By C Mg, is
proper. The Hecke correspondences on Shyx(Gp, X) may be restricted to the subvariety
t: Bx — Mk ,, and we have an action of the algebra H(G'p(Ay)//K) on the cohomology
spaces H',(Bg,1*L). Furthermore, the space H:,(S,,t*L) carries an action of the Galois
group Gal(F,/F,), which commutes with the action of H(Gp(A;)//K).

Hecke algebra at p: We take f, € H(Gp(Q,)//K,) whose Stake transform is given by
P X*(1+ X7 + X;®). Hecke algebra away from p and oo: Let P> € H(Gp(A%)//KP)
be an arbitrary K?-bi-invariant Hecke operator. Let f = C.fo f*" f¢ «, then we have (see
Theorem 3 of [34]):

Proposition 3.2. We have

o0

Te(f7 x &5, Y (=1)'Hiy(Big,, " L)) = [ker' (Gp, Q)| Tr(f, A(Gp))

=1

for « big enough (we may remove the big enough condition on « later), where A(Gp)) is

the space of automorphic forms on Gp and ®, is the Frobenius automorphism.

Let m, be an admissible representation of G = Gp(Q,), by Corollary 1 of [34] , we
have that Tr(C.f,, m,) # 0 implies that 7, has an Iwahori-fixed vector (see Corollary 1 of
[34]), by applying Proposition 2.1, the trace Tr(f, A(Gp)) can be written as

> Te(le(), Cof)Tr(fA 7))+ > Te(Sta(xp), Cefa) Tr(f7, 77)

TCA(Gp) irre. wCA(Gp) irre.
mp=1(xp) mp=Stc(xp)
Xp unr. Xp unr.

+ Y Te(nd§(eom) (), Cefa) Tr(f2, 7))+ Y Tr(milxp), Cefa) Tr(f7, 7%),

wCA(Gp) irre. TCA(Gp) irre.
7T;D:Indg(q507't)(><p) mp=m;(xp)(i = 1,2)
Xp unr. Xp unr.

with traces at p as computed in Proposition 3.1.
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4 Geometry of the basic stratum

In this section, we use the results in §3 to study the geometry of the basic stratum Bg.

p* 0 0
Let x be an unramified character of G. First note that 0 1 0| € Gger, then we
0 0 p*
have
P’ 0 0 P’ 0 0 p® 0 0 p* 0 0
x| 0 p* O0)l=x| 0 p» Oflx|] O 1 O]=x|0 p* O
0 0 1 0 0 1 0 0 p~ 0o 0 p~

Let m C A(Gp) be an automorphic representation such that Tr(f, A(Gp)) # 0, then

the representation m, is the twist of Ind§ (¢e7), 1¢, Ste or m; (i = 1,2) with some unrami-

p* 0 0
fied character x,. By the argument on pp.511-512 of [34], we have x,, | 0 p* 0 | = ™
0 0 p~

where (;, is a root of unity.
We take fP € H(Gp(A})) to be 1x», and we take ¢ to be the trivial representation of
G p g, by applying Grothendieck-Lefschetz trace formula, we have

o0

#Bic(Fge) = Tr(Lgr X @5, Y (=1)'Hiy (B, 1" L)) = [ker' (Gp, Q)| Te(f, A(Gp))

=1

= |kerl(GD7Q)|( Z Tr(lG(Xp)vCCfa)Tr(leaﬂp)+ Z Tr(StG(Xp)7CCfa)Tr(1vaWp)

mCA(Gp) irre. TCA(Gp) irre.
mp=1(xp) mp=Stc(xp)
Xp unt. Xp unr.

+ > Tr(Ind§ (¢o7:) (Xp), Cefo) Tr(1xr, 7°)+ > Tr(mi(Xp), Cofa) Tr(1gr, 7).

TCA(Gp) irre. wTCA(Gp) irre.
mp=IndS doTe) (X mp=m;(xp) (i = 1,2),
P X? gr?r.t)( ») P .

for a big enough. By applying Proposition 3.1, we have the following theorem:

Theorem 4.1. Let ¢ = p?, then we have
#Br (Fgo) = Cog™ + Ci(=p)* + Gy

Where

o Cy=lker' (Gp, QI 3 ¢ ep(moo)dim(n?) "+ > G, ep (oo )dim (7))
TCA(Gp) irre. v TCA(Gp) rre. ?

mp=1aG(Xp) mp=Ind§ doTe)(x
ol p=Ind§ (G0m) ()
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+ > Cr, ep(Too )dim(7P) K7,
TCA(Gp) irre.
mp=m1(Xp)

Xp unt.
o O =ker' (Gp, QI X (pep(me)dim(n?)" = 3 (R ep(me)dim(x?) K",
TCA(Gp) irre. 7mCA(Gp) irre.
mp=m1(Xp) mp=2(Xp)
Xp unT. Xp unT.

o Co=lker' (Gp, QI ¥ G ep(mo)dim(n?)— 35 (2 ep(mo)dim(n?) ).

TCA(Gp) irre. mCA(Gp) irre.
mp=1(xp) mp=Sta(xp)
Xp UNT. Xp unt.

And ep(Too) 1= Y oo (—1)'dim(H (g, Koo; Teo)), for all o € Z~o (we may remove the
big enough restriction on « by repeating the proof of Theorem 5.2.1 in [{5]).

Let X be a scheme of finite type over the finite field F, with ¢ = p" and r € Z,,
where p is a prime number. The zeta function ((X,T") of X is by definition ((X,T) =

exp( > Zmgms) where N, = |X(Fgm)

. By Grothendieck’s Lefchetz trace formula, we

m>1
have
2dim(X) 2dim(X)
No= D7 Te(Frob}’, Hiy (X5, @) = 3 afi+...all,
i=1 =1
where

e The number ¢ # p is a prime number.
e The morphism Frob, : X — X is the ¢'" power Frobenius automorphism.

e The numbers «; 1, ..., q;q, are eigenvalues of the action of Frob, on H, eit,c(XEv@é)’
where dz = dim@E(Hét,c(XFq7@€)>'

The zeta functions of schemes over finite fields are in general hard to compute. However,
if X is a geometrically irreducible smooth projective n-dimensional variety over F,, the
Weil conjectures holds (see [13] and [§])

e For all 7, 7, the eigenvalues «; ;’s are algebraic integers.
e In some ordering, we have (a;1,...,0q,) = (¢"/an—i1s- - ¢/ Qon—idy, ;)-

e For all 4, j, we have |a; ;| = ¢/, In particular, we have dy = da, = 1 and ag; = 1,

J— n
Qop1 = (q .

Let C be a smooth geometrically irreducible projective curve defined over a finite field
k with char(k) = p, the genus of C' (denoted by ¢(C)) is defined as dimg, H%,(C, Q). Let
P be a geometric point of C, we use dp to denote [k(P) : k|, where k(P) is the residue
field of P over k. By repeating the proof of Proposition 12 in [34], we have dim(Bg) = 1.
In the following, let ¢ = p?. Let d € Z+( be divisible enough such that all irreducible

components of B KF 4 1€ geometrically irreducible. Let {4, };c; be irreducible components
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of Bmgq .- We use m; : A; — A; to denote the normalization of A;, then A; is projective:
Because A4, is closed in B KF 4 and B KF is closed in M K.F with My being projective;
and the resulting morphism ]_[ie A — B KF 4 is the normalization of B KF 4 (see Lemma
29.54.6 of [60]), which we will denote by .

Let S; denote the set of singular points of Ai,IF‘q ,» and let S denote the set of singular

points of B ..
q
Proposition 4.1. We have Co = ||, and —Cy = _,_; 9(A;).

Proof. By repeating the argument on pp.2-3 of [1], we have

(1 —=T%
Coies, (T) = I]j(IIQE” Gl ))<1L61Axiv.

_7d
Pes L =T
By Weil conjecture, we have

det(1—-1T- FI'Oqu|Helt(A’iJ_qu ) @4))

4 I-Tii-¢T)
then we have
Hie[(det(l =T FrOqu’Helt<Ai,qu ) @8)))
CHieIAi - ZEC& (T) = (1 —T)HI(1 — gaT)1I

Also note that

1

— i IBF ad)| T/ _ =370 (Caq®d4+Crpo)T% o _
(T)_e 1 qod —e 1(C2¢q 1P TG (] A0
q p

o,

Then we have

11 en—1(P (1- TdQ) Hie](det(l -T- FrOqu‘Helt(Ai,qua@Z»)
1 (I )

(1 — ¢'T)C(1 — piT)Or 1 — Tdr (1 — T)II(1 — goT)Hi

PeS

by comparing two sides of the equality and by applying the Weil conjecture, we can
conclude that Cy = |I|, and —Cy = >_,, dimg, H} (A;, Q) = i, 9(A) O
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Chapter 3

The cohomology of certain
intermediate strata of Kottwitz

varieties (p splits)

This chapter is adapted from the paper [46], https:/ /arxiv.org/abs/2507.04122 written by
the author of this thesis.

In this chapter, we derive explicit formulas for the Frobenius-Hecke traces of the étale
cohomology of certain strata of Kottwitz varieties (which are certain compact unitary
Shimura varieties considered by Kottwitz), in terms of automorphic representations and
certain explicit polynomials. We obtain our results using the trace formula, represen-
tations of general linear groups over p-adic fields, and a truncation of the formula of

Kottwitz for the number of points on Shimura varieties over finite fields.

1 Introduction

Let (G, X) be a PEL-type Shimura datum, as defined in §4 of [32], and let E denote its
reflex field (for definitions of the Shimura datum and its reflex field, see [9]). Let p be a
prime number such that there exists a flat model G of G, defined over Z,, define K, as
the group G(Z,) and let K? C G(A%) be a neat compact open subgroup. In §5 of [32],
Kottwitz constructs a PEL-type moduli problem of abelian varieties over O ®z%Z ;) using
the PEL-type Shimura datum along with some additional data (which we will not discuss,
as they will not be used in this chapter), we will denote the PEL-type moduli problem
by M, the moduli problem M is represented by a smooth quasi-projective scheme over
OF ®z Ly, (loc. cit.). Let S denote the moduli space associated with M, and let M, kv
denote the canonical model of Shk, x»(G,X) over E, as defined in §2.2 of [9]. Then the
scheme S is isomorphic to |ker' (Q, G)| copies of My, rr (see §8 of [32]).

Let v be a place of E above p and let mg, be a uniformizer in Og,. We write ¢ =

Ok, /(7E,)

and let F, = O, /(7g,). We extend S over Op, via the integral canonical
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model (as defined in [19]), and we use S to denote Sp,. Let B(Gg,) denote the set
of isocrystals with additional G-structure (as defined in [26]), which is the set of the o-

conjugation class in G(L), where L is the completion of the maximal unramified extension
of Q,, and ¢ : G(L) — G(L) is the Frobenius automorphism. For each geometric point
z € S(F,), let b(A,) denote the isocrystal with additional G-structure associated to the
abelian variety A, corresponding to x (see pp.170-171 of [53]). The set of isocrystals with
additional G-structure {b(A;) : « € S(F,)} is contained in a certain finite set B(Gg,, yt) C
B(Gg,) (see §6 of [33]). For b € B(Gg,), we define S to be {z € S(F,) : b(A,) = b}.
Then S}, is a locally closed subset of qu (see §1 of [54]), and we equip Sy, with the structure
of an algebraic variety induced from S,. The collection {S,}ye B(Ggy ) of subvarieties of
S is called the Newton stratification of S (for properties of the Newton stratification
{Sh}oen(Gq,m), see §7 of [54]).

When b is the unique basic element of B(Gg,, it) (see §6.4 of [33]), we call Sy, the basic
stratum (note that when b is basic, the stratum Sy is closed in S’Fq, see §1 of [54]). The
basic stratum has been studied by many people using different methods. For geometric
methods, see [21], [16], [44] for Siegel modular varieties, and see [65], [66], [I5] and [10]
for quasi-split unitary Shimura varieties. For the study of the basic stratum of Kottwitz
varieties (introduced in §1 of [31]) using automorphic forms, see [34], [37], [38] and [45].
When b is the unique p-ordinary element of B(Gg,, 1) (see §6 of [33]), then Sy is dense
in gﬁq (see [67]).

Let D be a division algebra over QQ, with an anti-involution % such that * induces
the complex conjugation on F' (where F' is the center of D). In this article, we consider
certain compact PEL-type unitary Shimura varieties of signature (s,n — s) arising from
D, introduced by Kottwitz in §1 of [31], which we refer to as Kottwitz varieties (with
corresponding Shimura datum (G, X)). We assume that p is a split prime number in the
extension F'/Q, in this case, we have Gg, = G, 0, X GLyq,. Now, let b € B(Gg,, jt) such
that the corresponding Newton vector v(b) (as defined in §5 of [20], see also [54] for the

case when G, is a general linear group) equals (s, A", A\j?) € R™™!, where
® p1,p2 € Zxo and p; + p2 = n,
e A >Ny > 0and (A\ip1,p1) = (Aap2, p2) = 1.

Let S, be the corresponding stratum, we use ¢ : B < S to denote the closed subscheme of
S (defined over F,), such that By, = Sy (see Theorem 3.6 of [53]). Following [34] and [30],
we use the Langlands-Kottwitz method (which we will introduce in the next paragraph)
to study the stratum S,.

In the case of good reduction, the trace of the Frobenius-Hecke operator of G(AP) on
the (-adic cohomology of the reduction mod p of Shimura varieties can be described in
terms of orbital integrals and then in terms of elliptic parts of the stable Arthur—Selberg

trace formula for the endoscopic groups (see [30], [32] for PEL-type Shimura varieties and
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see [20] for abelian type Shimura varieties). This approach to studying the Frobenius-
Hecke trace is called the Langlands-Kottwitz method. In [34] and [36], the Langlands-
Kottwitz method is adapted to study the Frobenius-Hecke trace of the f-adic cohomology

of Newton strata, and we can express the Frobenius-Hecke trace of Newton strata in

terms of orbital integrals. In this article, we study the Frobenius-Hecke action on the

(-adic cohomology of S, and we derive a formula for the Frobenius-Hecke traces in terms

of automorphic representations.

We now give a precise statement of the main results:

Theorem A. (See Theorem 6.1) Let o € Z~g, then we have:

1. If n is odd, or n is even and (p1,p2) # (5, %), (5 £1,5 F 1), then

Tr(Froby x f7°,) " HY (Sh,0°L)) = [ker' [(Q,G) >~ exTr(Chfras: Prop)
i=0 TCA(G)
pr,p is of type I

2. If nis even and (p1,p2) = (5,%5) or (p1,p2) = (5 £ 1,5 F 1), then

Tr<FrObg X fpoo’ Z H;;c(Sba L*‘C)) = |ker1]((@, G) Z CﬂTr<C)\fnasa pﬂ,p)

=0 TCA(G)
pr,p s of type II

where

e the constant ¢, equals C2Tr( [P, ) Noo Y oo (= 1) dim(H (g, Koo} Too ® C)) such
that (. is a root of unity.

e by assumption, we have G(Qp) = Q) X GL,(Qy). We write mp = 07 ® pryp, s0 that
Oryp (T€SP. prp) is a representation of Q5 (resp. GL,(Qy)).

o the truncated traces Tr(C) fras, Prp) Where pr, are representations of GL,(Q,) of
type I or type 11 (as defined in Definition 5.3) and are computed in Proposition 5.5.

We make some remarks on the notation appearing in the above theorem:

o The function fP>* € H(G(A})) is a KP-bi-invariant Hecke operator.

e The function f,.s € H"™(G(Q,)) is a certain unramifed Hecke operator whose
Satake transform is given by pas(g_s) >, where X! := [Lic; X
Ic{1,2,.n}
[I|=s

e The function C € H(G(Q,)) is a characteristic function associated with the isocrys-
tal b.

e The space A(G) is the space of automorphic forms on G(A).
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e The representation ¢ is an irreducible algebraic representation over Q of Gg, asso-
ciated with ¢-adic local system on S (where ¢ # p is a prime number). Let Q, be
an algebraic closure of Q, with an embedding Q ¢ Q,. We write £ for the ¢-adic
local system on S associated to the representation ¢ ® Qy of Gy,

We now comment on the strategy for proofing Theorem A. In [34], Kret truncates the
formula of Kottwitz and adapts the argument in [31] (see Proposition 9 in [34]), which

can be further implemented in our setting. Then we have
Tr(Frob? x fr*, Z L e(Sp L)) = [ker' (Q, G)|Tr(f7°(X* @ Ch fras) fe.o0),

where function f¢ is an Euler-Poincaré function associated to ¢ (as introduced in [5]).
Also note that

Tr(fpoo (Xa ® CAfnas)fC,oo; A(G)) = Z Tr(Xa ® C)\fnasa Wp)Tr(fpooa Wpoo)Tr(fC,ooa 7roo)a
TCA(G)

and

Tr( fe 00, Too) = OOZ Yedim(H (g, Koo; Too @ C))

where N, is a certain explicit constant as defined in §3 of [31], we reduce the computation
of the trace Tr(fP>°(X*®C\ fras) fc.0o) to the computation of the trace Tr(X*®C) fras, Tp)-
We write m, = 05, ® Trp, Where o, (resp. prp) is a representation of Q5 (resp.
GL,(Qp)). Then we only need to compute Tr(C) fras, Trp).. Using the approach de-
veloped in §1 of [36], we reduce the computation of Tr(C) fras, Trp) to the computation of
Tr(C'CGLp1 XGlpy (F)fms, ING1 o) (Trp)), where CGLp1 XCLey(F) 4

the set of compact elements in (GL,, x GL,,)(F) (the definition of compact elements is

is the characteristic function of

given in Definition 3.1), and Jx,, (7x;)) is the normalised Jacquet module of (7)) (the
group Ny, p,) is the unipotent part of the standard parabolic subgroup P corresponding
to partition (pq, ps), as defined in §3).

Let 7 = In dGLplXGL”( ) be an induced representation of (GL,, x GL,,)(F) (as de-
fined in §2), where P is a standard parabolic subgroup of GL,, x GL,,, by repeating the

L L
G pIXG pg )fnas,ﬂ-) — 0

Theorem 2 of [34] restricts the possible forms of 7., (more precisely, the representation

proof Lemma 5 in [34] (see also Proposition 5.1), we have Tr(C.

Trp Must be a semi-stable rigid representation, as defined in Definition 5.1, see also §3 of
[34]). By Theorem VI.5.1 of [56], we have an explicit description of the Jacquet module
INiy, g (Trp) i terms of certain minimal elements in the symmetric group S, (as studied in
§4). And we prove that all irreducible subquotients of .J. Npypa) (7rp) are induced represen-
tations unless 7, are of certain specific forms (see Proposition 5.2 and Definition 5.3), for
which we can derive explicit formulas for the traces Tr(C’GL'D1 XGLpy (F Frass J. N(pl’pQ)(T,r,p))

(see Proposition 5.3).
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2. NOTATIONS

Structure of this chapter: In §3 we carry out the necessary local computations at
p: We introduce the Kottwitz functions f,., and certain truncated Kottwitz functions.
Then, we study truncated traces of Tr(C) fras, 7), and we reduce the computation of the
truncated trace Tr(C) fras, ) to the computation of certain compact trace, more precisely,

we prove that (see Proposition 3.4)

Tr(Ch fras, ) = Tr(Cg/[/\(F)(fma& ® ... ® fras)s TN, (5C_Jgn,P,\))a

where 7 is an admissible representation of finite length. Note that we can compute
compact traces using Proposition 2.1 of [6].

In §4 we give a combinatorial interpretation of certain double cosets of symmetric
groups in terms of Young tableaux (see Proposition 4.3). Due to Theorem VI.5.1 of [56],
the combinatorial structure of certain double cosets of symmetric groups plays a key role
in the study of Jacquet modules of induced representations of general linear groups. The
results established in §4 will be widely used in §5.

We continue the local computations in §5: In this section, we study the traces of
C) fnas against semi-stable rigid representations, which are local components of discrete

automorphic representations of general linear groups. In Proposition 3.4, we have

G Ly, XGLp, (F) -1
Tr(Cx\fnasa 7T) = Tr(CC " " (fmapl ® fp2as2)7 WN(pl,m)(501'3",13(,,1,1,2)))

for certain A. By making certain assumptions about A (as stated before Proposition
5.2), we prove that Tr(C’fL”lXGL”(F)(fmap1 ® fp2a52),WN(me)(55%%13(?1@2))) # 0 unless
7 is of certain specific forms (as defined in Definition 5.2), and we compute the traces
Tr(C) fras, ™) in Proposition 5.3.

Having established the necessary local computation in §5, we now turn to the global
setting in §6, where we use the Langlands-Kottwitz method and automorphic forms to
study the Frobenius-Hecke trace of the (-adic cohomology of certain Newton strata of
Kottwitz varieties: Firstly, we introduce Kottwitz varieties and certain Newton strata of
Kottwitz varieties. Then in the proof of Theorem 6.1, we express the Frobenius-Hecke
trace of the f-adic cohomology of the strata in terms of automorphic representations of a
certain unitary group associated to division algebra, and further we express the Frobenius-

Hecke trace in terms of traces Tr(C) fras, Prp), Which are computed in Proposition 5.3.

2 Notations

We introduce the following notation:

e In the following, let G be a quasi-split reductive group over F', together with a
chosen Borel subgroup F, and a Levi decomposition Py = MyNy. Let P= MN C G

be a standard parabolic subgroup, the modular character dg p(m) is defined to be
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|det(m, n)|, where m € M(F') and n is the Lie algebra of N (we also use dp to denote
d¢.p if there is no ambiguity).

Let Ind% denote the normalized parabolic induction (which sends unitarty repre-
sentations to unitary representations, as defined in §VI.1.2 in [56], note that the
modular character ¢ p(m) is defined to be |det(m,n)|~ in [56]), which is different

from our convention (we also use dg p to denote dg p when there is no ambiguity).

Let m be a representation of G(F). The Jacquet module 7y of a representation 7
is the space of coinvariants for the unipotent subgroup N C G. We use Jy(7) to
1

denote the normalized Jaquet module, which is 7x (05 %)-

We use Ster) to denote the Steinberg representation of G(F) (see [57]), and we use

l¢(r) to denote the trivial representation of G(F).

We use H(G(F')) to denote the Hecke algebra of locally constant, compactly sup-
ported functions on G(F). Let H(G(F')//L) denote the Hecke algebra of locally
constant, compactly supported functions on G(F') which are bi-invariant under the

action of L, where L is a compact open subgroup of G(F).

In the following, let G be unramified with a hyperspecial subgroup K C G(F'), we
H"(G(F)) to denote H(G(F')//K), elements of H(G(F')//K) are called unramified
Hecke operators. Let P = MN C G be a parabolic subgroup, we use Kj,; to
denote K N M(F'), and we normalize the Haar measure on K (resp.Kjs) so that
w(K) =1 (resp. u(Ky) = 1). Given f € H(G(F)), we define f € H(G(F)) by
g+ [ flkgk™")dg.

Let P = MN € P. For f € H(G(F)) and for m € M(F), the constant terms f)
is defined to be

1
£ ) = plm) [ fmmyin
’ N(F)
Note that the constant terms f ~ f(7) is injective (see [22], §5).

Let Py = TU where T C P, is a maximal torus of GG, we use
Se : H(G(F)//K) = H(T(F)//T(F) N K)

to denote the Satake transform, where H(G(F)//K) — H(T(F)//T(F) N K) is
defined to be f > f(P). Note that Sg has image in H(T(F)//T(F)n K)W(GDI),
where W(G,T) = Ng(T')/T is the Weyl group and Ng(T') is the normalizer of T" in
G. We also use S to denote Sg if there is no ambiguity.

Let S C T be a maximal split torus, and let d denote the dimension of S. The Hecke
algebra H(T'(F)//T(F) N K) is isomorphic to H(S(F)//S(F) N K), with isomor-
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phism given by f +— f|sr). And we have H(S(F)//S(F)NK) = C[X7",..., X7 "]
as described in 2.2 of [49].

e Given n € Z-, a partition of n is a tuple (ny,...,n;) € Z%, for some k € Z~o. And
an extended partitions of n is a tuple (nq,...,ng) € Z’;O for some k € Z~y. And k

is called the length of the partition.

3 Certain truncations of f,.;

Let F be a p-adic field and let O C F be the ring of integers. Let 7p € Op be a
uniformizer. We write ¢ = |Op/(7mp)| = p”, we normalize the p-adic norm on F so that
|Tp| = p~". Let n € Z~y. We fix a Borel subgroup Fy,, = My, No,, C GL, consisting of
upper triangular matrices, where M ,, is the Levi part, and we use P, to denote the set of
standard parabolic subgroups of GL,,. Given a partition (nq,...nx) of n, we use Py, _n,)
(resp. M, .ny) and N, n,)) to denote the standard parabolic subgroup (resp. Levi
subgroup and unipotent subgroup) corresponding to (ng,...nx). We call k the length
of the partition (ni,...,n), respectively, the length of the parabolic subgroup P, . n,)-
Let F' C F be an algebraic closure, we embed G L, (F) into GL,(F).
The unramifed Hecke algebra H""" (G L, (F')) is isomorphic to

CIXiH, ..., XF — CIXGH, . XF 2 HY™ (M, (F))

such that X corresponds to the characteristic function of My ,,(Op)axMo,(OF), where
ap = diag(ax,;) € T(F) such that ar, = 7p and ax,;, = 1 if ¢ # k. And the action
of 0 € S, on C[X;™, ..., X 1] is given by 0X; = Xo@- When n = 1, we also write
H " (F*) =2 C[Y]*!, such that Y corresponds to the characteristic function of 7rO}.
We define fras € H™ (GL,(F)) as the unramified Hecke operator whose Satake trans-

form is given by
as(n—s) a
¢ 7 > (xh

IC1,2,...n
l1]=s

where X7 := [L;c; Xi. For the constant terms of f,, we have the following proposition
(Proposition 4 of [34]):

Proposition 3.1. Let P = MN C GL, be a standard parabolic subgroup corresponding

to the partition (ny,...,ng) of n. The constant term féig 15 then given by

Z qac(ni’si)fnlaa Q- fnkask’
(s:)

where the sum ranges over extended partitions (s;) of s of length k, and the constant
s(n—s) Zk 83 (Ni—s;)

C(ng, s;) is equal to =75 —1 s
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Let (ny,...,ny) be a partition of n, let (n;1,...,n;;,) be a partition of (n;) for every
1 < i < k. Then (n;;) (where 1 < i < k,1 < j < ;, ordered in lexicographic order)
is a partition of n. Let P, = M;N; be the parabolic subgroup of GL, corresponding
to (ny,...,ng), and let P, = MyN, C P; be the parabolic subgroup corresponding to
(n;;) (where 1 <i <k,1<j <k, we also use (my,...my+.4,) to denote the partitions
corresponding to P,). We now introduce the following truncations of f,qs:

Let X%; A%; € H"™ (My(F')) be the functions introduced in pp.492-493 of [34], then

we have the following proposition:

Proposition 3.2. 1. The function X%;fgi) € H"™ (Ms(F)) equals

Z qaC(mi,Si) ®§1:+1lk Qbmiasiv
(s4)

where the sum ranges over extended partitions (s;) of s of length Iy + - - - + I, where

the partitions satisfy

Sh+l/7nh+1 >'Sh+2/7nh+2 >"">>Sh+1/7nh+1
for all indices i € {0,1,2,...,k — 1} (we define ly to be 0).

2. Let (s1,...,Sk) be an extended partition of s. Then the function X%;(@lefmasi)(&) €
H™ (Mo(F)) equals

k
Z a > C(nij,si;)
£ ’ g k l;
q =1 ®i:1 (®j:1¢ni,jasi,j)7

(51,5)5+5(Sk,5)

where the sum ranges over (si;),- - (Sk;), such that (s;;) is an extended partition

of s; of length I; for every 1 < i <k, satisfying

b;

S bi
%
Siq < — N i
’.] n‘ 7‘7
i

j=1

forie{1,2,... .k}, b;e{1,2...,1; —1}.
Proof. This follows by repeating the proof of Proposition 5 in [34]. O]

Definition 3.1. Let M = GL,, x ---GL,, C GL, be a Levi subgroup. We define
Qure C© M(F) as the set consisting of g € M(F) = GLy,,(F) x -+ GLy, (F) C GL,(F),
such that the p-adic norms of the eigenvalues of GL,, are the same for1 < i < k (elements
of Qe are called compact elements of M(F')). We use CMF) 4o denote the characteristic

function of Q..

Note that the above definition is a special case of compact elements (in a p-adic group)
as given in §2.2 of [34]. Let RZ C R™ denote {(ry,...,7,) € Ry 171 > -+ > 1} Given
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g € GL,(F), let ®(g) = (t1g,...,tny) € RZ denote the n-tuple of the inverses of p-adic
valuations of the eigenvalues of g. For example, for g = diag(p=2,p~',p™®) € GL3(Q,),
we have ®(g) = (3,2, 1).

Definition 3.2. Given b € R%, let Q, C GL,(F) denote the set consisting of g € GL,(F)
such that ®(g) = \b for some A € Ryy. We use Cy, to denote the characteristic function
Of Qb.

The above definition is a special case of the truncation given in Definition 1.3 of
[36]. Let s € Z-q such that s < n. Given a partition (ni,...ng) of n, we choose a
A= (AT, ..., ApF) € RL such that the following conditions hold:

[ )\miGZZOforlgiSk.

k
o > A\n;=s.

0)\Z>)\]f0ra111§z<j§k

Note that the vector A = (A*,..., A\;*) is the Newton vector of certain isocrystals of
rank n (see §1 of [54]). Let Py = M\N, C GL,, denote the standard parabolic subgroup
corresponding to partition (ni,...,ny). Let s; denote m;\; (by assumption, we have

s; € Z>p). Then we have the following proposition:

Proposition 3.3. 1. Let P = MN C GL, be a standard parabolic subgroup such that
P + Py, then the function C'")C XGL"fm € H(M\(F)) equals 0.

2. The function C} )¢ GL" FB) € H(ML(F)) equals ¢*Crosd M (f @ .®
fnkask)‘

Proof. Let P= MN C GL, be a standard parabolic subgroup corresponding to partition
(myq,...,m;). Applying Proposition 3.1, we have:

n]czl = Z qaC(ni’Si)fnlas’l K- ® fnkas;cv

/

) of s of length [, and the constant

where the sum ranges over extended partitions (s,

C(ni,s}) is equal to s(n — s) — 3% s(n; — 5}). Let (s),...,s,) be an extended par-

? =1 % 7

tition of s of length [, and let (g1,...q) € M(F) be an element in the support of
cMOo XS (farasy ® -+ ® frvas,) € H(M(F)). For 1 <i <1, let a; denote the p-adic
valuation of det(g;), by applying Lemma 2 of [34], we have a; = —as]. By the definition

’
a; [e 721

of CM(F) the p-adic valuations of the eigenvalues of g; are equal to —ar = T for
1 < i <. By the definition of x{", we have s} /m; > sh/my > --- > s)/m;. Then we

have .

B{(rns, o) = oLy () e vy
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(with @ as defined before Definition 3.2). By the definition of C), we have

D((my,...,my)) = NATY, ..., ALF)
for some A € R. g, then we have

a((Sym L (ELymy o e,

my’ my
By comparing terms, we must have (mq,...,m;) = (n1,...,nx). Therefore, the function
cM e GL”fm € H(M\(F)) equals 0 if P # P, and

C«M,\ F)O XGLn(fnlas,l ®...0 fnkask) =0

if (s},...,s.) # (s1,...,sk). Also note that

X%‘Jf\n(fnwcsl Q...Q fnkask) = fn1a81 ®...0 fnkask

(see Proposition 5 of [34]), we have
Cc]\/[A(F C XMAnfégi\s Cc]\/b\ C XGLn(fn1Ozsl®- . -®fnkask) = CyA(F)(fnlasl .. '®fnko¢sk)'

]

Now we can prove the main result of this section, which will be used extensively in §5

to compute truncated traces against semi-stable rigid representations.

Corollary 3.1. Let m be an admissible representation of GL,(F) of finite length, then

we have
1

Tr(Ch fras, ) = Tr(cg/[A(F)(fmaa ® ... ® frpas)s TN, (552’”,P)\))

Proof. By Proposition 2.1 of [6], we have

Tr(c)\fnasv ’/T) = Z Tr(CM GLnC)\fnas ) N(652n7p))

P=MN€EP

Note that the function C'y is stable under conjugation, and that the function f,, is K-
bi-invariant, we have C) fms(P) =C\ fé{jl Then the proposition follows from Proposition

3.3. [l

Let I, denote the subgroup of GL,(Of) C GL,(F) such that g € I, if and only if
g reduces an element of the group P, (Op/(7r)) modulo 7, the group I, is called the
standard Iwahori subgroup of Gl,,(F'). Then we have the following proposition:

Proposition 3.4. Let m be an admissible representation of GL,(F') of finite length such
that Tr(C fras, ™) # 0, then we have ' # {0}.
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Proof. (cf. Corollary 1 in [34]) By Proposition 3.4, we have

Tr(Ch fras, ) = Tr(CyA(F)(fmam ® ... @ fapask)s TN, (5527“&))-

By the Corollary in p259 of [6], there exists a standard parabolic subgroup P = MN C
Py C GL, such that my is unramified (that is, the space 7@Ln(OF)NM) £ fo1) By
Proposition 2.4 of [3], we can conclude that /= # {0}. O

4 Double cosets of symmetric groups

Let S,, denote the permutation group on {1,2,...,n}, and we embed S, into GL,(F)
such that w € S, — (a;;) € GL,(F) where (a;;) =1 if w(i) = j, and a; ; = 0 otherwise.
Given w € S,, and g € GL,(F), we define w - g to be wgw.

The group S, is generated by transposes (1,2),...,(n — 1,n) (which we denote by
t1y...,tp—1). For w € S,, we define the length of w (denoted by ¢(w)) to be min{k : w =
wiwe ... Wy w; € {ty,... t,_1}}. Fori,j € {1,2,...,n}, wesay that (¢, j) is an inversion
of wifi < jand w(i) > w(j). Let inv(w) to denote the total number of inversions of w,

then we have the following proposition (for the proof, see Lemma 2.1 of [68]):
Proposition 4.1. For every w € S,, we have inv(w) = {(w).

Let (ny,...,nx) be a partition of n, we use Sp,,, . n,) C S, to denote S, x ... X Sy, .

Let P be a standard parabolic subgroup of GL,,, we use Sp to denote the subgroup of .S,
associated to the partition of n corresponding to P. Let A and v be two partitions of n,

we have the following proposition:

Proposition 4.2. For an arbitrary double cosets SxgS, C S,, there exists a unique

Gmin € SxgS, such that {(gmin) is minimal among elements in SxgS, .

Proof. See V.4.6 of [50]. O

We call ¢gin € S)gS, the minimal length representative of 5,¢S,, and we use
S§%™ to denote the set of minimal length representatives of Sy \ S,,/.S,.

Let (ng,...,nx) be a partition of n. We define the diagram of (nq,...,n;) as the set

of (ni,...,n;) by a Young diagram in the usual way. For example T??) is represented
by
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6|7
8 19|10
Let (nq,...,ng), (mq,...,ms) be two partitions of n. We define (nq, ..., n;)-tableaux
of type (my,...,ms) to be functions from elements of T(™1+") to Z., which takes i €
{1,...,s} exactly m; times (following the order of label), which we denote by 7| ((TZII ....... Zﬂf))

The tableau T, ((;:Lll _______ :f:)) is represented as follows: We draw the diagram T(+") then we

write the image of each element inside the corresponding box. For example, the tableau

T(5,2,3)

(3.3.4) is represented by

3

We regard the tableau T((:lllfjs)) as a function from {1,2,... ,n} to {1,...,s}. We

define the action of .S,, on T((:Lll """ "’“)) by ”permutation of labels”, that is, given a w € S,,,

..... ms
-----

-----

For example, (2,3,4)(6, 7)T((; ’237’;)) is represented by

We define the set TY)" to be
{wT? : w € S, and wT has weakly increasing rows; i.e., T(i,7) < wT2(i,j+1) for all i, 4.}

Elements of the set T/(”j" are called row semi-standard (ng,...,n;)-tableaux of type

(mq,...,mg).

Proposition 4.3. Let w be an element of Sy, and let X\ = (nq,...ng),v = (mq...myg) be

two partitions of n. Then w is a minimal length representative in Sy \ S,/S, if and only

(le ....... Zf)) has weakly increasing rows; i.e., wT((:;ll ....... Zf)) (i,7) < wT(m1 """ n’:) (i,j+1)
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e if i < j and the ith and jth positions of wT((:;ll """ T:;)) are equal, then w(i) < w(j).

-----

)

And the map w wT((:Ll1 ....... Zfs) gives a bijection between the set of minimal length

representatives of Sy \ Sn/S, (denoted by S{"), and the set of row semi-standard -
tableauz of type v (denoted by T{").

v

Proof. See Theorem 4.1 and Corollary 5.1 of [68]. O

Let A = (nq,...,ns), = (mq,...my) be two partitions of n. Let A be a finite set, we
use S, to denote the permutation group of elements of A. When A = (), we define S, to
be the trivial group with one element. We define A; = Z{Zl n and A; = 2{21 my (we
write Ag = 0 and Ay = 0), then

Sh =St a0 X SA 1,0 X oo X S AL L 41,AL)

and we have

wS)\wfl = S{w(l) ,,,,, w(A)} X S{w(A1+1) ..... w(Ag}) X -- o X S{w(/\571+1) ..... w(As)}

and

S, NwShw ™" = H S{w(Ai—1+1)

St >0yl ) >

> JI Sttt wanna, s

Stxoyl x>

When w € SL’K”, by Proposition 4.3, we have that the set
{U)(Ai_l + 1), ce ,’LU(AZ)} N {A]‘_l + 1, ce ,A]‘}

consists of consecutive integers for 1 <i < s,1 < j <t. Then P, NwP\w~! is a standard

parabolic subgroup, with the corresponding Weyl group equals

H Slw(Ai—141) (A IN{A 141, A} -

0oyl ) >

By the construction of the tableau w7y, we have the following proposition:

Proposition 4.4. The length of the parabolic subgroup P, NwP\w™ (as defined at the
beginning of §3) equals to Zle N(wT¥ i), where N(wT¥,i) is the number of different
entries in the i-th row. For example, for the tableau N((2,3,4)(6, 7)T((§£§)), 1) =2 defined
before Proposition 4.3, we have N((2,3,4)(6, ) T34 1) =2, N((2,3,4)(6, 7)T((3’3’4) 2) =

(5,2,3)” 5,2,3)
2 and N((2,3,4)(6,7)T(05y).3) = 1.
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5 Certain representations of GL,(F)

Let xz,y,n € Z-o be such that n = xy. We use Speh(z,y) to denote the Langlands

quotient of the representation

Indg"  (|det] "> Stap, () x [det]"s Star,m % .. x |det| =" Star, r)-

.x)

Definition 5.1. A representation m of GL,(F') is called semi-stable rigid if it is unitariz-

“)),

where P = M N s the parabolic subgroup corresponding to the composition (yz;) of n and

able and is isomorphic to a representation of the form IndG " (®F_ Speh(y,y) (e -

where the tensor product is taken along the blocks M = H];:l GL,,, and
e ke{l,2,...,n};

e ¢; is a unitary unramified character €; : GL,(F) — C* (thus €; is of the form

g+ |det(g)|"% for some d; € R ) for each i € {1,2,...,k};
e ¢, is a real number e; in the open interval (—%, %) foreach i€ {1,2,... k};
e posilive integers y, Ty, Ta, . .., Ty such that % = Zle x;.

We note that semi-stable rigid representations are irreducible (see Theorem 7.5 of [62]),

therefore, different orderings of xi, ...z, determine the semi-stable rigid representation
Ind%i (@F_ Speh(xy, y) (g4 -

€)) up to isomorphism).

Remark 5.1. Let 7 = Ind$" (25, Speh(z;, y) (g;] -

tion of GL,(F), if k =y =1, then m = 1gr,(r)(e| - |), where € is a unitary unramified

11
T 202
of [62], we have e = 0, therefore, the representation 7 is isomorphic to 1gy, ) (€) where

¢)) be a semi-stable rigid representa-

character, and e is a real number in the open interval ( ). By applying Theorem 7.5
£ is a unitary unramified character.

Similarly, if k = x = 1, the representation 7 is isomorphic to Stgr,(r)(€), where € is
a unitary unramified character.

Definition 5.2. Let (p1,p2) be a partition of n, and let = be an admissible representation
of GL,(F). We say that 7 is of (p1,p2)-type if w is isomorphic to IndgL"(StGLpl(F)(f—:A .
ei’) &® StGLm(F)(gi’ . ei)) or IndIGaLn(lngl(F)(gi‘ : ei’) & 1GLp2(F)(5i‘ .
unitary unramified characters, and ey, es are real numbers in the open interval (—%, %)

“)), where €1,e9 are

Remark 5.2. o Letm = IndIGDL” (StGLpl(F)(5i| . ei) X StGLPQ(F)(5i| .
T = IndgL"(lng1 (&l ) @ 1ar,, (r)(gi] - |%))) be a representation of (p1, p2)-type,
where py # po, by Theorem 7.5 of [62], we must have e; = ey = 0.

“)) (respectively,

o If p1 = po, let 1 = IndIG;L"(StGLpl(F)(Ei] - 1%) @ Star,, ) (&il - %)) (respectively,
T = IndgL”(lc;Lm(F)(ei\ %) @ lar,, (7 (&l %)), by Theorem 7.5 of [62], we must

have either e; = ey =0, or e; +e3 =0 and &1 = &,.
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The following proposition plays an important role in the computation of some compact

traces:

Proposition 5.1. Let n,s € Z~q such that s < n and (s,n) =1, and let P = MN be a

standard parabolic subgroup of GL,, then we have G ) ¢(B)

Proof. (cf. Lemma 5 of [34]) Let (n4,...,n;) denote the partition corresponding to the
parabolic subgroup P, by Proposition 4 of [34], we have

CCGLn(F Z qaC’ f1in® Z)CGLM fn1a51 e ® CGLnk (F)fnkask7

(s4)

where the sum ranges over certain extended partitions (s;) of s of length k (with the precise

conditions given in Proposition 4 of [34]). Let (mq,...,my) € M(F) be in the support

of C’CG Ln(F) fT(LI;;, and let o;1,...0q;,, denote the eigenvalues of m;. By the definition of
CE ) and Lemma 2 of [34], we have |a; ;| = ¢ n = ¢ . Since > = 2, it follows

that s; = "*. Also note that (n,s) = 1, so we must have n; = n, then we have our

proposition. ]

Lemma 5.1. Let f € H"™(GL,,(F) x ...GL,, (F)) be a spherical function, and let
P=MN C GL,,x...GL,, be a parabolic subgroup. Let p be an admissible representation
of M(F) of finite length, then we have

Ta(CF G E) g GGy = pp(FPm VT ) )
Proof. This follows from Proposition 3 of [34]. O

In the following, let (p1,p2) be a partition of n, let s € Z-g such that s < n. Let
A= ((A)P, (A2)P2) € RL such that Ay > Ay and A\ip1 + Aopp = 5. We write s, =
A1P1, S2 = Agpe, and we assume that (s1,p1) = (s2,p2) = 1. Then we have the following

proposition:

Proposition 5.2. Let a € Zwg, and let 7 = IndG " (®@F_ Speh(xzy, y) (e -
stable rigid representation of GL,(F), then we have

%)) be a semi-

o Ifn is odd, orn is even and (p1,p2) # (5,%), (5 £ 1,5 F 1), then Tr(C fras, ™) # 0
unless T is a representation of (p1, p2)-type, or m = 1GLn(F) (€) where € is a unitary

unramified character, or m = Stqy, (r)(€) where € is a unitary unramified character.

n n

o Ifn is even and (p1,p2) = (5,5) or (p1,p2) = (5 £1,5F1), then Tr(C fras, ) # 0
unless m is a representation of (p1,p2)-type, or m = lar, (r)(€) where € is a unitary
unramified character, or m = Stqr, (r)(€) where € is a unitary unramified character,
orm = Speh(%,2)(e) where € is a unitary unramified character, or m = Speh(2, §)(¢)

where € is a unitary unramified character.
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Proof. By Proposition 3.3, we have

2
a (g - 35 mulril) GLpy XGLpy (F
(O fronm) =g~ =T IO L © fraan, T (7).
Let p denote ®%_,Speh(x;,y)(g| - |%), and we assume P corresponds to partition v =
(v1,...,v). By Theorem VIL.5.1 of [56], the semi-simplification of Jy, (7) (denoted by
JIn, (T)s.s.) equals

I, (Indg(p))&& = @ Ind%ﬁmw,l.& (w o Ju.pyrna, (p))
wESTMC S,
where Sf,”}\” C S, is the set of minimal length representatives as defined after Proposition
4.2. By Proposition 4.3 and Proposition 4.4, we have the following: If v # (p1,p2) and
v # (n), then the length of w - Py N M, is greater than 2 for all w € S} (therefore
PoNnwt P, =w?t(w-P,N P, is a proper subgroup of P,). By Lemma 5.1 and

Proposition 5.1, we have that

GLp, XGLpy (F)

Tr(CC fp1a31 ® fp2a827 ‘]N,\ (ﬂ-)) =
GL GL
Te(CE O o @ frase @ WndP L (w0 i, (p)) = 0
weSMnCS,

if v # (p1,p2) and v # (n).

If v = (n), then k = 1 and 7 = Ind$*" (Speh(z,y)(e| - |°)), by Theorem 5.4 of [63], we
have the following identity in the ring of Zelevinsky (as introduced in [71]),

Y
Speh(x,y) — |det|_TT+y Z (—1)5(10) Hpi,wv
wESél') =1
where
and p;,, = StGLz+w(i)—i(F)<| . \uwz(im*l) is a representation of GLyiw@)—i(F). If z =1,

then Speh(1,n) is the trivial representation, and if y = 1, then Speh(n, 1) is the Steinberg

representation.

In the following, we assume that > 2 and y > 2 (then z + w(1l) — 1 > 0 and
z+w(2) —2 > 0). We also assume that there exists w € S?Sx) such that z +w(i) —i =0
for all + with 3 <17 <y. Otherwise, if for all w € stx)’ we have z +w(i) —i > 0 for some i
with 3 <17 <y, then by Proposition 5.1 and Lemma 5.1, we have Tr(CCGLp1 XGLpy (F) fpras: ®
Fpsasss Speh(x, y)) = 0. By our assumption, we have w(i) =i — x for all ¢ with 3 <7 <y,

then we must have x = 2, and in this case, we have w(l) = y,w(2) =y — 1 or w(l) =
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y — 1,w(2) = y. Then we have
24y w1 1 Y w2
Speh(2,y) = |det|” 2 (Star,., ) (|| 2 )xStar, ) (|| 2 )EStar, @) (|12)xStar, @) (-] %))

_1 _1 _
= Ster, ) (| - 172) X Star, (|- |72) £ Star, ) (|- |71 x Star, ),

where we take the plus sign if y > 3, and we take the minus sign if y = 3. By the
previous discussion, we have Tr(C) fras, Speh(2,y)) # 0 unless (p1,p2) = (5+1,5F 1) or

(p1,p2) = (%,%)
If > 2 and y = 2, then we have

x+1

_a42 @ @42 a1
Speh(z,2) = [det|™ 2 (Sta,r)(]-|2) X Sta, ) (|- 2 ) =Sta,,,m) (|- 2 ) XSta, @) (-] 2)

_ _1 _1
= Ste, ) (|- |71) X Sta,m) = Sta,im) (|- 172) X Sta, (| - 172).

And by the previous discussion, we have Tr(C) fras, Speh(2,y)) # 0 unless (p1,p2) =
(5315 F1) or (p,p2) = (5, %)

If v = (p1,p2), then 7 = Ind% " (@2, Speh(zy, y)(e5] - |¢)) where py = 21y, p2 = 22y.
By repeating the proof of Proposition 8 in [34], we may write 7 as sum of representations
(up to %£1) induced from proper parabolic subgroup of GL,, x GL,,, unless y = 1 or
xr1 = o = 1. Thus, the representation 7 is a representation of (py, p2)-type.

m

Definition 5.3. Let m be an admissible representation of GL,(F), we say that 7 is of
type I if m is a representation of (p1,p2)-type, or @ = lgr,(r)(€) where € is a unitary
unramified character, or m = Stgr, (r)(€) where € is a unitary unramified character.

We say that m is of type II if n is even, and 7 is a representation of (py, pa)-type, or
7 = lgr,(r)(€) where € is a unitary unramified character, or m = Stqr,(r)(€) where ¢
is a unitary unramified character, or m = Speh(%,2)(g) where € is a unitary unramified

character, or m = Speh(2, §)(¢) where ¢ is a unitary unramified character.

The representations listed in Proposition 5.2 make contributions at p to the cohomol-
ogy of certain strata of Kottwitz varieties (which we will define in §6). We now compute
the truncated traces against representations listed in Proposition 5.2, before the compu-

tation, we first introduce the notion of Hecke matrix:

Definition 5.4. Let (ny,...,ny) be a partition of n, and let ™ be an unramified repre-
sentation of GLy, (F) % ...GL,, (F). Let Indg(fslx"'XGL”’“(]detlcl ® ... ® |det]|™) (with
¢; € C, and Re(cp,11) > Re(cy42) > ... > Re(ey,,,) for 1 < i < k—1, we set
no = 0) be a principal series representation such that 7 is the Langlands quotient of
Indg(lex"'GLn’“ﬂdetFl ® ... ® |det|*). Then we define the Hecke matriz associated with

7 (denoted by €, ) to be (¢, ...,q ).

Given f € H"™ (Mn,,...ny)(F)) where (ny,...,n;) is a partition of n, we regard S(f)

(where S is the Satake transform as introduced in §1) as an element of C[Xj, ..., XF].
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For (c1,...,¢,) € C", let S(f)(ci,...,cn) denote the evaluation of S(f) € C[XT, ..., X
at X1 =c1,..., X, =cp.

Proposition 5.3. Let ¢ : F* — C* be a unitary unramified character, let ¢ € C such
that e(mr) = |mp|~¢ = ¢°, then we have:
(1) Tr(c)\fnas7 StGLn(F) <5>) =

s(n—s) 22: s;(pi—s4) )

_q o . ~GL l-n  3-n 1-n+2(py—1)
(_1>n 1q 2 i=1 2 qcaSS<XMOiL1fp1a51)(q 2.2 ,...,q 2
~GL, 1-n+2p; 1-n+42(p1+2) n-1
XS(Xaty fpsass) (@ 2 0@ 2 407 );
(2) TI(C)\fnasv 1G’Ln(F)(5)) =
2
O‘(S(n;S)*_Z Si(pi;si)) ~GL 1— n—1 3 n—3 _1)gnziz2(pr =)
q = G S (Xnt fpras (TP BT g
prl 7 Y )
~GL _ n=1-2p; _ n—1-2p; —2 _ 1-n
XS(Xnty? fpaasa) (P2 qO Pt ),

(3) If n is even (withn > 6) and (p1,p2) = (5, 5), then Tr(Ch fras, Speh(2,y)(c))

2 . S —5.
a(“”‘”—Z *i(p; Z>) 3—y y—1 - 1—y y—2

=2¢ 57 (S (fyas) @207 0 T )S(fyas) @07 g D)
+S(fya52)(q ;yvq%ya7qy%)8(fya81)(q%yaq%ya>q?))a

and we take the plus sign if y > 3, we take the minus sign if y = 1.
If nis even (with n > 6) and (py,p2) = (5 £ 1,5 F 1), then Tr(C) fnas, SPeh(2,y)(e))

2
s(n—s) s;(pj—s;)
oslrped 3 sl S = iy b iz

=q i=1 ¢ S(fyr10s)@ 2 sq2 00,0 2 )S(fy-108)(@ 2 5q 2 ..., 2 ).

(4) If n is even (with n > 4) and (p1, p2) = (5, %), then Tr(C) fnas, Speh(z, 2)(¢))

2
a(S(n*S)_Z Si(Pi_Si)) GL - s o3
=q 2 i=1 2 qCQSS(XMoi,llfplcwl)(q 2 Q2 ,...,q 2 )
GL 1z  3—2 1
XS(XMOZZfPQOzsz)(q 2,92 ,...,q 2 )

If nis even (with n > 4) and (p1,p2) = (5 £ 1,5 F 1), then Tr(C) fras, Speh(z, 2)(e))

2
e ) GL -p  2-p§y p1—2
= —q =1 qcaSS(XMoillfp1asl)(q 2,9 %2 ,...,q 2 )
~GL —p2  2-p2 p2—2
XS (Xatom prasa) (A2 5072 g 7).
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Let ; : F* — C* (i = 1,2) be a unitary unramified character, let ¢; € C such that
e(rp) =|mp|™ % =q% (i=1,2), let c € (2, 2) C R.

(5) If n is odd, or n is even and p; # p2, then Tr(C’,\fms,Ind]GgL"(StGLm(F)(el) ®
Star,, ) (€2)))

2 . g
a(s(n2 S)__Z:l 51(1712 51)) GLpl 1-p; 3—p; p1—1
i=

G E Rt fpras )@ 02 7)

= (—1)"q

1— 3— -1
~GLp,y P2 STP2 P2

CQ&SQS( Mop fpgasz)(q 2 4 2 yeend 2 )7

if n is even and py = py = 5, then Tr(Ch fras IndgL"(StGLm ) (el-") @ Star,, ) (El-177)))

1-p1 3—p1 p1—1

foos )@ a2 g 7))

qcas (qTa(82_81)8<>A<GLm

2
a(s(n2—3)7.z 1(1’1 z))
= q =1

0p1

GL 1-po 3—p2 pa—1

S(XMOZL72 fp2as2)(q 2,49 2 yeronq 2 )

1—po 3—po po—1

_ ~GL 1-p 3-p it ~GL
+qTa(81 82)8( Moz;llfplaﬂ)(q 21,(] 217"'7q )01a828< MoprQfmaSQ)(q 2 4 2 R’ 2 ))7

and TI'(C)\fnaS, IHdP H(StGLpl (F) (51) X StGLPQ(F) (52)))

2 . . g
a( s(n2 s) _Zl S5 (PZQ s4) ) GLp1 1—py 3—py p1—1
i—

=dq (ClaSIS( Moplfplasl)(q 2 .q 2 ,..q 02 )

1— 3— -1
~GLp,y P2 P2 P2

Cza528< Mop2fp2a82)<q 2,q 2 ,..q 02 )

~GL 1-py 3—p1 p1 1 GL 1—po 3—py
CZ%lS( Moizllfplasl)(q 2,9 2 5.4 )01%28( Mozfgfpzocsz)(q 25,9 % ,...,q 2 ))

(6) If n is odd, or n is even and p; # po, then Tr(C,\fnaS,Ind]GDL"(IGLm(F)(el) ®
lgr,,r)(€2)))

(n— 2 s:(ps—s
a(b(nz s)_z:1 1(1712 1>)

1— 3— -1
~GLp, Pl Pl P1

0 S Rt fpras )@ 02 7)

= (—1)"q

1— 3— -1
~GLp,y P2 P2 P2

xq?*?S(x Momfpzaw)(q 2,q 2,0 7 );

ifn is even and py = pa = %, then Tr(Ch fras, IndIGDL"(1GLp1(F)(E|-|")®1GLP2(F)(5|-]_T)))

1— 3— —1
~GLp, Pl Pl P1

fp1a81)(q 2,42 ,...,q 7))

a(S(n—S)_ 22: Si(Pi*Sﬁ)
— q 2 = 2 qcas(qroc(sz 51)8(

0p1

1— 3— -1
~GLp,y P2 P2 P2

XS( MOp fpzasz)(q 2 »q 2 v 0 d 2 )

1-pg 3—pg po—1

ra(si—s ~GL 17p1 87 pl cias ~GL
+q t 2)S< Moillfploésl)(q 2 »q 2 yeond ) ! 28( M0222fp20482)<q 2 4 2 yeen 2 ))7
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and TI'(O)\fnas, Ind]GgL”(lc,val(F) (61) (%9 1GLp2(F) (62)))

2
a(2me) v eilpizei)y GL 1-p;  3-p; pi-1
=dq =t ( ClaSIS( M01;1 fplasl)(q 259 2% 5.9 7 )
~GL, 1-py  3-po pa—1
CQQSQS( MOIZO2 fpzasz)(q 2 >C] 2 9 7q 2 )
~GL 1-py  3—p1 1 ~GL 1-py  3-py p2—1
C2a818( Moi,l fp1a81)(q 2,4 2,59 ) CIQSQS( MOI;,2 prOéSQ)(q 254 % 5,49 2 ))

Proof. Let m be a semi-stable rigid representation of GL,(F'), by applying Proposition

3.4, we have

1

. M (F)
Tr(Cx fras, ™) = q FoEa Tr(Ce 2] (fp1a81 ® fp2a32) TN (b1 po) (5GLn P, p2)))

(1) If 7 = Sty () (€), by Proposition 2 of [57], we have

2 (p:—s:
a(s(n;S) _121 z(Pz2 7,))

M 1
Tr(CAfnasa 7T) =4q TI'(C e (fp1a81®fp2a82) StM(m p2)(F)<5GLn P(P17P2).5)).

By repeating the proof of Proposition 6 in [34], we have

1

M, 1
TI“(C (p1.m2) (F (fp1a81 ® fp2a82) StM )(F)((sé[’n?P(pl,pQ) . 5))

_ ( 1)p1+p2 2Ty (AGLmXGLPQf R f 5% | ,5% ( ))
= XM, prasy & Jpsasys OGL,, Py, oy 1Po.n(F) " OMe,, 0y Pon \E

n ~GLp, XGL L
= ( 1) Tr ( Mop1 " fmasl ® fpzas27 65Ln,P0’n <€>>

By Lemma 7.7 of [37], we have

~GLp, XGL L ~GLy, xGL
Tr(XMo,pnl " fpras: © fpaasss 65Ln,P0’n (e)) = S(XM(): " forass @ fpaass)(€ 1 )
GLn7PO,n(5)
. _ —n GLy, xXGL )
with € 1 = (¢° 2", ¢ 2", ...,¢°"T). Also note that S(X}, IR f s @ fpasy) 18

5GLn,P0‘n
homogenous of degree as, and

~GL GL ~GL ~GL
SEair ™7 Frrass @ Foaass) = SKi? Foress) @ S(Xg” frasa),

then we proved (1).
(2) If 7 = 1g1,(p)(€), we have

2 (p:—s;
a(s(n;s>_21 HEIEED)

M, _1
TI‘(C)\fnas, 7T) =q TI"(C o) (fp1a31 ®fp2a52)7 1M(p1 o) (F )(5G12zn,P(p1,p2)'8>)'
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By repeating the proof of Proposition 7 in [34], we have

M(py,pp) (F) —3
TI'(CC (Prp2) (fplas1 ® fpgasz)a 1M(p1,p2)(F)(56'[2/71,13(1,14,2) : 5))

1

_ Mp, po) (F) —=
== (_1)p1+p2 2rj[‘r(CYC (P1p2) (fplasl ® fp2a52)’ StM(pl,pQ)(F)<5GEH,P(p11p2) : 8))

~GLp xGL -3 3
- Tr(XMO’I;l " fplasl ® fp2a327 5GI2,n,P(plﬂp2> |P0,n(F) ) 6]%4(p17p2),P0’n (8))

. ~GLp; XGLp,
= S(XMO n forasi ® fpaass)(€ -1 | 53 ©
GLn, P(pl ) Po, n(F)’ Nl(pl p2)’ PO n

with

€% 3 €3
5 5 € 5 ) €
GLn»P(m,pw'PO’n(F) M(m,pwo,n( ) L, Po 1 OMpy ) Fo,n ()

o(3=p1)+eiz? opr—1)Fe =GP0

1—py )+t
i p1)627q yeen 2 )

(g

n—1-2pq

c(17p2)+c — > n—1-2p;—2

q c(3—p2)+c 5

( GL][,1

S

q 4

Also note that S X Gl Tpiass @ fpsas,) 1s homogenous of degree as, and

G Lp, XGLp, GLy, G Lp,
S<XM0’7L : fplasl ® fp2a32) = S( Mop fplasl) ® S( M(]p fp2a82)
then we proved (2).
(3) If # = Speh(2,y) (), and if n is even and (p1,p2) = (5, 5) = (y,y). From the proof
of Proposition 5.2, we have
1

M 1
TI'(C e (fplasl ® fp2a82) 7TN(p1 p2)(5GLn,Py y)) =

ET(C ) (Fyans ® Fams)s I, ) (INAGE (St () © St (1) (€));

such that we take the plus sign if y > 3, we take the minus sign if y = 3. By Theorem
VL5.1 of [56] (see also the proof of Proposition 5.2), Proposition 4.4 and our computation
of Jng, ., (IndP( (Star, () @ Star, (7)) (€)) in the proof of Proposition 5.2, we have

My, u)

Tr(Ce (fyass ® Fyass)s Iy (AGE (St (|- 1) @ Star,m)(2))) =

M

T(CX O (Jyasy © fyass)s Sty (el - |71) @ Star, ) (€)

+Tr(C, wa(F (fya51®fyasz) w - Star, (el - |71 @ Star, ) (€))

(where w € S, is the permutation sending 1,2, ...,y to y + 1,..., 2y respectively)
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= Tr(C ) (Frner @ Frasa), Stary (€] - |71) © Star, ) (€)

—I—TI'(C ) (F (fyasl ®fyasz) StGLy ( )®StGLy ( ‘ | ))

Repeat the proof of Proposition 6 in [34], the above equality equals

y 3—y

G (SFyas )@ 70 T TS (frasa) (40, q"T)

y—1 -y 11—y y=2
(fyOCSQ)( 2 7q 7"'7qT)S(fya51)(q2 7q 2 ""7q 2 ))’
The case when (p1,p2) = (§ £ 1,5 F 1) is similar to the case when (p1,p2) = (5, 5).
(4) The proof of (4) is identical to the proof of (3).

(5) We first consider the case when n is even and p; = py, and we assume

= IndgL"(StGLpl(F)(d ") ® Star,, ) (el - 177)))-
We only need to compute
TH(C B (Fan © Faaa)s Iy 4 (INAEL (Stany (€] ) @ Stary (el [ 7))
By Theorem VI 5.4 in [56] and Proposition 4.4, we have
JN(%,%)(IHdJGDI;"n (StaLy (el - ") @ Star, (el - 7)) =

Stary (7 (el - ") @ Star, (my(e] - [77) +w - Stary (r) (el - [1) © Stary (el - [7),

where w is the permutation sending 1,2, . 2+ 1,5 +2,...n respectively. Then we
have
Mn n
Tr(Ce ey (f"asl ® f*OZSQ) JN(n n)(Indgﬁnn)(StGL%(F)(d M ® StGLg(F)<€| 7))

M
= Tr(C.

n
2

(V5]

(F) r —r
(f30m ® Faam):Staryr (el - ) © Stery (el |7)

Mg 3)(F) , -
AT T (fpay © Fpams) 0 - Story (] - ) @ Stary (el - 7).

By repeating the proof of Proposition 6 in [34], we proved our results. The proofs of the

rest of the cases in (5) are similar.

(6) We first consider the case when n is even and p; = ps, and we assume

m=Indg" (lar, () (el - ") ® Lap,,m) (- |77)).
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We only need to compute

M

Tr(Ce (

N3
NE

B

)(F) n r -
(Fgas @ Fyom)s TNy (AEL (Lory (el 1) ® Lary (el - [77)-

By Theorem VI 5.4 in [56] and Proposition 4.4, we have

’]N(%,%)(Indgf; (1GL%(F)<€| ’ ’T) ® 1GL%(F)<€| ’ lir))) =

33)

1GL%(F)(€| ) ® 1GL%(F)(5| ) A w - 1GL%(F)(5| ) ® 1GL%(F)(5| 7

where w is the permutation sending 1,2,...5 to § + 1,5 + 2,...n respectively. Then we

have
(AR Tney o, (G (1 Nel -
(O P Fyan, © o). Iy IAE . Lz (el 1) © oy (el - 7))
M 5)(F) r —r
= Tr<Cc ae (f%ozsl ® f%asz)v 1GL%(F)(€’ ’ ‘ ) ® 1GL%(F)(€’ ) | >)

My g (F) ) B
+Tr(cc (f%asl ® f%OLSQ)?w : 1GL%(F)(€| ’ ’ ) ® 1GL%(F)(€‘ ' ’ ))

By repeating the proof of Proposition 7 and Proposition 6 in [34], we proved our results.
The proofs of the rest of the cases in (6) are similar.
O

6 Cohomology of certain Newton strata of Kottwitz

varieties

Having established the necessary local computation in §5, we now turn to the global
setting. Firstly, we introduce Kottwitz varieties and certain Newton strata of Kottwitz

varieties:

1. Let D be a division algebra over Q, and let * be an anti-involution. Let Q be the
algebraic closure of QQ inside C. Let F be the center of D, and we embed F into
Q. We assume that F' is a quadratic imaginary field extension of Q and we assume

that * induces the complex conjugation on F.

2. Let G be the Q-group defined as follows: Let R be a commutative Q-algebra, then
G(R) is defined to be {x € D ®¢ R : zz* € R*}.

3. Let hy be an R-algebra morphism hy : C — Dg such that ho(z)* = ho(Z) for all
z € C. And we assume that the involution of Dg defined by x + ho(i) " zho(i) (for

x € Dg) is positive.
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4.

10.

11.

The Shimura datum: We use A’ to denote hg|cx, then A’ is an algebraic group
morphism from the Deligne torus S to Gg. Let h denote A’~! and let X denote the
G(R)-conjugacy class of h, then the pair (G, X) is a PEL-type Shimura datum (see

[310).

. Let n be the positive integer such that n? equals the dimension of D over F.

. The group structure of G at R: The group Gy is isomorphic to GU¢/r(s,n — s) for

some 0 < s < n (with GUg/r(s,n — s) as defined in §2.1 of [50]).

The group structures of G at p: Let p be a prime number such that Gg, is unramified,
and let K C G(Af) be a compact open subgroup. such that K decomposes into
a product K,K? where K, C G(Q,) is hyperspecial and K? C G(A}) is small
enough (so that Shi (G, X) is smooth). We assume that p splits in extension F/Q,
therefore, the group Gg, is isomorphic to G, g, X G'Ly g,

. Kottwitz varieties: Let Shi (G, X) be the Shimura variety defined over E (which is

called the Kottwitz variety). Let Mg be the moduli scheme over Op ®z Z,) which
represents the corresponding moduli problem of Abelian varieties of PEL-type (as
defined in §5 of [32], note that My g is |ker' (Q, G)| copies of Shx (G, X)).

. Reflex field: We use E to denote the reflex field of the Shimura datum (G, X). If

n — s # s, then the reflex field is F', and if n — s = s, then the reflex field is Q see
[31]. Let p be a prime ideal of E over p, and let E, , denote an unramified extension

of B, of degree a.

The set B(Gg,,n): Let B(Gg,) denote the set of isocrystals with Gg, -structure,
which can be identified with the set of o-conjugacy class in G(L) (see [26], where L =
@I‘;\m is the completion of the maximal unramified extension of Q,). Note that by our
assumption, the group Ggq, is isomorphic to G, g, X GL,g,. Let v : B(Gg) — R™™!
denote the Newton map (as defined in [54]), and we define p = (s, pg, ..., pn) =
(5,1%,0"%). We define B(Gg,, i) to be {b € B(Gq,) : v(b) = (5, 1,...,\y) €
R™! such that (Ay,...,\,) € RZ satisfies that Z;:l A 22:1 piforl < i <
nand Y " A = s}. Note that the set B(Gg,,u) is finite (see §6 of [33] or §1 of
[541).

Newton stratification: We write ¢ for the number of elements in the residue field
of Op,. For each geometric point © € My , let b(A;) € B(Gg,) denote the
isocrystal with G-structure associated to the abelian variety A, corresponding to x
(see pp.170-171 of [53]), and we have that b(A,) € B(Gg,, ). For b € B(Gg,, 1),
we define Sj to be {z € My, (F,) : b(A,) = b}. Then S, is a subvariety of My,
(see §1 of [54]) and the collection { Sy }rep(Gy, ) Of subvarieties of M 5 is called the

Newton stratification of My .
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12. The stratum S,: We take b € B(Gg, ) such that v(b) = (s, \J*, \5?) (note that we
must have A;py, Aops € Z, see Corollary 1.3 of [54]), such that

® pi,p2 € Lo and py + pa = n,

o (piA,p1) =1 and (pada, p2) = 1.

We use Bg to denote the locally closed subscheme of Mg, (defined over F,), such
that By 5 is Sy (see Theorem 3.6 of [53]). The Hecke correspondences on Shi (G, X)
may be restricted to the subvariety « : Bx — Mgy, and we have an action of
the algebra H(G(A;)//K) on the cohomology spaces H', .(Sy,t*L). Furthermore,

the space H}, .(Sp,t*L) carries an action of the Galois group Gal(FF,/F,), which
commutes with the action of H(G(Af)//K).

t,c

13. Local systems: Let ¢ be an irreducible algebraic representation over Q of Gy, asso-
ciated with an /-adic local system on S (where ¢ # p is a prime number). Let Q,
be an algebraic closure of Q, with an embedding Q C Q,. We write £ for the (-adic

local system on Mg o, associated to the representation ¢ ® Qy of Gg,.

14. Hecke algebra at co: Let g be the Lie algebra of G(R), and let K, denote the stabi-
lizer subgroup in G(R) of the morphism h. We use f; - to denote an Euler-Poincaré
function associated to ¢ (as introduced in [5], see also §3 of [31]). Note that f; - has
the following property: Let ., be a (g, K )- module occurring as the component at
infinity of an automorphic representation 7 of G. Then the trace of f: . against m.,
is equal t0 Neo Yooy (=1)'dim(H (g, Koo; Too ® ()), where Ny, is a certain explicit
constant as defined in §3 of [31].

15. Hecke operator away from p and oco: Let fP>* € H(G(A)//KP) be an arbitrary
KP-bi-invariant Hecke operator.

16. Hecke operator at p: Let f, € H"™(G(Q,)) denote the function whose Satake
transform is given by Xo® ¢= 5~ 30 (X1)® where X! := [Lc; Xi. Let Q0
IC1,2,...,n
|I|=s

denote a unramified extension of Q, of degree a. Let ¢, € H"™ (G(Q,p.)) denote
“5= S (V7). Then ¢,

1C1,2,...,n
[I|=s

and f, are associated in the sense of base change (as defined in §3.2 of [40]).

the function whose Satake transform is given by Y ® ¢

We use A to denote (A]*, A5?) € RZ, and let s; € Z denote A;p;. Let Frob, denote

the Frobenius endomorphism of Sy mapping x to x?, then we have

Theorem 6.1. Let a € Z~, then we have:
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1. If nis odd, or n is even and (p1,p2) # (5,5%), (5 £1,5 F 1), then

Tr(Frobf x 7, Z H!, (S5, 0°L)) = [ker' [(@,G) D ¢Tr(Chfras: prp)

TCA(G)
pr,p is of type I

2. If n is even and (p1,p2) = (5,5) or (p1,p2) = (5 £ 1,5 F 1), then

Tr(Froby x fr>, Z Lo(S, L)) = [ker'|(Q, G) Z e Tr(C frass Prp)

TCA(G)
pr.p ts of type II

where

e the constant ¢, equals C2Tr( P>, 7P )Noo Y oo (= 1)'dim(H (g, Koo} Too ® €)) such
that (; is a root of unity.

e by assumption, we have G(Qp) = Q) x GL,(Qy), we write m, = 07 @ prp, such
that oy (resp. prp) is a representation of Q) (resp. GL,(Qy)).

o the truncated traces Tr(C) fras, Prp) Where pr, are representations of GL,(Q,) of
type I or type 11 (as defined in Definition 5.3) are computed in Proposition 5.3.

Proof. By applying Theorem 5.4.5 of [11], we have

Tr(Frob? x f7, Z L o(Sh 7 L)) = > Tr(Frob? x f*,/"L,)

mEleFmba w fpoo (Fq)

Repeat the proof of Proposition 10 of [34], we have

> Tr(Frobg x f*,0°L,) = [ker (Q, G)| Y c(70;7,6)O4(f**)TOs(¢a) Tr((c(70))

xeFlXFrobaxfpoo (Fq) (7057,9)

where

e The sum ranges over Kottwitz triples (as defined in §14 of [32]) (0;7,0) such that
the Newton vector v(60(9) - - - oPra@l=1(5)) € R"*! equals (s, \]*, Ab?) (where o is

the Frobenius automorphism).

c(70;77,9) is a certain constant defined in §19 of [32].

Given x € G(Q,.4), let N(z) denote zo(x)- -0 (). By the proof of Theorem 2.14
on pp.24-25 of [36], we have

[ker (Q, G)| D e(v0;7, )04 (f7°)TOs( ) Tr(¢c (70))

(7057,9)
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= [ker (@ @) Y c(10;7: )05 (f7)TOs(X7, yo1 sr2yPa) Tr(Ce(70))

(7057,9)

where x7 2, 18 defined as follows: Let x € G(Q,.4), then X (o A,JQ)(gn) = 1 if and only
AT A

( )\Pl )\P )
if v(NV (x)) = r(s, AN for some r € Rog. By repeating the argument in p509 of [34],

we have

ket (Q,G)| Y e(70:7: )05 (F7)TO5(x], 1 yr2yPa) Tr(Ge (70))

(v057,6)

= [ker'(Q, G) T (Clungr g o™ Fooer ALG)),

where A(G) is the space of automorphic forms on G, and the function Ci, \r 2y €
H(G(Q,)) is defined in Definition 3.1.

Now we compute Tr(C(, yr1 yv2) fp P> f¢ 00, A(G)). We have

Te(Clann sz fod P feoos AG)) = Y T(Cponms gy fof 7 feoor )

TCA(G)

= > T(Clnpro fof ™ feoor )

TCA(G)
= Z TT(C(S,Afl,A§2)fpvWp)Tr(fpooaWpoo)Tr(fc,ooﬂToo)-
TCA(G)

By the definition of f; ~, we have Tr(f¢ oo, Too) = Neo ooy (=1)idim(H (g, Koo Too ®C))-
By assumption, we have G(Q,) = Q) x GL,(Q,), we write 7, = o), ® pr, Where o,
(resp. prp) is an admissible representation of Q, (resp. GL,(Q,)). By repeating the
proof of Proposition 11 in [34], we find that p,, is the local component of a discrete

automorphic representation of GL,(A). Also note that
Cloprt a2y fp = Coar x22) (X% ® fras) = X% @ O fras
(we use A denote (AI', A5?)), then
TT<C(S,/\’{1,A§2)fp7 mp) = Tr (XY ® C) frass Onp @ prp) = Tr(X Y, 04 p) Tr(Ch fras, Prp)-

By repeating the argument in pp.511-512 of [34], we have that Tr(X®, o, ,) = (¢ where
Cr = Tr(X, 0, ) is a root of unity. By Corollary 3.1, we have Tr(C) fras, prp) = 0 unless
pfgjp # 0 (with I,, defined before Corollary 3.1). Then by applying Theorem 2 in [34], we
find that p,, is a semi-stable rigid representation of GL,(Q,).

By Proposition 3.3, we have

1

GLpy xGLyp (Qp) 2
TT(CAfnasa pmp) - TI“(C : ? (fp1c¥81 ® fp2aS2) (me)N)\ (6G£n,PA))'

29



CHAPTER 3. THE COHOMOLOGY OF CERTAIN INTERMEDIATE STRATA OF
KOTTWITZ VARIETIES (p SPLITS)

By proposition 5.2, we have our theorem when « is big enough. And we may conclude

our theorem for an arbitrary o € Z~( by repeating the proof of Theorem 5.2.1 in [45]. O

Remark 6.1. Using the argument of Proposition 12 in [34)], we may derive a formula to

compute the dimension of Sy from Theorem 6.1.
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Chapter 4

An automorphic description of the
zeta function of the basic stratum of

certain Kottwitz varieties (p inert)

This chapter is adapted from the paper [45], https://arxiv.org/abs/2411.01224, written
by the author of this thesis.

1 Introduction

Let X be a scheme of finite type over the finite field F, with ¢ = p” elements, Where pis a
prime number. The zeta function (X, s) of X is defined by (X, s) = exp( Z D g=ms),
m>1

where N,,, = | X (F;~)|. By Grothendieck’s Lefchetz trace formula, we have

2dim (X 2dim(X)
Z Tr(Froby', H,, (X5, Q) Z ali + .
where
e The number ¢ # p is a prime number.
e The morphism Frob, : X — X is the ¢'" power Frobenius automorphism.

e The numbers «;1,...,q;q, are eigenvalues of the action of Frob, on Hém(XE,@g),
where dl = dlmQ (H;tc(XFq7@£)>‘

The zeta functions of schemes over finite fields are in general hard to compute. However,
it X is a geometrically irreducible smooth projective n-dimensional variety over F,, the
Weil conjectures hold (see [13] and [§])

e Lor all 4, j, the eigenvalues «; ;’s are algebraic integers.
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CHAPTER 4. AN AUTOMORPHIC DESCRIPTION OF THE ZETA FUNCTION
OF THE BASIC STRATUM OF CERTAIN KOTTWITZ VARIETIES (p INERT)

e In some order, we have (a;1,...,q;4,) = (¢"/2n—i1s---,q"/Con—idy, ;)

e For all 4, j, we have |a; ;| = ¢/2. In particular, we have dy = da, = 1 and ag; = 1,

Qon1 = q".

If X is singular, the Weil conjectures do not hold for X, and we do not know much
about ((X,s). When X is the reduction mod p of the integral canonical model of a
Shimura variety (in the sense of [19], which is singular in general), it is conjectured that
((X,s) has an automorphic description, that is, the number of points N,, = |X(F;m)|
can be described using automorphic forms (see [30]). When X is the reduction mod p of
Kottwitz varieties (which are certain compact Shimura varieites introduced in [31]). In
this article, we give an automorphic description of the zeta function of the basic stratum
of certain Kottwitz varieties, using the Langlands - Kottwitz method (see [31], which is
adapted to study the basic stratum in [34]).

1.1 Background

Let (G, X) be a PEL-type Shimura datum (as defined in §4 of [32], for the definition of
Shimura varieties, see [9]), let p be a prime number such that the group G, is unramified.
We choose a flat model G of Gg, over Z,, and we write K, = G(Z,,). Let K? be a neat
compact open subgroup of G(A}) and let E be the reflex field of (G, X). In §5 of [32],
Kottwitz constructed a PEL-type moduli problem of abelian varieties over O ®z Z,)
using the PEL-type Shimura datum along with some additional data (which we will not
discuss, as they will not be used in this chapter), we will denote the PEL-type moduli
problem by M, the moduli problem M is represented by a smooth quasi-projective scheme
over Op ®z Z). We use S to denote the moduli space for M. Let Mg, x» denote the
canonical model of Shy, k»(G,X) over E defined by Deligne (see §2.2 of [9]), then Sg is
isomorphic to |ker' (Q, G)| copies of M, rr (see §8 of [32]). Let v be a place of E above
p, we extend S over Op, via the integral canonical model (as defined in [19]).

Let v be a place of E above p. We write ¢ = |Op,/(7g,)| and let F, = Op, /(7g, ),
where 7p, is a uniformizer in Op,. We use S to denote Sk,. Let B(Gg,) denote the set
of isocrystals with additional G, -structure (as introduced in [26]), which is the set of o-
conjugation class in G(L), where L is the completion of the maximal unramified extension
of Q,, and o : G(L) — G(L) is the Frobenius automorphism. For each geometric point
z € S(F,), we consider the isocrystal with additional Gg,-structure b(A,) associated to
the abelian variety A, corresponding to x (see pp.170-171 of [53]). The set of isocrystals
with additional Gg,-structure {b(A,) : © € S(F,)} is contained in a certain finite set
B(Gg,, 1) C B(Gg,) (see §6 of [33]). For b € B(Gg,), we define Sy to be {z € S(F,) :
b(A,) = b}. Then Sy is a locally closed subset of S’E (see §1 of [54]), and we equip S
with the structure of an algebraic variety induced from S,. The collection {Sp}pe B(Gg,n)

of subvarieties of S is called Newton stratification of S.
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When b is the unique basic element of B(Gg,, it) (see §6.4 of [33]), we call S, the basic
stratum (note that when b is basic, the S, is closed in gﬁq, see §1 of [54]). The basic
stratum has been studied by many people using geometric methods: See [21], [16], [44] for
Siegel modular varieties, and see [65], [66], [15] and [10] for quasi split unitary Shimura
varieties.

In this article, we consider certain compact PEL-type unitary Shimura varieties of
signature (r,s) arising from a division algebra D (with an anti-involution % such that
* induces the complex conjugation on F', where F' is the center of D), introduced by
Kottwitz in §1 of [31], which we refer to as Kottwitz varieties. We assume that p is an
inert prime in the extension F/Q (the case that p is a split prime is studied in [34]).
Following [34], we use automorphic forms and representations of p-adic groups to study
the basic stratum of certain Kottwitz varieties. In the case of good reduction, we express
the traces of the Frobenius operators and the Hecke operators of G(AP) on the f-adic
cohomology of S in terms of orbital integrals, and then in terms of elliptic parts of the
stable Arthur—Selberg trace formula for the endoscopic groups (see [30] [32] for PEL-type
Shimura varieties, and see [20] for abelian type Shimura varieties), such method to study
the Frobenius-Hecke trace is called the Langlands-Kottwitz method.

Let S, be the basic stratum of a Kottwitz variety. We use ¢ : B < S to denote
the closed subscheme of S (defined over F,), such that Bg, = Sy (see Theorem 3.6 of
[53]). Note that in this case, the Shimura variety Shgrg,(G,X) is compact, then S
is proper, and B C S is proper. In [34], the Langlands-Kottwitz method is adapted
to study the Frobenius-Hecke trace of the ¢-adic cohomology of S,, and we can express
the Frobenius-Hecke trace in terms of orbital integrals, and then in terms of traces of
automorphic representations. In this article, we study the Frobenius-Hecke action on
the (-adic cohomology of By for certain Kottwitz varieties, and we derive a pointing
counting formula for By, for a € Z-o in terms of automorphic representations. Our
method is totally different from geometric methods (no use of automorphic forms is made
in geometric methods), and the advantage of our method is that we can study the basic
stratum of Kottwitz varieties of arbitrary signature (r,s) (where the geometric methods
are restricted to the case where min{r,s} < 2). Our method is of both global and local
nature: On the global side, we apply a truncation of the formula of Kottwitz for the
number of points on Shimura varieties over finite fields (introduced in [34]), the Arthur
- Selberg trace formula, base change of certain automorphic forms and the twisted trace
formula. On the local side, we study twisted compact traces and representations of general
linear groups over p-adic fields. The difference between our method and that of [34] is

that [34] studies compact traces, and in this article we study twisted compact traces.

1.2 Main results

We now give a precise statement of the main results: Let D be a division algebra over

Q equipped with an anti-involution *. Let Q be the algebraic closure of Q inside C. We
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assume F' is an imaginary quadratic extension of Q, and we assume * induces the complex
conjugation on F. Let n be the positive integer such that n? is the dimension of D over
F. Let G be the Q-group such that for each commutative Q-algebra R the set G(R) is
defined as follows:

G(R) ={re€D®gR:zx" € R*}.

Let hy : C — Dg be an algebra morphism, such that ho(z)* = ho(Z) for all z € C. We
assume that the involution of Dg defined by x +— ho(i) *xho(i) (z € Dg) is positive. We
restrict hy to C* to obtain a morphism A’ from Deligne’s torus Resc/rGy, ¢ to Gr. Let h
denote //~! and let X denote the G(R)-conjugacy class of h. The pair (G, X) is a Shimura
datum. We assume Gg, is unramified and let S, be the basic stratum at p. We assume
that p is inert in the field extension F/Q.

By the classification of unitary groups over real numbers, we have Gg = GUg/r(s,n—5)
for some integer s with 0 < s < n. If n—s # s, then the reflex field is £, and if n — s = s,
then the reflex field is Q. The basic stratum B is defined over F, where ¢ = p? if n—s # s,
and the basic stratum B is defined over IF), if n—s = s. Then we have the following theorem
(for simplicity, we only state the theorem for n — s # s, we have a similar but a bit more

complicated result for n — s = s, see Theorem 5.2.1 for more details):

Theorem A. Ifn — s # s, then for an arbitrary o € Z~q, we have

|B(Fge)| = |ker1 (Q,G)| Z NzTrg(Cocpnas, ™)

= ket (@G D Y NecuequSREOT) (g, . g,

T QEPY,Q=LU weGY

Where 7’s are representations of GL,(F},) of the form Indg((&-StGLni (1)), such that ¢; is
either the trivial character or the unramified quadratic character (note that €g,, = £1 is

introduced before Proposition 5.2.1 and eq g = %1 is introduced in Proposition 2.2.3), and

Ne=% > Tro(el,, (X 7o) Tro(9™, (x @ 7)) M,
XRTCA(F*XxDX):
Tp s of 0 type,
T<Tp
(the partial ordering is defined before Proposition 8.8.2, and M, . is introduced in The-
orem 3.3.1). And the space A(F* x D*) is the space of automorphic forms on (F* x

D*)(A).
We make some remarks on the notations appearing in the above theorem:

e The traces Try are twisted traces which we define in §2.2, where 0 is certain involu-
tion of GL,(F,) which comes from the Galois action (see Remark 4.1.1).

e The functions ¢nas (resp. Coednas) are certain spherical functions on GL,,(F,) (resp.
truncated spherical functions on GL,,(F,)) which will be defined in §2.2 and §2.4.
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e The group Q = LU € P? ranges over 6-stable standard parabolic subgroups of GL,,
(standardised with respect to the Borel subgroup of upper triangular matrices),

where L is a Levi subgroup and U is a unipotent subgroup.

e The constants £¢ ¢, €0 are equal to +1 with g ¢ as defined in Definition 2.2.3 and
€gw as defined before Proposition 5.2.1.

e We make a few more remarks on the constant

Ne=£ > Trg(ely, (X ® 7o) Tra (7™, (x @ 7)P°)CE My,
X®TCA(F* xDX):
X®T is O-stable,
Tp is of 8 type,
T<Tp

appearing in our theorem: The +1 term comes from intertwining operators, and
the roots of unity come from certain twisted traces against characters of A% (see
Proposition 4.3.1). The term Try(¢?,, (X ® 7)) Tre(?>, (x ® 7)P>) comes from
twisted traces away from p, the constant M, . and the partial ordering come from

ring of Zelevinsky (see §3.2 and §3.3). We have

Trg(0ys (X @ T)oo) = D Tr(0, H' (B, Koo (X © 7))

=1

where K, is a maximal compact subgroup of H(R) and b is the Lie algebra of
H(R). Representations of GL,,(F,) of §-type (Definition 4.3.1.1) are certain #-stable
irreducible admissible representations of GL,,(F,), which are local components of

discrete automorphic representations and have an Iwahori fixed vector.

e The sets G%Q is a certain subset of the symmetric group S, (see §5.2) with a
combinatorial interpretation using Young tableau (see §5.3), and note that P comes

from the representation Indﬁ(@iStGLni (£)).

e The functions & ()2?@%%?9) € C[X;™, ..., X*!] are certain polynomial functions (see

§2.6 for an explicit description of S ()ZQU¢£L%)S))

e The point

(qtﬂ-J?"'?qtﬂ-’n):(qu 2 7q61 2 7"'7q T?"'7qu 2 77qu 2’ 7"'7qk 2 )7

such that (ng,...ny) is the partition of n corresponding to the parabolic subgroup
P, and ¢“ = ¢;(q) (note that me must have |¢“| = 1 because ¢; is either the trivial

character or the unramified quadratic character).

Remark 1.2.1. In Theorem A, we express the number of points |B(Fye)| in terms of sum

of evaluations of certain polynomial functions S(}Z%(]ﬁ%é) c CIX{, ..., XY at certain
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points (q'=e ... g'=e@)). The polynomial functions S()Z%@S%l) c C[Xit, ..., X Y are

sum of functions of form > (11 Xi)*, where I is determined by the parabolic
IoC{1,2,...,n} i€lq
Hql=s
subgroup @ (see Proposition 2.6.1 for the explicit definition). In the end, we may write

|B(Fypo)| = > Coq™, where x,C, € C are certain constants that do not rely on «, and

the value of x which appears in the sum can be explicitly computed.

1.3 Proof strategies

We now comment on the proof strategy of Theorem A (the proof for the case that n—s = s
is almost identical). First, we reduce the computation of the traces of the Frobenius
operator and the Hecke operator on the {-adic cohomology of Bf,_ to the computation of
certain traces of automorphic representations of G(A).

Let f~P € H(G(A>P)//KP) be a KP-bi-invariant Hecke operator away from p and
00, and let ¢ be an irreducible algebraic representation over Q of Gy, associated with an
¢-adic local system on S (where ¢ # p is a prime number), denoted by £. The formula of
Kottwitz for Shimura varieties of PEL-type gives an expression for the Hecke-Frobenius
traces on (-adic cohomology of these varieties at primes of good reduction (see §19 of
[32]). In [34] Kret truncates the formula of Kottwitz and adapts the argument in [31] (see
Proposition 9 in [34]), then we have the following proposition (we also have a similar but

a bit more complicated result for n — s = s, see Proposition 4.2.1 for more details):

Proposition A. Ifn — s # s, the reflex field is F. Let g = |Or/(p)| = p?, then we have

o0

Te(f7 x 5, (—1)'Hi(Bg,. L)) = [ker (Q, G)|Tr(Cefras [ fros A(G))

i=1
for a sufficiently large, where A(G) is the space of automorphic forms on G(A).
We make some remarks on the notations appearing in the above theorem:

e At p: The functions fas (resp. Cefnas) are certain spherical functions on G(Q,)
(resp. truncated spherical functions on G(Q,)) which will be defined in §2.2 and
§2.4.

e Away from p and oo: The function f>? € H(G(A;°)//KP) is an arbitrary KP-bi-

invariant Hecke operator.

e At oo: The function f. is an Euler-Poincaré function associated to ¢ (as introduced
in [5]).

The main difficulty in computing Tr(C. fras [ foo, A(G)) is that G(Q,) is isomorphic
to the quasi-split unitary group over Q, with n variables, denoted by GUp, q,(n)(Q,)
(which we will define in §2.3), and that unitary representations of GUp, /q,(n)(Q,) is not
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well understood. To address this difficulty, we use base change to reduce the computation
of Tr(Ce frasf™ foo, A(G)) to the computation of certain twisted traces of automorphic
representations of (F* x D*)(A) (note that (F* x D*)(Q,) = F x GL,(F}), and unitary
representations of general linear groups over p-adic fields are well understood, see [62]).

We define H to be Resg(G) = Resg(FX x D), we take f = f* ® f., € H(G(A))
and ¢ = o™ ® ¢, € H(G(A)) such that f and ¢ are associated in the sense of base
change (i.e., the functions f, and ¢, are associated for all places v, as defined in §3.1
of [40]), where f, is an Euler-Poincaré function associated to the trivial representation
(as introduced [5]) and ¢?, is a Lefschetz fuction for 6 (as defined in p120 of [40]). By
modifying the proof of Theorem A3.1 in [41] (see the proof of Proposition 4.2.2), we have
the following proposition:

Proposition B. (See Proposition 4.2.2) We have
Tr(r(f), A(G)) = Tr(R(p) Ag, A(F™ x D))

where v, R are right reqular representations, and Ay is defined by a — a0 0 for a €
A(F* x D*)), and 0 is the involution arising from the Galois action (see Remark 4.1.1).

In the following, we assume that n — s # s, the argument for the case n — s = s is
almost identical. We fix the following datum:

e Local system: We take ¢ to be the trivial representation G, then the associated
local system £ is Q.

o At p: We take Coepnas € H(H(Q,)) (with ¢nas as defined in §2.4) and C.fras €
H(G(Qp)). Then Copepnas and C. fras are associated in the sense of base change as
defined in §3.2 of [40] (see the proof of Proposition 10 of [34]).

e Away from p and infinite: We take 1x» € H(G(AP®)) to be the characteristic
function of KP, then there exists P> € H(H(AP®)) associated to lgpe if K?
is small enough (for unramified places, see Proposition 3.3.2 in [40], for ramified
places, see the proof of Theorem A5.2 in [41])

o At co: We take ¢ € H(H(Ax)) to be a Lefschetz function for 6 (as defined in
p120 of [41]), and f., € H(G(Aw) to be an Euler-Poincaré function associated to
the trivial representation, after multiplying wzp by some ¢ € R, we may choose

@?, and f,, such that ¢f, and fe, are associated (see Corollary A1.2 of [41]).
Applying Proposition A and Proposition B, we have (Corollary 4.2.2 of §4.2):

Corollary A. Ifn — s # s, we define ¢ = |Or/(p)| = p?, then for an arbitrary o € Zwg

sufficiently large, we have

[e.9]

|B(Fyo)| = Tr(1xe x ®F, Y (—1)'H.\(Bg,,1"L))

i=1
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= [ker' (Q, G)|Tr(Ce fras [ foos A(G)) = [ker' (Q, G)| Tro(Coepnas "™ 0ps A(F* x DX)).

We then reduce the computation of the twisted trace

TYO(CHCSOnas(PpOOQszvA(FX X DX))

to the computation of the twisted trace Try(CycPnas, p), where p is a representation of
GL,(F,) of f-type (as defined in §3.1). In particular, we have (see the proof of Proposition
4.3.1):

Proposition C. The twisted trace

Tr@(cec@nas(ppm¢gpa A(FX X DX)) = Z MﬂTrH(CHC¢na8’ P)

where p’s are representations of G L, (F,) of 0-type and

Ne=£ > Trplel, (x ® 7)eo) Tra(0?, (x ® 7)7)

XQTCA(FXXD*):
XRT is O-stable,
Tp 15 of 0 type,

T<T7p

with the partial ordering as defined before Proposition 3.3.2, and

Tro(l), (x @ 7) ZTT (0, H' (B, Koo; (X @ T)oo))-

=1

To compute the twisted trace Trg(Copetnas, p) (for which we use a twisted version of
Clozel’s formula, see Proposition 2.2.3), where p is a representation of GL,(F),) of 6-type
(as defined in §3.1), we need to understand the Jacquet modules of p (which is described in
[39]). Additionally, we need to determine how the intertwining operator acts on Jacquet
modules of p, and this is the main difficulty for us.

To address the difficulty, we use Zelevinsky’s segment construction (especially Propo-
sition 3.3.2 in §3.3) and Proposition 2.7.1 (which concerns twisted traces of Cy.@nas
against certain induced representation). These reduce the computation of the twisted
trace Trg(CocPnas, p), where p is a representation of GL,(F),) of 6-type, to the compu-
tation of the twisted traces Trg(Cyefras, p'), where p’ is of the form Ind%(@iStGLni (),
with e; being either the trivial character or the unramified quadratic character. Notably,
we have a clear understanding of how the intertwining operator acts on Jacquet modules

of p' (see [52]). In particular, we establish Proposition D and Theorem C.

Proposition D. (See Proposition 3.53.2) We have

TIIG(C@cgbnozsa P) = Tr9(096¢na57 PSt Z p’Tr9 C@c¢no¢sa 1Y )

p'ECY.p'<p
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where

e psi is of the form Ind%(@iStGLni (1)), where g; is either the trivial character or the

unramified quadratic character (note that psy is a representation of 0-type).

o N,  €Z and it depends on p, p' and an intertwining operator which we introduced
later in the proof (which is constructed from p).

o C’g is the set consisting of 8-stable representation p’ of GL,(F,) such that p' < p,
where < is a certain partial ordering in Ring of Zelevinsky as defined at the end of
§3.2 (which is introduced in [71]]).

Note that the minimal element in C} is of the form Indg(@)iStGLni (¢:)), where ¢; is
either the trivial character or the unramified quadratic character, by repeatedly applying
Proposition D, we have:

Theorem C. (See Theorem 3.3.1) The twisted trace

Tr9(090¢na57 P) - Z Mn,p'Tfe(Cecfna&P,)

0
p'ecCy

for some M, y € Z, where p' is of the form Ind%(@iStGLni (¢i)), such that €; is either the

trivial character or the unramified quadratic character.

Now let 7 be a representation of GL,,(F},) of the form Ind,@(@iStGLni (£;)), such that ¢;
is either the trivial character or the unramified quadratic character. Applying a twisted
version of Clozel’ formula (see Proposition 2.2.3, which is introduced in p263 of [0]), we
have )

Tro(Cocnas: ™) = > eqaTr(XO, mu(657) Ag). (4.1)

QeP?,Q=LU
where m +— 7y (resp. 7 — Jy(m)) is the Jacquet module (resp. normalized Jacquet
module) as defined at the beginning of §2, and ¢, )QBUQS%%)S as introduced after Theorem
A. By choosing an explicit intertwining operator on 7 (denoted by 6, as introduced in
§5.1), we have an explicit description of the action of Ay on my, where 7y is computed

using Bernstein-Zelevinsky filtration (see VI1.5.2 of [56]). More precisely, we have

Proposition E. (See Proposition 5.1.3) In R, we have

Jo(nd§(@Ster,, (=) = @ Wdkn,-1.p(w o Jugo(@iStar,, (=)

weGP’QCSn

where Gpg C Sy, is the set of minimal length representatives of Sp \ S,/Sq

The induced intertwining operator Agy acts on

B  md, 1 pwo Jugru(@iStar, (£:))

'lUGGP’QCSn

69



CHAPTER 4. AN AUTOMORPHIC DESCRIPTION OF THE ZETA FUNCTION
OF THE BASIC STRATUM OF CERTAIN KOTTWITZ VARIETIES (p INERT)

as follows: the intertwining operator Ay maps

Indz,-1.p(w © Jugn (®iSter,, (<))

onto
Indém(wf?)—l.P(we o Juo.gnu (®iStar,, (€:)))

0

where w’ is the minimal length representative of Spf(w)Sg, and 6(w) is defined to be

A wA, (recall that A, is the anti-diagonal matriz with entries 1).

Note that )Z?}(b%?g is an unramified and Ind} -1 p(woJy.on m(®iStar,, (i) is ramified
unless w - Q) N M is a Borel subgroup. By applying (1) and Proposition E, we have

Tro(RG 2 T (0g°) Ae) = Tr(XGOL,, €D Indfny-1p(w o Jugru(@iStar,, (€:)) As)

wGGp,QCSn

= Y TR0 ndfy1.p(w 0 Jugau (@iStar,, (€1)))

weGY, ,CSp

(4.2)

where G%, C S, is defined to be {w € Gpo C S, : W’ = w,wSy N Sp = {ids, }}.

Let (¢'=,...,¢'~") denote the Hecke matrix (see Definition 2.7.1) of Jy,(®;Star, (i) =
1

®i(03, (€:)). For w € G% g, which equals

‘4,

1—nq 3—nq ny—1 1—ng 3—ng np—1
2 2 2 2

such that (nq,...ny) is the partition of n corresponding to the parabolic subgroup P, and

C;

q° = €i(q), we have:

1
Trg(X7dfys ALy 1.p (w0 © Jugrnr (RiSta,, (61)))) = Tro(RGokes, Indyy, (w o (€:63, )

1
= Tro(Xpdhan: w o (R:05, (1)) = cQuS(Xpdhar) (gm0, ..., g'mim)
(4.3)

where g, = 1 depends on @ and w (see Proposition 2.2.2), and we have the second
equality because of a twisted version of van Dijk’s formula (see Proposition 2.2.4).
Finally, by applying Corollary A, Proposition C, Theorem A and (1), (2), (3), we

obtain Theorem A.

1.4 Structure of the chapter

In §2 we carry out the necessary local computations at p: In §2.1, we introduce compact
elements and compact traces. In §2.2 we study truncated twisted traces. In §2.3, we
introduce quasi-split unitary groups associated to a quadratic field extension of p-adic

fields, and we give explicit descriptions of unramified Hecke algebras associated to them.
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Then in §2.4-§2.6, we introduce and study the Kottwitz functions f,as, ®nas, Pnas and
certain truncated Kottwitz functions Cgc(gb%)s), W (P, where P is a 6-stable parabolic
subgroup of GL,,. In §2.7, we study the twisted traces of Cy.¢,as against certain induced
representations, and the proposition we obtain (Proposition 2.7.1) will be crucial in re-
ducing the computation of twisted traces of Cy.¢nas against representations of f-type to
the computation of twisted traces of Cy.¢nas against induced representations of Steinberg

representations (see Theorem 3.3.1).

In §3 we study twisted traces of Cy.¢,4s against representations of 6-type: In §3.1, we
introduce semi-stable rigid representations, which are local components of discrete auto-
morphic representations of general linear groups, and representations of f-type, which are
certain f-stable semi-stable rigid representations. In §3.2 we define ring of Zelevinsky and
Zelevinsky’s segments construction (as introduced in [71]), and we collect some important
facts about them. In §3.3, we reduce the computation of twisted traces of Cy.¢nqs against
representations of f-type to the computation of twisted traces of Cy.¢,qs against induced
representations of Steinberg representations (See Theorem 3.3.1). Note that Theorem

3.3.1 is crucial for establishing Proposition 4.3.1.

In §4, we use the Langlands-Kottwitz method and base change to study the Frobenius-
Hecke trace of the ¢f-adic cohomology of the basic stratum: We introduce Kottwitz varieties
and functions of Kottwitz in §4.1. Then in §4.2, we express the Frobenius-Hecke trace of
the f-adic cohomology of the basic stratum in terms of traces of automorphic representa-
tions of certain unitary group associated to division algebra (see Proposition 4.2.1), and
further we express the number of points of the basic stratum in terms of twisted traces
of automorphic representations of general linear groups (see Corollary 4.2.2), and then
in terms of twisted traces of Cy.¢,0s against certain induced representations of Steinberg

representations of general linear groups (see Proposition 4.3.1).

In §5, we compute twisted traces of Cy.0n.s against certain induced representations
of Steinberg representations (of general linear groups): In §5.1, we provide explicit de-
scriptions of intertwining operators on certain induced representations of Steinberg repre-
sentations, and we provide explicit descriptions of the induced intertwining operators on
their Jacquet modules (see Proposition 5.1.3). Then in §5.2, we compute twisted traces of
CoePnas against certain induced representations of Steinberg representations (see Proposi-
tion 5.2.1), using a twisted version of Clozel’s formula (see Proposition 2.2.3), Proposition
5.1.3, and a twisted version of van Dijk’s formula (see Proposition 2.2.4). Then we obtain
a point-counting formula for the basic stratum of Kottwitz varieties (see Theorem 5.2.1).
In §5.3, we give a combinatorial interpretation of certain double cosets (which appear in
Theorem 5.2.1) of symmetric groups in terms of Young tableau, which allows us to develop
a a more efficient algorithm to compute point-counting formulas for the basic stratum of

Kottwitz varieties.
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2 Local computations

In this section, we compute the twisted compact traces of the functions of Kottwitz (which
is introduced in §2.1 in [25], for which we also give the definition in §4.1) against certain
representations of the general linear group which occur in the pointing counting of the
basic stratum of some compact unitary Shimura varieties.

Given an algebraic torus T over a field F', we use X*(7T) (resp. X,(T)) to denote the
set of rational characters (resp. the set of rational cocharacters). We regard X.(7T) as
Homy (X™*(T),Z) via pairing X.(T) x X*(T) - Hom(G,,,G,,) = Z defined by («, 8) —
Boa.

Now let G be a quasi-split reductive group over a p-adic field F' with a chosen Borel
subgroup F, and a chosen Levi decomposition Py = MyNy. If P = M N C G is a standard
parabolic subgroup, then we define the modular character ¢ p(m) to be |det(m, n)|, where
m € M(F) and n is the Lie algebra of N (we also use dp to denote d¢ p if there is no
ambiguity). The induction Ind$ is normalized parabolic induction (which sends unitarty
representations to unitary representations, as defined in §VI.1.2 in [56], note that dp(m)
is defined to be |det(m,n)|~! in [56]). The Jacquet module 7y of a smooth representation
7 is not normalized, it is the space of coinvariants for the unipotent SL}bgroup N C G.

We use Jy(7) to denote the normalized Jaquet module, which is 7y (0,52).

2.1 Compact traces

Let F be a p-adic field, let G be an unramified smooth reductive group GG, and we choose a
flat model G over O and write K = G(Or). Let mp be a uniformizer of Op, and let F be
an algebraic closure of F. We normalize the p-adic norm on F so that |p| = p~¢ad(Or/(xr)
(the convention as in pp.491-492 [34]) and we normalize the Haar measure on G(F') so that
p(K) = 1. We choose a Borel subgroup P, of G and standardize the parabolic subgroups
of G with respect to F,. Let P be the set of standard parabolic subgroups containing F,.
We write Py = MyN, such that M, is the Levi part and Ny is the unipotent part, and let
W(G, My) = Ng(My)/My denote the Weyl group.

We have a Borel subgroup Py C G such that Py(F) = Py(F). Let I C G(Op) be
the group of elements g € G(Op) that reduce to an element of the group Py(Op/7F)
modulo mp. The group [ is called the standard Iwahori subgroup of G(F). A smooth
representation 7 of G is called semi-stable if it has a non-zero invariant vector under the

subgroup I of G(F).

Definition 2.1.1. Let g be an element of G(F'), we use g to denote the image of g in
G(F) and we use go, to denote the semisimple part of G. Then g is called compact if for

some (any) mazimal torus T in G(F) containing g, the absolute value |a(gsm)| is equal

to 1 for all roots av of T in Lie(G(F)).

Remark 2.1.1. If G = GL, (n € Z~y), then g € G(F) is compact if and only if the
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norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F') are

compact.

Let C&) be the characteristic function of G (F) of the set of compact elements G. C G
(we also use C. to denote CEY if there were no ambiguities). The subset G, C G is stable
under stable conjugation by definition. We also have that G. C G is closed and open:
Because C.. equals ®~1(T), where I' C C(G, P,) is a discrete subspace of the positive Weyl
chamber C(G, ) associated with G and Py, and ® : G(F) — C(G, ) is the continues
function constructed in p5 of [36] before Proposition 1.1 (note that ® is the composition
of the Steinberg map from G(F) C G(F) to My(F)/W (G, My)(F), as defined in 6.10 of
[61], and the Harish-Chandra map from My(F') to Homz(X* (M, 7),R) as defined in p493
of [34], modulo the Weyl group My(F)/W (G, My)(F)).

Remark 2.1.2. Let M be a Levi subgroup of G and let g be an element of M(F) C G(F).
Note that the condition that g is compact for the group M(F) is not equivalent to the
condition that g is compact for the group G(F).

Let f be a locally constant, compactly supported function on G(F') and let (7, V)
be a smooth admissible representation of G(F'). For v € V, we define fG(F) flg)m(g)vdg
as follows: Let L C G(F) be a compact open subgroup such that the locally constant
function from G(F') to V defined by g — f(g)m(g)vdg is right L-invariant, then we define
fG(F) f(g)m(g)vdg to be u(L) > cqimyr f(g)m(g)v (this is independent of the choice of
L). We suppose that f is L'-bi-invariant for some compact open subgroup L' C G(F),
we define Tr(f, 7) to be Tr(v — fG(F) f(9)m(g)vdg)|w where W C V satisfies that V' C
W C V and that W is finite dimensional (this is independent of the choice of W and L').

We define f to be the conjugation average of f under the maximal compact subgroup
K of G(F): More precisely, for all elements g in G, the value f(g) equals [, f(kgk™")dk
where the Haar measure is normalized so that K has volume 1 (then f = f if f is spherical
with respect to K). We use H(G(F)) to denote the Hecke algebra of locally constant,
compactly supported functions on G(F ) Where the product on H(G(F)) is the convolution
integral defined by f; * fG h) fo(gh~')dg with respect to the Haar measure
which gives the group K measure 1. When L is a compact open subgroup of G(F), we
use H(G(F')//L) to denote the Hecke algebra of locally constant, compactly supported
functions on G(F') which are bi-invariant under the action of L. Let H" (G(F)) denote
H(G(F)//K), elements of H(G(F)//K) are called unramified Hecke operators.

Let P = MN € P and let f € H(G(F)), we define the constant terms f() by
fP (m) = }%;, ) [y(r) f(mn)dn, note that the constant terms f ) is injective [[22],
§5].

We write Py = TU where T' C P, is a maximal torus of GG, let S C T be a maximal

split torus, and we write d for the dimension of S. We use

Sq: H(G(F)//K) = H(T(F)//T(F)NK) = H(S(F)//S(F)NK) = C[X{, ..., X7
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to denote the Satake transform, where H(G(F)//K) — H(T(F)//T(F) N K) is defined
to be f — fU) the isomorphism H(T(F)//T(F)NK) = H(S(F)//S(F)N K) is given
by f = flsa and H(S(F)//S(F)N K) = CIX{, ..., X;"] as described in 2.2 of [49].
Note that Sg has image in H(T(F)//T(F) N K)W(EDE) swhere W (G, T) = Ng(T)/T is
the Weyl group and Ng(T') is the normalizer of T in G.

Definition 2.1.2. Let f be an element of H(G(F')). And let (w,V') be a smooth, admis-
sible representation of G. The compact trace of f on the representation w (denoted by
Tr.(f, 7)) is defined to be Tr(v — fG(F) C’CG(F)f(g)W(g)vdg), where CE) f is the point-wise
product of ") and f.

We choose a Levi decomposition Fy = MyN, where M, is a maximal torus. Let
P = MN be a standard parabolic subgroup of GG, and let A,; be the split centre of M
(i.e., the maximal split torus in the centre of M), we write ep = (—1)4mAn/4e)  Let
A C X*(Apg) be the set of roots associated to Apy,. We define ap to be X, (Ay)r and
define a% to be the quotient of ap by ag.

We define Ap C A to be the set of roots which act non-trivially on A,;, and we regard
Ap as a subset of X*(A),) through the natural inclusion X*(Ay;) C X*(Ayp). We write
ap = ap, and aOG = a,G;IO. For each root o in Ap C A, we have a coroot o in ap defined
by a¥(B) = % for 8 € X*(Ap) (with the pairing defined at the beginning of §2).

For a € Ap, we still use ¥ to denote the image of ¥ € ap in a$ via the surjection
ap — a%. The set {aV]sg : @ € Ap} form a basis of the vector space a&. The set of
fundamental weights {w% € (a§)"|a € Ap} is the basis of (a8)* = Hom(a%,R) dual to
the basis {a"],g : @ € Ap} of coroots. We let 75 be the characteristic function of the

acute Weyl chamber,
(a$)* = {z € a§|Va € Ap, (o, x) > 0}.

Let 75 be the characteristic function of a§ of the obtuse Weyl chamber,
(a8) = {z € a§|Va € Ap, (WY, z) > 0}.

The Harish-Chandra map H,; of M is defined to be unique map from M to ap =
Homgz(X*(M),R) such that g~-Hmm) = |y (m)]|, for all elements m of M and rational
characters x in X*(M). Let xg.n be the composition 75 o (ap —» a%) o Hyy, and let xo.n
to be the composition %Ig o(ap —» aIGJ) o Hy; . Note that the functions x¢ n and yg n are
locally constant and K y-invariant, where K, = G(Or) N M(F'). We also use yy or Xy

to denote xg n and Y if there is no ambiguity.

Lemma 2.1.1. Let P = MN be a standard parabolic subgroup of G(F'). Let m be an

element of M. Then we have:

~

e xn(m) =1 if and only if for all roots a in the set Ap we have |w,(m)| < 1,
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o xn(m) =1 if and only if for all roots cv in the set Ap we have |a(m)| < 1.

For f € H(G(F)), we use f) € H(P(F)) to denote the constant term of f with
respect to P, which defined by f)(m) = 6p(m fN(F mmn)dn for m € M(F'). Note
that f — f) induces an injective morphism from H(G(F)//K) to H(M(F)//KNM (F))
(see Theorem 2.4 of [49]). And we have the following proposition:

Proposition 2.1.1. Let m be an admissible representation of G(F) of finite length, then

we have Tr(C.f,m) = > €pTI'()A(Nf_(P),7TN<5;%)).
PEP,P=MN

Proof. See p259 of [6]. O

Proposition 2.1.2. Let ™ be a smooth admissible representation of G such that the trace
Tr(CE) £, ) does not vanish for some unramified Hecke operator f € H*™ (G(F)). Then

7 18 semi-stable.

Proof. See p494 of [34].

2.2 Twisted traces

Let F be a p-adic field. Let G be an unramified connected reductive group over F' with an
automorphism € of order 2. Let G be a flat model of G over Op, and we define K = G(Op).
We fix a Haar measure p on G(F') so that u(K) = 1. Let Fy be a Borel subgroup, and
let T' be a maximal split torus of G contained in Fy. We suppose that 0 fixes (T, B) and

we standardize parabolic subgroups of G with respect to F,.

Definition 2.2.1. Let (7, V') be a smooth admissible representation of G(F'). We say that
(m, V') is B-stable if there exists a non-zero Ag € Endc (V) such that for all g € G(F) we
have m(g) o Ag = Agom(6(g)), such Ag is then unique up to scalar and such Ay is said to

be an intertwining operator of (w,V') (Note that Ag is an isomorphism from (w06, V) to
(m, V).

Remark 2.2.1. Note that 7(g) o Ay = Ay o w(0(g)) implies that w(6(g)) o Ay = Ay o
7(0(0(g)) = Agom(g) for all g € G(F), and therefore Ay is also an isomorphism from
(m, V) to (mo@,V). Then Ago Ag : (m,V) = (m08,V) — (7, V) is an automorphism of
(m, V). When 7 is irreducible, then by Schur’s Lemma (see 111.1.8 of [56]]), we have that
Ag o Ay is multiplication by some X € C*. We say that Ay € Endc (V) is normalised if
Ag o Ay is the identity.

Let f be a locally constant, compactly supported function on G(F'), and let (7, V') be a
f-stable smooth admissible representation of G(F'). For v € V', we define fG(F) flg)m(g)vAedg
as follows: Let L C G(F') be a compact open subgroup such that the locally constant
function from G( ) to V defined by g — f(g)7m(g)Agvdg is right L-invariant, then we
define fG )7(g)Agvdg to be u(L) - cqmy f(9)m(g)Agv (this is independent of the
choice of L)
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Definition 2.2.2. Let (m,V) be a smooth admissible representation of G(F) with an
intertwining operator Ay € Endc(V). Let f € H(G(F)), we suppose that f is L'-bi-
invariant for some compact open subgroup L' C G(F), we define Tr(f,mAg) to be Tr(v —
fG(F)f(g)W(g) o Agvdg)|w, where W C V satisfies that VY C W C V and W is finite
dimensional (this is independent of the choice of W and L’).

Lemma 2.2.1. Let my,m be two isomorphic admissible representations (not necessarily

irreducible). Let Ay : (my00,V1) — (w1, V1) be a normalized intertwining operator and let

I:(m, Vi) = (ma, V2) be a isomorphism. Then for an arbitrary f € H(G(F)), we have
Tr(f, mAg) = Tr(f, mol Agl1).

Proof. For an arbitrary v € V5 and for an arbitrary g € G(F), we have my(g)[Agl v =
Im(g)Apl ~*v. Then we have

Tr(f, mol AgI ") = Tr(v f(g)ma(g)IAgI tvdg)
G(F)

= Tr((v — u(L) Z F(9)ma(g) T Al v)|w ),
gEG(F)/L

where L' C G(F) is a compact open subgroup such that f is L’-bi-invariant, the space
W C V, satisfies that V¥ ¢ W C V, and W is finite dimensional, and L C G(F) is a
compact open subgroup such that the locally constant function from G(F') to V5 defined
by g — f(g)m(g)IAgI 'vdyg is right L-invariant (see Definition 2.2.2). Also note that

S H@m@) AT o =p(L) Y Flo)Im(g) Aol M

geG(F)/L g€G(F)/L

) Y flgmlg) AT,

gEG(F /L

and that the linear operator given by

) D flomlg)de  TW » ITT'W
gEG (F)/L

and

Z fm VAN LW = W

geG(F

have the same traces, then we have

Te((v e u(L) Y fg)ma(g) Al "v)w)

geG(F)/L

=Te((v > I((L) > flg)mi(g)Ael " )o)|w)

geG(F)/L
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=Tr((v = (L) Y f9)mi(9)Aet)iw) (where o € I7'W)
$eGI)/L

= Tr(v — /G(F) f(g)mi(g)Agv'dg) = Tr(f, 1 Ag).
0

We fix the notations above, further we let 71, w5 be irreducible and let By : (w900, V3) —

(72, V3) be a normalized intertwining operator, then we have the following:
Corollary 2.2.1. Tr(f, meBg) = £Tr(f, m Ap).

Proof. Firstly, we have Tr(f,m Ag) = Tr(f, mI Al ') from the above lemma. Note that
TApI~! o By is an isomorphism of irreducible admissible representation 7, by Schur’s
Lemma (see IT1.1.8 of [56]), we have that TAgl ! o By is multiplication by some A € C*.

We assume v € W. Also note that both Ay and By are normalized, then we have
AN =TAgl ' oTAgl toByoBy= Q(Ag o Ag)]il oBpo By =1.

Thus A = +1, and the corollary follows.
O

Remark 2.2.2. The above corollary shows that twisted traces of irreducible representa-

tions up to £1 is well defined up to isomorphism.

Let P = MN C G be a parabolic subgroup and let m be an admissible representation
of M(F), then we have that Ind§,(r) o 6 = Indg;( (0 0) with isomorphism given by
f foffor feInd§(r)ob.

We assume that M is f-stable and let m be a #-stable representation M (F') with an
intertwining operator Ag : (70 0,V) — (m,V), then Ind$,(r) is also f-stable, with an
intertwining operator Ind§;(m) 0 @ — Ind$, (7 0 §) — Ind$,(7) (also denoted by Ay ) given
by f+ fol— Ag(f o0) where Ay(f o 0) is defined by Ay(f 0 0)(g) = Ag(f 0 0(g)).

Remark 2.2.3. Note that twisted traces (with normalized intertwining operators) of an
wrreducible representation are unique up to =1 modulo different normalized intertwining
operators, we also use Tro(f,m) to denote Tr(f,mAg) when the intertwining operator is

not specified.

Let P denote the set of standard parabolic subgroups of G, and let P? denote the
subset of P consisting of P € P which is invariant under 0. For g € G(F’), we say that g
is f-compact if gf(g) is compact, let Gy. C G(F') denote the subset of f-compact elements.

We use C'QG;(F) to denote the characteristic function of the set of #-compact elements
of G(F). We also use Cp. to denote C’(i(F) it there are no ambiguities. The subset
Gp. C G(F) is open and closed: Because Gy, equals my ' (G.), where my : G(F) — G(F)
is the continuous map defined by g — ¢f0(g) for g € G(F), and G. C G(F) is the set of

compact elements, which is open and closed.
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Definition 2.2.3. If P = MN € P, then we define a% to be the subspace of O-invariants

of ap. We use a% to denote the dimension of a%, and we use epg to denote (—1)“?3_“%.
Recall that we define 75 and 75 in §2.1 after Definition 2.1.2. We define the function

X%N to be the composition 7S o (ap —» a$) o (Hy + 60 o Hyr), and we define the function

X&.n to be the composition 75 o (ap — ap) (Hy + 600 Hy).
We also use X% (or X% ) to denote x& y (or X% n) if there is no ambiguity.

Lemma 2.2.2. Let P = MN be a 0-stable standard parabolic subgroup of G. Let m be

an element of M. Then we have:

e & (m) =1 if and only if for all roots o in the set Ap we have |wy(mB(m))| < 1,

o X% (m) = 1 if and only if for all roots  in the set Ap we have a(mf(m))| < 1
(Recall that we define w,, in §2.1 after Definition 2.1.2).

Proposition 2.2.1. Let K be a hyperspecial subgroup of G(Q,). Let (m,V') be a ramified
admissible 6-stable representation of G(Q,) (i.e., VX = {0}) with an intertwining operator
Ay. Let f be an element in H™ (G(Qy)), then we have Tr(f, mAg) = 0.

Proof. Note that f is K-bi-invariant, by Definition 2.2.2, then we have
Tr(f, mAg) = Tr(v — / flg)m(g)Apvdg)|yx = 0.
G(F)

]

Proposition 2.2.2. Let (m,V, Ay) be a 6 -stable irreducible unramified representation of
G(F) such that Ay is normalized. Let K C G(F) be a hyperspecial subgroup, and we
assume that (K) = K. We write VX = Cu, then we have:

1. Agv = cv for some c € C*,
2. For an arbitrary f € H(G(F)), we have Tr(f,7) = £Tr(f, wAp).

Proof. The proof of (1): For every k € K, we have that w(k)Agv = Agm(0(k))v = Agv
(here we use the assumption that §(K) = K). Thus Agv € 7% and we have Agv = cv for
some c € C*.

The proof of (2): We write Agv = cv where ¢ € C*, then we have v = Ag(Apv) =
Agcv = c*v, and therefore ¢ = +1. The twisted trace Tr(f, mAy) is

Tr(v — flg)m(g)Agv)|yx = Tr( v»—>/ flg)m(g)ev)|yx

G(F)

—cTrw/ F@)n(glvs = +Te(w s [ Fl)n(g)o)ls,

G(F)

then we have (2).
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Now let E/F be an unramified extension of degree 2, in the following, let 6 be the
involution of G(FE) arising from the non-trivial element of Gal(E/F') (therefore 0(K) =
K). Then we have the following twisted version of Clozel’s formula for compact traces
(p263 of [6] and see §2.1 in [52] for the proof).

Proposition 2.2.3. Let w be a 0-stable (with an intertwining operator Ag), admissible

representation of G(F') of finite length, then we have

Tr(Coof. mAg) = Y epgTr(RAF v (652) Ap),

PeP9 P=MN

where 1
FPM(m) = 53 (m) / FUemnO(k=))dkdn
NxK

form € M(F) and epg as defined in Definition 2.2.3.
Let Stg(g) denote the Steinberg representation of G(E) (see [57]), then we have:

Corollary 2.2.2. Let f € H*""(G(E)) be a spherical Hecke operator, then we have
Tr(Coef, StaimAg) = Tr(X, U, 1(53,) Ay).

Proof. (cf. Proposition 6 in [34]): We have
FP () = 3(m) [ f(nnd ) dkdn = 53(m) [ f(mn)an = 7 om)
NxK N

because f is spherical and we normalize the Haar measure on G(F') so that u(K) = 1.

By applying Proposition 2.2.3, we obtain

Tr(Cy.of, StarmyAo) = Z epaTr (XN F ), (Staim)) w(0p2) Ag)

PeP9 P=MN

The Jacquet module (Stg(g))n equals Sty (dp)(Proposition 2 of [57]). If the parabolic
subgroup P = M N C G is not the Borel subgroup Py = MyN,y, we have

Tr(R% 7, (Stam) v (6p2)Ag) = Tr(X £, St (62) Ag) = 0

1
because Sty(x)(02) is ramified and the function X% f (P) is spherical. The Jacquet module

(Ste(e)) N, is equal to 1(0p,), then the corollary follows. O

We define G = G(E) x (). Let m be a 6-stable representation of G(E) with an
intertwining operator Ay, we define 7 to be a representation of G(E) given by 7(g,1) =
7(g) and 7(g,0) = m(g)Ag. Let f be an element of H(G(E)), we define f € H(G) by
f(g,1) =0and f(g,0) = f(g). Then we have Tr(f,7Is) = Tr(f, 7). We fix a hyperspecial
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subgroup K C G(E), we define fX € H(G(E)) by fo£(g) = [ f(kg0(k~"))dk (The
Haar measure is normalized so that K has volume 1).

Proposition 2.2.4. Let S be an open and closed subset of G(E) which is invariant under
0-conjugation by G(E) (we normalize the Haar measure on G(E) so that Q0 has volume
1). Let P = MN be a 0-stable standard parabolic subgroup of G (we normalize the Haar
measure on M(E) so that QN M (E) has volume 1). Let w be an admissible representation
of M(E) of finite length, and let Ay is an intertwining operator of w. Note that Ag
induces an intertwining operator of Indg(w), which we also denote by Ag. Then for all f
in H(G(E)), we have

Tree) (xaf, Ind%(m) Ag) = Trare) (xa((f*5))), mAg) = Trare) (xaf ")), 7Ay).

In particular, if f € H™ (G(F)), then we have

Troe) (xaf, ndS (1) Ag) = Trare (xaf D, mAs) = Trare ((xaf) T, 7Ap).

Proof. (cf. Proposition 3 in [34]). By Theorem 5.9.2 of [43] (p107) we have

0K
Tra) (xaf, 7A) = Traey ((xaf ), pAy).

we first prove that the functions yo((f%)") and (xof% )" in H(M(F)) have the
same twisted orbital integrals. Note that € is invariant under #-conjugation by G(E), we

have

—0,K

ol () = /K xa(kgB (k™)) f(kgb (k™)) dk = /K ya(g) f(kgb(E))dk = xo " (g).

Applying Proposition 7.2.2 in Part I of [43], for v € QN M(E), we have

TOYP((xaf*")®) = TOY P (xaf ™)) = Do) TOFP (xa).

where D¢ /p(7y) is a certain Jacobian factor defined in §7.2, Part I of [43]), and for v ¢
QN M(E) we have Toy(E)((XQf(”K)(P)) = 0.

For v € M(FE), we have TO{YM(E)(XQ((]C_G’K)(P))) equals TOQ/[(E)((]@’K)(P)) if v € Q and
equals 0 if v & Q. Applying Proposition 7.2.2 in Part I of [43] again, for v € QN M(E)

we have
TOY ) (xa((f*%))) = TOYP((f*")7)) = D (7)TOS™ (f) = Daynt () TOS™ (xa f)

and TOf,M(E)(XQ((fG’K)(P))) =0if v € QN M(FE). Thus the twisted orbital integrals of
the functions xo((f%%)®)) and (xqf*%)") agree.

By a twisted version of Weyl’s integration formula for the group M (E) (Corollary
7.3.8 of [43]), we know that for h € H(M(E)), the twisted trace Tr(h,mAg) only de-
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pends on the Harish-Chardra character ©,4, and Toy E)(h) (for v € M(E)). Therefore
Trarcey (xa(F9) D), 749) = Trargsy(xaf™ )P, w4g) = Tram((xaf ) ®, pAg) =
Tram) (xaf, TAp).

[

2.3 Some unitary groups

Let E/F be a quadratic field extension where F' is a p-adic field, a number field or R.
Let o be the nontrivial element of Gal(E/F'), and we write g = o(g) for g € E. In the
following, we introduce some unitary groups and their parabolic subgroups following §2.2
of [50].

For an arbitrary a € E, we also write @ = o(a). For n € Z+y and s € Z~( with s < n,

let
1 0

I, = € GL,(F)
0 1

be the diagonal matrix with entries 1, and let

0 1
A, = € GL,(F)
1 0

I
v € GL,(F).
0 _In—s

Let GU(sn—s),r/r denote the algebraic group over F', whose A-points are given by

be the anti-diagonal matrix with entries 1. Write I, ,_s = (

GU(s,n—s),E/F<A) = {g € GLn(A ®F E) : g*Is,nfsg = C(g)a C(g) € AX}

where g* denote the conjugate transpose and A is an F-algebra. Let GU,, g/r denote the

algebraic group over F, whose A-points are given by
GUpe/r(A) ={g9 € GLo(A®p E) : g"Ang = c(g), c(g) € A*}

where g* denote the conjugate transpose and A is an F-algebra. We define GUy g/r to
be G,, and we define ¢ : GUyg/r — G, to be idg,,. In the following, let E//F be an

unramified quadratic field entension of p-adic fields.

A maximal torus of GU, g/ is the diagonal torus T;, g/r which is defined to be

{diag(A\, Mg, -+, M) 2 A, Aas o A € ResG (G ), MAn = MoAno1 = .. = At € Gy}

81



CHAPTER 4. AN AUTOMORPHIC DESCRIPTION OF THE ZETA FUNCTION
OF THE BASIC STRATUM OF CERTAIN KOTTWITZ VARIETIES (p INERT)

The maximal split torus in Ty 1 g/F is

(

A -0 0 0 0
0 0 0 O 0
0 M, 00 0
Sokt1,B/F = 0 0 A 0 0
0 0 0 M\ 0
0 0O 0 O 0
\ 0 0O 0 O A
And the maximal split torus of 15 g/ is
(AN - 0 0 0
0 0 0 0
0 M 0 0
S. = t A A,
2%,E/F 0 0 A 0 1
0 0 0 .0
L\ 0 0 0 - A

A Borel subgroup of GU,, g/r containing T}, g/r is

By g/r =B, NGU, g/F

I/\,)\l,...,)\keGm

...,)\kEGm

where B,, C Resg(GLn) is the subgroup of upper triangular matrices.

We write k, = |2]. All standard parabolic subgroups of GU, g/r (With respect to

2
P, ) are of the form

ResZ(GL,,)

Resi(GL,,)

GUn—2r,E/F
Resk(GL,,)

Resi(GL,,)

Where r =1 + ... + 1, < k,. Write J = {ry,...,r,}, we use P, ; to denote the above
parabolic subgroup of GU, g/r. Let N, ; denote the unipotent radical of P, ;, and let

M, ; denote the Levi subgroup corresponding to P, ;. Note that there is an isomorphism

fr: M,y — Resp(GLy,) x ... x Resp(GL,,) x GUg/p(n — 2r)
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given by

diag(gla -5 9k, 9, hk7 R hl) = (C(g_l)gla B 70(9)_191679)'

We multiply by a similitude factor here, following the conventions in §2.2 of [50)].

We give an explicit description of the unramifed Hecke algebra H"™ (G L, (F)) and
H" (GUpg/r(F)):

Let B, = TU be a Borel subgroup of GL, consisting of upper triangular matrices
where T is the diagonal torus. The unramifed Hecke algebra H" (G L, (FE)) is isomorphic
to CIY/ ™, ..., Y F S5 — C[Y™,... V] = H"(T(E)) such that Y}, corresponds to
the characteristic function of T'(Og)a,T(Og), where a, = diag(ax,;) € T(E) such that
arr = 7p and ay; = 1 if i # k. And the action of o € S,, on C[XF, ..., X!] is given by
0X; = Xo). When n = 1, we also write H"™ (E*) = C[Y]*!, such that Y corresponds
to the characteristic function of 75Oj;.

Let B, g/r be a Borel subgroup of GU, g/r as defined in this section. We take a
maximal torus T}, g/r C GU, g/r and a maximal split torus S, g/r C T}, g/r as defined

in this section. The unramifed Hecke algebra H"™ (GU,, g/r(F)) is isomorphic to
CIXH, XL XE B o (X XE X 2 WO (T e (F)) 2 H™ (S e (F))

with H (T, p/r(F)) = H™ (Sne/r(F)) given by f > fls, , p(r) for f € (T p/r(F))
(see 2.4 of [49]), and where:

e X, corresponds to the characteristic function of S, g/ p(Op)a;Sy £/r(OF) where a; =
diag(a;;) € Spp/p(F), such that a;y = ajpny1— = 7p and a;; = 1 if 4 # [ and
itn+1—1.

e X corresponds to the characteristic function of S, g/r(Or)a;Sn £/r(OF) where a; =
diag(a;) € Sn,p/r(F) such that

a;; = 7 for all i when n is odd

ag =7pif 1 <i < Z,a; =1if § <@ <n when n is even

o € Sy acts by permutation on (v, ..., q) € {£1}*.

e 0 € 5y acts by permutation on Xi,..., X and acts trivially on X.
o (ay,...,ap) € {1} Factsby (aq,...,0p)X; = XM and (ag,...,a) X =X [ X,
i:ai:—l
see 4.2 of [50)].
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2.4 The Kottwitz functions f,.s, ¢nas and ;s

In this section, we introduce the Kottwitz functions f,.s and ¢,.s which play an important
role in point-counting of Shimura varieties.

Let n € Z>o be a non-negative integer. A composition of n is an element (n;) € Z’gl
for some k € Z>; such that n = Zle n;. We write £((n;)) for k and we refer to ¢((n;)) as
the length of the composition. Let F,, = M, Ny, C GL,, be a Borel subgroup consisting
of upper triangular matrices. The set of compositions (n;) of n is in bijection with the set
of standard parabolic subgroups of GL,, (with respect to Fp,): A composition (n;) of n

corresponds to the standard parabolic subgroup

P(n;) := € GL, :g; € GL,,
0 Gk

An extended composition of n is an element (n;) € Z%, for some k € Zx; such that
n= Z?:l T

In the following, let E/F be a quadratic extension of p-adic fields, we assume that
Og/(rg) : Op/(nr)] = 2 where mp (resp. 7g) is a uniformizer of Op (resp. Og). We
write ¢ = |Op/(7Fr)|. Let o be the nontrivial element of Gal(E/F). We assume that 7p

is a uniformizer in E, and we normalize the p-adic norm on FE so that |7pz| = ¢~

Definition 2.4.1. Recall that we define X;,Y;,Y at the end of §2.3. We define ¢pas €
H™(GL,(F)) (where n,a, s € Zy and s < n) to be the unramified Hecke operator whose

Satake transform is given by

qas(n—s) Z (Yl)a

where Y :=T],., ;.
We define onas € H™ (E* X GL,(FE)) (where n,a,s € Zsg and s < n) to be the
unramified Hecke operator whose Satake transform is given by Y ® ¢pas-
We define
X=X,

. if mois even and i > [n/2]
X, =X, ' if nis odd and i > [n/2] + 1

X, =1ifnis odd and i =[n/2] + 1

And we define fras € H™ (GUy p/r(F)) to be the unramified Hecke operator whose Satake
transform is given by
qas(n—s)Xa Z (Xl)a

1C{1,2,...n}
[I|=s
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where X' :=T]..; Xi.
Proposition 2.4.1. The spherical Hecke functions fras € H™ (GUy p/p(F')) and pnas €

H"™ (GL,(F)) are associated in the sense of base change (i.e., the functions fuas and pnas
have matching orbital integral, as defined in p239 of [27]).

Proof. See §4.1 and §4.2 of [50]. O
Example 2.4.1. The function fna1 € H™ (GU, g/r) is the unramified Hecke operator

whose Satake transform is given by

(X2 4+ X,7Y) if nis even
(X2 + X7 +1) if nis odd

[y

q(n—l)aXOc (z
q(n—l)aXa (Z

IKERIEE

SGUH,E/F(fnal) =

S. o/ S —

[y

Lemma 2.4.1. 1. The function ¢, is supported on the set of elements g € GL,(E)
with |detg| = ¢~¢

2. The function fnas is supported on the set of elements g € GU,, g/p(F) with |c(g)| =
g if n is even and |c(g)| = ¢~ if n is odd.

Proof. The proof of (1): see Lemma 3 in [34].

The proof of (2): Assume first that n is even. Let x be the characteristic function of
the set {g € GU, g/r : |c(9)] = ¢7**}. Let B, g/r be a Borel subgroup of GU, g/ as
defined in §2.2, we write B, g/r = 1), p/rU where T}, g/r is a maximal torus as defined
in §2.2 and U is the unipotent part of B, g/r, let Sg/p(n) C T, g/r be a maximal split
torus (as defined in §2.2). We have

(thnar) () = 8, (m) [ X flmn)dn =5, (m) / |, Xm)mm)an

thus

B,
(anas)Bn’E/F = X|Tn,E/F(F) : naéE/F

For I C {1,2,...s}, by the definition of X and Xj, the support of the function X*(],., X;)*
is contained in the set of elements g € GU,, g/p(F) with c(g) = ¢~**. Also note that

B, as(n—s o] unr
naéE/F‘Sn,E/F(F) =4q ( )X Z H X €H n E/F(F))’

Ic{1,2,...,n} i€l
|I|=s

thus, the support of the function f,]i?s‘E/ r F) is contained in the set of elements

‘Sn,E/F(
g € GU, g/r(F) with |c(g)| = ¢~*, equivalently, we have

Bn.g/F Bn.g/F
X‘Sn,E/F(F) * Jnas |Sn g/p(F) — fnas |5n,E/F(F)'

Also note that the map f + fBre/F fB"‘E/F\Sn,E/F is injective for f € H"™ (GU, g/r(F))

(see 2.2 and 2.4 of [49]), then we may conclude that X fras = fnas- Thus the function f.s
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Sa

is supported on the set of elements g € GU,, g/p(F') with |c(g)| = ¢7** if n is even. For

odd n, a similar argument follows.
O

The following proposition indicates that the trace of C,f,.s may not vanish against
induced representation, even when s = 1, as a result, some induced representation might

contribute to the cohomology of basic stratum, unlike the cases considered in [34].

Proposition 2.4.2. Let P, ; = M, ;N, ; be a standard parabolic subgroup of GU, g/r
with J = {ry,...,r}, then we have:

k=1,r1=11if nis odd
e Then the function C. GUe/r(F f(P"J # 0 only if ! /
k=1,ry =2 if nis even
k=1,r1 =1 and n is odd, or
o If ! , then 5P pPnn) g
k=1,r1=2,n>4, nis even and « is even
Proof. Let m = (ny,...,ng, g, Mg, ..., my) be asemi-simple element of M, ;(F) = (GL,, x
. X GLy, x GUg/p(n —r))(F), with image (c ( (9) " *na, ... e(g) g, g) in (GL,, X ... X

) ¢ Pn

GL,, x GUg/p(n —1))(F), and such that o nrr froi?(m) # 0. Note that nim; =
c(g)A,,, which implies that |det(n;)det(m;)|, = |c(g)det(A,,)|, = |c(g)|y'- Also note that
m is compact in GUg/r(F), then we have |det(n;)|, = |det(m;)|,. Thus |det(n;)|, =

o _n q”‘% if n is even
lc(g)ly* and we have |(det(c(g)™'n))ly = lc(g)ly * = o
q*" if n is odd

We define rq = 0, then we have:

k
f(Pn 7= glna Z(flz ® foi o @ fri®XY) + ®f:1hi ® X*h

=1

where

f" = ZgﬂtOI;H’ ATi— 1+1(X_a + Xa) S Hunr<GLri(F))7 lf] = i)
g =

fii=1€H™(GL,,(F)), otherwise.
And h; =1 € H""(GL, (F)),h € %UW(GUE/F(N —r)(F)) defined by

(3]

it XY+ X$ ifnis even and § <7
0,if nis even and § =r
ZJ ,,,HX + X¢ + 1, if n is odd and [3] <
1, if n is odd and [F] =

By applying Lemma 2 of [34], we have that the supports of f;,’s are contained in
the set of elements a with |det(a)|, = ¢™* , and the supports of h;’s, f;;’s (i # j) are
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GU,, E/F(F) P, j)
nal

contained in the set of elements a with |det(a)| = 1. Then C.
k=1,r1=1if nis odd

# 0 only if

, because Cy’ "E/F(F)(c(g)_lnl, .., c(g) 'ng, g) # 0 implies
k=1,r1 =2if nis even
. —n ¢*7 if n is even
that [(det(c(g)™ " n4))lp = lc(g)ly * = L , and
q*" if n is odd
k
fé?lb ! (n De Z(fu ® foi- @ fri ® X))+ ®f:1hi ® X*h
i=1

with the supports of f;;’s are contained in the set of elements a with |det(a)|, = ¢**, and
the supports of h;’s, fi;’s (i # j) are contained in the set of elements a with |det(a)| = 1.

We first consider the case that n is odd, if £ > 1, then there exists 1 < a, 5,7 < k
such that f, 3 =1 € H"™(GL,,(F)),hy=1€ H"™(GL,, (F)). In this case, we have

GU‘/LE/F(F) ( )
fnal (n17"'ankag7mk7-"7m1)

Ce

1 GUp g/ r(F)
(n=Dac7on (N1, ey Mgy Gy Mgy .., X

k
Z(fl,i®f2,i @ fi®X ) (e(g) My e(g) T, 9)+@E (i@ XY (c(g) T s - s e(9) T s 9)

i=1
equals 0, because and f; ; = 1, hy = 1 are supported on elements a with |det(a)| = 1, and

|(det(c(g)'ny))|p = |(c(g)|;7l —¢*% = ¢ if nis odd. If k = 1, then

Fon = g3 (X7+ X0 @ X) + 19 X
j=1

are supported on elements a with |det(a)] = 1 or |det(a)| = ¢*, we must then have

r1 = 1. For even n, a similar argument follows.

Ifk=1,r = 1and nis odd, we have O /" ) (diag(ng)) £ 0. If k = 1,

ry = 2,n > 4 and n, a are even, we have

0 7%
O2,n— 0
(1 0 ) 2,n—4 2,2

Py,
fr(wd J)( Op_ap  diag(n2)  0Op_ap |)#0

0 1
02,2 02,n—4 < N )
e 0

where 0; ; is the ¢ X j zero matrix. []

GUE/F(F

M\Q
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2.5 The functions (Cypednas)

In this section, we study the constant terms of the truncated Kottwitz function (C(;C(bms)(P

?

where P C GL, is a f-stable standard parabolic subgroup.

Proposition 2.5.1. Let P = MN be a standard parabolic subgroup of GL,, g correspond-
ing to the composition (n;) of n. Let k be the length of this composition. The constant

term of ¢nas at P is given by > qo‘c("i’si)gzﬁmaSl ® OPnyasy @ .. @ Ppyas, Where the sum
(s4)
ranges over all extended composition (s;) of s of length k. The constant C(n;, s;) is equal

to s(n—s) — S5 si(ng — s;).

Proof. See Proposition 4 of [34].
[

We define the involution 6 : GL,(E) — GL,(F) by g — A,§ 'A,, where A, is the
anti-diagonal matrix with entries 1. Let P = M N be a standard parabolic subgroup of
G L, g corresponding to the composition (n;) of n with length k, then P is f-stable if and
only if n; = ng; for 1 <i < k. For A = (a;;) € GLy, it follows that A,AA, = (aj;),

ro_
where Qi = Qpil—in+1—j-

Proposition 2.5.2. Let P = MN be a 0-stable standard parabolic subgroup of GL, g
corresponding to the composition (n;) of n, and let k be the length of this composition.
Let w be a 0-stable representation of M (FE) of finite length with an intertwining operator
Ay, then the twisted trace Tr((C, GL" E)(bms) P) 7w Ag) equals to Tr(f,mAyg), with f defined
as follows:

GLp,_, XGLp ka3 (E)

GLny xGLy, (E) kA kg3
. (¢n1asl ®¢nkask))®' - (CGC (Cbn&,rlas&%@

® f Z qaC’(nz 81)(0

(si)
GL%(E) . ’
Drpsgasis)) @ (Co, Prprraspsy) if ks odd,
2 o Tz

oClns s.) f ~GLny XGLn, (E)
* f = (Z)q Ol Z)(C’é’c ' * (¢n1a31 ® gbnk‘”k)) ® ... (Cec : 7 (an%as% ®
Brpisaspis)) if K is even,
2 2
where the sum ranges over all extended composition (s;) of s of length k such that
® s; = S.i1 foralli if k is even.
® S; = Spi1-; for all v # % if k is odd.

And the constant C(n;, s;) is equal to s(n — s) — Zle si(n; — s;).

Proof. (cf. Proposition 4 in [34]) We first consider the case that k is even: By Proposition
2.2.4, we have

Tr((CGLn(E)¢nas) 77TA9) = ( GL" (¢nas) 77TA0)-
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By Proposition 2.5.1, the twisted trace Tr(Cj GL” (gzﬁms) ), wAp) is a sum of terms of
the form Tr(C’gjL (E)(gzﬁmasl ® ... ® Onyas,)s 7TA9), where (s;) ranges over extended com-
positions of s. We assume the term CQCZL"(E)(QSMQSI ® ... ® Ppias,) corresponding to
the extended composition ( ;) of s is non-zero. Let m be a semisimple point in M(E)
at which the term C’GL" (qﬁmasl .. ® Gnyas,) does not vanish. Let m; € GL,, be
the i-th block of m, and let m/ be the i-th block of #(m). By the definition of 0, we
have that |det(m})| = |det(mgi1-;)|~". By the definition of f-compact, we also have
det(m;m})| = |det(my1—imj, ;)| = |det(m;m})|~*, thus |det(m;m])| = 1. By apply-

ing Lemma 2.4.1, we have s; = sgy1_; for all i. Because |det(m;m})| = 1, we have
C;L”(E) (m) # 0 if and only if the norms of all eigenvalues of mf(m) are equal to 1, this oc-

curs if and only if the norms of all eigenvalues of m;m! are equal to 1 for all ¢, which occurs

GLn,_; XGLy (E) GLil(E)
if and only if (CGLanGL"k( ) . Cy. = R Cy. g )(m;) # 0. Therefore,
the function CGL”(E (

GLp, XGLy, (E)
Prras; @ .. @ Pnias, ) equals to (O 1 X Gl (B) (Pnias; @ Pnyasy,)) @ -
GLn,_, XGLnM (E) GL i1 (E)

®(Cec ’ (¢nk 1OéSk 1 ®¢”k+50‘5k+3))®<09c : an%as#)-
If k£ is odd, we repeat the above argument O

2.6 The functions X?V(by(f;)s

In this section, we study the spherical functions f(?vﬁbg;)s (where P C GL, is a f-stable
standard parabolic subgroup) which appear in Proposition 2.2.3.

Proposition 2.6.1. Let P = M N be a 0-stable standard parabolic subgroup of GL,,, and
let (n;) be the corresponding composition of n. Write k for the length of the composition
(n;). Then the function )Z?ngﬁ%il is equal to

Z qaC(ni7Si)¢n1as1 ® ¢n20f$2 ®...® ¢nka5k
(si)

where the sum ranges over all extended compositions (s;) of s of length k satisfying

(81 — Sk) + (82 — Sk—l) + -+ (31' - 3k+1—i) >0
for all indices © strictly smaller than k.

Proof. (cf. Proposition 5 in [34]) We use H, for a € {1,2,...,n} to denote the a-th vector
of the canonical basis of the vector space ag = R™. The subset Ap of A is the subset
consisting of the roots a,, +ap, +- - +ay, fori € {1,2,..., k—1}. For any root @ = aq,
in Ap we have:

1
wGLn(E) — (Hl —+ .. —|—HZ- — E(Hl +"'Hn)>|uP‘

«

Let m = (m;) be an element of the standard Levi subgroup M, we write 6((m;))

(m;).

The element m satisfies that ¥y (m) = 1 if and only if the absolute value | Ln(®) (m)] is
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smaller than 1 for all roots a in Ap. The evaluation at m = (m;) of the characteristic

function % is equal to 1 if and only if
|det(mymy,)||det(mamy,_,)]| ... |det(mmi_ ;)| < det(mB(m))| "+ " =1

fori e {1,2,...,k—1}.

Now we determine the function X?ng,(f;l: Let m = (m;) be an element of M and we
write 0((m;)) = (m}). We assume 4% (m) = 1. Let (s;) be an extended composition of
s. We assume X%, (m) # 0 and ¢n a5, ® Gnjasi @ * Pngas, (M) # 0. By Lemma 2.4.1, the

absolute value |det(mj,,_;)| is equal to |det(my41_;)|~" for all indices ¢, and we have

nit...n,;
n

|det(mymy,)||det(mamy,_4)] . .. [det(mymy_ ;)| < |[det(mb(m))| =1

for i € {1,2,...,k — 1} if and only if
(Sl — Sk) + (SQ — Skfl) + -+ (Si - 3k+1—z’) >0

for all indices i € {1,2,...,k—1}. Conversely, if the extended composition (s;) satisfies the
above condition for all indices ¢ < k, then any element m = (m;) with |det(m;m}_,_;)| =
g oimskr1-4) gatisfies X% (m) = 1. O

More generally, let M = GL,, x ... x GL,, be a 6 -stable Levi subgroup of GL,
and let P = LU be a standard parabolic subgroup of M with corresponding composition
(m;). We write k for the length of (m;), for 1 < i < t, we define k; € {1,2,... k}
such that Zgzz;ﬁl m; = n; (we define my = 0, then k; is the number of blocks in
GLy, X -+ x GLy,). And we write m; = n;; if k;_; < i < k; (we define ky = 0), and
i=1 mod (kj —kj_1) (we assume 0 < [ < k; — k;_1). We consider ¢p a5, @ ... @ Ppoas, €
H (GLp,)®. .. QH"" (GLy,): Let (s11),...,(st;) be extended compositions of sy, ..., s;

kep—kp_1 i—kj1

respectively. If k;_y < i < k;, then we write s} = ;j Dot " SpgtY =t Sjq- Repeat

the above argument, we have

Proposition 2.6.2. The function X%,U(%la& Q... ¢nsa5t)(P) 18 equal to

t ki—ki_1
a2 (si(ni—si)— 22 sij(ni —siy))) iy
Z q = = ®§:1 <®j:1 1¢mz‘a3i,j>
(81,5)-5(8¢,5)
where the sum ranges over extended compositions (Si1),...,(St;) of s1,...,s:, such that

the extended composition s; j of s; is of length k; — k;_1, satisfying

(S’L}l - Si,ki_kifl) + (Si,Q - Ski_kifl_l) +oeee (Si,j - Si,kz‘—kz‘q—j) >0

for all indices i € {1,2,...,k},j €{1,2,..., ki — ki1 — 1}.
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2.7 Computation of some twisted traces

In this section, we compute the twisted traces of some -stable representations, the propo-

sition we get is crucial to establish Theorem 3.3.1 in the next section.

Definition 2.7.1. Let G be a split reductive group over p-adic field F' with a fixed Borel
subgroup B = TU, let w be an unramified representation of some Levi subgroup M of G

then we write €y, € M for the Hecke matriz of this representation (well-defined up to
the action of the rational Weyl-group of T in M ).

We recall the definition of the Hecke matrix (cf. §2.7 in [34]). Let m be an unramified
representation of G(F'), then there exists a unique unramified character o of T'(F') such
that 7 is the unique irreducible quotient of Indg0 (o). Let T be the complex torus dual
to T . We define €5, € T(C) as follows: For any rational cocharacter y € X,(T), we
evaluate o o x at a uniformizer 7p, then we get an element ¢, € Hom(X,(T),C*) =
X.(T)®C* = T(C). Thus we have an element ¢y, € M well-defined up to the action of
the rational Weyl-group of 7" in M.

Proposition 2.7.1. Let © be a smooth admissible representation of GL,(FE) (n > 3) of
the following form:

7= IndS" (11 (1) @ o) ® ... @ mp(ar) @ p @ Tp(—) @ ... ® To(—an) @ T1(—ay))

such that m (o) ® () ® ... @ mp(ag) @ p @ Tr(—a) ® ... ® mMa(—ae) ® m(—aq) is
0-stable where:

e P = MN is a 0-stable standard parabolic subgroup of GL, corresponding to the

composition (ny, Mg, ..., Mg, M, N, ..., N2, Nq) of n.

o () is defined to be m;®|det
and o; € C.

“ where m is an admissible representation of GL,,,(E)

o w00 = m; (Thus () o0 = m(—a«;)).

Let V; be the underlying vector space of m;, let Ay be an intertwining operator of m
induced from an intertwining operator of m (o) ® mo(a2) ® ... @ m(ag) @ p & T(—ag) @
QM=) @ m(—an), defined as follows:

A1 Q@ ... QU QW RV, ® ... R vy ))

= AQ}lU; X A072Ué ®X...Q AQJCU;C X ng X A97kvk ®X...Q® A972U2 X Ag’ﬂ)l

where Ag; € Endc(V;) is an intertwining operator of m; and By is an intertwining operator

of p.
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Then we have

Tr(C’gchms, IndIGDL" (7T1 (Oé1)®7T2(042)®. . .®7rk(ak)®p®7rk(—ak)®. . .®7T2(—042)®7T1(—01))A9)

= TI‘(Cgc(ﬁnas,IndgLn(ﬂ'l ®7T2 ® Ce ®7Tk ® p® Tk ® . ® T2 ®7T1)A9)

Proof. First, we have

Tr(Chebnas, IndIGDL"(m(al) ® ... (k) @ pRmE(—ag) ® ... QT (—ay))Ay)

= Tr(Coed'L), (m1(a1) @ ... @ Ti(an) ® p @ To(—) ® ... @ T (—au1)) Ag)

nas’

by Proposition 2.2.3. By applying Proposition 2.5.2, we have that the above equality

equals

Z qC(ni7Si)Tr((CGC(¢n1aa1 K...® gbmozt ®...® ¢n1aa1)a
(si)

(m1(a1) @ ... @ () R p @ mp(—ag) ® ... @ m(—ay))Ay)

k
=D ¢ I ] T (Coelbniss © Snias,): (millsi) © mi(=5:)) (Ags @ A9,))) Tr(Coebmats pBo)
(si)

i=1

where the sum ranges over extended partitions s = s; +...sp +t+ si + . .. + s satisfying
the property described in Proposition 2.6.2.

Let G; denote GL,, X GL,,,, , = GL,, X GL,,, and we use P to denote the set of
f-stable standard parabolic subgroups of G;. By applying Proposition 2.2.3, we obtain

Tr(000<¢niasi ® ¢niasi)7 (Wi(ai) X Wi(_ai))(AQ,i X A@,i))

- Z EPTI‘()A(?VZ. (Qbmasi ® qbniaSi)(P)? (7Ti<ai) & 7-‘-7,(_Oéz))N7 (553131)(*’49,1 & Ae,i))‘
Piépe’i,Pi:MiNi

We fix a P, = M;N; € P, let G;1 x G;5 denote GL,, x GL,, , = GL,, x GL,, (where
mi(cy) is a representation of G; 1 (E) and m;(—c) is a representation of G; 2(E)). We write
Py = Ni1M;; = PN G;p and Pip = NjoM; o = PN Go.

Let Ji1,...,Ji1 (resp. Jia,...,Ji2) be the simple sub-representations of the semi-

simplification of (7;), , which is fixed by Ag; and unramified. We write ey, 5, = €ns,,0,, =
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hi1 hi1£oy
-

(q .., q"m) (also denoted by €nrz,), then ens j,(+an) = (g s, qMmE)  Note that
W (s, @ (bniaai)(P) is of the form ZjeJ [ia1 @ f;2 for some index set J where fj1, fj2 €
H""(GLy,(F)) whose Satake transfers are homogeneous of degree s; (as described in
Proposition 2.6.2). Then we have that

Tr (XN (Bnias: @ Gnias) ", (mi( i) @ (=) )n (6625, (A @ Agy))

- Z Tr(f5 ® fz2, (miles) @ 7Ti<_ai))N<5ngi)<A9,i ® Api))
jed
We write JEMWMia(E) _ gKOM;2(E)

2(
g1 ‘]j,2
JKﬂMi,l(E)

) = Cu, we also write v ® v = v; ® vy where v; €
1) , Vg € ijmMi’Q(E). To prove our proposition, we only need to show that

1

Tr(fi1 ® fi2, (Jei(oi) @ Jra(—i)N(6a2p ) (Ao @ Agi))

(2]

1
= Tr(fi1 ® fi2, (Jr1 @ Jr2)N(0a7p,) (As: @ Agi))
for all 4, 7, k.

We have
Tr(fi1 @ fiz, (Jea(ai) @ Jra(—ai)n(062p,) (Ao @ Agyi))

= Tr(vy xvy (fi1®£52) (T (i) @Jr2( =) ) (062 p, ) (A0,i®Ag,i) ) (v2@v1 ) dgidgs
G1(E)xGa(E)
(we write (Ag; ® Ag,;))(v2 ® v1)dgidgs because Ag; is an isomorphism from m;(—aq;) 06 to

mi(cy), and Ay, is also an isomorphism from 7;(c;) 0 8 to m;(—w))

1

= (Tr(v — fiadkaeq)(0g]p,
G1(E)

M, (F)) Ag,ivdgr)) X

_1
(Tr(v = o )fj,2<]k,2(—04i)(5cjpi|MZ-,2(F))A0,iUd92))
2(FE

(recall that we write R,l = Ni.lMi,l =PnN G1 and PZ‘72 == NZ‘.QMZ"Q =FPnN Gg)

_1
= ‘€A9,¢(Tr(v = fj71Jk,1<ai)(5G¢2,Pi|Mi,1(F))Udg1))x
G1(E)

_1
(Tr(v — fiodko(—ai)(0g] p, M, (7)) vdg2))
G2(E)

(where £4,, = %1 only depends on Ag;, see Proposition 2.2.2)

= ey, finlear ) finl€r) fin(ens,o(—an) fii(€2)
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(We use € and €; to denote the Hecke matrix of 5Gi,pi7%|Mi71(F) and 5Gi’pi7%‘M7;72(F) re-

spectively)
= ey, Sia (g ) fia () fia(d T ) fia(e)

= €A97iqaisifj,1(th’la o @) fia(e) g fia (g™ g ) fia(e)

(because the Satake transforms of f;1, fj2 are homogeneous of degree s;)

= eap, ia (" ) fia(e)) fia (g M) fia(e)

_1 _1
= €4,,(Tr(v — fi1de1(0g,] p.las (7)) vdgr) ) (Tr(v = fi2Jk2(0a]p,
G1(E) G2(E)

Mi,z(F))UdQQ))

_1 _1
= (Tr(v = Fiadk1(0a] plasy (1)) Apivdgr)) (Tr(v = fi2Jk2(06 p,
G1(E) G2(E)

it
= Tr(fi1 ® fi2, (Jr1 ® Jr2)N(0g p, ) (Agi @ Agi)).

M;.5(F)) A vdgs))

Thus, we have proved

Tr(fi1 @ fiz, (Jea(ai) @ Jra(—ai)n(062p,) (Ao @ Agyi))

= Tr(fj,l ® fi2, (Jp1 ® Jk,2)N(5gzpi>(A0,z’ ® Api)),

and the proposition follows. O

3 Twisted traces of f-stable semi-stable rigid repre-

sentations

In this section, we compute the twisted compact traces of the function of Kottwitz (which
is introduced in §2.1 in [25], which we also define in §4.1) against certain #-stable repre-
sentations of GL,(F') where F' is a p-adic field.

3.1 0O-stable semi-stable rigid representations

Let £/Q be a quadratic extension in which p is inert and unramified. Then E,/Q,
is a quadratic extension such that p is a uniformizer in E,. Let Og, be the ring of
integer of E,. We use G,, to denote GL,(E,). Let § be an involution of G,, defined by
g A Y(g")'A,), where A, is the anti-diagonal matrix with entries 1 and g — g' is the
conjugation transpose with respect to the non-trivial automorphism of Gal(E/Q). We
normalize the p-adic norm on E, such that |p| = p~2.

Let z,y,n € Z~q such that n = zy (with n > 3). Let Speh(x,y) denote the Langlands
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quotient of the representation
GL, y=1 u=3 1y
Indpwmz)(\deﬂ 2 StGLz(Ep) X |det] 2 StGLz(Ep) X ... X |det\ 2 StGLz(Ep))-

A representation m, of GL,(E,) is called semi-stable rigid if it is unitarizable, and it
is isomorphic to a representation of the form Ind$*"(®F_ Speh(z;,y)(ei| - |%)), where
P = MN is the parabolic subgroup corresponding to the composition (yz,) of n, and
where the tensor product is taken along the blocks M = H];:l GL,,, and

e ke{l,2,...,n};

e ¢, is a unitary unramified character ¢; : GL,(E,) — C* (thus ¢; is of the form
g +— |det(g)|i% for some d; € R ) for each i € {1,2,...,k};

e ¢; is a real number in the open interval (—%, %) for each i € {1,2,... k};
® y,T1,T2,..., T are positive integers such that % = Zle x;.

We note that these representations are irreducible (see Theorem 7.5 of [62]).

Definition 3.1.1. We say that a semi-stable rigid representation is of 0-type if it is of
form Ind$(®F_ Speh(z;,y)(e:)), where for each i, the character e; : GL, — C* is a 6-
stable unitary unramified character (thus e; is either the trivial character or the unramified

quadratic character).

Theorem 3.1.1. Let m be a discrete automorphic representation of GL,(Ag), and we
assume that m, has an Iwahori fized vector (as defined in §2.1). Then m, is a semi-stable

rigid representation.
Proof. See Theorem 2 of [34]. O

Proposition 3.1.1. Let 7 = Ind$(®%_,Speh(z;,y)(] -
rigid representation of GL,(E,), then we have

iditei)) he a @-stable semi-stable

Tr(CGCqbnasv Ind%(@lespeh(x,, y)(| : |idi+6i))A9)

= j:Tr(Cecqbnasa Indg(®f:18peh(wzv y) <EZ)A/9)

for some intertwining operator Ay, where €; is either the trivial character or the unramified

quadratic character.

Proof. We assume that 7 is of the form Ind%(®%_ Speh(z;, y)(| - [4*¢)), then 7 o 6 is of
the form

Indg{p) (@ Speh(wx—i, y)(| - | 74=7)) 2 IndZ(®F; Speh(z, y) (| - | 747)).

95



CHAPTER 4. AN AUTOMORPHIC DESCRIPTION OF THE ZETA FUNCTION
OF THE BASIC STRATUM OF CERTAIN KOTTWITZ VARIETIES (p INERT)

If there exists j such that | -

iditei i not f-stable, then there exists j/ such that z; = x;

and | - |7idi=e = | . i +¢ because
Ind (@ Speh(wi, y)(| - [747)) 2= IndF (@], Speh (i, y)(| - [+%))
implies that
(Speh(iﬁi,y)(‘ ) ‘7idi7€i))1§z’§k = (Speh(ﬂfuy)(l ) idﬁei))léigk

up to permutation, see Theorem 7.5 of [62]).

Let m; denote Speh(x;,y), and let s; denote id; + ¢;, after reordering i, we may as-
sume T = IndIGp(m(sl) ® ...m(s) @ p @ m(—5¢) ® ... m(—51)), where p is the induced
representation of Speh(z;,y)(| - |14+¢))’s for which (] - [14*¢)) is f-stable (thus p is itself
0- stable). We may choose an intertwining operator Ay of 7 = Ind%(m(s,) @ ... m(s;) ®

p R (=) @ ...m(—s1)) as described in Proposition 2.7.1, then we have
Tr(096¢na87 IndIGD((g)?:lSpeh(mia y)(| ) |idi+ei))A9)

= +Tr(Coednas, INdG(m1(51) @ ... 7 (5¢) @ p @ me(—5,) @ ... 71 (—51))Ap)

= +Tr(Chebnas, NdG (M @ .. T @ pR T @ ... 71 )Ap).

3.2 Ring of Zelevinsky and segments

In this section, we collect some constructions and facts from [71]. Let F be a p-adic
field, we normalize the p-adic norm on F' so that |7g| = p~", where mp is a uniformizer
and p" is the number of element in the residue field. We use G,, to denote GL, (F). Let
m,m’ € Z>q, and let 7 (resp. 7') be a smooth admissible representation of G, (resp. G,
), then we write 7 X 7 for the representation of G, unitary parabolically induced from
the representation m ® 7’ of the standard Levi subgroup consisting of two blocks, one of
n€Zso Groth(G,,),
where Gy is defined to be the trivial group. The group G, has one unique irreducible

size m, and the other one of size m’. We denote by R the direct sum €

representation oy (the trivial representation). The operation direct sum together with x
turns the vector space R into a commutative Z-algebra with oy as the unit element, and
the resulting ring is called the ring of Zelevinsky.

We fix a set S. A multi-set on S is defined as a function x : S — Z>(. Note that
subsets of S may be represented by their characteristic functions, and thus the notion
of a multi-set on S generalises that of a subset of S. We also write down the multi-set
X:S —>Zswgasa={..,z,....0,y,...,y,...} where each element x € S is repeated
x(x) times (when given a = {... z,...,2,y,...,y,...}, we also denote the associated
function by x,). And x(x) is called a multiplicity of z in S. We write x € a if x,(z) > 0,
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and a C b if x,(z) < xp(z) for all z € S; the empty multi-set at corresponds to x, =0 .
A multi-set a is called finite if x has finite support.

Let C be the set of equivalence classes of irreducible cuspidal representations of the
groups GL,(F), we write v for the absolute value morphism from F* to C*. A segment

S = (x,y), (where x,y € Qand y —z € Z, and p € C), is defined as follows:
e We define (z,y), to be {p(v*), p(v* 1), ..., p(¥)} if y > x;
e We define (z,y), to be the empty set if y < z;

The segment {p(v*)} has length 1, the segment {p(v*), p(v**1)} has length 2, etc. For
any segment S = (x,y), with y > z, we write £(S) for the length of S, and we write
A(z,y), for the induced representation p(r®) x p(v**') x ... x p(v¥). We define A(z,y),
to be 0 in case y < x — 1. We define I(z,y), (resp. Q(z,y),) to be the unique irre-
ducible sub-representation (resp. unique irreducible quotient) of A(z,y), as introduced
in [71]. We define b(A(x,y),) (resp. b(I{x,v),),b(Q{z,y),)) to be z and e(A(z,y),) (resp.
e(I{x,y),), e(Q{z,y),)) to be y. For simplicity, we write (z,y) = {v*, v, ... 1Y}, and
we also use {z,z + 1,...,y} to denote (z,y) = {v*,v*, ... ¥}

Example 3.2.1. The Steinberg representation Stg, can be defined as Q(I_T”, ”T_1>

Let S = (x,y), be a segment, we use —S to denote (—y, —x),. Let S denote the set
of all segments. And segments S, S’ are called linked if S ¢ S',8" ¢ S and SUS" is a
segment. We say that S precedes S’ if S and S’ are linked and b(5”) = b(S) + k for some
k € Z~o. And we have the following theorem:

Proposition 3.2.1. Let S1,...,S5,, be segments, then we have

(a) Q(S1) x Q(S2),..., xQ(Sn) is irreducible if and only if for each i,5 = 1,...,m,
the segments S; and S; are not linked.

(b) Suppose that for each pair of indices i,j such that for i < j, S; does not precede
S;, then the representation Q(S1) x Q(S2),...,xQ(Sym) has a unique irreducible sub-
representation, denoted by Q(S1,...,Sm)-

(c) Q(S1,...,Sm) is isomorphic to Q(Sy,...,S)) if and only if m = n and there
ezists w € S(m) such that (S1,...,Sm) = (Sy,) - Siymy) (we use S(m) to denote the

» Mw(m

permutation group on {1,2,...,m}).
Proof. See Theorem 4.3 of [58]. O

Example 3.2.2. The Speh representation Speh(z,y) of G, can be defined as Q((l_TI +

e R e o R )]

Let t : R — R be the Z-algebra involutive automorphism introduced in §9 of [71].
Let Si,...,S, be segments, then we have t(Q(S;)) = I(S;) and t(Q(S1,...,5m)) =
I(Sy,...,Sn) (resp. t(1(S;)) = Q(S;) and t(I1(S1,...,Sm)) = Q(S1,...,Sm)), see p215 of
[58].
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Let B (resp. B’) denote the set of equivalent classes of representations of the form
Q(S1,...,Sm) (resp. I(Si,...,Sn)) where Sq,...,5, € S, and for each pair of indices
i,j such that ¢ < j, S; does not precede S;. Let a,b € B (resp. a,b € B’). An elementary
operation on a is defined as follows: Replace pair {S,S’} of linked segments by pair
{SY=5US5",8"=5nS"}. We write b < a (resp. b <’ a) if b can be obtained from a by
a chain of elementary operations. Note that ¢ induces a bijection from B to B’ (see pp.
210 - 212 of [58]), by the definition of the ordering < (resp. <’) on B (resp. B’), we have
a < bif and only if t(a) <’ t(b). We have the following proposition:

Proposition 3.2.2. Let Sq,...,S,, be segments such that for i < j, S; does not precede
S;, we write a = Q(S1,...,Sy). Then in R, we have

Q(S1) x Q(S2) X ... x Q(Sw) =a+ Y m(a,b)b

beB,b<a
where m(a,b) € Zxq for b < a.

Proof. By section 7 of [71], we have

I(S1) x I(Sy) x ... x I(Sp) = t(a) + > m(t(a), V)V

VB Y <'t(a)

where m(t(a),V) € Z>o for b’ <’ t(a). Then we have
t(L(S1) x I(S2) x ... x I(Sp)) = Q(S1) x Q(S2) X ... x Q(Spn)

=t(tla)+ > mta),W)=a+ > m(ta), b))

yeB Y <'t(a) byeB b <'t(a)
=a+ Y mtla)td)b=a+ > m(t(a),t(b)).
beB,t(b)<'t(a) beB,b<a
For b € B and b < a, we take m(a,b) = m(t(a),t(D)). O

3.3 Twisted traces of representations of 6-type

The cuspidal representations we used in this section to construct segments are either the
trivial character or the unramified quadratic character of /'*. In the following, let F' = FE,,,
and let € be an involution of G,, as defined at the beginning of this section. Let p be the
trivial character or the unramified quadratic character of F*. Note that I(z,y),00 is an
irreducible sub-representation of A(z,y), o 6, and since A(z,y), 00 = A(—y, —x),, we
have Q(x,y),00 = Q(—y, —x),. Similarly, we have Q(Si,...,Sp)00 = Q(—Sm, ..., —=51).
We define S? to be {s € S : s060 = s}, and we define B’ to be {b€ B:bof = b}.

Definition 3.3.1. We define the representation p(x,y) of Gy as follows:

® Sthﬂkl X Sther,g oo X Sth7y+1 fo 2 Y.
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° StG X StG X Stgy_m_H if.CE <.

z+y—1 Tr+y—=3 """

We note that p(x,y) is irreducible, and we may also write p(x,y) as follows:

Proposition 3.3.1. p(z,y) < Speh(z,y) in (B, <).

Proof. Let Sy, 5, ..., S, denote (5% + y%l, =14 y%l% (2 + ny?’, =14 u=3y (2
I_Ty, xT_l + I%y) respectively, then we have Speh(x,y) = Q(S,...,Sy).

We define U; ; to be Sy, and we define (Uj 11, L1 £+1) to be (Urg U Sks1, Ur g N Skt1)
for 1 < k <y —1, then we get segments (U, [12,...,11,) < (S1,...,S,) with Uy, =
< x+y + 1 a:+y 1>.

Then we deﬁne Us s to be I 5, and we define (Us jt1, Lo k+1) to be (Usy U s i1, Us g N
Iy 1) for 2 < k < n—1, then we get segments (Uy , Usy, Io3 ..., 1oy) < (Ury, L12,...,I1n)
with Uy, = (22 + 1,28 — 1) U, = (— 2% + 2,250 — 2),

Repeat the above process, we obtain p(x, y) < Speh(x, ).

O

Let 7 = Ind%(®F_,Speh(z;,9)(c;)) be a representation of f-type, as defined in last
section. Note that 7 is irreducible (see p357 of [62]). We associate a poset (C,, <) to 7
defined as follows:

Cr:={p € B: such that p <7} U{r}.
e The ordering < is induced from B.

We define C¢ C C, to be {p € C, : p is O-stable}.

Proposition 3.3.2. Let p = Q(Sy,...S,,) € C?, then we have

Tr0<090¢na57 /)) = Tr9<090¢nas; pSt Z ’Tré’ Cec¢nasa 14 )

p'EC p'<p
where

e psi is of the form Ind%(@iStGLni (), where g; is either the trivial character or the

unramified quadratic character.

o N,, €Z and it depends on p, p' and an intertwining operator which we introduced

later in the proof (which is constructed from p).

Proof. There are two possibilities for p = Q(S1,...Sn):

e Type I: §; = —5; for all 4.
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e Type II: There exist ¢ such that S; # —5;.

If p is of Type I, then we have Q(Si,...5n) = Q(S1) X ...Q(Sn) (see Proposition
8.5 of [71]), and p is a product of Steinberg representations and Stenberg representations
twisted by the unramified quadratic character, hence the proposition holds.

If p is of Type II, for 1 < i < m such that S; # —5;, there exists 1 < 7 < m such that
S; = —S;. We order Q(S1),...,Q(Sy) into the following form :

Q(A1>’ s 7Q(AN>a Q(Bl)7 s 7Q(BM)7Q(_AN)a s 7Q(_A1)

where:

e 2N +M=m
e B;=—DB; for 1 <i< M (thus Q(B;)’s are Steinberg representations).
o A;#—A;for1<i<N.

e ¢(Q(4;)) >0for 1 <i <N, (then we have b(—A;) < 0, with e(Q(4;)),b(Q(A;)) as
defined before Example 3.2.1), so that segments Ay, ..., Ax, By, ..., By, —An, ..., — Ay

satisfies the condition as described in Proposition 3.2.1, (b).

In ring of Zelevinsky R, we have

By proposition 3.2.2, we have

m

H Q(SZ) =p+ Z mp,p/pla

=1 p'<p

where m, is some integer depending on p and p'.

We choose an intertwining operator A, on Hf\il Q(A;) - Hf\il ‘Q(By) - vazl Q(—A;)
as described in Proposition 2.7.1. Now we consider the action of Ay on an irreducible
subquotient (m, V) of [T, Q(A)-TIX, -Q(B:)- T, Q(—A,), there are three possibilities:

e Type A: 7 is not #-stable, then Ay maps (7, V') onto (w00, Ag(V)).

e Type B: 7 is #-stable, and Ay(V) ¢ V, then Ay maps (7, V) onto (706, Ag(V)) =
(m, Ap(V)).

e Type C: 7 is #-stable, and Ay(V') C V, then Ay induces an intertwining operator of
(m, V).

100



3. TWISTED TRACES OF 6-STABLE SEMI-STABLE RIGID REPRESENTATIONS

Let X denote the set of irreducible subquotients of Hf\;l Q(Ai)-HiAil Q(By) Hf\;l Q(—A4A;)

(counted with multiplicity), then we have

N M N

Tr(Coctnas, (] [ @A) - [T QB - [T Q(—4i)As)

i=1 i=1 =1

= TI'(Cec(bnas; PAH) + TI(CQCanas; (Z mp,p’pl)AG)

p'<p

= Tr<090¢nas> ,0A9)—|— Z Tr(cecf(bnas, 77A0)+% Z Tr<090f¢nasa (7T+7709)A0)

meX,m is of Type C meX,n is of Type A

_|_% Z Tr(095f¢na57 (7T + W)AG)

meX,nm is of Type B

= TI'(Cgcgbnas, ,0149) + Z Tr(oacfgbnas, WAQ)

neX,m is of Type C
- Tr@(cﬁcgbnaw ,0) + Z mz’plTIG(Oﬁchbnasa p,)7
p'<p,p'eCl

where m o Trg(Chebnas, p) and Trg(Coef dnas, p') are defined as follows:

We write Trg(Chednas, p) = Tr(Coednas, pAs). We define m, » to be the multiplicity of
irreducible subquotient © which is of Type C and isomorphic to p’, and we label these
T's as Pl ..., Pl - We choose an intertwining operator of p' (denoted by By), and we
use Trg(Cgcngnas,Z,;) to denote Tr(CycPnas, p'Bo). We use By, .. Bgm » to denote the

induced intertwining operator of Ay on pf, . pm (note that for 1 <i <m/ ,, we have

Tr(Chednass P’ Bo) = £Tr(Chednas, P’ Boi)), then m o 1s defined by the following equality:

m

Z Tr<090¢na57 piBG,z) = m?p/Tr@(C@cfgbnasy Pl)

=1

We may also write Q(A;) = Star,,, (¢;) for some ¢; € C, then Q(—4;) = Star,, (—ci).
Applying proposition 2.7.1, we have

N M N

Q
s
:
—
O
=
o
©
w
—
O
|
=
=

(Oec¢nasa HStGLm Cz H HStGLm Cz AG)

=1 =1

CGcgbnozs» H StGLnL H Q H StGLm A&)

=1
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Then we have
Tr9<090¢nasa p) + Z mzp/TrG(CGcfQﬁnasa ;0/>

P <p,p'€Cl

N M N
= Tr(Cochnas, (H Ster,, - H Q(B;) - H Star,., ) As),
=1 =1 =1

and the proposition follows.
m

Let 7 = Ind§(®*_,Speh(z;,y)(;)) be a representation of f-type. By repeatedly ap-

plying Proposition 3.3.2, we conclude the following theorem.

Theorem 3.3.1. We have:

Tr9(090¢nasu 7T> = Z Mﬂ',pTrO(CHcfnasu P)

pecy

where M , € Z, and p 1is of the form Ind%(@iStGLni (1)), such that €; is either the trivial

character or the unramified quadratic character.

Remark 3.3.1. In the next section, we give a point-counting formula in terms of twisted
traces of representations of O-type. And Theorem 3.3.1 reduces the computation of twisted
traces of representations of 0-type to the computation of twisted traces of products of Stein-
berg representations. We perform this reduction because compared with Steinberg represen-
tations, Speh representations (or more generally, ladder presentations) have much more
complicated Jacquet modules (for Jacquet modules of ladder representations, see [39]).
Furthermore, given an intertwining operator Ay on a representation of O-type (denoted by

), it is difficult to track how Ay acts on my.

4 The basic stratum of Kottwitz varieties

In this section, we study the cohomology of the basic stratum of Kottwitz varieties (as
introduced in [31], which are certain compact Shimura varieties associated with division
algebras). In conclusion, we derive a point-counting formula for the basic stratum in

terms of twisted traces of products of Steinberg representations.

4.1 Kottwitz varieties

Let D be a division algebra over Q equipped with an anti-involution *. Let Q be the
algebraic closure of Q inside C. Write F for the centre of D, and we embed F into Q.
We assume that F' is a quadratic imaginary field extension of Q and we assume that %

induces the complex conjugation on F.
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Let n be the positive integer such that n? equals the dimension of D over F. Let G
be the Q-group, such that for each commutative Q-algebra R the group G(R) is defined

as follows:

G(R) ={r€D®gR:zx*€ R"}

The mapping ¢ : G — G, g, defined by = — zz*, is referred to as the factor of
similitudes. Let hy be an algebra morphism hg : C — Dy such that ho(z)* = ho(Z)
for all z € C. We assume that the involution of Dg defined by = + ho(i) " txho(i)
(x € Dg) is positive. We restrict hy to C* to obtain a morphism A’ from the Deligne
torus Resc/rGy,c to Gr. Let h denote A'~! and let X denote the G(R)-conjugacy class of
h, then the pair (G, X) is a PEL-type Shimura datum ([31]). Let S denote Resc/rGmc.
We define the isomorphism r from Sc¢ to G, ¢ X Gy, ¢ as follows: for an arbitrary C-algebra
A, define A ®r C — A? by a ® 2 — (za,za). We define cocharacter i’ : Gyc — Sc by
rou'(z) = (z,1) and we define p € X,(G) to be p’ o h.

Let E denote the reflex field of Shimura datum (G, X, h). We copy Kottwitz’s de-
scription of the reflex field £ ([31]): Let vy, vy be the two embeddings of F' into C. We
associate the number n,, with v; and n,, with v, so that the group G(R) is isomorphic to
the group GUc/r(n0,, v, )(R) (as defined in §2.3). The group Aut(C/Q) acts on the set
of Z-valued functions on Hom(F,C) by translations. The reflex field E is the fixed field
of the stabilizer subgroup in Aut(C/Q) of the function v — n,. Then we obtain varieties
Shy defined over the field E, and these varieties represent moduli problems of Abelian
varieties of PEL-type as defined in [31].

At p: Let K C G(Ay) be a compact open subgroup. Let p be a prime number
such that Gg, is unramified, and such that K decomposes into a product K,K? where
K, C G(Q,) is hyperspecial and K? C G(A%}) is small enough so that Shg(G,X) is
smooth. Let Shi (G, X) be the Shimura variety (defined over F). Let Mk be the moduli
scheme over Op ®7z Z,) which represents the corresponding moduli problem of Abelian
varieties of PEL-type (as defined in §5 of [32], note that My g is |ker' (Q,G)| copies of
Shi (G, X)). We assume that p is inert in F'//Q (the case that p splits in extension F'/Q
is studied in [34] and [37], also note in [34] and [37] truncated traces are studied, whereas
we study twisted truncated traces in this article). Under our assumption, the group Gg,
is unramified, and thus quasi-split, then we have Gq, = GUF, /Qp(An) (as defined in §2.3,
we also use GU(n) to denote GUF, , (An) when there is no ambiguity).

At R: By the classification of unitary groups over real numbers, we have Gr =
GUg/r(s,n — s) for some 0 < s < n. If n —s # s, then the reflex field is F, and if
n — s = s, then the reflex field is Q.

Let ¢ be an irreducible algebraic representation over Q of G, associated with an
f-adic local system on S (where £ # p is a prime number). Let g be the Lie algebra of
G(R) and let K be the stabilizer subgroup in G(R) of the morphism h. Let f, be an

Euler—Poincaré function associated to ¢ (as introduced in [5], see also §3 of [31]). Note that
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foo has the following property: Let 7, be a (g, K )- module occurring as the component
at infinity of an automorphic representation 7w of G. Then the trace of f., against 7., is
equal to Nog D 50 (= 1) dim(H (g, Keo; oo ® €)), where N, is a certain explicit constant
as defined in §3 of [31]. Let Q, be an algebraic closure of Q; with an embedding Q C Q,.
We write L for the ¢-adic local system on M KO, associated to the representation ( ® Q,
of G@[ .

We write ¢ for the number of elements in the residue field of Op,. For each geometric
point x € My 5 , we consider the isocrystal with additional G,-structure b(A,) associated
to the abelian variety A, corresponding to x (see pp.170-171 of [53]). The set of isocrystals
with additional Gg,-structure {b(A,) : v € M K’Fq(Fq)} is contained in certain finite
set B(Gq,,n) C B(Gg,) (see 86 of [33]). For b € B(Gg,), we define Sy to be {z €
MK,E(R) : b(A;) = b}. Then Sy is a subvariety of Mg (see §1 of [54]) and the
collection {Sp}pe B(Ggy ) of subvarieties of M KF, is called the Newton stratification of
My 5, . We take b to be the basic element of B(Gq,, 1), and call S, the basic stratum (in
this case Sy is closed in M , see §1 of [54]).

Now let .S, be the basic stratum of M g , we use Bx to denote the closed subscheme
of M, (defined over Fy), such that Bz is S, (See Theorem 3.6 of [53]). Note that
Shirk,(G,X) is compact in this case, then Mg, is proper, therefore Bx C Mgy, is
proper. The Hecke correspondences on Shg (G, X) may be restricted to the subvariety
t: Bx — Mg ,, and we have an action of the algebra H(G(Ayf)//K) on the cohomology
spaces H',(Bk,t*L). Furthermore, the space H',(S,,*L) carries an action of the Galois
group Gal(F,/F,), which commutes with the action of H(G(A)//K).

Remark 4.1.1. Let o denote the non-trivial element of Gal(F'/Q). Recall that we assume
that o agrees with * on F. Note that G(F) = {g € D ®q F : gu(g) € F*} where ¢ is
given by ((d® f) = d*® f. We have D ®q F = D x D with isomorphism given by
df w— (df,do(f)). Then(d®f) = d*®f, o(d®f) = d®o(f) induces involution on Dx D
given by u(dy, dp) = (d3, di) (because (d® f) = d*® f = (d"f,d"o(f)) = ((do(f))", (df)))
and o(dy, ds) = (da, dy) (because o(d® f) =d @ o(f) — (do(f),df)).

Also note that G(F) = F* x GL,(F) with isomorphism given by (dy,dy) — (did}, dy)
(we denote this isomorphism by ¢). Then o induces an action on F* x D* given by
o(f,d) = (f*, f(d*)™Y) (if we write p(dy,dy) = (dids, dy) = (f,d), then we have o(f,d) =
o(didy, dv) = o(p(d, dz)) = p(o(dr, d2)) = p(dz, dr) = (dad], d2) = ((drd3)", (drd5/dr)") =
(f*, f2(d) ).

Similarly, we have Go, (Fy) = F)XGL,(F,), and the non-trivial element of Gal(F,/Qj)
(denoted by f v+ f for f € F,) induces an action on FY x GL,(F,) given by (f,g) =
(f, fAZY(g)) 7t A,), where A, is the anti-diagonal matriz with entries 1 and g +— g is the

conjugation transpose.

Let « be a positive integer and let E,,/E, be an unramified extension of degree c.
We write ¢, for the characteristic function of the double coset G(Og, ,)u(p™)G(Og,..)
in G(E,,). The function ¢/, € H" (G(Q,)) is obtained from ¢, via base change from
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H™(G(Ep.)) to H™(G(Q,)) (as defined as p239 of [28]). We call the functions ¢, the
functions of Kottwitz.

Proposition 4.1.1. 1. Ifn—s # s (in which case the reflex field is F'), then ¢, = fras
(recall that we define f,.s in Definition 2.4.1).

2. If n — s =s (in which case the reflex field is Q) and « is even, then ¢, = frngs.

—a

3. Ifn—s = s (in which case the reflex field is Q) and o is odd, then ¢, = p~2°"=9) f, ...

Proof. Firstly, note that for an arbitrary finite unramified extension L/Q,, the group
G(L) splits if and only if [L : Q)] is even. If G(E, ) splits, then ¢/, = 15 (recall that
we define ;s in §2.4). For the proof, see Proposition 4.2.1 of [50], and note that we take
the reciprocal of A" when we define Shimura datum at the beginning of this section.

If G(E, ) does not split, the Satake transform of ¢/, is

pes(n=s)/2 Z F(XOXE . XO) = pestns)/2 xa Z (X1
se{+1}F xS, IC{|II,‘2:,.;,n}
where X7 :=[T,.; X; (see Proposition 4.2.1 of [50], for the definition of X, X; see Definition
2.4.1, also recall that we define the action of {£1}* x S, on XX ... X& at the end of
§2.3). Thus, the Satake transform of ¢/, is p~**"=*)/2f | if G(E, ) does not split.
By applying the base change map as defined in §4.2 of [50], we get our proposition. [

4.2 Cohomology of the basic stratum

Let f*r € H(G(AP>®)//K) to be an arbitrary Hecke operator, and let fo, € H(G(R))
be an Euler—Poincaré function associated to (. Then we have the following proposition
(Proposition 9 of [34]):

Proposition 4.2.1. If n — s # s, the reflex field is F, and we define ¢ = |Or/(p)| = p*.
We have

Te(f>7 x &, Y (=1)'Hi\(Bg, 1" L)) = |ker'(Q, G)| >, Tr(Qy x [, Ly)
=1 Cﬂ’EFiCEq,ngoop(]Fq)

= |ker' (Q, G)|Tr(Cefras " fro: A(G))

for a sufficiently large.
If n — s = s, the reflex field is Q. We have

Te(f°7 x B, (—1)'Hi\(Bs,,1*L)) = [ker'(Q, G)| > Tr(®) x f>F, L)
i=1 fﬂ'EFiZ@gxfoop(]Fp)

= [ker' (Q, G)|Tr(Cefuz s f ™ foo, A(G))
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for a even and sufficiently large, and

o0

Te(f> x 5, (—1)'Hi(Bs,, " L)) = [ker'(Q, G)| > Tr(® x f°, L,)

=1 xleF’L'Iéchfoop(]Fp)
= [ker' (Q, G)|Tr(Ce(p™2*"™ fras) Fo foor A(G))
for a odd and sufficiently large.
Proof. We use proposition 9 of [34] and Proposition 4.1.1. ]

We assume that n — s = s. For k € Z-o, let By1,... B, denote the irreducible
components of BFpk' We use dp to denote the dimension of B, and we use Cj; to denote

the number of irreducible components of By, ;5 . Then we have the following corollary:
Corollary 4.2.1. We assume that n — s = s, then we have:

2. If Cy, 1s odd for some k € Zgoqq and 1 <1 <y, then dg = s(n;s)’

Proof. The proof of (1): We take k € Z~( to be a sufficiently large odd integer such that
|B]Fpk] # 0. We take f°P to be the characteristic function of K? (denoted by 1g») and
we take ¢ to be the trivial representation G (then the associated local system L is Q).
Applying Proposition 4.2.1, then for an arbitrary odd « € Z~, we have

|B(Fpor)| = Tr(lir x @%, % (=1)"Hi(Bs,, Q)

=1
= [ker! (Q, G)| Tr(Co(p™ 2 * ) pnanyo) 7 foor A(G)),

‘B(FPQ"”“N = Tr(le X(I)gak7 Z(_1>1Hét(BFp7@€)) = ’kerl <Q7 G)‘TI‘(CcSOn(ak)sfoopfooa A<G))
i=1

Then we may conclude that |B(Fzar)| = p%ks(”_s)|B(Fpak)|. By Corollary 6.4 of [51],

there exists ¢ € Ry such that |B(Fye)| < ¢p®@® for all odd a € Z~y. Then for all odd

a € Z~g, we have

p%ks("fs) < p%ks("fs”B(Fpak)’ = ‘B(Fpmk)‘ < szakdB,

then we may conclude that dg > 8("4—_8).

The proof of (2): We assume that Cj; is odd and we take k € Z- to be a sufficiently
large odd integer such that Cj |k. We take f*P to be the characteristic function of K?
(denoted by 1x») and we take ¢ to be the trivial representation Gg. Repeat the proof of
(1), we have |B(Fzat)| = p2 9| B(F,at)| for all odd o € Zo. By Corollary 6.4 and
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Proposition 6.7 of [51], there exists ¢;, c; € Rsg such that ¢;p®@ < |B(Fpe)| < cop®@® for
all odd « € Z~(. Then for all odd a € Z~(, we have

e < ) B )| = [ B(F )| < cp?™ 7,

therefore clp%ks("’s) < cop™ds for all odd a € Z~, and we have dg > —S(HQ_ o,

For all odd a € Z~, we also have
ap? s < |B(F )| = p% o0 B(E )| < xp¥ otk

therefore ¢;p®*¥s < czpa?ks(”_s) for all odd a € Z-q, and we have dg < @ Then we

may conclude that dg = @ O

Remark 4.2.1. Assume n —s = s and s(n — s) is odd. By (2) of Corollary 4.2.1, we
have that Cy; is even for all odd k € Z-.

Let D* denote the algebraic group over Q given by D*(A) = (D ®g A)*, and let F*
denote the algebraic group over Q given by F*(A) = (F ®q A)*.

Proposition 4.2.2. Let H denote Resg(FX x D*) (as an algebraic group over Q). We
suppose that [ = fG ® [ € H(G(A)) and ¢ = oL @ o™ € H(H(A)) are associated
in the sense of base change (i.e., functions f, and ¢, are associated for all places v, as
defined in §3.1 of [40]), where f$ is an Euler-Poincare function on G(R) associated to
the trivial representation, and gpgo’e is a Lefschetz function for 0 on H(R) (as introduced

in p.120 of [{1)]). Then we have
Tr(r(f), A(G)) = Tr(R(p) Ag, A(F™ x D))

where r, R are right reqular representations, and Ay is defined by a — a0 0 for a €
A(F* x D*)), and 0 is the involution arising from the Galois action (see Remark 4.1.1).

Proof. We follow the argument given in the proof of Theorem A.3.1 in [41]::
Let G*, H* be the quasi-split inner form of G, H respectively. Note that

H(R) = (F ®g R)* x (D ®gR)* = C* x GL,(C),

then we have H'(R, (Hg)sc) = H'(R,Resg(SL,z)). By Shapiro’s Lemma, we have
H'(R,Res§(SL,z)) = 1. By applying Theorem 1.1 of [41], we have that o is stabilizing
(as defined Definition 3.8.2 of [40]). After multiplying gogp by some ¢ € R+, we may choose
¢?, and f, such that ¢? and f, are associated (see Corollary A1.2 of [41]).

Also note that traces formula for G and H only contain elliptic terms on the geometric

side, then we have

T () = Tr(R(p)Ag, A(F* x DX)) and T (f) = Tr(r(f), A(G))
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where TH? is the elliptic of the geometric side of the twisted trace formula for H (as
defined in 4.1 of [40]) and T is the elliptic of the geometric side of the trace formula for
G (as defined in 9.1 of [28]). Applying Lemma 1.9.7 in [40], we have that {oo} is (H*, G*)-
essential (as defined in Definition 1.9.5 of [40]). Let f¢ € G*(A) be a Langlands-Shelstad
transfer of f (see 9.3 of [28]). Applying Theorem 4.3.4 of [40], we obtain THY(p) =
a(H,0,G*)STE (f¢) where STC" is the elliptic part of the stable trace formula for G*
(as defined in 9.2 of [28]), and a(H, 6, G*)) as defined in §4.3 of [40]. By Proposition 4.3.2
in [40], we have a(H,0,G*) = 1. Then we have

Te(R(p)Ag, A(F* x D*)) = T, () = ST (f)

For v € G(Q), we have that R(I,/Q) is trivial (see §2 of [31]), where I is the
centraliser of 7o in G and 2R(1y/Q) is defined in §4 of [2§]. Then G satisfies the conditions
listed before Lemma 2.1 in appendix A. Then by applying Lemma 2.1 in appendix A, we
may conclude that TS (f) = STE (f¢). Then we have

Te(R(p)Ag, A(F* x D¥)) = T/ () = ST (f4) = T (f) = Tr(r(f), A(G))

]

Remark 4.2.2. Let K., be a mazimal compact subgroup of H(R), and let b be the Lie
algebra of H(R). Let 1 C A(F* x D*) be an automorphic representation such that
Tr(R(p)Ag,m) # 0, then Tro(pl, meo) = Yooy Tr(0, H (b, Koo; o)) # 0 (see p.120 of
[41]), which implies that m«, is cohomological.

We fix the following data:

e Local system: We take ( as the trivial representation G, then the associated local

system L is Q,.

o At p: If n — s # s, we take Cpeonas € H(H(Q,)) (with pnas as defined in §2.4),
and C. fras € H(G(Qp)). Then Cyepnas and C. fras are associated (see the proof of
Proposition 10 of [34]).

If n—s = s and a is odd, we take Cp(p~ 25" p,4,) € H(H(Q,)) and Co(p™ 2579 f06)
€ H(G(Qy)). Ifn—s = s and «a is even, we take Coppnes € H(H(Q,)) and
Ccfn%s € H(G<@p))

e Away from p and infinite: We take 1x» € H(G(AP®)) to be the characteristic
function of K?, then there exists P> € H(H(AP®)) associated to lgpe if K?
is small enough (for unramified places, see Proposition 3.3.2 in [40], for ramified

places, see the proof of Theorem A5.2 in [41])

o At oo: We take ¢? € H(H(A)) to be a Lefschetz function for 0, and f., €

H(G(A) to be an Euler-Poincare function associated to the trivial representation,
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after multiplying gpgp by some ¢ € R.y, we may choose gpgp and f.,, such that gpgp

and f., are associated (see Corollary A1.2 of [41]).

By applying Proposition 4.2.1 and Proposition 4.2.2, we obtain:

Corollary 4.2.2. 1. Ifn — s # s, we define ¢ = |Op/(p)| = p?, then for an arbitrary

a € Zsq sufficiently large, we have

o0

B(Fye)| = Tr(Ls x ©2, S (<1 HY,(Bs, L)

=1

= [ker' (Q, G)| Tty (Coctpnas?™ ¢y, A(F x D).

2. If n — s = s, then for a € Z~( even and sufficiently large, we have

o0

B(Fye)| = Tr(Ls x ©2, S (=1 HY,(Bg, ,1°L))

=1

= |ker1(@,G)|Tr9(Cgcg0n%Sg0p°°gozp,.A(FX x D).

3. If n — s = s, then for a € Z~q odd and sufficiently large, we have

o0

|B(Fpe )| = Tr(1xe x @5, (=1)'H},(Bs,,1"L))

=1

— [ker! (Q, G)[To(Coolp™ 3" g00) 0" el A(F* x D¥)).

4.3 A point-counting formula

we establish the following point-counting formula in this section:

Proposition 4.3.1. 1. If n — s # s, then for an arbitrary o € Z~q sufficiently large,
we have

|B(qu‘>| = |ker1 (@7 G>| Z NWTIG(CGC¢na37 7T)7

where m’s are representations of GL,(F},) of the form Indg(@)iStGLni (¢i)), such that

g; 18 either the trivial character or the unramified quadratic character and

Ne=% 3 Trolel, (x © 7o) Tra( ™, (X ® TVP°)CE My o

XQTCA(F*xD>):
X®T is O-stable,
Tp 1s of 6 type,

T<Tp
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with the partial ordering as defined before Proposition 5.3.2, the constant (7 € C*
is a root of unity, and M . as introduced in Theorem 3.3.1, and

Teo(ly (x® T)oo) = 3 Tr (0, Hi(h, Ko (x © 7))

=1

(see Remark 4.2.1).

2. If n — s = s, then for an arbitrary even o € Z~q which is sufficiently large, we have

| ( )‘ - ’ker Q7 ZN TI‘@ 090¢n sy 0 )

with N as defined above, and m’s are representations of GL,(F,) of the form
Ind%(@iStGLni(ei)), such that €; is either the trivial character or the unramified

quadratic character.

3. If n — s = s, then for an arbitrary odd o € Z~o which is sufficiently large, we have

’ ( )|—|ker Qa |ZN7rp an sTr0<09c¢nasa )

with N as defined above and m’s are representations of GL,,(F,) of the form Indg(@)iStGLni (1)),

such that €; 1s either the trivial character or the unramified quadratic character.

Proof. We assume that n — s # s (the proof for the case n — s = s is almost identical):

Take a € Z~q sufficiently large, by applying Corollary 4.2.1, we have

|B(Fge )| = [ker' (Q, G)|Trg(Cocpnas ol A(F* x D*)).

= Z Tl"g <CGCS0TLOCS (ppoo (pzp’ p) )

pCA(F*xDX)

where the sum ranges over #-stable irreducible subrepresentations of F*(A) x D*(A) in
A(F* x D*). And

Tr9<09090na590p00902p7 p)) = Tr9(90gp7 pOO))TIP(QDpooa ppoo))Tr9(Cgc(pnoz8a pp)

We write p = x @ 7 C A(F*) ® A(D*), then p, = x, ® 7, is a representation of
FYX X GL,(F).

We use 6 to denote the involution of F* x G L, (F,) defined by (f, g) — (f, fA,*(g") " An)
where A,, is the anti-diagonal matrix with entries 1 and g — g’ is the conjugation trans-

pose (which arises from the Galois action, as described in Remark 4.1.1). And we use 6
to denote the involution of F* x GL,(F,) defined by (f,g) — (f, A, (3") ' 4,). Because

110



5. TWISTED TRACES OF PRODUCTS OF STEINBERG REPRESENTATIONS

of the #-stableness, we must have (y, ® 7,) 0 6 = x, @ 7,. Also, note that for an arbi-

trary (f,g) € F x GLn(F}), we have (x, ® 7,) 0 01(f, 9) = (6(f) @ 7(FALH(F) ™ An),
therefore, if (y, ® 7,) 0 61 = X, ® 7,, then 7, must have trivial central character, and
we have (x, © 7,) 0 01(f,9) = (6 (f) @ (A, (G) 7 An) = (6(f) © 1(A,1(5") 1 An) =
(Xp ® Tp) 0 62(f, g). In the following, we also use € to denote the involution of G'Ljy(F},)
(k > 0) defined by g — A 1(g")"'A,, then we have

TrG(COC(pnasa pp) = TI'92 (CHCSOnasa Xp®7-p)) = Tr91 (CGCQDnasa XP®TP)) = TI‘@(XQ, Xp)Tr9<¢nozsa

with ¢,.s as defined in §2.4.

We apply the Jacquet-Langlands correspondence (cf.VI.1 of [I4]) to 7 (denoted by
JL(7)), then JL(7) is a discrete automorphic representation of GL,(Ar). By applying
Theorem 3.1.1, we have that 7, = JL(7), is a semi-stable rigid representation (we have the
isomorphism because p is an unramified place). By repeating the argument in pp.511-512

of [34], we have Tro(X®, x,) = (5, where (,, is a root of unity. Then we have

TrG(Xaa Xp)Tr0<¢nasa Tp) = CSPTIP((bnasa Tp)-

By applying Proposition 3.1.1, we obtain Trg(¢nas, 7p) = Tro(¢Pnas, 7,) Where 7, is a
semi-stable rigid representation of #-type (as defined in Definition 3.1.1). Then apply
Theorem 3.3.1, we can conclude our theorem when « is sufficiently large. We will later

remove the restriction on « in §5.2. 0

5 Twisted traces of products of Steinberg represen-

tations

By Proposition 4.3.1, we may reduce the computation of the number of points of the basic
stratum over F o, denote by |B(Fy)|, to the computation of twisted traces of products
of Steinberg representations, in this section, we compute twisted traces of products of

Steinberg representations.

5.1 An explicit description intertwining operators

In the following, we fix a quadratic extension of p-adic fields F'/Q, such that p is prime
in F', let o be the non-trivial element of Gal(F/Q,). For k € Z-(, we use 6 to denote
the involution of GLy(F) given by g — A 1(g")~'A,, where A, is the anti-diagonal
matrix with entries 1 and g — g' is the conjugation transpose. And we fix an irreducible
admissible representation 7 of G L,(F) of the form Ind%(®;Stq L., (€i)), where €; is either
the trivial character or the unramified quadratic character. We embed S,, into GL,, as
follows: We send o to (a;;) where a;; = 1 if and only if o(:) = j, and a;; = 0 otherwise.

The action of S, on GL, is given by w - g = wgw™! for w € S,, and g € GL,,.
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We use By, = My Ny C GLj to denote the Borel group of upper triangular matrices.
We standardise parabolic subgroups of GL; with respect to By.

Note that the permutation group on {1,2,...,n} (denoted by S,) is generated by
transposes (1,2),...,(n — 1,n) (which we denote by 71,...,7,_1), for w € S, we define
((w) to be min{k : w = wywy...wy : w; € {m,...,Ty1}}. Fori,j € {1,2,...,n}, we
say that (7,7) is an inversion of w if i < j and w(i) > w(j), we use inv(w) to denote the
total number of inversions of w, then we have the following proposition (for the proof, see
Lemma 2.1 of [68]):

Proposition 5.1.1. For every w € S,,, we have inv(w) = {(w).

Let A = (A1,...,A\x) be a partition of n, we use S\ C S, to denote Sy, X ... x Sy, .

Let A and p be two partitions of n, then we have the following proposition:

Proposition 5.1.2. For an arbitrary double cosets SxgS, C Sy, there exists a unique

Gmin € S\gS,, such that {(Gm:,) is minimal among elements in SxgS,,.
Proof. See V.4.6 of [56]. O

We call gpin € SxgS, the minimal length representative of S,gS,,.
Let m = Ind?(@iStGLni (¢;)) be a representation of f-type of GL,(F), where ¢; is
either the trivial character or the unramified quadratic character. We embed Stqy, (¢:)

into v(e) "5 x v(e) T ... x v(e;) T

(as introduced in §3.3), then we embed 7 into
an unramified principal series, which we denote by IndgL"(U). Let Ay be an intertwining
operator on Indgf"(a) given by f + fof for f € Indgfn(a). Then we get an intertwining
operator on T = Ind%(@iStGLni (£;)), which we also denote by Ay. Let @ = LU be a
standard parabolic subgroup of GL,, then we have the following explicit description of 7y
(which is based on Bernstein-Zelevinsky filtration, see VI.5.2 of [56] or 2.2-2.3 of [52]) and

the induced intertwining operator on 7y (see 2.2-2.3 of [52]):

Proposition 5.1.3. In the ring of Zelevinsky R, we have

Ju(Ind§(@:Star,, (€)= @ Indfp, 1pw o Jugrm(®iStar,, (£:))

weGp,QCSn

where Gpg C Sy, is the set of minimal length representatives of Sp \ S,/Sq

The induced intertwining operator Ay acts on

D Wy plwo Junu(@Stor,, ()))

’wGGp,QCSn

as follows: the intertwining operator Ay maps

Indéqu_};(w o JwQﬁM (®iStGLni (62)))
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onto
Indiﬂ(wf’)—l-P(we 0 Juo.gnm (®iStGLni (€4)))

0

where w® is the minimal length representative of Spf(w)Sg and O(w) is defined to be

A wA, (recall that A, is the anti-diagonal matriz with entries 1).

5.2 Computation of twisted traces

In this section, we compute the twisted traces of products of Steinberg representations and
remove the « sufficiently large condition in Proposition 4.3.1. Let 7 = Ind%(@iStGLni (1))
be a representation of #-type of GL,(F'), where ¢; is either the trivial character or the
unramified quadratic character, we compute Tr(Cy.Pnas, TAg) where Ay was constructed
before Proposition 5.1.3.

First, by applying Proposition 2.2.3, we obtain

Tr9(090¢nasa 71-) = Z gQ BTIQ(XUQS%%L’ (5635)A9)
QePl,Q=LU

By proposition 5.1.3, we have

(XU(bnozs’ (555)"49) Tr(XU(bnas? @ Ind%ﬂw—l-P(woJw'QﬂM((X)iStGLni <€Z)>>A9>

wEGp’QCSn

= Y Tr(Rgeld ndfn,—r.p(w o Jugrur(®iSter,, (<))

weGY HCSn

where G%, C S, is defined to be {w € Gpgy C Sp : w? = w,wSy N Sp = {idg, }}. We

have the condition w?

= w because Ag maps Indf, 1. p(w 0 Jugrar(®iSter, (€:))) to
Indfm(wg)_l, p(w’ 0 Jyo.0nm(®iStar, (€:))) where w’ is the minimal length representative
of Spf(w)Sg. And we have the condition w™'Sow N Sp = {idg, }, because )Z%gb%%l is
unramified, and Ind% -1 p(w o Juw-grm (®iStar,, (€:))) is ramified if w - Q@ N M # M,
where w - Q N M = M, if and only if w™'Sqw N Sp = {idsg, }.

Let (¢'=*,...,q¢"") denote the Hecke matrix of Jy,(®:iStar,, (i) = ®,»(5§,n_(52-)),
which equals l

1—nq 3—nq ny—1 1—ny 3—ng ng—1

(2] trn) — (€1 c1 Ck—3 > ok Ck
(qﬂ- ’__"q”")_(q 2 7q 2 7"'7(] 2 7"'7q 2 7q 2 7""(] 2 )’

such that (nq,...ng) is the partition of n corresponding to the parabolic subgroup P, and

q¢“ = €i(q). Then for w € G}, we have:

Trg(Xg Py ALy -1.p (w0 © Jugrve (RiStar, (€1)))) = Tra(Xgdhar, Indyy, (w o (2,03 )

= Trp(Rf 82 w o (.63, (€0)) = cQuS(RGAL2h) (e, .. gfme)
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where £, = £1 depends on () and w (See Proposition 2.2.2). We have then the following

proposition:

Proposition 5.2.1.

Tr9(090¢nasa 7T> = Z Z €Q.0EQw XU¢§’L%?9)( ™ w(l), c.. ,qt”*“’<’L))

QePl,Q=LU weGg

Applying Proposition 4.3.1, we obtain the following theorem (we later remove the

sufficiently large condition for « in Proposition 4.3.1):

Theorem 5.2.1. 1. Ifn — s # s, then for an arbitrary o € Z~q, we have

’ ( )| = |ker @7 ZN Tl"g CHc¢nasa )

= [ker (@)Y D > NecquEquSREOD) (gm0, gl

T QEPY,Q=LU weGY

with N, as defined in Proposition 4.3.1, and 7’s are representations of GL,(F,) of
the form Indg(@)iStGLni (¢1)), such that ¢; is either the trivial character or the un-
ramified quadratic character (recall that cg ., = £1 is introduced before Proposition

5.2.1 and g9 = £1 is introduced in Proposition 2.2.3).

2. If n — s = s, then for an arbitrary even o € Z~q, we have

| ( )| - |ker @7 ZNTTG Cchbn S )

= ker' @GN DD NazgurouSHLSLL) (g, . gl

m erng:LU WEG%’Q

with Ny as defined in Proposition 4.3.1 and w’s are representations of GL,(F,)
of the form Ind%(@iStGLni (1)), such that €; is either the trivial character or the

unramified quadratic character.

3. If n — s = s, then for an arbitrary odd o € Z~q, we have

| ( )| - |ker Qv |ZNP 2s(n= STr9(090¢na57 )

& Q
=k @AY D D N B e0pmuSREOT) [, )

T QePY.Q=LU weGf

with Ny as defined in Proposition 4.3.1, and 7’s are representations of GL,(F,)
of the form Indg(@)iStGLni (1)), such that e; is either the trivial character or the

unramified quadratic character.
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Proof. We may assume that n — s # s, the proof for the case n — s = s is almost identical:

We use n; to denote dim@l(Hét(B]Fq,@g)), and we use €, . .., €, to denote the eigen-
values of Frob, acting on H},(Bg,, Q) respectively. Note _that Gal(F,/F,) is an abelian
group, then the eigenvalues of Froby acting on Hét(Bqu, Q) are efy,...,ef,, . Then we

i,m;

have

By applying Proposition 4.3.1 and Proposition 5.2.1, we have

BE)| = ke @GS D0 3 NecquequSEIAL) @, . g )

T QEPY,Q=LU wedGy

for « sufficiently large. Also note that the above equality equals

ker' (Q, G |Z Z Z Nzeg.0cQ.w (XU¢n1s)( traw) | g,

T QeP?.Q= LUwEG’ P0

Therefore for a sufficiently large, we have

B(F,)| = lker'(@,G |ZZ

= ket @AY DY D NecguruSREG (M, L gtre),

T QEPY.Q=LU weGY

Also note that S (XUgbnlS) are polynomial functions, thus, we conclude that the identity
holds for all o € Z.
O

Remark 5.2.1. If as is even, then we have that
Tro(Cochnas, N (@;Ster,, (€:))) = Tro(Coednas, Ind5(®;:Star,)),

by considering the Hecke matriz of JNO(IndIGD(®Z-StGLni (¢1))) and JNO(Indg((X)iStGLM)) re-

spectively.

5.3 Combinatorics of double cosets of symmetric groups

In last section, we define G%, C S, to be {w € Gpg C S, = w,w 'Squw N Sp =
{ids,}} where P = MN is the standard parabolic subgroup corresponding partition
(A,...,As) and @ = LU is the standard parabolic subgroup corresponding partition
(g1, ..., pe), Gpg C Sy, is the set of minimal length representatives of Sp \ 5,,/Sg C S,
and w? is the minimal length representative of Spf(w)Sg (recall that we define (w) to

be A-1wA, where A, is the anti-diagonal matrix with entries being 1).
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Thus G%Q consists of w € S, satisfying the following properties:

1. w is the minimal length representative of Sp \ S, /S¢.
2. QUSQwil NSp = {idS,L}-

3. w =’ that is, the element w is the minimal length representative of Spf(w)Sg.

In the following, we give a combinatorial interpretation of the conditions (1),(2), and (3)

above.

Remark 5.3.1. If we write a computer program to compute the point-counting formula
in Theorem 5.2.1, then the most challenging part is to determine which w € S, belongs
to G . With our combinatorial interpretation of the conditions (1), (2), and (3) above,

we have a more effective method to determine G%Q algorithmically.

Let o = (v, ..., as) be a partition of n. The diagram of « is the set {(7,j) : 1 <i <

s,1 < j < o}, which we denote by T’ (a1,-2) “which we represent by a Young diagram in

4,1,3)

the usual way. For example T'¢ is represented by

We refer to the elements of a Young diagram as nodes. Let a = (aq,...,a4),8 =
(B1,...,5) be two partitions of n. An a-tableau of type 3 is a function from the
nodes of 8 to Z~o which takes each value i € {1,..., s} exactly ; times, which we denote

by T’ ((Ballg:)) We represent tableaux by drawing the diagram of «, and then writing the

T(4 3) 1S

image of each node inside the corresponding box. For example, the tableau (2;‘12)

represented by

2133

4,1,3

example, the tableau 7413 is labeled as follows:

Then T((gllf::'g:? may also be regard as a function from {1,2,...,n} to {1,...,¢}. We define

the action of S,, on T((gll"“g’:;) by "place permutation”, that is, if we regard T((;‘ll"“’ﬁt) as a

----------
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function from {1,2,...,n} to {1,...,t}, then given a o € S,,, JT((;1 """ @) is defined by

For example, (1,2, 3)(6, 7)T((; if’)) is represented by

Combinatorial interpretation of conditions 1, 2 and 3: We first provide a
combinatorial interpretation of w is a minimal length representative of Sp \ S,,/S¢ using
Young tableau, following [68] (recall that P corresponds partition (Aq,...,A;) and @

corresponds to partition (pq, ..., f))-

Proposition 5.3.1. Let w be an element of S,,. Then w is a minimal length representative
of Sp\ Sn/Sq if and only if:

o wT()‘l"“’::)) has weakly increasing rows; i.e., wT, ((:117’_‘_'."’::))(2’, j) < wT((Al """

e if i < j and the ith and jth positions of wT((:ll’.'_"":;)) are equal, then w(i) < w(j).

Proof. See Theorem 4.1 of [6§] O

Given a finite set A, let Sy denote the permutation group of elements of A. When
A = (), we define S, to be the trivial group with one element. We define A; = Z{:l Al
and A; = Z{:l w; (we also define Ag = 0 and Ay = 0), then

SQ = S(1,a11 X S{AI+1, A} X oo X S(AL 41,4

and we have

wSqw™! =

and

-----

Stxoy b x>

Then we have that SpNwSguw ™" = {ids, } if and only if [{w(A;—1+1), ..., w(A) }{A;_1+

1,...,A;}] =0or 1 for all i, j. In terms of the Young tableau, we have Sp NwSgouw™"! =

5.3.1, we have the following proposition:

has distinct elements in each rows. Applying Proposition

Corollary 5.3.1. Given w € S,,, we have that w satisfies conditions 1 and 2 (introduced

at the beginning of this section) if and only if:
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. wT(Al’""M has strictly increasing rows; i.e., wT(/\l """ " ))<Z J) < wT((/\l ..... )) (4,5 +1)

-----

e if i < j and the ith and jth positions of wT """ :)) are equal, then w(i) < w(j).

-----

Now we look at condition 3: For w 6 Sy, we define R& """ 2t))(w,z) to be the set of

.....

elements in the i-th row of Q(w)T((:l1 ''''''' , that is,
Alyens As Alyeens A
RE/& 7777 Mt))(w,z) ={a:a= wT((M1 7777 p ))(z j) for some j}
By the construction of wT((:l’.'A'.":;)), we have that w is the minimal length representative
of Spf(w)Sy if and only if T 1’.'."":: and 6(w )T (- have the same elements at each
row, i.e. R(M’:::’it;(w i) = Rgii’:::’zj))(ﬁ(w), i) for all 4. In summary, we have the following:

Proposition 5.3.2. Let w € S,,. Then we have that w € G%Q if and only if:

o wT(()‘l’.'."": ") has increasing rows, i.e. wT(( """"" ))( j) < wT(( """" ))(Z Jj+1) for all

Z,j.

e if i < j and the ith and jth positions of wT """ :)) are equal, then w(i) < w(j).

77777

o ROV (w,i) = ROV (0(w), i) for all i,
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Appendix A

The elliptic part of the geometric

side of the trace formula

This appendix is Appendix A in the paper [45], https://arxiv.org/abs/2411.01224, written
by the author of this thesis. In this appendix, we prove a lemma on the elliptic part of

the geometric side of the trace formula.

1 Central elements in some algebraic groups
we first study central elements in some algebraic groups.

Proposition 1.1. Let G be an algebraic group over a field F', and let H be an inner form
of G, then we have Z(G) = Z(H).

Proof. Let ¢ : Gy — Hp be an isomorphism over F, then we have an isomorphism
Plzy) : Z(Gp) — Z(Hp) between commutative algebraic groups. For an arbitrary o €
Gal(F'/F), we have that ¢~'o¢? is an inner isomorphism, therefore (¢| 2 ,)) " o(¢|z(cp))°
is an identity. Then we have that ¢|z(,) = (¢|z(@y))” for all o € Gal(F/F). Therefore,
the morphism ¢|zq,) : Z(Gp) — Z(Hp) is defined over F, and the lemma follows.  [J

We embed GL,(Ay) into A}‘2. For N € Z~q, we use GLH(Z[%]) to denote GL,(Af) N
(ZI)™
Lemma 1.1. Let G be an affine algebraic group over Q such that G(R) is compact, let K
be a compact open subset of G(A), then K NG(Q) C G(Q) C G(R) is discrete in G(R).

Proof. Let K denote the projection of K onto G(Ay), then K is a compact open subset
of G(Ay). Also note that KNQ C KyNG(Q), thus, it is enough to prove that K;NG(Q) C
G(Q) C G(R) is discrete in G(R).

For all g € K, there exists a compact open subgroup Ky, C ¢"'K; C G(A;), then
{9K;q4 : g € Ky} is an open covering of K. By the compactness of Ky, there exists
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a finite subset of {gK;, : ¢ € Ky} which is a covering of K;. Let {¢1L1,...,9sLs} C
{9K;4: g € Ky} be a finite sub-covering of K.

We fix an embedding G — GL,, for some n € Z-q, then L; is a compact subgroup
of GL,(Ay). By applying Lemma 2.4.7 of [47], for each i, there exists a compact open
subgroup M; C GL,(Ay) containing L;. Then we only need to prove that (| J;_, ¢;M;) N
G(Q) is discrete in G(R).

Let i € {1,2,...,s}, we first prove that ¢;M; N G(Q) is discrete in G(R): Firstly, we
have that g;M; N GL,(Q) is compact in GL,(R), because there exists an N € Z-, such
that g;M; C GLn(Z[%]), and GLn(Z[%]) NGL,(Q) = GL,(Z[+]) is discrete in GL,(R).
We can now conclude that ¢;M; N G(Q) is discrete in G(R) because of the following

commutative diagram, where arrows are all continuous:

gM; N G(Q) ——  G(R)

[ [

gM;NGL,(Q) —— GL,(R)

Because G(R) is compact, then we may conclude that g;M; N G(Q) is finite. Therefore,
the subspace (J;_, ¢:M;) N G(Q) is discrete in G(R). O

Remark 1.1. Let G be an affine algebraic group over Q, and let K be a compact open
subgroup of G(A) (we do not assume the compactness of G(R)). Repeating the above
proof, we conclude that K N G(Q) is discrete in G(R).

In the following, let G be an algebraic group over QQ, we assume that Z(G) is isogenous
over Q to a torus of the form T, x T, where T, splits and T, is anisotropic over R. Then

we have the following proposition:
Proposition 1.2. Let K be a compact open subset of G(A), then KN (Z(G)(Q)) is finite.

Proof. Let ¢ : Z(G) — Ty x T, be an isogeny over Q. First, note that
KN (Z(G)Q)) = KN (Z(G)(A) N (Z(G)Q)) € KN (Z(G)(As) N (Z(G)(Q)),

where K is the projection of K onto G(Ay). Let K’ denote Ky N (Z(G)(Ay)), then K’
is a compact open subset of Z(G)(Ay), and it is enough to prove that K’ N Z(G)(Q) is
finite.

For all g € K, there exists a compact open subgroup K, C g 'K’ C Z(G)(Ay), then
{9K, : g € K'} is an open covering of K’. By the compactness of K’, there exists a finite
subset of {¢K, : g € K'}, which is a covering of K’.

Then we may assume K’ = gL, where g € K’ C Z(G)(Ay) and L is a compact open
subgroup of Z(G)(Ay). Then ¢(gL) = ¢(g9)¢(L) where ¢(L) is a compact subgroup of
(Ts x T,)(Af). Note that there exists a compact open subgroup M C (Ts x T,)(Ay) such
that ¢(L) C M (see Lemma 2.4.7 of [47]). Then we only need to prove that ¢(g)M N (T x
T,)(Q) is finite, because ¢ is an isogeny and ¢(gLN(Z(G)(Q))) C ¢(g)M N ((Ts x T,)(Q)).
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First, we show that ¢(g)M NT,(Q) is finite. We may write Ty = G/, for some r € Z>,
then ¢(g)M NG}, (Ay) C GZ%Z(Z[%]) for some N € Z-o. Then we have

-1
M NG, (Q) = (6(9)M NG, (A)) NG (Q) C (G 2(Z]]) N G, (Q)).
And we have that G;Z(Z[%]) NG;,(Q) = G, ,(Z[+]) is finite, thus ¢(g)M N Ty(A) is
finite.
Now we prove that ¢(g)M N T,(Q) is finite. This follows because ¢(g)M NT,(Q) is
discrete in T,(R) (see Lemma 1.1), and T, (R) is compact. O

2 An application to trace formula

In this section, we deduce a lemma on trace formula. Let G be a connected reductive

group over Q. We assume the following:

e The centre Z(G) is isogenous over Q to a torus of the form Ty x T}, where T} splits

and T, is anisotropic over R (the condition before Proposition 1.2).

e For all elliptic semi-simple elements v € G(Q), we assume that R(G,/Q) is trivial,
where G, is the centralizer of v in G and (G, /Q) is defined in §4 of [2§].

e The derived group G, of G is simply connected, and Gy, has no Eg factors (then
G is connected for A € G(Q), see [23]; and 7(Gaer) = 1, where 7(Gge,) is the

Tamagawa number of G, see [29]).
Let G* be the quasi-split inner form of GG, then we have the following lemma:

Lemma 2.1. For an arbitrary f € H(G(A)), let f& € H(G*(A)) denote the transfer of
f. Then we have TC(f) = ST (f), where T,(f) is the elliptic part of the geometric
side of the trace formula for G (as defined in 9.2 of [28]), and ST.(f") is the elliptic
part of the geometric side of the stable trace formula for G* (as defined in 9.2 of [28]).

Proof. Let ¢ : Gg — GT@ be an inner twisting. For each vy € G(Q), we choose 75 € G*(Q)
such that 1¥(v) is stable conjugate to 7§ (by §6 of [23], such a choice is always possible.
Then we have that G’;g is an inner form of G, with a canonical inner twisting given by
MGWO’@ (see Lemma 5.8 of [23]). By applying Proposition 1.1, we have that v|;(q) (resp.
¥|z(c,,)) gives isomorphism between Z(G) and Z(G*)( resp. Z(G,,) and Z(GZ,)), then
by the definition of R(G,,/Q) (see 4.6 of [28]), we have R(G. /Q) = R(G,,/Q) is trivial.

For an arbitrary vy € Z(G)(Q), we have that ¢(v) € Z(G*)(Q) (see Proposition 1.1).
By 9.3.1 in [28], we have SOy, (fC") = €(70)O4,(f) with e(v) defined in 9.3 of [28] for
v € G(A). For v € G(Q), by assumption, we know that G, is connected, then G,

is connected for all places v (because G is connected implies that G, is geometrically
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connected, see Proposition 1.14 in [48]). Then we have e(y) = e(G,) = 1 (see [24] and
e(G,) is also defined in [24]). Therefore, we have

F9(10) = Ox(F) = S0u0) (fF) = [ (¥ (70))-

Applying Proposition 1.1 again, we obtain

Z fG*(%): Z f(@(n)) = Z f(0) (A1)

0€Z(G*)(Q) ¥(10)€Z(G)(Q) 7€Z(G)(Q)

and by Proposition 1.2, the sums are all finite sums.

We use E(G) (or E(G*)) to denote the stable conjugacy class of elliptic semi-simple
elements in G(Q) (or G*(Q)), and we use E*(G) (or E*(G*)) to denote the stable con-
jugacy class of non-central elliptic semi-simple elements in G(Q) (or G*(Q)). Then we
have that E(G) = E*(G) U (Z(G)(Q)), E(G*) = EX(G*) U (Z(G*)(Q)). By 9.1 and 9.6.5

in 28], we have

T = Y, T@fto)= D>, 7(G)D (O, (f)

1€Z(G)(Q) YoEE*(G*) v

where 71(G) = 7(G)/7(Gsc) = 7(G) and 7 runs over a set of representatives for the
G(A)-conjugacy classes in G(A) contained in the G(A)-conjugacy class of ¥~!(7). By
9.3.1 in [28], we have that }__ e(v)O,(f) in the above formula is equal to SO,, (f¢) (note
that SO.,(f¢") = 0 if 7y is not associated to any elements in G(Q)). Therefore, we have

)= > @ fto)+ Y. m(G)D e(1)0,(f)

Y €Z(G)(Q) YEE*(G*) vy
= TGV () + D T(G)SO.,(f7)
Y€Z(G*)(Q) YoEE*(G*)

(we use (1) and 71 (G) = 7(G) /7(Gsc) = 7(G) = 7(G*), see [29])

= Y TGS () + D (GO0, (fF)

YEZ(G*)(Q) YoEE*(G*)

= > T(G)S0,(f9) = ST ()

Y EE(G*)

with STE (f¢") as defined in 9.2 in [28]. O
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Summary

The Langlands—Kottwitz method

and the Newton stratification of

certain compact unitary Shimura
varieties

In this thesis, we study the interplay between arithmetic geometry and the theory
of automorphic forms via Shimura varieties, with a focus on the Newton stratification
of of certain compact unitary Shimura varieties, which we refer to as Kottwitz varieties.
The étale cohomology of Shimura varieties carries both Galois representations and auto-
morphic representations, providing powerful tools to investigate the Langlands correspon-
dence: which predicts deep connections between Galois representations and automorphic
representations. The Langlands-Kottwitz method makes these connections explicit by
counting points on Shimura varieties over finite fields, and express the counts in terms of
orbital integrals, which can be further expressed in terms of automorphic forms using the
Arthur-Selberg trace formula.

In [35], Kret adapts the Langlands-Kottwitz method to study Newton stratification
of Shimura varieties, and certain Newton strata of Kottwitz varieties are also studied in
[35] using the trace formula and representations of general linear group over p-adic fields.
In this thesis, we implement the adapted Langlands-Kottwitz method to study new cases
of Newton Strata of Kottwitz varieties. In doing so, additional techniques are employed,
including representations of quasi-split unitary groups over p-adic fields, twisted trace
formula and combinatorial study of double cosets of symmetric groups.

In Chapter 2, we apply the Langlands-Kottwitz method to study the basic stratum of
Kottwitz varieties of signature (1,2) (p inert), in which case the stratum is a curve, and
we use representation theory of quasi-split unitary groups of rank 3 over p-adic fields to
study the basic stratum. This chapter serves as an introduction to our methods through a

relatively accessible example. We derive an automorphic description of the zeta function
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of the basic stratum, as well as automorphic description of the genus and the number of
irreducile components of the stratum.

We switch to a different case in Chapter 3, where combinatorial studies of double
cosets of symmtric groups and certain polynomial functions play an important role. We
study certain intermediate strata of Kottwitz varieties (p splits) and we derive explicit
formulas for the Frobenius-Hecke traces of the étale cohomology of certain intermediate
strata. This chapter is adapted from the paper [46], https://arxiv.org/abs/2507.04122,
written by the author of this thesis.

Chapter 4 is the most technical part of the thesis and is adapted from the paper [45],
https://arxiv.org/abs/2411.01224, written by the author of this thesis. In this chapter,
we use twisted trace formula and representation theory of general linear group over p-adic
fields to study the basic stratum of certain Kottwitz varieties (p inert), and we get an

automorphic description of the zeta function of the stratum.
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Samenvatting

De Langlands—Kottwitz methode
en de Newton-stratificatie van
bepaalde compacte unitaire
Shimuravariteiten

In dit proefschrift bestuderen we de interactie tussen rekenkundige meetkunde en de
theorie van automorfisch vormen via Shimuravariteiten, met een focus op de Newton-
stratificatie van bepaalde compacte unitaire Shimuravariteiten, die we aanduiden als
Kottwitzvariteiten. De étale cohomologie van Shimuravariteiten draagt zowel Galois-
representaties als automorfisch representaties, en biedt krachtige instrumenten om de
Langlands - correspondentie te onderzoeken, die diepgaande verbanden voorspelt tussen
Galois-representaties en automorfisch representaties. De Langlands—Kottwitz methode
maakt deze verbanden expliciet door het tellen van punten op Shimuravariteiten boven
eindige velden, waarbij deze tellingen kunnen worden uitgedrukt in termen van orbitale in-
tegralen, die op hun beurt via de Arthur—Selberg tracerformule verbonden kunnen worden
met automorfisch vormen.

In [35] past Kret de Langlands-Kottwitz methode aan om de Newton-stratificatie
van Shimuravariteiten te bestuderen, en bepaalde Newton-strata van Kottwitz-variteiten
worden eveneens bestudeerd in [35] met behulp van de tracformule en representaties van
algemene lineaire groepen over p-adische velden. In dit proefschrift implementeren we
de aangepaste Langlands—Kottwitz methode om nieuwe gevallen van Newton-strata van
Kottwitz variteiten te bestuderen. Daarbij worden aanvullende technieken toegepast,
waaronder representaties van quasi-samengestelde unitaire groepen over p-adische velden,
twisted tracerformule en combinatorische studies van dubbele klassen van symmetrische
groepen.

In Hoofdstuk 2 passen we de Langlands—Kottwitz methode toe om de basale straal

van Kottwitzvariteiten van signatuur (1,2) met p inert te bestuderen. In dit geval is
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de straal een kromme, en gebruiken we de representatietheorie van quasi-samengestelde
unitaire groepen van rang 3 over p-adische velden om deze basale straal te analyseren. Dit
hoofdstuk dient als introductie tot onze methode via een relatief toegankelijk voorbeeld.
We verkrijgen een automorfe beschrijving van de zeta-functie van de basale straal, evenals
een automorfisch beschrijving van het genus en het aantal irreducibele componenten van
de straal.

In Hoofdstuk 3 behandelen we een ander geval, waarbij combinatorische studies van
dubbele klassen van symmetrische groepen en bepaalde polynoomfuncties een belangri-
jke rol spelen. Hier bestuderen we intermediaire strata van Kottwitzvariteiten (met p
split) en leiden we expliciete formules af voor Frobenius-Hecke-traces van de étale coho-
mologie van deze strata. Dit hoofdstuk is aangepast uit het artikel [46], beschikbaar op
https://arxiv.org/abs/2507.04122 , geschreven door de auteur van dit proefschrift.

Hoofdstuk 4 is het meest technische deel van het proefschrift en is aangepast uit het
artikel [45], https://arxiv.org/abs/2411.01224 , eveneens geschreven door de auteur van
dit proefschrift. In dit hoofdstuk gebruiken we twisted trace-formules en representatiethe-
orie van algemene lineaire groepen over p-adische velden om de basale straal van bepaalde
Kottwitzvariteiten met p inert te bestuderen, en verkrijgen we een automorfe beschrijving

van de zeta-functie van deze straal.
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