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Chapter 1

Introduction

In this thesis, we use the Langlands-Kottwitz method to study the Frobenius-Hecke traces

of the étale cohomology of certain strata of Kottwitz varieties (which are certain compact

unitary Shimura varieties considered by Kottwitz in [31]). We express the Frobenius-

Hecke traces in terms of automorphic representations and certain explicit polynomials. In

Chapter 1, we give a short introduction to the Newton stratification of Shimura varieties

and the Langlands-Kottwitz method. In Chapters 2 to 4, we explain in detail how we use

the Langlands-Kottwitz method to study certain strata of Kottwitz varieties, where the

mathematical contents of Chapters 2 to 4 are self-contained and have technical difficulties

in increasing order.

1 History and motivation

Shimura varieties were introduced by Goro Shimura as generalization of modular curves

(see [7] for a survey on Goro Shimura’s work on Shimura varieties), inspired by the classical

theory of complex multiplication and the moduli interpretation of modular curves. The

formal definition of Shimura varieties as algebraic varieties defined over C and the theory

of canonical model over number fields are introduced by Deligne in [9]. Formally, a

Shimura variety is associated with a Shimura datum (G,X), where G is a connected

reductive algebraic group over Q and X is a Hermitian symmetric domain satisfying

certain axioms. An important class of Shimura varieties is called PEL-type Shimura

varieties, which parameterize abelian varieties with PEL (polarizations, endomorphisms

and level structures) structures, see §4 of [32].

For PEL-type Shimura varieties, the integral canonical models defined over certain

localizations of ring of integers exist, and the reduction mod p of the integral canonical

model is called the good reduction of Shimura varieties. Note that integral canonical

models exist for a more general type of Shimura varieties, which are called abelian-type

Shimura varieties, see [19]. The integral canonical models and the good reduction of PEL

type Shimura varieties are moduli of abelian varieties with PEL structures, as studied

in §5 of [32]. In §3 of [53], Rapoport and Richartz introduced Newton stratification of

3



CHAPTER 1. INTRODUCTION

a connected scheme S of characteristic p associated with an isocrystal with additional

G-structure on S (where G is a connected reductive algebraic group over Qp), their con-

struction are based on the theory of isocrystals with additional structures developed by

Kottwitz in [26]. If we take S to be the good reduction of PEL-type Shimura varieties,

with associated Shimura datum (G,X) (note that S parametrize abelian varieties with

PEL-structures, and S has an isocrystal with additional GQp-structure associated with

the moduli interpretation), then we obtain the Newton stratification of PEL-type Shimura

varieties, which consists of a finite subset of subvarieties of S (which are called the Newton

strata of S), indexed by certain isocrystals with additional GQp-structure.

The Newton strata of PEL-type Shimura varieties are non-empty (see [64]), and they

parametrize certain abelian varieties with PEL-structures, for example, the basic stratum

(which we will define in §2) parametrizes supersingular abelian varieties with PEL struc-

tures. The geometry of the Newton strata is an interesting topic to study, for example,

their dimensions and number of irreducible components, especially for the basic stratum

(see §7 of [55] for properties of the Newton strata). The Newton strata have been studied

by many people using geometric methods involving the Ekedahl-Oort strata and the affine

Deligne-Lusztig varieties (see §2 for more details). In this thesis, we use a totally different

method from the geometric method to study Newton strata: We follow the strategy devel-

oped by Kret in [35] to study the Newton strata using the Arthur-Selberg trace formula

and representations of p-adic groups. We study a new class Newton strata of Kottwitz

varieties (which are certain compact unitary Shimura varieties considered by Kottwitz in

[31], for the definition, see §4), some of the strata in the class we studied are challenging

for geometric approaches and have not yet been studied (see §2 for more details).

2 Newton Stratification

We give a brief introduction to the Newton stratification of Shimura varieties. Let (G,X)

be a PEL-type Shimura datum, as defined in §4 of [32], and let E denote its reflex field

(for definitions of the Shimura datum and its reflex field, see [9]). Let p be a prime number

such that there exists a smooth reductive model G of GQp defined over Zp, define Kp as

the group G(Zp) and let Kp ⊂ G(Ap
f ) be a neat compact open subgroup. In §5 of [32],

Kottwitz constructs a PEL-type moduli problem of abelian varieties over OE⊗ZZ(p) using

the PEL-type Shimura datum along with some additional data (which we will not discuss,

as they will not be used in this thesis), we will denote the PEL-type moduli problem by

M. The moduli problem M is represented by a smooth quasi-projective scheme over

OE ⊗Z Z(p) (loc. cit.). Let S denote the moduli space associated with M, and let MKpKp

denote the canonical model of ShKpKp(G,X) over E, as defined in §2.2 of [9]. Then the

scheme SE is isomorphic to |ker1(Q, G)| copies of MKpKp (see §8 of [32]).

Let v be a place of E above p and let πEv be a uniformizer in OEv . We write q =

|OEv/(πEv)| and let Fq = OEv/(πEv). We extend S over OEv via the integral canonical

4



2. NEWTON STRATIFICATION

model (as defined in [19]), and we use S̄ to denote SFq . Let B(GQp) denote the set

of isocrystals with additional G-structure (as defined in [26]), which is the set of σ-

conjugation class in G(L), where L is the completion of the maximal unramified extension

of Qp, and σ : G(L) → G(L) is the Frobenius automorphism. For each geometric point

x ∈ S̄(Fq), let b(Ax) denote the isocrystal with additional G-structure associated to the

abelian variety Ax corresponding to x (see pp.170-171 of [53]). The set of isocrystals with

additional G-structure {b(Ax) : x ∈ S̄(Fq)} is contained in a certain finite set B(GQp , µ) ⊂
B(GQp) (see §6 of [33]). For b ∈ B(GQp), we define Sb to be {x ∈ S̄(Fq) : b(Ax) = b}.
Then Sb is a locally closed subset of S̄Fq

(see §1 of [54]), and we equip Sb with the structure

of an algebraic variety induced from Sb. The collection {Sb}b∈B(GQp ,µ)
of subvarieties of

S̄ is called the Newton stratification of S̄ (for properties of the Newton stratification

{Sb}b∈B(GQp ,µ)
, see §7 of [54]).

When b is the unique µ-ordinary element of B(GQp , µ) (see §6 of [33]), then Sb is

dense in SFq
(see [67]). When b is the unique basic element of B(GQp , µ) (see §6.4 of

[33]), and we call Sb the basic stratum (in this case, the basic stratum Sb is closed in S̄Fq
,

see §1 of [54]). The basic stratum of PEL-type Shimura varieties (in the case of good

reduction) has been studied by many people using geometric methods, before we explain

the case considered in the thesis, we first present some examples. We first consider the

case (G,X) = (GSp2g,H±
g ) (the Siegel modular varieties case, as defined in §3.1 of [42]):

If g = 1, then Sb is a finite set. If g = 2, then irreducible components of Sb are isomorphic

to P1, which intersect pairwise transversally at the superspecial points (i.e., the points

where the underlying abelian variety is isomorphic to a power of a supersingular elliptic

curve), see [21] and [16]. If g = 2, then every irreducible component of Sb is birationally

equivalent to a P1-bundle over a Fermat curve, see [44]. For general g > 0, the dimension

and the number of irreducible components of Sb are calculated in [44]. For the baisc

stratum of a Hilbert-Blumenthal variety associated with a totally real field extension of

degree g over Q (as defined in §1 of [69]): See [59] for the case where g = 2 and p is an

inert prime. The case where g = 3 and p is an inert prime is studied in [12]. For the case

where g = 4 and p is an inert prime, see [70].

For GU(r, s) Shimura varieties associated to quasi-split unitary groups (associated to

an imaginary quadratic field extension of Q, as defined in p670 of [65]), if r = 1 and p

is an inert prime, the basic stratum is pure of dimension [s/2] and locally of complete

intersection (see [66]). In the case of (r, s) = (1, 2) or (r, s) = (1, 3), and p is an inert prime,

the irreducible components of the basic stratum are Fermat curve in P2 given by equation

xp+1
0 +xp+1

1 +xp+1
2 = 0, the singular points are the superspecial points and there are p3+1

superspecial points on any irreducible components, each superspecial point is the pairwise

transversal intersection of p + 1 irreducible components if s = 2, and each superspecial

point is the pairwise transversal intersection of p3+1 irreducible components if s = 3, see

[65] for s = 2 and [66] for s = 3. In the case of (r, s) = (2, 2) and p is an inert prime, the

basic stratum is pure of dimension 2, each irreducible component of the basic stratum is

5



CHAPTER 1. INTRODUCTION

isomorphic to the Fermat surface in P3 given by equation xp+1
0 + xp+1

1 + xp+1
2 + xp+1

3 = 0,

and if two irreducible components intersect nontrivially, the reduced scheme underlying

their scheme-theoretic intersection is either a point or a projective line, see [15]. If s = 2

and p is an inert prime, the irreducible components of the basic stratum are realised

as closed subschemes of flag schemes over Deligne–Lusztig varieties defined by explicit

conditions, see [10].

In this thesis, we consider certain compact PEL-type unitary Shimura varieties of

signature (r, s) arsing from a division algebra D (with an anti-involution ∗ such that

∗ induces the complex conjugation on F , where F is the center of D), introduced by

Kottwitz in §1 of [31], which we refer to as Kottwitz varieties. We assume that p is an

inert prime or splits in the extension F/Q, we use automorphic forms and representation

of p-adic groups to study certain Newton strata of Kottwitz varieties. In the case of good

reduction, we express the trace of the Frobenius operator and the Hecke operator of G(Ap)

on the ℓ-adic cohomology of S̄ in terms of orbital integrals, and then in terms of elliptic

parts of the stable Arthur–Selberg trace formula for the endoscopic groups (see [30] [32]

for PEL-type Shimura varieties, and see [20] for abelian type Shimura varieties), such

method to study the Frobenius-Hecke trace is called the Langlands-Kottwitz method.

Now let Sb be a Newton stratum of a Kottwitz variety, we use B to denote the closed

subscheme of S̄ (defined over Fq), such that BFq
is Sb (See Theorem 3.6 of [53]). In [34],

the Langlands-Kottwitz method is adapted to study the Frobenius-Hecke trace of the ℓ-

adic cohomology of Sb, and we can express the Frobenius-Hecke trace in terms of orbital

integrals, and then in terms of traces of automorphic representations. In this thesis, we

study the Frobenius-Hecke action on the ℓ-adic cohomology of certain BFq
for Kottwitz

varieties, and we derive a pointing counting formula for BFqα
for α ∈ Z>0 in terms of

automorphic representations. Our method is totally different from geometric methods

(no use of automorphic forms is made in geometric methods), and the advantage of our

method is that we can study the Newton strata of Kottwitz varieties of arbitrary signature

(r, s) (where the geometric methods are restricted to the case where min{r, s} ≤ 2, and b

is baisc or µ-ordinary). Our method is of both global and local nature: On the global side,

we apply a truncation of the formula of Kottwitz for the number of points on Shimura

varieties over finite fields (introduced in [34]), the Arthur - Selberg trace formula, base

change of certain automorphic forms and the twisted trace formula. On the local side, we

apply truncated traces and representations of p-adic groups.

3 Preliminaries on p-adic groups

Let F be a p-adic field, let G be an unramified smooth reductive group G, and choose a

smooth reductive model G over OF and write K = G(OF ). Let πF be a uniformizer of

OF , and let F̄ be an algebraic closure of F . We normalize the p-adic norm on F so that

|p| = p−Card(OF /(πF )) (the convention as in pp.491-492 [34]) and we normalize the Haar

6



3. PRELIMINARIES ON p-ADIC GROUPS

measure on G(F ) so that µ(K) = 1. We choose a Borel subgroup P0 of G and standardize

the parabolic subgroups of G with respect to P0. Let P be the set of standard parabolic

subgroups containing P0. We write P0 = M0N0 such that M0 is the Levi part and N0 is

the unipotent part, and let W (G,M0) = NG(M0)/M0 denote the Weyl group.

The modular character δG,P (m) is defined to be |det(m, n)|, where m ∈ M(F ) and

n is the Lie algebra of N (we also use δP to denote δG,P if there is no ambiguity). Let

IndGP denote the normalized parabolic induction (which sends unitarty representations to

unitary representations, as defined in §VI.1.2 in [56], note that the modular character

δG,P (m) is defined to be |det(m, n)|−1 in [56]), which is different from our convention (we

also use δG,P to denote δG,P when there is no ambiguity). Let π be a representation of

G(F ). The Jacquet module πN of a representation π is the space of coinvariants for the

unipotent subgroup N ⊂ G. We use JN(π) to denote the normalized Jaquet module,

which is πN(δ
− 1

2
G,P ).

We have a Borel subgroup P0 ⊂ G such that P0(F ) = P0(F ). Let I ⊂ G(OF ) be

the group of elements g ∈ G(OF ) that reduce to an element of the group P0(OF/πF )

modulo πF . The group I is called the standard Iwahori subgroup of G(F ). A smooth

representation π of G is called semi-stable if it has a non-zero invariant vector under the

subgroup I of G(F ).

Definition 3.1. Let g be an element of G(F ), we use ḡ to denote the image of g in G(F̄ )

and we use gsm to denote the semisimple part of ḡ. Then g is called compact if for some

(any) maximal torus T in G(F̄ ) containing gsm, the absolute value |α(gsm)| is equal to 1

for all roots α of T in Lie(G(F̄ )).

Remark 3.1. If G = GLn (n ∈ Z>0), then g ∈ G(F ) is compact if and only if the

norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F ) are

compact.

Remark 3.2. Let M be a Levi subgroup of G and let g be an element of M(F ) ⊂ G(F ).

Note that the condition that g is compact for the group M(F ) is not equivalent to the

condition that g is compact for the group G(F ).

Let f be a locally constant, compactly supported function on G(F ) and let (π, V )

be a smooth admissible representation of G(F ). For v ∈ V , we define
∫
G(F )

f(g)π(g)vdg

as follows: Let L ⊂ G(F ) be a compact open subgroup such that the locally constant

function from G(F ) to V defined by g 7→ f(g)π(g)vdg is right L-invariant, then we define∫
G(F )

f(g)π(g)vdg to be µ(L)
∑

g∈G(F )/L f(g)π(g)v (this is independent of the choice of

L). We suppose that f is L′-bi-invariant for some compact open subgroup L′ ⊂ G(F ),

we define Tr(f, π) to be Tr(v 7→
∫
G(F )

f(g)π(g)vdg)|W , where W ⊂ V satisfies that V L′ ⊂
W ⊂ V and that W is finite-dimensional (this is independent of the choice of W and L′).

We use H(G(F )) to denote the Hecke algebra of locally constant, compactly supported

functions on G(F ), where the product on H(G(F )) is the convolution integral defined by

7



CHAPTER 1. INTRODUCTION

f1∗f2(h) =
∫
G(F )

f1(h)f2(gh
−1)dg with respect to the Haar measure which gives the group

K measure 1. When L is a compact open subgroup ofG(F ), we useH(G(F )//L) to denote

the Hecke algebra of locally constant, compactly supported functions on G(F ) which are

bi-invariant under the action of L. Let Hunr(G(F )) denote H(G(F )//K), elements of

H(G(F )//K) are called unramified Hecke operators.

Let P = MN ∈ P and let f ∈ H(G(F )), we define the constant terms f (P ) by

f (P )(m) = δ
1
2
P (m)

∫
N(F )

f(mn)dn, note that the constant terms f 7→ f (P ) are injective

[[22], §5].
We write P0 = TU where T ⊂ P0 is a maximal torus of G, let S ⊂ T be a maximal

split torus, and we write d for the dimension of S. We use

SG : H(G(F )//K) → H(T (F )//T (F ) ∩K)
∼−→ H(S(F )//S(F ) ∩K)

∼−→ C[X±1
1 , . . . , X±1

d ]

to denote the Satake transform, where H(G(F )//K) → H(T (F )//T (F ) ∩K) is defined

to be f 7→ f (P0), the isomorphism H(T (F )//T (F ) ∩K)
∼−→ H(S(F )//S(F ) ∩K) is given

by f 7→ f |S(F ) and H(S(F )//S(F ) ∩K)
∼−→ C[X±1

1 , . . . , X±1
d ] as described in 2.2 of [49].

Note that SG has image in H(T (F )//T (F ) ∩K)W (G,T )(F ) where W (G, T ) = NG(T )/T is

the Weyl group and NG(T ) is the normalizer of T in G.

4 Kottwitz varieties

Now we give the definition of Kottwitz varieties (which are certain compact unitary

Shimura varieties considered by Kottwitz in [31]). Let D be a division algebra over

Q equipped with an anti-involution ∗. Let Q be the algebraic closure of Q inside C.
Write F for the centre of D, and we embed F into Q. We assume that F is a quadratic

imaginary field extension of Q and we assume that ∗ induces the complex conjugation on

F .

Let n be the positive integer such that n2 equals the dimension of D over F . Let G

be the Q-group, such that for each commutative Q-algebra R the group G(R) is defined

as follows:

G(R) := {x ∈ D ⊗Q R : xx∗ ∈ R×}

The mapping c : G → Gm,Q, defined by x 7→ xx∗, is referred to as the factor of

similitudes. Let h0 be an algebra morphism h0 : C → DR such that h0(z)
∗ = h0(z)

for all z ∈ C. We assume that the involution of DR defined by x 7→ h0(i)
−1xh0(i)

(x ∈ DR) is positive. We restrict h0 to C× to obtain a morphism h′ from the Deligne

torus ResC/RGm,C to GR. Let h denote h′−1 and let X denote the G(R)-conjugacy class of

h, then the pair (G,X) is a PEL-type Shimura datum ([31]). Let S denote ResC/RGm,C.

We define isomorphism r from SC to Gm,C ×Gm,C as follows: for an arbitrary C-algebra
A, define A ⊗R C → A2 by a ⊗ z 7→ (za, z̄a). We define cocharacter µ′ : Gm,C → SC by

8
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r ◦ µ′(z) = (z, 1) and we define µ ∈ X∗(G) to be µ′ ◦ h.
Let E denote the reflex field of the Shimura datum (G,X, h). We copy Kottwitz’s

description of the reflex field E ([31]): Let v1, v2 be the two embeddings of F into C.
We associates number nv1 to v1 and nv2 to v2, so that the group GR is isomorphic to the

group GUC/R(nv1 , nv2). The group Aut(C/Q) acts on the set of Z-valued functions on

Hom(F,C) by translations. The reflex field E is the fixed field of the stabilizer subgroup

in Aut(C/Q) of the function v 7→ nv. Then we obtain varieties ShK defined over the field

E, and these varieties represent corresponding moduli problems of Abelian varieties of

PEL-type as defined in [31].

At p: Let K ⊂ G(Af ) be a compact open subgroup. Let p be a prime number

such that GQp is unramified, and such that K decomposes into a product KpK
p where

Kp ⊂ G(Qp) is hyperspecial and Kp ⊂ G(Ap
f ) is small enough so that ShK(G,X) is

smooth. Let ShK(G,X) be the Shimura variety (defined over E). Let MK be the moduli

scheme over OE ⊗Z Z(p) which represents the corresponding moduli problem of Abelian

varieties of PEL-type (as defined in §5 of [32], note that MK,E is |ker1(Q, G)| copies of

ShK(G,X)). Under our assumption, the group GQp is unramified, and thus quasi-split.

By the classification of unitary groups over real numbers, we have GR ∼= GUC/R(s, n− s)

for some 0 ≤ s ≤ n. If n − s ̸= s, then the reflex field is F , and if n − s = s, then the

reflex field is Q.

We write q for the number of elements in the residue field of OEp . For each geometric

point x ∈MK,Fq
, we consider the isocrystal with additionalGQp-structure b(Ax) associated

to the abelian variety Ax corresponding to x (see pp.170-171 of [53]). The set of isocrystals

with additional GQp-structure {b(Ax) : x ∈ MK,Fq
(Fq)} is contained in a certain finite

set B(GQp , µ) ⊂ B(GQp) (see §6 of [33]). For b ∈ B(GQp), we define Sb to be {x ∈
MK,Fq

(Fq) : b(Ax) = b}. Then Sb is a subvariety of MK,Fq
(see §1 of [54]) and the

collection {Sb}b∈B(GQp ,µ)
of subvarieties of MK,Fq

is the Newton stratification of MK,Fq
.

Now we fix a stratum Sb ⊂ MK,Fq
, we use BK to denote the locally closed subscheme

of MK,Fq (defined over Fq), such that BK,Fq
is Sb (see Theorem 3.6 of [53]). The Hecke

correspondences on ShK(G,X) may be restricted to the subvariety ι : BK →MK,Fq , and

we have an action of the algebra H(G(Af )//K) on the cohomology spaces H i
et(BK , ι

∗L).
Furthermore, the space H i

et(Sb, ι
∗L) carries an action of the Galois group Gal(Fq/Fq),

which commutes with the action of H(G(Af )//K).

5 The Langlands-Kottwitz method

In the case of good reduction, the trace of the Frobenius-Hecke operator of G(Ap) on the

ℓ-adic cohomology of the reduction mod p of Shimura varieties can be described in terms

of orbital integrals and then in terms of elliptic parts of the stable Arthur–Selberg trace

formula for the endoscopic groups (see [30], [32] for PEL-type Shimura varieties and see

[20] for abelian-type Shimura varieties). This approach to studying the Frobenius-Hecke

9
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trace is called the Langlands-Kottwitz method. In [34] and [36], the Langlands-Kottwitz

method is adapted to study the Frobenius-Hecke trace of the ℓ-adic cohomology of Newton

strata, and we can express the Frobenius-Hecke trace of Newton strata in terms of orbital

integrals. In this thesis, we study the Frobenius-Hecke action on the ℓ-adic cohomology

of Sb, and we derive a formula for the Frobenius-Hecke traces in terms of automorphic

representations. We now give a more detailed introduction on the adapted Langlands-

Kottwitz method.

Let ζ be an irreducible algebraic representation over Q of GQ, associated with an

ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let g be the Lie algebra

of G(R) and let K∞ be the stabilizer subgroup in G(R) of the morphism h. Let fζ,∞

be an Euler–Poincaré function associated to ζ (as introduced in [5], see also §3 of [31]).

Note that fζ,∞ has the following property: Let π∞ be a (g, K∞)- module occurring as

the component at infinity of an automorphic representation π of G. Then the trace of

fζ,∞ against π∞ is equal to N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞⊗ ζ)), where N∞ is a certain

explicit constant as defined in §3 of [31]. Let Qℓ be an algebraic closure of Qℓ with an

embedding Q ⊂ Qℓ. We write L for the ℓ-adic local system on MK,OEp
associated to the

representation ζ ⊗ Qℓ of GQ̄ℓ
. Let fp∞ ∈ H(G(A)//Kp) be an arbitrary Kp-bi-invariant

Hecke operator. Let p be a prime ideal of OE above p, given an α ∈ Z>0, let Ep,α denote

a degree α unramified extension of Ep

By applying Theorem 5.4.5 of [11], we have

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) =
∑

x∈FixSb
Frobαq ×fp∞ (Fq)

Tr(Frobαq × fp∞, ι∗Lx)

Repeat the proof of Proposition 10 of [34], we have

∑
x∈FixSb

Frobαq ×fp∞ (Fq)

Tr(Frobαq×fp∞, ι∗Lx) = |ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(ϕα)Tr(ζC(γ0))

for α big enough (we may remove the big enough condition on α later), where

• The sum ranges over Kottwitz triples (as defined in §14 of [32]) (γ0; γ, δ) so that the

isocrystal corresponding to δσ(δ) · · ·σ[Ep,α:QP ]−1(δ) equals b (where is the Frobenius

automorphism).

• c(γ0; γ, δ) is a certain constant defined in §19 of [32].

• The function ϕα ∈ Hunr(G(Ep,α)) is the characteristic function of the double coset

G(OEp,α)µ(p
−1)G(OEp,α).

• Oγ(·) (resp. TOδ(·)) are orbital integrals (resp. twisted orbital integrals).

10
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Remark 5.1. Note that the above equality reduces Hecke-Frobenius traces to group-

theoretical terms involving orbital integrals and twisted orbital integrals, and it holds when

Sb are Newton strata of PEL-type Shimura varieties.

We may further reduce the group-theoretical terms to traces of automorphic forms

when Sb is a Newton stratum of Kottwitz varieties: By the proof of Theorem 2.14 on

pp.24-25 of [36], we have

|ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(ϕα)Tr(ζC(γ0))

= |ker1(Q, G)|Tr(CG(Qp)
b fαf

p∞fζ,∞,A(G)),

where

• A(G) is the space of automorphic forms on G,

• The function C
G(Qp)
b ∈ H(G(Qp)) is a certain truncation function depending on b

and G(Qp), as defined in Definition 2.1 of [36]

• The function fα ∈ Hunr(G(Qp)) and the function ϕα ∈ Hunr(G(Ep,α)) are associated

in the sense of base change (as defined in §3.2 of [40]).

Remark 5.2. We have the above equality when Sb is a Newton stratum of a Kottwitz

variety because Kottwitz varieties ”have no endoscopy”, see §2 of [31]. In general, we do

not have the above equalities when Sb are Newton strata of endoscopic Shimura varieties

(in particular, when the group R(I0/Q) defined in §2 of [31] is non-trivial, which holds

for most PEL-type Shimura varieties).

6 Local computation

Now let Sb be a Newton stratum of Kottwitz varieties, by applying the Langlands-Kottwitz

method, we have

Tr(Frobαq × fp∞,

∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1(Q, G)|Tr(CG(Qp)
b fαf

p∞fζ,∞,A(G)).

Note that

Tr(C
G(Qp)
b fαf

p∞fζ,∞,A(G)) = Tr(C
G(Qp)
b fαf

p∞fζ,∞,A(G)) =
∑

π⊂A(G)

Tr(C
G(Qp)
b fαf

p∞fζ,∞, π)

=
∑

π⊂A(G)

Tr(C
G(Qp)
b fα, πp)Tr(f

p∞, πp∞)Tr(fζ,∞, π∞),

11
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where Tr(fζ,∞, π∞) = N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)) The traces Tr(C
G(Qp)
b fα, πp)

are the most important: By letting fp∞ = 1Kp , we find that Tr(C
G(Qp)
b fα, πp) gives in-

formation on traces of Frobenius, further if we let the representation ζ to be the trivial

representation, then we have

|BK(Fqα)| = Tr(Frobαq×1Kp ,

∞∑
i=0

H i
et,c(Sb,Qℓ)) =

∑
π⊂A(G)

Tr(C
G(Qp)
b fα, πp)Tr(1Kp , πp∞)Tr(fζ,∞, π∞)

=
∑

π⊂A(G)

(N∞

∞∑
i=1

(−1)idim(H i(g, K∞; π∞ ⊗ ζ))) · dim((πp∞)K
p

) · Tr(CG(Qp)
b fα, πp),

where BK is the locally closed subscheme of the moduli scheme MK,Fq such that BK,Fq
=

Sb.

We give a brief explanation on how to compute Tr(C
G(Qp)
b fα, πp) we first introduce

compact traces and compact elements: Let G be a reductive group over a p-adic field F ,

let g be an element of G(F ), we use ḡ to denote the image of g in G(F̄ ) and we use gsm

to denote the semisimple part of ḡ. Then g is called compact if for some (any) maximal

torus T in G(F̄ ) containing gsm, the absolute value |α(gsm)| is equal to 1 for all roots α

of T in Lie(G(F̄ )).

Remark 6.1. If G = GLn (n ∈ Z>0), then g ∈ G(F ) is compact if and only if the

norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F ) are

compact.

Let C
G(F )
c denote the characteristic function of the set of compact elements of G(F ).

We assume that G is unramified and let B be a Borel subgroup of G. Let f ∈ Hunr(G(F ))

be a spherical Hecke operator and let π be an admissible representation of G(F ) of finite

length, to compute compact traces, we have the following formula (see p259 of [6]):

Tr(CG(F )
c f, π) =

∑
P=MN

Tr(χ̂Nf
(P ), JN(π)),

where

• the sum ranges over the set of standard parabolic subgroups of G

• the function χ̂Nf
(P ) ∈ Hunr(M(F )) are certain spherical functions for which we have

explicit descriptions.

• JN(π) is the normalized Jacquet module of π.

From the above formula, we have that Tr(C
G(F )
c f, π) ̸= 0 implies that π has an Iwahori

fixed vector (see Corollary 1 of [34]). If we further assume that π is the local component of

a discrete automorphic representation, then π belongs to a very restricted class of repre-

sentations (see §2 of Chapter 2, and §3 of [34]), and it is possible to compute Tr(C
G(F )
c f, π)

(but getting explicit formulas of the traces Tr(C
G(F )
c f, π) is still very challenging).

12
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Now we return to the computation of the truncated trace Tr(C
G(Qp)
b fα, πp): When b

is the basic element, we have C
G(Qp)
b = C

G(Qp)
c . When p splits in the extension F/Q and b

is not basic, we may still reduce the computation of Tr(C
G(Qp)
b fα, πp) to the computation

of certain compact traces (see Proposition 3.3 and Proposition 3.4 in Chaper 3).

Remark 6.2. The most challenging part of this thesis is to compute the truncated trace

Tr(C
G(Qp)
b fα, πp) (and the twisted truncated traces in Chapter 4).

7 Results of the thesis

In this thesis, we follow the strategies developed in [34] and [36] to study the Newton

stratification of Kottwitz varieties using the Langlands-Kottwitz method. Before giving

the main results of this thesis, we first give a summary of Kret’s work on Newton strati-

fication. In [34], Kret studies the cohomology of the basic stratum of Kottwitz varieties,

where p splits in the extension F/Q, using the Langlands Kottiwtz methods and compact

traces, under certain assumptions on the signature of the group GR. The work [37] is the

continuation of the work [34], where Kret removes the assumptions on the signature of

the group GR by resolving certian combinatorial problems. In [38], Kret compares the

cohomology of the basic stratum of Kottwitz varieties and that the cohomology of the

basic stratum the basic stratum of quasi-split unitary Shimura varieties, where p splits in

the extension F/Q, using the Arthur-Selberg trace formula. And Kret shows that Hecke

operators act with equidistribution on the basic stratum of quasi-split Shimura varieties

and Kottwitz varieties, where p splits in the extension F/Q and the basic stratum is zero-

dimensional. In [36], Kret studies truncated traces, combined with the Arthur-Selberg

trace formula, Kret gives an argument on the nonemptiness of the Newton strata of certain

PEL-type Shimura varieties, under some technical assumptions.

We now present the main results of this thesis. In Chapter 2, we study the cohomology

of the basic stratum of Kottwitz varieties of signature (1, 2), where p is inert in the

extension F/Q. We assume that the dimension of the division algebra D equals 9 and

that the group GR is isomorphic to the group GUC/R(1, 2). Let b ∈ B(GQp , µ) denote the

basic element. we use ι : B ↪→ S̄ to denote the closed subscheme of S̄ (defined over Fq
with q = p2), such that BFq

= Sb (See Theorem 3.6 of [53]). And we have the following

theorem:

Theorem A. (See Theorem 4.1 in Chapter 2) Let α ∈ Z>0, then we have

#B(Fqα) = C2q
α + C1(−p)α + C0

where C0, C1, C2 ∈ C are certain constants that can be expressed in terms of A(G) (see

Theorem 4.1 in Chapter 2 for the precise definition).

Chapter 3 is adapted from the paper [45], https://arxiv.org/abs/2507.04122, written

by the author of this thesis. In Chapter 3, we study the cohomology of certain intermediate
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strata of Kottwitz varieties, where p splits in the extension F/Q. Let b ∈ B(GQp , µ) such

that the corresponding Newton vector ν(b) (as defined in §5 of [26], see also [54] for the

case when GQp is a general linear group) equals (s, λp11 , λ
p2
2 ) ∈ Rn+1, where

• p1, p2 ∈ Z>0 and p1 + p2 = n,

• λ1 > λ2 > 0 and (λ1p1, p1) = (λ2p2, p2) = 1.

We write GR ∼= GUC/R(s, n− s) with 0 ≤ s ≤ n. Let Sb be the corresponding stratum, we

use ι : B ↪→ S̄ to denote the closed subscheme of S̄ (defined over Fq), such that BFq
= Sb

(see Theorem 3.6 of [53]). We have the following theorem:

Theorem B. (See Theorem 6.1 in Chapter 3) Let α ∈ Z>0, then we have:

1. If n is odd, or n is even and (p1, p2) ̸= (n
2
, n
2
), (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type I

cπTr(Cλfnαs, ρπ,p)

2. If n is even and (p1, p2) = (n
2
, n
2
) or (p1, p2) = (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type II

cπTr(Cλfnαs, ρπ,p)

where

• the constant cπ equals ζαπTr(f
p∞, πp∞)N∞

∑∞
i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)) such

that ζπ is a root of unity.

• by assumption, we have G(Qp) ∼= Q×
p ×GLn(Qp). We write πp ∼= σπ,p⊗ρπ,p, so that

σπ,p (resp. ρπ,p) is a representation of Q×
p (resp. GLn(Qp)).

• the truncated traces Tr(Cλfnαs, ρπ,p) where ρπ,p are representations of GLn(Qp) of

type I or type II (as defined in Definition 5.3 of Chapter 3) and are computed in

Proposition 5.3 of Chapter 3.

We make some remarks on the notation appearing in the above theorem:

• The function fp∞ ∈ H(G(Ap
f )) is a K

p-bi-invariant Hecke operator.

• The function fnαs ∈ Hunr(G(Qp)) is a certain unramifed Hecke operator whose

Satake transform is given by p
αs(n−s)

2

∑
I⊂{1,2,...n}

|I|=s

, where XI :=
∏

i∈I Xi.

• The function Cλ ∈ H(G(Qp)) is a characteristic function associated with the isocrys-

tal b.

14
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• The space A(G) is the space of automorphic forms on G(A).

• The representation ζ is an irreducible algebraic representation over Q of GQ, asso-

ciated with an ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let Qℓ

be an algebraic closure of Qℓ with an embedding Q ⊂ Qℓ. We write L for the ℓ-adic

local system on S̄ associated to the representation ζ ⊗Qℓ of GQ̄ℓ
.

Chapter 4 is adapted from the paper [45], https://arxiv.org/abs/2411.01224, written

by the author of this thesis. In Chapter 4, we use base change (see §3.2 of [40]) and a

twisted version of the computation deployed in §4 to study the zeta function of the basic

stratum of Kottwitz varieties, where p is inert in the extension F/Q. We use base change

to reduce the computation of compact traces of representations of quasi-split unitary

groups to the computation of twisted compact traces of representations of general linear

groups, with the sacrifice being that we need to compute twisted traces instead of traces.

We now give a precise statement of the main results. We write GR ∼= GUC/R(s, n−s) with
0 ≤ s ≤ n. Let b ∈ B(GQp , µ) denote the basic element. we use ι : B ↪→ S̄ to denote the

closed subscheme of S̄ (defined over Fq with q = p2 if s ̸= n− s, and q = p if n− s = s),

such that BFq
= Sb (see Theorem 3.6 of [53]). Then we have the following theorem:

Theorem C. (See Theorem 5.2.1 in Chapter 4)

1. If n− s ̸= s, then for an arbitrary α ∈ Z>0, we have

|B(Fqα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnαs, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n)).

Where π’s are representations of GLn(Fp) of the form IndGP (⊗iStGLni
(εi)), such

that εi is either the trivial character or the unramified quadratic character (note

that εQ,w = ±1 is introduced before Proposition 5.2.1 in Chapter 4 and εQ,θ = ±1 is

introduced in Proposition 2.2.3, Chapter 4), and

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)ζατpMτp,π

(the partial ordering is defined before Proposition 3.3.2 in Chapter 4, and Mτp,π is

introduced in Theorem 3.3.1, Chapter 4). And the space A(F× ×D×) is the space

of automorphic forms on (F× ×D×)(A).

2. If n− s = s, then for an arbitrary even α ∈ Z>0, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnα
2
s, π)
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= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ
(Q)
nα

2
s)(q

tπ,w(1) , . . . , qtπ,w(n))

with Nπ as defined above, and π’s are representations of GLn(Fp) of the form

IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the unramified

quadratic character.

3. If n− s = s, then for an arbitrary odd α ∈ Z>0, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

Nπp
−α

2
s(n−s)Trθ(Cθcϕnαs, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

Nπp
−α

2
s(n−s)εQ,θεQ,wS(χ̂θUϕ

(Q)
nα

2
s)(q

tπ,w(1) , . . . , qtπ,w(n))

with Nπ as defined above, and π’s are representations of GLn(Fp) of the form

IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the unramified

quadratic character.

We make some remarks on the notation appearing in the above theorem:

• The traces Trθ are twisted traces which we define in §2.2 in Chapter 4, where θ is

a certain involution of GLn(Fp) which comes from the Galois action (see Remark

4.1.1 in Chapter 4).

• The functions ϕnαs (resp. Cθcϕnαs) are certain spherical functions on GLn(Fp) (resp.

truncated spherical functions on GLn(Fp)) which will be defined in §2.2 and §2.4 in

Chapter 4.

• The group Q ∈ Pθ, Q = LU ranges over θ-stable standard parabolic subgroups

of GLn (standardized with respect to the Borel subgroup of the upper triangular

matrices), where L is a Levi subgroup and U is a unipotent subgroup.

• The constants εQ,θ, εQ,w are equal to ±1 with εQ,θ as defined in Definition 2.2.3,

Chapter 4 and εQ,w as defined before Proposition 5.2.1, Chapter 4.

• We make a few more remarks on the constant

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
χ⊗τ is θ-stable,
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)ζαχp
Mτp,π,

appearing in our theorem: The ±1 term comes from intertwining operators, and

the roots of unity come from certain twisted traces against characters of A×
F (see

Proposition 4.3.1 in Chapter 4). The term Trθ(φ
θ
ep, (χ ⊗ τ)∞)Trθ(φ

p∞, (χ ⊗ τ)p∞)
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comes from twisted traces away from p, the constant Mτp,π and the partial ordering

come from ring of Zelevinsky (see §3.2 and §3.3 in Chapter 4). We have

Trθ(φ
θ
ep, (χ⊗ τ)∞) =

∞∑
i=1

Tr(θ,H i(h, K∞; (χ⊗ τ)∞))

whereK∞ is a maximal compact subgroup of H(R) and h is the Lie algebra of H(R).
Representations of GLn(Fp) of θ-type (Definition 3.1.1 in Chapter 4) are certain θ-

stable irreducible admissible representations ofGLn(Fp), which are local components

of discrete automorphic representations and have an Iwahori fixed vector.

• The sets Gθ
P,Q is a certain subset of the symmetric group Sn (see §5.2 in Chapter

4) with a combinatorial interpretation using Young tableau (see §5.3 in Chapter 4),

and note that P comes from the representation IndGP (⊗iStGLni
(εi)).

• The functions S(χ̂θUϕ
(Q)
nαs) are certain polynomial functions (see §2.6 in Chapter 4

for an explicit description of S(χ̂θUϕ
(Q)
nαs)).

• The point

(qtπ,1 , . . . , qtπ,n) = (qc1
1−n1

2 , qc1
3−n1

2 , . . . , qc1
n1−1

2 , . . . , qck
1−nk

2
,, qck

3−nk
2 , . . . , qck

nk−1

2 ),

such that (n1, . . . nk) is the partition of n corresponding to the parabolic subgroup

P , and qci = εi(q) (note that me must have |qci | = 1 because εi is either the trivial

character or the unramified quadratic character).
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Chapter 2

The Cohomology of the basic

stratum of Kottwitz varieties of

signature (1, 2) (p inert)

1 Introduction

We explain how to use the Langlands-Kottwitz method introduced in §3 of Chapter 1

to study the cohomology of the basic stratum of Kottwitz varieties of signature (1, 2)

(p inert), denoted by BK (defined over Fq with q = p2). We will express the number

of points |BK(Fq)| (for α ∈ Z>0) in terms of automorphic forms, and traces of certain

representations of quasi-split unitary groups. This chapter is technically less demanding

than the next two chapters of this thesis; the aim of this chapter is to explain the method

for a relatively easy example.

2 Semi-stable representations of some unitary groups

Let G be a quasi-split reductive group over a p-adic field F with a chosen Borel subgroup

P0 = M0N0, if P = MN ⊂ G is a standard parabolic subgroup, then the modular

character δG,P (m) is equal to |det(m, n)|, where m ∈ M(F ) and n is the Lie algebra of

N (we also use δP to denote δG,P if there were no ambiguities). The induction IndGP
is unitary parabolic induction. The Jacquet module πN of a smooth representation π

is normalised by convention, it is the space of coinvariants for the unipotent subgroup

N ⊂ G, twisted by the character δ
− 1

2
G,P . For the definition of the constant terms f (P ) and

the Satake transform, we refer to the article of Kottwitz [[22], §5].

Let F be a local field. Let E/F be a quadratic field extension and let σ be the non-

trivial element of Gal(E/F ). For an arbitrary a ∈ E, we write ā = σ(a). For n ∈ Z>0
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and s ∈ Z>0 with s < n, let

In =

1 0
. . .

0 1

 ∈ GLn(F )

be the diagonal matrix with the entries being 1, and let

An =

0 1
. . .

1 0

 ∈ GLn(F )

be the anti-diagonal matrix with the entries being 1. We use GUn,E/F to denote the

algebraic group over F given by

GUn,E/F (A) = {g ∈ GLn(A⊗F E) : g
∗Ang = c(g)An, c(g) ∈ A×}

where g∗ denote the conjugate transpose and A is an arbitrary F -algebra. Let Un,E/F =

ker(c). And we use SUn,E/F to denote the algebraic group over F given by SUn,E/F (A) =

{g ∈ SLn(A ⊗F E) : g
∗Ang = An} where A is an arbitrary F -algebra. Then SUn,E/F is

the derived group of GUn,E/F .

In the following, we assume that F = Qp, n = 3 and that pOE is prime in OE. A

maximal torus of GU3,E/Qp is the diagonal torus (see §2.2 of [50])

T3 =


λ1 0 0

0 λ2 0

0 0 λ3

 : λ1, λ2, λ3 ∈ ResEQp
(Gm,Qp), λ1λ̄3 = λ3λ̄1 = λ2λ̄2 ∈ Gm,Qp

 ,

the maximal split torus of T3 is

S3 =


λλ1 0 0

0 λ 0

0 0 λλ−1
1

 : λ1, λ ∈ Gm,Qp

 .

A minimal parabolic subgroup of GU3,E/Qp containing T3 is P0 = B3 ∩ GU3,E/Qp where

B3 ⊂ GL3 is the subgroup of upper triangular matrix.

Let G,B,T, S denote GU3,E/Qp(Qp), P0(Qp), T3(Qp), S3(Qp) respectively. Then the

Weyl group W (G,S) = {1, w} where w =

0 0 1

0 −1 0

1 0 0

.
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For s, t ∈ C, we define ϕsτt to be the character of S given byλλ1 0 0

0 λ 0

0 0 λλ−1
1

 7→ |λ|s|λ1|t.

Note that ϕ0τ2 is the modular character of B.

The unramifed Hecke algebra Hunr(G) is isomorphic to

C[X±1, X±1
1 ]{±1} ↪→ C[X±1, X±1

1 ] ∼= Hunr(T) ∼= Hunr(S)

with Hunr(T) ∼= Hunr(S) given by f 7→ f |S for f ∈ Hunr(T3) (see 2.4 of [49]), and where:

• X1 corresponds to the characteristic function of S3(OE)diag(p, 1, p
−1)S3(OE).

• X corresponds to the characteristic function of S3(OE)diag(p, p, p)S3(OE).

• (α1) ∈ {±1}k acts by (α1) ·X1 = Xα1
1 and (−1) ·X = XX−1

1 .

see 4.2 of [50]

We use SU to denote SU3,E/Qp(Qp). We write SB = SU ∩ B, and we write

SS = S ∩ SU = {

λ1 0 0

0 1 0

0 0 λ−1
1

 : λ1 ∈ Q×
p }.

Let τt denote the character of SS given byλ1 0 0

0 1 0

0 0 λ−1
1

 7→ |λ1|t

Note that τ2 is the modular character of SB.

Remark 2.1. Note that ϕsτt and τt also define unramified characters of T and ST re-

spectively by acting trivially on the unipotent part. The resulting characters on B and SB

are still denoted by ϕsτt and τt.

We define character χs : Q×
p → C× (with s ∈ C) by a 7→ |a|s.

Lemma 2.1. We have

IndG
B(ϕsτt)

∼= IndG
B(ϕ0τt((χs/2 ◦ c)|B)) ∼= IndG

B(ϕ0τt)(χs/2 ◦ c).

Proof. For the first isomorphism, note that ϕsτt ∼= ϕ0τt(χs/2 ◦ c|B).
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For the second isomorphism, note that IndG
B(ϕ0τt)(χs/2 ◦ c) is the set IndG

B(ϕ0τt) but

with a twisted action defined by gf(h) = χ s
2
(c(g))f(hg). And, for f ∈ IndG

B(ϕ0τt)(χs/2◦c),
we define f̃ : G → C× by f̃(g) = f(g)χ s

2
(c(g)), then we have that

f̃(bg) = f(bg)χ s
2
(c(bg)) = ϕ0τt(b)δ

1
2 (b)χ s

2
(c(b))f̃(g)

for every g ∈ G and b ∈ B. Hence f̃ ∈ IndG
B(ϕ0τt(χs/2 ◦ c|B)). Moreover, note that

f̃ ∈ IndG
B(ϕ0τt(χs/2◦c|B)), and the action of G on f is defined by (gf)(h) = f(hg)χ s

2
(c(g)),

we see that

g̃f(h) = gf(h)χ s
2
(c(h)) = f(hg)χ s

2
(c(g))χ s

2
(c(h)) = f(hg)χ s

2
(c(hg)) = gf̃(h).

Thus f 7→ f̃ gives a homomorphism from IndG
B(ϕ0τt)(χs/2 ◦ c) to IndG

B(ϕ0τt(χs/2 ◦ c|B)).
For every f ∈ IndG

B(ϕ0τt(χs/2 ◦ c|B)), we define f̄ by f̄(g) = f(g)χ s
2
(c(g))−1, then we

have that

f̄(bg) = f(bg)χ s
2
(c(bg))−1 = ϕ0τt(b)δ

1
2 (b)χ s

2
(b)χ s

2
(c(bg))−1f(g) = ϕ0τt(b)δ

1
2 (b)f̄(g)

for every g ∈ G and b ∈ B. Hence f̄ ∈ IndG
B(ϕ0τt)(χs/2 ◦ c). Moreover, note that the

action of G on f̄ is defined by (gf̄)(h) = χ s
2
(c(g))f̄(hg), we see that

gf̄(h) = χ s
2
(c(g))f̄(hg) = f(hg)χ s

2
(c(h))−1 = gf(h)χ s

2
(c(h))−1 = gf(h).

Thus, the map f 7→ f̄ gives a homomorphism from IndG
B(ϕ0τt(χs/2◦c|B)) to IndG

B(χs/2◦c),
which is the inverse of f 7→ f̃ , and we have IndG

B(ϕ0τt((χs/2 ◦ c)|B)) ∼= IndG
B(ϕ0τt)(χs/2 ◦

c).

We also have IndG
B(w·ϕsτt) = IndG

B(ϕsτ−t). Then we have IndG
B(w·ϕsτt) = IndG

B(w·ϕsτt)
if and only if s = 0 or s = πi/log(q).

We now introduce c -functions which play an important role in deciding the reducibility

of IndG
B(ϕsτt) when ω(ϕsτt) ̸= ϕsτt (as defined in [3]).

Definition 2.1. We define c(IndG
B , ϕsτt) = c(IndSU

SB, τt) to be

(1− p2t−2)(1 + p2t−1)(1− p−2t−2)(1 + p−2t−1)

(1− p−4t)(1− p4t)
.

Remark 2.2. Note that c(IndG
B , ϕsτt), c(Ind

SU
SB, τt) are exactly the functions as defined in

Proposition 3.5 (b) of [3] when we take G on page 387 of [3] to be G or SU defined

in this section. And c(IndG
B = ϕsτt), c(Ind

SU
SB, τt), because Gder = SU and SU is simply

connected, and the constants defining c(IndG
B , ϕsτt) is defined in terms of the affine roots

system associated to SU (pp.387 - 391 and p397 of [3]). With the constants defining

c(IndG
B , ϕsτt) = c(IndSU

SB, τt) as computed on pp.217 - 219 of [2].
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Proposition 2.1. IndG
B(ϕsτt) is irreducible if t = 0 or t = πi/log(p).

Proof. By Lemma 2.1, we only need to show that IndG
B(ϕ0τt) is irreducible if t = 0 or

t = πi/log(p). We use R(ϕ0τt) and R(τt) to denote the R-groups associated with G and

SU respectively, as defined on p399 of [17]. Note that R(ϕ0τt) is isomorphic to R(τt),

because R-groups are defined in terms of the affine roots system (see pp.397-398 of [17]).

And we have that IndG
B(ϕ0τt) is irreducible if and only if |R(ϕ0τt)| = 1 (see p402 of [17]).

Note that ω · ϕsτt = ϕsτ−t = ϕsτt if and only if t = 0 or t = πi/log(p), in both cases,

we have IndSU
SB(τt) is irreducible (see p126 of [18]). Then we have |R(ϕ0τt)| = |R(τt)| = 1

if t = 0 or t = πi/log(p).

Proposition 2.2. IndG
B(ϕ0τt) is irreducible if and only if t ̸= ±1,±(1

2
+ πi(2log(p))−1) .

Proof. If t = 0 or t = πi/log(p), by Proposition 2.1 we know that IndG
B(ϕsτt) is irreducible.

If t ̸= 0 and t ̸= πi/log(p), then ω · ϕ0τt ̸= ϕ0τt (in this case, we say that the principal

seies representation IndG
B(ϕ0τt) is regular). And IndG

B(ϕ0τt) is irreducible if and only

if c(IndSU
SB, τt) = c(IndG

B , ϕ0τt) is 0 at t with c(IndSU
SB, τt) = c(IndG

B , ϕ0τt) as defined in

Definition 2.1.

Note that ϕ0τ−1 = δ
− 1

2
P0

and that IndG
B(ϕ0τ1) is the dual of IndG

B(ϕ0τ−1), then we have

the following proposition (recall that the Steinberg representation StG is the irreducible

quotient of IndG
B(δ

1
2
P0
)):

Proposition 2.3. If t = −1, then IndG
B(ϕ0τt) is reducible, with the unique irreducible un-

ramified subquotient being the trivial representation and IndG
B(ϕ0τt) fits into the following

short exact sequence:

0 → 1C → IndG
B(ϕ0τ−1) → StG → 0.

If t = 1, then IndG
B(ϕ0τt) is reducible, with the unique irreducible unramified subquotient

being the trivial representation and IndG
B(ϕ0τt) fits into the following short exact sequence:

0 → StG → IndG
B(ϕ0τ1) → 1C → 0.

Note that GU3,E/Qp is unramified, in the following, let G be a model of GU3,E/Qp over

Zp. We write Kp = G(Zp). We have a parabolic subgroup P0 ⊂ G such that P0(Qp) = B.

Let I ⊂ G(Zp) be the group of elements g ∈ G(Zp) that reduce to an element of the

group P0(Zp/(p)) modulo p, the group I is called the standard Iwahori subgroup of G.

A smooth representation π of G is called semi-stable if it has a non-zero invariant vector

under the subgroup I of G.

Remark 2.3. Note that IndG
B(ϕsτt) has length at most |W (G, S)| = 2 (see Proposition

6.3.9 of [4]), thus the irreducible unramified subquotient of IndG
B(ϕsτt) is either an irre-

ducible subrepresentation of IndG
B(ϕsτt), or an irreducible quotient of IndG

B(ϕsτt).
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Definition 2.2. We use π1 to denote the irreducible unramified subquotient of the repre-

sentation IndG
B(ϕ0τ 1

2
+πi(2log(p))−1). Let π2 denote Ind

G
B(ϕ0τ 1

2
+πi(2log(p))−1)/π1 if π1 is an irre-

ducible subrepresentation of IndG
B(ϕ0τ 1

2
+πi(2log(p))−1), let π2 denote Ind

G
B(ϕ0τ− 1

2
−πi(2log(p))−1)/π1

if π1 is an irreducible quotient of IndG
B(ϕ0τ 1

2
+πi(2log(p))−1).

Note that representations with an Iwahori fixed vector can be realized as irreducible

sub-representations of unramifed principal series (see Proposition 2.6 of [3]), then we have

the following theorem:

Proposition 2.4. Let π be an irreducible admissible representations of G with an Iwahori

fixed vector, then π is of the following form:

(a) IndG
B(ϕsτt) where t ̸= ±1,±(1

2
+ πi(2log(p))−1).

(b) 1(χ) where χ is an unramified character of G.

(c) StG(χ) where χ is an unramified character of G.

(d) π1(χ) where χ is an unramified character of G.

(e) π2(χ) where χ is an unramified character of G.

Proof. Let π be an irreducible subrepresentation of G with an Iwahori fixed vector, then

π is embedded into IndG
B(ϕsτt) for some s, t ∈ C.

(1) If π is unramified, by Lemma 2.1, Proposition 2.2 and Proposition 2.3, we have

that π must be of the form (a), (b), (d) or (e).

(2) If π is ramified, then IndG
B(ϕsτt)/π is irreducible (see Remark 2.3) and unramified,

and IndG
B(ϕsτt)/π can be realized as a subrepresentation of IndG

B(ϕsτ−t). We use π′ to

denote IndG
B(ϕsτt)/π. Then π

′ must be of the form (b), (d) or (e), thus π ∼= IndG
B(ϕsτ−t)/π

′

must be of the form (c), (d) or (e).

3 Cohomology of the basic stratum

In this section, we study the cohomology of the basic stratum of some Kottwitz varieties

(as introduced in [31], which are certain compact Shimura varieties associated to division

algebras). We first carry out necessary local computation. We define fα ∈ Hunr(G) to

be the unramifed Hecke operator whose Satake transform is given by p2αXα(Xα
1 +X−α

1 ),

and we define χ̂N0f
(P0)
α ∈ Hunr(T) to be the unramifed Hecke operator whose Satake

transform is given by p2αXαXα
1 . Let N0 denote the unipotent part of P0, and let Ccfα

denote the truncation of fα at compact elements (as defined on p492 of [34], we will give

the precise definition of compact elements in Chapter 3 and Chapter 4, and we do not

need the precise definition here), then we have

Tr(Ccfα, π) = Tr(fα, π)− Tr(χ̂N0f
(P0)
α , πN0),

see P259 of [41]. Note that IndG
B(ϕsτt)N0

∼= C(ϕsτt) ⊕ C(ϕsτ−t) (see Theorem VI.5.1 of

[56]), then we have the following proposition:
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Proposition 3.1. Let χ be an unramified character of G, then we have:

• Tr(Ccfα, Ind
G
B(ϕsτt)) = p2αϕs

pα 0 0

0 pα 0

0 0 pα

 .

• Tr(Ccfα, Ind
G
B(ϕ0τt)(χ)) = p2αχ

pα 0 0

0 pα 0

0 0 pα

 .

• Tr(Ccfα, 1G(χ)) = χ

p2α 0 0

0 pα 0

0 0 1

+ p2αχ

pα 0 0

0 pα 0

0 0 pα

 .

• Tr(Ccfα, StG(χ)) = −χ

p2α 0 0

0 pα 0

0 0 1

 .

• Tr(Ccfα, π2(χ)) = (−1)α+1pmαχ

p2α 0 0

0 pα 0

0 0 1

 with m ∈ {1, 3}.

• Tr(Ccfα, π1(χ)) = (−1)αpmαχ

p2α 0 0

0 pα 0

0 0 1

+p2αχ

pα 0 0

0 pα 0

0 0 pα

 with m ∈ {1, 3}.

Proof. By the corollary on p492 of [41], we have

Tr(Ccfα, Ind
G
B(ϕsτt)) = Tr(fα, Ind

G
B(ϕsτt))− Tr(χ̂N0f

(P0)
α , IndG

B(ϕsτt)N0).

Note that

Tr(f (P0)
α , ϕsτt) = p2αϕs

pα 0 0

0 pα 0

0 0 pα

 (τt

pα 0 0

0 1 0

0 0 p−α

+ τt

p−α 0 0

0 1 0

0 0 pα

+ 1),

and that

Tr(χ̂N0f
(P0)
α , IndG

B(ϕsτt)N0) = Tr(χ̂N0f
(P0)
α , ϕsτt ⊕ ϕsτ−t)

= p2αϕs

pα 0 0

0 pα 0

0 0 pα

 (τt

pα 0 0

0 1 0

0 0 p−α

+ τ−t

pα 0 0

0 1 0

0 0 p−α

)
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= Tr(f (P0)
α , ϕsτt)− p2αϕs

pα 0 0

0 pα 0

0 0 pα


Then we have

Tr(Ccfα, Ind
G
B(ϕsτt)) = p2αϕs

pα 0 0

0 pα 0

0 0 pα

 .

Similarly, we have

Tr(Ccfα, Ind
G
B(ϕ0τt)(χ)) = p2αχ

pα 0 0

0 pα 0

0 0 pα

 .

Now we compute the trace Tr(Ccfα, StG(χ)): We have

Tr(Ccfα, StG(χ)) = Tr(StG(χ), fα)− Tr(χ̂N0f
(P0)
α , StG(χ)N0)

= −Tr(χ̂N0f
(P0)
α , StG(χ)N0) = −Tr(χ̂N0f

(P0)
α , δ

1
2
P0
(χ))

= −p2αδ
1
2
P0
(χ)

pα 0 0

0 pα 0

0 0 pα

 δ
1
2
P0
(χ)

pα 0 0

0 1 0

0 0 p−α



= −p2αχ

pα 0 0

0 pα 0

0 0 pα

 p−2αχ

pα 0 0

0 1 0

0 0 p−α

 = −χ

p2α 0 0

0 pα 0

0 0 1

 .

And we can conlude that

Tr(Ccfα, 1(χ)) = Tr(Ccfα, Ind
G
B(ϕ0τ1)(χ))− Tr(Ccfα, StG(χ))

= p2αχ

pα 0 0

0 pα 0

0 0 pα

+ χ

p2α 0 0

0 pα 0

0 0 1

 .

Note that π2 is ramified, if (π2)N ∼= ϕ0τ 1
2
+πi(2log(p))−1 , repeat the argument for the case

of Steinberg representation, we have:

Tr(Ccfα, π2(χ)) = Tr(fα, π2(χ))− Tr(χ̂N0f
(P0)
α , π2(χ)N0)
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= −Tr(χ̂N0f
(P0)
α , π2(χ)N0) = −Tr(χ̂N0f

(P0)
α , ϕ0τ 1

2
+πi(2log(q))−1))

= −p2αϕ0τ 1
2
+πi(2log(p))−1(χ)

pα 0 0

0 pα 0

0 0 pα

ϕ0τ 1
2
+πi(2log(p))−1(χ)

pα 0 0

0 1 0

0 0 p−α



= −p2αχ

pα 0 0

0 pα 0

0 0 pα

 (−p)−αχ

pα 0 0

0 1 0

0 0 p−α

 = (−1)α+1pαχ

p2α 0 0

0 pα 0

0 0 1

 .

Now we compute Tr(Ccfα, π1(χ)): We have

Tr(Ccfα, π1(χ)) = Tr(Ccfα, Ind
G
B(ϕ0τ 1

2
+πi(2log(p))−1))− Tr(Ccfα, π2(χ))

= (−1)αpαχ

p2α 0 0

0 pα 0

0 0 1

+ p2αχ

pα 0 0

0 pα 0

0 0 pα

 .

Similarly, if (π2)N0
∼= ϕ0τ− 1

2
−πi(2log(p))−1 , we have

Tr(Ccfα, π2(χ)) = (−1)α+1p3αχ

p2α 0 0

0 pα 0

0 0 1


and

Tr(Ccfα, π1(χ)) = (−1)αp3αχ

p2α 0 0

0 pα 0

0 0 1

+ p2αχ

pα 0 0

0 pα 0

0 0 pα

 .

Now we return to the global story. Let D be a division algebra over Q equipped with

an anti-involution ∗. Let Q be the algebraic closure of Q inside C. Write F for the centre

of D, and embed F in Q. We assume that F is a quadratic imaginary field extension of

Q and we assume that ∗ induces the complex conjugation on F .

We assume that the dimension of D over F equals 9. Let G be the Q-group, such that

for each commutative Q-algebra R the group G(R) is defined as follows:

GD(R) := {x ∈ D ⊗Q R : xx∗ ∈ R×}
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The mapping c : GD → Gm,Q, defined by x 7→ xx∗, is referred to as the ’factor of

similitudes’. Let h0 be an algebra morphism h0 : C → DR such that h0(z)
∗ = h0(z)

for all z ∈ C. We assume that the involution of DR defined by x 7→ h0(i)
−1xh0(i)

(x ∈ DR) is positive. We restrict h0 to C× to obtain a morphism h′ from the Deligne

torus ResC/RGm,C to GR. Let h denote h′−1 and letX denote the GD(R)-conjugacy class of

h, then the pair (GD, X) is a PEL-type Shimura datum ([31]). Let S denote ResC/RGm,C.

We define isomorphism r from SC to Gm,C ×Gm,C as follows: for an arbitrary C-algebra
A, define A ⊗R C → A2 by a ⊗ z 7→ (za, z̄a). We define cocharacter µ′ : Gm,C → SC by

r ◦ µ′(z) = (z, 1) and we define µ ∈ X∗(GD) to be µ′ ◦ h.
Let E denote the reflex field of Shimura datum (GD, X, h). We copy Kottwitz’s de-

scription of the reflex field E ([31]): Let v1, v2 be the two embeddings of F into C. We

associates number nv1 to v1 and nv2 to v2, such that the group GD,R is isomorphic to

the group GUC/R(nv1 , nv2) (as defined in §2.3). The group Aut(C/Q) acts on the set of

Z-valued functions on Hom(F,C) by translations. The reflex field E is the fixed field of

the stabilizer subgroup in Aut(C/Q) of the function v 7→ nv.

We assume that GD,R ∼= GUC/R(2, 1)(R), then the reflex field is F . Then we obtain

varieties ShK defined over F , and these varieties represent corresponding moduli problems

of Abelian varieties of PEL-type as defined in [31].

At p: Let K ⊂ GD(Af ) be a compact open subgroup. Let p be a prime number

such that GD,Qp is unramified, and such that K decomposes into a product KpK
p where

Kp ⊂ GD(Qp) is hyperspecial and Kp ⊂ G(Ap
f ) is small enough so that ShK(GD, X) is

smooth. Let ShK(GD, X) be the Shimura variety (defined over E). LetMK be the moduli

scheme over OE ⊗Z Z(p) which represents the corresponding moduli problem of Abelian

varieties of PEL-type (as defined in §5 of [32], note that MK,E is |ker1(Q, GD)| copies of
ShK(GD, X)). We assume that p is inert in F/Q (the case that p splits in extension F/Q
is studied in [34] and [37]). Under our assumption, the group GD,Qp is unramified, and

thus quasi-split, then we have GD,Qp
∼= GU3,Fp/Qp , as defined in §2, recall that we use G

to denote GU3,Fp/Qp(Q).

Let ζ be an irreducible algebraic representation over Q of GD,Q, associated with an

ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let g be the Lie algebra

of G(R) and let K∞ be the stabilizer subgroup in G(R) of the morphism h. Let fζ,∞

be an Euler–Poincaré function associated to ζ (as introduced in [5], see also §3 of [31]).

Note that fζ,∞ has the following property: Let π∞ be a (g, K∞)- module occurring as

the component at infinity of an automorphic representation π of GD. Then the trace of

fζ,∞ against π∞ is equal to N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞⊗ ζ)), where N∞ is a certain

explicit constant as defined in §3 of [31]. Let Qℓ be an algebraic closure of Qℓ with an

embedding Q ⊂ Qℓ. We write L for the ℓ-adic local system on MK,OEp
associated to the

representation ζ ⊗Qℓ of GD,Q̄ℓ
.

We write q = p2 for the number of elements in the residue field of OFp . For each

geometric point x ∈ MK,Fq
, we consider the isocrystal with additional GD,Qp-structure
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b(Ax) associated to the abelian variety Ax corresponding to x (see pp.170-171 of [53]).

The set of isocrystals with additional GQp-structure {b(Ax) : x ∈MK,Fq
(Fq)} is contained

in certain finite set B(GQp , µ) ⊂ B(GQp) (see §6 of [33]). For b ∈ B(GD,Qp), we define Sb

to be {x ∈ MK,Fq
(Fq) : b(Ax) = b}. Then Sb is a subvariety of MK,Fq

(see §1 of [54]) and

the collection {Sb}b∈B(GD,Qp ,µ)
of subvarieties of MK,Fq

is called the Newton stratification

of MK,Fq
. We take b to be the basic element of B(GD,Qp , µ), and call Sb the basic stratum

(in this case Sb is closed in MK,Fq
, see §1 of [54]).

Now let Sb be the basic stratum of MK,Fq
, we use BK to denote the closed subscheme

of MK,Fq (defined over Fq), such that BK,Fq
is Sb (See Theorem 3.6 of [53]). Note that

ShKpKp(GD, X) is compact in this case, then MK,Fq is proper, therefore BK ⊂ MK,Fq is

proper. The Hecke correspondences on ShK(GD, X) may be restricted to the subvariety

ι : BK →MK,Fq , and we have an action of the algebra H(GD(Af )//K) on the cohomology

spaces H i
et(BK , ι

∗L). Furthermore, the space H i
et(Sb, ι

∗L) carries an action of the Galois

group Gal(Fq/Fq), which commutes with the action of H(GD(Af )//K).

Hecke algebra at p: We take fα ∈ H(GD(Qp)//Kp) whose Stake transform is given by

p2αXα(1 +Xα
1 +X−α

1 ). Hecke algebra away from p and ∞: Let fp∞ ∈ H(GD(Ap
f )//K

p)

be an arbitrary Kp-bi-invariant Hecke operator. Let f = Ccfαf
∞pfζ,∞, then we have (see

Theorem 3 of [34]):

Proposition 3.2. We have

Tr(fp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BK,F̄q

, ι∗L)) = |ker1(GD,Q))|Tr(f,A(GD))

for α big enough (we may remove the big enough condition on α later), where A(GD)) is

the space of automorphic forms on GD and Φp is the Frobenius automorphism.

Let πp be an admissible representation of G = GD(Qp), by Corollary 1 of [34] , we

have that Tr(Ccfα, πp) ̸= 0 implies that πp has an Iwahori-fixed vector (see Corollary 1 of

[34]), by applying Proposition 2.1, the trace Tr(f,A(GD)) can be written as∑
π⊂A(GD) irre.
πp=1(χp)
χp unr.

Tr(1G(χp), Ccfα)Tr(f
p, πp) +

∑
π⊂A(GD) irre.
πp=StG(χp)
χp unr.

Tr(StG(χp), Ccfα)Tr(f
p, πp)

+
∑

π⊂A(GD) irre.

πp=IndGB (ϕ0τt)(χp)
χp unr.

Tr(IndG
B(ϕ0τt)(χp), Ccfα)Tr(f

p, πp)+
∑

π⊂A(GD) irre.
πp=πi(χp)(i = 1,2)

χp unr.

Tr(πi(χp), Ccfα)Tr(f
p, πp),

with traces at p as computed in Proposition 3.1.
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4 Geometry of the basic stratum

In this section, we use the results in §3 to study the geometry of the basic stratum BK .

Let χ be an unramified character of G. First note that

p−α 0 0

0 1 0

0 0 pα

 ∈ Gder, then we

have

χ

p2α 0 0

0 pα 0

0 0 1

 = χ

p2α 0 0

0 pα 0

0 0 1

χ

p−α 0 0

0 1 0

0 0 pα

 = χ

pα 0 0

0 pα 0

0 0 pα

 .

Let π ⊂ A(GD) be an automorphic representation such that Tr(f,A(GD)) ̸= 0, then

the representation πp is the twist of Ind
G
B(ϕ0τt), 1G, StG or πi (i = 1, 2) with some unrami-

fied character χp. By the argument on pp.511-512 of [34], we have χp

pα 0 0

0 pα 0

0 0 pα

 = ζαπp

where ζπp is a root of unity.

We take fp ∈ H(GD(Ap
f )) to be 1Kp , and we take ζ to be the trivial representation of

GD,Q, by applying Grothendieck-Lefschetz trace formula, we have

#BK(Fqα) = Tr(1Kp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BK,F̄q

, ι∗L)) = |ker1(GD,Q))|Tr(f,A(GD))

= |ker1(GD,Q)|(
∑

π⊂A(GD) irre.
πp=1(χp)
χp unr.

Tr(1G(χp), Ccfα)Tr(1Kp , πp)+
∑

π⊂A(GD) irre.
πp=StG(χp)
χp unr.

Tr(StG(χp), Ccfα)Tr(1Kp , πp)

+
∑

π⊂A(GD) irre.

πp=IndGB (ϕ0τt)(χp)
χp unr.

Tr(IndG
B(ϕ0τt)(χp), Ccfα)Tr(1Kp , πp)+

∑
π⊂A(GD) irre.

πp=πi(χp)(i = 1,2),
χp unr.

Tr(πi(χp), Ccfα)Tr(1Kp , πp)).

for α big enough. By applying Proposition 3.1, we have the following theorem:

Theorem 4.1. Let q = p2, then we have

#BK(Fqα) = C2q
α + C1(−p)α + C0

Where

• C2 = |ker1(GD,Q)|(
∑

π⊂A(GD) irre.
πp=1G(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p
+

∑
π⊂A(GD) irre.

πp=IndGB (ϕ0τt)(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p
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+
∑

π⊂A(GD) irre.
πp=π1(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p
),

• C1 = |ker1(GD,Q)|(
∑

π⊂A(GD) irre.
πp=π1(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p−

∑
π⊂A(GD) irre.
πp=π2(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p
),

• C0 = |ker1(GD,Q)|(
∑

π⊂A(GD) irre.
πp=1(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p−

∑
π⊂A(GD) irre.
πp=StG(χp)
χp unr.

ζαπpep(π∞)dim(πp)K
p
).

And ep(π∞) :=
∑∞

i=0(−1)idim(H i(g, K∞; π∞)), for all α ∈ Z>0 (we may remove the

big enough restriction on α by repeating the proof of Theorem 5.2.1 in [45]).

Let X be a scheme of finite type over the finite field Fq with q = pr and r ∈ Z>0,

where p is a prime number. The zeta function ζ(X,T ) of X is by definition ζ(X,T ) =

exp(
∞∑
m≥1

Nm

m
q−ms), where Nm = |X(Fqm)|. By Grothendieck’s Lefchetz trace formula, we

have

Nm =

2dim(X)∑
i=1

Tr(Frobmq , H
i
et,c(XFq

,Qℓ)) =

2dim(X)∑
i=1

αmi,1 + . . . αmi,di ,

where

• The number ℓ ̸= p is a prime number.

• The morphism Frobq : X → X is the qth power Frobenius automorphism.

• The numbers αi,1, . . . , αi,di are eigenvalues of the action of Frobq on H
i
et,c(XFq

,Qℓ),

where di = dimQℓ
(H i

et,c(XFq
,Qℓ)).

The zeta functions of schemes over finite fields are in general hard to compute. However,

if X is a geometrically irreducible smooth projective n-dimensional variety over Fq, the
Weil conjectures holds (see [13] and [8])

• For all i, j, the eigenvalues αi,j’s are algebraic integers.

• In some ordering, we have (αi,1, . . . , αi,di) = (qn/α2n−i,1, . . . , q
n/α2n−i,d2n−i

).

• For all i, j, we have |αi,j| = qi/2. In particular, we have d0 = d2n = 1 and α0,1 = 1,

α2n,1 = qn.

Let C be a smooth geometrically irreducible projective curve defined over a finite field

k with char(k) = p, the genus of C (denoted by g(C)) is defined as dimQ̄ℓ
H1
et(C, Q̄ℓ). Let

P be a geometric point of C, we use dP to denote [k(P ) : k], where k(P ) is the residue

field of P over k. By repeating the proof of Proposition 12 in [34], we have dim(BK) = 1.

In the following, let q = p2. Let d ∈ Z>0 be divisible enough such that all irreducible

components of BK,F
qd
are geometrically irreducible. Let {Ai}i∈I be irreducible components
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of BK,F
qd
. We use πi : Āi → Ai to denote the normalization of Ai, then Āi is projective:

Because Ai is closed in BK,F
qd
, and BK,F

qd
is closed in MK,,F

qd
, with MK being projective;

and the resulting morphism
∐

i∈I Āi → BK,F
qd

is the normalization of BK,F
qd

(see Lemma

29.54.6 of [60]), which we will denote by π.

Let Si denote the set of singular points of Ai,F̄
qd
, and let S denote the set of singular

points of BK,F̄
qd
.

Proposition 4.1. We have C2 = |I|, and −C1 =
∑

i∈I g(Āi).

Proof. By repeating the argument on pp.2-3 of [1], we have

ζBK,F
qd
(T ) =

∏
P∈S

(∏
Q∈π−1(P )(1− T dQ)

1− T dP

)
ζ∐

i∈I Āi
(T ).

By Weil conjecture, we have

ζĀi
(T ) =

det(1− T · Frobqd |H1
et(Āi,F̄qd

,Qℓ))

(1− T )(1− qdT )
,

then we have

ζ∐
i∈I Āi

=
∏
i∈I

ζĀi
(T ) =

∏
i∈I(det(1− T · Frobqd|H1

et(Āi,F̄qd
,Qℓ)))

(1− T )|I|(1− qdT )|I|
.

Also note that

ζBF
qd
(T ) = e−

∑∞
α=1 |B(F

qαd )|Tα/α = e−
∑∞

α=1(C2qαd+C1pαd)Tα/α =
1

(1− qdT )C2(1− pdT )C1
.

Then we have

1

(1− qdT )C2(1− pdT )C1
=
(∏
P∈S

(∏
Q∈π−1(P )(1− T dQ)

1− T dP

))(∏
i∈I(det(1− T · Frobqd |H1

et(Āi,F̄qd
,Qℓ)))

(1− T )|I|(1− qdT )|I|

)
,

by comparing two sides of the equality and by applying the Weil conjecture, we can

conclude that C2 = |I|, and −C1 =
∑

i∈I dimQ̄ℓ
H1
et(Āi, Q̄ℓ) =

∑
i∈I g(Āi)
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Chapter 3

The cohomology of certain

intermediate strata of Kottwitz

varieties (p splits)

This chapter is adapted from the paper [46], https://arxiv.org/abs/2507.04122 written by

the author of this thesis.

In this chapter, we derive explicit formulas for the Frobenius-Hecke traces of the étale

cohomology of certain strata of Kottwitz varieties (which are certain compact unitary

Shimura varieties considered by Kottwitz), in terms of automorphic representations and

certain explicit polynomials. We obtain our results using the trace formula, represen-

tations of general linear groups over p-adic fields, and a truncation of the formula of

Kottwitz for the number of points on Shimura varieties over finite fields.

1 Introduction

Let (G,X) be a PEL-type Shimura datum, as defined in §4 of [32], and let E denote its

reflex field (for definitions of the Shimura datum and its reflex field, see [9]). Let p be a

prime number such that there exists a flat model G of GQp defined over Zp, define Kp as

the group G(Zp) and let Kp ⊂ G(Ap
f ) be a neat compact open subgroup. In §5 of [32],

Kottwitz constructs a PEL-type moduli problem of abelian varieties over OE⊗ZZ(p) using

the PEL-type Shimura datum along with some additional data (which we will not discuss,

as they will not be used in this chapter), we will denote the PEL-type moduli problem

by M, the moduli problem M is represented by a smooth quasi-projective scheme over

OE ⊗Z Z(p) (loc. cit.). Let S denote the moduli space associated with M, and let MKpKp

denote the canonical model of ShKpKp(G,X) over E, as defined in §2.2 of [9]. Then the

scheme SE is isomorphic to |ker1(Q, G)| copies of MKpKp (see §8 of [32]).

Let v be a place of E above p and let πEv be a uniformizer in OEv . We write q =

|OEv/(πEv)| and let Fq = OEv/(πEv). We extend S over OEv via the integral canonical
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model (as defined in [19]), and we use S̄ to denote SFq . Let B(GQp) denote the set

of isocrystals with additional G-structure (as defined in [26]), which is the set of the σ-

conjugation class in G(L), where L is the completion of the maximal unramified extension

of Qp, and σ : G(L) → G(L) is the Frobenius automorphism. For each geometric point

x ∈ S̄(Fq), let b(Ax) denote the isocrystal with additional G-structure associated to the

abelian variety Ax corresponding to x (see pp.170-171 of [53]). The set of isocrystals with

additional G-structure {b(Ax) : x ∈ S̄(Fq)} is contained in a certain finite set B(GQp , µ) ⊂
B(GQp) (see §6 of [33]). For b ∈ B(GQp), we define Sb to be {x ∈ S̄(Fq) : b(Ax) = b}.
Then Sb is a locally closed subset of S̄Fq

(see §1 of [54]), and we equip Sb with the structure

of an algebraic variety induced from Sb. The collection {Sb}b∈B(GQp ,µ)
of subvarieties of

S̄ is called the Newton stratification of S̄ (for properties of the Newton stratification

{Sb}b∈B(GQp ,µ)
, see §7 of [54]).

When b is the unique basic element of B(GQp , µ) (see §6.4 of [33]), we call Sb the basic

stratum (note that when b is basic, the stratum Sb is closed in S̄Fq
, see §1 of [54]). The

basic stratum has been studied by many people using different methods. For geometric

methods, see [21], [16], [44] for Siegel modular varieties, and see [65], [66], [15] and [10]

for quasi-split unitary Shimura varieties. For the study of the basic stratum of Kottwitz

varieties (introduced in §1 of [31]) using automorphic forms, see [34], [37], [38] and [45].

When b is the unique µ-ordinary element of B(GQp , µ) (see §6 of [33]), then Sb is dense

in SFq
(see [67]).

Let D be a division algebra over Q, with an anti-involution ∗ such that ∗ induces

the complex conjugation on F (where F is the center of D). In this article, we consider

certain compact PEL-type unitary Shimura varieties of signature (s, n − s) arising from

D, introduced by Kottwitz in §1 of [31], which we refer to as Kottwitz varieties (with

corresponding Shimura datum (G,X)). We assume that p is a split prime number in the

extension F/Q, in this case, we have GQp
∼= Gm,Qp ×GLn,Qp . Now, let b ∈ B(GQp , µ) such

that the corresponding Newton vector ν(b) (as defined in §5 of [26], see also [54] for the

case when GQp is a general linear group) equals (s, λp11 , λ
p2
2 ) ∈ Rn+1, where

• p1, p2 ∈ Z>0 and p1 + p2 = n,

• λ1 > λ2 > 0 and (λ1p1, p1) = (λ2p2, p2) = 1.

Let Sb be the corresponding stratum, we use ι : B ↪→ S̄ to denote the closed subscheme of

S̄ (defined over Fq), such that BFq
= Sb (see Theorem 3.6 of [53]). Following [34] and [36],

we use the Langlands-Kottwitz method (which we will introduce in the next paragraph)

to study the stratum Sb.

In the case of good reduction, the trace of the Frobenius-Hecke operator of G(Ap) on

the ℓ-adic cohomology of the reduction mod p of Shimura varieties can be described in

terms of orbital integrals and then in terms of elliptic parts of the stable Arthur–Selberg

trace formula for the endoscopic groups (see [30], [32] for PEL-type Shimura varieties and
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see [20] for abelian type Shimura varieties). This approach to studying the Frobenius-

Hecke trace is called the Langlands-Kottwitz method. In [34] and [36], the Langlands-

Kottwitz method is adapted to study the Frobenius-Hecke trace of the ℓ-adic cohomology

of Newton strata, and we can express the Frobenius-Hecke trace of Newton strata in

terms of orbital integrals. In this article, we study the Frobenius-Hecke action on the

ℓ-adic cohomology of Sb, and we derive a formula for the Frobenius-Hecke traces in terms

of automorphic representations.

We now give a precise statement of the main results:

Theorem A. (See Theorem 6.1) Let α ∈ Z>0, then we have:

1. If n is odd, or n is even and (p1, p2) ̸= (n
2
, n
2
), (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type I

cπTr(Cλfnαs, ρπ,p)

2. If n is even and (p1, p2) = (n
2
, n
2
) or (p1, p2) = (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type II

cπTr(Cλfnαs, ρπ,p)

where

• the constant cπ equals ζαπTr(f
p∞, πp∞)N∞

∑∞
i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)) such

that ζπ is a root of unity.

• by assumption, we have G(Qp) ∼= Q×
p ×GLn(Qp). We write πp ∼= σπ,p⊗ρπ,p, so that

σπ,p (resp. ρπ,p) is a representation of Q×
p (resp. GLn(Qp)).

• the truncated traces Tr(Cλfnαs, ρπ,p) where ρπ,p are representations of GLn(Qp) of

type I or type II (as defined in Definition 5.3) and are computed in Proposition 5.3.

We make some remarks on the notation appearing in the above theorem:

• The function fp∞ ∈ H(G(Ap
f )) is a K

p-bi-invariant Hecke operator.

• The function fnαs ∈ Hunr(G(Qp)) is a certain unramifed Hecke operator whose

Satake transform is given by p
αs(n−s)

2

∑
I⊂{1,2,...n}

|I|=s

, where XI :=
∏

i∈I Xi.

• The function Cλ ∈ H(G(Qp)) is a characteristic function associated with the isocrys-

tal b.

• The space A(G) is the space of automorphic forms on G(A).
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• The representation ζ is an irreducible algebraic representation over Q of GQ, asso-

ciated with ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let Qℓ be

an algebraic closure of Qℓ with an embedding Q ⊂ Qℓ. We write L for the ℓ-adic

local system on S̄ associated to the representation ζ ⊗Qℓ of GQ̄ℓ
.

We now comment on the strategy for proofing Theorem A. In [34], Kret truncates the

formula of Kottwitz and adapts the argument in [31] (see Proposition 9 in [34]), which

can be further implemented in our setting. Then we have

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1(Q, G)|Tr(fp∞(Xα ⊗ Cλfnαs)fζ,∞),

where function fζ,∞ is an Euler-Poincaré function associated to ζ (as introduced in [5]).

Also note that

Tr(fp∞(Xα⊗Cλfnαs)fζ,∞,A(G)) =
∑

π⊂A(G)

Tr(Xα⊗Cλfnαs, πp)Tr(f
p∞, πp∞)Tr(fζ,∞, π∞),

and

Tr(fζ,∞, π∞) = N∞

∞∑
i=1

(−1)idim(H i(g, K∞; π∞ ⊗ ζ))

where N∞ is a certain explicit constant as defined in §3 of [31], we reduce the computation

of the trace Tr(fp∞(Xα⊗Cλfnαs)fζ,∞) to the computation of the trace Tr(Xα⊗Cλfnαs, πp).
We write πp ∼= σπ,p ⊗ τπ,p, where σπ,p (resp. ρπ,p) is a representation of Q×

p (resp.

GLn(Qp)). Then we only need to compute Tr(Cλfnαs, τπ,p).. Using the approach de-

veloped in §1 of [36], we reduce the computation of Tr(Cλfnαs, τπ,p) to the computation of

Tr(C
GLp1×GLp2 (F )
c fnαs, JN(p1,p2)

(τπ,p)), where C
GLp1×GLp2 (F )
c is the characteristic function of

the set of compact elements in (GLp1 × GLp2)(F ) (the definition of compact elements is

given in Definition 3.1), and JN(p1,p2)
(τπ,p)) is the normalised Jacquet module of (τπ,p)) (the

group N(p1,p2) is the unipotent part of the standard parabolic subgroup P corresponding

to partition (p1, p2), as defined in §3).
Let π = Ind

GLp1×GLp2
P (ρ) be an induced representation of (GLp1 × GLp2)(F ) (as de-

fined in §2), where P is a standard parabolic subgroup of GLp1 ×GLp2 , by repeating the

proof Lemma 5 in [34] (see also Proposition 5.1), we have Tr(C
GLp1×GLp2 (F )
c fnαs, π) = 0.

Theorem 2 of [34] restricts the possible forms of τπ,p (more precisely, the representation

τπ,p must be a semi-stable rigid representation, as defined in Definition 5.1, see also §3 of

[34]). By Theorem VI.5.1 of [56], we have an explicit description of the Jacquet module

JN(p1,p2)
(τπ,p) in terms of certain minimal elements in the symmetric group Sn (as studied in

§4). And we prove that all irreducible subquotients of JN(p1,p2)
(τπ,p) are induced represen-

tations unless τπ,p are of certain specific forms (see Proposition 5.2 and Definition 5.3), for

which we can derive explicit formulas for the traces Tr(C
GLp1×GLp2 (F )
c fnαs, JN(p1,p2)

(τπ,p))

(see Proposition 5.3).
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2. NOTATIONS

Structure of this chapter: In §3 we carry out the necessary local computations at

p: We introduce the Kottwitz functions fnαs and certain truncated Kottwitz functions.

Then, we study truncated traces of Tr(Cλfnαs, π), and we reduce the computation of the

truncated trace Tr(Cλfnαs, π) to the computation of certain compact trace, more precisely,

we prove that (see Proposition 3.4)

Tr(Cλfnαs, π) = Tr(CMλ(F )
c (fn1αs1 ⊗ . . .⊗ fnkαsk), πNλ

(δ
− 1

2
GLn,Pλ

)),

where π is an admissible representation of finite length. Note that we can compute

compact traces using Proposition 2.1 of [6].

In §4 we give a combinatorial interpretation of certain double cosets of symmetric

groups in terms of Young tableaux (see Proposition 4.3). Due to Theorem VI.5.1 of [56],

the combinatorial structure of certain double cosets of symmetric groups plays a key role

in the study of Jacquet modules of induced representations of general linear groups. The

results established in §4 will be widely used in §5.
We continue the local computations in §5: In this section, we study the traces of

Cλfnαs against semi-stable rigid representations, which are local components of discrete

automorphic representations of general linear groups. In Proposition 3.4, we have

Tr(Cλfnαs, π) = Tr(C
GLp1×GLp2 (F )
c (fn1αp1 ⊗ fp2αs2), πN(p1,p2)

(δ
− 1

2
GLn,P(p1,p2)

))

for certain λ. By making certain assumptions about λ (as stated before Proposition

5.2), we prove that Tr(C
GLp1×GLp2 (F )
c (fn1αp1 ⊗ fp2αs2), πN(p1,p2)

(δ
− 1

2
GLn,P(p1,p2)

)) ̸= 0 unless

π is of certain specific forms (as defined in Definition 5.2), and we compute the traces

Tr(Cλfnαs, π) in Proposition 5.3.

Having established the necessary local computation in §5, we now turn to the global

setting in §6, where we use the Langlands-Kottwitz method and automorphic forms to

study the Frobenius-Hecke trace of the ℓ-adic cohomology of certain Newton strata of

Kottwitz varieties: Firstly, we introduce Kottwitz varieties and certain Newton strata of

Kottwitz varieties. Then in the proof of Theorem 6.1, we express the Frobenius-Hecke

trace of the ℓ-adic cohomology of the strata in terms of automorphic representations of a

certain unitary group associated to division algebra, and further we express the Frobenius-

Hecke trace in terms of traces Tr(Cλfnαs, ρπ,p), which are computed in Proposition 5.3.

2 Notations

We introduce the following notation:

• In the following, let G be a quasi-split reductive group over F , together with a

chosen Borel subgroup P0 and a Levi decomposition P0 =M0N0. Let P =MN ⊂ G

be a standard parabolic subgroup, the modular character δG,P (m) is defined to be
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|det(m, n)|, wherem ∈M(F ) and n is the Lie algebra of N (we also use δP to denote

δG,P if there is no ambiguity).

• Let IndGP denote the normalized parabolic induction (which sends unitarty repre-

sentations to unitary representations, as defined in §VI.1.2 in [56], note that the

modular character δG,P (m) is defined to be |det(m, n)|−1 in [56]), which is different

from our convention (we also use δG,P to denote δG,P when there is no ambiguity).

• Let π be a representation of G(F ). The Jacquet module πN of a representation π

is the space of coinvariants for the unipotent subgroup N ⊂ G. We use JN(π) to

denote the normalized Jaquet module, which is πN(δ
− 1

2
G,P ).

• We use StG(F) to denote the Steinberg representation of G(F ) (see [57]), and we use

1G(F ) to denote the trivial representation of G(F ).

• We use H(G(F )) to denote the Hecke algebra of locally constant, compactly sup-

ported functions on G(F ). Let H(G(F )//L) denote the Hecke algebra of locally

constant, compactly supported functions on G(F ) which are bi-invariant under the

action of L, where L is a compact open subgroup of G(F ).

• In the following, let G be unramified with a hyperspecial subgroup K ⊂ G(F ), we

Hunr(G(F )) to denoteH(G(F )//K), elements ofH(G(F )//K) are called unramified

Hecke operators. Let P = MN ⊂ G be a parabolic subgroup, we use KM to

denote K ∩M(F ), and we normalize the Haar measure on K (resp.KM) so that

µ(K) = 1 (resp. µ(KM) = 1). Given f ∈ H(G(F )), we define f̄ ∈ H(G(F )) by

g 7→
∫
K
f(kgk−1)dg.

• Let P = MN ∈ P . For f ∈ H(G(F )) and for m ∈ M(F ), the constant terms f (P )

is defined to be

f (P )(m) = δ
1
2
G,P (m)

∫
N(F )

f(mn)dn.

Note that the constant terms f 7→ f (P ) is injective (see [22], §5).

• Let P0 = TU where T ⊂ P0 is a maximal torus of G, we use

SG : H(G(F )//K) → H(T (F )//T (F ) ∩K)

to denote the Satake transform, where H(G(F )//K) → H(T (F )//T (F ) ∩ K) is

defined to be f 7→ f (P0). Note that SG has image in H(T (F )//T (F ) ∩K)W (G,T )(F ),

where W (G, T ) = NG(T )/T is the Weyl group and NG(T ) is the normalizer of T in

G. We also use S to denote SG if there is no ambiguity.

• Let S ⊂ T be a maximal split torus, and let d denote the dimension of S. The Hecke

algebra H(T (F )//T (F ) ∩ K) is isomorphic to H(S(F )//S(F ) ∩ K), with isomor-
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phism given by f 7→ f |S(F ). And we have H(S(F )//S(F )∩K)
∼−→ C[X±1

1 , . . . , X±1
d ]

as described in 2.2 of [49].

• Given n ∈ Z>0, a partition of n is a tuple (n1, . . . , nk) ∈ Zk>0 for some k ∈ Z>0. And

an extended partitions of n is a tuple (n1, . . . , nk) ∈ Zk≥0 for some k ∈ Z>0. And k

is called the length of the partition.

3 Certain truncations of fnαs

Let F be a p-adic field and let OF ⊂ F be the ring of integers. Let πF ∈ OF be a

uniformizer. We write q = |OF/(πF )| = pr, we normalize the p-adic norm on F so that

|πF | = p−r. Let n ∈ Z>0. We fix a Borel subgroup P0,n = M0,nN0,n ⊂ GLn consisting of

upper triangular matrices, whereM0,n is the Levi part, and we use Pn to denote the set of

standard parabolic subgroups of GLn. Given a partition (n1, . . . nk) of n, we use P(n1,...nk)

(resp. M(n1,...nk) and N(n1,...nk)) to denote the standard parabolic subgroup (resp. Levi

subgroup and unipotent subgroup) corresponding to (n1, . . . nk). We call k the length

of the partition (n1, . . . , nk), respectively, the length of the parabolic subgroup P(n1,...,nk).

Let F ⊂ F̄ be an algebraic closure, we embed GLn(F ) into GLn(F̄ ).

The unramifed Hecke algebra Hunr(GLn(F )) is isomorphic to

C[X±1
1 , . . . , X±1

n ]Sn ↪→ C[X±1
1 , . . . , X±1

n ] ∼= Hunr(M0,n(F ))

such that Xk corresponds to the characteristic function of M0,n(OF )akM0,n(OF ), where

ak = diag(ak,i) ∈ T (F ) such that ak,k = πF and ak,i = 1 if i ̸= k. And the action

of σ ∈ Sn on C[X±1
1 , . . . , X±1

n ] is given by σXi = Xσ(i). When n = 1, we also write

Hunr(F×) ∼= C[Y ]±1, such that Y corresponds to the characteristic function of πFO×
F .

We define fnαs ∈ Hunr(GLn(F )) as the unramified Hecke operator whose Satake trans-

form is given by

q
αs(n−s)

2

∑
I⊂1,2,...,n

|I|=s

(XI)α

where XI :=
∏

i∈I Xi. For the constant terms of fnαs, we have the following proposition

(Proposition 4 of [34]):

Proposition 3.1. Let P = MN ⊂ GLn be a standard parabolic subgroup corresponding

to the partition (n1, . . . , nk) of n. The constant term f
(P )
nαs is then given by∑

(si)

qαC(ni,si)fn1αs1 ⊗ · · · ⊗ fnkαsk ,

where the sum ranges over extended partitions (si) of s of length k, and the constant

C(ni, si) is equal to s(n−s)
2

−
∑k

i=1
si(ni−si)

2
.
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Let (n1, . . . , nk) be a partition of n, let (ni,1, . . . , ni,li) be a partition of (ni) for every

1 ≤ i ≤ k. Then (ni,j) (where 1 ≤ i ≤ k, 1 ≤ j ≤ li, ordered in lexicographic order)

is a partition of n. Let P1 = M1N1 be the parabolic subgroup of GLn corresponding

to (n1, . . . , nk), and let P2 = M2N2 ⊂ P1 be the parabolic subgroup corresponding to

(ni,j) (where 1 ≤ i ≤ k, 1 ≤ j ≤ ki, we also use (m1, . . .ml1+···lk) to denote the partitions

corresponding to P2). We now introduce the following truncations of fnαs:

Let χM1
M2
, χ̂M1

M2
∈ Hunr(M2(F )) be the functions introduced in pp.492-493 of [34], then

we have the following proposition:

Proposition 3.2. 1. The function χM1
M2
f
(P2)
nαs ∈ Hunr(M2(F )) equals∑

(si)

qαC(mi,si) ⊗l1+···lk
j=1 ϕmiαsi ,

where the sum ranges over extended partitions (si) of s of length l1 + · · ·+ lk, where

the partitions satisfy

sli+1/mli+1 > sli+2/mli+2 > · · · > sli+1
/mli+1

for all indices i ∈ {0, 1, 2, . . . , k − 1} (we define l0 to be 0).

2. Let (s1, . . . , sk) be an extended partition of s. Then the function χ̂M1
M2

(⊗k
i=1fniαsi)

(P2) ∈
Hunr(M2(F )) equals

∑
(s1,j),...,(sk,j)

q
α

k∑
i=1

C(ni,j ,si,j)
⊗k
i=1 (⊗

li
j=1ϕni,jαsi,j),

where the sum ranges over (s1,j), · · · (sk,j), such that (si,j) is an extended partition

of si of length li for every 1 ≤ i ≤ k, satisfying

bi∑
j=1

si,j <
si
ni

bi∑
j=1

ni,j

for i ∈ {1, 2, . . . , k}, bi ∈ {1, 2 . . . , li − 1}.

Proof. This follows by repeating the proof of Proposition 5 in [34].

Definition 3.1. Let M = GLn1 × · · ·GLnk
⊂ GLn be a Levi subgroup. We define

ΩM,c ⊂ M(F ) as the set consisting of g ∈ M(F ) = GLn1(F ) × · · ·GLnk
(F ) ⊂ GLn(F̄ ),

such that the p-adic norms of the eigenvalues of GLni
are the same for 1 ≤ i ≤ k (elements

of ΩM,c are called compact elements of M(F )). We use C
M(F )
c to denote the characteristic

function of ΩM,c.

Note that the above definition is a special case of compact elements (in a p-adic group)

as given in §2.2 of [34]. Let Rn
≥ ⊂ Rn denote {(r1, . . . , rn) ∈ Rn : r1 ≥ · · · ≥ rn}. Given
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g ∈ GLn(F̄ ), let Φ(g) = (t1,g, . . . , tn,g) ∈ Rn
≥ denote the n-tuple of the inverses of p-adic

valuations of the eigenvalues of g. For example, for g = diag(p−2, p−1, p−3) ∈ GL3(Qp),

we have Φ(g) = (3, 2, 1).

Definition 3.2. Given b ∈ Rn
≥, let Ωb ⊂ Gln(F̄ ) denote the set consisting of g ∈ GLn(F̄ )

such that Φ(g) = λb for some λ ∈ R>0. We use Cb to denote the characteristic function

of Ωb.

The above definition is a special case of the truncation given in Definition 1.3 of

[36]. Let s ∈ Z>0 such that s ≤ n. Given a partition (n1, . . . nk) of n, we choose a

λ = (λn1
1 , . . . , λ

nk
k ) ∈ Rn

≥ such that the following conditions hold:

• λini ∈ Z≥0 for 1 ≤ i ≤ k.

•
∑k

i=1 λini = s.

• λi > λj for all 1 ≤ i < j ≤ k.

Note that the vector λ = (λn1
1 , . . . , λ

nk
k ) is the Newton vector of certain isocrystals of

rank n (see §1 of [54]). Let Pλ = MλNλ ⊂ GLn denote the standard parabolic subgroup

corresponding to partition (n1, . . . , nk). Let si denote niλi (by assumption, we have

si ∈ Z≥0). Then we have the following proposition:

Proposition 3.3. 1. Let P =MN ⊂ GLn be a standard parabolic subgroup such that

P ̸= Pλ, then the function C
M(F )
c Cλχ

GLn
M f

(P )
nαs ∈ H(Mλ(F )) equals 0.

2. The function C
Mλ(F )
c Cλχ

GLn
Mλ

f
(Pλ)
nαs ∈ H(Mλ(F )) equals q

αC(ni,si)C
Mλ(F )
c (fn1αs1 ⊗ . . .⊗

fnkαsk).

Proof. Let P =MN ⊂ GLn be a standard parabolic subgroup corresponding to partition

(m1, . . . ,ml). Applying Proposition 3.1, we have:

f (P )
nαs =

∑
(s′i)

qαC(ni,si)fn1αs′1
⊗ · · · ⊗ fnkαs

′
k
,

where the sum ranges over extended partitions (s′i) of s of length l, and the constant

C(ni, s
′
i) is equal to s(n − s) −

∑k
i=1 s

′
i(ni − s′i). Let (s′1, . . . , s

′
k) be an extended par-

tition of s of length l, and let (g1, . . . gl) ∈ M(F ) be an element in the support of

C
M(F )
c Cλχ

GLn
M (fn1αs′1

⊗ · · · ⊗ fnkαs
′
k
) ∈ H(M(F )). For 1 ≤ i ≤ l, let ai denote the p-adic

valuation of det(gi), by applying Lemma 2 of [34], we have ai = −αs′i. By the definition

of C
M(F )
c , the p-adic valuations of the eigenvalues of gi are equal to − ai

mi
= −αis

′
i

mi
for

1 ≤ i ≤ l. By the definition of χGLn
M , we have s′1/m1 > s′2/m2 > · · · > s′l/ml. Then we

have

Φ((m1, . . . ,ml)) = α((
s′1
m1

)m1 , . . . , (
s′l
ml

)ml) ∈ Rn
≥
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(with Φ as defined before Definition 3.2). By the definition of Cλ, we have

Φ((m1, . . . ,ml)) = λ(λn1
1 , . . . , λ

nk
k )

for some λ ∈ R>0, then we have

α((
s′1
m1

)m1 , . . . , (
s′l
ml

)ml) = λ(λn1
1 , . . . , λ

nk
k ),

By comparing terms, we must have (m1, . . . ,ml) = (n1, . . . , nk). Therefore, the function

C
M(F )
c Cλχ

GLn
M f

(P )
nαs ∈ H(Mλ(F )) equals 0 if P ̸= Pλ, and

CMλ(F )
c Cλχ

GLn
Mλ

(fn1αs′1
⊗ . . .⊗ fnkαs

′
k
) = 0

if (s′1, . . . , s
′
k) ̸= (s1, . . . , sk). Also note that

χGLn
Mλ

(fn1αs1 ⊗ . . .⊗ fnkαsk) = fn1αs1 ⊗ . . .⊗ fnkαsk

(see Proposition 5 of [34]), we have

CMλ(F )
c Cλχ

GLn
Mλ

f (Pλ)
nαs = CMλ(F )

c Cλχ
GLn
Mλ

(fn1αs1⊗. . .⊗fnkαsk) = CMλ(F )
c (fn1αs1⊗. . .⊗fnkαsk).

Now we can prove the main result of this section, which will be used extensively in §5
to compute truncated traces against semi-stable rigid representations.

Corollary 3.1. Let π be an admissible representation of GLn(F ) of finite length, then

we have

Tr(Cλfnαs, π) = Tr(CMλ(F )
c (fn1αs1 ⊗ . . .⊗ fnkαsk), πNλ

(δ
− 1

2
GLn,Pλ

))

Proof. By Proposition 2.1 of [6], we have

Tr(Cλfnαs, π) =
∑

P=MN∈P

Tr(CM(F )
c χGLn

M Cλfnαs
(P )
, πN(δ

− 1
2

GLn,P
)).

Note that the function Cλ is stable under conjugation, and that the function fnαs is K-

bi-invariant, we have Cλfnαs
(P )

= Cλf
(P )
nαs. Then the proposition follows from Proposition

3.3.

Let In denote the subgroup of GLn(OF ) ⊂ GLn(F ) such that g ∈ In if and only if

g reduces an element of the group P0,n(OF/(πF )) modulo πF , the group In is called the

standard Iwahori subgroup of Gln(F ). Then we have the following proposition:

Proposition 3.4. Let π be an admissible representation of GLn(F ) of finite length such

that Tr(Cλfnαs, π) ̸= 0, then we have πIn ̸= {0}.
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Proof. (cf. Corollary 1 in [34]) By Proposition 3.4, we have

Tr(Cλfnαs, π) = Tr(CMλ(F )
c (fn1αs1 ⊗ . . .⊗ fnkαsk), πNλ

(δ
− 1

2
GLn,Pλ

)).

By the Corollary in p259 of [6], there exists a standard parabolic subgroup P = MN ⊂
Pλ ⊂ GLn such that πN is unramified (that is, the space πGLn(OF )∩M(F ) ̸= {0}). By

Proposition 2.4 of [3], we can conclude that πIn ̸= {0}.

4 Double cosets of symmetric groups

Let Sn denote the permutation group on {1, 2, . . . , n}, and we embed Sn into GLn(F )

such that w ∈ Sn 7→ (ai,j) ∈ GLn(F ) where (ai,j) = 1 if w(i) = j, and ai,j = 0 otherwise.

Given w ∈ Sn and g ∈ GLn(F ), we define w · g to be w−1gw.

The group Sn is generated by transposes (1, 2), . . . , (n − 1, n) (which we denote by

t1, . . . , tn−1). For w ∈ Sn, we define the length of w (denoted by ℓ(w)) to be min{k : w =

w1w2 . . . wk : wi ∈ {t1, . . . , tn−1}}. For i, j ∈ {1, 2, . . . , n}, we say that (i, j) is an inversion

of w if i < j and w(i) > w(j). Let inv(w) to denote the total number of inversions of w,

then we have the following proposition (for the proof, see Lemma 2.1 of [68]):

Proposition 4.1. For every w ∈ Sn, we have inv(w) = ℓ(w).

Let (n1, . . . , nk) be a partition of n, we use S(n1,...,nk) ⊂ Sn to denote Sn1 × . . .× Snk
.

Let P be a standard parabolic subgroup of GLn, we use SP to denote the subgroup of Sn

associated to the partition of n corresponding to P . Let λ and ν be two partitions of n,

we have the following proposition:

Proposition 4.2. For an arbitrary double cosets SλgSν ⊂ Sn, there exists a unique

gmin ∈ SλgSν such that ℓ(gmin) is minimal among elements in SλgSν.

Proof. See V.4.6 of [56].

We call gmin ∈ SλgSν the minimal length representative of SλgSν , and we use

Sminλ,ν to denote the set of minimal length representatives of Sλ \ Sn/Sν .
Let (n1, . . . , nk) be a partition of n. We define the diagram of (n1, . . . , nk) as the set

{(i, j) : 1 ≤ i ≤ k, 1 ≤ j ≤ ni}, which we denote by T (n1,...,nk). We represent the diagram

of (n1, . . . , nk) by a Young diagram in the usual way. For example T (5,2,3) is represented

by
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We label the tableau T (n1,...,nk) as follows: We map (i, j) to
∑ni−1

l=1 nl+j (we define n0 = 0),

for example, the tableau T (5,2,3) is labeled as follows:

1 2 3 4 5

6 7

8 9 10

Let (n1, . . . , nk), (m1, . . . ,ms) be two partitions of n. We define (n1, . . . , nk)-tableaux

of type (m1, . . . ,ms) to be functions from elements of T (n1,...,nk) to Z>0, which takes i ∈
{1, . . . , s} exactly mi times (following the order of label), which we denote by T

(n1,...,nk)
(m1,...,ms)

.

The tableau T
(n1,...,nk)
(m1,...,ms)

is represented as follows: We draw the diagram T (n1,...,nk), then we

write the image of each element inside the corresponding box. For example, the tableau

T
(5,2,3)
(3,3,4) is represented by

1 1 1 2 2

2 3

3 3 3

We regard the tableau T
(n1,...,nk)
(m1,...,ms)

as a function from {1, 2, . . . , n} to {1, . . . , s}. We

define the action of Sn on T
(n1,...,nk)
(m1,...,ms)

by ”permutation of labels”, that is, given a w ∈ Sn,

we define wT
(n1,...,nk)
(m1,...,ms)

by

wT
(n1,...,nk)
(m1,...,ms)

(k) = T
(n1,...,nk)
(m1,...,ms)

(w−1k)

For example, (2, 3, 4)(6, 7)T
(3,3,4)
(5,2,3) is represented by

1 2 1 1 2

3 2

3 3 3

We define the set Tminλ,ν to be

{wT λν : w ∈ Sn and wT λν has weakly increasing rows; i.e., T λν (i, j) ≤ wT λν (i, j+1) for all i, j.}

Elements of the set Tminλ,ν are called row semi-standard (n1, . . . , nk)-tableaux of type

(m1, . . . ,ms).

Proposition 4.3. Let w be an element of Sn, and let λ = (n1, . . . nk), ν = (m1 . . .ms) be

two partitions of n. Then w is a minimal length representative in Sλ \ Sn/Sν if and only

if:

• wT
(n1,...,nk)
(m1,...,ms)

has weakly increasing rows; i.e., wT
(n1,...,nk)
(m1,...,ms)

(i, j) ≤ wT
(n1,...,nk)
(m1,...,ms)

(i, j+1)

for all i, j,
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• if i < j and the ith and jth positions of wT
(n1,...,nk)
(m1,...,ms)

are equal, then w(i) < w(j).

And the map w 7→ wT
(n1,...,nk)
(m1,...,ms)

gives a bijection between the set of minimal length

representatives of Sλ \ Sn/Sν (denoted by Sminλ,ν ), and the set of row semi-standard λ-

tableaux of type ν (denoted by Tminλ,ν ).

Proof. See Theorem 4.1 and Corollary 5.1 of [68].

Let λ = (n1, . . . , ns), µ = (m1, . . .mt) be two partitions of n. Let A be a finite set, we

use SA to denote the permutation group of elements of A. When A = ∅, we define SA to

be the trivial group with one element. We define Λj =
∑j

l=1 nl and ∆j =
∑j

l=1ml (we

write Λ0 = 0 and ∆0 = 0), then

Sλ ∼= S{1,...,Λ1} × S{Λ1+1,...,Λ2} × . . .× S{Λs−1+1,...,Λs}

and we have

wSλw
−1 = S{w(1),...,w(Λ1)} × S{w(Λ1+1),...,w(Λ2}) × . . .× S{w(Λs−1+1),...,w(Λs)}

and

Sν ∩ wSλw−1 =
∏

1≤i≤s,1≤j≤t

S{w(Λi−1+1),...,w(Λi)} ∩ S{∆j−1+1,...,∆j}

∼=
∏

1≤i≤s,1≤j≤t

S{w(Λi−1+1),...,w(Λi)}∩{∆j−1+1,...,∆j}.

When w ∈ Sminν,λ , by Proposition 4.3, we have that the set

{w(Λi−1 + 1), . . . , w(Λi)} ∩ {∆j−1 + 1, . . . ,∆j}

consists of consecutive integers for 1 ≤ i ≤ s, 1 ≤ j ≤ t. Then Pν ∩wPλw−1 is a standard

parabolic subgroup, with the corresponding Weyl group equals∏
1≤i≤s,1≤j≤t

S{w(Λi−1+1),...,w(Λi)}∩{∆j−1+1,...,∆j}.

By the construction of the tableau wT νλ , we have the following proposition:

Proposition 4.4. The length of the parabolic subgroup Pν ∩ wPλw−1 (as defined at the

beginning of §3) equals to
∑t

i=1N(wT νλ , i), where N(wT νλ , i) is the number of different

entries in the i-th row. For example, for the tableau N((2, 3, 4)(6, 7)T
(3,3,4)
(5,2,3) , 1) = 2 defined

before Proposition 4.3, we have N((2, 3, 4)(6, 7)T
(3,3,4)
(5,2,3) , 1) = 2, N((2, 3, 4)(6, 7)T

(3,3,4)
(5,2,3) , 2) =

2 and N((2, 3, 4)(6, 7)T
(3,3,4)
(5,2,3) , 3) = 1.
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5 Certain representations of GLn(F )

Let x, y, n ∈ Z>0 be such that n = xy. We use Speh(x, y) to denote the Langlands

quotient of the representation

IndGLn
P(x...x)

(|det|
y−1
2 StGLx(F ) × |det|

y−3
2 StGLx(F ) × . . .× |det|

1−y
2 StGLx(F )).

Definition 5.1. A representation π of GLn(F ) is called semi-stable rigid if it is unitariz-

able and is isomorphic to a representation of the form IndGLn
P (⊗k

i=1Speh(xi, y)(εi| · |ei)),
where P =MN is the parabolic subgroup corresponding to the composition (yxi) of n and

where the tensor product is taken along the blocks M =
∏k

a=1GLyxi and

• k ∈ {1, 2, . . . , n};

• εi is a unitary unramified character εi : GLx(F ) → C× (thus εi is of the form

g 7→ |det(g)|idi for some di ∈ R ) for each i ∈ {1, 2, . . . , k};

• ei is a real number ei in the open interval (−1
2
, 1
2
) for each i ∈ {1, 2, . . . , k};

• positive integers y, x1, x2, . . . , xk such that n
y
=
∑k

i=1 xi.

We note that semi-stable rigid representations are irreducible (see Theorem 7.5 of [62]),

therefore, different orderings of x1, . . . xk determine the semi-stable rigid representation

IndGLn
P (⊗k

i=1Speh(xi, y)(εi| · |ei)) up to isomorphism).

Remark 5.1. Let π = IndGLn
P (⊗k

i=1Speh(xi, y)(εi| · |ei)) be a semi-stable rigid representa-

tion of GLn(F ), if k = y = 1, then π ∼= 1GLn(F )(ε| · |e), where ε is a unitary unramified

character, and e is a real number in the open interval (−1
2
, 1
2
). By applying Theorem 7.5

of [62], we have e = 0, therefore, the representation π is isomorphic to 1GLn(F )(ε) where

ε is a unitary unramified character.

Similarly, if k = x = 1, the representation π is isomorphic to StGLn(F )(ε), where ε is

a unitary unramified character.

Definition 5.2. Let (p1, p2) be a partition of n, and let π be an admissible representation

of GLn(F ). We say that π is of (p1, p2)-type if π is isomorphic to IndGLn
P (StGLp1 (F )(εi| ·

|ei) ⊗ StGLp2 (F )(εi| · |ei)) or IndGLn
P (1GLp1 (F )(εi| · |ei) ⊗ 1GLp2 (F )(εi| · |ei)), where ε1, ε2 are

unitary unramified characters, and e1, e2 are real numbers in the open interval (−1
2
, 1
2
).

Remark 5.2. • Let π = IndGLn
P (StGLp1 (F )(εi| · |ei) ⊗ StGLp2 (F )(εi| · |ei)) (respectively,

π = IndGLn
P (1GLp1 (F )(εi| · |ei)⊗ 1GLp2 (F )(εi| · |ei))) be a representation of (p1, p2)-type,

where p1 ̸= p2, by Theorem 7.5 of [62], we must have e1 = e2 = 0.

• If p1 = p2, let π = IndGLn
P (StGLp1 (F )(εi| · |ei) ⊗ StGLp2 (F )(εi| · |ei)) (respectively,

π = IndGLn
P (1GLp1 (F )(εi| · |ei)⊗ 1GLp2 (F )(εi| · |ei))), by Theorem 7.5 of [62], we must

have either e1 = e2 = 0, or e1 + e2 = 0 and ε1 = ε2.
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The following proposition plays an important role in the computation of some compact

traces:

Proposition 5.1. Let n, s ∈ Z>0 such that s ≤ n and (s, n) = 1, and let P = MN be a

standard parabolic subgroup of GLn, then we have C
GLn(F )
c f

(P )
nαs = 0.

Proof. (cf. Lemma 5 of [34]) Let (n1, . . . , nk) denote the partition corresponding to the

parabolic subgroup P , by Proposition 4 of [34], we have

CGLn(F )
c f (P )

nαs =
∑
(si)

qαC(ni,si)CGLn1 (F )fn1αs1 ⊗ · · · ⊗ CGLnk
(F )fnkαsk ,

where the sum ranges over certain extended partitions (si) of s of length k (with the precise

conditions given in Proposition 4 of [34]). Let (m1, . . . ,mk) ∈ M(F ) be in the support

of C
GLn(F )
c f

(P )
nαs, and let αi,1, . . . αi,ni

denote the eigenvalues of mi. By the definition of

C
GLn(F )
c and Lemma 2 of [34], we have |αi,j| = q

−αsi
ni = q−

αs
n . Since s

n
= si

ni
, it follows

that si =
nis
n
. Also note that (n, s) = 1, so we must have ni = n, then we have our

proposition.

Lemma 5.1. Let f ∈ Hunr(GLn1(F ) × . . . GLnk
(F )) be a spherical function, and let

P =MN ⊂ GLn1×. . . GLnk
be a parabolic subgroup. Let ρ be an admissible representation

of M(F ) of finite length, then we have

Tr(C
GLn1 (F )×...GLnk

(F )
c f, Ind

GLn1×...GLnk
P (ρ)) = Tr(C

GLn1 (F )×...GLnk
(F )

c f (P ), ρ).

Proof. This follows from Proposition 3 of [34].

In the following, let (p1, p2) be a partition of n, let s ∈ Z>0 such that s < n. Let

λ = ((λ1)
p1 , (λ2)

p2) ∈ Rn
≥ such that λ1 > λ2 and λ1p1 + λ2p2 = s. We write s1 =

λ1p1, s2 = λ2p2, and we assume that (s1, p1) = (s2, p2) = 1. Then we have the following

proposition:

Proposition 5.2. Let α ∈ Z>0, and let π = IndGLn
P (⊗k

i=1Speh(xi, y)(εi| · |ei)) be a semi-

stable rigid representation of GLn(F ), then we have

• If n is odd, or n is even and (p1, p2) ̸= (n
2
, n
2
), (n

2
± 1, n

2
∓ 1), then Tr(Cλfnαs, π) ̸= 0

unless π is a representation of (p1, p2)-type, or π = 1GLn(F )(ε) where ε is a unitary

unramified character, or π = StGLn(F )(ε) where ε is a unitary unramified character.

• If n is even and (p1, p2) = (n
2
, n
2
) or (p1, p2) = (n

2
± 1, n

2
∓ 1), then Tr(Cλfnαs, π) ̸= 0

unless π is a representation of (p1, p2)-type, or π = 1GLn(F )(ε) where ε is a unitary

unramified character, or π = StGLn(F )(ε) where ε is a unitary unramified character,

or π = Speh(n
2
, 2)(ε) where ε is a unitary unramified character, or π = Speh(2, n

2
)(ε)

where ε is a unitary unramified character.
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Proof. By Proposition 3.3, we have

Tr(Cλfnαs, π) = q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
Tr(C

GLp1×GLp2 (F )
c fp1αs1 ⊗ fp2αs2 , JNλ

(π)).

Let ρ denote ⊗k
i=1Speh(xi, y)(εi| · |ei), and we assume P corresponds to partition ν =

(ν1, . . . , νk). By Theorem VI.5.1 of [56], the semi-simplification of JNλ
(π) (denoted by

JNλ
(π)s.s.) equals

JNλ
(IndGP (ρ))s.s. =

⊕
w∈Smin

ν,λ ⊂Sn

IndMλ

Mλ∩w−1·Pν
(w ◦ Jw·Pλ∩Mν (ρ))

where Sminν,λ ⊂ Sn is the set of minimal length representatives as defined after Proposition

4.2. By Proposition 4.3 and Proposition 4.4, we have the following: If ν ̸= (p1, p2) and

ν ̸= (n), then the length of w · Pλ ∩Mν is greater than 2 for all w ∈ Sminν,λ (therefore

Pλ ∩ w−1 · Pν = w−1 · (w · Pλ ∩ Pν) is a proper subgroup of Pλ). By Lemma 5.1 and

Proposition 5.1, we have that

Tr(C
GLp1×GLp2 (F )
c fp1αs1 ⊗ fp2αs2 , JNλ

(π)) =

Tr(C
GLp1×GLp2 (F )
c fp1αs1 ⊗ fp2αs2 ,

⊕
w∈Smin

ν,λ ⊂Sn

IndMλ

Mλ∩w−1·Pν
(w ◦ Jw·Pλ∩Mν (ρ))) = 0

if ν ̸= (p1, p2) and ν ̸= (n).

If ν = (n), then k = 1 and π = IndGLn
P (Speh(x, y)(ε| · |e)), by Theorem 5.4 of [63], we

have the following identity in the ring of Zelevinsky (as introduced in [71]),

Speh(x, y) = |det|−
x+y
2

∑
w∈S(x)

y

(−1)ℓ(w)
y∏
i=1

ρi,w,

where

S(x)
y = {w ∈ Sy : w(i) + x ≥ i for all 1 ≤ i ≤ y},

and ρi,w = StGLx+w(i)−i(F )(| · |
x+w(i)+i

2
−1) is a representation of GLx+w(i)−i(F ). If x = 1,

then Speh(1, n) is the trivial representation, and if y = 1, then Speh(n, 1) is the Steinberg

representation.

In the following, we assume that x ≥ 2 and y > 2 (then x + w(1) − 1 > 0 and

x+ w(2)− 2 > 0). We also assume that there exists w ∈ S
(x)
y such that x+ w(i)− i = 0

for all i with 3 ≤ i ≤ y. Otherwise, if for all w ∈ S
(x)
y , we have x+w(i)− i > 0 for some i

with 3 ≤ i ≤ y, then by Proposition 5.1 and Lemma 5.1, we have Tr(C
GLp1×GLp2 (F )
c fp1αs1⊗

fp2αs2 , Speh(x, y)) = 0. By our assumption, we have w(i) = i− x for all i with 3 ≤ i ≤ y,

then we must have x = 2, and in this case, we have w(1) = y, w(2) = y − 1 or w(1) =
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y − 1, w(2) = y. Then we have

Speh(2, y) = |det|−
2+y
2 (StGLy+1(F )(|·|

y+1
2 )×StGLy−1(F )(|·|

y+1
2 )±StGLy(F )(|·|

y
2 )×StGLy(F )(|·|

y+2
2 ))

= StGLy+1(F )(| · |−
1
2 )× StGLy−1(F )(| · |−

1
2 )± StGLy(F )(| · |−1)× StGLy(F ),

where we take the plus sign if y > 3, and we take the minus sign if y = 3. By the

previous discussion, we have Tr(Cλfnαs, Speh(2, y)) ̸= 0 unless (p1, p2) = (n
2
± 1, n

2
∓ 1) or

(p1, p2) = (n
2
, n
2
).

If x ≥ 2 and y = 2, then we have

Speh(x, 2) = |det|−
x+2
2 (StGx(F )(|·|

x
2 )×StGx(F )(|·|

x+2
2 )−StGx+1(F )(|·|

x+1
2 )×StGx−1(F )(|·|

x+1
2 )

= StGx(F )(| · |−1)× StGx(F ) − StGx+1(F )(| · |−
1
2 )× StGx−1(F )(| · |−

1
2 ).

And by the previous discussion, we have Tr(Cλfnαs, Speh(2, y)) ̸= 0 unless (p1, p2) =

(n
2
± 1, n

2
∓ 1) or (p1, p2) = (n

2
, n
2
).

If ν = (p1, p2), then π = IndGLn
P (⊗2

i=1Speh(xi, y)(εi| · |ei)) where p1 = x1y, p2 = x2y.

By repeating the proof of Proposition 8 in [34], we may write π as sum of representations

(up to ±1) induced from proper parabolic subgroup of GLp1 × GLp2 , unless y = 1 or

x1 = x2 = 1. Thus, the representation π is a representation of (p1, p2)-type.

Definition 5.3. Let π be an admissible representation of GLn(F ), we say that π is of

type I if π is a representation of (p1, p2)-type, or π = 1GLn(F )(ε) where ε is a unitary

unramified character, or π = StGLn(F )(ε) where ε is a unitary unramified character.

We say that π is of type II if n is even, and π is a representation of (p1, p2)-type, or

π = 1GLn(F )(ε) where ε is a unitary unramified character, or π = StGLn(F )(ε) where ε

is a unitary unramified character, or π = Speh(n
2
, 2)(ε) where ε is a unitary unramified

character, or π = Speh(2, n
2
)(ε) where ε is a unitary unramified character.

The representations listed in Proposition 5.2 make contributions at p to the cohomol-

ogy of certain strata of Kottwitz varieties (which we will define in §6). We now compute

the truncated traces against representations listed in Proposition 5.2, before the compu-

tation, we first introduce the notion of Hecke matrix:

Definition 5.4. Let (n1, . . . , nk) be a partition of n, and let π be an unramified repre-

sentation of GLn1(F ) × . . . GLnk
(F ). Let Ind

GLn1×...×GLnk
P0,n

(|det|c1 ⊗ . . . ⊗ |det|cn) (with

ci ∈ C, and Re(cni+1) ≥ Re(cni+2) ≥ . . . ≥ Re(cni+1
) for 1 ≤ i ≤ k − 1, we set

n0 = 0) be a principal series representation such that π is the Langlands quotient of

Ind
GLn1×...GLnk
P0,n

(|det|c1 ⊗ . . . ⊗ |det|cn). Then we define the Hecke matrix associated with

π (denoted by ϵπ) to be (q−c1 , . . . , q−cn).

Given f ∈ Hunr(M(n1,...,nk)(F )) where (n1, . . . , nk) is a partition of n, we regard S(f)
(where S is the Satake transform as introduced in §1) as an element of C[X±

1 , . . . , X
±
n ].
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For (c1, . . . , cn) ∈ Cn, let S(f)(c1, . . . , cn) denote the evaluation of S(f) ∈ C[X±
1 , . . . , X

±
n ]

at X1 = c1, . . . , Xn = cn.

Proposition 5.3. Let ε : F× → C× be a unitary unramified character, let c ∈ C such

that ε(πF ) = |πF |−c = qc, then we have:

(1) Tr(Cλfnαs, StGLn(F )(ε)) =

(−1)n−1q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαsS(χ̂GLp1

M0,n
fp1αs1)(q

1−n
2 , q

3−n
2 , . . . , q

1−n+2(p1−1)
2 )

×S(χ̂GLp2
M0,n

fp2αs2)(q
1−n+2p1

2 , q
1−n+2(p1+2)

2 , . . . , q
n−1
2 );

(2) Tr(Cλfnαs, 1GLn(F )(ε)) =

q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαsS(χ̂GLp1

M0,p1
fp1αs1)(q

(1−p1)+n−1
2 , q(3−p1)+

n−3
2 , . . . , q(p1−1)+

n−1−2(p1−1)
2 )

×S(χ̂GLp2
M0,p2

fp2αs2)(q
(1−p2)+n−1−2p1

2 , q(3−p2)+
n−1−2p1−2

2 , . . . , q(p2−1)+ 1−n
2 ).

(3) If n is even (with n ≥ 6) and (p1, p2) = (n
2
, n
2
), then Tr(Cλfnαs, Speh(2, y)(ε))

= ±q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαs(S(fyαs1)(q

1−y
2 , q

3−y
2 , . . . , q

y−1
2 )S(fyαs2)(q

−y
2 , q

1−y
2 , . . . , q

y−2
2 )

+S(fyαs2)(q
1−y
2 , q

3−y
2 , . . . , q

y−1
2 )S(fyαs1)(q

−y
2 , q

1−y
2 , . . . , q

y−2
2 ));

and we take the plus sign if y > 3, we take the minus sign if y = 1.

If n is even (with n ≥ 6) and (p1, p2) = (n
2
± 1, n

2
∓ 1), then Tr(Cλfnαs, Speh(2, y)(ε))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαs(S(fy+1,αs1)(q

−y−1
2 , q

1−y
2 , . . . , q

y−1
2 )S(fy−1,αs2)(q

1−y
2 , q

3−y
2 , . . . , q

y−3
2 ).

(4) If n is even (with n ≥ 4) and (p1, p2) = (n
2
, n
2
), then Tr(Cλfnαs, Speh(x, 2)(ε))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαsS(χ̂GLp1

M0,p1
fp1αs1)(q

−1−x
2 , q

1−x
2 , . . . , q

x−3
2 )

×S(χ̂GLp2
M0,p2

fp2αs2)(q
1−x
2 , q

3−x
2 , . . . , q

x−1
2 ).

If n is even (with n ≥ 4) and (p1, p2) = (n
2
± 1, n

2
∓ 1), then Tr(Cλfnαs, Speh(x, 2)(ε))

= −q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαsS(χ̂GLp1

M0,p1
fp1αs1)(q

−p1
2 , q

2−p1
2 , . . . , q

p1−2
2 )

×S(χ̂GLp2
M0,p2

fp2αs2)(q
−p2
2 , q

2−p2
2 , . . . , q

p2−2
2 ).
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Let εi : F
× → C× (i = 1, 2) be a unitary unramified character, let ci ∈ C such that

ε(πF ) = |πF |−ci = qci (i = 1, 2), let c ∈ (1
2
, 1
2
) ⊂ R.

(5) If n is odd, or n is even and p1 ̸= p2, then Tr(Cλfnαs, Ind
GLn
P (StGLp1 (F )(ε1) ⊗

StGLp2 (F )(ε2)))

= (−1)nq
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qc1αs1S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×qc2αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 );

if n is even and p1 = p2 =
n
2
, then Tr(Cλfnαs, Ind

GLn
P (StGLp1 (F )(ε| · |r)⊗StGLp2 (F )(ε| · |−r)))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαs(qrα(s2−s1)S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )

+qrα(s1−s2)S(χ̂GLp1
M0,p1

fp1αs1)(q
1−p1

2 , q
3−p1

2 , . . . , q
p1−1

2 )qc1αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 ));

and Tr(Cλfnαs, Ind
GLn
P (StGLp1 (F )(ε1)⊗ StGLp2 (F )(ε2)))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
(qc1αs1S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×qc2αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )

+qc2αs1S(χ̂GLp1
M0,p1

fp1αs1)(q
1−p1

2 , q
3−p1

2 , . . . , q
p1−1

2 )qc1αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )).

(6) If n is odd, or n is even and p1 ̸= p2, then Tr(Cλfnαs, Ind
GLn
P (1GLp1 (F )(ε1) ⊗

1GLp2 (F )(ε2)))

= (−1)nq
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qc1αs1S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×qc2αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 );

if n is even and p1 = p2 =
n
2
, then Tr(Cλfnαs, Ind

GLn
P (1GLp1 (F )(ε|·|r)⊗1GLp2 (F )(ε|·|−r)))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
qcαs(qrα(s2−s1)S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )

+qrα(s1−s2)S(χ̂GLp1
M0,p1

fp1αs1)(q
1−p1

2 , q
3−p1

2 , . . . , q
p1−1

2 )qc1αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 ));
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and Tr(Cλfnαs, Ind
GLn
P (1GLp1 (F )(ε1)⊗ 1GLp2 (F )(ε2)))

= q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
(qc1αs1S(χ̂GLp1

M0,p1
fp1αs1)(q

1−p1
2 , q

3−p1
2 , . . . , q

p1−1
2 )

×qc2αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )

+qc2αs1S(χ̂GLp1
M0,p1

fp1αs1)(q
1−p1

2 , q
3−p1

2 , . . . , q
p1−1

2 )qc1αs2S(χ̂GLp2
M0,p2

fp2αs2)(q
1−p2

2 , q
3−p2

2 , . . . , q
p2−1

2 )).

Proof. Let π be a semi-stable rigid representation of GLn(F ), by applying Proposition

3.4, we have

Tr(Cλfnαs, π) = q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
Tr(C

M(p1,p2)
(F )

c (fp1αs1 ⊗ fp2αs2), πN(p1,p2)
(δ

− 1
2

GLn,P(p1,p2)
)).

(1) If π = StGLn(F )(ε), by Proposition 2 of [57], we have

Tr(Cλfnαs, π) = q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
Tr(C

M(p1,p2)
(F )

c (fp1αs1⊗fp2αs2), StM(p1,p2)
(F )(δ

1
2
GLn,P(p1,p2)

·ε)).

By repeating the proof of Proposition 6 in [34], we have

Tr(C
M(p1,p2)

(F )
c (fp1αs1 ⊗ fp2αs2), StM(p1,p2)

(F )(δ
1
2
GLn,P(p1,p2)

· ε))

= (−1)p1+p2−2Tr(χ̂
GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2 , δ
1
2
GLn,P(p1,p2)

|P0,n(F ) · δ
1
2
M(p1,p2)

,P0,n
(ε))

= (−1)nTr(χ̂
GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2 , δ
1
2
GLn,P0,n

(ε)).

By Lemma 7.7 of [37], we have

Tr(χ̂
GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2 , δ
1
2
GLn,P0,n

(ε)) = S(χ̂GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2)(ϵ
δ
1
2
GLn,P0,n(ε)

)

with ϵ
δ
1
2
GLn,P0,n

= (qc
1−n
2 , qc

3−n
2 , . . . , qc

n−1
2 ). Also note that S(χ̂GLp1×GLp2

M0,n
fp1αs1 ⊗ fp2αs2) is

homogenous of degree αs, and

S(χ̂GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2) = S(χ̂GLp1
M0,p1

fp1αs1)⊗ S(χ̂GLp2
M0,p2

fp2αs2),

then we proved (1).

(2) If π = 1GLn(F )(ε), we have

Tr(Cλfnαs, π) = q
α(

s(n−s)
2

−
2∑

i=1

si(pi−si)

2
)
Tr(C

M(p1,p2)
(F )

c (fp1αs1⊗fp2αs2), 1M(p1,p2)
(F )(δ

− 1
2

GLn,P(p1,p2)
·ε)).
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By repeating the proof of Proposition 7 in [34], we have

Tr(C
M(p1,p2)

(F )
c (fp1αs1 ⊗ fp2αs2), 1M(p1,p2)

(F )(δ
− 1

2
GLn,P(p1,p2)

· ε))

= (−1)p1+p2−2Tr(C
M(p1,p2)

(F )
c (fp1αs1 ⊗ fp2αs2), StM(p1,p2)

(F )(δ
− 1

2
GLn,P(p1,p2)

· ε))

= Tr(χ̂
GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2 , δ
− 1

2
GLn,P(p1,p2)

|P0,n(F ) · δ
1
2
M(p1,p2)

,P0,n
(ε)).

= S(χ̂GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2)(ϵ
δ
− 1

2
GLn,P(p1,p2)

|P0,n(F )·δ
1
2
M(p1,p2)

,P0,n
(ε)
)

with

ϵ
δ
− 1

2
GLn,P(p1,p2)

|P0,n(F )·δ
1
2
M(p1,p2)

,P0,n
(ε)

= ϵ
δ
− 1

2
GLn,P0,n

·δM(p1,p2)
,P0,n

(ε)

(qc(1−p1)+c
n−1
2 , qc(3−p1)+c

n−3
2 , . . . , qc(p1−1)+c

n−1−2(p1−1)
2 ,

qc(1−p2)+c
n−1−2p1

2 , qc(3−p2)+c
n−1−2p1−2

2 , . . . , qc(p2−1)+c 1−n
2 ).

Also note that S(χ̂GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2) is homogenous of degree αs, and

S(χ̂GLp1×GLp2
M0,n

fp1αs1 ⊗ fp2αs2) = S(χ̂GLp1
M0,p1

fp1αs1)⊗ S(χ̂GLp2
M0,p2

fp2αs2),

then we proved (2).

(3) If π = Speh(2, y)(ε), and if n is even and (p1, p2) = (n
2
, n
2
) = (y, y). From the proof

of Proposition 5.2, we have

Tr(C
M(p1,p2)

(F )
c (fp1αs1 ⊗ fp2αs2), πN(p1,p2)

(δ
− 1

2
GLn,Py,y

)) =

±Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), JN(y,y)

(IndGLn
P(y,y)

(StGLy(F ) ⊗ StGLy(F ))(ε)));

such that we take the plus sign if y > 3, we take the minus sign if y = 3. By Theorem

VI.5.1 of [56] (see also the proof of Proposition 5.2), Proposition 4.4 and our computation

of JN(y,y)
(IndGLn

P(y,y)
(StGLy(F ) ⊗ StGLy(F ))(ε)) in the proof of Proposition 5.2, we have

Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), JN(y,y)

(IndGLn
P(y,y)

(StGLy(F )(| · |−1)⊗ StGLy(F ))(ε))) =

Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), StGLy(F )(ε| · |−1)⊗ StGLy(F )(ε))

+Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), w · StGLy(F )(ε| · |−1)⊗ StGLy(F )(ε))

(where w ∈ Sn is the permutation sending 1, 2, . . . , y to y + 1, . . . , 2y respectively)
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= Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), StGLy(F )(ε| · |−1)⊗ StGLy(F )(ε))

+Tr(C
M(y,y)(F )
c (fyαs1 ⊗ fyαs2), StGLy(F )(ε)⊗ StGLy(F )(ε| · |−1))

Repeat the proof of Proposition 6 in [34], the above equality equals

qcαs(S(fyαs1)(q
1−y
2 , q

3−y
2 , . . . , q

y−1
2 )S(fyαs2)(q

−y
2 , q

1−y
2 , . . . , q

y−2
2 )

+S(fyαs2)(q
1−y
2 , q

3−y
2 , . . . , q

y−1
2 )S(fyαs1)(q

−y
2 , q

1−y
2 , . . . , q

y−2
2 )).

The case when (p1, p2) = (n
2
± 1, n

2
∓ 1) is similar to the case when (p1, p2) = (n

2
, n
2
).

(4) The proof of (4) is identical to the proof of (3).

(5) We first consider the case when n is even and p1 = p2, and we assume

π = IndGLn
P (StGLp1 (F )(ε| · |r)⊗ StGLp2 (F )(ε| · |−r))).

We only need to compute

Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), JN(n2 , n2 )

(IndGLn
P(n2 , n2 )

(StGLn
2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r)))).

By Theorem VI 5.4 in [56] and Proposition 4.4, we have

JN(n2 , n2 )
(IndGLn

P(n2 , n2 )
(StGLn

2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r))) =

StGLn
2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r) + w · StGLn

2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r),

where w is the permutation sending 1, 2, . . . n
2
to n

2
+ 1, n

2
+ 2, . . . n respectively. Then we

have

Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), JN(n2 , n2 )

(IndGLn
P(n2 , n2 )

(StGLn
2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r))))

= Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), StGLn

2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r))

+Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), w · StGLn

2
(F )(ε| · |r)⊗ StGLn

2
(F )(ε| · |−r)).

By repeating the proof of Proposition 6 in [34], we proved our results. The proofs of the

rest of the cases in (5) are similar.

(6) We first consider the case when n is even and p1 = p2, and we assume

π = IndGLn
P (1GLp1 (F )(ε| · |r)⊗ 1GLp2 (F )(ε| · |−r))).
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We only need to compute

Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), JN(n2 , n2 )

(IndGLn
P(n2 , n2 )

(1GLn
2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r)))).

By Theorem VI 5.4 in [56] and Proposition 4.4, we have

JN(n2 , n2 )
(IndGLn

P(n2 , n2 )
(1GLn

2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r))) =

1GLn
2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r) + w · 1GLn

2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r)

where w is the permutation sending 1, 2, . . . n
2
to n

2
+ 1, n

2
+ 2, . . . n respectively. Then we

have

Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), JN(n2 , n2 )

(IndGLn
P(n2 , n2 )

(1GLn
2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r))))

= Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), 1GLn

2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r))

+Tr(C
M(n2 , n2 )(F )

c (fn
2
αs1 ⊗ fn

2
αs2), w · 1GLn

2
(F )(ε| · |r)⊗ 1GLn

2
(F )(ε| · |−r)).

By repeating the proof of Proposition 7 and Proposition 6 in [34], we proved our results.

The proofs of the rest of the cases in (6) are similar.

6 Cohomology of certain Newton strata of Kottwitz

varieties

Having established the necessary local computation in §5, we now turn to the global

setting. Firstly, we introduce Kottwitz varieties and certain Newton strata of Kottwitz

varieties:

1. Let D be a division algebra over Q, and let ∗ be an anti-involution. Let Q be the

algebraic closure of Q inside C. Let F be the center of D, and we embed F into

Q. We assume that F is a quadratic imaginary field extension of Q and we assume

that ∗ induces the complex conjugation on F .

2. Let G be the Q-group defined as follows: Let R be a commutative Q-algebra, then

G(R) is defined to be {x ∈ D ⊗Q R : xx∗ ∈ R×}.

3. Let h0 be an R-algebra morphism h0 : C → DR such that h0(z)
∗ = h0(z) for all

z ∈ C. And we assume that the involution of DR defined by x 7→ h0(i)
−1xh0(i) (for

x ∈ DR) is positive.
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4. The Shimura datum: We use h′ to denote h0|C× , then h′ is an algebraic group

morphism from the Deligne torus S to GR. Let h denote h′−1 and let X denote the

G(R)-conjugacy class of h, then the pair (G,X) is a PEL-type Shimura datum (see

[31]).

5. Let n be the positive integer such that n2 equals the dimension of D over F .

6. The group structure of G at R: The group GR is isomorphic to GUC/R(s, n− s) for

some 0 ≤ s ≤ n (with GUC/R(s, n− s) as defined in §2.1 of [50]).

7. The group structures ofG at p: Let p be a prime number such thatGQp is unramified,

and let K ⊂ G(Af ) be a compact open subgroup. such that K decomposes into

a product KpK
p where Kp ⊂ G(Qp) is hyperspecial and Kp ⊂ G(Ap

f ) is small

enough (so that ShK(G,X) is smooth). We assume that p splits in extension F/Q,

therefore, the group GQp is isomorphic to Gm,Qp ×GLn,Qp .

8. Kottwitz varieties: Let ShK(G,X) be the Shimura variety defined over E (which is

called the Kottwitz variety). Let MK be the moduli scheme over OE ⊗Z Z(p) which

represents the corresponding moduli problem of Abelian varieties of PEL-type (as

defined in §5 of [32], note that MK,E is |ker1(Q, G)| copies of ShK(G,X)).

9. Reflex field: We use E to denote the reflex field of the Shimura datum (G,X). If

n− s ̸= s, then the reflex field is F , and if n− s = s, then the reflex field is Q see

[31]. Let p be a prime ideal of E over p, and let Ep,α denote an unramified extension

of Ep of degree α.

10. The set B(GQp , µ): Let B(GQp) denote the set of isocrystals with GQp-structure,

which can be identified with the set of σ-conjugacy class in G(L) (see [26], where L =

Q̂unr
p is the completion of the maximal unramified extension of Qp). Note that by our

assumption, the group GQp is isomorphic to Gm,Qp ×GLn,Qp . Let ν : B(GQ) → Rn+1

denote the Newton map (as defined in [54]), and we define µ = (s, µ1, . . . , µn) =

(s, 1s, 0n−s). We define B(GQp , µ) to be {b ∈ B(GQp) : ν(b) = (s, λ1, . . . , λn) ∈
Rn+1 such that (λ1, . . . , λn) ∈ Rn

≥ satisfies that
∑i

j=1 λj ≥
∑i

j=1 µj for 1 ≤ i ≤
n and

∑n
i=1 λi = s}. Note that the set B(GQp , µ) is finite (see §6 of [33] or §1 of

[54]).

11. Newton stratification: We write q for the number of elements in the residue field

of OEp . For each geometric point x ∈ MK,Fq
, let b(Ax) ∈ B(GQp) denote the

isocrystal with G-structure associated to the abelian variety Ax corresponding to x

(see pp.170-171 of [53]), and we have that b(Ax) ∈ B(GQp , µ). For b ∈ B(GQp , µ),

we define Sb to be {x ∈ MK,Fq
(Fq) : b(Ax) = b}. Then Sb is a subvariety of MK,Fq

(see §1 of [54]) and the collection {Sb}b∈B(GQp ,µ)
of subvarieties ofMK,Fq

is called the

Newton stratification of MK,Fq
.
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12. The stratum Sb: We take b ∈ B(GQ, µ) such that ν(b) = (s, λp11 , λ
p2
2 ) (note that we

must have λ1p1, λ2p2 ∈ Z, see Corollary 1.3 of [54]), such that

• p1, p2 ∈ Z>0 and p1 + p2 = n,

• (p1λ1, p1) = 1 and (p2λ2, p2) = 1.

We use BK to denote the locally closed subscheme of MK,Fq (defined over Fq), such
that BK,Fq

is Sb (see Theorem 3.6 of [53]). The Hecke correspondences on ShK(G,X)

may be restricted to the subvariety ι : BK → MK,Fq , and we have an action of

the algebra H(G(Af )//K) on the cohomology spaces H i
et,c(Sb, ι

∗L). Furthermore,

the space H i
et,c(Sb, ι

∗L) carries an action of the Galois group Gal(Fq/Fq), which

commutes with the action of H(G(Af )//K).

13. Local systems: Let ζ be an irreducible algebraic representation over Q of GQ, asso-

ciated with an ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let Qℓ

be an algebraic closure of Qℓ with an embedding Q ⊂ Qℓ. We write L for the ℓ-adic

local system on MK,OEp
associated to the representation ζ ⊗Qℓ of GQ̄ℓ

.

14. Hecke algebra at ∞: Let g be the Lie algebra of G(R), and let K∞ denote the stabi-

lizer subgroup in G(R) of the morphism h. We use fζ,∞ to denote an Euler–Poincaré

function associated to ζ (as introduced in [5], see also §3 of [31]). Note that fζ,∞ has

the following property: Let π∞ be a (g, K∞)- module occurring as the component at

infinity of an automorphic representation π of G. Then the trace of fζ,∞ against π∞

is equal to N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)), where N∞ is a certain explicit

constant as defined in §3 of [31].

15. Hecke operator away from p and ∞: Let fp∞ ∈ H(G(A)//Kp) be an arbitrary

Kp-bi-invariant Hecke operator.

16. Hecke operator at p: Let fp ∈ Hunr(G(Qp)) denote the function whose Satake

transform is given by Xα ⊗ q
αs(n−s)

2

∑
I⊂1,2,...,n

|I|=s

(XI)α where XI :=
∏

i∈I Xi. Let Qp,α

denote a unramified extension of Qp of degree α. Let ϕα ∈ Hunr(G(Qp,α)) denote

the function whose Satake transform is given by Y ⊗ q
αs(n−s)

2

∑
I⊂1,2,...,n

|I|=s

(Y I). Then ϕα

and fp are associated in the sense of base change (as defined in §3.2 of [40]).

We use λ to denote (λp11 , λ
p2
2 ) ∈ Rn

≥, and let si ∈ Z>0 denote λipi. Let Frobq denote

the Frobenius endomorphism of Sλ mapping x to xq, then we have

Theorem 6.1. Let α ∈ Z>0, then we have:
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1. If n is odd, or n is even and (p1, p2) ̸= (n
2
, n
2
), (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type I

cπTr(Cλfnαs, ρπ,p)

2. If n is even and (p1, p2) = (n
2
, n
2
) or (p1, p2) = (n

2
± 1, n

2
∓ 1), then

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) = |ker1|(Q, G)
∑

π⊂A(G)
ρπ,p is of type II

cπTr(Cλfnαs, ρπ,p)

where

• the constant cπ equals ζαπTr(f
p∞, πp∞)N∞

∑∞
i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)) such

that ζπ is a root of unity.

• by assumption, we have G(Qp) ∼= Q×
p × GLn(Qp), we write πp ∼= σπ,p ⊗ ρπ,p, such

that σπ,p (resp. ρπ,p) is a representation of Q×
p (resp. GLn(Qp)).

• the truncated traces Tr(Cλfnαs, ρπ,p) where ρπ,p are representations of GLn(Qp) of

type I or type II (as defined in Definition 5.3) are computed in Proposition 5.3.

Proof. By applying Theorem 5.4.5 of [11], we have

Tr(Frobαq × fp∞,
∞∑
i=0

H i
et,c(Sb, ι

∗L)) =
∑

x∈FixSb
Frobαq ×fp∞ (Fq)

Tr(Frobαq × fp∞, ι∗Lx)

Repeat the proof of Proposition 10 of [34], we have

∑
x∈FixSb

Frobαq ×fp∞ (Fq)

Tr(Frobαq×fp∞, ι∗Lx) = |ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(ϕα)Tr(ζC(γ0))

where

• The sum ranges over Kottwitz triples (as defined in §14 of [32]) (γ0; γ, δ) such that

the Newton vector ν(δσ(δ) · · ·σ[Ep,α:Qp]−1(δ)) ∈ Rn+1 equals (s, λp11 , λ
p2
2 ) (where σ is

the Frobenius automorphism).

• c(γ0; γ, δ) is a certain constant defined in §19 of [32].

Given x ∈ G(Qp,α), let N(x) denote xσ(x) · · ·σα−1(x). By the proof of Theorem 2.14

on pp.24-25 of [36], we have

|ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(ϕα)Tr(ζC(γ0))
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= |ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(χ

σ
(s,λ

p1
1 ,λ

p2
2 )
ϕα)Tr(ζC(γ0))

where χσ
(s,λ

p1
1 ,λ

p2
2 )

is defined as follows: Let x ∈ G(Qp,α), then χ
σ
(s,λ

p1
1 ,λ

p2
2 )

(x) = 1 if and only

if ν(N(x)) = r(s, λp11 , λ
p2
2 ) for some r ∈ R>0. By repeating the argument in p509 of [34],

we have

|ker1(Q, G)|
∑

(γ0;γ,δ)

c(γ0; γ, δ)Oγ(f
p∞)TOδ(χ

σ
(s,λ

p1
1 ,λ

p2
2 )
ϕα)Tr(ζC(γ0))

= |ker1(Q, G)|Tr(C(s,λ
p1
1 ,λ

p2
2 )fpf

p∞fζ,∞,A(G)),

where A(G) is the space of automorphic forms on G, and the function C(s,λ
p1
1 ,λ

p2
2 ) ∈

H(G(Qp)) is defined in Definition 3.1.

Now we compute Tr(C(s,λ
p1
1 ,λ

p2
2 )fpf

p∞fζ,∞,A(G)). We have

Tr(C(s,λ
p1
1 ,λ

p2
2 )fpf

p∞fζ,∞,A(G)) =
∑

π⊂A(G)

Tr(C(s,λ
p1
1 ,λ

p2
2 )fpf

p∞fζ,∞, π)

=
∑

π⊂A(G)

Tr(C(s,λ
p1
1 ,λ

p2
2 )fpf

p∞fζ,∞, π)

=
∑

π⊂A(G)

Tr(C(s,λ
p1
1 ,λ

p2
2 )fp, πp)Tr(f

p∞, πp∞)Tr(fζ,∞, π∞).

By the definition of fζ,∞, we have Tr(fζ,∞, π∞) = N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞⊗ ζ)).

By assumption, we have G(Qp) ∼= Q×
p × GLn(Qp), we write πp ∼= σπ,p ⊗ ρπ,p where σπ,p

(resp. ρπ,p) is an admissible representation of Qp (resp. GLn(Qp)). By repeating the

proof of Proposition 11 in [34], we find that ρπ,p is the local component of a discrete

automorphic representation of GLn(A). Also note that

C(s,λ
p1
1 ,λ

p2
2 )fp = C(s,λ

p1
1 ,λ

p2
2 )(X

α ⊗ fnαs) = Xα ⊗ Cλfnαs

(we use λ denote (λp11 , λ
p2
2 )), then

Tr(C(s,λ
p1
1 ,λ

p2
2 )fp, πp) = Tr(Xα ⊗ Cλfnαs, σπ,p ⊗ ρπ,p) = Tr(Xα, σπ,p)Tr(Cλfnαs, ρπ,p).

By repeating the argument in pp.511-512 of [34], we have that Tr(Xα, σπ,p) = ζαπ where

ζπ = Tr(X, σπ,p) is a root of unity. By Corollary 3.1, we have Tr(Cλfnαs, ρπ,p) = 0 unless

ρInπ,p ̸= 0 (with In defined before Corollary 3.1). Then by applying Theorem 2 in [34], we

find that ρπ,p is a semi-stable rigid representation of GLn(Qp).

By Proposition 3.3, we have

Tr(Cλfnαs, ρπ,p) = Tr(C
GLp1×GLp2 (Qp)
c (fp1αs1 ⊗ fp2αs2), (ρπ,p)Nλ

(δ
− 1

2
GLn,Pλ

)).
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By proposition 5.2, we have our theorem when α is big enough. And we may conclude

our theorem for an arbitrary α ∈ Z>0 by repeating the proof of Theorem 5.2.1 in [45].

Remark 6.1. Using the argument of Proposition 12 in [34], we may derive a formula to

compute the dimension of Sb from Theorem 6.1.
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Chapter 4

An automorphic description of the

zeta function of the basic stratum of

certain Kottwitz varieties (p inert)

This chapter is adapted from the paper [45], https://arxiv.org/abs/2411.01224, written

by the author of this thesis.

1 Introduction

Let X be a scheme of finite type over the finite field Fq with q = pr elements, where p is a

prime number. The zeta function ζ(X, s) of X is defined by ζ(X, s) = exp(
∞∑
m≥1

Nm

m
q−ms),

where Nm = |X(Fqm)|. By Grothendieck’s Lefchetz trace formula, we have

Nm =

2dim(X)∑
i=1

Tr(Frobmq , H
i
et,c(XFq

,Qℓ)) =

2dim(X)∑
i=1

αmi,1 + . . . αmi,di ,

where

• The number ℓ ̸= p is a prime number.

• The morphism Frobq : X → X is the qth power Frobenius automorphism.

• The numbers αi,1, . . . , αi,di are eigenvalues of the action of Frobq on H
i
et,c(XFq

,Qℓ),

where di = dimQℓ
(H i

et,c(XFq
,Qℓ)).

The zeta functions of schemes over finite fields are in general hard to compute. However,

if X is a geometrically irreducible smooth projective n-dimensional variety over Fq, the
Weil conjectures hold (see [13] and [8])

• For all i, j, the eigenvalues αi,j’s are algebraic integers.
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• In some order, we have (αi,1, . . . , αi,di) = (qn/α2n−i,1, . . . , q
n/α2n−i,d2n−i

).

• For all i, j, we have |αi,j| = qi/2. In particular, we have d0 = d2n = 1 and α0,1 = 1,

α2n,1 = qn.

If X is singular, the Weil conjectures do not hold for X, and we do not know much

about ζ(X, s). When X is the reduction mod p of the integral canonical model of a

Shimura variety (in the sense of [19], which is singular in general), it is conjectured that

ζ(X, s) has an automorphic description, that is, the number of points Nm = |X(Fqm)|
can be described using automorphic forms (see [30]). When X is the reduction mod p of

Kottwitz varieties (which are certain compact Shimura varieites introduced in [31]). In

this article, we give an automorphic description of the zeta function of the basic stratum

of certain Kottwitz varieties, using the Langlands - Kottwitz method (see [31], which is

adapted to study the basic stratum in [34]).

1.1 Background

Let (G,X) be a PEL-type Shimura datum (as defined in §4 of [32], for the definition of

Shimura varieties, see [9]), let p be a prime number such that the group GQp is unramified.

We choose a flat model G of GQp over Zp, and we write Kp = G(Zp). Let Kp be a neat

compact open subgroup of G(Ap
f ) and let E be the reflex field of (G,X). In §5 of [32],

Kottwitz constructed a PEL-type moduli problem of abelian varieties over OE ⊗Z Z(p)

using the PEL-type Shimura datum along with some additional data (which we will not

discuss, as they will not be used in this chapter), we will denote the PEL-type moduli

problem byM, the moduli problemM is represented by a smooth quasi-projective scheme

over OE ⊗Z Z(p). We use S to denote the moduli space for M. Let MKpKp denote the

canonical model of ShKpKp(G,X) over E defined by Deligne (see §2.2 of [9]), then SE is

isomorphic to |ker1(Q, G)| copies of MKpKp (see §8 of [32]). Let v be a place of E above

p, we extend S over OEv via the integral canonical model (as defined in [19]).

Let v be a place of E above p. We write q = |OEv/(πEv)| and let Fq = OEv/(πEv),

where πEv is a uniformizer in OEv . We use S̄ to denote SFq . Let B(GQp) denote the set

of isocrystals with additional GQp-structure (as introduced in [26]), which is the set of σ-

conjugation class in G(L), where L is the completion of the maximal unramified extension

of Qp, and σ : G(L) → G(L) is the Frobenius automorphism. For each geometric point

x ∈ S̄(Fq), we consider the isocrystal with additional GQp-structure b(Ax) associated to

the abelian variety Ax corresponding to x (see pp.170-171 of [53]). The set of isocrystals

with additional GQp-structure {b(Ax) : x ∈ S̄(Fq)} is contained in a certain finite set

B(GQp , µ) ⊂ B(GQp) (see §6 of [33]). For b ∈ B(GQp), we define Sb to be {x ∈ S̄(Fq) :
b(Ax) = b}. Then Sb is a locally closed subset of S̄Fq

(see §1 of [54]), and we equip Sb

with the structure of an algebraic variety induced from Sb. The collection {Sb}b∈B(GQp ,µ)

of subvarieties of S̄ is called Newton stratification of S̄.
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When b is the unique basic element of B(GQp , µ) (see §6.4 of [33]), we call Sb the basic

stratum (note that when b is basic, the Sb is closed in S̄Fq
, see §1 of [54]). The basic

stratum has been studied by many people using geometric methods: See [21], [16], [44] for

Siegel modular varieties, and see [65], [66], [15] and [10] for quasi split unitary Shimura

varieties.

In this article, we consider certain compact PEL-type unitary Shimura varieties of

signature (r, s) arising from a division algebra D (with an anti-involution ∗ such that

∗ induces the complex conjugation on F , where F is the center of D), introduced by

Kottwitz in §1 of [31], which we refer to as Kottwitz varieties. We assume that p is an

inert prime in the extension F/Q (the case that p is a split prime is studied in [34]).

Following [34], we use automorphic forms and representations of p-adic groups to study

the basic stratum of certain Kottwitz varieties. In the case of good reduction, we express

the traces of the Frobenius operators and the Hecke operators of G(Ap) on the ℓ-adic

cohomology of S̄ in terms of orbital integrals, and then in terms of elliptic parts of the

stable Arthur–Selberg trace formula for the endoscopic groups (see [30] [32] for PEL-type

Shimura varieties, and see [20] for abelian type Shimura varieties), such method to study

the Frobenius-Hecke trace is called the Langlands-Kottwitz method.

Let Sb be the basic stratum of a Kottwitz variety. We use ι : B ↪→ S̄ to denote

the closed subscheme of S̄ (defined over Fq), such that BFq
= Sb (see Theorem 3.6 of

[53]). Note that in this case, the Shimura variety ShKpKp(G,X) is compact, then S̄

is proper, and B ⊂ S̄ is proper. In [34], the Langlands-Kottwitz method is adapted

to study the Frobenius-Hecke trace of the ℓ-adic cohomology of Sb, and we can express

the Frobenius-Hecke trace in terms of orbital integrals, and then in terms of traces of

automorphic representations. In this article, we study the Frobenius-Hecke action on

the ℓ-adic cohomology of BFq
for certain Kottwitz varieties, and we derive a pointing

counting formula for BFqα
for α ∈ Z>0 in terms of automorphic representations. Our

method is totally different from geometric methods (no use of automorphic forms is made

in geometric methods), and the advantage of our method is that we can study the basic

stratum of Kottwitz varieties of arbitrary signature (r, s) (where the geometric methods

are restricted to the case where min{r, s} ≤ 2). Our method is of both global and local

nature: On the global side, we apply a truncation of the formula of Kottwitz for the

number of points on Shimura varieties over finite fields (introduced in [34]), the Arthur

- Selberg trace formula, base change of certain automorphic forms and the twisted trace

formula. On the local side, we study twisted compact traces and representations of general

linear groups over p-adic fields. The difference between our method and that of [34] is

that [34] studies compact traces, and in this article we study twisted compact traces.

1.2 Main results

We now give a precise statement of the main results: Let D be a division algebra over

Q equipped with an anti-involution ∗. Let Q be the algebraic closure of Q inside C. We
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assume F is an imaginary quadratic extension of Q, and we assume ∗ induces the complex

conjugation on F . Let n be the positive integer such that n2 is the dimension of D over

F . Let G be the Q-group such that for each commutative Q-algebra R the set G(R) is

defined as follows:

G(R) := {x ∈ D ⊗Q R : xx∗ ∈ R×}.

Let h0 : C → DR be an algebra morphism, such that h0(z)
∗ = h0(z) for all z ∈ C. We

assume that the involution of DR defined by x 7→ h0(i)
−1xh0(i) (x ∈ DR) is positive. We

restrict h0 to C× to obtain a morphism h′ from Deligne’s torus ResC/RGm,C to GR. Let h

denote h′−1 and let X denote the G(R)-conjugacy class of h. The pair (G,X) is a Shimura

datum. We assume GQp is unramified and let Sb be the basic stratum at p. We assume

that p is inert in the field extension F/Q.

By the classification of unitary groups over real numbers, we haveGR ∼= GUC/R(s, n−s)
for some integer s with 0 ≤ s ≤ n. If n−s ̸= s, then the reflex field is E, and if n−s = s,

then the reflex field is Q. The basic stratum B is defined over Fq where q = p2 if n−s ̸= s,

and the basic stratum B is defined over Fp if n−s = s. Then we have the following theorem

(for simplicity, we only state the theorem for n− s ̸= s, we have a similar but a bit more

complicated result for n− s = s, see Theorem 5.2.1 for more details):

Theorem A. If n− s ̸= s, then for an arbitrary α ∈ Z>0, we have

|B(Fqα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnαs, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n)).

Where π’s are representations of GLn(Fp) of the form IndGP (⊗iStGLni
(εi)), such that εi is

either the trivial character or the unramified quadratic character (note that εQ,w = ±1 is

introduced before Proposition 5.2.1 and εQ,θ = ±1 is introduced in Proposition 2.2.3), and

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)ζατpMτp,π

(the partial ordering is defined before Proposition 3.3.2, and Mτp,π is introduced in The-

orem 3.3.1). And the space A(F× × D×) is the space of automorphic forms on (F× ×
D×)(A).

We make some remarks on the notations appearing in the above theorem:

• The traces Trθ are twisted traces which we define in §2.2, where θ is certain involu-

tion of GLn(Fp) which comes from the Galois action (see Remark 4.1.1).

• The functions ϕnαs (resp. Cθcϕnαs) are certain spherical functions on GLn(Fp) (resp.

truncated spherical functions on GLn(Fp)) which will be defined in §2.2 and §2.4.
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• The group Q = LU ∈ Pθ ranges over θ-stable standard parabolic subgroups of GLn

(standardised with respect to the Borel subgroup of upper triangular matrices),

where L is a Levi subgroup and U is a unipotent subgroup.

• The constants εQ,θ, εQ,w are equal to ±1 with εQ,θ as defined in Definition 2.2.3 and

εQ,w as defined before Proposition 5.2.1.

• We make a few more remarks on the constant

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
χ⊗τ is θ-stable,
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)ζαχp
Mτp,π,

appearing in our theorem: The ±1 term comes from intertwining operators, and

the roots of unity come from certain twisted traces against characters of A×
F (see

Proposition 4.3.1). The term Trθ(φ
θ
ep, (χ ⊗ τ)∞)Trθ(φ

p∞, (χ ⊗ τ)p∞) comes from

twisted traces away from p, the constant Mτp,π and the partial ordering come from

ring of Zelevinsky (see §3.2 and §3.3). We have

Trθ(φ
θ
ep, (χ⊗ τ)∞) =

∞∑
i=1

Tr(θ,H i(h, K∞; (χ⊗ τ)∞))

where K∞ is a maximal compact subgroup of H(R) and h is the Lie algebra of

H(R). Representations of GLn(Fp) of θ-type (Definition 4.3.1.1) are certain θ-stable

irreducible admissible representations of GLn(Fp), which are local components of

discrete automorphic representations and have an Iwahori fixed vector.

• The sets Gθ
P,Q is a certain subset of the symmetric group Sn (see §5.2) with a

combinatorial interpretation using Young tableau (see §5.3), and note that P comes

from the representation IndGP (⊗iStGLni
(εi)).

• The functions S(χ̂θUϕ
(Q)
nαs) ∈ C[X±1

1 , . . . , X±1
n ] are certain polynomial functions (see

§2.6 for an explicit description of S(χ̂θUϕ
(Q)
nαs)).

• The point

(qtπ,1 , . . . , qtπ,n) = (qc1
1−n1

2 , qc1
3−n1

2 , . . . , qc1
n1−1

2 , . . . , qck
1−nk

2
,, qck

3−nk
2 , . . . , qck

nk−1

2 ),

such that (n1, . . . nk) is the partition of n corresponding to the parabolic subgroup

P , and qci = εi(q) (note that me must have |qci | = 1 because εi is either the trivial

character or the unramified quadratic character).

Remark 1.2.1. In Theorem A, we express the number of points |B(Fqα)| in terms of sum

of evaluations of certain polynomial functions S(χ̂θUϕ
(Q)
nαs) ∈ C[X±1

1 , . . . , X±1
n ] at certain
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points (qtπ,w(1) , . . . , qtπ,w(n)). The polynomial functions S(χ̂θUϕ
(Q)
nαs) ∈ C[X±1

1 , . . . , X±1
n ] are

sum of functions of form
∑

IQ⊂{1,2,...,n}
|IQ|=s

(
∏
i∈IQ

Xi)
α, where IQ is determined by the parabolic

subgroup Q (see Proposition 2.6.1 for the explicit definition). In the end, we may write

|B(Fqα)| =
∑
Cxq

αx, where x,Cx ∈ C are certain constants that do not rely on α, and

the value of x which appears in the sum can be explicitly computed.

1.3 Proof strategies

We now comment on the proof strategy of Theorem A (the proof for the case that n−s = s

is almost identical). First, we reduce the computation of the traces of the Frobenius

operator and the Hecke operator on the ℓ-adic cohomology of BF̄q
to the computation of

certain traces of automorphic representations of G(A).
Let f∞p ∈ H(G(A∞p)//Kp) be a Kp-bi-invariant Hecke operator away from p and

∞, and let ζ be an irreducible algebraic representation over Q of GQ, associated with an

ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number), denoted by L. The formula of

Kottwitz for Shimura varieties of PEL-type gives an expression for the Hecke-Frobenius

traces on ℓ-adic cohomology of these varieties at primes of good reduction (see §19 of

[32]). In [34] Kret truncates the formula of Kottwitz and adapts the argument in [31] (see

Proposition 9 in [34]), then we have the following proposition (we also have a similar but

a bit more complicated result for n− s = s, see Proposition 4.2.1 for more details):

Proposition A. If n− s ̸= s, the reflex field is F . Let q = |OF/(p)| = p2, then we have

Tr(f∞p × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄q

, ι∗L)) = |ker1(Q, G)|Tr(Ccfnαsf∞pf∞,A(G))

for α sufficiently large, where A(G) is the space of automorphic forms on G(A).

We make some remarks on the notations appearing in the above theorem:

• At p: The functions fnαs (resp. Ccfnαs) are certain spherical functions on G(Qp)

(resp. truncated spherical functions on G(Qp)) which will be defined in §2.2 and

§2.4.

• Away from p and ∞: The function f∞p ∈ H(G(A∞
p )//Kp) is an arbitrary Kp-bi-

invariant Hecke operator.

• At ∞: The function f∞ is an Euler-Poincaré function associated to ζ (as introduced

in [5]).

The main difficulty in computing Tr(Ccfnαsf
∞pf∞,A(G)) is that G(Qp) is isomorphic

to the quasi-split unitary group over Qp with n variables, denoted by GUFp/Qp(n)(Qp)

(which we will define in §2.3), and that unitary representations of GUFp/Qp(n)(Qp) is not
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well understood. To address this difficulty, we use base change to reduce the computation

of Tr(Ccfnαsf
∞pf∞,A(G)) to the computation of certain twisted traces of automorphic

representations of (F××D×)(A) (note that (F××D×)(Qp) ∼= F×
p ×GLn(Fp), and unitary

representations of general linear groups over p-adic fields are well understood, see [62]).

We define H to be ResFQ(G)
∼= ResFQ(F

× × D×), we take f = f∞ ⊗ fep ∈ H(G(A))
and φ = φ∞ ⊗ φθep ∈ H(G(A)) such that f and φ are associated in the sense of base

change (i.e., the functions fv and φv are associated for all places v, as defined in §3.1
of [40]), where fep is an Euler-Poincaré function associated to the trivial representation

(as introduced [5]) and φθep is a Lefschetz fuction for θ (as defined in p120 of [40]). By

modifying the proof of Theorem A3.1 in [41] (see the proof of Proposition 4.2.2), we have

the following proposition:

Proposition B. (See Proposition 4.2.2) We have

Tr(r(f),A(G)) = Tr(R(φ)Aθ,A(F× ×D×))

where r, R are right regular representations, and Aθ is defined by α 7→ α ◦ θ for α ∈
A(F× ×D×)), and θ is the involution arising from the Galois action (see Remark 4.1.1).

In the following, we assume that n − s ̸= s, the argument for the case n − s = s is

almost identical. We fix the following datum:

• Local system: We take ζ to be the trivial representation GQ, then the associated

local system L is Qℓ.

• At p: We take Cθcφnαs ∈ H(H(Qp)) (with φnαs as defined in §2.4) and Ccfnαs ∈
H(G(Qp)). Then Cθcφnαs and Ccfnαs are associated in the sense of base change as

defined in §3.2 of [40] (see the proof of Proposition 10 of [34]).

• Away from p and infinite: We take 1Kp ∈ H(G(Ap∞)) to be the characteristic

function of Kp, then there exists φp∞ ∈ H(H(Ap∞)) associated to 1Kp∞ if Kp

is small enough (for unramified places, see Proposition 3.3.2 in [40], for ramified

places, see the proof of Theorem A5.2 in [41])

• At ∞: We take φθep ∈ H(H(A∞)) to be a Lefschetz function for θ (as defined in

p120 of [41]), and fep ∈ H(G(A∞) to be an Euler-Poincaré function associated to

the trivial representation, after multiplying φθep by some c ∈ R>0, we may choose

φθep and fep, such that φθep and fep are associated (see Corollary A1.2 of [41]).

Applying Proposition A and Proposition B, we have (Corollary 4.2.2 of §4.2):

Corollary A. If n− s ̸= s, we define q = |OF/(p)| = p2, then for an arbitrary α ∈ Z>0

sufficiently large, we have

|B(Fqα)| = Tr(1Kp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄q

, ι∗L))
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= |ker1(Q, G)|Tr(Ccfnαsf∞pf∞,A(G)) = |ker1(Q, G)|Trθ(Cθcφnαsφp∞φθep,A(F× ×D×)).

We then reduce the computation of the twisted trace

Trθ(Cθcφnαsφ
p∞φθep,A(F× ×D×))

to the computation of the twisted trace Trθ(Cθcϕnαs, ρ), where ρ is a representation of

GLn(Fp) of θ-type (as defined in §3.1). In particular, we have (see the proof of Proposition

4.3.1):

Proposition C. The twisted trace

Trθ(Cθcφnαsφ
p∞φθep,A(F× ×D×)) =

∑
π

MπTrθ(Cθcϕnαs, ρ)

where ρ’s are representations of GLn(Fp) of θ-type and

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
χ⊗τ is θ-stable,
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)

with the partial ordering as defined before Proposition 3.3.2, and

Trθ(φ
θ
ep, (χ⊗ τ)∞) =

∞∑
i=1

Tr(θ,H i(h, K∞; (χ⊗ τ)∞)).

To compute the twisted trace Trθ(Cθcϕnαs, ρ) (for which we use a twisted version of

Clozel’s formula, see Proposition 2.2.3), where ρ is a representation of GLn(Fp) of θ-type

(as defined in §3.1), we need to understand the Jacquet modules of ρ (which is described in

[39]). Additionally, we need to determine how the intertwining operator acts on Jacquet

modules of ρ, and this is the main difficulty for us.

To address the difficulty, we use Zelevinsky’s segment construction (especially Propo-

sition 3.3.2 in §3.3) and Proposition 2.7.1 (which concerns twisted traces of Cθcϕnαs

against certain induced representation). These reduce the computation of the twisted

trace Trθ(Cθcϕnαs, ρ), where ρ is a representation of GLn(Fp) of θ-type, to the compu-

tation of the twisted traces Trθ(Cθcfnαs, ρ
′), where ρ′ is of the form IndGP (⊗iStGLni

(εi)),

with εi being either the trivial character or the unramified quadratic character. Notably,

we have a clear understanding of how the intertwining operator acts on Jacquet modules

of ρ′ (see [52]). In particular, we establish Proposition D and Theorem C.

Proposition D. (See Proposition 3.3.2) We have

Trθ(Cθcϕnαs, ρ) = Trθ(Cθcϕnαs, ρSt) +
∑

ρ′∈Cθ
ρ ,ρ

′<ρ

Nρ,ρ′Trθ(Cθcϕnαs, ρ
′)
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where

• ρSt is of the form IndGP (⊗iStGLni
(εi)), where εi is either the trivial character or the

unramified quadratic character (note that ρSt is a representation of θ-type).

• Nρ,ρ′ ∈ Z and it depends on ρ, ρ′ and an intertwining operator which we introduced

later in the proof (which is constructed from ρ).

• Cθ
ρ is the set consisting of θ-stable representation ρ′ of GLn(Fp) such that ρ′ < ρ,

where < is a certain partial ordering in Ring of Zelevinsky as defined at the end of

§3.2 (which is introduced in [71]).

Note that the minimal element in Cρ
θ is of the form IndGP (⊗iStGLni

(εi)), where εi is

either the trivial character or the unramified quadratic character, by repeatedly applying

Proposition D, we have:

Theorem C. (See Theorem 3.3.1) The twisted trace

Trθ(Cθcϕnαs, ρ) =
∑
ρ′∈Cθ

ρ

Mπ,ρ′Trθ(Cθcfnαs, ρ
′)

for some Mρ,ρ′ ∈ Z, where ρ′ is of the form IndGP (⊗iStGLni
(εi)), such that εi is either the

trivial character or the unramified quadratic character.

Now let π be a representation of GLn(Fp) of the form IndGP (⊗iStGLni
(εi)), such that εi

is either the trivial character or the unramified quadratic character. Applying a twisted

version of Clozel’ formula (see Proposition 2.2.3, which is introduced in p263 of [6]), we

have

Trθ(Cθcϕnαs, π) =
∑

Q∈Pθ,Q=LU

εQ,θTr(χ̂
θ
Uϕ

(Q)
nαs, πU(δ

− 1
2

Q )Aθ). (4.1)

where π 7→ πU (resp. π 7→ JU(π)) is the Jacquet module (resp. normalized Jacquet

module) as defined at the beginning of §2, and εQ,θ, χ̂θUϕ
(Q)
nαs as introduced after Theorem

A. By choosing an explicit intertwining operator on π (denoted by θ, as introduced in

§5.1), we have an explicit description of the action of Aθ on πU , where πU is computed

using Bernstein-Zelevinsky filtration (see VI1.5.2 of [56]). More precisely, we have

Proposition E. (See Proposition 5.1.3) In R, we have

JU(Ind
G
P (⊗iStGLni

(εi))) =
⊕

w∈GP,Q⊂Sn

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi))

where GP,Q ⊂ Sn is the set of minimal length representatives of SP \ Sn/SQ
The induced intertwining operator Aθ acts on⊕

w∈GP,Q⊂Sn

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi)))
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as follows: the intertwining operator Aθ maps

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi)))

onto

IndLL∩(wθ)−1·P (w
θ ◦ Jwθ·Q∩M(⊗iStGLni

(εi)))

where wθ is the minimal length representative of SP θ(w)SQ, and θ(w) is defined to be

A−1
n wAn (recall that An is the anti-diagonal matrix with entries 1).

Note that χ̂θUϕ
(Q)
nαs is an unramified and IndLL∩w−1·P (w◦Jw·Q∩M(⊗iStGLni

(εi)) is ramified

unless w ·Q ∩M is a Borel subgroup. By applying (1) and Proposition E, we have

Trθ(χ̂
θ
Uϕ

(Q)
nαs, πU(δ

− 1
2

Q )Aθ) = Tr(χ̂θUϕ
(Q)
nαs,

⊕
w∈GP,Q⊂Sn

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi)))Aθ)

=
∑

w∈Gθ
P,Q⊂Sn

Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
L∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni

(εi)))

(4.2)

where Gθ
P,Q ⊂ Sn is defined to be {w ∈ GP,Q ⊂ Sn : wθ = w,wSQ ∩ SP = {idSn}}.

Let (qtπ,1 , . . . , qtπ,n) denote the Hecke matrix (see Definition 2.7.1) of JN0(⊗iStGLni
(εi)) =

⊗i(δ
1
2
Bni

(εi)). For w ∈ Gθ
P,Q, which equals

(qc1
1−n1

2 , qc1
3−n1

2 , . . . , qc1
n1−1

2 , . . . , qck
1−nk

2
,, qck

3−nk
2 , . . . , qck

nk−1

2 ),

such that (n1, . . . nk) is the partition of n corresponding to the parabolic subgroup P , and

qci = εi(q), we have:

Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
L∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni

(εi)))) = Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
M0

(w ◦ (⊗iδ
1
2
Bni

))

= Trθ(χ̂
θ
Uϕ

(Q)
nαs, w ◦ (⊗iδ

1
2
Bni

(εi))) = εQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n))

(4.3)

where εQ,w = ±1 depends on Q and w (see Proposition 2.2.2), and we have the second

equality because of a twisted version of van Dijk’s formula (see Proposition 2.2.4).

Finally, by applying Corollary A, Proposition C, Theorem A and (1), (2), (3), we

obtain Theorem A.

1.4 Structure of the chapter

In §2 we carry out the necessary local computations at p: In §2.1, we introduce compact

elements and compact traces. In §2.2 we study truncated twisted traces. In §2.3, we
introduce quasi-split unitary groups associated to a quadratic field extension of p-adic

fields, and we give explicit descriptions of unramified Hecke algebras associated to them.
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Then in §2.4-§2.6, we introduce and study the Kottwitz functions fnαs, ϕnαs, φnαs and

certain truncated Kottwitz functions Cθc(ϕ
(P )
nαs), χ̂θNϕ

(P )
nαs, where P is a θ-stable parabolic

subgroup of GLn. In §2.7, we study the twisted traces of Cθcϕnαs against certain induced

representations, and the proposition we obtain (Proposition 2.7.1) will be crucial in re-

ducing the computation of twisted traces of Cθcϕnαs against representations of θ-type to

the computation of twisted traces of Cθcϕnαs against induced representations of Steinberg

representations (see Theorem 3.3.1).

In §3 we study twisted traces of Cθcϕnαs against representations of θ-type: In §3.1, we
introduce semi-stable rigid representations, which are local components of discrete auto-

morphic representations of general linear groups, and representations of θ-type, which are

certain θ-stable semi-stable rigid representations. In §3.2 we define ring of Zelevinsky and

Zelevinsky’s segments construction (as introduced in [71]), and we collect some important

facts about them. In §3.3, we reduce the computation of twisted traces of Cθcϕnαs against

representations of θ-type to the computation of twisted traces of Cθcϕnαs against induced

representations of Steinberg representations (See Theorem 3.3.1). Note that Theorem

3.3.1 is crucial for establishing Proposition 4.3.1.

In §4, we use the Langlands-Kottwitz method and base change to study the Frobenius-

Hecke trace of the ℓ-adic cohomology of the basic stratum: We introduce Kottwitz varieties

and functions of Kottwitz in §4.1. Then in §4.2, we express the Frobenius-Hecke trace of

the ℓ-adic cohomology of the basic stratum in terms of traces of automorphic representa-

tions of certain unitary group associated to division algebra (see Proposition 4.2.1), and

further we express the number of points of the basic stratum in terms of twisted traces

of automorphic representations of general linear groups (see Corollary 4.2.2), and then

in terms of twisted traces of Cθcϕnαs against certain induced representations of Steinberg

representations of general linear groups (see Proposition 4.3.1).

In §5, we compute twisted traces of Cθcϕnαs against certain induced representations

of Steinberg representations (of general linear groups): In §5.1, we provide explicit de-

scriptions of intertwining operators on certain induced representations of Steinberg repre-

sentations, and we provide explicit descriptions of the induced intertwining operators on

their Jacquet modules (see Proposition 5.1.3). Then in §5.2, we compute twisted traces of

Cθcϕnαs against certain induced representations of Steinberg representations (see Proposi-

tion 5.2.1), using a twisted version of Clozel’s formula (see Proposition 2.2.3), Proposition

5.1.3, and a twisted version of van Dijk’s formula (see Proposition 2.2.4). Then we obtain

a point-counting formula for the basic stratum of Kottwitz varieties (see Theorem 5.2.1).

In §5.3, we give a combinatorial interpretation of certain double cosets (which appear in

Theorem 5.2.1) of symmetric groups in terms of Young tableau, which allows us to develop

a a more efficient algorithm to compute point-counting formulas for the basic stratum of

Kottwitz varieties.
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2 Local computations

In this section, we compute the twisted compact traces of the functions of Kottwitz (which

is introduced in §2.1 in [25], for which we also give the definition in §4.1) against certain
representations of the general linear group which occur in the pointing counting of the

basic stratum of some compact unitary Shimura varieties.

Given an algebraic torus T over a field F , we use X∗(T ) (resp. X∗(T )) to denote the

set of rational characters (resp. the set of rational cocharacters). We regard X∗(T ) as

HomZ(X
∗(T ),Z) via pairing X∗(T )×X∗(T ) → Hom(Gm,Gm) ∼= Z defined by (α, β) 7→

β ◦ α.
Now let G be a quasi-split reductive group over a p-adic field F with a chosen Borel

subgroup P0 and a chosen Levi decomposition P0 =M0N0. If P =MN ⊂ G is a standard

parabolic subgroup, then we define the modular character δG,P (m) to be |det(m, n)|, where
m ∈ M(F ) and n is the Lie algebra of N (we also use δP to denote δG,P if there is no

ambiguity). The induction IndGP is normalized parabolic induction (which sends unitarty

representations to unitary representations, as defined in §VI.1.2 in [56], note that δP (m)

is defined to be |det(m, n)|−1 in [56]). The Jacquet module πN of a smooth representation

π is not normalized, it is the space of coinvariants for the unipotent subgroup N ⊂ G.

We use JN(π) to denote the normalized Jaquet module, which is πN(δ
− 1

2
P ).

2.1 Compact traces

Let F be a p-adic field, let G be an unramified smooth reductive group G, and we choose a

flat model G over OF and write K = G(OF ). Let πF be a uniformizer of OF , and let F̄ be

an algebraic closure of F . We normalize the p-adic norm on F so that |p| = p−Card(OF /(πF ))

(the convention as in pp.491-492 [34]) and we normalize the Haar measure on G(F ) so that

µ(K) = 1. We choose a Borel subgroup P0 of G and standardize the parabolic subgroups

of G with respect to P0. Let P be the set of standard parabolic subgroups containing P0.

We write P0 =M0N0 such that M0 is the Levi part and N0 is the unipotent part, and let

W (G,M0) = NG(M0)/M0 denote the Weyl group.

We have a Borel subgroup P0 ⊂ G such that P0(F ) = P0(F ). Let I ⊂ G(OF ) be

the group of elements g ∈ G(OF ) that reduce to an element of the group P0(OF/πF )

modulo πF . The group I is called the standard Iwahori subgroup of G(F ). A smooth

representation π of G is called semi-stable if it has a non-zero invariant vector under the

subgroup I of G(F ).

Definition 2.1.1. Let g be an element of G(F ), we use ḡ to denote the image of g in

G(F̄ ) and we use gsm to denote the semisimple part of ḡ. Then g is called compact if for

some (any) maximal torus T in G(F̄ ) containing gsm, the absolute value |α(gsm)| is equal
to 1 for all roots α of T in Lie(G(F̄ )).

Remark 2.1.1. If G = GLn (n ∈ Z>0), then g ∈ G(F ) is compact if and only if the
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norms of all eigenvalues are equal. When G is a torus, then all the elements of G(F ) are

compact.

Let C
G(F )
c be the characteristic function of G(F ) of the set of compact elements Gc ⊂ G

(we also use Cc to denote C
G(F )
c if there were no ambiguities). The subset Gc ⊂ G is stable

under stable conjugation by definition. We also have that Gc ⊂ G is closed and open:

Because Cc equals Φ
−1(Γ), where Γ ⊂ C(G,P0) is a discrete subspace of the positive Weyl

chamber C(G,P0) associated with G and P0, and Φ : G(F ) → C(G,P0) is the continues

function constructed in p5 of [36] before Proposition 1.1 (note that Φ is the composition

of the Steinberg map from G(F ) ⊂ G(F̄ ) to M0(F̄ )/W (G,M0)(F̄ ), as defined in 6.10 of

[61], and the Harish-Chandra map from M0(F̄ ) to HomZ(X
∗(M0,F̄ ),R) as defined in p493

of [34], modulo the Weyl group M0(F̄ )/W (G,M0)(F̄ )).

Remark 2.1.2. Let M be a Levi subgroup of G and let g be an element of M(F ) ⊂ G(F ).

Note that the condition that g is compact for the group M(F ) is not equivalent to the

condition that g is compact for the group G(F ).

Let f be a locally constant, compactly supported function on G(F ) and let (π, V )

be a smooth admissible representation of G(F ). For v ∈ V , we define
∫
G(F )

f(g)π(g)vdg

as follows: Let L ⊂ G(F ) be a compact open subgroup such that the locally constant

function from G(F ) to V defined by g 7→ f(g)π(g)vdg is right L-invariant, then we define∫
G(F )

f(g)π(g)vdg to be µ(L)
∑

g∈G(F )/L f(g)π(g)v (this is independent of the choice of

L). We suppose that f is L′-bi-invariant for some compact open subgroup L′ ⊂ G(F ),

we define Tr(f, π) to be Tr(v 7→
∫
G(F )

f(g)π(g)vdg)|W where W ⊂ V satisfies that V L′ ⊂
W ⊂ V and that W is finite dimensional (this is independent of the choice of W and L′).

We define f̄ to be the conjugation average of f under the maximal compact subgroup

K of G(F ): More precisely, for all elements g in G, the value f̄(g) equals
∫
K
f(kgk−1)dk

where the Haar measure is normalized so that K has volume 1 (then f̄ = f if f is spherical

with respect to K). We use H(G(F )) to denote the Hecke algebra of locally constant,

compactly supported functions onG(F ), where the product onH(G(F )) is the convolution

integral defined by f1 ∗ f2(h) =
∫
G(F )

f1(h)f2(gh
−1)dg with respect to the Haar measure

which gives the group K measure 1. When L is a compact open subgroup of G(F ), we

use H(G(F )//L) to denote the Hecke algebra of locally constant, compactly supported

functions on G(F ) which are bi-invariant under the action of L. Let Hunr(G(F )) denote

H(G(F )//K), elements of H(G(F )//K) are called unramified Hecke operators.

Let P = MN ∈ P and let f ∈ H(G(F )), we define the constant terms f (P ) by

f (P )(m) = δ
1
2
P (m)

∫
N(F )

f(mn)dn, note that the constant terms f 7→ f (P ) is injective [[22],

§5].
We write P0 = TU where T ⊂ P0 is a maximal torus of G, let S ⊂ T be a maximal

split torus, and we write d for the dimension of S. We use

SG : H(G(F )//K) → H(T (F )//T (F ) ∩K)
∼−→ H(S(F )//S(F ) ∩K)

∼−→ C[X±1
1 , . . . , X±1

d ]
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to denote the Satake transform, where H(G(F )//K) → H(T (F )//T (F ) ∩K) is defined

to be f 7→ f (P0), the isomorphism H(T (F )//T (F ) ∩K)
∼−→ H(S(F )//S(F ) ∩K) is given

by f 7→ f |S(F ) and H(S(F )//S(F ) ∩K)
∼−→ C[X±1

1 , . . . , X±1
d ] as described in 2.2 of [49].

Note that SG has image in H(T (F )//T (F ) ∩K)W (G,T )(F ) where W (G, T ) = NG(T )/T is

the Weyl group and NG(T ) is the normalizer of T in G.

Definition 2.1.2. Let f be an element of H(G(F )). And let (π, V ) be a smooth, admis-

sible representation of G. The compact trace of f on the representation π (denoted by

Trc(f, π)) is defined to be Tr(v 7→
∫
G(F )

C
G(F )
c f(g)π(g)vdg), where C

G(F )
c f is the point-wise

product of C
G(F )
c and f .

We choose a Levi decomposition P0 = M0N0 where M0 is a maximal torus. Let

P = MN be a standard parabolic subgroup of G, and let AM be the split centre of M

(i.e., the maximal split torus in the centre of M), we write εP = (−1)dim(AM/AG). Let

∆ ⊂ X∗(AM0) be the set of roots associated to AM0 . We define aP to be X∗(AM)R and

define aGP to be the quotient of aP by aG.

We define ∆P ⊂ ∆ to be the set of roots which act non-trivially on AM , and we regard

∆P as a subset of X∗(AM) through the natural inclusion X∗(AM) ⊂ X∗(AM0). We write

a0 = aP0 and aG0 = aGP0
. For each root α in ∆P ⊂ ∆, we have a coroot α∨ in aP defined

by α∨(β) = 2(β,α)
(α,α)

for β ∈ X∗(AM) (with the pairing defined at the beginning of §2).
For α ∈ ∆P , we still use α∨ to denote the image of α∨ ∈ aP in aGP via the surjection

aP ↠ aGP . The set {α∨|aGP : α ∈ ∆P} form a basis of the vector space aGP . The set of

fundamental weights {ωGα ∈ (aGP )
∗|α ∈ ∆P} is the basis of (aGP )

∗ = Hom(aGP ,R) dual to

the basis {α∨|aGP : α ∈ ∆P} of coroots. We let τGP be the characteristic function of the

acute Weyl chamber,

(aGP )
+ = {x ∈ aGP |∀α ∈ ∆P , ⟨α, x⟩ > 0}.

Let τ̂GP be the characteristic function of aGP of the obtuse Weyl chamber,

+(aGP ) = {x ∈ aGP |∀α ∈ ∆P , ⟨ωGα , x⟩ > 0}.

The Harish-Chandra map HM of M is defined to be unique map from M to aP =

HomZ(X
∗(M),R) such that q−⟨χ.HM (m)⟩ = |χ(m)|p for all elements m of M and rational

characters χ in X∗(M). Let χG,N be the composition τGP ◦ (aP ↠ aGP ) ◦HM , and let χ̂G,N

to be the composition τ̂GP ◦ (aP ↠ aGP ) ◦HM . Note that the functions χG,N and χ̂G,N are

locally constant and KM -invariant, where KM = G(OF ) ∩M(F ). We also use χN or χ̂N

to denote χG,N and χ̂G,N if there is no ambiguity.

Lemma 2.1.1. Let P = MN be a standard parabolic subgroup of G(F ). Let m be an

element of M . Then we have:

• χ̂N(m) = 1 if and only if for all roots α in the set ∆P we have |ωα(m)| < 1,
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• χN(m) = 1 if and only if for all roots α in the set ∆P we have |α(m)| < 1.

For f ∈ H(G(F )), we use f (P ) ∈ H(P (F )) to denote the constant term of f with

respect to P , which defined by f (P )(m) = δP (m)
1
2

∫
N(F )

f(mn)dn for m ∈ M(F ). Note

that f 7→ f (P ) induces an injective morphism fromH(G(F )//K) toH(M(F )//K∩M(F ))

(see Theorem 2.4 of [49]). And we have the following proposition:

Proposition 2.1.1. Let π be an admissible representation of G(F ) of finite length, then

we have Tr(Ccf, π) =
∑

P∈P,P=MN

εPTr(χ̂N f̄
(P ), πN(δ

− 1
2

P )).

Proof. See p259 of [6].

Proposition 2.1.2. Let π be a smooth admissible representation of G such that the trace

Tr(C
G(F )
c f, π) does not vanish for some unramified Hecke operator f ∈ Hunr(G(F )). Then

π is semi-stable.

Proof. See p494 of [34].

2.2 Twisted traces

Let F be a p-adic field. Let G be an unramified connected reductive group over F with an

automorphism θ of order 2. Let G be a flat model of G overOF , and we defineK = G(OF ).

We fix a Haar measure µ on G(F ) so that µ(K) = 1. Let P0 be a Borel subgroup, and

let T be a maximal split torus of G contained in P0. We suppose that θ fixes (T,B) and

we standardize parabolic subgroups of G with respect to P0.

Definition 2.2.1. Let (π, V ) be a smooth admissible representation of G(F ). We say that

(π, V ) is θ-stable if there exists a non-zero Aθ ∈ EndC(V ) such that for all g ∈ G(F ) we

have π(g) ◦Aθ = Aθ ◦ π(θ(g)), such Aθ is then unique up to scalar and such Aθ is said to

be an intertwining operator of (π, V ) (Note that Aθ is an isomorphism from (π ◦ θ, V ) to

(π, V )).

Remark 2.2.1. Note that π(g) ◦ Aθ = Aθ ◦ π(θ(g)) implies that π(θ(g)) ◦ Aθ = Aθ ◦
π(θ(θ(g)) = Aθ ◦ π(g) for all g ∈ G(F ), and therefore Aθ is also an isomorphism from

(π, V ) to (π ◦ θ, V ). Then Aθ ◦ Aθ : (π, V ) → (π ◦ θ, V ) → (π, V ) is an automorphism of

(π, V ). When π is irreducible, then by Schur’s Lemma (see III.1.8 of [56]), we have that

Aθ ◦ Aθ is multiplication by some λ ∈ C×. We say that Aθ ∈ EndC(V ) is normalised if

Aθ ◦ Aθ is the identity.

Let f be a locally constant, compactly supported function on G(F ), and let (π, V ) be a

θ-stable smooth admissible representation ofG(F ). For v ∈ V , we define
∫
G(F )

f(g)π(g)vAθdg

as follows: Let L ⊂ G(F ) be a compact open subgroup such that the locally constant

function from G(F ) to V defined by g 7→ f(g)π(g)Aθvdg is right L-invariant, then we

define
∫
G(F )

f(g)π(g)Aθvdg to be µ(L)
∑

g∈G(F )/L f(g)π(g)Aθv (this is independent of the

choice of L).
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Definition 2.2.2. Let (π, V ) be a smooth admissible representation of G(F ) with an

intertwining operator Aθ ∈ EndC(V ). Let f ∈ H(G(F )), we suppose that f is L′-bi-

invariant for some compact open subgroup L′ ⊂ G(F ), we define Tr(f, πAθ) to be Tr(v 7→∫
G(F )

f(g)π(g) ◦ Aθvdg)|W , where W ⊂ V satisfies that V L′ ⊂ W ⊂ V and W is finite

dimensional (this is independent of the choice of W and L′).

Lemma 2.2.1. Let π1, π2 be two isomorphic admissible representations (not necessarily

irreducible). Let Aθ : (π1 ◦ θ, V1) → (π1, V1) be a normalized intertwining operator and let

I : (π1, V1) → (π2, V2) be a isomorphism. Then for an arbitrary f ∈ H(G(F )), we have

Tr(f, π1Aθ) = Tr(f, π2IAθI
−1).

Proof. For an arbitrary v ∈ V2 and for an arbitrary g ∈ G(F ), we have π2(g)IAθI
−1v =

Iπ1(g)AθI
−1v. Then we have

Tr(f, π2IAθI
−1) = Tr(v 7→

∫
G(F )

f(g)π2(g)IAθI
−1vdg)

= Tr((v 7→ µ(L)
∑

g∈G(F )/L

f(g)π2(g)IAθI
−1v)|W ),

where L′ ⊂ G(F ) is a compact open subgroup such that f is L′-bi-invariant, the space

W ⊂ V2 satisfies that V L′
2 ⊂ W ⊂ V2 and W is finite dimensional, and L ⊂ G(F ) is a

compact open subgroup such that the locally constant function from G(F ) to V2 defined

by g 7→ f(g)π2(g)IAθI
−1vdg is right L-invariant (see Definition 2.2.2). Also note that

µ(L)
∑

g∈G(F )/L

f(g)π2(g)IAθI
−1v = µ(L)

∑
g∈G(F )/L

f(g)Iπ1(g)AθI
−1v

= I(µ(L)
∑

g∈G(F )/L

f(g)π1(g)Aθ)I
−1v,

and that the linear operator given by

µ(L)
∑

g∈G(F )/L

f(g)π1(g)Aθ : I
−1W → I−1W

and

I(µ(L)
∑

g∈G(F )/L

f(g)π1(g)Aθ)I
−1 : W → W

have the same traces, then we have

Tr((v 7→ µ(L)
∑

g∈G(F )/L

f(g)π2(g)IAθI
−1v)|W )

= Tr((v 7→ I(µ(L)
∑

g∈G(F )/L

f(g)π1(g)AθI
−1)v)|W )
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= Tr((v′ 7→ µ(L)
∑

g∈G(F )/L

f(g)π1(g)Aθv
′)|I−1W ) (where v′ ∈ I−1W )

= Tr(v′ 7→
∫
G(F )

f(g)π1(g)Aθv
′dg) = Tr(f, π1Aθ).

We fix the notations above, further we let π1, π2 be irreducible and let Bθ : (π2◦θ, V2) →
(π2, V2) be a normalized intertwining operator, then we have the following:

Corollary 2.2.1. Tr(f, π2Bθ) = ±Tr(f, π1Aθ).

Proof. Firstly, we have Tr(f, π1Aθ) = Tr(f, π2IAθI
−1) from the above lemma. Note that

IAθI
−1 ◦ Bθ is an isomorphism of irreducible admissible representation π2, by Schur’s

Lemma (see III.1.8 of [56]), we have that IAθI
−1 ◦ Bθ is multiplication by some λ ∈ C×.

We assume v ∈ W . Also note that both Aθ and Bθ are normalized, then we have

λ2 = IAθI
−1 ◦ IAθI−1 ◦Bθ ◦Bθ = Q(Aθ ◦ Aθ)I−1 ◦Bθ ◦Bθ = 1.

Thus λ = ±1, and the corollary follows.

Remark 2.2.2. The above corollary shows that twisted traces of irreducible representa-

tions up to ±1 is well defined up to isomorphism.

Let P =MN ⊂ G be a parabolic subgroup and let π be an admissible representation

of M(F ), then we have that IndGM(π) ◦ θ ∼= IndGθ(M)(π ◦ θ) with isomorphism given by

f 7→ f ◦ θ for f ∈ IndGM(π) ◦ θ.
We assume that M is θ-stable and let π be a θ-stable representation M(F ) with an

intertwining operator Aθ : (π ◦ θ, V ) → (π, V ), then IndGM(π) is also θ-stable, with an

intertwining operator IndGM(π) ◦ θ → IndGM(π ◦ θ) → IndGM(π) (also denoted by Aθ ) given

by f 7→ f ◦ θ 7→ Aθ(f ◦ θ) where Aθ(f ◦ θ) is defined by Aθ(f ◦ θ)(g) = Aθ(f ◦ θ(g)).

Remark 2.2.3. Note that twisted traces (with normalized intertwining operators) of an

irreducible representation are unique up to ±1 modulo different normalized intertwining

operators, we also use Trθ(f, π) to denote Tr(f, πAθ) when the intertwining operator is

not specified.

Let P denote the set of standard parabolic subgroups of G, and let Pθ denote the

subset of P consisting of P ∈ P which is invariant under θ. For g ∈ G(F ), we say that g

is θ-compact if gθ(g) is compact, let Gθc ⊂ G(F ) denote the subset of θ-compact elements.

We use C
G(F )
θc to denote the characteristic function of the set of θ-compact elements

of G(F ). We also use Cθc to denote C
G(F )
θc if there are no ambiguities. The subset

Gθc ⊂ G(F ) is open and closed: Because Gθc equals m
−1
θ (Gc), where mθ : G(F ) → G(F )

is the continuous map defined by g 7→ gθ(g) for g ∈ G(F ), and Gc ⊂ G(F ) is the set of

compact elements, which is open and closed.
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Definition 2.2.3. If P =MN ∈ Pθ, then we define aθP to be the subspace of θ-invariants

of aP . We use aθP to denote the dimension of aθP , and we use εP,θ to denote (−1)a
θ
P−aθG.

Recall that we define τGP and τ̂GP in §2.1 after Definition 2.1.2. We define the function

χθG,N to be the composition τGP ◦ (aP ↠ aGP ) ◦ (HM + θ ◦HM), and we define the function

χ̂θG,N to be the composition τ̂GP ◦ (aP ↠ aGP ) ◦ (HM + θ ◦HM).

We also use χθN (or χ̂θN) to denote χθG,N (or χ̂θG,N) if there is no ambiguity.

Lemma 2.2.2. Let P = MN be a θ-stable standard parabolic subgroup of G. Let m be

an element of M . Then we have:

• χ̂θN(m) = 1 if and only if for all roots α in the set ∆P we have |ωα(mθ(m))| < 1,

• χθN(m) = 1 if and only if for all roots α in the set ∆P we have α(mθ(m))| < 1

(Recall that we define ωα in §2.1 after Definition 2.1.2).

Proposition 2.2.1. Let K be a hyperspecial subgroup of G(Qp). Let (π, V ) be a ramified

admissible θ-stable representation of G(Qp) (i.e., V
K = {0}) with an intertwining operator

Aθ. Let f be an element in Hunr(G(Qp)), then we have Tr(f, πAθ) = 0.

Proof. Note that f is K-bi-invariant, by Definition 2.2.2, then we have

Tr(f, πAθ) = Tr(v 7→
∫
G(F )

f(g)π(g)Aθvdg)|V K = 0.

Proposition 2.2.2. Let (π, V,Aθ) be a θ -stable irreducible unramified representation of

G(F ) such that Aθ is normalized. Let K ⊂ G(F ) be a hyperspecial subgroup, and we

assume that θ(K) = K. We write V K = Cv, then we have:

1. Aθv = cv for some c ∈ C×,

2. For an arbitrary f ∈ H(G(F )), we have Tr(f, π) = ±Tr(f, πAθ).

Proof. The proof of (1): For every k ∈ K, we have that π(k)Aθv = Aθπ(θ(k))v = Aθv

(here we use the assumption that θ(K) = K). Thus Aθv ∈ πK and we have Aθv = cv for

some c ∈ C×.

The proof of (2): We write Aθv = cv where c ∈ C×, then we have v = Aθ(Aθv) =

Aθcv = c2v, and therefore c = ±1. The twisted trace Tr(f, πAθ) is

Tr(v 7→
∫
G(F )

f(g)π(g)Aθv)|V K = Tr(v 7→
∫
G(F )

f(g)π(g)cv)|V K

= cTr(v 7→
∫
G(F )

f(g)π(g)v)|V K = ±Tr(v 7→
∫
G(F )

f(g)π(g)v)|V K ,

then we have (2).
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Now let E/F be an unramified extension of degree 2, in the following, let θ be the

involution of G(E) arising from the non-trivial element of Gal(E/F ) (therefore θ(K) =

K). Then we have the following twisted version of Clozel’s formula for compact traces

(p263 of [6] and see §2.1 in [52] for the proof).

Proposition 2.2.3. Let π be a θ-stable (with an intertwining operator Aθ), admissible

representation of G(F ) of finite length, then we have

Tr(Cθ,cf, πAθ) =
∑

P∈Pθ,P=MN

εP,θTr(χ̂
θ
N f̄

(P ),θ, πN(δ
− 1

2
P )Aθ),

where

f̄ (P ),θ(m) := δ
1
2
P (m)

∫
N×K

f(kmnθ(k−1))dkdn

for m ∈M(F ) and εP,θ as defined in Definition 2.2.3.

Let StG(E) denote the Steinberg representation of G(E) (see [57]), then we have:

Corollary 2.2.2. Let f ∈ Hunr(G(E)) be a spherical Hecke operator, then we have

Tr(Cθ,cf, StG(E)Aθ) = Tr(χ̂θN0
f (P0), 1(δ

1
2
P0
)Aθ).

Proof. (cf. Proposition 6 in [34]): We have

f̄ (P ),θ(m) = δ
1
2
P (m)

∫
N×K

f(kmnθ(k−1))dkdn = δ
1
2
P (m)

∫
N

f(mn)dn = f (P )(m)

because f is spherical and we normalize the Haar measure on G(F ) so that µ(K) = 1.

By applying Proposition 2.2.3, we obtain

Tr(Cθ,cf, StG(E)Aθ) =
∑

P∈Pθ,P=MN

εP,θTr(χ̂
θ
Nf

(P ), (StG(E))N(δ
− 1

2
P )Aθ)

The Jacquet module (StG(E))N equals StM(E)(δP )(Proposition 2 of [57]). If the parabolic

subgroup P =MN ⊂ G is not the Borel subgroup P0 =M0N0, we have

Tr(χ̂θNf
(P ), (StG(E))N(δ

− 1
2

P )Aθ) = Tr(χ̂θNf
(P ), StM(E)(δ

1
2
P )Aθ) = 0

because StM(E)(δ
1
2
P ) is ramified and the function χ̂θNf

(P ) is spherical. The Jacquet module

(StG(E))N0 is equal to 1(δP0), then the corollary follows.

We define G̃ = G(E) ⋊ ⟨θ⟩. Let π be a θ-stable representation of G(E) with an

intertwining operator Aθ, we define π̃ to be a representation of G̃(E) given by π̃(g, 1) =

π(g) and π̃(g, θ) = π(g)Aθ. Let f be an element of H(G(E)), we define f̃ ∈ H(G̃) by

f̃(g, 1) = 0 and f̃(g, θ) = f(g). Then we have Tr(f, πIθ) = Tr(f̃ , π̃). We fix a hyperspecial
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subgroup K ⊂ G(E), we define f̄ θ,K ∈ H(G(E)) by f̄ θ,K(g) =
∫
K
f(kgθ(k−1))dk (The

Haar measure is normalized so that K has volume 1).

Proposition 2.2.4. Let Ω be an open and closed subset of G(E) which is invariant under

θ-conjugation by G(E) (we normalize the Haar measure on G(E) so that Ω has volume

1). Let P = MN be a θ-stable standard parabolic subgroup of G (we normalize the Haar

measure on M(E) so that Ω∩M(E) has volume 1). Let π be an admissible representation

of M(E) of finite length, and let Aθ is an intertwining operator of π. Note that Aθ

induces an intertwining operator of IndGP (π), which we also denote by Aθ. Then for all f

in H(G(E)), we have

TrG(E)(χΩf, Ind
G
P (π)Aθ) = TrM(E)(χΩ((f̄

θ,K)(P )), πAθ) = TrM(E)((χΩf̄
θ,K)(P ), πAθ).

In particular, if f ∈ Hunr(G(E)), then we have

TrG(E)(χΩf, Ind
G
P (π)Aθ) = TrM(E)(χΩf

(P ), πAθ) = TrM(E)((χΩf)
(P ), πAθ).

Proof. (cf. Proposition 3 in [34]). By Theorem 5.9.2 of [43] (p107) we have

TrG(E)(χΩf, πAθ) = TrM(E)((χΩf
θ,K

)(P ), ρAθ).

we first prove that the functions χΩ((f̄
θ,K)(P )) and (χΩf̄

θ,K)(P ) in H(M(F )) have the

same twisted orbital integrals. Note that Ω is invariant under θ-conjugation by G(E), we

have

χΩf
θ,K

(g) =

∫
K

χΩ(kgθ(k
−1))f(kgθ(k−1))dk =

∫
K

χΩ(g)f(kgθ(k
−1))dk = χΩf̄

θ,K(g).

Applying Proposition 7.2.2 in Part I of [43], for γ ∈ Ω ∩M(E), we have

TOM(E)
γ ((χΩf̄

θ,K)(P )) = TOM(E)
γ ((χΩf

θ,K
)(P )) = DG/M(γ)TOG(E)

γ (χΩf),

where DG/M(γ) is a certain Jacobian factor defined in §7.2, Part I of [43]), and for γ ̸∈
Ω ∩M(E) we have TOM(E)

γ ((χΩf̄
θ,K)(P )) = 0.

For γ ∈M(E), we have TOM(E)
γ (χΩ((f̄

θ,K)(P ))) equals TOM(E)
γ ((f̄ θ,K)(P )) if γ ∈ Ω and

equals 0 if γ ̸∈ Ω. Applying Proposition 7.2.2 in Part I of [43] again, for γ ∈ Ω ∩M(E)

we have

TOM(E)
γ (χΩ((f̄

θ,K)(P ))) = TOM(E)
γ ((f̄ θ,K)(P )) = DG/M(γ)TOG(E)

γ (f) = DG/M(γ)TOG(E)
γ (χΩf)

and TO
M(E)
γ (χΩ((f̄

θ,K)(P ))) = 0 if γ ̸∈ Ω ∩M(E). Thus the twisted orbital integrals of

the functions χΩ((f̄
θ,K)(P )) and (χΩf̄

θ,K)(P ) agree.

By a twisted version of Weyl’s integration formula for the group M(E) (Corollary

7.3.8 of [43]), we know that for h ∈ H(M(E)), the twisted trace Tr(h, πAθ) only de-
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pends on the Harish-Chardra character ΘπAθ
and TOM(E)

γ (h) (for γ ∈M(E)). Therefore

TrM(E)(χΩ((f̄
θ,K)(P )), πAθ) = TrM(E)((χΩf̄

θ,K)(P ), πAθ) = TrM(E)((χΩf
θ,K

)(P ), ρAθ) =

TrG(E)(χΩf, πAθ).

2.3 Some unitary groups

Let E/F be a quadratic field extension where F is a p-adic field, a number field or R.
Let σ be the nontrivial element of Gal(E/F ), and we write ḡ = σ(g) for g ∈ E. In the

following, we introduce some unitary groups and their parabolic subgroups following §2.2
of [50].

For an arbitrary a ∈ E, we also write ā = σ(a). For n ∈ Z>0 and s ∈ Z>0 with s < n,

let

In =

1 0
. . .

0 1

 ∈ GLn(F )

be the diagonal matrix with entries 1, and let

An =

0 1
. . .

1 0

 ∈ GLn(F )

be the anti-diagonal matrix with entries 1. Write Is,n−s =

(
Is 0

0 −In−s

)
∈ GLn(F ).

Let GU(s,n−s),E/F denote the algebraic group over F , whose A-points are given by

GU(s,n−s),E/F (A) = {g ∈ GLn(A⊗F E) : g
∗Is,n−sg = c(g), c(g) ∈ A×}

where g∗ denote the conjugate transpose and A is an F -algebra. Let GUn,E/F denote the

algebraic group over F , whose A-points are given by

GUn,E/F (A) = {g ∈ GLn(A⊗F E) : g
∗Ang = c(g), c(g) ∈ A×}

where g∗ denote the conjugate transpose and A is an F -algebra. We define GU0,E/F to

be Gm and we define c : GU0,E/F → Gm to be idGm . In the following, let E/F be an

unramified quadratic field entension of p-adic fields.

A maximal torus of GUn,E/F is the diagonal torus Tn,E/F which is defined to be

{diag(λ1, λ2, · · · , λn) : λ1, λ2, . . . , λn ∈ ResEQp
(Gm), λ1λ̄n = λ2λ̄n−1 = . . . = λn−1λ̄1 ∈ Gm}.
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The maximal split torus in T2k+1,E/F is

S2k+1,E/F :=





λλ1 · · · 0 0 0 · · · 0

0
. . . 0 0 0 · · · 0

0 · · · λλk 0 0 · · · 0

0 · · · 0 λ 0 · · · 0

0 · · · 0 0 λλ−1
k · · · 0

0 · · · 0 0 0
. . . 0

0 · · · 0 0 0 · · · λλ−1
1


: λ, λ1, . . . , λk ∈ Gm


.

And the maximal split torus of T2k,E/F is

S2k,E/F :=





λλ1 · · · 0 0 · · · 0

0
. . . 0 0 · · · 0

0 · · · λλk 0 · · · 0

0 · · · 0 λ−1
k · · · 0

0 · · · 0 0
. . . 0

0 · · · 0 0 · · · λ−1
1


: λ, λ1, . . . , λk ∈ Gm


.

A Borel subgroup of GUn,E/F containing Tn,E/F is

Bn,E/F = Bn ∩GUn,E/F

where Bn ⊂ ResEF (GLn) is the subgroup of upper triangular matrices.

We write kn = ⌊n
2
⌋. All standard parabolic subgroups of GUn,E/F (with respect to

Pn,0) are of the form

ResEF (GLr1) ∗
. . .

ResEF (GLrk)

GUn−2r,E/F

ResEF (GLr1)
. . .

0 ResEF (GLrk)


∩GUE/F (n).

Where r = r1 + . . . + rk ≤ kn. Write J = {r1, . . . , rm}, we use Pn,J to denote the above

parabolic subgroup of GUn,E/F . Let Nn,J denote the unipotent radical of Pn,J , and let

Mn,J denote the Levi subgroup corresponding to Pn,J . Note that there is an isomorphism

fJ :Mn,J → ResEF (GLr1)× . . .× ResEF (GLrk)×GUE/F (n− 2r)
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given by

diag(g1, . . . , gk, g, hk, . . . , h1) 7→ (c(g−1)g1, . . . , c(g)
−1gk, g).

We multiply by a similitude factor here, following the conventions in §2.2 of [50].

We give an explicit description of the unramifed Hecke algebra Hunr(GLn(E)) and

Hunr(GUn,E/F (F )):

Let Bn = TU be a Borel subgroup of GLn consisting of upper triangular matrices

where T is the diagonal torus. The unramifed Hecke algebra Hunr(GLn(E)) is isomorphic

to C[Y ±1
1 , . . . , Y ±1

n ]Sn ↪→ C[Y ±1
1 , . . . , Y ±1

n ] ∼= Hunr(T (E)) such that Yk corresponds to

the characteristic function of T (OE)akT (OE), where ak = diag(ak,i) ∈ T (E) such that

ak,k = πE and ak,i = 1 if i ̸= k. And the action of σ ∈ Sn on C[X±1
1 , . . . , X±1

n ] is given by

σXi = Xσ(i). When n = 1, we also write Hunr(E×) ∼= C[Y ]±1, such that Y corresponds

to the characteristic function of πEO×
E .

Let Bn,E/F be a Borel subgroup of GUn,E/F as defined in this section. We take a

maximal torus Tn,E/F ⊂ GUn,E/F and a maximal split torus Sn,E/F ⊂ Tn,E/F as defined

in this section. The unramifed Hecke algebra Hunr(GUn,E/F (F )) is isomorphic to

C[X±1, X±1
1 , . . . , X±1

k ]{±1}k⋊Sk ↪→ C[X±1, X±1
1 , . . . , X±1

k ] ∼= Hunr(Tn,E/F (F )) ∼= Hunr(Sn,E/F (F ))

withHunr(Tn,E/F (F )) ∼= Hunr(Sn,E/F (F )) given by f 7→ f |Sn,E/F (F ) for f ∈ Hunr(Tn,E/F (F ))

(see 2.4 of [49]), and where:

• Xl corresponds to the characteristic function of Sn,E/F (OF )alSn,E/F (OF ) where al =

diag(al,i) ∈ Sn,E/F (F ), such that al,l = al,n+1−l = πF and al,i = 1 if i ̸= l and

i ̸= n+ 1− l.

• X corresponds to the characteristic function of Sn,E/F (OF )alSn,E/F (OF ) where al =

diag(al,i) ∈ Sn,E/F (F ) such thatal,i = πF for all i when n is odd

al,i = πF if 1 ≤ i ≤ n
2
, al,i = 1 if n

2
≤ i ≤ n when n is even

.

• σ ∈ Sk acts by permutation on (α1, . . . , αk) ∈ {±1}k.

• σ ∈ Sk acts by permutation on X1, . . . , Xk and acts trivially on X.

• (α1, . . . , αk) ∈ {±1}k acts by (α1, . . . , αk)Xi = Xαi
i and (α1, . . . , αk)X = X

∏
i:αi=−1

X−1
i ,

see 4.2 of [50].
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2.4 The Kottwitz functions fnαs, ϕnαs and φnαs

In this section, we introduce the Kottwitz functions fnαs and φnαs which play an important

role in point-counting of Shimura varieties.

Let n ∈ Z≥0 be a non-negative integer. A composition of n is an element (ni) ∈ Zk≥1

for some k ∈ Z≥1 such that n =
∑k

i=1 ni. We write ℓ((ni)) for k and we refer to ℓ((ni)) as

the length of the composition. Let P0,n =M0,nN0,n ⊂ GLn be a Borel subgroup consisting

of upper triangular matrices. The set of compositions (ni) of n is in bijection with the set

of standard parabolic subgroups of GLn (with respect to P0,n): A composition (ni) of n

corresponds to the standard parabolic subgroup

P (ni) :=


g1 ∗

. . .

0 gk

 ∈ GLn : gi ∈ GLni


An extended composition of n is an element (ni) ∈ Zk≥0 for some k ∈ Z≥1 such that

n =
∑k

i=1 ni.

In the following, let E/F be a quadratic extension of p-adic fields, we assume that

[OE/(πE) : OF/(πF )] = 2 where πF (resp. πE) is a uniformizer of OF (resp. OE). We

write q = |OF/(πF )|. Let σ be the nontrivial element of Gal(E/F ). We assume that πF

is a uniformizer in E, and we normalize the p-adic norm on E so that |πF | = q−1.

Definition 2.4.1. Recall that we define Xi, Yi, Y at the end of §2.3. We define ϕnαs ∈
Hunr(GLn(E)) (where n, α, s ∈ Z>0 and s ≤ n) to be the unramified Hecke operator whose

Satake transform is given by

qαs(n−s)
∑

I⊂{1,2,...,n}
|I|=s

(Y I)α

where Y I :=
∏

i∈I Yi.

We define φnαs ∈ Hunr(E× × GLn(E)) (where n, α, s ∈ Z>0 and s ≤ n) to be the

unramified Hecke operator whose Satake transform is given by Y α ⊗ ϕnαs.

We define 
Xi = X−1

n−i if n is even and i > [n/2]

Xi = X−1
n−i if n is odd and i > [n/2] + 1

Xi = 1 if n is odd and i = [n/2] + 1

.

And we define fnαs ∈ Hunr(GUn,E/F (F )) to be the unramified Hecke operator whose Satake

transform is given by

qαs(n−s)Xα
∑

I⊂{1,2,...,n}
|I|=s

(XI)α
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where XI :=
∏

i∈I Xi.

Proposition 2.4.1. The spherical Hecke functions fnαs ∈ Hunr(GUn,E/F (F )) and φnαs ∈
Hunr(GLn(E)) are associated in the sense of base change (i.e., the functions fnαs and φnαs

have matching orbital integral, as defined in p239 of [27]).

Proof. See §4.1 and §4.2 of [50].

Example 2.4.1. The function fnα1 ∈ Hunr(GUn,E/F ) is the unramified Hecke operator

whose Satake transform is given by

SGUn,E/F
(fnα1) =

q(n−1)αXα(
∑[n

2
]

i=1(X
α
i +X−α

i )) if n is even

q(n−1)αXα(
∑[n

2
]

i=1(X
α
i +X−α

i ) + 1) if n is odd
.

Lemma 2.4.1. 1. The function ϕnαs is supported on the set of elements g ∈ GLn(E)

with |detg| = q−αs.

2. The function fnαs is supported on the set of elements g ∈ GUn,E/F (F ) with |c(g)| =
q−sα if n is even and |c(g)| = q−2sα if n is odd.

Proof. The proof of (1): see Lemma 3 in [34].

The proof of (2): Assume first that n is even. Let χ be the characteristic function of

the set {g ∈ GUn,E/F : |c(g)| = q−sα}. Let Bn,E/F be a Borel subgroup of GUn,E/F as

defined in §2.2, we write Bn,E/F = Tn,E/FU where Tn,E/F is a maximal torus as defined

in §2.2 and U is the unipotent part of Bn,E/F , let SE/F (n) ⊂ Tn,E/F be a maximal split

torus (as defined in §2.2). We have

(χfnαs)
Bn,E/F (m) = δ

1
2
Bn,E/F

(m)

∫
U(F )

χ(mn)f(mn)dn = δ
1
2
Bn,E/F

(m)

∫
U(F )

χ(m)f(mn)dn,

thus

(χfnαs)
Bn,E/F = χ|Tn,E/F (F ) · f

Bn,E/F
nαs .

For I ⊂ {1, 2, . . . s}, by the definition ofX andXi, the support of the functionX
α(
∏

i∈I Xi)
α

is contained in the set of elements g ∈ GUn,E/F (F ) with c(g) = q−sα. Also note that

f
Bn,E/F
nαs |Sn,E/F (F ) = qαs(n−s)Xα

∑
I⊂{1,2,...,n}

|I|=s

(
∏
i∈I

Xi)
α ∈ Hunr(Sn,E/F (F )),

thus, the support of the function f
Bn,E/F
nαs |Sn,E/F (F ) is contained in the set of elements

g ∈ GUn,E/F (F ) with |c(g)| = q−sα, equivalently, we have

χ|Sn,E/F (F ) · f
Bn,E/F
nαs |Sn,E/F (F ) = f

Bn,E/F
nαs |Sn,E/F (F ).

Also note that the map f 7→ fBn,E/F 7→ fBn,E/F |Sn,E/F
is injective for f ∈ Hunr(GUn,E/F (F ))

(see 2.2 and 2.4 of [49]), then we may conclude that χfnαs = fnαs. Thus the function fnαs
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is supported on the set of elements g ∈ GUn,E/F (F ) with |c(g)| = q−sα if n is even. For

odd n, a similar argument follows.

The following proposition indicates that the trace of Ccfnαs may not vanish against

induced representation, even when s = 1, as a result, some induced representation might

contribute to the cohomology of basic stratum, unlike the cases considered in [34].

Proposition 2.4.2. Let Pn,J = Mn,JNn,J be a standard parabolic subgroup of GUn,E/F

with J = {r1, . . . , rk}, then we have:

• Then the function C
GUE/F (F )
c f

(Pn,J )
nα1 ̸= 0 only if

k = 1, r1 = 1 if n is odd

k = 1, r1 = 2 if n is even
.

• If

k = 1, r1 = 1 and n is odd, or

k = 1, r1 = 2, n ≥ 4, n is even and α is even
, then C

GUE/F (F )
c f

(Pn,J )
nα1 ̸= 0.

Proof. Letm = (n1, . . . , nk, g,mk, . . . ,m1) be a semi-simple element ofMn,J(F ) ∼= (GLr1×
. . .×GLrk ×GUE/F (n− r))(F ), with image (c(g)−1n1, . . . , c(g)

−1nk, g) in (GLr1 × . . .×
GLrk × GUE/F (n − r))(F ), and such that C

GUn,E/F (F )
c f

Pn,J

nα1 (m) ̸= 0. Note that n∗
imi =

c(g)Ari , which implies that |det(ni)det(mi)|p = |c(g)det(Ari)|p = |c(g)|rip . Also note that

m is compact in GUE/F (F ), then we have |det(ni)|p = |det(mi)|p. Thus |det(ni)|p =

|c(g)|
ri
2
p and we have |(det(c(g)−1ni))|p = |c(g)|−

ri
2

p =

qα
ri
2 if n is even

qαri if n is odd
.

We define r0 = 0, then we have:

f
(Pn,J )
nα1 = q(n−1)α

k∑
i=1

(f1,i ⊗ f2,i . . .⊗ fk,i ⊗Xα) +⊗k
i=1hi ⊗Xαh

where

fj,i =


∑r0+...ri

j=r0+r1+...+ri−1+1(X
−α
j +Xα

j ) ∈ Hunr(GLri(F )), if j = i,

fj,i = 1 ∈ Hunr(GLri(F )), otherwise.
.

And hi = 1 ∈ Hunr(GLri(F )), h ∈ Hunr(GUE/F (n− r)(F )) defined by

h =



∑[n
2
]

j=r+1X
−α
j +Xα

j , if n is even and n
2
< r

0, if n is even and n
2
= r∑[n

2
]

j=r+1X
−α
j +Xα

j + 1, if n is odd and [n
2
] < r

1, if n is odd and [n
2
] = r

.

By applying Lemma 2 of [34], we have that the supports of fi,i’s are contained in

the set of elements a with |det(a)|p = q±α , and the supports of hi’s, fi,j’s (i ̸= j) are
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contained in the set of elements a with |det(a)| = 1. Then C
GUn,E/F (F )
c f

(Pn,J )
nα1 ̸= 0 only ifk = 1, r1 = 1 if n is odd

k = 1, r1 = 2 if n is even
, because C

GUn,E/F (F )
c (c(g)−1n1, . . . , c(g)

−1nk, g) ̸= 0 implies

that |(det(c(g)−1ni))|p = |c(g)|−
ri
2

p =

qα
ri
2 if n is even

qαri if n is odd
, and

f
(Pn,J )
nα1 = q(n−1)α

k∑
i=1

(f1,i ⊗ f2,i . . .⊗ fk,i ⊗Xα) +⊗k
i=1hi ⊗Xαh

with the supports of fi,i’s are contained in the set of elements a with |det(a)|p = q±α, and

the supports of hi’s, fi,j’s (i ̸= j) are contained in the set of elements a with |det(a)| = 1.

We first consider the case that n is odd, if k > 1, then there exists 1 ≤ α, β, γ ≤ k

such that fα,β = 1 ∈ Hunr(GLrβ(F )), hγ = 1 ∈ Hunr(GLrγ (F )). In this case, we have

C
GUn,E/F (F )
c f

(Pn,J )
nα1 (n1, . . . , nk, g,mk, . . . ,m1)

= q(n−1)αC
GUn,E/F (F )
c (n1, . . . , nk, g,mk, . . . ,m1)×

k∑
i=1

(f1,i⊗f2,i . . .⊗fk,i⊗Xα)(c(g)−1n1, . . . , c(g)
−1nk, g)+⊗k

i=1(hi⊗Xαh)(c(g)−1n1, . . . , c(g)
−1nk, g)

equals 0, because and fi,j = 1, hi′ = 1 are supported on elements a with |det(a)| = 1, and

|(det(c(g)−1ni))|p = |(c(g)|−
ri
2

p = qα
ri
2 = qαri if n is odd. If k = 1, then

f
(Pn,J )
nα1 = q(n−1)α(

r1∑
j=1

(X−α
j +Xα

j )⊗Xα) + 1⊗Xαh

are supported on elements a with |det(a)| = 1 or |det(a)| = q±α, we must then have

r1 = 1. For even n, a similar argument follows.

If k = 1, r1 = 1 and n is odd, we have C
GUE/F (F )
c f

(Pn,J )
nα1 (diag(παF )) ̸= 0. If k = 1,

r1 = 2, n ≥ 4 and n, α are even, we have

C
GUE/F (F )
c f

(Pn,J )
nα1 (



(
0 παF
1 0

)
02,n−4 02,2

0n−4,2 diag(π
α
2
F ) 0n−4,2

02,2 02,n−4

(
0 1

παF 0

)
) ̸= 0

where 0i,j is the i× j zero matrix.
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2.5 The functions (Cθcϕnαs)
(P )

In this section, we study the constant terms of the truncated Kottwitz function (Cθcϕnαs)
(P ),

where P ⊂ GLn is a θ-stable standard parabolic subgroup.

Proposition 2.5.1. Let P =MN be a standard parabolic subgroup of GLn,E correspond-

ing to the composition (ni) of n. Let k be the length of this composition. The constant

term of ϕnαs at P is given by
∑
(si)

qαC(ni,si)ϕn1αs1 ⊗ ϕn2αs2 ⊗ . . . ⊗ ϕnkαsk where the sum

ranges over all extended composition (si) of s of length k. The constant C(ni, si) is equal

to s(n− s)−
∑k

i=1 si(ni − si).

Proof. See Proposition 4 of [34].

We define the involution θ : GLn(E) → GLn(E) by g 7→ Anḡ
−tAn, where An is the

anti-diagonal matrix with entries 1. Let P = MN be a standard parabolic subgroup of

GLn,E corresponding to the composition (ni) of n with length k, then P is θ-stable if and

only if ni = nk+1−i for 1 ≤ i ≤ k. For A = (aij) ∈ GLn, it follows that AnAAn = (a′ij),

where a′ij = an+1−i,n+1−j.

Proposition 2.5.2. Let P = MN be a θ-stable standard parabolic subgroup of GLn,E

corresponding to the composition (ni) of n, and let k be the length of this composition.

Let π be a θ-stable representation of M(E) of finite length with an intertwining operator

Aθ, then the twisted trace Tr((C
GLn(E)
θc ϕnαs)

(P ), πAθ) equals to Tr(f, πAθ), with f defined

as follows:

• f =
∑
(si)

qαC(ni,si)(C
GLn1×GLnk

(E)

θc (ϕn1αs1⊗ϕnkαsk))⊗. . . (C
GLnk−1

2

×GLnk+3
2

(E)

θc (ϕn k−1
2
αs k−1

2

⊗

ϕn k+3
2
αs k+3

2

))⊗ (C
GL k+1

2
(E)

θc ϕn k+1
2
αs k+1

2

) if k is odd,

• f =
∑
(si)

qαC(ni,si)(C
GLn1×GLnk

(E)

θc (ϕn1αs1 ⊗ ϕnkαsk))⊗ . . . (C
GLnk

2

×GLnk+2
2

(E)

θc (ϕn k
2
αs k

2

⊗

ϕn k+2
2
αs k+2

2

)) if k is even,

where the sum ranges over all extended composition (si) of s of length k such that

• si = sk+1−i for all i if k is even.

• si = sk+1−i for all i ̸= k+1
2

if k is odd.

And the constant C(ni, si) is equal to s(n− s)−
∑k

i=1 si(ni − si).

Proof. (cf. Proposition 4 in [34]) We first consider the case that k is even: By Proposition

2.2.4, we have

Tr((C
GLn(E)
θc ϕnαs)

(P ), πAθ) = Tr(C
GLn(E)
θc (ϕnαs)

(P ), πAθ).
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By Proposition 2.5.1, the twisted trace Tr(C
GLn(E)
θc (ϕnαs)

(P ), πAθ) is a sum of terms of

the form Tr(C
GLn(E)
θc (ϕn1αs1 ⊗ . . . ⊗ ϕn1αs1), πAθ), where (si) ranges over extended com-

positions of s. We assume the term C
GLn(E)
θc (ϕn1αs1 ⊗ . . . ⊗ ϕn1αs1) corresponding to

the extended composition (si) of s is non-zero. Let m be a semisimple point in M(E)

at which the term C
GLn(E)
θc (ϕn1αs1 ⊗ . . . ⊗ ϕn1αs1) does not vanish. Let mi ∈ GLni

be

the i-th block of m, and let m′
i be the i-th block of θ(m). By the definition of θ, we

have that |det(m′
i)| = |det(mk+1−i)|−1. By the definition of θ-compact, we also have

|det(mim
′
i)| = |det(mk+1−im

′
k+1−i)| = |det(mim

′
i)|−1, thus |det(mim

′
i)| = 1. By apply-

ing Lemma 2.4.1, we have si = sk+1−i for all i. Because |det(mim
′
i)| = 1, we have

C
GLn(E)
θc (m) ̸= 0 if and only if the norms of all eigenvalues ofmθ(m) are equal to 1, this oc-

curs if and only if the norms of all eigenvalues ofmim
′
i are equal to 1 for all i, which occurs

if and only if (C
GLn1×GLnk

(E)

θc ⊗ . . . C
GLnk−1

2

×GLnk+3
2

(E)

θc ⊗ C
GL k+1

2
(E)

θc )(mi) ̸= 0. Therefore,

the function C
GLn(E)
θc (ϕn1αs1⊗ . . .⊗ϕn1αs1) equals to (C

GLn1×GLnk
(E)

θc (ϕn1αs1⊗ϕnkαsk))⊗ . . .

⊗(C
GLnk−1

2

×GLnk+3
2

(E)

θc (ϕn k−1
2
αs k−1

2

⊗ ϕn k+3
2
αs k+3

2

))⊗ (C
GL k+1

2
(E)

θc ϕn k+1
2
αs k+1

2

).

If k is odd, we repeat the above argument.

2.6 The functions χ̂θ
Nϕ

(P )
nαs

In this section, we study the spherical functions χ̂θNϕ
(P )
nαs (where P ⊂ GLn is a θ-stable

standard parabolic subgroup) which appear in Proposition 2.2.3.

Proposition 2.6.1. Let P =MN be a θ-stable standard parabolic subgroup of GLn, and

let (ni) be the corresponding composition of n. Write k for the length of the composition

(ni). Then the function χ̂θNϕ
(P )
nαs is equal to∑

(si)

qαC(ni,si)ϕn1αs1 ⊗ ϕn2αs2 ⊗ . . .⊗ ϕnkαsk

where the sum ranges over all extended compositions (si) of s of length k satisfying

(s1 − sk) + (s2 − sk−1) + · · ·+ (si − sk+1−i) > 0

for all indices i strictly smaller than k.

Proof. (cf. Proposition 5 in [34]) We use Ha for a ∈ {1, 2, . . . , n} to denote the a-th vector

of the canonical basis of the vector space a0 = Rn. The subset ∆P of ∆ is the subset

consisting of the roots αn1+αn2+ · · ·+αni
for i ∈ {1, 2, . . . , k−1}. For any root α = αi|aP

in ∆P we have:

ω̄GLn(E)
α = (H1 + · · ·+Hi −

i

n
(H1 + · · ·Hn))|aP .

Let m = (mi) be an element of the standard Levi subgroup M , we write θ((mi)) = (m′
i).

The element m satisfies that χ̂N(m) = 1 if and only if the absolute value |ω̄GLn(E)
α (m)| is
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smaller than 1 for all roots α in ∆P . The evaluation at m = (mi) of the characteristic

function χ̂θN is equal to 1 if and only if

|det(m1m
′
k)||det(m2m

′
k−1)| . . . |det(mim

′
k+1−i)| < |det(mθ(m))|

n1+...ni
n = 1

for i ∈ {1, 2, . . . , k − 1}.
Now we determine the function χ̂θNϕ

(P )
nαs: Let m = (mi) be an element of M and we

write θ((mi)) = (m′
i). We assume χ̂θN(m) = 1. Let (si) be an extended composition of

s. We assume χ̂θN(m) ̸= 0 and ϕn1αs1 ⊗ ϕn1αs1 ⊗ · · ·ϕnkαsk(m) ̸= 0. By Lemma 2.4.1, the

absolute value |det(m′
k+1−i)| is equal to |det(mk+1−i)|−1 for all indices i, and we have

|det(m1m
′
k)||det(m2m

′
k−1)| . . . |det(mim

′
k+1−i)| < |det(mθ(m))|

n1+...ni
n = 1

for i ∈ {1, 2, . . . , k − 1} if and only if

(s1 − sk) + (s2 − sk−1) + · · ·+ (si − sk+1−i) > 0

for all indices i ∈ {1, 2, . . . , k−1}. Conversely, if the extended composition (si) satisfies the

above condition for all indices i < k, then any element m = (mi) with |det(mim
′
k+1−i)| =

q−α(si−sk+1−i) satisfies χ̂θN(m) = 1.

More generally, let M = GLn1 × . . . × GLnt be a θ -stable Levi subgroup of GLn

and let P = LU be a standard parabolic subgroup of M with corresponding composition

(mi). We write k for the length of (mi), for 1 ≤ i ≤ t, we define ki ∈ {1, 2, . . . , k}
such that

∑j=ki
j=ki−1+1mj = ni (we define m0 = 0, then ki is the number of blocks in

GLn1 × · · · × GLni
). And we write mi = nj,l if kj−1 < i ≤ kj (we define k0 = 0), and

i = l mod (kj − kj−1) (we assume 0 < l ≤ kj − kj−1). We consider ϕn1αs1 ⊗ . . .⊗ ϕnsαst ∈
Hunr(GLn1)⊗ . . .⊗Hunr(GLnt): Let (s1,l), . . . , (st,l) be extended compositions of s1, . . . , st

respectively. If kj−1 < i ≤ kj, then we write s′i =
∑j−1

p=1

∑kp−kp−1

q=1 sp,q+
∑i−kj−1

q=1 sj,q. Repeat

the above argument, we have

Proposition 2.6.2. The function χ̂θM,U(ϕn1αs1 ⊗ . . .⊗ ϕnsαst)
(P ) is equal to

∑
(s1,j),...,(st,j)

q
α(

t∑
i=1

(si(ni−si)−
ki−ki−1∑

j=1
si,j(ni,j−si,j)))

⊗t
i=1 (⊗

ki−ki−1

j=1 ϕmiαsi,j)

where the sum ranges over extended compositions (s1,j), . . . , (st,j) of s1, . . . , st, such that

the extended composition si,j of si is of length ki − ki−1, satisfying

(si,1 − si,ki−ki−1
) + (si,2 − ski−ki−1−1) + · · ·+ (si,j − si,ki−ki−1−j) > 0

for all indices i ∈ {1, 2, . . . , k}, j ∈ {1, 2, . . . , ki − ki−1 − 1}.
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2.7 Computation of some twisted traces

In this section, we compute the twisted traces of some θ-stable representations, the propo-

sition we get is crucial to establish Theorem 3.3.1 in the next section.

Definition 2.7.1. Let G be a split reductive group over p-adic field F with a fixed Borel

subgroup B = TU , let π be an unramified representation of some Levi subgroup M of G

then we write ϵM,π ∈ M̂ for the Hecke matrix of this representation (well-defined up to

the action of the rational Weyl-group of T in M).

We recall the definition of the Hecke matrix (cf. §2.7 in [34]). Let π be an unramified

representation of G(F ), then there exists a unique unramified character σ of T (F ) such

that π is the unique irreducible quotient of IndGP0
(σ). Let T̂ be the complex torus dual

to T . We define ϵM,π ∈ T̂ (C) as follows: For any rational cocharacter χ ∈ X∗(T ), we

evaluate σ ◦ χ at a uniformizer πF , then we get an element ϵπ ∈ Hom(X∗(T ),C×) =

X∗(T̂ )⊗C× = T̂ (C). Thus we have an element ϵM,π ∈ M̂ well-defined up to the action of

the rational Weyl-group of T in M .

Proposition 2.7.1. Let π be a smooth admissible representation of GLn(E) (n ≥ 3) of

the following form:

π = IndGLn
P (π1(α1)⊗ π2(α2)⊗ . . .⊗ πk(αk)⊗ ρ⊗ πk(−αk)⊗ . . .⊗ π2(−α2)⊗ π1(−α1))

such that π1(α1) ⊗ π2(α2) ⊗ . . . ⊗ πk(αk) ⊗ ρ ⊗ πk(−αk) ⊗ . . . ⊗ π2(−α2) ⊗ π1(−α1) is

θ-stable where:

• P = MN is a θ-stable standard parabolic subgroup of GLn corresponding to the

composition (n1, n2, . . . , nk,m, nk, . . . , n2, n1) of n.

• πi(αi) is defined to be πi⊗|det|αi where π is an admissible representation of GLni
(E)

and αi ∈ C.

• πi ◦ θ ∼= πi (Thus πi(αi) ◦ θ ∼= πi(−αi)).

Let Vi be the underlying vector space of πi, let Aθ be an intertwining operator of π

induced from an intertwining operator of π1(α1)⊗ π2(α2)⊗ . . .⊗ πk(αk)⊗ ρ⊗ πk(−αk)⊗
. . .⊗ π2(−α2)⊗ π1(−α1), defined as follows:

Aθ(v1 ⊗ v2 ⊗ . . .⊗ vk ⊗ w ⊗ v′k ⊗ . . .⊗ v′2 ⊗ v′1)

= Aθ,1v
′
1 ⊗ Aθ,2v

′
2 ⊗ . . .⊗ Aθ,kv

′
k ⊗Bθw ⊗ Aθ,kvk ⊗ . . .⊗ Aθ,2v2 ⊗ Aθ,1v1

where Aθ,i ∈ EndC(Vi) is an intertwining operator of πi and Bθ is an intertwining operator

of ρ.
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Then we have

Tr(Cθcϕnαs, Ind
GLn
P (π1(α1)⊗π2(α2)⊗. . .⊗πk(αk)⊗ρ⊗πk(−αk)⊗. . .⊗π2(−α2)⊗π1(−α1))Aθ)

= Tr(Cθcϕnαs, Ind
GLn
P (π1 ⊗ π2 ⊗ . . .⊗ πk ⊗ ρ⊗ πk ⊗ . . .⊗ π2 ⊗ π1)Aθ)

Proof. First, we have

Tr(Cθcϕnαs, Ind
GLn
P (π1(α1)⊗ . . .⊗ πk(αk)⊗ ρ⊗ πk(−αk)⊗ . . .⊗ π1(−α1))Aθ)

= Tr(Cθcϕ
(P )
nαs, (π1(α1)⊗ . . .⊗ πk(αk)⊗ ρ⊗ πk(−αk)⊗ . . .⊗ π1(−α1))Aθ)

by Proposition 2.2.3. By applying Proposition 2.5.2, we have that the above equality

equals

∑
(si)

qC(ni,si)Tr((Cθc(ϕn1αα1 ⊗ . . .⊗ ϕmαt ⊗ . . .⊗ ϕn1αα1),

(π1(α1)⊗ . . .⊗ πk(αk)⊗ ρ⊗ πk(−αk)⊗ . . .⊗ π1(−α1))Aθ)

=
∑
(si)

qC(ni,si)(
k∏
i=1

Tr(Cθc(ϕniαsi ⊗ ϕniαsi), (πi(si)⊗ πi(−si))(Aθ,i ⊗Aθ,i)))Tr(Cθcϕmαt, ρBθ)

where the sum ranges over extended partitions s = s1+ . . . sk+ t+ sk+ . . .+ s1 satisfying

the property described in Proposition 2.6.2.

Let Gi denote GLni
×GLnk+1−i

= GLni
×GLni

, and we use Pθ,i to denote the set of

θ-stable standard parabolic subgroups of Gi. By applying Proposition 2.2.3, we obtain

Tr(Cθc(ϕniαsi ⊗ ϕniαsi), (πi(αi)⊗ πi(−αi))(Aθ,i ⊗ Aθ,i))

=
∑

Pi∈Pθ,i,Pi=MiNi

εPTr(χ̂
θ
Ni
(ϕniαsi ⊗ ϕniαsi)

(P ), (πi(αi)⊗ πi(−αi))Ni
(δ

− 1
2

Gi,Pi
)(Aθ,i ⊗ Aθ,i)).

We fix a Pi =MiNi ∈ Pθ, let Gi,1×Gi,2 denote GLni
×GLnk−i

= GLni
×GLni

(where

πi(αi) is a representation of Gi,1(E) and πi(−αi) is a representation of Gi,2(E)). We write

Pi,1 = Ni.1Mi,1 = Pi ∩Gi,1 and Pi,2 = Ni.2Mi,2 = P ∩Gi,2.

Let J1,1, . . . , Jt,1 (resp. J1,2, . . . , Jt,2) be the simple sub-representations of the semi-

simplification of (πi)Ni,1
which is fixed by Aθ,i and unramified. We write ϵMi,Jl,1 = ϵMi,Jl,2 =
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(qhl,1 , . . . , qhl,nl ) (also denoted by ϵM,Jl), then ϵM,Jl(±αi) = (qhl,1±αi , . . . , qhl,nl
±αi). Note that

χ̂θN(ϕniααi
⊗ϕniααi

)(P ) is of the form
∑

j∈J fj,1⊗ fj,2 for some index set J where fj,1, fj,2 ∈
Hunr(GLni

(E)) whose Satake transfers are homogeneous of degree si (as described in

Proposition 2.6.2). Then we have that

Tr(χ̂θN(ϕniαsi ⊗ ϕniαsi)
(P ), (πi(αi)⊗ πi(−αi))N(δ

− 1
2

Gi,Pi
)(Aθ,i ⊗ Aθ,i))

=
∑
j∈J

Tr(fj,1 ⊗ fj,2, (πi(αi)⊗ πi(−αi))N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i))

We write J
K∩Mi,1(E)
j,1 = J

K∩Mi,2(E)
j,2 = Cv, we also write v ⊗ v = v1 ⊗ v2 where v1 ∈

J
K∩Mi,1(E)
1,j , v2 ∈ J

K∩Mi,2(E)
2,j . To prove our proposition, we only need to show that

Tr(fj,1 ⊗ fj,2, (Jk,1(αi)⊗ Jk,2(−αi)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i))

= Tr(fj,1 ⊗ fj,2, (Jk,1 ⊗ Jk,2)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i))

for all i, j, k.

We have

Tr(fj,1 ⊗ fj,2, (Jk,1(αi)⊗ Jk,2(−αi)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i))

= Tr(v1×v2 7→
∫
G1(E)×G2(E)

(fj,1⊗fj,2)(Jk,1(αi)⊗Jk,2(−αi))N(δ
− 1

2
Gi,Pi

)(Aθ,i⊗Aθ,i))(v2⊗v1)dg1dg2

(we write (Aθ,i⊗Aθ,i))(v2 ⊗ v1)dg1dg2 because Aθ,i is an isomorphism from πi(−αi) ◦ θ to

πi(αi), and Aθ,i is also an isomorphism from πi(αi) ◦ θ to πi(−αi))

= (Tr(v 7→
∫
G1(E)

fj,1Jk,1(αi)(δ
− 1

2
Gi,Pi

|Mi,1(F ))Aθ,ivdg1))×

(Tr(v 7→
∫
G2(E)

fj,2Jk,2(−αi)(δ
− 1

2
Gi,Pi

|Mi,2(F ))Aθ,ivdg2))

(recall that we write Pi,1 = Ni.1Mi,1 = P ∩G1 and Pi,2 = Ni.2Mi,2 = P ∩G2)

= εAθ,i
(Tr(v 7→

∫
G1(E)

fj,1Jk,1(αi)(δ
− 1

2
Gi,Pi

|Mi,1(F ))vdg1))×

(Tr(v 7→
∫
G2(E)

fj,2Jk,2(−αi)(δ
− 1

2
Gi,Pi

|Mi,2(F ))vdg2))

(where εAθ,i
= ±1 only depends on Aθ,i, see Proposition 2.2.2)

= εAθ,i
fj,1(ϵM,Jl,1(αi))fj,1(ϵ1)fj,1(ϵM,Jl,2(−αi))fj,1(ϵ2)
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(We use ϵ1 and ϵ2 to denote the Hecke matrix of δGi,Pi

− 1
2 |Mi,1(F ) and δGi,Pi

− 1
2 |Mi,2(F ) re-

spectively)

= εAθ,i
fj,1(q

hl,1+αi , . . . , qhl,nl
+αi)fj,1(ϵ1)fj,2(q

hl,1−αi , . . . , qhl,nl
−αi)fj,1(ϵ2)

= εAθ,i
qαisifj,1(q

hl,1 , . . . , qhl,nl )fj,1(ϵ1)q
−αisifj,1(q

hl,1 , . . . , qhl,nl )fj,1(ϵ2)

(because the Satake transforms of fj,1, fj,2 are homogeneous of degree si)

= εAθ,i
fj,1(q

hl,1 , . . . , qhl,nl )fj,1(ϵ1)fj,1(q
hl,1 , . . . , qhl,nl )fj,1(ϵ2)

= εAθ,i
(Tr(v 7→

∫
G1(E)

fj,1Jk,1(δ
− 1

2
Gi,Pi

|Mi,1(F ))vdg1))(Tr(v 7→
∫
G2(E)

fj,2Jk,2(δ
− 1

2
Gi,Pi

|Mi,2(F ))vdg2))

= (Tr(v 7→
∫
G1(E)

fj,1Jk,1(δ
− 1

2
Gi,Pi

|Mi,1(F ))Aθ,ivdg1))(Tr(v 7→
∫
G2(E)

fj,2Jk,2(δ
− 1

2
Gi,Pi

|Mi,2(F ))Aθ,ivdg2))

= Tr(fj,1 ⊗ fj,2, (Jk,1 ⊗ Jk,2)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i)).

Thus, we have proved

Tr(fj,1 ⊗ fj,2, (Jk,1(αi)⊗ Jk,2(−αi)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i))

= Tr(fj,1 ⊗ fj,2, (Jk,1 ⊗ Jk,2)N(δ
− 1

2
Gi,Pi

)(Aθ,i ⊗ Aθ,i)),

and the proposition follows.

3 Twisted traces of θ-stable semi-stable rigid repre-

sentations

In this section, we compute the twisted compact traces of the function of Kottwitz (which

is introduced in §2.1 in [25], which we also define in §4.1) against certain θ-stable repre-

sentations of GLn(F ) where F is a p-adic field.

3.1 θ-stable semi-stable rigid representations

Let E/Q be a quadratic extension in which p is inert and unramified. Then Ep/Qp

is a quadratic extension such that p is a uniformizer in Ep. Let OEp be the ring of

integer of Ep. We use Gn to denote GLn(Ep). Let θ be an involution of Gn defined by

g 7→ A−1
n (ḡt)−1An), where An is the anti-diagonal matrix with entries 1 and g 7→ ḡt is the

conjugation transpose with respect to the non-trivial automorphism of Gal(E/Q). We

normalize the p-adic norm on Ep such that |p| = p−2.

Let x, y, n ∈ Z>0 such that n = xy (with n ≥ 3). Let Speh(x, y) denote the Langlands
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quotient of the representation

IndGLn
P(x...x)

(|det|
y−1
2 StGLx(Ep) × |det|

y−3
2 StGLx(Ep) × . . .× |det|

1−y
2 StGLx(Ep)).

A representation πp of GLn(Ep) is called semi-stable rigid if it is unitarizable, and it

is isomorphic to a representation of the form IndGLn
P (⊗k

i=1Speh(xi, y)(εi| · |ei)), where

P = MN is the parabolic subgroup corresponding to the composition (yxa) of n, and

where the tensor product is taken along the blocks M =
∏k

a=1GLyxa and

• k ∈ {1, 2, . . . , n};

• εi is a unitary unramified character εi : GLx(Ep) → C× (thus εi is of the form

g 7→ |det(g)|idi for some di ∈ R ) for each i ∈ {1, 2, . . . , k};

• ei is a real number in the open interval (−1
2
, 1
2
) for each i ∈ {1, 2, . . . , k};

• y, x1, x2, . . . , xk are positive integers such that n
y
=
∑k

i=1 xi.

We note that these representations are irreducible (see Theorem 7.5 of [62]).

Definition 3.1.1. We say that a semi-stable rigid representation is of θ-type if it is of

form IndGP (⊗k
i=1Speh(xi, y)(εi)), where for each i, the character εi : GLx → C× is a θ-

stable unitary unramified character (thus εi is either the trivial character or the unramified

quadratic character).

Theorem 3.1.1. Let π be a discrete automorphic representation of GLn(AE), and we

assume that πp has an Iwahori fixed vector (as defined in §2.1). Then πp is a semi-stable

rigid representation.

Proof. See Theorem 2 of [34].

Proposition 3.1.1. Let π = IndGP (⊗k
i=1Speh(xi, y)(| · |idi+ei)) be a θ-stable semi-stable

rigid representation of GLn(Ep), then we have

Tr(Cθcϕnαs, Ind
G
P (⊗k

i=1Speh(xi, y)(| · |idi+ei))Aθ)

= ±Tr(Cθcϕnαs, Ind
G
P (⊗k

i=1Speh(xi, y)(εi)A
′
θ)

for some intertwining operator A′
θ, where εi is either the trivial character or the unramified

quadratic character.

Proof. We assume that π is of the form IndGP (⊗k
i=1Speh(xi, y)(| · |idi+ei)), then π ◦ θ is of

the form

IndGθ(P )(⊗k
i=1Speh(xk−i, y)(| · |−idk−i−ek−i)) ∼= IndGP (⊗k

i=1Speh(xi, y)(| · |−idi−ei)).
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If there exists j such that | · |idi+ei is not θ-stable, then there exists j′ such that xj′ = xj

and | · |−idj−ej = | · |idj′+ej′ , because

IndGP (⊗k
i=1Speh(xi, y)(| · |−idi−ei)) ∼= IndGP (⊗k

i=1Speh(xi, y)(| · |idi+ei))

implies that

(Speh(xi, y)(| · |−idi−ei))1≤i≤k = (Speh(xi, y)(| · |idi+ei))1≤i≤k

up to permutation, see Theorem 7.5 of [62]).

Let πi denote Speh(xi, y), and let si denote idi + ei, after reordering i, we may as-

sume π = IndGP (π1(s1) ⊗ . . . πt(st) ⊗ ρ ⊗ πt(−st) ⊗ . . . π1(−s1)), where ρ is the induced

representation of Speh(xi, y)(| · |idi+ei))’s for which (| · |idi+ei)) is θ-stable (thus ρ is itself

θ- stable). We may choose an intertwining operator A′
θ of π = IndGP (π1(s1)⊗ . . . πt(st)⊗

ρ⊗ πt(−st)⊗ . . . π1(−s1)) as described in Proposition 2.7.1, then we have

Tr(Cθcϕnαs, Ind
G
P (⊗k

i=1Speh(xi, y)(| · |idi+ei))Aθ)

= ±Tr(Cθcϕnαs, Ind
G
P (π1(s1)⊗ . . . πt(st)⊗ ρ⊗ πt(−st)⊗ . . . π1(−s1))A′

θ)

= ±Tr(Cθcϕnαs, Ind
G
P (π1 ⊗ . . . πt ⊗ ρ⊗ πt ⊗ . . . π1)A

′
θ).

3.2 Ring of Zelevinsky and segments

In this section, we collect some constructions and facts from [71]. Let F be a p-adic

field, we normalize the p-adic norm on F so that |πF | = p−r, where πF is a uniformizer

and pr is the number of element in the residue field. We use Gn to denote GLn(F ). Let

m,m′ ∈ Z≥1, and let π (resp. π′) be a smooth admissible representation of Gm (resp. Gm′

), then we write π×π for the representation of Gm+m′ unitary parabolically induced from

the representation π ⊗ π′ of the standard Levi subgroup consisting of two blocks, one of

size m, and the other one of size m′. We denote by R the direct sum
⊕

n∈Z≥0
Groth(Gn),

where G0 is defined to be the trivial group. The group G0 has one unique irreducible

representation σ0 (the trivial representation). The operation direct sum together with ×
turns the vector space R into a commutative Z-algebra with σ0 as the unit element, and

the resulting ring is called the ring of Zelevinsky.

We fix a set S. A multi-set on S is defined as a function χ : S → Z≥0. Note that

subsets of S may be represented by their characteristic functions, and thus the notion

of a multi-set on S generalises that of a subset of S. We also write down the multi-set

χ : S → Z>0 as a = {. . . , x, . . . , x, y, . . . , y, . . .} where each element x ∈ S is repeated

χ(x) times (when given a = {. . . , x, . . . , x, y, . . . , y, . . .}, we also denote the associated

function by χa). And χ(x) is called a multiplicity of x in S. We write x ∈ a if χa(x) > 0,
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and a ⊂ b if χa(x) ≤ χb(x) for all x ∈ S; the empty multi-set at corresponds to χa = 0 .

A multi-set a is called finite if χ has finite support.

Let C be the set of equivalence classes of irreducible cuspidal representations of the

groups GLn(F ), we write ν for the absolute value morphism from F× to C×. A segment

S = ⟨x, y⟩ρ (where x, y ∈ Q and y − x ∈ Z, and ρ ∈ C), is defined as follows:

• We define ⟨x, y⟩ρ to be {ρ(νx), ρ(νx+1), . . . , ρ(νy)} if y ≥ x;

• We define ⟨x, y⟩ρ to be the empty set if y < x;

The segment {ρ(νx)} has length 1, the segment {ρ(νx), ρ(νx+1)} has length 2, etc. For

any segment S = ⟨x, y⟩ρ with y ≥ x, we write ℓ(S) for the length of S, and we write

∆⟨x, y⟩ρ for the induced representation ρ(νx)× ρ(νx+1)× . . .× ρ(νy). We define ∆⟨x, y⟩ρ
to be 0 in case y ≤ x − 1. We define I⟨x, y⟩ρ (resp. Q⟨x, y⟩ρ) to be the unique irre-

ducible sub-representation (resp. unique irreducible quotient) of ∆⟨x, y⟩ρ as introduced

in [71]. We define b(∆⟨x, y⟩ρ) (resp. b(I⟨x, y⟩ρ), b(Q⟨x, y⟩ρ)) to be x and e(∆⟨x, y⟩ρ) (resp.
e(I⟨x, y⟩ρ), e(Q⟨x, y⟩ρ)) to be y. For simplicity, we write ⟨x, y⟩ = {νx, νx+1, . . . , νy}, and
we also use {x, x+ 1, . . . , y} to denote ⟨x, y⟩ = {νx, νx+1, . . . , νy}.

Example 3.2.1. The Steinberg representation StGn can be defined as Q⟨1−n
2
, n−1

2
⟩.

Let S = ⟨x, y⟩ρ be a segment, we use −S to denote ⟨−y,−x⟩ρ. Let S denote the set

of all segments. And segments S, S ′ are called linked if S ̸⊂ S ′, S ′ ̸⊂ S and S ∪ S ′ is a

segment. We say that S precedes S ′ if S and S ′ are linked and b(S ′) = b(S)+k for some

k ∈ Z>0. And we have the following theorem:

Proposition 3.2.1. Let S1, . . . , Sm be segments, then we have

(a) Q(S1) × Q(S2), . . . ,×Q(Sm) is irreducible if and only if for each i, j = 1, . . . ,m,

the segments Si and Sj are not linked.

(b) Suppose that for each pair of indices i, j such that for i < j, Si does not precede

Sj, then the representation Q(S1) × Q(S2), . . . ,×Q(Sm) has a unique irreducible sub-

representation, denoted by Q(S1, . . . , Sm).

(c) Q(S1, . . . , Sm) is isomorphic to Q(S ′
1, . . . , S

′
n) if and only if m = n and there

exists w ∈ S(m) such that (S1, . . . , Sm) = (S ′
w(1), . . . , S

′
w(m)) (we use S(m) to denote the

permutation group on {1, 2, . . . ,m}).

Proof. See Theorem 4.3 of [58].

Example 3.2.2. The Speh representation Speh(x, y) of Gxy can be defined as Q(⟨1−x
2

+
y−1
2
, x−1

2
+ y−1

2
⟩, ⟨1−x

2
+ y−3

2
, x−1

2
+ y−3

2
⟩, . . . , ⟨1−x

2
+ 1−y

2
, x−1

2
+ 1−y

2
⟩).

Let t : R → R be the Z-algebra involutive automorphism introduced in §9 of [71].

Let S1, . . . , Sm be segments, then we have t(Q(Si)) = I(Si) and t(Q(S1, . . . , Sm)) =

I(S1, . . . , Sm) (resp. t(I(Si)) = Q(Si) and t(I(S1, . . . , Sm)) = Q(S1, . . . , Sm)), see p215 of

[58].
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Let B (resp. B′) denote the set of equivalent classes of representations of the form

Q(S1, . . . , Sm) (resp. I(S1, . . . , Sm)) where S1, . . . , Sm ∈ S, and for each pair of indices

i, j such that i < j, Si does not precede Sj. Let a, b ∈ B (resp. a, b ∈ B′). An elementary

operation on a is defined as follows: Replace pair {S, S ′} of linked segments by pair

{S∪ = S ∪ S ′, S∩ = S ∩ S ′}. We write b < a (resp. b <′ a) if b can be obtained from a by

a chain of elementary operations. Note that t induces a bijection from B to B′ (see pp.

210 - 212 of [58]), by the definition of the ordering < (resp. <′) on B (resp. B′), we have

a < b if and only if t(a) <′ t(b). We have the following proposition:

Proposition 3.2.2. Let S1, . . . , Sm be segments such that for i < j, Si does not precede

Sj, we write a = Q(S1, . . . , Sm). Then in R, we have

Q(S1)×Q(S2)× . . .×Q(Sm) = a+
∑

b∈B,b<a

m(a, b)b

where m(a, b) ∈ Z≥0 for b < a.

Proof. By section 7 of [71], we have

I(S1)× I(S2)× . . .× I(Sm) = t(a) +
∑

b′∈B′,b′<′t(a)

m(t(a), b′)b′

where m(t(a), b′) ∈ Z≥0 for b′ <′ t(a). Then we have

t(I(S1)× I(S2)× . . .× I(Sm)) = Q(S1)×Q(S2)× . . .×Q(Sm)

= t(t(a) +
∑

b′∈B′,b′<′t(a)

m(t(a), b′)b′) = a+
∑

b′∈B′,b′<′t(a)

m(t(a), b′)t(b′)

= a+
∑

b∈B,t(b)<′t(a)

m(t(a), t(b))b = a+
∑

b∈B,b<a

m(t(a), t(b))b.

For b ∈ B and b < a, we take m(a, b) = m(t(a), t(b)).

3.3 Twisted traces of representations of θ-type

The cuspidal representations we used in this section to construct segments are either the

trivial character or the unramified quadratic character of F×. In the following, let F = Ep,

and let θ be an involution of Gn as defined at the beginning of this section. Let ρ be the

trivial character or the unramified quadratic character of F×. Note that I⟨x, y⟩ρ ◦ θ is an

irreducible sub-representation of ∆⟨x, y⟩ρ ◦ θ, and since ∆⟨x, y⟩ρ ◦ θ ∼= ∆⟨−y,−x⟩ρ, we
have Q⟨x, y⟩ρ◦θ ∼= Q⟨−y,−x⟩ρ. Similarly, we have Q(S1, . . . , Sm)◦θ ∼= Q(−Sm, . . . ,−S1).

We define Sθ to be {s ∈ S : s ◦ θ ∼= s}, and we define Bθ to be {b ∈ B : b ◦ θ ∼= b}.

Definition 3.3.1. We define the representation ρ(x, y) of Gxy as follows:

• StGx+y−1 × StGx+y−3 . . .× StGx−y+1 if x ≥ y.

98
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• StGx+y−1 × StGx+y−3 . . .× StGy−x+1 if x < y.

We note that ρ(x, y) is irreducible, and we may also write ρ(x, y) as follows:

• Q(⟨−x+y
2

+ 1, x+y
2

− 1⟩, ⟨−x+y
2

+ 2, x+y
2

− 2⟩, . . . , ⟨−y−x
2
, x−y

2
⟩) if x ≥ y.

• Q(⟨−x+y
2

+ 1, x+y
2

− 1⟩, ⟨−x+y
2

+ 2, x+y
2

− 2⟩, . . . , ⟨−x−y
2
, y−x

2
⟩) if x < y.

Proposition 3.3.1. ρ(x, y) < Speh(x, y) in (B, <).

Proof. Let S1, S2, . . . , Sy denote ⟨1−x2 + y−1
2
, x−1

2
+ y−1

2
⟩, ⟨1−x

2
+ y−3

2
, x−1

2
+ y−3

2
⟩, . . . , ⟨1−x

2
+

1−y
2
, x−1

2
+ 1−y

2
⟩ respectively, then we have Speh(x, y) = Q(S1, . . . , Sy).

We define U1,1 to be S1, and we define (U1,k+1, I1,k+1) to be (U1,k ∪ Sk+1, U1,k ∩ Sk+1)

for 1 ≤ k ≤ y − 1, then we get segments (U1,y, I1,2, . . . , I1,y) < (S1, . . . , Sy) with U1,y =

⟨−x+y
2

+ 1, x+y
2

− 1⟩.
Then we define U2,2 to be I1,2, and we define (U2,k+1, I2,k+1) to be (U2,k ∪ I2,k+1, U2,k ∩

I2,k+1) for 2 ≤ k ≤ n−1, then we get segments (U1,y, U2,y, I2,3 . . . , I2,y) < (U1,y, I1,2, . . . , I1,n)

with U1,y = ⟨−x+y
2

+ 1, x+y
2

− 1⟩, U2,n = ⟨−x+y
2

+ 2, x+y
2

− 2⟩.
Repeat the above process, we obtain ρ(x, y) < Speh(x, y).

Let π = IndGP (⊗k
i=1Speh(xi, y)(εi)) be a representation of θ-type, as defined in last

section. Note that π is irreducible (see p357 of [62]). We associate a poset (Cπ, <) to π
defined as follows:

• Cπ := {ρ ∈ B : such that ρ < π} ∪ {π}.

• The ordering < is induced from B.

We define Cθπ ⊂ Cπ to be {ρ ∈ Cπ : ρ is θ-stable}.

Proposition 3.3.2. Let ρ = Q(S1, . . . Sm) ∈ Cθπ, then we have

Trθ(Cθcϕnαs, ρ) = Trθ(Cθcϕnαs, ρSt) +
∑

ρ′∈Cθ
π ,ρ

′<ρ

Nρ,ρ′Trθ(Cθcϕnαs, ρ
′)

where

• ρSt is of the form IndGP (⊗iStGLni
(εi)), where εi is either the trivial character or the

unramified quadratic character.

• Nρ,ρ′ ∈ Z and it depends on ρ, ρ′ and an intertwining operator which we introduced

later in the proof (which is constructed from ρ).

Proof. There are two possibilities for ρ = Q(S1, . . . Sm):

• Type I: Si = −Si for all i.
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• Type II: There exist i such that Si ̸= −Si.

If ρ is of Type I, then we have Q(S1, . . . Sm) = Q(S1) × . . . Q(Sm) (see Proposition

8.5 of [71]), and ρ is a product of Steinberg representations and Stenberg representations

twisted by the unramified quadratic character, hence the proposition holds.

If ρ is of Type II, for 1 ≤ i ≤ m such that Si ̸= −Si, there exists 1 ≤ j ≤ m such that

Si = −Sj. We order Q(S1), . . . , Q(Sm) into the following form :

Q(A1), . . . , Q(AN), Q(B1), . . . , Q(BM), Q(−AN), . . . , Q(−A1)

where:

• 2N +M = m

• Bi = −Bi for 1 ≤ i ≤M (thus Q(Bi)’s are Steinberg representations).

• Ai ̸= −Ai for 1 ≤ i ≤ N .

• e(Q(Ai)) > 0 for 1 ≤ i ≤ N , (then we have b(−Ai) < 0, with e(Q(Ai)), b(Q(Ai)) as

defined before Example 3.2.1), so that segmentsA1, . . . , AN , B1, . . . , BM ,−AN , . . . ,−A1

satisfies the condition as described in Proposition 3.2.1, (b).

In ring of Zelevinsky R, we have

m∏
i=1

Q(Si) =
N∏
i=1

Q(Ai) ·
M∏
i=1

Q(Bi) ·
N∏
i=1

Q(−Ai).

By proposition 3.2.2, we have

m∏
i=1

Q(Si) = ρ+
∑
ρ′<ρ

mρ,ρ′ρ
′,

where mρ is some integer depending on ρ and ρ′.

We choose an intertwining operator Aθ on
∏N

i=1Q(Ai) ·
∏M

i=1 ·Q(Bi) ·
∏N

i=1Q(−Ai)
as described in Proposition 2.7.1. Now we consider the action of Aθ on an irreducible

subquotient (π, V ) of
∏N

i=1Q(Ai) ·
∏M

i=1 ·Q(Bi) ·
∏N

i=1Q(−Ai), there are three possibilities:

• Type A: π is not θ-stable, then Aθ maps (π, V ) onto (π ◦ θ, Aθ(V )).

• Type B: π is θ-stable, and Aθ(V ) ̸⊂ V , then Aθ maps (π, V ) onto (π ◦ θ, Aθ(V )) ∼=
(π,Aθ(V )).

• Type C: π is θ-stable, and Aθ(V ) ⊂ V , then Aθ induces an intertwining operator of

(π, V ).
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LetX denote the set of irreducible subquotients of
∏N

i=1Q(Ai)·
∏M

i=1 ·Q(Bi)·
∏N

i=1Q(−Ai)
(counted with multiplicity), then we have

Tr(Cθcϕnαs, (
N∏
i=1

Q(Ai) ·
M∏
i=1

Q(Bi) ·
N∏
i=1

Q(−Ai))Aθ)

= Tr(Cθcϕnαs, ρAθ) + Tr(Cθcϕnαs, (
∑
ρ′<ρ

mρ,ρ′ρ
′)Aθ)

= Tr(Cθcϕnαs, ρAθ)+
∑

π∈X,π is of Type C

Tr(Cθcfϕnαs, πAθ)+
1

2

∑
π∈X,π is of Type A

Tr(Cθcfϕnαs, (π+π◦θ)Aθ)

+
1

2

∑
π∈X,π is of Type B

Tr(Cθcfϕnαs, (π + π)Aθ)

= Tr(Cθcϕnαs, ρAθ) +
∑

π∈X,π is of Type C

Tr(Cθcfϕnαs, πAθ)

= Trθ(Cθcϕnαs, ρ) +
∑

ρ′<ρ,ρ′∈Cθ
π

mθ
ρ,ρ′Trθ(Cθcfϕnαs, ρ

′),

where mθ
ρ,ρ′ ,Trθ(Cθcϕnαs, ρ) and Trθ(Cθcfϕnαs, ρ

′) are defined as follows:

We write Trθ(Cθcϕnαs, ρ) = Tr(Cθcϕnαs, ρAθ). We define m′
ρ,ρ′ to be the multiplicity of

irreducible subquotient π which is of Type C and isomorphic to ρ′, and we label these

π’s as ρ′1, . . . , ρ
′
m′

ρ,ρ′
. We choose an intertwining operator of ρ′ (denoted by Bθ), and we

use Trθ(Cθcϕnαs, ρ
′) to denote Tr(Cθcϕnαs, ρ

′Bθ). We use Bθ,1, . . . , Bθ,m′
ρ,ρ′

to denote the

induced intertwining operator of Aθ on ρ
′
1, . . . ρ

′
m′

ρ,ρ′
(note that for 1 ≤ i ≤ m′

ρ,,ρ′ , we have

Tr(Cθcϕnαs, ρ
′Bθ) = ±Tr(Cθcϕnαs, ρ

′Bθ,i)), then m
θ
ρ,ρ′ is defined by the following equality:

m′
ρ,ρ′∑
i=1

Tr(Cθcϕnαs, ρ
′
iBθ,i) = mθ

ρ,ρ′Trθ(Cθcfϕnαs, ρ
′).

We may also write Q(Ai) = StGLmi
(ci) for some ci ∈ C, then Q(−Ai) = StGLmi

(−ci).
Applying proposition 2.7.1, we have

Tr(Cθcϕnαs, (
N∏
i=1

Q(Ai) ·
M∏
i=1

Q(Bi) ·
N∏
i=1

Q(−Ai))Aθ)

= Tr(Cθcϕnαs, (
N∏
i=1

StGLmi
(ci) ·

M∏
i=1

Q(Bi) ·
N∏
i=1

StGLmi
(−ci))Aθ)

= Tr(Cθcϕnαs, (
N∏
i=1

StGLmi
·
M∏
i=1

Q(Bi) ·
N∏
i=1

StGLmi
)Aθ)
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Then we have

Trθ(Cθcϕnαs, ρ) +
∑

ρ′<ρ,ρ′∈Cθ
π

mθ
ρ,ρ′Trθ(Cθcfϕnαs, ρ

′)

= Tr(Cθcϕnαs, (
N∏
i=1

StGLmi
·
M∏
i=1

Q(Bi) ·
N∏
i=1

StGLmi
)Aθ),

and the proposition follows.

Let π = IndGP (⊗k
i=1Speh(xi, y)(εi)) be a representation of θ-type. By repeatedly ap-

plying Proposition 3.3.2, we conclude the following theorem.

Theorem 3.3.1. We have:

Trθ(Cθcϕnαs, π) =
∑
ρ∈Cθ

π

Mπ,ρTrθ(Cθcfnαs, ρ)

where Mπ,ρ ∈ Z, and ρ is of the form IndGP (⊗iStGLni
(εi)), such that εi is either the trivial

character or the unramified quadratic character.

Remark 3.3.1. In the next section, we give a point-counting formula in terms of twisted

traces of representations of θ-type. And Theorem 3.3.1 reduces the computation of twisted

traces of representations of θ-type to the computation of twisted traces of products of Stein-

berg representations. We perform this reduction because compared with Steinberg represen-

tations, Speh representations (or more generally, ladder presentations) have much more

complicated Jacquet modules (for Jacquet modules of ladder representations, see [39]).

Furthermore, given an intertwining operator Aθ on a representation of θ-type (denoted by

π), it is difficult to track how Aθ acts on πN .

4 The basic stratum of Kottwitz varieties

In this section, we study the cohomology of the basic stratum of Kottwitz varieties (as

introduced in [31], which are certain compact Shimura varieties associated with division

algebras). In conclusion, we derive a point-counting formula for the basic stratum in

terms of twisted traces of products of Steinberg representations.

4.1 Kottwitz varieties

Let D be a division algebra over Q equipped with an anti-involution ∗. Let Q be the

algebraic closure of Q inside C. Write F for the centre of D, and we embed F into Q.

We assume that F is a quadratic imaginary field extension of Q and we assume that ∗
induces the complex conjugation on F .
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Let n be the positive integer such that n2 equals the dimension of D over F . Let G

be the Q-group, such that for each commutative Q-algebra R the group G(R) is defined

as follows:

G(R) := {x ∈ D ⊗Q R : xx∗ ∈ R×}

The mapping c : G → Gm,Q, defined by x 7→ xx∗, is referred to as the factor of

similitudes. Let h0 be an algebra morphism h0 : C → DR such that h0(z)
∗ = h0(z)

for all z ∈ C. We assume that the involution of DR defined by x 7→ h0(i)
−1xh0(i)

(x ∈ DR) is positive. We restrict h0 to C× to obtain a morphism h′ from the Deligne

torus ResC/RGm,C to GR. Let h denote h′−1 and let X denote the G(R)-conjugacy class of

h, then the pair (G,X) is a PEL-type Shimura datum ([31]). Let S denote ResC/RGm,C.

We define the isomorphism r from SC to Gm,C×Gm,C as follows: for an arbitrary C-algebra
A, define A ⊗R C → A2 by a ⊗ z 7→ (za, z̄a). We define cocharacter µ′ : Gm,C → SC by

r ◦ µ′(z) = (z, 1) and we define µ ∈ X∗(G) to be µ′ ◦ h.
Let E denote the reflex field of Shimura datum (G,X, h). We copy Kottwitz’s de-

scription of the reflex field E ([31]): Let v1, v2 be the two embeddings of F into C. We

associate the number nv1 with v1 and nv2 with v2, so that the group G(R) is isomorphic to

the group GUC/R(nv1 , nv2)(R) (as defined in §2.3). The group Aut(C/Q) acts on the set

of Z-valued functions on Hom(F,C) by translations. The reflex field E is the fixed field

of the stabilizer subgroup in Aut(C/Q) of the function v 7→ nv. Then we obtain varieties

ShK defined over the field E, and these varieties represent moduli problems of Abelian

varieties of PEL-type as defined in [31].

At p: Let K ⊂ G(Af ) be a compact open subgroup. Let p be a prime number

such that GQp is unramified, and such that K decomposes into a product KpK
p where

Kp ⊂ G(Qp) is hyperspecial and Kp ⊂ G(Ap
f ) is small enough so that ShK(G,X) is

smooth. Let ShK(G,X) be the Shimura variety (defined over E). Let MK be the moduli

scheme over OE ⊗Z Z(p) which represents the corresponding moduli problem of Abelian

varieties of PEL-type (as defined in §5 of [32], note that MK,E is |ker1(Q, G)| copies of

ShK(G,X)). We assume that p is inert in F/Q (the case that p splits in extension F/Q
is studied in [34] and [37], also note in [34] and [37] truncated traces are studied, whereas

we study twisted truncated traces in this article). Under our assumption, the group GQp

is unramified, and thus quasi-split, then we have GQp
∼= GUFp/Qp

(An) (as defined in §2.3,
we also use GU(n) to denote GUFp/Qp

(An) when there is no ambiguity).

At R: By the classification of unitary groups over real numbers, we have GR ∼=
GUC/R(s, n − s) for some 0 ≤ s ≤ n. If n − s ̸= s, then the reflex field is F , and if

n− s = s, then the reflex field is Q.

Let ζ be an irreducible algebraic representation over Q of GQ, associated with an

ℓ-adic local system on S̄ (where ℓ ̸= p is a prime number). Let g be the Lie algebra of

G(R) and let K∞ be the stabilizer subgroup in G(R) of the morphism h. Let f∞ be an

Euler–Poincaré function associated to ζ (as introduced in [5], see also §3 of [31]). Note that
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f∞ has the following property: Let π∞ be a (g, K∞)- module occurring as the component

at infinity of an automorphic representation π of G. Then the trace of f∞ against π∞ is

equal to N∞
∑∞

i=1(−1)idim(H i(g, K∞; π∞ ⊗ ζ)), where N∞ is a certain explicit constant

as defined in §3 of [31]. Let Qℓ be an algebraic closure of Qℓ with an embedding Q ⊂ Qℓ.

We write L for the ℓ-adic local system on MK,OEp
associated to the representation ζ ⊗Qℓ

of GQ̄ℓ
.

We write q for the number of elements in the residue field of OEp . For each geometric

point x ∈MK,Fq
, we consider the isocrystal with additionalGQp-structure b(Ax) associated

to the abelian variety Ax corresponding to x (see pp.170-171 of [53]). The set of isocrystals

with additional GQp-structure {b(Ax) : x ∈ MK,Fq
(Fq)} is contained in certain finite

set B(GQp , µ) ⊂ B(GQp) (see §6 of [33]). For b ∈ B(GQp), we define Sb to be {x ∈
MK,Fq

(Fq) : b(Ax) = b}. Then Sb is a subvariety of MK,Fq
(see §1 of [54]) and the

collection {Sb}b∈B(GQp ,µ)
of subvarieties of MK,Fq

is called the Newton stratification of

MK,Fq
. We take b to be the basic element of B(GQp , µ), and call Sb the basic stratum (in

this case Sb is closed in MK,Fq
, see §1 of [54]).

Now let Sb be the basic stratum of MK,Fq
, we use BK to denote the closed subscheme

of MK,Fq (defined over Fq), such that BK,Fq
is Sb (See Theorem 3.6 of [53]). Note that

ShKpKp(G,X) is compact in this case, then MK,Fq is proper, therefore BK ⊂ MK,Fq is

proper. The Hecke correspondences on ShK(G,X) may be restricted to the subvariety

ι : BK →MK,Fq , and we have an action of the algebra H(G(Af )//K) on the cohomology

spaces H i
et(BK , ι

∗L). Furthermore, the space H i
et(Sb, ι

∗L) carries an action of the Galois

group Gal(Fq/Fq), which commutes with the action of H(G(Af )//K).

Remark 4.1.1. Let σ denote the non-trivial element of Gal(F/Q). Recall that we assume

that σ agrees with ∗ on F . Note that G(F ) = {g ∈ D ⊗Q F : gι(g) ∈ F×} where ι is

given by ι(d ⊗ f) = d∗ ⊗ f . We have D ⊗Q F ∼= D × D with isomorphism given by

d⊗f 7→ (df, dσ(f)). Then ι(d⊗f) = d∗⊗f , σ(d⊗f) = d⊗σ(f) induces involution on D×D
given by ι(d1, d2) = (d∗2, d

∗
1) (because ι(d⊗f) = d∗⊗f 7→ (d∗f, d∗σ(f)) = ((dσ(f))∗, (df)∗))

and σ(d1, d2) = (d2, d1) (because σ(d⊗ f) = d⊗ σ(f) 7→ (dσ(f), df)).

Also note that G(F ) ∼= F× ×GLn(F ) with isomorphism given by (d1, d2) 7→ (d1d
∗
2, d1)

(we denote this isomorphism by φ). Then σ induces an action on F× × D× given by

σ(f, d) = (f ∗, f(d∗)−1) (if we write φ(d1, d2) = (d1d
∗
2, d1) = (f, d), then we have σ(f, d) =

σ(d1d
∗
2, d1) = σ(φ(d1, d2)) = φ(σ(d1, d2)) = φ(d2, d1) = (d2d

∗
1, d2) = ((d1d

∗
2)

∗, (d1d
∗
2/d1)

∗) =

(f ∗, f ∗(d∗)−1)).

Similarly, we have GQp(Fp) ∼= F×
p ×GLn(Fp), and the non-trivial element of Gal(Fp/Qp)

(denoted by f 7→ f̄ for f ∈ Fp) induces an action on F×
p × GLn(Fp) given by (f, g) 7→

(f̄ , f̄A−1
n (ḡt)−1An), where An is the anti-diagonal matrix with entries 1 and g 7→ ḡt is the

conjugation transpose.

Let α be a positive integer and let Ep,α/Ep be an unramified extension of degree α.

We write ϕα for the characteristic function of the double coset G(OEp,α)µ(p
−1)G(OEp,α)

in G(Ep,α). The function ϕ′
α ∈ Hunr(G(Qp)) is obtained from ϕα via base change from
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Hunr(G(Ep,α)) to Hunr(G(Qp)) (as defined as p239 of [28]). We call the functions ϕ′
α the

functions of Kottwitz.

Proposition 4.1.1. 1. If n−s ̸= s (in which case the reflex field is F ), then ϕ′
α = fnαs

(recall that we define fnαs in Definition 2.4.1).

2. If n− s = s (in which case the reflex field is Q) and α is even, then ϕ′
α = fnα

2
s.

3. If n−s = s (in which case the reflex field is Q) and α is odd, then ϕ′
α = p−

α
2
s(n−s)fnαs.

Proof. Firstly, note that for an arbitrary finite unramified extension L/Qp, the group

G(L) splits if and only if [L : Qp] is even. If G(Ep,α) splits, then ϕ
′
α = φn1s (recall that

we define φnαs in §2.4). For the proof, see Proposition 4.2.1 of [50], and note that we take

the reciprocal of h′ when we define Shimura datum at the beginning of this section.

If G(Ep,α) does not split, the Satake transform of ϕ′
α is

pαs(n−s)/2
∑

σ∈{±1}k⋊Sk

σ(XαXα
1 . . . X

α
s ) = pαs(n−s)/2Xα

∑
I⊂{1,2,...,n}

|I|=s

(XI)α

whereXI :=
∏

i∈I Xi (see Proposition 4.2.1 of [50], for the definition ofX,Xi see Definition

2.4.1, also recall that we define the action of {±1}k ⋊ Sk on XαXα
1 . . . X

α
s at the end of

§2.3). Thus, the Satake transform of ϕ′
α is p−αs(n−s)/2fn1s if G(Ep,α) does not split.

By applying the base change map as defined in §4.2 of [50], we get our proposition.

4.2 Cohomology of the basic stratum

Let f∞p ∈ H(G(Ap∞)//K) to be an arbitrary Hecke operator, and let f∞ ∈ H(G(R))
be an Euler–Poincaré function associated to ζ. Then we have the following proposition

(Proposition 9 of [34]):

Proposition 4.2.1. If n− s ̸= s, the reflex field is F , and we define q = |OF/(p)| = p2.

We have

Tr(f∞p × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄q

, ι∗L)) = |ker1(Q, G)|
∑

x′∈FixΦα
p ×f∞p (F̄q)

Tr(Φα
p × f∞p,Lx)

= |ker1(Q, G)|Tr(Ccfnαsf∞pf∞,A(G))

for α sufficiently large.

If n− s = s, the reflex field is Q. We have

Tr(f∞p × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

, ι∗L)) = |ker1(Q, G)|
∑

x′∈FixΦα
p ×f∞p (F̄p)

Tr(Φα
p × f∞p,Lx)

= |ker1(Q, G)|Tr(Ccfnα
2
sf

∞pf∞,A(G))
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for α even and sufficiently large, and

Tr(f∞p × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

, ι∗L)) = |ker1(Q, G)|
∑

x′∈FixΦα
p ×f∞p (F̄p)

Tr(Φα
p × f∞p,Lx)

= |ker1(Q, G)|Tr(Cc(p−
α
2
s(n−s)fnαs)f

∞pf∞,A(G))

for α odd and sufficiently large.

Proof. We use proposition 9 of [34] and Proposition 4.1.1.

We assume that n − s = s. For k ∈ Z>0, let Bk,1, . . . Bk,ik denote the irreducible

components of BF
pk
. We use dB to denote the dimension of B, and we use Ck,l to denote

the number of irreducible components of Bk,l,Fp
. Then we have the following corollary:

Corollary 4.2.1. We assume that n− s = s, then we have:

1. If |BF
pk
| ≠ 0 for some k ∈ Z>0,odd, then dB ≥ s(n−s)

4
.

2. If Ck,l is odd for some k ∈ Z>0,odd and 1 ≤ l ≤ ik, then dB = s(n−s)
2

.

Proof. The proof of (1): We take k ∈ Z>0 to be a sufficiently large odd integer such that

|BF
pk
| ≠ 0. We take f∞p to be the characteristic function of Kp (denoted by 1Kp) and

we take ζ to be the trivial representation GQ (then the associated local system L is Qℓ).

Applying Proposition 4.2.1, then for an arbitrary odd α ∈ Z>0, we have

|B(Fpαk)| = Tr(1Kp × Φαk
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

,Qℓ))

= |ker1(Q, G)|Tr(Cc(p−
αk
2
s(n−s)φn(αk)s)f

∞pf∞,A(G)),

|B(Fp2αk)| = Tr(1Kp×Φ2αk
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

,Qℓ)) = |ker1(Q, G)|Tr(Ccφn(αk)sf∞pf∞,A(G)).

Then we may conclude that |B(Fp2αk)| = p
αk
2
s(n−s)|B(Fpαk)|. By Corollary 6.4 of [51],

there exists c ∈ R>0 such that |B(Fpα)| < cpαdB for all odd α ∈ Z>0. Then for all odd

α ∈ Z>0, we have

p
αk
2
s(n−s) < p

αk
2
s(n−s)|B(Fpαk)| = |B(Fp2αk)| < cp2αkdB ,

then we may conclude that dB ≥ s(n−s)
4

.

The proof of (2): We assume that Ck,l is odd and we take k ∈ Z>0 to be a sufficiently

large odd integer such that Ck,l|k. We take f∞p to be the characteristic function of Kp

(denoted by 1Kp) and we take ζ to be the trivial representation GQ. Repeat the proof of

(1), we have |B(Fp2αk)| = p
αk
2
s(n−s)|B(Fpαk)| for all odd α ∈ Z>0. By Corollary 6.4 and
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Proposition 6.7 of [51], there exists c1, c2 ∈ R>0 such that c1p
αdB < |B(Fpα)| < c2p

αdB for

all odd α ∈ Z>0. Then for all odd α ∈ Z>0, we have

c1p
αk
2
s(n−s)+αkdB < p

αk
2
s(n−s)|B(Fpαk)| = |B(Fp2αk)| < c2p

2αkdB ,

therefore c1p
αk
2
s(n−s) < c2p

αkdB for all odd α ∈ Z>0 and we have dB ≥ s(n−s)
2

.

For all odd α ∈ Z>0, we also have

c1p
2αkdB < |B(Fp2αk)| = p

αk
2
s(n−s)|B(Fpαk)| < c2p

αk
2
s(n−s)+αkdB ,

therefore c1p
αkdB < c2p

αk
2
s(n−s) for all odd α ∈ Z>0, and we have dB ≤ s(n−s)

2
. Then we

may conclude that dB = s(n−s)
2

.

Remark 4.2.1. Assume n − s = s and s(n − s) is odd. By (2) of Corollary 4.2.1, we

have that Ck,l is even for all odd k ∈ Z>0.

Let D× denote the algebraic group over Q given by D×(A) = (D⊗Q A)
×, and let F×

denote the algebraic group over Q given by F×(A) = (F ⊗Q A)
×.

Proposition 4.2.2. Let H denote ResFQ(F
× ×D×) (as an algebraic group over Q). We

suppose that f = fGep ⊗ f∞ ∈ H(G(A)) and φ = φH,θep ⊗ φ∞ ∈ H(H(A)) are associated

in the sense of base change (i.e., functions fv and φv are associated for all places v, as

defined in §3.1 of [40]), where fGep is an Euler-Poincare function on G(R) associated to

the trivial representation, and φH,θep is a Lefschetz function for θ on H(R) (as introduced

in p.120 of [41]). Then we have

Tr(r(f),A(G)) = Tr(R(φ)Aθ,A(F× ×D×))

where r, R are right regular representations, and Aθ is defined by α 7→ α ◦ θ for α ∈
A(F× ×D×)), and θ is the involution arising from the Galois action (see Remark 4.1.1).

Proof. We follow the argument given in the proof of Theorem A.3.1 in [41]::

Let G∗, H∗ be the quasi-split inner form of G,H respectively. Note that

H(R) = (F ⊗Q R)× × (D ⊗Q R)× = C× ×GLn(C),

then we have H1(R, (HR)SC) = H1(R,ResCR(SLn,R)). By Shapiro’s Lemma, we have

H1(R,ResCR(SLn,R)) = 1. By applying Theorem 1.1 of [41], we have that φH,θep is stabilizing

(as defined Definition 3.8.2 of [40]). After multiplying φθep by some c ∈ R>0, we may choose

φθep and fep such that φθep and fep are associated (see Corollary A1.2 of [41]).

Also note that traces formula for G and H only contain elliptic terms on the geometric

side, then we have

TH,θe (φ) = Tr(R(φ)Aθ,A(F× ×D×)) and TGe (f) = Tr(r(f),A(G))
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where TH,θe is the elliptic of the geometric side of the twisted trace formula for H (as

defined in 4.1 of [40]) and TGe is the elliptic of the geometric side of the trace formula for

G (as defined in 9.1 of [28]). Applying Lemma 1.9.7 in [40], we have that {∞} is (H∗, G∗)-

essential (as defined in Definition 1.9.5 of [40]). Let fG
∗ ∈ G∗(A) be a Langlands-Shelstad

transfer of f (see 9.3 of [28]). Applying Theorem 4.3.4 of [40], we obtain TH,θe (φ) =

a(H, θ,G∗)STG
∗

e (fG
∗
) where STG

∗
e is the elliptic part of the stable trace formula for G∗

(as defined in 9.2 of [28]), and a(H, θ,G∗)) as defined in §4.3 of [40]. By Proposition 4.3.2

in [40], we have a(H, θ,G∗) = 1. Then we have

Tr(R(φ)Aθ,A(F× ×D×)) = TH,θe (φ) = STG
∗

e (fG
∗
)

For γ0 ∈ G(Q), we have that R(I0/Q) is trivial (see §2 of [31]), where I0 is the

centraliser of γ0 in G and R(I0/Q) is defined in §4 of [28]. Then G satisfies the conditions

listed before Lemma 2.1 in appendix A. Then by applying Lemma 2.1 in appendix A, we

may conclude that TGe (f) = STG
∗

e (fG
∗
). Then we have

Tr(R(φ)Aθ,A(F× ×D×)) = TH,θe (φ) = STG
∗

e (fG
∗
) = TGe (f) = Tr(r(f),A(G))

Remark 4.2.2. Let K∞ be a maximal compact subgroup of H(R), and let h be the Lie

algebra of H(R). Let π ⊂ A(F× × D×) be an automorphic representation such that

Tr(R(φ)Aθ, π) ̸= 0, then Trθ(φ
θ
ep, π∞) =

∑∞
i=1Tr(θ,H

i(h, K∞; π∞)) ̸= 0 (see p.120 of

[41]), which implies that π∞ is cohomological.

We fix the following data:

• Local system: We take ζ as the trivial representation GQ, then the associated local

system L is Qℓ.

• At p: If n − s ̸= s, we take Cθcφnαs ∈ H(H(Qp)) (with φnαs as defined in §2.4),
and Ccfnαs ∈ H(G(Qp)). Then Cθcφnαs and Ccfnαs are associated (see the proof of

Proposition 10 of [34]).

If n−s = s and α is odd, we take Cθc(p
−α

2
s(n−s)φnαs) ∈ H(H(Qp)) and Cc(p

−α
2
s(n−s)fnαs)

∈ H(G(Qp)). If n − s = s and α is even, we take Cθcφnα
2
s ∈ H(H(Qp)) and

Ccfnα
2
s ∈ H(G(Qp))

• Away from p and infinite: We take 1Kp ∈ H(G(Ap∞)) to be the characteristic

function of Kp, then there exists φp∞ ∈ H(H(Ap∞)) associated to 1Kp∞ if Kp

is small enough (for unramified places, see Proposition 3.3.2 in [40], for ramified

places, see the proof of Theorem A5.2 in [41])

• At ∞: We take φθep ∈ H(H(A∞)) to be a Lefschetz function for θ, and fep ∈
H(G(A∞) to be an Euler-Poincare function associated to the trivial representation,
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after multiplying φθep by some c ∈ R>0, we may choose φθep and fep, such that φθep
and fep are associated (see Corollary A1.2 of [41]).

By applying Proposition 4.2.1 and Proposition 4.2.2, we obtain:

Corollary 4.2.2. 1. If n− s ̸= s, we define q = |OF/(p)| = p2, then for an arbitrary

α ∈ Z>0 sufficiently large, we have

|B(Fqα)| = Tr(1Kp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄q

, ι∗L))

= |ker1(Q, G)|Trθ(Cθcφnαsφp∞φθep,A(F× ×D×)).

2. If n− s = s, then for α ∈ Z>0 even and sufficiently large, we have

|B(Fpα)| = Tr(1Kp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

, ι∗L))

= |ker1(Q, G)|Trθ(Cθcφnα
2
sφ

p∞φθep,A(F× ×D×)).

3. If n− s = s, then for α ∈ Z>0 odd and sufficiently large, we have

|B(Fpα)| = Tr(1Kp × Φα
p ,

∞∑
i=1

(−1)iH i
et(BF̄p

, ι∗L))

= |ker1(Q, G)|Trθ(Cθc(p−
α
2
s(n−s)φnαs)φ

p∞φθep,A(F× ×D×)).

4.3 A point-counting formula

we establish the following point-counting formula in this section:

Proposition 4.3.1. 1. If n − s ̸= s, then for an arbitrary α ∈ Z>0 sufficiently large,

we have

|B(Fqα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnαs, π),

where π’s are representations of GLn(Fp) of the form IndGP (⊗iStGLni
(εi)), such that

εi is either the trivial character or the unramified quadratic character and

Nπ = ±
∑

χ⊗τ⊂A(F××D×):
χ⊗τ is θ-stable,
τp is of θ type,

π≤τp

Trθ(φ
θ
ep, (χ⊗ τ)∞)Trθ(φ

p∞, (χ⊗ τ)p∞)ζαχp
Mτp,π
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with the partial ordering as defined before Proposition 3.3.2, the constant ζατp ∈ C×

is a root of unity, and Mτp,π as introduced in Theorem 3.3.1, and

Trθ(φ
θ
ep, (χ⊗ τ)∞) =

∞∑
i=1

Tr(θ,H i(h, K∞; (χ⊗ τ)∞))

(see Remark 4.2.1).

2. If n− s = s, then for an arbitrary even α ∈ Z>0 which is sufficiently large, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnα
2
s, π)

with Nπ as defined above, and π’s are representations of GLn(Fp) of the form

IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the unramified

quadratic character.

3. If n− s = s, then for an arbitrary odd α ∈ Z>0 which is sufficiently large, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

Nπp
−α

2
s(n−s)Trθ(Cθcϕnαs, π)

with Nπ as defined above and π’s are representations of GLn(Fp) of the form IndGP (⊗iStGLni
(εi)),

such that εi is either the trivial character or the unramified quadratic character.

Proof. We assume that n− s ̸= s (the proof for the case n− s = s is almost identical):

Take α ∈ Z>0 sufficiently large, by applying Corollary 4.2.1, we have

|B(Fqα)| = |ker1(Q, G)|Trθ(Cθcφnαsφp∞φθep,A(F× ×D×)).

=
∑

ρ⊂A(F××D×)

Trθ(Cθcφnαsφ
p∞φθep, ρ))

where the sum ranges over θ-stable irreducible subrepresentations of F×(A) ×D×(A) in
A(F× ×D×). And

Trθ(Cθcφnαsφ
p∞φθep, ρ)) = Trθ(φ

θ
ep, ρ∞))Trθ(φ

p∞, ρp∞))Trθ(Cθcφnαs, ρp).

We write ρ = χ ⊗ τ ⊂ A(F×) ⊗ A(D×), then ρp = χp ⊗ τp is a representation of

F×
p ×GLn(Fp).

We use θ1 to denote the involution of F×
p ×GLn(Fp) defined by (f, g) 7→ (f̄ , f̄A−1

n (ḡt)−1An)

where An is the anti-diagonal matrix with entries 1 and g 7→ ḡt is the conjugation trans-

pose (which arises from the Galois action, as described in Remark 4.1.1). And we use θ2

to denote the involution of F×
p ×GLn(Fp) defined by (f, g) 7→ (f̄ , A−1

n (ḡt)−1An). Because
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of the θ-stableness, we must have (χp ⊗ τp) ◦ θ1 ∼= χp ⊗ τp. Also, note that for an arbi-

trary (f, g) ∈ F×
p × GLn(Fp), we have (χp ⊗ τp) ◦ θ1(f, g) = (χp(f̄) ⊗ τp(f̄A

−1
n (ḡt)−1An),

therefore, if (χp ⊗ τp) ◦ θ1 ∼= χp ⊗ τp, then τp must have trivial central character, and

we have (χp ⊗ τp) ◦ θ1(f, g) = (χp(f̄)⊗ τp(f̄A
−1
n (ḡt)−1An) = (χp(f̄)⊗ τp(A

−1
n (ḡt)−1An) =

(χp ⊗ τp) ◦ θ2(f, g). In the following, we also use θ to denote the involution of GLk(Fp)

(k ≥ 0) defined by g 7→ A−1
n (ḡt)−1An, then we have

Trθ(Cθcφnαs, ρp) = Trθ2(Cθcφnαs, χp⊗τp)) = Trθ1(Cθcφnαs, χp⊗τp)) = Trθ(X
α, χp)Trθ(ϕnαs, τp).

with ϕnαs as defined in §2.4.
We apply the Jacquet-Langlands correspondence (cf.VI.1 of [14]) to τ (denoted by

JL(τ)), then JL(τ) is a discrete automorphic representation of GLn(AF ). By applying

Theorem 3.1.1, we have that τp ∼= JL(τ)p is a semi-stable rigid representation (we have the

isomorphism because p is an unramified place). By repeating the argument in pp.511-512

of [34], we have Trθ(X
α, χp) = ζαχp

, where ζχp is a root of unity. Then we have

Trθ(X
α, χp)Trθ(ϕnαs, τp) = ζαχp

Trθ(ϕnαs, τp).

By applying Proposition 3.1.1, we obtain Trθ(ϕnαs, τp) = Trθ(ϕnαs, τ
′
p) where τp is a

semi-stable rigid representation of θ-type (as defined in Definition 3.1.1). Then apply

Theorem 3.3.1, we can conclude our theorem when α is sufficiently large. We will later

remove the restriction on α in §5.2.

5 Twisted traces of products of Steinberg represen-

tations

By Proposition 4.3.1, we may reduce the computation of the number of points of the basic

stratum over Fqα , denote by |B(Fqα)|, to the computation of twisted traces of products

of Steinberg representations, in this section, we compute twisted traces of products of

Steinberg representations.

5.1 An explicit description intertwining operators

In the following, we fix a quadratic extension of p-adic fields F/Qp such that p is prime

in F , let σ be the non-trivial element of Gal(F/Qp). For k ∈ Z>0, we use θ to denote

the involution of GLk(F ) given by g 7→ A−1
n (ḡt)−1An, where An is the anti-diagonal

matrix with entries 1 and g 7→ ḡt is the conjugation transpose. And we fix an irreducible

admissible representation π of GLn(F ) of the form IndGP (⊗iStGLni
(εi)), where εi is either

the trivial character or the unramified quadratic character. We embed Sn into GLn as

follows: We send σ to (aij) where aij = 1 if and only if σ(i) = j, and aij = 0 otherwise.

The action of Sn on GLn is given by w · g = wgw−1 for w ∈ Sn and g ∈ GLn.

111



CHAPTER 4. AN AUTOMORPHIC DESCRIPTION OF THE ZETA FUNCTION
OF THE BASIC STRATUM OF CERTAIN KOTTWITZ VARIETIES (p INERT)

We use Bk =M0,kN0,k ⊂ GLk to denote the Borel group of upper triangular matrices.

We standardise parabolic subgroups of GLk with respect to Bk.

Note that the permutation group on {1, 2, . . . , n} (denoted by Sn) is generated by

transposes (1, 2), . . . , (n − 1, n) (which we denote by τ1, . . . , τn−1), for w ∈ Sn, we define

ℓ(w) to be min{k : w = w1w2 . . . wk : wi ∈ {τ1, . . . , τn−1}}. For i, j ∈ {1, 2, . . . , n}, we
say that (i, j) is an inversion of w if i < j and w(i) > w(j), we use inv(w) to denote the

total number of inversions of w, then we have the following proposition (for the proof, see

Lemma 2.1 of [68]):

Proposition 5.1.1. For every w ∈ Sn, we have inv(w) = ℓ(w).

Let λ = (λ1, . . . , λk) be a partition of n, we use Sλ ⊂ Sn to denote Sλ1 × . . . × Sλk .

Let λ and µ be two partitions of n, then we have the following proposition:

Proposition 5.1.2. For an arbitrary double cosets SλgSµ ⊂ Sn, there exists a unique

gmin ∈ SλgSµ such that ℓ(gmin) is minimal among elements in SλgSµ.

Proof. See V.4.6 of [56].

We call gmin ∈ SλgSµ the minimal length representative of SλgSµ.

Let π = IndGP (⊗iStGLni
(εi)) be a representation of θ-type of GLn(F ), where εi is

either the trivial character or the unramified quadratic character. We embed StGLni
(εi)

into ν(εi)
ni−1

2 × ν(εi)
ni−3

2 . . . × ν(εi)
1−ni

2 (as introduced in §3.3), then we embed π into

an unramified principal series, which we denote by IndGLn
B (σ). Let Aθ be an intertwining

operator on IndGLn
Bn

(σ) given by f 7→ f ◦θ for f ∈ IndGLn
Bn

(σ). Then we get an intertwining

operator on π = IndGP (⊗iStGLni
(εi)), which we also denote by Aθ. Let Q = LU be a

standard parabolic subgroup of GLn then we have the following explicit description of πU

(which is based on Bernstein-Zelevinsky filtration, see VI.5.2 of [56] or 2.2-2.3 of [52]) and

the induced intertwining operator on πU (see 2.2-2.3 of [52]):

Proposition 5.1.3. In the ring of Zelevinsky R, we have

JU(Ind
G
P (⊗iStGLni

(εi))) =
⊕

w∈GP,Q⊂Sn

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi))

where GP,Q ⊂ Sn is the set of minimal length representatives of SP \ Sn/SQ
The induced intertwining operator Aθ acts on⊕

w∈GP,Q⊂Sn

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi)))

as follows: the intertwining operator Aθ maps

IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi)))
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onto

IndLL∩(wθ)−1·P (w
θ ◦ Jwθ·Q∩M(⊗iStGLni

(εi)))

where wθ is the minimal length representative of SP θ(w)SQ and θ(w) is defined to be

A−1
n wAn (recall that An is the anti-diagonal matrix with entries 1).

5.2 Computation of twisted traces

In this section, we compute the twisted traces of products of Steinberg representations and

remove the α sufficiently large condition in Proposition 4.3.1. Let π = IndGP (⊗iStGLni
(εi))

be a representation of θ-type of GLn(F ), where εi is either the trivial character or the

unramified quadratic character, we compute Tr(Cθcϕnαs, πAθ) where Aθ was constructed

before Proposition 5.1.3.

First, by applying Proposition 2.2.3, we obtain

Trθ(Cθcϕnαs, π) =
∑

Q∈Pθ,Q=LU

εQ,θTrθ(χ̂
θ
Uϕ

(Q)
nαs, πU(δ

− 1
2

Q )Aθ).

By proposition 5.1.3, we have

Trθ(χ̂
θ
Uϕ

(Q)
nαs, πU(δ

− 1
2

Q )Aθ) = Tr(χ̂θUϕ
(Q)
nαs,

⊕
w∈GP,Q⊂Sn

IndLL∩w−1·P (w◦Jw·Q∩M(⊗iStGLni
(εi)))Aθ)

=
∑

w∈Gθ
P,Q⊂Sn

Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
L∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni

(εi)))

where Gθ
P,Q ⊂ Sn is defined to be {w ∈ GP,Q ⊂ Sn : wθ = w,wSQ ∩ SP = {idSn}}. We

have the condition wθ = w because Aθ maps IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi))) to

IndLL∩(wθ)−1·P (w
θ ◦ Jwθ·Q∩M(⊗iStGLni

(εi))) where w
θ is the minimal length representative

of SP θ(w)SQ. And we have the condition w−1SQw ∩ SP = {idSn}, because χ̂θUϕ
(Q)
nαs is

unramified, and IndLL∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni
(εi))) is ramified if w · Q ∩ M ̸= M0,

where w ·Q ∩M =M0 if and only if w−1SQw ∩ SP = {idSn}.
Let (qtπ,1 , . . . , qtπ,n) denote the Hecke matrix of JN0(⊗iStGLni

(εi)) = ⊗i(δ
1
2
Bni

(εi)),

which equals

(qtπ,1 , . . . , qtπ,n) = (qc1
1−n1

2 , qc1
3−n1

2 , . . . , qc1
n1−1

2 , . . . , qck
1−nk

2
,, qck

3−nk
2 , . . . , qck

nk−1

2 ),

such that (n1, . . . nk) is the partition of n corresponding to the parabolic subgroup P , and

qci = εi(q). Then for w ∈ Gθ
P,Q we have:

Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
L∩w−1·P (w ◦ Jw·Q∩M(⊗iStGLni

(εi)))) = Trθ(χ̂
θ
Uϕ

(Q)
nαs, Ind

L
M0

(w ◦ (⊗iδ
1
2
Bni

))

= Trθ(χ̂
θ
Uϕ

(Q)
nαs, w ◦ (⊗iδ

1
2
Bni

(εi))) = εQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n))
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where εQ,w = ±1 depends on Q and w (See Proposition 2.2.2). We have then the following

proposition:

Proposition 5.2.1.

Trθ(Cθcϕnαs, π) =
∑

Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

εQ,θεQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n))

Applying Proposition 4.3.1, we obtain the following theorem (we later remove the

sufficiently large condition for α in Proposition 4.3.1):

Theorem 5.2.1. 1. If n− s ̸= s, then for an arbitrary α ∈ Z>0, we have

|B(Fqα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnαs, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n))

with Nπ as defined in Proposition 4.3.1, and π’s are representations of GLn(Fp) of

the form IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the un-

ramified quadratic character (recall that εQ,w = ±1 is introduced before Proposition

5.2.1 and εQ,θ = ±1 is introduced in Proposition 2.2.3).

2. If n− s = s, then for an arbitrary even α ∈ Z>0, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

NπTrθ(Cθcϕnα
2
s, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ
(Q)
nα

2
s)(q

tπ,w(1) , . . . , qtπ,w(n))

with Nπ as defined in Proposition 4.3.1 and π’s are representations of GLn(Fp)

of the form IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the

unramified quadratic character.

3. If n− s = s, then for an arbitrary odd α ∈ Z>0, we have

|B(Fpα)| = |ker1(Q, G)|
∑
π

Nπp
−α

2
s(n−s)Trθ(Cθcϕnαs, π)

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

Nπp
−α

2
s(n−s)εQ,θεQ,wS(χ̂θUϕ

(Q)
nα

2
s)(q

tπ,w(1) , . . . , qtπ,w(n))

with Nπ as defined in Proposition 4.3.1, and π’s are representations of GLn(Fp)

of the form IndGP (⊗iStGLni
(εi)), such that εi is either the trivial character or the

unramified quadratic character.
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Proof. We may assume that n−s ̸= s, the proof for the case n−s = s is almost identical:

We use ni to denote dimQℓ
(H i

et(BF̄q
,Qℓ)), and we use ei,0, . . . , ei,ni

to denote the eigen-

values of Frobp acting on H i
et(BF̄q

,Qℓ) respectively. Note that Gal(Fq/Fq) is an abelian

group, then the eigenvalues of Frobαp acting on H i
et(BF̄q

,Qℓ) are eαi,0, . . . , e
α
i,ni

. Then we

have

|B(Fqα)| =
∑
i

ni∑
j=0

(−1)ieαi,j.

By applying Proposition 4.3.1 and Proposition 5.2.1, we have

|B(Fqα)| = |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ(Q)
nαs)(q

tπ,w(1) , . . . , qtπ,w(n))

for α sufficiently large. Also note that the above equality equals

|ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ
(Q)
n1s)(q

αtπ,w(1) , . . . , qαtπ,w(n)).

Therefore for α sufficiently large, we have

|B(Fqα)| = |ker1(Q, G)|
∑
i

ni∑
j=0

(−1)ieαi,j

= |ker1(Q, G)|
∑
π

∑
Q∈Pθ,Q=LU

∑
w∈Gθ

P,Q

NπεQ,θεQ,wS(χ̂θUϕ
(Q)
n1s)(q

αtπ,w(1) , . . . , qαtπ,w(n)).

Also note that S(χ̂θUϕ
(Q)
n1s) are polynomial functions, thus, we conclude that the identity

holds for all α ∈ Z>0.

Remark 5.2.1. If αs is even, then we have that

Trθ(Cθcϕnαs, Ind
G
P (⊗iStGLni

(εi))) = Trθ(Cθcϕnαs, Ind
G
P (⊗iStGLni

)),

by considering the Hecke matrix of JN0(Ind
G
P (⊗iStGLni

(εi))) and JN0(Ind
G
P (⊗iStGLni

)) re-

spectively.

5.3 Combinatorics of double cosets of symmetric groups

In last section, we define Gθ
P,Q ⊂ Sn to be {w ∈ GP,Q ⊂ Sn : wθ = w,w−1SQw ∩ SP =

{idSn}} where P = MN is the standard parabolic subgroup corresponding partition

(λ1, . . . , λs) and Q = LU is the standard parabolic subgroup corresponding partition

(µ1, . . . , µt), GP,Q ⊂ Sn is the set of minimal length representatives of SP \ Sn/SQ ⊂ Sn

and wθ is the minimal length representative of SP θ(w)SQ (recall that we define θ(w) to

be A−1
n wAn where An is the anti-diagonal matrix with entries being 1).
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Thus Gθ
P,Q consists of w ∈ Sn satisfying the following properties:

1. w is the minimal length representative of SP \ Sn/SQ.

2. wSQw
−1 ∩ SP = {idSn}.

3. w = wθ, that is, the element w is the minimal length representative of SP θ(w)SQ.

In the following, we give a combinatorial interpretation of the conditions (1),(2), and (3)

above.

Remark 5.3.1. If we write a computer program to compute the point-counting formula

in Theorem 5.2.1, then the most challenging part is to determine which w ∈ Sn belongs

to Gθ
P,Q. With our combinatorial interpretation of the conditions (1), (2), and (3) above,

we have a more effective method to determine Gθ
P,Q algorithmically.

Let α = (α1, . . . , αs) be a partition of n. The diagram of α is the set {(i, j) : 1 ≤ i ≤
s, 1 ≤ j ≤ αi}, which we denote by T (α1,...,αs), which we represent by a Young diagram in

the usual way. For example T (4,1,3) is represented by

We refer to the elements of a Young diagram as nodes. Let α = (α1, . . . , αs), β =

(β1, . . . , βt) be two partitions of n. An α-tableau of type β is a function from the

nodes of β to Z>0 which takes each value i ∈ {1, . . . , s} exactly βi times, which we denote

by T
(α1,...,αs)
(β1,...,βt)

. We represent tableaux by drawing the diagram of α, and then writing the

image of each node inside the corresponding box. For example, the tableau T
(4,1,3)
(2,4,2) is

represented by

1 1 2 2

2

2 3 3

We label T (α1,...,αs) as follows: We map (i, j) to
∑αi−1

l=1 αl + j (we define α0 = 0), for

example, the tableau T (4,1,3) is labeled as follows:

1 2 3 4

5

6 7 8

Then T
(α1,...,αs)
(β1,...,βt)

may also be regard as a function from {1, 2, . . . , n} to {1, . . . , t}. We define

the action of Sn on T
(α1,...,αs)
(β1,...,βt)

by ”place permutation”, that is, if we regard T
(α1,...,αs)
(β1,...,βt)

as a
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function from {1, 2, . . . , n} to {1, . . . , t}, then given a σ ∈ Sn, σT
(α1,...,αs)
(β1,...,βt)

is defined by

σT
(α1,...,αs)
(β1,...,βt)

(k) = T
(α1,...,αs)
(β1,...,βt)

(σ−1k)

For example, (1, 2, 3)(6, 7)T
(4,1,3)
(2,4,2) is represented by

2 1 1 2

2

3 2 3

Combinatorial interpretation of conditions 1, 2 and 3: We first provide a

combinatorial interpretation of w is a minimal length representative of SP \ Sn/SQ using

Young tableau, following [68] (recall that P corresponds partition (λ1, . . . , λs) and Q

corresponds to partition (µ1, . . . , µt)).

Proposition 5.3.1. Let w be an element of Sn. Then w is a minimal length representative

of SP \ Sn/SQ if and only if:

• wT
(λ1,...,λs)
(µ1,...,µt)

has weakly increasing rows; i.e., wT
(λ1,...,λs)
(µ1,...,µt)

(i, j) ≤ wT
(λ1,...,λs)
(µ1,...,µt)

(i, j + 1)

for all i, j,

• if i < j and the ith and jth positions of wT
(λ1,...,λs)
(µ1,...,µt)

are equal, then w(i) < w(j).

Proof. See Theorem 4.1 of [68]

Given a finite set A, let SA denote the permutation group of elements of A. When

A = ∅, we define SA to be the trivial group with one element. We define Λj =
∑j

l=1 λl

and ∆j =
∑j

l=1 µl (we also define Λ0 = 0 and ∆0 = 0), then

SQ ∼= S{1,...,∆1} × S{∆1+1,...,∆2} × . . .× S{∆s−1+1,...,∆s}

and we have

wSQw
−1 = S{w−1(1),...,w−1(∆1)} × S{w(∆1+1),...,w(∆2}) × . . .× S{w(∆s−1+1),...,w(∆s)}

and

SP ∩ wSQw−1 =
∏

1≤i≤s,1≤j≤t

S{w(∆i−1+1),...,w(∆i)} ∩ S{Λj−1+1,...,Λj}

Then we have that SP∩wSQw−1 = {idSn} if and only if |{w(∆i−1+1), . . . , w(∆i)}∩{Λj−1+

1, . . . ,Λj}| = 0 or 1 for all i, j. In terms of the Young tableau, we have SP ∩ wSQw−1 =

{idSn} if and only if wT
(λ1,...,λs)
(µ1,...,µt)

has distinct elements in each rows. Applying Proposition

5.3.1, we have the following proposition:

Corollary 5.3.1. Given w ∈ Sn, we have that w satisfies conditions 1 and 2 (introduced

at the beginning of this section) if and only if:
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• wT
(λ1,...,λs)
(µ1,...,µt)

has strictly increasing rows; i.e., wT
(λ1,...,λs)
(µ1,...,µt)

(i, j) < wT
(λ1,...,λs)
(µ1,...,µt)

(i, j + 1)

for all i, j,

• if i < j and the ith and jth positions of wT
(λ1,...,λs)
(µ1,...,µt)

are equal, then w(i) < w(j).

Now we look at condition 3: For w ∈ Sn, we define R
(λ1,...,λs)
(µ1,...,µt)

(w, i) to be the set of

elements in the i-th row of θ(w)T
(λ1,...,λs)
(µ1,...,µt)

, that is,

R
(λ1,...,λs)
(µ1,...,µt)

(w, i) = {a : a = wT
(λ1,...,λs)
(µ1,...,µt)

(i, j) for some j}.

By the construction of wT
(λ1,...,λs)
(µ1,...,µt)

, we have that w is the minimal length representative

of SP θ(w)SQ if and only if T
(λ1,...,λs)
(µ1,...,µt)

and θ(w)T
(λ1,...,λs)
(µ1,...,µt)

have the same elements at each

row, i.e., R
(λ1,...,λs)
(µ1,...,µt)

(w, i) = R
(λ1,...,λs)
(µ1,...,µt)

(θ(w), i) for all i. In summary, we have the following:

Proposition 5.3.2. Let w ∈ Sn. Then we have that w ∈ Gθ
P,Q if and only if:

• wT
(λ1,...,λs)
(µ1,...,µt)

has increasing rows, i.e., wT
(λ1,...,λs)
(µ1,...,µt)

(i, j) < wT
(λ1,...,λs)
(µ1,...,µt)

(i, j + 1) for all

i, j.

• if i < j and the ith and jth positions of wT
(λ1,...,λs)
(µ1,...,µt)

are equal, then w(i) < w(j).

• R
(λ1,...,λs)
(µ1,...,µt)

(w, i) = R
(λ1,...,λs)
(µ1,...,µt)

(θ(w), i) for all i.
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Appendix A

The elliptic part of the geometric

side of the trace formula

This appendix is Appendix A in the paper [45], https://arxiv.org/abs/2411.01224, written

by the author of this thesis. In this appendix, we prove a lemma on the elliptic part of

the geometric side of the trace formula.

1 Central elements in some algebraic groups

we first study central elements in some algebraic groups.

Proposition 1.1. Let G be an algebraic group over a field F , and let H be an inner form

of G, then we have Z(G) ∼= Z(H).

Proof. Let ϕ : GF̄ → HF̄ be an isomorphism over F̄ , then we have an isomorphism

ϕ|Z(GF̄ ) : Z(GF̄ ) → Z(HF̄ ) between commutative algebraic groups. For an arbitrary σ ∈
Gal(F̄ /F ), we have that ϕ−1◦ϕσ is an inner isomorphism, therefore (ϕ|Z(GF̄ ))

−1◦(ϕ|Z(GF̄ ))
σ

is an identity. Then we have that ϕ|Z(GF̄ ) = (ϕ|Z(GF̄ ))
σ for all σ ∈ Gal(F̄ /F ). Therefore,

the morphism ϕ|Z(GF̄ ) : Z(GF̄ ) → Z(HF̄ ) is defined over F , and the lemma follows.

We embed GLn(Af ) into An2

f . For N ∈ Z>0, we use GLn(Ẑ[ 1N ]) to denote GLn(Af ) ∩
(Ẑ[ 1

N
])n

2
.

Lemma 1.1. Let G be an affine algebraic group over Q such that G(R) is compact, let K

be a compact open subset of G(A), then K ∩G(Q) ⊂ G(Q) ⊂ G(R) is discrete in G(R).

Proof. Let Kf denote the projection of K onto G(Af ), then Kf is a compact open subset

of G(Af ). Also note thatK∩Q ⊂ Kf∩G(Q), thus, it is enough to prove thatKf∩G(Q) ⊂
G(Q) ⊂ G(R) is discrete in G(R).

For all g ∈ Kf , there exists a compact open subgroup Kf,g ⊂ g−1Kf ⊂ G(Af ), then

{gKf,g : g ∈ Kf} is an open covering of Kf . By the compactness of Kf , there exists
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a finite subset of {gKf,g : g ∈ Kf} which is a covering of Kf . Let {g1L1, . . . , gsLs} ⊂
{gKf,g : g ∈ Kf} be a finite sub-covering of Kf .

We fix an embedding G ↪→ GLn for some n ∈ Z>0, then Li is a compact subgroup

of GLn(Af ). By applying Lemma 2.4.7 of [47], for each i, there exists a compact open

subgroup Mi ⊂ GLn(Af ) containing Li. Then we only need to prove that (
⋃s
i=1 giMi) ∩

G(Q) is discrete in G(R).
Let i ∈ {1, 2, . . . , s}, we first prove that giMi ∩ G(Q) is discrete in G(R): Firstly, we

have that giMi ∩ GLn(Q) is compact in GLn(R), because there exists an N ∈ Z>0 such

that giMi ⊂ GLn(Ẑ[ 1N ]), and GLn(Ẑ[
1
N
]) ∩ GLn(Q) = GLn(Z[ 1N ]) is discrete in GLn(R).

We can now conclude that giMi ∩ G(Q) is discrete in G(R) because of the following

commutative diagram, where arrows are all continuous:

giMi ∩G(Q) G(R)

giMi ∩GLn(Q) GLn(R)

Because G(R) is compact, then we may conclude that giMi ∩ G(Q) is finite. Therefore,

the subspace (
⋃s
i=1 giMi) ∩G(Q) is discrete in G(R).

Remark 1.1. Let G be an affine algebraic group over Q, and let K be a compact open

subgroup of G(A) (we do not assume the compactness of G(R)). Repeating the above

proof, we conclude that K ∩G(Q) is discrete in G(R).

In the following, let G be an algebraic group over Q, we assume that Z(G) is isogenous

over Q to a torus of the form Ts × Ta where Ts splits and Ta is anisotropic over R. Then
we have the following proposition:

Proposition 1.2. Let K be a compact open subset of G(A), then K∩(Z(G)(Q)) is finite.

Proof. Let ϕ : Z(G) → Ts × Ta be an isogeny over Q. First, note that

K ∩ (Z(G)(Q)) = K ∩ (Z(G)(A)) ∩ (Z(G)(Q)) ⊂ Kf ∩ (Z(G)(Af )) ∩ (Z(G)(Q)),

where Kf is the projection of K onto G(Af ). Let K ′ denote Kf ∩ (Z(G)(Af )), then K
′

is a compact open subset of Z(G)(Af ), and it is enough to prove that K ′ ∩ Z(G)(Q) is

finite.

For all g ∈ K ′, there exists a compact open subgroup Kg ⊂ g−1K ′ ⊂ Z(G)(Af ), then

{gKg : g ∈ K ′} is an open covering of K ′. By the compactness of K ′, there exists a finite

subset of {gKg : g ∈ K ′}, which is a covering of K ′.

Then we may assume K ′ = gL, where g ∈ K ′ ⊂ Z(G)(Af ) and L is a compact open

subgroup of Z(G)(Af ). Then ϕ(gL) = ϕ(g)ϕ(L) where ϕ(L) is a compact subgroup of

(Ts × Ta)(Af ). Note that there exists a compact open subgroup M ⊂ (Ts × Ta)(Af ) such

that ϕ(L) ⊂M (see Lemma 2.4.7 of [47]). Then we only need to prove that ϕ(g)M ∩(Ts×
Ta)(Q) is finite, because ϕ is an isogeny and ϕ(gL∩(Z(G)(Q))) ⊂ ϕ(g)M ∩((Ts×Ta)(Q)).
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First, we show that ϕ(g)M ∩Ts(Q) is finite. We may write Ts = Gr
m for some r ∈ Z≥0,

then ϕ(g)M ∩Gr
m(Af ) ⊂ Gr

m,Z(Ẑ[ 1N ]) for some N ∈ Z>0. Then we have

ϕ(g)M ∩Gr
m(Q) = (ϕ(g)M ∩Gr

m(Af )) ∩Gr
m(Q) ⊂ (Gr

m,Z(Ẑ[
1

N
]) ∩Gr

m(Q)).

And we have that Gr
m,Z(Ẑ[ 1N ]) ∩ Gr

m(Q) = Gr
m,Z(Z[ 1N ]) is finite, thus ϕ(g)M ∩ Ts(A) is

finite.

Now we prove that ϕ(g)M ∩ Ta(Q) is finite. This follows because ϕ(g)M ∩ Ta(Q) is

discrete in Ta(R) (see Lemma 1.1), and Ta(R) is compact.

2 An application to trace formula

In this section, we deduce a lemma on trace formula. Let G be a connected reductive

group over Q. We assume the following:

• The centre Z(G) is isogenous over Q to a torus of the form Ts× Ta, where Ts splits

and Ta is anisotropic over R (the condition before Proposition 1.2).

• For all elliptic semi-simple elements γ ∈ G(Q), we assume that R(Gγ/Q) is trivial,

where Gγ is the centralizer of γ in G and R(Gγ/Q) is defined in §4 of [28].

• The derived group Gder of G is simply connected, and Gder has no E8 factors (then

Gλ is connected for λ ∈ G(Q), see [23]; and τ(Gder) = 1, where τ(Gder) is the

Tamagawa number of Gder, see [29]).

Let G∗ be the quasi-split inner form of G, then we have the following lemma:

Lemma 2.1. For an arbitrary f ∈ H(G(A)), let fG∗ ∈ H(G∗(A)) denote the transfer of

f . Then we have TGe (f) = STG
∗

e (fG
∗
), where Te(f) is the elliptic part of the geometric

side of the trace formula for G (as defined in 9.2 of [28]), and STe(f
G∗
) is the elliptic

part of the geometric side of the stable trace formula for G∗ (as defined in 9.2 of [28]).

Proof. Let ψ : GQ → G∗
Q be an inner twisting. For each γ0 ∈ G(Q), we choose γ∗0 ∈ G∗(Q)

such that ψ(γ0) is stable conjugate to γ∗0 (by §6 of [23], such a choice is always possible.

Then we have that G∗
γ∗0

is an inner form of Gγ0 with a canonical inner twisting given by

ψ|Gγ0,Q
(see Lemma 5.8 of [23]). By applying Proposition 1.1, we have that ψ|Z(G) (resp.

ψ|Z(Gγ0 )
) gives isomorphism between Z(G) and Z(G∗)( resp. Z(Gγ0) and Z(G

∗
γ∗0
)), then

by the definition of R(Gγ0/Q) (see 4.6 of [28]), we have R(G∗
γ∗0
/Q) ∼= R(Gγ0/Q) is trivial.

For an arbitrary γ0 ∈ Z(G)(Q), we have that ψ(γ0) ∈ Z(G∗)(Q) (see Proposition 1.1).

By 9.3.1 in [28], we have SOψ(γ0)(f
G∗
) = e(γ0)Oγ0(f) with e(γ) defined in 9.3 of [28] for

γ ∈ G(A). For γ ∈ G(Q), by assumption, we know that Gγ is connected, then Gγ,v

is connected for all places v (because Gγ is connected implies that Gγ is geometrically
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connected, see Proposition 1.14 in [48]). Then we have e(γ) = e(Gγ) = 1 (see [24] and

e(Gγ) is also defined in [24]). Therefore, we have

fG(γ0) = Oγ0(f) = SOψ(γ0)(f
G∗
) = fG

∗
(ψ(γ0)).

Applying Proposition 1.1 again, we obtain

∑
γ0∈Z(G∗)(Q)

fG
∗
(γ0) =

∑
ψ(γ0)∈Z(G)(Q)

f(ψ(γ0)) =
∑

γ0∈Z(G)(Q)

f(γ0) (A.1)

and by Proposition 1.2, the sums are all finite sums.

We use E(G) (or E(G∗)) to denote the stable conjugacy class of elliptic semi-simple

elements in G(Q) (or G∗(Q)), and we use E∗(G) (or E∗(G∗)) to denote the stable con-

jugacy class of non-central elliptic semi-simple elements in G(Q) (or G∗(Q)). Then we

have that E(G) = E∗(G) ∪ (Z(G)(Q)), E(G∗) = E∗(G∗) ∪ (Z(G∗)(Q)). By 9.1 and 9.6.5

in [28], we have

TGe (f)−
∑

γ0∈Z(G)(Q)

τ(G)f(γ0) =
∑

γ0∈E∗(G∗)

τ1(G)
∑
γ

e(γ)Oγ(f)

where τ1(G) = τ(G)/τ(GSC) = τ(G) and γ runs over a set of representatives for the

G(A)-conjugacy classes in G(A) contained in the G(A)-conjugacy class of ψ−1(γ0). By

9.3.1 in [28], we have that
∑

γ e(γ)Oγ(f) in the above formula is equal to SOγ0(f
G∗
) (note

that SOγ0(f
G∗
) = 0 if γ0 is not associated to any elements in G(Q)). Therefore, we have

TGe (f) =
∑

γ0∈Z(G)(Q)

τ(G)f(γ0) +
∑

γ0∈E∗(G∗)

τ1(G)
∑
γ

e(γ)Oγ(f)

=
∑

γ0∈Z(G∗)(Q)

τ(G∗)fG
∗
(γ0) +

∑
γ0∈E∗(G∗)

τ(G∗)SOγ0(f
G∗
)

(we use (1) and τ1(G) = τ(G)/τ(GSC) = τ(G) = τ(G∗), see [29])

=
∑

γ0∈Z(G∗)(Q)

τ(G∗)SOγ0(f
G∗
) +

∑
γ0∈E∗(G∗)

τ(G∗)SOγ0(f
G∗
)

=
∑

γ0∈E(G∗)

τ(G∗)SOγ0(f
G∗
) = STG

∗

e (fG
∗
)

with STG
∗

e (fG
∗
) as defined in 9.2 in [28].
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Summary

The Langlands–Kottwitz method
and the Newton stratification of
certain compact unitary Shimura

varieties

In this thesis, we study the interplay between arithmetic geometry and the theory

of automorphic forms via Shimura varieties, with a focus on the Newton stratification

of of certain compact unitary Shimura varieties, which we refer to as Kottwitz varieties.

The étale cohomology of Shimura varieties carries both Galois representations and auto-

morphic representations, providing powerful tools to investigate the Langlands correspon-

dence: which predicts deep connections between Galois representations and automorphic

representations. The Langlands-Kottwitz method makes these connections explicit by

counting points on Shimura varieties over finite fields, and express the counts in terms of

orbital integrals, which can be further expressed in terms of automorphic forms using the

Arthur-Selberg trace formula.

In [35], Kret adapts the Langlands-Kottwitz method to study Newton stratification

of Shimura varieties, and certain Newton strata of Kottwitz varieties are also studied in

[35] using the trace formula and representations of general linear group over p-adic fields.

In this thesis, we implement the adapted Langlands-Kottwitz method to study new cases

of Newton Strata of Kottwitz varieties. In doing so, additional techniques are employed,

including representations of quasi-split unitary groups over p-adic fields, twisted trace

formula and combinatorial study of double cosets of symmetric groups.

In Chapter 2, we apply the Langlands-Kottwitz method to study the basic stratum of

Kottwitz varieties of signature (1, 2) (p inert), in which case the stratum is a curve, and

we use representation theory of quasi-split unitary groups of rank 3 over p-adic fields to

study the basic stratum. This chapter serves as an introduction to our methods through a

relatively accessible example. We derive an automorphic description of the zeta function
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of the basic stratum, as well as automorphic description of the genus and the number of

irreducile components of the stratum.

We switch to a different case in Chapter 3, where combinatorial studies of double

cosets of symmtric groups and certain polynomial functions play an important role. We

study certain intermediate strata of Kottwitz varieties (p splits) and we derive explicit

formulas for the Frobenius-Hecke traces of the étale cohomology of certain intermediate

strata. This chapter is adapted from the paper [46], https://arxiv.org/abs/2507.04122,

written by the author of this thesis.

Chapter 4 is the most technical part of the thesis and is adapted from the paper [45],

https://arxiv.org/abs/2411.01224, written by the author of this thesis. In this chapter,

we use twisted trace formula and representation theory of general linear group over p-adic

fields to study the basic stratum of certain Kottwitz varieties (p inert), and we get an

automorphic description of the zeta function of the stratum.
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De Langlands–Kottwitz methode
en de Newton-stratificatie van
bepaalde compacte unitaire

Shimuravariteiten

In dit proefschrift bestuderen we de interactie tussen rekenkundige meetkunde en de

theorie van automorfisch vormen via Shimuravariteiten, met een focus op de Newton-

stratificatie van bepaalde compacte unitaire Shimuravariteiten, die we aanduiden als

Kottwitzvariteiten. De étale cohomologie van Shimuravariteiten draagt zowel Galois-

representaties als automorfisch representaties, en biedt krachtige instrumenten om de

Langlands - correspondentie te onderzoeken, die diepgaande verbanden voorspelt tussen

Galois-representaties en automorfisch representaties. De Langlands–Kottwitz methode

maakt deze verbanden expliciet door het tellen van punten op Shimuravariteiten boven

eindige velden, waarbij deze tellingen kunnen worden uitgedrukt in termen van orbitale in-

tegralen, die op hun beurt via de Arthur–Selberg tracerformule verbonden kunnen worden

met automorfisch vormen.

In [35] past Kret de Langlands–Kottwitz methode aan om de Newton-stratificatie

van Shimuravariteiten te bestuderen, en bepaalde Newton-strata van Kottwitz-variteiten

worden eveneens bestudeerd in [35] met behulp van de tracformule en representaties van

algemene lineaire groepen over p-adische velden. In dit proefschrift implementeren we

de aangepaste Langlands–Kottwitz methode om nieuwe gevallen van Newton-strata van

Kottwitz variteiten te bestuderen. Daarbij worden aanvullende technieken toegepast,

waaronder representaties van quasi-samengestelde unitaire groepen over p-adische velden,

twisted tracerformule en combinatorische studies van dubbele klassen van symmetrische

groepen.

In Hoofdstuk 2 passen we de Langlands–Kottwitz methode toe om de basale straal

van Kottwitzvariteiten van signatuur (1, 2) met p inert te bestuderen. In dit geval is
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de straal een kromme, en gebruiken we de representatietheorie van quasi-samengestelde

unitaire groepen van rang 3 over p-adische velden om deze basale straal te analyseren. Dit

hoofdstuk dient als introductie tot onze methode via een relatief toegankelijk voorbeeld.

We verkrijgen een automorfe beschrijving van de zeta-functie van de basale straal, evenals

een automorfisch beschrijving van het genus en het aantal irreducibele componenten van

de straal.

In Hoofdstuk 3 behandelen we een ander geval, waarbij combinatorische studies van

dubbele klassen van symmetrische groepen en bepaalde polynoomfuncties een belangri-

jke rol spelen. Hier bestuderen we intermediaire strata van Kottwitzvariteiten (met p

split) en leiden we expliciete formules af voor Frobenius–Hecke-traces van de étale coho-

mologie van deze strata. Dit hoofdstuk is aangepast uit het artikel [46], beschikbaar op

https://arxiv.org/abs/2507.04122 , geschreven door de auteur van dit proefschrift.

Hoofdstuk 4 is het meest technische deel van het proefschrift en is aangepast uit het

artikel [45], https://arxiv.org/abs/2411.01224 , eveneens geschreven door de auteur van

dit proefschrift. In dit hoofdstuk gebruiken we twisted trace-formules en representatiethe-

orie van algemene lineaire groepen over p-adische velden om de basale straal van bepaalde

Kottwitzvariteiten met p inert te bestuderen, en verkrijgen we een automorfe beschrijving

van de zeta-functie van deze straal.
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