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Abstract
Consider a single server that should serve a given number of customers during a fixed period. The appointment scheduling
problem (ASP) determines the schedule of planned appointments that minimizes some cost function that accounts for both
the cost of idle times and the cost of waiting. When service time distributions are fully specified, the ASP presents a much-
investigated computationally challenging stochastic program. When service time distributions are only partially specified, one
can apply distributionally robust optimization (DRO) to find the schedule that minimizes costs in worst-case circumstances.
We assume that only the mean, mean absolute deviation and range of the service times are known and develop a DRO
method that finds the optimal (mini–max) schedule. For independent service times, the min–max problem becomes nonlinear
and difficult, if not impossible, to solve exactly. Existing DRO methods for ASP with partial information (such as mean
and variance), therefore, consider relaxations that allow correlations between service times. Such relaxations have major
repercussions, as the worst-case scenario will then be highly correlated. Our method thus deals with independent service
times and finds a robust schedule as the solution to a linear program. We identify several new structural features of optimal
robust schedules. We also apply the method to model extensions including sequencing and alternative objective functions.

Keywords
Appointment Scheduling, Service Operations Management, Independent Service Times, Distributionally Robust Optimization,
Stochastic Programming
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1 Introduction
Unpredictability of arrival times and service times can lead
to long waiting times and idleness, signals of poor quality
of service and inefficient capacity usage. Ideally, a service
system combines high quality and high efficiency. One way
to achieve this dual goal is by having appointments sched-
uled in advance so that customer waiting times are shortened
and server utilization is increased. Appointment scheduling
has long been recognized as a way to better regulate ser-
vice processes. Spurred by the increased availability of online
reservation systems and teleservices, appointment scheduling
rapidly gained further ground and became a driving factor in
regulating modern economies.

Finding the best schedule of planned appointments is
known in the queueing literature as the appointment schedul-
ing problem (ASP). The basic version of this problem involves
a single server that serves a total of n customers over a period

of length T . The service times are independent and identically
distributed (i.i.d.) random variables and the objective function
consists of the weighted sum of the expected waiting times and
the expected idle times. The ASP then aims to determine the
optimal schedule of arrival times that minimizes the objective
function and strikes the right balance between wait and effi-
ciency. Customers arrive punctually on the scheduled times
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(an assumption that can be easily relaxed) and wait in a queue
before receiving service. Notice that queues are formed due to
the stochastic service times. The ASP describes services that
require instore or onsite visits, such as surgeries or outpatient
clinics (Cayirli and Veral, 2003), but also remote care and tele-
services. These are often service systems that operate close
to maximum capacity, which can lead to long waiting times,
urging the need to find a good if not optimal schedule.

Solving the ASP, and finding the optimal schedule, involves
a stochastic optimization problem with an objective function
that accounts for both the cost of idle times and the cost of
waiting. This optimization problem requires as input the dis-
tributions of the uncertain sources, such as the service times
(length of appointments) and arrival times. With historical data
you could statistically estimate the service time distributions,
but we take a different, more robust approach in this paper.
We work under the assumption that we do not know the dis-
tribution but only have access to partial information in the
form of summary statistics. More specifically, we assume that
we know the mean, the mean absolute deviation (MAD) and
the range of the service times. We then analyze the stochas-
tic ASP with this partial information to find a robust optimal
schedule that applies to all distributions that share the same
partial information. We determine the robust schedules under
partial information with a min–max analysis consisting of two
steps. First, we determine the worst-case (maximum) total cost
under the conditions of the partial information. Then we deter-
mine the schedule by minimizing the maximum total cost. As
will become clear, the partial information consisting of mean,
MAD and range presents a solvable maximization problem,
which makes the minimization step particularly feasible and
leads to optimal schedules with insightful structures.

The min–max approach in this paper belongs to a much
larger class of distributionally robust approaches that seek
to calculate worst-case model performance, over the set of
distributions satisfying some partial information, with appli-
cations in many domains such as scheduling (Kong et al.,
2013; Mak et al., 2015), portfolio optimization (Delage and
Ye, 2010; Popescu, 2007) and inventory management (Perakis
and Roels, 2008). A classic distributionally robust approach
is due to Scarf (1958), who considered the newsvendor prob-
lem with mean-variance demand information. Scarf was able
to derive explicit expressions for the worst-case distribution
and solved the min–max problem to obtain the optimal order
quantity. An overview of many more applications of distribu-
tionally robust optimization (DRO) can be found by Rahimian
and Mehrotra (2019).

Compared with tractable one-dimensional problems such
as the newsvendor model, applying DRO techniques to prob-
lems with multiple independent random variables and distribu-
tions presents considerable, if not insurmountable, challenges.
An early account of these specific challenges of multiple
independent random variables can be found in the work by
Kingman (1963), who searches for tight bounds for 𝔼[f (X)]

with f a real-valued function and X a vector of random vari-
ables for which partial information is available, such as the
first few moments. For the univariate case, Kingman shows
that a standard optimization technique—related to the dual-
ity theory of general conic linear programs (LPs) and moment
problems (Shapiro, 2001)—yields tight bounds. For the mul-
tivariate case, Kingman explains that the same approach no
longer works because the dual problem can only be solved
by allowing dependence between the random variables. That
leads to less sharp bounds, or in Kingman’s words: “It is not
altogether surprising that this larger class of random variables
allows a wider range of values of 𝔼[f (X)] to be attained. (⋯)
These we must expect to be fairly weak, and the determi-
nation of refinements of these inequalities which are sharp
is an unsolved problem, apparently of very considerable dif-
ficulty.” It is indeed well-known in the DRO literature that
multiple independent variables can cause major problems, and
that allowing correlation often alleviates these problems. In
DRO one needs to find the worst-case distribution within the
ambiguity set. The expectation 𝔼ℙ[⋅] is typically a linear oper-
ator relative to the (joint) probability distribution ℙ. However,
to account for the independence assumption, the nonconvex
product measure must be introduced. Hence, finding the worst-
case distribution involves solving an optimization problem
where the objective is multilinear in the probabilities, ren-
dering it highly nonconvex. For the classic ASP, we are in
fact facing this challenging setting with multiple independent
random variables, as the objective function depends on all n
independent service times.

Why do we then focus on independent random vari-
ables when it creates such considerable challenges? Indeed,
it may be mathematically easier to allow for correlated ran-
dom variables or to include correlation information. However,
while correlations may exist in some situations, the indepen-
dence assumption provides a baseline that can be adjusted, or
expanded upon, based on specific characteristics of a given
system. Let us now list four reasons as to why the indepen-
dence assumption became the standard for classical appoint-
ment scheduling. First, the independence assumption aligns
well with service systems that cater to diverse needs of a
large and varied customer base. Take healthcare as an exam-
ple. In a large patient population, there is likely to be a
diverse range of health conditions and medical needs. Dif-
ferent individuals may have different illnesses, conditions,
or preventive care requirements. This diversity contributes
to the independence of healthcare demands, as the health
issues of one patient may not be strongly correlated with
those of another. At the same time, it is important to note
that there are situations where dependencies may exist, such
as during disease outbreaks or when certain health condi-
tions are more prevalent in specific subpopulations. Second,
stochastic models based on independence allow for the use
of well-established probability distributions (e.g., exponential
distributions for service times) and queueing models, mak-
ing analysis and optimization more straightforward (which is
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generally not true for DRO). This explains why queueing-
based papers in this area all rely on the i.i.d. assumption. Third,
independent service times simplify the design and implemen-
tation of scheduling algorithms and make it easier to predict
and plan for future demand. If appointment durations are influ-
enced by prior appointments, predicting future service times
becomes more challenging. Independence thus simplifies fore-
casting and allows better scheduling decisions. Fourth, statis-
tical analysis, inference and sensitivity analysis become more
straightforward with the independence assumption. Common
statistical tools and tests rely on the assumption of indepen-
dence for valid results. This simplifies the application of statis-
tical techniques to estimate parameters and make predictions
about future system behavior. Changes such as an increase in
the arrival rate or increased service time deviation can be more
clearly understood without the complicating effects of correla-
tions between appointment times. As will become clear, DRO
is particularly sensitive and leads to vastly different sched-
ules when the independence assumption is dropped. As Mak
et al. (2015: p. 319) notes, “the worst-case distribution corre-
sponding to a given solution could be highly correlated, which
does not accurately reflect the independence of job durations.”
Taken together, independent service times make models more
generally applicable across different scenarios and settings.
We should acknowledge that the assumption of independent
service times is a simplification, and real-world systems may
exhibit dependencies. However, in many practical scenarios,
the advantages of assuming independence outweigh the draw-
backs, especially when it comes to designing efficient and
manageable scheduling systems. If specific situations require
considering correlations, more sophisticated models can be
developed to address those complexities, as we shall also
demonstrate in this article.

In what follows, we introduce a new perspective for solv-
ing the ASP under partial information by introducing a DRO
approach that can deal with i.i.d. service times. We start with
a detailed model description in Section 2, where we also dis-
cuss more ASP and DRO literature and formulate the main
contributions of this paper. Section 3 presents the new robust
perspective for the ASP. We show how robust schedules can
be determined as solutions to LPs and draw comparisons with
other DRO approaches, including those with correlated ser-
vice times. Section 4 discusses several extensions of the classic
ASP model, such as sequencing decisions when service times
can have different distributions. We also discuss an alternative
model for the ASP that uses as objective the conditional value
at risk (CVaR), to address risk aversion and unfairness, and
an asymptotic version of the model, with equidistantly spaced
arrival times, that serves as an approximation to the ASP
as the number of appointments grows large. For all stochas-
tic programs in Section 4, our robust method gives rise to
LP reformulations and insightful robust schedules. Additional
supporting material, including detailed proofs and extended
analyses, is provided in the electronic companion (EC) to this
article. We present some conclusions in Section 5.

2 Robust Appointment Scheduling
We now give a more precise specification of the ASP, with full
and partial information, discuss more literature, and summa-
rize our main contributions for robust appointment scheduling.

2.1 ASP With Full Information
Consider a total of n customers that need service from a sin-
gle server during a period of length T . The goal is to find
the appointment book (the arrival times of all n customers)
that minimizes costs associated with waiting times, idle times
and overtime. Let Xk denote the service time of customer k
and assume that all customers arrive precisely according to
schedule. The scheduling problem is then to determine the
interarrival times between customers, given the sequence in
which they arrive. We use sk to denote the interarrival time
between job k and the next job, that is, the length of the
slot reserved for job k. The vector s = (s1, s2,… , sn) will
be referred to as the schedule. Job k is thus scheduled to
arrive at time

∑k−1
i=1 si. Define the set of all possible schedules

 = {s ∈ ℝn
+ : s1 + ⋯ + sn ≤ T}, where T is a positive

upper time limit within which the schedules should be fit. Let
Wk denote the delay of job k and let Wn+1 denote the overtime.
Delay cost is incurred at rate cw. If the last job is completed
after time T , an overtime cost is incurred at rate co. Let W1 = 0
and Wk = (Wk−1 + Xk−1 − sk−1)+, k = 2,… , n + 1. It is then
natural to seek a schedule s ∈ S that minimizes the total delay
and overtime cost

fn(s, X) = cw

n∑

k=2

Wk + coWn+1, (1)

and the classic ASP can be formulated as follows:

min
s∈

𝔼ℙ[fn(s, X)], (2)

with the expectation taken over the distributionℙ of the service
times X = (X1,… , Xn). To simplify the exposition, we focus
on the objective function (1) without idle times. It should be
noted that, for identical idle time costs, one can construct an
equivalent instance of the ASP with only waiting and overtime
costs that have the same optimal solution (see, e.g., Denton
et al., 2010: Proposition 1).

The ASP thus tries to find an optimal design through an
objective function that weighs conflicting performance mea-
sures, a tried and tested concept in OR. A prerequisite for
successful execution is the availability of tractable expres-
sions for the performance measures and thus the objective
function. Special for the ASP is that the objective function
consists of performance measures of a single-server queue,
which in full generality renders an intractable optimization
problem. With that in mind, we divide the ASP literature into
two methodological directions.

The first direction uses advanced queueing theory and
approaches the ASP with explicit queue analysis and tractable
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objective functions (Bailey, 1952; Green and Savin, 2008;
Hassin and Mendel, 2008; Kaandorp and Koole, 2007; Kuiper
et al., 2017; Liu, 2016; Mercer, 1960; Wang, 1993; Zacharias
and Pinedo, 2014; Zacharias and Yunes, 2020; Zhou et al.,
2021). This queueing approach requires further simplifying
assumptions that facilitate exact analysis. Many works in this
direction use specific service time distributions (such as expo-
nential and phase-type distributions), and some also assume
stationarity, hence approximating the ASP with finitely many
appointments with an idealized model that considers an infi-
nite number of appointments. Indeed, stationary, long-term
queue analysis is simpler than non-stationary analysis. Since
the stationary regime makes no distinction between customers,
the approximate schedule is equidistant with slots of fixed size,
which in many cases is far from optimal.

The second direction avoids advanced queueing theory and
views the ASP as an optimization problem which only requires
the distribution of the service times and the queue dynam-
ics, that is, the recursive relations that describe the waiting
times and idles times as function of the appointment times
and service times. The expected value problem (2) can be
(approximately) solved using various methods, including sam-
ple average approximation (SAA), quasi-gradient methods
and sequential bounding approaches; see, for example, Begen
et al. (2012), Birge and Louveaux (2011), Robinson and Chen
(2003), and Shapiro et al. (2009). SAA leverages that, for a
given realization of service times x = (x1,… , xn), the optimal
schedule solves the LP

fn(s, x) =min
w

cw

n∑

k=2

wk + cown+1

s.t. w2 ≥ x1 − s1,

wk+1 ≥ wk + xk − sk , k = 2,… , n,

wk ≥ 0, k = 2,… , n + 1.

(3)

For more background on the numerical implications of SAA,
see Shapiro et al. (2009: Section 5.3). These optimiza-
tion methods can be computationally intensive and more-
over require a precise description of the distribution ℙ or at
least a sufficient number of independent samples from this
distribution.

2.2 Robust ASP With Partial Information
The computational problems of the full-information ASP, and
the wish to design robust schedules that can deal with sit-
uations of partial information, have triggered earlier studies
using min–max analysis and partial distributional informa-
tion of the uncertain service times such as range, marginal
moments and covariance. The distribution-free methods, pro-
posed in these studies, lead to schedules that minimize the
worst-case expected objective value among all possible dis-
tributions that comply with the partial information, as in the

present article. The robust ASP can be formulated as follows:

min
s∈

max
ℙ∈

𝔼ℙ[fn(s, X)], (4)

with  the feasible set of appointment schedules and ambigu-
ity set  taken to be the family of all probability distributions
consistent with the information known about the probability
distribution of X. This information can include, for example,
moments and covariance structures. Several papers solve some
version of the robust ASP in (4) (Bertsimas et al., 2018; Kong
et al., 2013; Mak et al., 2015; Qi, 2016; Padmanabhan et al.,
2021). Kong et al. (2013) formulated for known mean and
covariance a robust min–max problem that can be approxi-
mately solved by semidefinite programming. Mak et al. (2015)
constructed for known marginal moments of the service time
a tractable conic program. Both approaches cannot cope well
with the case of i.i.d. service times, for the reasons explained
earlier. That is, without restricting covariance and only speci-
fying marginal moments, the worst-case probability distribu-
tions often correspond to highly correlated, unrealistic service
times, see Mak et al. (2015), while explicit specification of
covariance leads to nonlinear hard-to-solve optimization mod-
els, see Kong et al. (2013). We will discuss these and other
DRO papers (Bertsimas et al., 2018; Padmanabhan et al.,
2021) in more detail later, but none of them can handle the
setting of independent service times. To understand why the
independent/i.i.d. case stays out of reach, notice that indepen-
dent service times make the expectation in (4) nonlinear and
nonconcave (viewed as a function of the probability distribu-
tion). Therefore, the associated semi-infinite program is no
longer a convex optimization problem, which makes it hard,
if not impossible, to find the worst-case distribution.

2.3 Features of Optimal Schedules
Several universal features of optimal schedules were reported
in the literature. For i.i.d. service times with a known distri-
bution, Denton and Gupta (2003), Robinson and Chen (2003),
and Wang (1993) observed independently that optimal sched-
ules typically follow a “dome-shape” pattern, with successive
time slots first increasing and later decreasing. This schedule
allocates more time for customers in the middle and less time
to customers at the beginning and the end of the day. This uni-
versal pattern fits with queueing theory intuition. Delays that
arise early cause further delays, which pleads for longer slots
in early stages. However, longer slots increase the chance of
idleness. Shorter slots at the beginning and end of the day pre-
vent idling and overtime, while longer slots in the middle of
the day protect against long waiting times for many customers.

In most robust studies with only partially known service
time distributions, it is not the dome-shape but a “decreas-
ing” schedule in which the slot lengths become smaller (Jiang
et al., 2017; Mak et al., 2015). This has to do with correlations
between service times that are tolerated in the robust optimiza-
tion models. The robust schedule is meant to guard against
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the worst-case scenario, which due to correlations, will be a
scenario where long service times will follow each other at
the beginning of the period. Because early delays are likely
to transfer into delays for downstream jobs, this potentially
creates major problems that can be mitigated by allocating
more time for these first jobs. Such worst-case scenarios with
positively correlated service times of consecutive customers
inevitably lead to a strategy that avoids early delays, hence the
decreasing schedule.

This decreasing schedule is also at odds with the famous
Bailey’s scheduling rule that lets the first two customers arrive
at the start of the day, and schedules succeeding appointments
at intervals equal to the expected service time (Bailey, 1952;
Kong et al., 2013). Bailey shows, using Monte-Carlo simula-
tion, that this rule—which is an extreme case of an increasing
(as opposed to decreasing) schedule—strikes a good balance
between idle times and waiting times. With two customers
present the server will not idle early on, while the waiting times
remain acceptable.

Allowing or banning correlations among service times thus
leads to vastly different worst-case scenarios and min–max
system designs. When anticipated, or statistically estimated,
it makes sense to include correlations. However, there are also
many situations where the independence assumption is more
realistic and preferable. Moreover, the classic ASP with its
origin in the single-server queue and inherent independence
assumption serves as the benchmark model in the field. We
therefore develop a robust optimization method for the ASP
that can deal with independent service times. We will also
explain why most other robust ASP studies cannot deal with
the independence assumption.

2.4 Summary of Main Contributions
We highlight the following contributions to the ASP
literature:

(i) We present a robust solution method for the classic ASP
that is suitable for independent service times. For this, we
work with partial information that includes MAD instead
of variance. This gives a solvable min–max problem,
where the worst-case scenario leading to the maximum
expected costs under partial information—the max of
min–max—is given by independent three-point distribu-
tions for the service times. These three-point distributions
do not depend on the number of customers and hence
remain the same for all problem sizes.

(ii) We also show that the min–max problem is computation-
ally tractable, by performing the minimization after the
maximization. The three-point distributions that follow
from the maximization thus serve as input for the min-
imization, which can therefore be written as a standard
stochastic program, solvable as an LP or as a stochastic
program with, for example, SAA. To accurately approx-
imate the optimal solution, SAA typically requires a

number of samples that depends on n (i.e., the dimension
of the problem). In our case, the required sample size for
obtaining a near-optimal solution remains manageable
because we work with three-point distributions. Further-
more, we develop an algorithm that can solve larger
instances than traditional DRO methods which incorpo-
rate correlation information, under relatively mild addi-
tional assumptions. This algorithm takes full advantage
of the fact that service times are independent and that,
under this independence assumption, the worst-case dis-
tribution is a discrete distribution known in advance
without the need to solve explicitly a DRO problem.

(iii) Unlike other robust methods, our method leads to worst-
case scenarios that respect the independence assumption.
Most other robust studies do not impose independence,
resulting in extreme worst-case scenarios, where long ser-
vice times follow each other in rapid succession (due
to the tolerated correlations). These scenarios in turn
yield overly conservative schedules that build in most
slack in the initial stages of the planning horizon. Our
method gives realistic worst-case scenarios for the inde-
pendent setting, and hence intuitive robust schedules that
resemble for instance dome-shape patterns and Bailey’s
rule.

(iv) Finally, we show that our robust method does not only
work for the classic ASP, but for many variants and exten-
sions. We consider approaches for other settings with
correlation structures and min–min (instead of min–max)
analysis but also for extended models that include fea-
tures such as sequencing and risk-aversity. The latter
extensions are typically difficult to solve in the partial-
information setting. However, when using mean–MAD
information, the partial-information setting reduces to
the full-information setting since we know a priori the
worst-case distribution, which is independent of the deci-
sion variables, and the extensions are therefore solvable
as stochastic programs.

3 Novel DRO Approach for ASP
In Section 3.1, we discuss the ASP under partial infor-
mation and present our min–max method for mean, MAD
and range information of the service time distribution. In
Section 3.2, we discuss the numerical aspects of this approach
and present several structural properties of the robust sched-
ules. In Section 3.3, we present a min-min method, comple-
menting the upper bounds found in Section 3.1 with lower
bounds. In Section 3.4, it is demonstrated that explicitly incor-
porating the independence assumption leads to substantially
sharper bounds.

3.1 Solvable Min–Max Problem
We now turn to the distributionally robust approaches for the
ASP (4) and seek for the solution of the min–max problem for
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independent service times. Observe that

fn(s, X) = cw

n−1∑

k=1

gk(s, X) + cogn(s, X), (5)

where

gk(s, X) = max
{

0, Xk − sk ,
k∑

j=k−1

(
Xj − sj

)
,… ,

k∑

j=1

(
Xj − sj

)}
, k = 1,… , n, (6)

which is obtained by recursively applying Lindley’s formula
Wk = max{0, Wk−1 + Xk−1 − sk−1}, see Lindley (1952). Upon
noting that (6) represents the pointwise maximum of affine
functions, we readily arrive at the following result:

LEMMA 1. The function fn(s, X) is jointly convex in s and X.

Because the function fn(s, ⋅) is convex, we choose to work
with the mean–MAD ambiguity set

(𝜇,d) =
{
ℙ : supp(Xk) ⊆ [ak , bk],𝔼ℙ[Xk] = 𝜇k ,

𝔼ℙ
[
|Xk − 𝜇k|

]
= dk , ∀k, Xk ⟂⟂ Xj, ∀k ≠ j

}
, (7)

where Xk ⟂⟂ Xj,∀k ≠ j denotes the stochastic independence
of the components X1,… , Xn. This ambiguity set is known
to generate, in conjunction with convex objective functions,
explicit worst-case distributions and tight bounds, see Ben-Tal
and Hochman (1972) and Postek et al. (2018). After applying
these results to the maximization problem in (4), we obtain the
following result:

LEMMA 2. The extremal distribution that solves
maxℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)] consists for each Xk of the three-point
distribution on {ak ,𝜇k , bk}.

For notational convenience, we denote the three values of
the extremal distribution of Xk as 𝜏(k)

1
= ak , 𝜏(k)

2
= 𝜇k , 𝜏(k)

3
= bk

and the associated probabilities as

p(k)
1

=
dk

2(𝜇k − ak)
, p(k)

2
= 1 −

dk

2(𝜇k − ak)
−

dk

2(bk − 𝜇k)
,

p(k)
3

=
dk

2(bk − 𝜇k)
. (8)

Since this extremal distribution is independent of s, we can
substitute the 3n terms (all values of the n independent three-
point distributions of X1,… , Xn) and still maintain a con-
vex function in s. The worst-case expectation of fn(s, X) is
obtained by enumerating over all 3n permutations of outcomes
ai,𝜇i, bi for each of the components X1,… , Xn. Therefore,

the minimization problem over s and hence the robust ASP
with independent service times and mean–MAD ambiguity is
equivalent to

min
s∈

max
ℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)]

= min
s∈

∑

𝜶∈{1,2,3}n

n∏

i=1

p(i)
𝛼i

fn

(
s, 𝜏(1)

𝛼1
,… , 𝜏(n)

𝛼n

)
. (9)

By describing the maximum operator in (6) in terms of linear
terms, (9) can be formulated as a tractable linear optimization
problem (LP):

PROPOSITION 1. The optimization problem mins∈
maxℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)] can be written as follows:

min
s∈

∑

𝜶∈{1,2,3}n

(
n∏

i=1

p(i)
𝛼i

(
cw

n−1∑

k=1

g(k)
𝜶

+ cog(n)
𝜶

))

s.t. g(k)
𝜶

≥ 0, k = 1,… , n, ∀𝜶 ∈ {1, 2, 3}n,

g(k)
𝜶

≥

k∑

j=l

(
𝜏
(j)
𝛼j

− sj

)
, k = 1,… , n, l = 1,… , k,

∀𝜶 ∈ {1, 2, 3}n.
(10)

Here g(k)
𝜶 denotes the value of gk under permutation 𝜶.

We solve the LP (10), and other LPs presented later, with
the programming language Julia and Gurobi 9.1. Because the
number of constraints grows exponentially in n, the problem
size that we can deal with is limited (say n ≤ 15), even when
exploiting the problem structure with the L-shaped method
(see, e.g., Denton and Gupta, 2003). However, since the worst-
case distribution of the service times is known explicitly and
consists of only three support points, SAA presents an effec-
tive way of computing the bounds for large problem sizes.
In Section 3.2, we explain why SAA yields such an effective
method and also introduce a numerical procedure to solve (10)
more efficiently, albeit under several additional, yet relatively
mild, assumptions.

3.2 Computing Optimal Robust Schedules
A key observation is that the extremal distribution is known
beforehand, enabling the use of various stochastic program-
ming techniques. It is important to note that other distribu-
tionally robust methods typically necessitate performing the
optimization first and can only obtain the worst-case distri-
bution as an outcome of this process. By plugging in the
worst-case distribution, it becomes possible to formulate the
large-scale deterministic equivalent, as shown in Proposi-
tion 1. However, due to its sheer size, solving problem (10) is
impractical. As mentioned earlier, even the L-shaped method
proves impractical due to the substantial number of subprob-
lems (3) required to be solved, scaling as (3n). While variants
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like the multi-cut method and regularized decomposition can
improve the L-shaped method’s convergence speed (see, e.g.,
Birge and Louveaux, 2011: Chapter 5), they do not effectively
address the issue of managing this large number of subprob-
lems. A common method to handle this issue is to approximate
the total number of scenarios with fewer samples, specifically
through the application of SAA. As demonstrated by Begen
et al. (2012), in order to achieve a reasonably accurate approxi-
mation, the necessary number of samples from a given discrete
distribution is polynomial in the problem dimension n. To be
specific, let 𝜖 ∈ (0, 1) represent the desired accuracy level, and
𝛿 ∈ (0, 1) represent the confidence level. Then, if the number
of samples is (n6(1∕𝜖4) ln(n∕𝛿)), the optimal value obtained
from the SAA approximation has a relative error of no more
than (1 + 𝜖), compared with the exact optimal value, with a
probability of at least (1 − 𝛿).

Our primary aim in this section is to develop an algorithm,
with low computational complexity, that obtains the exact opti-
mal value and corresponding robust schedule. Central to this
approach is the discrete and explicitly known worst-case dis-
tribution. To derive a tractable algorithm, we use the results
developed by Begen (2010) on the ASP with discrete random
service times that are independent of each other. In particu-
lar, Begen (2010: Appendix A) discusses how to obtain the
subgradients of the objective function (2) with respect to the
decision vector s in polynomial time under the latter condi-
tions. Lemma 3 is a direct corollary of these results. Further,
Begen (2010: Appendix A.4) suggests using the subgradi-
ents in conjunction with nonsmooth optimization techniques.
Proposition 2 exploits the computational efficiency of comput-
ing the subgradients and describes the implementation of such
a nonsmooth optimization algorithm. We now make the fol-
lowing simplifying assumption: The support boundaries and
the mean of the service times are integer-valued. This implies
operating with a base time unit, say fixed-length slots of length
Δ = 1. For instance, Δ could represent 1 min, or possibly an
hour. If the estimated mean service time equals, for example
1.5 hr, it is necessary to switch to a finer time granularity, such
as minutes or quarters of an hour, to maintain this assump-
tion. One could also round the mean service times (e.g., in
minutes) to the nearest integer value to obtain an approxi-
mation. Selecting an appropriate time granularity involves a
trade-off: Finer slots enhance the accuracy of performance pre-
dictions, whereas larger slots reduce computational effort. It is
important to acknowledge that while our methodology is appli-
cable to finer time granularities, doing so inevitably increases
computational efforts. To apply our methodology, we must
determine the probability mass functions of customer waiting
and completion times. The waiting time for the (k + 1)th cus-
tomer can be related to the previous customer’s waiting time
using Lindley’s recursion (Lindley, 1952). Due to the discrete-
time modeling, these probabilities are easy to compute. We
compute them using discrete convolutions, leveraging the fact
that the waiting time of a customer is independent of its service
time, given that all service times X1,… , Xn are independent.

Our proposed algorithm further requires, in addition
to evaluations of the objective function, subgradients of
𝔼[fn(s, X)]. For convenience, we base the subgradients on the
left-hand partial derivatives

𝜕gk−1

𝜕sl

=

{
−1 if k > l and wj > 0 for all j = l + 1,… , k,

0 otherwise,

(11)

where wk is the waiting time of the kth customer for some
realization of the uncertainty. The relation (11) follows from
noting that sl only appears in the expression of the waiting time
of the (l + 1)th and later customers; see also (6). Intuitively,
the choice of sk will not affect the waiting time of earlier cus-
tomers. Only later customers will be affected if they, and all
customers in between, have to wait. In such a scenario, even
a marginal increase in the job allowance sk reduces the wait-
ing times for all delayed customers. Then, from (11) and some
standard analysis, it follows that

𝜕𝔼[ckgk−1]
𝜕sl

=

{
−ckℙ

(
Wl+1 > 0,… , Wk > 0

)
, if k > l,

0, if k ≤ l,

(12)

for all l = 1,… , n, where ck = cw, for k = 1,… , n, and co

for k = n + 1. Hence, we now can express the (left-hand)
partial derivatives of 𝔼[fn(⋅, X)] in terms of multivariate prob-
abilities. We shall use these partial derivatives to establish for
the expected objective value a subgradient with respect to s,
denoted by ∇𝔼[fn(⋅, X)].

It turns out that by using our discrete-time modeling, both
the expected objective values and the subgradients can be com-
puted in polynomial time in terms of the dimension n and
the upper bound of the support. The proof of this result is
delegated to Section EC.1 of the Online Appendix.

LEMMA 3. Suppose that ak ,𝜇k , bk ∈ ℕ, for all k = 1,… , n,
and X∗ follows the three-point distribution stated in Lemma
2. Then the expected value 𝔼[fn(s, X∗)] and its subgradient
∇𝔼[fn(s, X∗)] can be evaluated in (n3b̄) time, where b̄ =
max{b1, b2,… , bn}.

The subgradients can be determined exactly through a
recursive algorithm, or approximately by a sampling-based
approach estimating the multivariate probabilities in (12).
With the established methods for evaluating both the objec-
tive values and the subgradients, we introduce a subgradient
algorithm designed to converge to the optimal robust sched-
ule. This optimization procedure is a variant of the L-shaped
method that uses the subgradients computed with expression
(12). Its convergence relies on well-established results for
the L-shaped method (see, e.g., Birge and Louveaux, 2011:
Section 5.1).
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PROPOSITION 2. The optimal robust schedule that solves
mins∈ maxℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)] can be found by the following
iterative procedure:

(i) Solve mins,𝜃 𝜃 :
∑n

j=1 sj ≤ T , 𝜃 ≥ L where L is some triv-
ial lower bound for 𝔼ℙ[fn(s, X∗)], with X∗ as in Lemma
3, and store the current solution s(0), 𝜃(0). Set t = 1 and
the tolerance level 𝜖 > 0 (e.g., 𝜖 = 10−6).

(ii) Solve

mins,𝜃 𝜃

s.t. 𝜃 ≥ a⊤i x + bi, i = 1,… , t,∑n
j=1 sj ≤ T ,

(13)

and store the solution s(t), 𝜃(t).
(iii) Compute𝔼ℙ[fn(s(t), X∗)]. If𝔼ℙ[fn(s(t), X∗)]−𝜃(t) < 𝜖, then

the solution is optimal, stop. Else continue to (iv).
(iv) Compute a subgradient ā of 𝔼[fn(⋅, X∗)] at s̄ := s(t). Then

add the subgradient inequality 𝜃 ≥ a⊤
t+1

s + bt+1 with
at+1 := ā and bt+1 := 𝔼ℙ[fn(s(t), X∗)]−ā⊤s(t). Set t := t+1,
and go to (ii).

Moreover, this procedure finitely converges to an optimal
solution.

In essence, the outlined procedure yields a polyhedral outer
approximation of (10), iteratively constructed through (13)
by adding the subgradients. Since 𝔼[f (⋅, X∗)] is a polyhedral
convex function which by definition equals the pointwise max-
imum of all its finitely many supporting hyperplanes, it can be
shown that the algorithm converges in a finite number of iter-
ations. The problem instances below, which determine robust
schedules for 25 customers, can all be solved within a reason-
able time (i.e., within an hour), using the algorithm specified
in Proposition 2. It typically takes no more than 500 iterations
for the algorithm to reach the optimal solution.

We now present some first numerical results regarding
the structure of the optimal schedules, based on the LP for-
mulation (10). Figure 1 shows the mini–max schedules for
several settings with 25 customers. The optimal schedule for
the uniformly distributed service times is indeed dome-shaped,
see Denton and Gupta (2003), and turns from dome-shaped
to increasing when overtime is more heavily penalized. The
robust schedule also resembles a dome shape, but of a dif-
ferent nature: the schedule installs longer slots in a periodic
fashion. We see four such longer slots in Figure 1(a) and two in
Figure 1(b). Since waiting times build up progressively, these
longer slots can protect against long waiting times. Then, in
Figure 1(a) and (b), at some point during the day, the sched-
ule becomes constant, and the final customers arrive relatively
early since the schedules should be fitted within the time limit.
The spiked structure of the robust schedules in Figure 1(a)
and (b) can be viewed as a robust counterpart of the earlier
observed dome-shaped schedules. In Figure 1(c), we see that
for large overtime costs, the optimal schedule becomes nearly

constant, except for the final customer for which additional
time is reserved to avoid excessive overtime.

Also observe that the robust schedules in Figure 1(a) con-
sist of integer-valued appointment slots, which indeed is the
case when service times are discrete random variables; see
Corollary 8.2 by Begen and Queyranne (2011). We see this
also confirmed in Figure 2, where the reference distribution is
the (discrete) binomial distribution.

Figure 2(a) again reveals the spiked patterns, but now turns
for higher overtime costs into a flat line in Figure 2(b). This
flat line means that the robust schedule prescribes equal slots
for all customers. Figure 2(c) shows a schedule similar to the
one in Figure 1(c).

Figure 3 shows three robust schedules for ambiguity sets
that include the Beta distribution with increasing MAD.
Observe that with increasing MAD, so when scenarios become
less predictable, more spikes are scheduled in the early stages.

3.3 Solvable Min–Min Problem
The min–max model discussed in the previous section pro-
vides a tight upper bound on system performance. If a lower
bound were also available, it would offer clearer insight into
the “sharpness” of the upper bound relative to the true cost
value. Together these bounds serve as a benchmark for evalu-
ating the performance of the robust approach. We next show
that tight lower bounds for the ASP objective function can be
obtained by adding skewness information 𝛽 = ℙ(X ≥ 𝜇) and
hence considering the ambiguity set

(𝜇,d,𝛽) =
{
ℙ : ℙ ∈ (𝜇k ,dk ), ℙ(Xk ≥ 𝜇k) = 𝛽k , ∀k

}
. (14)

Based on this ambiguity set, Ben-Tal and Hochman (1972)
also derived a tight lower bound as well as the distribution
that attains this bound for the expectation of a convex function
of random variables. Hence, again relying on the convexity
shown in Lemma 1, we derive a lower bound for the ASP:

LEMMA 4. The distribution that solves minℙ∈(𝜇,d,𝛽)
𝔼ℙ[fn

(s, X)] consists for each Xk of the two-point distribution on

{𝜇k +
dk

2𝛽k
,𝜇k −

dk

2(1−𝛽k )
}.

Again for notational convenience, write

q(k)
1

= 𝛽k , q(k)
2

= 1 − 𝛽k ,

𝜐
(k)
1

= 𝜇k +
dk

2𝛽k

, 𝜐
(k)
2

= 𝜇k −
dk

2(1 − 𝛽k)
. (15)

We can substitute the 2n terms (all values of the n independent
two-point distributions of X1,… , Xn) to obtain the following
result:
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Figure 1. Optimal time allocation for cw = 1, n = 25 and T = 75 with schedules based on the worst-case three-point distribution and
U(1, 5) distributed service times (obtained through sample average approximation (SAA) with 100,000 samples). (a) co = 1, (b) co = 10,
and co = 40.

Figure 2. Optimal time allocation for cw = 1, n = 25 and T = 75 with schedules based on the worst-case three-point distribution and
binomial(6, 1

2
) distributed service times. (a) co = 1, (b) co = 10, and (c) co = 40.

Figure 3. Optimal time allocation for cw = 1, n = 25 and T = 75 with schedules based on the worst-case three-point distribution and

(scaled) Beta(𝛾 , 𝜃) distributed service times with support [1, 5]. (a) Beta(4, 4), (b) Beta(1, 1), and (c) Beta
(

1
4
, 1

4

)
.
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PROPOSITION 3. The optimization problem mins∈
minℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)] can be written as

min
s∈

∑

𝜶∈{1,2}n

(
n∏

i=1

q(i)
𝛼i

(
cw

n−1∑

k=1

g(k)
𝜶

+ cog(n)
𝜶

))

s.t. g(k)
𝜶

≥ 0, k = 1,… , n, ∀𝜶 ∈ {1, 2}n,

g(k)
𝜶

≥

k∑

j=l

(
𝜐
(j)
𝛼j
− sj

)
,

k = 1,… , n, l = 1,… , k, ∀𝜶 ∈ {1, 2}n.

(16)

The tight lower bound that follows from solving the
min–min problem provides, in conjunction with the optimal
value of the min–max problem (9), a tight performance inter-
val for the optimal schedule. That is, the upper and lower
bounds give a closed interval for 𝔼ℙ[fn(s, X)], ∀ℙ ∈ (𝜇,d,𝛽).
Denote the optimal values of (10) and (16) by gU and gL,
respectively. The upper and lower bounds then also provide
closed intervals for the optimal values:

COROLLARY 1. For all distributions ℙ ∈ (𝜇,d,𝛽),

min
s∈

𝔼ℙ[fn(s, X)] ∈ [gL, gU ].

Using the skewness information, we thus obtain a sharp
performance interval for the expected value of fn(s, X) instead
of only an upper bound. Figure 4 shows the optimal val-
ues of the ASP problem under mean–MAD ambiguity, where
(cw, co) = (1, 2), [a, b] = [1, 5], 𝜇 = 3, T = n𝜇, d = 1, and
𝛽 = 1∕2. As a result of Corollary 1, the red and green lines
together provide a tight upper and lower bound for all distribu-
tions in (3,1,1∕2) with support on the interval [1, 5]. As a point
of reference, we also plot the exact costs in the case that the Xk
represent U(1, 5) distributed service times, which is a member
of this ambiguity set.

Although the above min–min approach provides valuable
insights for robust ASP performance, we will discuss in the
remainder of this article only the min–max perspective.

3.4 Price of Correlations
As mentioned earlier, the assumption of independent service
times is challenging and greatly influences the structure of
optimal schedules. For the sake of comparison, we now con-
sider the relaxation that allows for correlated service times.
We explain why this setting is mathematically more tractable
but does lead to entirely different schedules.

Consider the ambiguity set


corr
(𝜇,d) =

{
ℙ : supp(Xk) ⊆ [ak , bk], 𝔼ℙ[Xk] = 𝜇k ,

𝔼ℙ
[
|Xk − 𝜇k|

]
= dk , ∀k

}
, (17)

which is larger than (𝜇,d) since correlations are allowed. In
Section EC.1 of the Online Appendix, we extend results for

marginal moments of Mak et al. (2015) to the setting of gen-
eralized moments (such as MAD) to obtain the following
result:

PROPOSITION 4. Suppose that 𝜇k ∈ (ak , bk), dk ∈
(0, 2(bk−𝜇k )(𝜇k−ak )

(bk−ak )
),∀k. Then, the optimization problem

mins∈ maxℙ∈corr
(𝜇,d)

𝔼ℙ[fn(s, X)] can be written as follows:

min
s,𝜻 ,𝝃,𝝀(1),𝝀(2)

n∑

k=1

(
𝜁k + 𝜇k𝜆

(1)
k

+ dk𝜆
(2)
k

)

s.t.
min{n,j}∑

i=k

𝜁i ≥

min{n,j}∑

i=k

(
𝜉ij − si𝜋ij

)
, 1 ≤ k ≤ n,

k ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
bi − 𝜆

(2)
i (bi − 𝜇i), 1 ≤ i ≤ n,

i ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
𝜇i, 1 ≤ i ≤ n,

i ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
ai − 𝜆

(2)
i (𝜇i − ai), 1 ≤ i ≤ n,

i ≤ j ≤ n + 1,

s ∈  ,
(18)

where

𝜋ij =

{
cw(j − i), for 1 ≤ i ≤ j ≤ n,

co + cw(n − i), for 1 ≤ i ≤ n, j = n + 1.
(19)

Notice that the complexity of the LP (18) dropped com-
pared to (10), with the number of constraints reduced to (n2).
Hence, this model remains tractable for larger values of n.
However, since we can no longer deal with i.i.d. service times,
(18) produces vastly different schedules.

As a reference consider U(1, 5) distributed service
times, and let cw = 1, co = 2 and T = n𝜇. Next to the “true”
optimal value, we compare the mean–MAD upper bound for
the original model with i.i.d. service times and ambiguity set
(𝜇,d), and the relaxation with possibly correlated service times
and ambiguity set corr

(𝜇,d). Figure 5 depicts the optimal values
and the corresponding schedules. Observe that the schedule
that allows correlated worst-case distributions provides much
looser bounds compared to the tight bounds that follow from
(10). This is as expected, since dropping the independence
condition enlarges the solution space with distributions that
tolerate correlations between the service times. As a conse-
quence, the optimal schedules lose the dome structure and
instead prescribe decreasing slot lengths as reported in earlier
DRO studies (Jiang et al., 2017; Mak et al., 2015).
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Figure 4. Tight bounds for the optimal objective values of the
ASP (obtained by SAA using 100,000 samples). The worst-case
three-point distribution provides an upper bound and the best-case
two-point distribution gives a lower bound. The middle curve
represents the optimal expected costs of the ASP when service
times are U(1, 5) distributed. ASP = appointment scheduling
problem; SAA = sample average approximation.

It is possible to reduce conservatism by incorporating cor-
relation information. However, covariance information typi-
cally leads to intractable, nonlinear models (Kong et al., 2013).
To avoid such nonlinearity, Qi (2016) proposes an alterna-
tive approach for capturing correlation, also using the MAD
dispersion measure. Observe that a customer’s delay may be
influenced by the uncertain service times of earlier customers.
As a way of modeling correlation, we can then impose the
constraints

𝔼
||||||

k∑

j=l

Xj − 𝜇j

||||||
≤ d̄lk , l, k = 1,… , n, l ≤ k,

where d̄lk denotes some upper bound on the dispersion of
the aggregation of earlier customers’ service times. Clearly,
it makes sense to let d̄kk ≤ dk , which is equivalent to the dis-
persion information 𝔼|Xk − 𝜇k| ≤ dk . Since the underlying
service times are independent, an obvious candidate for these
upper bounds (see, e.g., Proposition 5 by Postek et al., 2018) is

𝔼ℙ

||||||

k∑

j=l

Xj − 𝜇j

||||||
≤ d̄lk =

∑

𝜶∈{1,2,3}k−l+1

(
k∏

i=l

p(i)
𝜶i

)||||||

k∑

j=l

𝜏
(j)
𝛼j

− 𝜇j

||||||
.

This allows us to specify a less conservative uncertainty set
that approximates the zero-correlation setting, while still keep-
ing the model linear. The corresponding ambiguity set can then

be expressed as follows:


0
(𝜇,d) =

{
ℙ : supp(Xk) ⊆ [ak , bk], 𝔼ℙ[Xk] = 𝜇k , ∀k,

𝔼ℙ

||||||

k∑

j=l

Xj − 𝜇j

||||||
≤ d̄lk ,∀l, k = 1,… , n, l ≤ k},

(20)

where we assume that d̄lk ∈ (0, d̄∗
lk
) with d̄∗

lk
being a tight upper

bound on the maximum absolute dispersion. The following
robust model is obtained by applying robust optimization tech-
niques on the partial sums rather than the individual service
times:

PROPOSITION 5. Suppose that 𝜇k ∈ (ak , bk),∀k,
and that d̄lk ∈ (0, d̄∗

lk
),∀l, k. Then, the optimization problem

mins∈ maxℙ∈0
(𝜇,d)

𝔼ℙ[fn(s, X)] can be written as the robust

optimization problem

min
s∈ ,𝜆(0),𝝀(1),𝝀(2)

𝜆
(0) +

n∑

k=1

𝜇k𝜆
(1)
k

+
n∑

k=1

k∑

l=1

d̄lk𝜆
(2)
lk

s.t. 𝜆(0) +
n−1∑

k=1

𝜆
(1)
k

xk +
n∑

k=1

k∑

l=1

𝜆
(2)
lk

||||||

k∑

j=l

xl − 𝜇l

||||||

≥

n∑

k=1

max
0≤j≤k

{ckgkj(x, s)},

∀x ∈ [a1, b1] ×⋯ × [an, bn],

𝜆
(2)
lk

≥ 0,

∀l, k = 1,… , n, l ≤ k,
(21)

where gkj denotes the jth max term in (6) with ck = cw, for
k < n, and cn = co. Furthermore, the semi-infinite program
(21) can be reformulated as a linear optimization problem.

We defer the proof of this result to the EC. It is a rather
straightforward application of the duality theory for gener-
alized moment problems and reformulation techniques from
robust optimization. It can easily be shown that problem (21)
does not scale well with the number of customers, n. The
sum-of-maxima term can be expressed in terms of linear
inequalities through full enumeration (Gorissen and Den Her-
tog, 2013). However, this approach results in a reformulation
that involves roughly (n!) semi-infinite constraints, each of
which is the robust counterpart of a linear optimization prob-
lem with a bounded box uncertainty set. When the problem is
reduced to an LP, this leads to an additional (n2) increase
in the number of variables and constraints per semi-infinite
constraint. As a result, the size of the LP reformulation grows
roughly as (n!⋅n2). Even though this model provides a useful
approximation for the model with independence, it has limited
practical use because the maximum instance size that can be
solved is even more restrictive than that of problem (10) due
to the factorial growth of the size of the LP model.
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Figure 5. Tight bounds and optimal schedules for the ASP under the independence assumption and when allowing correlated service
times. The blue line represents the optimal expected costs of the ASP when service times are i.i.d. as U(1, 5) (obtained through SAA with
100,000 samples). ASP = appointment scheduling problem; SAA = sample average approximation; i.i.d. = independent and identically
distributed.

Further numerical experiments, presented in Section EC.2,
demonstrate that the robust approach presents sharp per-
formance guarantees, when compared to the (near-)optimal
schedules. The performance gaps do not vary much when
assuming different distributions. We conclude that the robust
schedules are valuable in practice, and certainly not overly
conservative, despite their ability to protect against all scenar-
ios possible given the partial information.

4 Broader Application of Robust
Scheduling Method
We now discuss extensions and variations of the standard ASP
to which the novel robust approach developed in Section 3
can be applied. We first discuss three extensions: Section 4.1
discusses the model with sequencing decisions. We then intro-
duce in Section 4.2, the risk-averse ASP in which the CVaR
is the objective function, with the goal of reducing delay
unfairness. Finally, we discuss in Section 4.3, the stationary
analysis of the ASP, which hinges critically on the assumption
of i.i.d. service times and an equidistant schedule, and show
that our min–max approach can also deal with this setting that
can serve as an approximation when the number of appoint-
ments grows large. We propose several additional extensions
in Section EC.3 of the Online Appendix.

4.1 Sequencing
In this section, we discuss the problem of jointly determin-
ing the schedule and arrival sequence of customers, which
we refer to as the appointment sequencing problem. We thus

generalize the ASP model such that it includes the sequenc-
ing decision. Denote the sequencing decision by the variable
y = (ykm)k=1,…,n;m=1,…,n, where ykm is set to 1 if customer m is
assigned to slot k. To ensure that the sequence of jobs is feasi-
ble, we make sure each slot is assigned to a customer (i.e., the
assignment variables ykm should add up to 1 for each k), and
since every customer should be treated, the assignment vari-
ables should amount to 1 for each m. Denote the feasible set by
 . The distributionally robust appointment sequencing prob-
lem, under mean–MAD ambiguity, then reduces to a stochastic
mixed-integer programming problem.

PROPOSITION 6. The optimization problem miny∈ ,s∈
maxℙ∈(𝜇,d)

𝔼ℙ[fn(s, X)] can be written as follows:

min
y∈{0,1}n×n, s∈

∑

𝜶∈{1,2,3}n

(
n∏

i=1

p(i)
𝛼i

(
cw

n−1∑

k=1

g(k)
𝜶

+ cog(n)
𝜶

))

s.t. g(k)
𝜶

≥ 0, k = 1,… , n, ∀𝜶 ∈ {1, 2, 3}n,

g(k)
𝜶

≥

k∑

j=l

(
n∑

m=1

𝜏
(m)
𝛼m

yjm − sk

)
,

k = 1,… , n, l = 1,… , k, ∀𝜶 ∈ {1, 2, 3}n,
n∑

k=1

ykm = 1, m = 1,… , n,

n∑

m=1

ykm = 1, k = 1,… , n.

(22)
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The sequencing decision does not affect convexity of
fn(s, X) as a function of X, and therefore the three-point dis-
tribution again constitutes the extremal distribution. For more
details on the mathematical programming model, we refer the
interested reader to Section 5 of Qi (2016).

We next show that, although a popular heuristic in prac-
tice, sequencing jobs by increasing order of variance (OV),
or MAD, is not necessarily optimal for the distribution-free
model with independent service times. Before doing so, we
discuss some further literature. Since the sequencing decision
makes the problem nonconvex, the appointment sequencing
problem is significantly more difficult. For the model with only
two jobs, Denton et al. (2007) proved the optimal sequence
is determined by ordering jobs by increasing the variance
of job duration. According to Mancilla and Storer (2012),
it is shown that the ASP, formulated as a stochastic mixed-
integer program, is NP-hard, even when the number of job
duration scenarios is finite. By exploiting a connection with
serial supply-chain inventory models, a mixed-integer second-
order cone programming approximation is developed by Mak
et al. (2014). When only the mean and variance are known,
Mak et al. (2015) showed the OV is optimal for their distribu-
tionally robust model. Using an analytical model, Kong et al.
(2016) provided insights into when the OV sequencing rule
obtains superior performance. The OV rule is shown to be
asymptotically optimal by de Kemp et al. (2021), that is, as
n → ∞.

Contrary to the mean-variance setting of Mak et al. (2015),
the optimal mean–MAD sequence is not necessarily obtained
by ordering the jobs by increasing the magnitude of the dis-
persion measure d. To demonstrate this, consider the following
three instances with n = 6 and T = 60. Case 1 contains the fol-
lowing choices for the parameters: 𝜇k = 10, dk = 1+0.5(k−1),
ak = 0, and bk = 15 k = 1,… , n. For Case 2, we have
𝜇k = 13.5−k, dk = 1+0.5(k−1), ak = 0, bk = 15 k = 1,… , n,
and for Case 3, let 𝜇k = 13.5 − k, dk = 1 + 0.5(k − 1),
a1 = a2 = a3 = 0, a4 = a5 = a6 = 5, b1 = b2 = b3 = 25, and
b4 = b5 = b6 = 15. In addition, we consider two values for
the overtime costs: co = 2 and co = 20.

Tables 1 and 2 provide the optimal sequencing and schedul-
ing decisions for the three instances above, for both choices of
co. When overtime costs are low, that is, co = 2, the optimal
sequence follows the increasing MAD pattern for Cases 1 and
2. However, the optimal sequence for Case 2 changes when
the overtime costs are high, and instead places customers with
higher expected service times at the end of the planning period,
even though their service times are less variable. This ensures
that larger jobs, with less variability, are dealt with at the end
of the day to mitigate the risk of excessive overtime. More-
over, the third case shows that the range of the service time
also affects the sequencing decision. Thus, next to variability
in terms of MAD, the width of the support also brings about
changes in the optimal sequence. We thus conclude that under
the independence assumption, the optimal job sequence does
not admit a straightforward structure. However, we do expect

Table 1. Optimal job sequences for co = 2.

Slot 1 2 3 4 5 6

Case 1 1 2 3 4 5 6
sk 10.0 10.0 10.0 10.0 10.0 10.0
Case 2 1 2 3 4 5 6
sk 12.5 11.5 13.0 9.5 8.5 5.0
Case 3 1 2 4 5 3 6
sk 12.5 11.5 9.5 11.0 10.5 5.0

Table 2. Optimal job sequences for co = 20.

Slot 1 2 3 4 5 6

Case 1 1 2 3 4 5 6
sk 10.0 10.0 5.0 10.0 10.0 15.0
Case 2 1 2 6 5 4 3
sk 12.5 11.5 2.5 8.5 10.0 15.0
Case 3 1 6 2 3 5 4
sk 12.5 5.0 11.5 10.5 5.5 15.0

the increasing MAD sequence to perform well as a heuris-
tic, like the performance of OV by Denton et al. (2007) and
Mancilla and Storer (2012).

In addition, we consider an example inspired by Kong et al.
(2013: Section 6.2). Assume in total 25 customers are sched-
uled to arrive, divided in three distinct customer classes. The
first class has the highest and most variable service require-
ments and consists of n1 = 5 customers. The other two
customer classes both consist of n2 = n3 = 10 customers and
have a lower mean and MAD. The customer classes are sched-
uled in decreasing order of mean and MAD. Figure 6 compares
the mean–MAD schedule which assumes independence to the
mean–MAD schedule that allows all dependency structures.
The schedule with independence exhibits the “Bailey’s rule
+ break” pattern, which was first observed by Kong et al.
(2013). In contrast, the correlated schedule allots gradually
decreasing slot lengths and rather than inserting a break when
switching to a different customer class, it schedules a tighter
slot around the transitions since the next customer class has
lower service requirements. For all three instances presented
in Figure 6, it was found that the costs associated with the cor-
related schedule were ∼ 35%–65% higher than those of the
robust schedule based on independence. This is assuming that
the ground truth consists of 25 independent beta distributions
that match the moment and support information. Therefore, it
is evident that incorporating independence information explic-
itly leads to substantial benefits, as it leads to robust scheduling
decisions, but with highly reduced average costs compared to
the setting that allows correlations.

4.2 Risk Aversion and Delay Unfairness
Consider a risk-averse version of the ASP where one makes
decisions based on CVaR. First introduced as a performance
measure for financial risk management, CVaR denotes the
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average value of the costs exceeding the 𝜚th quantile of the cost
distribution. For fn(s, X), CVaR follows from solving a convex
minimization problem (Rockafellar and Uryasev, 2000, 2002).
That is,

CVaR𝜚[fn(s, X)] = min
𝜗∈ℝ

{
𝜗 + 1

1 − 𝜚
𝔼(fn(s, X) − 𝜗)+

}
.

However, as the exact distribution is unknown, we consider the
partial information setting as by Zhu and Fukushima (2009)
and solve

min
s∈

max
ℙ∈(𝜇,d)

min
𝜗∈ℝ

{
𝜗 + 1

1 − 𝜚
𝔼ℙ(fn(s, X) − 𝜗)+

}

= min
s∈ ,𝜗∈ℝ

{
𝜗 + 1

1 − 𝜚
max

ℙ∈(𝜇,d)
𝔼ℙ(fn(s, X) − 𝜗)+

}
, (23)

where the identity holds by Sion’s mini–max theorem because
the objective function of (23) is convex in 𝜗, concave in ℙ, and
(𝜇,d) is weakly compact as supp(D) is compact. Since (⋅)+
preserves convexity, the three-point distribution maximizes
𝔼ℙ(fn(s, X) − 𝜗)+.

The risk-averse scheduler thus needs to solve the following
problem:

PROPOSITION 7. The optimization problem mins∈
maxℙ∈(𝜇,d)

min𝜗∈ℝ{𝜗 + 1

1−𝜌
𝔼ℙ(fn(s, X) − 𝜗)+} can be

written as follows:

min
s∈ ,𝜼,𝜗

𝜗 + 1
1 − 𝜚

∑

𝜶∈{1,2,3}n

n∏

i=1

p(i)
𝛼i
𝜂𝜶

s.t. 𝜂𝜶 ≥ cw

n−1∑

k=1

g(k)
𝜶

+ cog(n)
𝜶

− 𝜗, ∀𝜶 ∈ {1, 2, 3}n,

𝜂𝜶 ≥ 0, ∀𝜶 ∈ {1, 2, 3}n,

g(k)
𝜶

≥ 0, k = 1,… , n,

∀𝜶 ∈ {1, 2, 3}n,

g(k)
𝜶

≥

k∑

j=l

(
𝜏
(j)
𝛼j

− sj

)
, k = 1,… , n,

l = 1,… , k,

∀𝜶 ∈ {1, 2, 3}n.

(24)

If the scheduler considers the ambiguity set that allows
correlation, it leads to the following LP instead (the proof is
deferred to Section EC.1 of the EC).

PROPOSITION 8. Assume 𝜇k ∈ (ak , bk), dk ∈
(0, 2(bk−𝜇k )(𝜇k−ak )

(bk−ak )
),∀k. Then, the optimization problem

mins∈ maxℙ∈corr
(𝜇,d)

min𝜗∈ℝ{𝜗 + 1

1−𝜌
𝔼ℙ(fn(s, X) − 𝜗)+} can be

written as follows:

min
s,𝜻 ,𝝃,𝝋,𝜆(0),𝝀(1),𝝀(2),𝜗

𝜗 + 1
1 − 𝜚

(
𝜆
(0) +

n∑

k=1

[
𝜇k𝜆

(1)
k

+ dk𝜆
(2)
k

])

s.t. 𝜆(0) ≥
n∑

k=1

𝜑k ,

𝜑k ≥ −𝜆(1)
k

bk − 𝜆
(2)
k
(bk − 𝜇k),

1 ≤ k ≤ n,

𝜑k ≥ −𝜆(1)
k
𝜇k ,

1 ≤ k ≤ n,

𝜑k ≥ −𝜆(1)
k

ak − 𝜆
(2)
k
(𝜇k − ak),

1 ≤ k ≤ n,

𝜗 + 𝜆
(0)

≥

n∑

k=1

𝜁k ,

min{n,j}∑

i=k

𝜁i ≥

min{n,j}∑

i=k

(
𝜉ij − si𝜋ij

)
,

1 ≤ k ≤ n, k ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
bi − 𝜆

(2)
i (bi − 𝜇i),

1 ≤ i ≤ n, i ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
𝜇i,

1 ≤ i ≤ n, i ≤ j ≤ n + 1,

𝜉ij ≥

(
𝜋ij − 𝜆

(1)
i

)
ai − 𝜆

(2)
i (𝜇i − ai),

1 ≤ i ≤ n, i ≤ j ≤ n + 1,

s ∈  ,
(25)

where 𝜋ij is as defined in Proposition 4.

Figure 7 illustrates the optimal schedules when minimiz-
ing CVaR with the overtime cost set to co = 2. The schedule
allots time to n = 7 customers, for which the service times are
U(1, 5) distributed. The total time allowance is restricted to
T = 21. For these parameter settings, the mean–MAD sched-
ule with independence closely resembles the optimal schedule
under exact knowledge of the underlying distribution.

Instead of the total cost, the scheduler can consider cus-
tomer unpleasantness in terms of delays exceeding certain
thresholds. A suitable service quality measure for this pur-
pose is the delay unfairness measure (DUM), introduced by
Qi (2016). Let 𝜈k be the tolerance threshold for customer k.
Then, the delay unfairness for client k is found by solving

inf
{

1 − 𝜚 | max
ℙ∈(𝜇,d)

CVaR𝜚[gk−1(s, X)] ≤ 𝜈k , 𝜚 ∈ [0, 1)
}

.

(26)
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Figure 6. Optimal time allocation for different customer classes with varying mean and mean absolute deviation (MAD), and a fixed
range [0, 20]. For the first customer class with n1 = 5, 𝜇k = 14 and dk = 8. For the second class consisting of n2 = 10 customers, 𝜇k = 12
and dk = 4, and for the final class with n3 = 10 customers, the parameters 𝜇k = 10 and dk = 2. The total period length T = 290.
(a) co = 1, (b) co = 10, and (c) co = 20.

Figure 7. Optimal schedules for conditional value at risk (CVaR). cw = 1, co = 2, n = 7, Xk ∼ U(1, 5). (a) 𝜚 = 0.75, (b) 𝜚 = 0.85, and
(c) 𝜚 = 0.95.

In this definition, CVaR denotes the worst-case expected delay
conditioned on the (1 − 𝜚) tail of the delay distribution. The
quantity in (26) thus represents the smallest (1 − 𝜚)th quantile
such that the worst-case average in the tail is not greater than
the threshold level. Note that this definition also holds for the
server overtime gn. If the goal is to minimize the maximum
delay unfairness (26), one solves

inf
𝜚∈[0,1),s∈ ,𝝑

1 − 𝜚

s.t. 𝜗k +
1

1 − 𝜚
sup

ℙ∈(𝜇,d)

𝔼ℙ
(
gk−1(s, X) − 𝜗k

)+

≤ 𝜈k , k = 1,… , n.

(27)

This problem is nonlinear in the decision vector (𝜚, s, 𝜗). How-
ever, since the objective function and constraints are mono-
tonic in 𝜚, a simple bisection search will suffice to find the
solution that minimizes 1 − 𝜚. We note that the worst-case

distribution is again the three-point distribution supported on
a, 𝜇, and b. After substituting this distribution and fixing the
value of 𝜚, problem (27) reduces to an LP for which we only
have to check feasibility.

In Figure 8, we provide the optimal schedules when min-
imizing the maximal delay unfairness. The parameter val-
ues are consistent with the setting of the CVaR example.
Figure 8(a) shows the optimal schedule when minimizing
total costs. In Figure 8(b), we minimize the maximum DUM
with a higher threshold value for the server overtime, and in
Figure 8(c), the threshold values are set to 𝜈k = 5, ∀k. Since we
consider another type of objective, the schedules exhibit a dif-
ferent kind of dome shape. Compared to the optimal schedule
for cost minimization, when minimizing DUM, we allocate a
much shorter slot to the first customer to reduce waiting times
of later customers and the total server overtime.

Finally, an alternative risk-averse objective is to consider
the quantiles of the cost instead of the expected cost in
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Figure 8. Optimal time allocation based on the delay unfairness measure (DUM) thresholds. n = 7, T = 21, Xk ∼ U(1, 5):
(a) 𝜈k = 𝜈n+1 = ∞, cw = 1, co = 2, (b) 𝜈k = 3, 𝜈n+1 = 5, and (c) 𝜈k = 𝜈n+1 = 5.

the objective function. For this cost criterion, Sang et al.
(2021) demonstrated that the allocated schedules exhibit a
semi-dome-shaped pattern, which initially increases like a
dome-shaped pattern but, unlike the latter, does not decrease
monotonically. We leave the DRO variant for future research.

4.3 Equidistant Scheduling
As explained in Section 2, the ASP can be approximated
by a version with infinitely many appointments and equidis-
tant schedules with slots of fixed length. The ASP objective
function can then be formulated in terms of the stationary
waiting time W in a D/G/1 queue, which in turn can be lever-
aged to determine the optimal slot length. Here W satisfies

W
d
= max{W + X − s, 0} with X is the generic service time

and s is the slot length.
We assume that s > 𝜇, so that the long-run expected idle

time per slot is s−𝜇. The trade-off between stationary idle and
waiting time then forms the ASP:

min
s≥𝜇

𝜔(s − 𝜇) + (1 − 𝜔)𝔼[W ]. (28)

Here 𝜔 ∈ (0, 1) is a cost parameter. Under the i.i.d. assump-
tion, we can use the infinite-series expression (Spitzer, 1956)

𝔼[W ] =
∞∑

k=1

1
k
𝔼[max{0, X1 − s +⋯ + Xk − s}]. (29)

One can then write (28) in the form mins>𝜇 𝔼ℙ[f∞(s, X)] with
the expectation taken over the distribution ℙ of the service
times X = (X1, X2,…). Adopting the DRO method pre-
sented in this article, we then first determine tight bounds
for 𝔼ℙ[f∞(s, X)] under mean–MAD ambiguity of X, and then
solve for the optimal (robust) slot length:

min
s∈(𝜇,b]

min
ℙ∈(𝜇,d,𝛽)

𝔼ℙ[f∞(s, X)] and min
s∈(𝜇,b]

max
ℙ∈(𝜇,d)

𝔼ℙ[f∞(s, X)].

(30)

Tight bounds for

min
ℙ∈(𝜇,d,𝛽)

𝔼ℙ[f∞(s, X)] and max
ℙ∈(𝜇,d)

𝔼ℙ[f∞(s, X)] (31)

do not follow directly from Lemmas 2 and 4, because the func-
tion f∞(s, X) can be viewed as a special case of fn(s, X), but
then with n → ∞. A limiting argument for n → ∞ was pro-
vided by van Eekelen et al. (2022), where the distributions
that attain the bounds in (31) were shown to correspond to
the two-point and three-point distributions in Lemmas 4 and
2, respectively. Figure 9(a) shows some examples of the tight
lower and upper bounds (31), where we use uniformly U(1, 5)
distributed service times as a reference.

We next consider the optimal slot length, s∗ say, where we
also compare with a DRO approach by Kuiper et al. (2017)
based on the mean-variance infinite-range information, which
uses Kingman’s bound 𝔼[W ] ≤ 𝜎2∕(2(s − 𝜇)) (tight for the
D/G/1 queue, see Daley et al., 1992) and hence solves

min
s>𝜇

𝜔(s − 𝜇) + (1 − 𝜔) 𝜎2

2(s − 𝜇)
.

Figure 9(b) and (c) plots the optimal slot lengths and costs,
respectively, for different values of 𝜔. We use a bisection
search procedure to find the optimal value s∗ and solve the
problems in (30). The objective function (28) is convex in
s, and hence efficient numerical techniques can be applied.
We also plot the objective function that follows from King-
man’s bound for the matching mean-variance ambiguity set.
Notice that the optimal mean–MAD slot length is close to the
“true” optimum for all values of 𝜔, while Kingman’s bound
suggests relatively large slot lengths when 𝜔 is small. This dif-
ference arises because the mean–MAD bound conditions on
the range of service times, whereas Kingman’s bound allows
for unbounded support.
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Figure 9. Optimal stationary schedules and costs (reference values obtained by simulation). (a) 𝜔 = 3∕4, U(1, 5), (b) U(1, 5), and
(c) U(1, 5).

5 Conclusions and Outlook
This article presents a novel distributionally robust approach
for the ASP that, in contrast to existing robust methods, can
incorporate explicitly independent service times in a min–max
formulation. The key idea is to use MAD instead of vari-
ance as a dispersion measure so that the worst-case scenarios
that maximize costs are formed by independent three-point
distributions for the service times. These three-point distri-
butions are independent of the chosen schedule and hence
render the min–max problem amenable to standard stochastic
programming techniques.

As explained in Section 1, existing DRO approaches for
the ASP are confronted with formidable challenges when
dealing with independent and identically distributed service
times, due to the nonlinearity of the stochastic program. Our
novel approach beats these challenges by cleverly choosing
the ambiguity set, resulting in exact yet easy-to-solve LPs.
Another way to circumvent the challenges is to relax the
assumption of i.i.d. service times and allow for correlation
and dependency structures, and using DRO approaches that
optimize over joint probability measures instead of product
measures. To the best of our knowledge, this is the first paper
that deals with independent random variables in a DRO setting
for the ASP. Other DRO approaches allow either freely varying
dependency structures or restricted linear dependence through
conditioning on the covariance matrix, setting all covariance
terms equal to zero; see Kong et al. (2013) and Padmanab-
han et al. (2021). The latter approach, however, is only an
approximation for the independent setting.

We have revealed several new structural properties of
optimal robust schedules, including the “spiked patterns” in
Figures 1 to 3, negligible early slots that resemble Bailey’s
rule, and optimal schedules that turn from dome-shaped to
increasing when overtime costs become large. As shown, DRO
approaches that allow for dependent service times prescribe
entirely different schedules, such as decreasing patterns to

counter several long service times that occur early during the
day (due to positive correlation).

A further comparison between correlated and independent
settings is worth exploring in more detail. To measure the
“price of correlations,” the method in this paper could serve as
a benchmark for system performance under full independence
of the driving random variables.
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