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ABSTRACT

Context. Triple stars are prevalent within the population of observed stars. Their evolution compared to binary systems is notably more
complex and is influenced by unique dynamical, tidal, and mass transfer processes inherent in higher order multiples. Understanding
these phenomena is essential for comprehensive insight into multistar evolution and the formation of energetic transients, including
gravitational wave (GW) mergers.

Aims. Our study aims to probe the evolution of triple star systems when the tertiary component fills its Roche lobe and transfers mass
to the inner binary. Specifically, we focus on the impact of tertiary mass transfer on the evolution of the inner orbit and investigate
whether it could lead to the formation of GW sources with distinct properties.

Methods. To achieve this, we developed an analytical model that describes the evolution of the inner and outer orbits of hierarchical
triples undergoing stable mass transfer from the tertiary component. We have publicly released this model as a python package on
Zenodo. Utilising population synthesis simulations, we investigated triples with a Roche-lobe filling tertiary star and an inner binary
black hole (BBH). These systems stem from inner binaries experiencing chemically homogeneous evolution (CHE). Our analysis
encompasses two distinct populations with metallicities of Z = 0.005 and Z = 0.0005, focusing on primary components in the inner
binary with initial masses ranging from 20—100 M,, and inner and outer orbital separations of up to 40 R, and 10° Ry, respectively,
targeting the parameter space where chemically homogeneous evolution is anticipated.

Results. Our results indicate that for the systems we studied, the mass transfer phase predominantly leads to orbital shrinkage of
the inner binary and evolution towards non-zero eccentricities and is accompanied by an expansion of the outer orbit. In the systems
where the inner binary components evolve in a chemically homogeneous manner, 9.5% result in mass transfer from the tertiary onto
an inner BBH. Within this subset, we predict a high formation efficiency of GW mergers ranging from 85.1-100% at Z = 0.005
and 100% at Z = 0.0005 with short delay times, partly attributable to the mass transfer phase. Owing to the rarity of triples with
a CHE inner binary in the stellar population, we project local merger rates in the range of 0.69-1.74 Gpc™ yr~!. Of the prospected
BBH mergers that enter the LISA and al.LIGO frequency band due to GW emission, a fraction is still accreting gas from the tertiary
star. This could produce a strong electromagnetic (EM) counterpart to the GW source and maintain high eccentricities as the system
enters the frequency range detectable by GW detectors. The occurrence of EM signals accompanying mergers varies significantly
depending on model assumptions, with fractions ranging from less than 0.03% to as high as 46.8% of all mergers if the formation of
a circumbinary disc is allowed.

Key words. binaries: close — binaries: general

1. Introduction

Triple stars are ubiquitous among the observed population
of stars. For a detailed overview of stellar multiplicity see
Moe & Di Stefano (2017), Offner et al. (2023). Notably, approx-
imately half of solar-type stars are found to possess at least
one stellar companion (Tokovinin 2014a), with 10% of all sys-
tems existing as triple systems (Tokovinin 2014b). As we move
towards higher masses, the companion fraction increases. For
young O-type stars, nearly every star is part of a multiple sys-
tem, with almost 70% comprising a triple or higher order multi-

* Corresponding author; f.a.kummer@uva.nl

ple, although this estimate carries some uncertainty (Evans et al.
2005, 2006; Sanaetal. 2012, 2014; Kobulnicky et al. 2014;
Moe & Di Stefano 2017; Offner et al. 2023). Given these statis-
tics, the influence of stellar multiplicity on the evolution and ulti-
mate fates of stars cannot be understated.

Observed triple stars are found in hierarchical configura-
tions, where a binary is orbited by a more distant tertiary
companion, forming a dynamically stable system. In these
hierarchical triples, unique dynamical, tidal, and mass trans-
fer interactions emerge through the interplay between the stars,
phenomena not encountered in single- or binary-star evolu-
tion. For example, angular momentum exchange between the
inner binary’s orbit and the tertiary star can induce variations
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in the inner orbit’s eccentricity and the mutual inclination of
the triple over long, secular timescales, a process known as the
von Zeipel-Lidov-Kozai (ZLK) mechanism (von Zeipel 1910;
Lidov 1962; Kozai 1962; Naoz 2016). Because the effect acts
over extended periods, the equations of motion are usually
averaged over both the inner and the outer orbit, a method
referred to as the secular approximation. The typical secu-
lar timescale is on the order of P2,/Pi > Pox > Pi
(Antognini 2015). However, smaller outer-to-inner period ratios
could lead to higher eccentricities and merger/collision rates
compared to the secular approximation (Grishin etal. 2018;
Fragione et al. 2019; Mangipudi et al. 2022). Additionally, tidal
deformation of the tertiary star can extract energy from the
inner binary (Fuller et al. 2013; Gao et al. 2020). Furthermore,
mass transfer from a tertiary proceeds in a fundamentally dif-
ferent manner compared to mass transfer in binary systems
(de Vries et al. 2014; Di Stefano 2020; Comerford & Izzard
2020; Glanz & Perets 2021). While conventionally only a small
fraction of stars in hierarchical triples undergo tertiary mass
transfer (TMT) (Hamers & Thompson 2019; Toonen et al. 2020;
Stegmann et al. 2022; Kummer et al. 2023), recent studies by
Dorozsmai et al. (2024) have shown that TMT in massive triples
occurs in approximately 50% of systems if the stars of the inner
binary evolve in a chemically homogeneous manner. The main
reason for this high fraction in triples with a chemically homoge-
neous evolving (CHE) inner binary is the initially compact inner
orbits, which permit tight outer orbits, allowing the tertiary to
eventually fill its Roche lobe frequently. A comprehensive under-
standing of the system’s evolution during TMT is therefore nec-
essary to understand the final fate of these complex systems.

Chemically homogeneous evolution, initially presented
within the framework of rapidly rotating stars (Maeder 1987),
was later proposed to be applicable as well to closely orbit-
ing binaries (de Mink etal. 2009; Songetal. 2016). This
mechanism suggests that stellar deformation caused by rapid
stellar rotation in tidally locked systems with short orbital
periods induces enhanced internal mixing, leading to a homo-
geneous chemical distribution across the stars. By continually
replenishing the core with hydrogen from the envelope during
the main sequence (MS), these stars avoid developing a core-
envelope boundary, thus preventing significant expansion during
their evolution. Consequently, CHE binaries have been proposed
as potential progenitors of long gamma-ray bursts (Yoon et al.
2006; Aguilera-Dena et al. 2018), (pulsational) pair-instability
supernovae (du Buisson et al. 2020), and gravitational wave
(GW) mergers, as they can maintain compact orbits while avoid-
ing mass transfer (de Mink & Mandel 2016; Mandel & de Mink
2016; du Buisson et al. 2020; Hastings et al. 2020; Riley et al.
2021; Vigna-Gomez et al. 2021; Dorozsmai et al. 2024), and
they potentially contributed to the reionisation of the Uni-
verse (Sibony etal. 2022; Ghodlaetal. 2023). Analysis by
Tokovinin et al. (2006) indicated that in solar-type systems,
short-period binaries are more often accompanied by a tertiary
star than wider binaries, highlighting the growing importance of
triples in the context of CHE. Despite being a theoretical impli-
cation of rapid rotation, observational evidence lends support
to the plausibility of CHE, as systems with observed proper-
ties consistent with this evolutionary channel have been identi-
fied (e.g. Almeida et al. 2015; Shenar et al. 2017; Sharpe et al.
2024). However, Abdul-Masih et al. (2019) did not find clear
evidence of efficient mixing due to rotation in the massive over-
contact binary VFTS 352 (a promising candidate for CHE evo-
lution), as the observed surface abundances show insufficient
helium enrichment.
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In this paper, we aim to investigate the impact of stable TMT
on the properties of the inner binary, and we explore the popula-
tion of GW mergers resulting from CHE evolution in triples. To
achieve this, we created a rapid analytical model that simulates
the evolution of a triple system during stable mass transfer from
a tertiary that is applicable to population synthesis simulations
of hierarchical triple stars. We applied the model to two popula-
tion synthesis simulations performed by Dorozsmai et al. (2024)
at metallicities of Z = 0.005 and Z = 0.0005.

In Sect. 2, we describe the setup of the TMT model, and this
is followed by a discussion on the formation channel of TMT
around an inner binary black hole (BBH) and an overview of
the initial conditions for the population synthesis simulations in
Sect. 3. We then provide a qualitative description of the evolution
of an example system during the TMT phase for varying physical
assumptions in Sect. 4. In Sect. 5, we present a statistical analysis
of the evolution of the simulated populations during the TMT
phase and the merger rates and properties of merging black holes
(BHs). In Sect. 6, we discuss the caveats and assumptions of our
study, and finally, in Sect. 7, we give a summary of our findings.

2. Modelling tertiary mass transfer

In this section we present our analytical framework designed to
simulate stable mass transfer originating from a tertiary donor.
The analytical nature of our model makes it well suited for inte-
gration within population synthesis simulations of triple sys-
tems. To provide necessary context, we outline the hierarchical
triple star configuration under consideration. Such a system com-
prises an inner binary, characterised by primary and secondary
stars possessing initial zero age MS (ZAMS) masses (m;, m;)
and angular velocities (€, ) assuming rigid-body rotation,
and an outer binary consisting of the tertiary star with mass ms
and angular velocity €3, and the centre of mass of the inner
binary. We define the orbital elements of the inner binary as
{ain, €in, gin}, Where a;, represents the semi-major axis, ej, the
eccentricity, and g, the argument of pericentre. We establish a
parallel set for the outer orbit, denoted as {dout, €out> Jout}- Lastly,
we introduce the mutual inclination between the planes of the
inner and outer orbit as iy A sketch of a hierarchical triple sys-
tem is shown in Fig. 1.

We divide this section in three parts: first, we describe the
evolution of the inner binary throughout the TMT phase. Sec-
ond, we describe the evolution of the outer orbit. Third, we
discuss variations to the analytical model. The default model
described in this section should be regarded as the most simplis-
tic model, omitting numerous physical processes that are likely
to take place. With each model variation, we introduce an extra
physical process to the model to assess its significance.

2.1. Evolution of the inner binary
2.1.1. Conditions for disc formation

The trajectory of the mass stream originating from a tertiary star
and approaching the inner binary can undergo two distinct evo-
lutionary paths depending upon the stellar and orbital character-
istics of the hierarchical triple system. Should the trajectory of
the mass stream fail to intersect with the orbit of the inner binary,
it is assumed that it will travel around the inner binary, intersect
itself, and form a circumbinary disc (CBD) encompassing the
binary. Conversely, if the mass stream crosses with the binary
orbit, the formation of a CBD is prevented. In this study, we
refer to this as ballistic accretion (BA). Figure 1 illustrates the
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Fig. 1. Ilustration of the inner and outer orbits in a hierarchical
triple system with masses m;, my, and ms along with their orbital
elements: semi-major axes, eccentricities, and mutual inclination. The
mass streams of a Roche-lobe-filling tertiary that lead to BA (intersect-
ing with the inner orbit) or the formation of a CBD (intersecting with
itself) are depicted. We note that the figure is not to scale.

mass flow within a triple system for both scenarios. To deter-
mine the minimum distance, R;,, at which the mass stream can
approach the accreting binary, we adopted the fitting formulas
from Lubow & Shu (1975) and Ulrich & Burger (1976):

1+ , 1)
qnut QOut

where goy is the mass ratio of the outer binary, defined as gqy =
m3/(my +my). If the apocentre of the inner binary, a.p, = ain(1 +
ein), exceeds Ryin, we assume BA occurs, whereas a CBD forms
when the apocentre is smaller.

Ruin = 0.425a4u(1 —- eoul)[

2.1.2. Ballistic accretion

During BA, we assumed that the gas from the stream is redis-
tributed as it intersects with the binary orbit, forming a gas cloud
encapsulating the inner binary. This structure bears resemblance
to a common envelope phase, as found by de Vries et al. (2014).
Recent analytical studies of stable mass transfer in hierarchi-
cal triples have treated these configurations as a classic com-
mon envelope, parameterised utilising the @A formalism in order
to predict the evolution of the inner binary (Hamers et al. 2022;
Gao et al. 2023; Dorozsmai et al. 2024). In contrast, our method-
ology involved determining the evolution of the inner binary
through the calculation of drag forces imparted on the binary
components by the surrounding gaseous medium. Gravitational
attraction of the wake trailing the objects remove linear momen-
tum and slow down the objects. The amplitude of the force on a
perturber mass (im,,) resulting from the gravitational drag force
(GDF) was calculated by Ostriker (1999)

47rG2m2py
F S i
GDF = 3
rel

l)relf(M), (2)

with p, the density of the gas surrounding the perturber, vy the
relative velocity between the gas and the perturber, and 7 (M)
a dimensionless function dependent on the Mach number M =
Urel/Cs, Where c; is the speed of sound in the gas. For lack of a
better estimate, we made the assumption that the gas is stationary
with respect to the centre of mass (COM) frame. Consequently,
the relative velocity is equivalent to the Keplerian velocity of the
perturber. The value of 7(M) has been determined by Ostriker
(1999) for an object that moves on a straight trajectory through a
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uniform gaseous medium either at subsonic M < 1 or supersonic
M > 1 velocities:

1+M

In -M ifM<1

1
2
ln(l - ﬁ) + ln(;‘:ﬁ) if M>1

where rya.x and rpi, represent the characteristic sizes encom-
passed by the gravitational wake. In the case of a binary sys-
tem, rmax typically approaches the orbital diameter (Kim & Kim
2007; Antoni et al. 2019). Thus we assigned 7y« a value of 2a;y,.
While the exact value of ry,;, remains uncertain, we adopted the
approach by Kim & Kim (2007) and set ryin = ain/10, which
makes In(rmax/7min) = In20 = 3.

The description of the wake formulated in Ostriker (1999)
is under the assumption of a single object moving along a linear
path through a gaseous medium. However, our situation involves
two objects orbiting each other. To address this, Kim & Kim
(2007) derived an expression for the gravitational wake of a
perturber moving along a circular trajectory. Unlike the sym-
metrical wake in the former case, the wake has both radial and
azimuthal components, with the azimuthal component dominat-
ing the orbital decay. To capture this effect, Kim & Kim provided
a fitting function for the azimuthal component of the wake:

b

IM) = 3

ifM<1.0
57 M) =3 1n(330(ain/ rin) X (M = 0.71)52MO58) (4)
if1.0< M <44
1n(—oﬁmM/’f;n.65) if4.4 <M

In the case of a binary system, the wake generated by one com-
ponent influences the gravitational drag experienced by the other
component. To address this mutual interaction, Kim et al. (2008)
introduced an additional term to the gravitational wake expres-
sion:

it M <297

ZE%M) (-0.022(10 - M) tanh(3M/2) )
ifM>297"

M2 =013 +0.07tan" ' (5M — 15)

To obtain the total effect of the wake, we summed the contribu-
tions from both terms, Z5(M) = I57(M) + I5%(M).

In Appendix B, we derived the change in semi-major
axis and eccentricity of the inner orbit over time. For a cir-
cular orbit, the eccentricity remains constant, and the semi-
major axis decreases due to the dissipation of orbital energy
(Grishin & Perets 2016; Rozner & Perets 2022):

dain
dt

Ga’
BA "N P!

}Ia F g+l + g, ©)

where M = m, + my is the total mass of the inner binary and g is
the mass ratio of the inner binary, defined as g = m,/m;.

To simulate the evolution of the inner binary, we had to
make assumptions regarding the gas density and local sound
speed around the perturbers. However, detailed simulations pro-
viding realistic values for these parameters in such systems
are currently lacking. In particular, the gas density is antici-
pated to have a considerable influence on the rate of evolu-
tion of the inner binary given that the drag force is directly
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proportional to p,. To address this uncertainty, we evaluated
Fgpr at two distinct gas density values: p, = 107® gem™ and
Py = 10719 g cm™3. We ensured that these densities are less dense
than those of typical common envelope scenarios in binaries or
triples, which are about 1075—1077 gecm™ (e.g. Ivanova et al.
2013; Glanz & Perets 2021). Moreover, the chosen values are
similar to the gas densities found in de Vries et al. (2014). For
simplicity, we assumed a constant gas density over time, imply-
ing that the mass transfer rate onto the inner binary equals the
amount of mass expelled from the binary. Unless otherwise spec-
ified, we assumed that none of the mass is accreted by the binary
components. Additionally, we adopted a sound speed value of
3051(m s~!, corresponding to a gas temperature of approximately
10° K.

2.1.3. Circumbinary discs

The dynamics governing the interactions between a binary sys-
tem and the surrounding CBD are inherently intricate. For a
detailed review on CBDs and their applications, we direct the
readers to the comprehensive review by Lai & Muiioz (2023).
Various processes can significantly influence the orbital evo-
lution of the binary. On one hand, gravitational torques stem-
ming from resonant interactions between the binary and the
disc can extract angular momentum from the binary. Conversely,
accretion from the disc onto the binary may transfer angular
momentum inward. The balance of these torques dictate how the
inner orbit evolves over time. The configuration of the binary,
characterised by parameters such as mass ratio (gi,), eccentric-
ity (ein), and mutual inclination (in), appears to play a piv-
otal role in determining the binary’s fate (Nixon et al. 2013;
Miranda & Lai 2015; Miranda et al. 2017; Muiioz et al. 2019,
2020; Duffell et al. 2020; Zrake et al. 2021; D’Orazio & Duftell
2021; Siwek et al. 2023a,b). Furthermore, alterations in binary
properties can lead to consequential shifts in its evolutionary tra-
jectory (Valli et al. 2024).

We utilised findings from Siwek et al. (2023b), who per-
formed hydrodynamical simulations of CBDs around supermas-
sive BH (SMBH) binaries. The results are scale free, making
them applicable to stellar-mass BHs as well. Regarding the disc
properties, a constant value of 0.1 was assigned to the disc vis-
cosity parameter a. Additionally, the aspect ratio h, representing
the disc’s thickness relative to its size, is fixed at 0.1. The study
encompasses an extensive parameter exploration using a grid-
based approach, wherein the eccentricity, ej,, ranges from 0-0.8,
and the mass ratio, gj,, ranges from 0.1-1. For each grid point,
time derivatives for the semi-major axis and eccentricity are pro-
vided. The rate of change of g, and ej, is expressed in terms of
the mass accretion rate and binary mass as follows:

dai, I

dt lesp lm—binain, @)
dein _ 1. Titbin @)
dr lcp ~ 7y’

where k; and k, are factors dependent on gi, and ej,, and iy,
is always positive as the binary is accreting material. We used
linear interpolation to determine the values of k; and k, for any
given gi, and e;,, as illustrated in Fig. 2. A noteworthy obser-
vation is the existence of an equilibrium eccentricity around
ein = 0.45-0.5 for near-equal mass ratios, likely attributed to
a resonant locking mechanism (Artymowicz et al. 1991). For
e > 0.8, extrapolation is avoided, and instead, the values for
ein = 0.8 were adopted.

A84, page 4 of 23

Semi-major axis

1.0

0.8 11

Eccentricity

0.7 °
0.6

0.51

€in

0.4 T

0.31

021 -
0.11

0.0 0.2 0.4 0.6

Qin

Fig. 2. Constants for the time derivatives of the semi-major axis (top)
and the eccentricity (bottom) of an inner binary surrounded by a CBD
based on the findings of Siwek et al. (2023b). The figure illustrates how
certain parts of the parameter space lead to either a decrease or increase
of the semi-major axis and the eccentricity. The dashed lines indicate
the points where the derivative equals zero.

In scenarios where the orbital configuration permits the for-
mation of a CBD, we assumed that the disc promptly reaches
a steady state. Here, the amount of mass accreted onto the
inner binary is continuously replenished by the mass trans-
ferred from the tertiary star. We adopted the fitting formula
proposed by Siwek et al. (2023a) for the preferential accretion
onto each binary component, which aligns well with the out-
comes of other hydrodynamic simulations of CBDs surrounding
SMBHSs (Muiioz et al. 2020; Duffell et al. 2020). This relation-
ship is expressed as

®

. -0.9
my (mz )
= == s

n

resulting in a tendency towards mass equalisation within the
binary system.

2.1.4. Gravitational waves

At small separations, angular momentum loss through emission
of GWs becomes non-negligible for binary compact objects and
can assist the inspiral of the binary towards a merger. The evolu-
tion of the semi-major axis and the eccentricity are described by
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Peters (1964)
da;, a g(ﬁmlmz(ml +m2)[ ) E + e 3_7]
dt 5 Csafn(l _ ei2n)7/2 inyg ingq
deiy, 304 GPmymy(my + my) » 121
-2 e —| (10)
di 15 cSat(1-e)5” 304

The complete evolution of a;, and e;, will be governed by the
summed contribution of the gas drag during BA, CBD dynamics,
and GW emission:

dai, _ daj, + daj, dai,

dt lowl ~ dr 1BA  dr lcBD  dt low

dej, de;, dei,

dt loal — dt lceD  dr low’ an

When the TMT phase proceeds via BA, the contribution of the
CBD is zero, and vice versa.

2.1.5. Eccentric gas drag

Initially, we considered gas drag effects on objects moving along
circular orbits, leading to a constant time derivative of the semi-
major axis along the orbit and a constant eccentricity of zero.
However, three-body dynamical effects, such as ZLK cycles,
can excite the eccentricity of the inner binary prior to the onset
of mass transfer. The drag forces become phase dependent, as
the velocity of the binary objects relative to the gas is dif-
ferent between pericentre and apocentre. In Appendix B we
derived the orbit-averaged time derivatives of the semi-major
axis and eccentricity. For binaries embedded in a homogeneous
gas cloud, the GDF leads to an increase in eccentricity for
supersonic trajectories (e.g. Szolgyén et al. 2022; O’Neill et al.
2024), and a decrease for subsonic ones (e.g. O’Neill et al.
2024). Rozner & Perets (2022) demonstrate that a steep growth
of eccentricity towards unity can be achieved, potentially facili-
tating a merger of the binary.

2.1.6. Isotropic re-emission

So far, we have assumed that the components of the inner binary
are able to accrete all material that is transferred from the CBD.
However, in reality, the accretion rate is likely to be limited.
For stars, accretion efficiency is often tied to the star’s thermal
timescale, while for compact objects, it is constrained by their
Eddington limit. If the mass transfer rate exceeds the maximum
accretion rate, any excess material is expelled from the vicinity
of the accreting object. Therefore, we explored a scenario where
none of the material is accreted and is instead ejected from the
system in the form of a fast isotropic wind or accretion disc wind
(e.g. Begelman & McKee 1983; Gallegos-Garcia et al. 2024).
The loss of angular momentum due to this expulsion affects the
orbital evolution of both the inner and outer orbits, in addition to
the evolution resulting from CBD interactions. We assumed the
matter is expelled symmetrically with respect to the object and
the evolution of the inner binary is similar to that of an isotropic
outflow (Hadjidemetriou 1963; Dosopoulou & Kalogera 2016):

da, i + e
S S
dt " my + my
de;
d;n =0, (12)

where 7i1'%° is the mass lost via an isotropic outflow. It is impor-
tant to note that a;, increases over time due to the inner binary
losing mass, with iy, ni, < 0. The consequences of re-emission
on the outer orbit are discussed later.

2.1.7. Retrograde torques

Thus far, our model for the CBD interactions assumed that the
CBD rotates prograde with respect to the inner binary. However,
triples are observed to have mutually inclined inner and outer
orbits (Borkovits et al. 2016). If the mutual inclination is larger
than 90°, the tertiary star will orbit in retrograde motion with
respect to the inner binary, which may result in the formation
of a retrograde disc. Nixon et al. (2011) demonstrated that for
retrograde discs, orbital resonances are absent. Additionally, the
binary components accrete negative angular momentum as the
angular momentum vector of the gas particles in a retrograde
disc points the opposite direction, leading to a rapid inspiral of
the inner binary. Tiede & D’Orazio (2024) performed an exten-
sive parameter study for retrograde discs around SMBH binaries
and provided an analytical fit based on their numerical results for
the evolution of the semi-major axis and eccentricity:

da;, Tipin
—— = —10a;,
dt “ Mpin
di i i
T _ 30 max{0.1, e, ) 20 (13)
dt Mpin

2.2. Evolution of the outer binary

The orbital evolution of the outer binary is governed by the
exchange and loss of angular momentum within the triple sys-
tem. Assuming that the tertiary star is sufficiently distant from
the inner binary, we can simplify the system by treating the inner
binary as a point mass. Under this approximation, the evolution
of the semi-major axis of the outer orbit is described by the equa-
tion (Soberman et al. 1997; Hamers et al. 2021)

ns ms

= a2 |1-8 . (14)
ms

1
my + myp a ﬁ)(')"" E) my + my + m3
which is analogous to mass transfer in isolated binaries. Here,
B is the mass accretion efficiency onto the accretor (i.e. the
inner binary), where § = 0 and 8 = 1 respectively repre-
sent completely non-conservative and conservative mass trans-
fer. The parameter y represents the specific angular momentum
of the material that is expelled from the system. For simplicity,
we assumed that the eccentricity remains unchanged during the
mass transfer.

In our fiducial model, we assumed that all transferred mate-
rial during BA is eventually expelled isotropically. This material
carries a specific angular momentum equal to that of the inner
binary. Thus, we set § = 0 and y = m3/(m; + my). If a CBD
forms, we assumed that all transferred mass is accreted onto the
inner binary. In this scenario, 8 = 1 (and y remains unspecified).

In scenarios involving isotropic re-emission within the CBD,
the mass transfer is considered entirely non-conservative such
that 8 = 0 and y = m3/(m; + my). Concerning the evolution of
the outer orbit, we assumed that all material is ejected at the cen-
tre of mass of the inner binary and therefore carries the specific
angular momentum of the inner binary. This assumption is jus-
tified by the substantial difference in size between the outer and
inner orbits.
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Table 1. Physical assumptions for the different models explored in this study.

Physics
Model BA  Bin. Ecc. CBD Iso. Retro. p,; &3
GDF GDF

Model Simple X A, B,C,D
Model Basic X X A, B,C,D
Model Basic + BinGDF X X X A, D
Model Basic + EccGDF X X X A, D
Model Basic + Iso X X X A,D
Model Basic + Retro X X X A, D
Model Advanced X X X X X X A, D
Model Basic + NoDrag X A, D
Model Advanced + NoDrag X X X A, D

Notes. Combinations of gas densities and mass transfer rates: A = [p, =

3 = mnuc]a D= [pg = 10_10 & 3 = mth]-

2.3. Model variations

Here we describe the various models that we investigate later
in the paper. A summary of all models is presented in Table 1.
First, we start with the most simplistic scenario and only con-
sider BA and GW emission. We call this the Model Simple.
The GDF exerted on the binary components is based on the lin-
ear perturbation theory (Egs. (3) + (6)). Estimating these forces
requires making assumptions for the gas density and local sound
speed around the binary components. To evaluate the implica-
tions of the uncertainty in the gas properties, we ran 4 models
with varying gas densities and mass transfer rates (defined in
Sect. 3.3), comparing the resulting final inner orbits across the
models. Additionally, we included the mass-transfer rate as a
parameter, as it is expected to influence the gas density around
the inner binary. Thus, we explored all four permutations of two
gas densities, pgs = 108 gem™ and pgs = 1071 gem™, and
two mass-transfer rates, namely the mass transfer that occurs on
the thermal and the nuclear timescale of the donor star.

For the next model, we introduced the potential formation of
a CBD around the inner binary. The evolution of the semi-major
axis and eccentricity in the presence of a CBD are described by
Egs. (7) and (8). We assumed the mass transfer onto the com-
ponents of the inner binary is conservative. We refer to this as
Model Basic. Similar to the previous model, we explored the
same four combinations of gas densities and mass transfer rates.
However, in Sect. 5.1.1 we demonstrate that in the presence of
a CBD, the final distribution of semi-major axes in a popula-
tion tends to converge with increasing gas density. Therefore,
for subsequent models, we focused solely on the combination
of Pgas = 108 gcm™ with nuclear timescale mass transfer, and
Pgas = 10719 g cm™ with thermal timescale mass transfer, repre-
senting the two extremes.

The following four models extend Model Basic by incorpo-
rating additional physical phenomena, with each model focus-
ing on one aspect at a time to assess its significance. In Model
Basic + BinGDF, we integrated the non-symmetric GDF experi-
enced by binary components during BA, as described by Eqgs. (4)
and (5), originating from the wake generated by two binary com-
ponents. In Model Basic + EccGDF, we introduced a modifica-
tion to the GDF under the assumption of eccentric orbits during
BA. The evolution of semi-major axis and eccentricity follows
Egs. (B.6) and (B.9). In Model Basic + Iso, we assumed that
during the CBD phase, none of the transferred mass accretes
onto the inner binary components, instead being isotropically (or
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1078 & 713 = titgye], B = [py = 1078 & 73 = 1iag], C = [p, = 10710 &

symmetrically) ejected near the accreting object. An additional
component of the orbital evolution due to the angular momen-
tum loss from the inner binary is described by Eq. (12). Model
Basic + Retro incorporates an adjusted formalism for the evolu-
tion of semi-major axis and eccentricity during the CBD phase
for systems with a retrograde disc, described by Eq. (13). Finally,
we merged the Basic + models, incorporating all four additional
physical processes described in Sect. 2.1. We refer to this as
Model Advanced. We emphasise that Model Advanced is not
necessarily the most realistic model, as the physical assumptions
are subject to uncertainties.

We introduced additional variations to the Basic and
Advanced models, referred to as Model Basic + NoDrag and
Model Advanced + NoDrag, where the effects of gas drag are
completely ignored. If the total mass of the gaseous cloud
enveloping the inner binary is significantly lower than that of the
binary components, the formation of an overdense wake trailing
the objects becomes inefficient, leading to a minimal inspiral of
the binary. In this scenario, we specifically examined the case
where the inspiral process is entirely ineffective.

3. Triple population synthesis
3.1. Preceding secular evolution

We first give an overview of the typical evolution of a triple sys-
tem with a CHE inner binary that leads to TMT and highlight
the important intermediate phases. For the system to potentially
produce a GW merger, we implement the condition that the com-
ponents of the inner binary have already evolved to their remnant
stage prior to the onset of mass transfer. A cartoon of the evolu-
tion is provided in Fig. 3.

(D At the ZAMS, the stars of the inner binary are on a suf-
ficiently short orbit such that tidal dissipation is strong enough
to have synchronised the rotational period of the stars with the
orbital period, commonly referred to as tidal locking. Conse-
quently, rotation-induced mixing can prevent the star from estab-
lishing a chemical gradient (Maeder 1987; Maeder & Meynet
2000; Heger et al. 2000). As opposed to classical evolving stars,
these CHE stars do not increase their radius during the MS. On
the contrary, by preventing the formation of a chemical gradi-
ent within the star and enriching the envelope with helium, the
star is expected to contract (Yoon et al. 2006; Mandel & de Mink
2016). Due to the short orbital period, the binary is likely to
be in over-contact. During this phase, one of the stars must
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prevent its second Lagrangian (L2) point from overflowing, as
this would lead to a loss of angular momentum through mass
outflow, followed by a merger of the binary (Soberman et al.
1997; Marchant et al. 2016). During the MS phase of the inner
binary components, any three-body dynamical effects are effec-
tively quenched by strong tidal forces, preventing (e.g. an eccen-
tric merger from occurring). Initially, the tertiary is less massive
than either component of the inner binary, ensuring the star will
not significantly expand and fill its Roche lobe before the other
stars have formed a BH.

(IT) Both stars of the inner binary have completed hydrogen
fusion. As the interior of the stars has been efficiently mixed
during the MS phase, the entire hydrogen content has been fused
into helium. The radius of such a helium star is smaller com-
pared to the radius at the ZAMS, and hence the stars detach and
stop evolving in a chemically homogeneous manner, with the
continued evolution being similar to that of a helium star. As
tidal forces are not as strong as before, dynamical interactions
between the tertiary and the inner binary can become more pro-
nounced.

(IIT) The stars of the inner binary undergo core collapse and
a BBH is formed. The supernovae might be accompanied by a
kick, mainly leading to an increase in eccentricity of both the
inner and the outer orbit, but not strong enough to unbind the sys-
tem. Eventually, the tertiary will evolve off the MS and expand
until it fills its Roche lobe, typically when evolving through the
Hertzsprung Gap, or after helium has been ignited in the core.
We stress that the radial evolution of the most massive stars
remains poorly understood, and constitutes a major uncertainty
in determining whether the tertiary star can fill its Roche lobe.

(IV) The tertiary star commences mass transfer towards the
inner binary. The TMT can proceed in two distinct ways: (i) if
the inner orbit is wide and/or the outer orbit is compact, the mass
stream intersects with the orbit, resulting in BA. (ii) if the inner
orbit is compact and/or the outer orbit is wide, the mass stream
misses the orbit and intersects with itself, forming a CBD.

3.2. Initial model assumptions

We applied the TMT model described in Sect. 2 on a large num-
ber of hierarchical triple systems with a Roche-lobe filling ter-
tiary star. The prior evolution of each system was simulated
with the triple population synthesis code TRES' (Toonen et al.
2016). In total, we evolve 6 x 103 systems from the ZAMS,
spread over metallicities of Z = 0.005 (0.25 Zy) and Z = 0.0005
(0.025Z), identical to the set-up described in Dorozsmai et al.
(2024). We only selected systems that follow the evolutionary
steps described in the previous section. In the remainder of this
section, we provide a description of the initial set-up of the sim-
ulations and the conditions that ensure CHE in the inner binary.

The ZAMS properties of the stars and orbits are based on sur-
veys of massive binaries (e.g. Sana et al. 2012; Kobulnicky et al.
2014) for the inner binaries and observations of solar-type stars
in hierarchical triples (Tokovinin et al. 2006; Tokovinin 2014b)
for the outer binaries. The initial masses of the primary star, m,
follow a power-law distribution with index @ = —2.3 (Kroupa
2001). The initial mass ratios between of the inner orbit, gi, =
my/my, and the outer orbit, go, = m3/(m; + my), both follow a
flat distribution. The initial inner and outer semi-major axes fol-
low a flat distribution in log-space. The inner orbits are initially
circular and the stellar spins are synchronised with the orbital

! This code is publicly available on: https://github.com/

amusecode/TRES
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Fig. 3. Evolutionary stages of triples with a CHE inner binary that result
in TMT with an inner BBH. Depending on the properties of the triple
at the onset of TMT, mass transfer occurs via BA or the formation
of a CBD. The masses of the three companions are indicated at the
ZAMS (Mzams), MS (Mys), and helium MS (Myeys) phases. Further-
more, the BH mass (Mpy), pre-tertiary mass-transfer mass (Mpre—tmr),
envelope mass (M., ), and core mass (M...) are indicated. The grey
and red crosses denote the centre of mass of the inner binary and outer
binary, respectively. The figure is not to scale and has been adapted from
van Son et al. (2022).

period, consistent with being tidally locked. The outer eccentric-
ities were drawn from a thermal distribution. The arguments of
pericentre of the inner and outer binary were uniformly sampled
between —m and x. Lastly, the relative inclination is sampled uni-
formly from a cosine distribution between 0 and 7.

To ensure that the stars of the inner binary are tidally
locked and can rotate rapidly enough to sustain efficient mix-
ing within the star, we sampled the initial system properties
from a restricted range of values. The initial mass of the pri-
mary stars are within the range [20, 100] M and the semi-major
axis of the inner orbits are within the range [14,40] Ry. Addi-
tionally, following Dorozsmai et al. (2024), to prevent an early
stellar merger, the mass ratios of the inner binary were sampled
between 0.7 and 1. The ranges for the outer binary are more
relaxed: the tertiary masses are in the range [5, 100] My, mass
ratios in the range [0.1,1] and the semi-major axes in the range
[100, 10°] Ro.

We determined for each sampled system whether CHE takes
place in the stars of the inner binary by comparing their rota-
tional angular velocity to a critical angular velocity that is nec-
essary for efficient internal mixing. We used fits produced by
Riley et al. (2021) that are based on numerical simulations per-
formed by Marchant et al. (2016) that provide the critical angu-
lar velocities for the given set of parameters of the inner binary.
Any binary whose stellar components do not have an angular
velocity exceeding this critical limit at the ZAMS, or at any later
stage of the MS evolution, were discarded. During the CHE, the
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radius remains constant, apart from the effects of mass loss due
to stellar winds. Once a CHE star leaves the MS, it is assumed to
directly transition to a helium star. Following the Hurley tracks
for MS and helium stars (Hurley et al. 2000), this coincides with
a sudden drop in radius of the star. However, detailed simulations
of chemically homogeneously evolving systems predict a more
gradual decrease of the radius over the MS (see Maeder 1987).

As the initial separation of the inner binary is small,
the binary is likely to be in contact. During the contact
phase, we assumed that the masses equalise instantaneously
(see Riley et al. 2021); although observations suggest that con-
tact binaries are preferably in non-equal mass configurations
(Menon et al. 2021; Abdul-Masih et al. 2022), which could
be an indication that theoretical models of contact binaries
are missing some important physics (Abdul-Masih et al. 2021;
Fabry et al. 2023). Due to the redistribution of angular momen-
tum within the binary, the semi-major axis evolves as

2
ar _ ( my imy,i )
- - 9
ai my fmy,

5)

where the subscripts i and f refer to the initial and final state of
the mass equalisation. If either star in the binary overflowed its
L2 point, the system was discarded. The location of the L2 point
was modelled following Marchant et al. (2016):

Ri2o — Rpip2

=0.299 tan"'(1.84¢°3%7), (16)

Rrip

where Rg; » is the Roche lobe of the secondary star.

3.3. Stability of mass transfer

The stability of the TMT is an important ingredient for the out-
come of the mass-transfer phase. CE evolution in triples has
been associated with dynamical ejections through destabilisa-
tion of the triple (e.g. Comerford & Izzard 2020); the plunge-
in timescale of the inner binary towards the core of the tertiary
star is short compared to the orbital evolution of the inner binary.
Although, other outcomes such as a merger of the inner binary or
a merger between the evolved tertiary star and the inner binary
are also possible (Glanz & Perets 2021). To that end, we only
considered systems where the TMT phase is dynamically sta-
ble. Dorozsmai et al. (2024) predicts the vast majority of TMT
phases to be dynamically stable, as the mass ratios between
the tertiary star and the inner binary (goy) are typically smaller
than 1.

The stability of the mass transfer phase is determined by the
evolution of the Roche lobe and the radius of the donor star in
response to mass loss. As the star tries to regain hydrostatic and
thermal equilibrium, the radius might shrink or expand, depend-
ing on the structure of the envelope (Hjellming & Webbink
1987; Soberman et al. 1997). We determined the logarithmic
derivatives of the radius with respect to the mass on the dynami-
cal timescale:

dInR
gad:( ) .
ad

dlnm

a7

The value of {,q depends on the structure of the envelope and
thus on the evolutionary type of the donor star. The values used
for each evolutionary type are similar to those described in the
binary population synthesis code SeBa (Toonen et al. 2012). The
evolution of the Roche lobe during the mass transfer phase is
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mainly governed by the redistribution of mass within the binary
and eventual angular momentum loss. We calculated gy :

_ dlnRL
Gre = dlnm |’

(18)

The mass transfer is dynamically stable when {rp, < {aq; that is,
the star can restore hydrostatic equilibrium.

For dynamically stable mass transfer, the rate of mass loss
from the donor star depends on the thermal response of its enve-
lope. If the star is able to regain thermal equilibrium, the mass
transfer occurs on the nuclear timescale of the donor star. The
corresponding mass transfer rate can be estimated as follows:

-10
"o LMoy,

Thuc ¢ Lo

where ¢ is a factor depending on the type of nuclear burning.
For core-hydrogen burning, ¢ = 1. For core-helium burning,
we assumed ¢ = 0.1. If the star does not regain thermal equi-
librium, the mass transfer occurs on its thermal timescale. The
corresponding mass transfer rate can be estimated as follows:

2RL Mo)\(R\(L
Tty = L2 ~6.67x1078 (—O)( )(—)MGYT_I’ (20)

Mpye =

19)

_ENGm m R_@ Lo

with 7y, as the thermal timescale and L as the luminosity of the
donor star.

In our simulations, if the mass transfer is dynamically stable,
we either assumed mass transfer on the nuclear timescale or the
thermal timescale for all systems. This way, we can more effec-
tively capture the full range of uncertainties of the mass transfer
on the formation of GW mergers.

4. Example TMT model

We applied our model to a representative system drawn from
the population outlined in Sect. 3, mainly focusing on the evolu-
tion of the inner binary. To highlight the effects from the dif-
ferent TMT models, we qualitatively compare the differences
between all the models described in Sect. 2.3. At the onset of
TMT, the inner orbit comprised two closely orbiting BHs with
orbital properties aij, = 25 Ry and ej, = 0.2. The outer orbit had
doyt = 200Ry and eqy = 0.3. The masses of the components are
my = my = 40Mg and m3 = 25M,, with a tertiary envelope
mass of 16.7Mg. We chose a gas density of p = 1078 gcm™
and a mass transfer rate of sz = riy,.. To determine the nuclear
timescale of the tertiary, we assigned the initial ZAMS mass and
luminosity of the tertiary to m3,; = 27 Mg, and 8.5 X 10* Lo, giv-
ing a timescale of 2.9 x 10° yr (Eq. (19)). The triple has a mutual
inclination i, = 115°, which implies a retrograde orbit of the
tertiary around the inner binary.
In Fig. 4, we show the semi-major axis and eccentricity evo-
lution of the inner binary during the TMT phase for all setups:
— Model Simple: We have assumed that the complete evolution
is driven by BA, precluding CBD formation. The gas sur-
rounding the binary exerts drag forces on the BHs, prompting
a merger within 640 years. After 500 years, the GW inspi-
ral starts to dominate over the BA, resulting in a more rapid
decay and circularisation of the orbit and an eventual merger.
— Model Basic: The evolution of the system shows signifi-
cant differences with Model Simple. For roughly the first
10 years, the inner orbit is too wide for a CBD to form with
the current orbital configuration, and the mass transfer pro-
ceeds in a ballistic fashion. During this period, the inner
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Fig. 4. Evolution of the semi-major axis and eccentricity of the inner binary of an example system during the TMT phase and the subsequent GW
inspiral. Different models are applied to the same system, as described in Sect. 2.3. The red shaded region indicates that the system undergoes BA.
The green shaded region indicates that the system has formed a CBD. The yellow region implies that the mass transfer is non-conservative during
the CBD phase, and the material is assumed to be lost via an isotropic outflow. The blue shaded region indicates that the inspiral of the inner binary
is dominated by GW emission. Overlapping colours show that more than one of the aforementioned processes apply.

binary shrinks rapidly from 25R to 10Ry. Afterwards, a
CBD is formed and the evolution is directed by angular
momentum exchange between the binary and the disc. As
a consequence, during the next 1.7 x 10° years, the eccentric-
ity increases quickly to the equilibrium value of about 0.48,
while the orbit shrinks modestly, down to 7.5 Ry. For the
following 1.8 x 107 years, angular momentum loss through
GW emission becomes dominant, complementing the CBD
torques. As a result, the eccentricity decreases, while the
binary orbit shrinks more rapidly. The binary is not able to
merge before the tertiary has transferred its entire envelope.
At the termination of the TMT phase, the inner binary has
a separation of 6.2 Ry. Subsequent GW emission brings the

system to merger within another 4 x 10° years. Evidently,
inspiral via BA is significantly more efficient than via CBD
accretion for sufficiently high gas densities. It is noteworthy
that a system that starts out in the regime of BA is always
expected to transition to a CBD if initially goy < 1. The rea-
son is that during BA, the outer orbit widens for the assump-
tion of isotropic re-emission, while the inner orbit shrinks,
facilitating the formation of a CBD.

Model Basic +BinGDF: The qualitative evolution of the
inner orbit is similar to that of Model Basic. The only notable
difference is that the transition from BA to CBD forma-
tion occurs later (after 40 years instead of 10 years). This
is because the azimuthal drag force exerted by the wake of
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the companion is negative (it tends to speed up the object
instead of slowing it down) and hence slowing the inspiral
(Kim et al. 2008). The final semi-major axis and eccentricity
are close to identical, as the transition to the CBD formation
takes place at a similar inner separation.

— Model Basic + EccGDF: Whereas Model Basic + BinGDF
shows results similar to those of Model Basic, this model
significantly deviates. During BA, the eccentricity of the
inner binary increases drastically, reaching 0.99 after only
12 years. Because the apocentre of the inner binary increases
at a faster rate than the semi-major axis decreases, the transi-
tion from BA to the formation of a CBD never occurs. Even-
tually, the eccentricity is sufficiently large, and the semi-
major axis sufficiently small, for GW emission to dominate
the evolution of the binary, leading to a rapid merger after
13.5 years.

— Model Basic + Iso: The evolution during the CBD phase is
altered with respect to Model Basic. Since the conservative-
ness of mass transfer is only changed in the presence of a
CBD, the evolution remains unchanged during BA. As the
mass carried away has a specific angular momentum smaller
than that of the binary orbit, the orbit effectively widens. The
competing effects of the CBD torques, GW emission, and
mass outflow leads to a slower decrease of the inner semi-
major axis compared to Model Basic. As a result, the sepa-
ration at the termination of TMT is 8.6 Ry, (versus 7.5 R, for
Model Basic).

— Model Basic + Retro: Similar to Model Basic + EccGDF, this
model significantly deviates from Model Basic. During the
CBD phase, the retrograde torques are more efficient at
shrinking the orbit than for the prograde scenario, and the
binary merges within 1.7 x 103 years. During the merger, the
tertiary is still transferring mass towards the inner binary.
During the final phase of evolution, the orbit is almost com-
pletely circularised by the GW emission.

— Model Advanced: All features of the Basic + models are
combined. However, the evolution of the inner binary is very
similar to that of Model Basic + EccGDF. This is because
during BA the eccentricity rapidly increases, transitioning to
GW dominated inspiral before a CBD can be formed. There-
fore, the evolution of the inner binary only depends on the
assumptions of the gas drag.

— Model Basic + NoDrag: The inner binary remains unchanged
during BA, as no drag forces are acting on its compo-
nents. After approximately 10° years, the system transitions
to a CBD phase. This shift occurs due to the outer orbit’s
expansion, caused by the redistribution and/or loss of angu-
lar momentum during the mass transfer process. The orbit
shrinks to 20.2Ry once the mass transfer ceases, which
is considerably wider than in models where drag forces
are included. Nevertheless, GW emission leads to a merger
within 60 Myr.

— Model Advanced + NoDrag: The evolution follows a similar
pattern to that of Model Basic + NoDrag, but during the CBD
phase, retrograde torques cause the orbit to contract more
efficiently to 10.2Rg. As a result, the merger occurs signifi-
cantly faster than in Model Basic + NoDrag, within 8.5 Myr.
However, this is still at least a factor 20 longer than for mod-
els including GDF.

5. Application to a triple population

Across both metallicities, we find that for about 7.5% of triples
in the simulated populations, the inner binary evolves chemically
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homogeneous for the entire duration of the MS phase. For this
subset of systems, the initial masses of the primary stars are at
least 30 M. Among this population, 9.4% of systems at Z =
0.005 and 9.5% at Z = 0.0005 evolve towards TMT with an
inner BBH. For these systems, we investigate the effect of TMT
on their evolution and their prospects as GW sources.

5.1. Effect of TMT on inner orbits

In this section we examine the impact of TMT on the inner orbits
consisting of a BBH, with a primary focus on the semi-major
axis and eccentricity. We first discuss the population of high
metallicity stars (Z = 0.005), followed by a separate analysis
of the role of metallicity.

5.1.1. Inner semi-major axis

Only BA (Model Simple). Under the assumption that a CBD
does not form, the semi-major axis at the end of TMT is mainly
determined by the mass-transfer rate of the tertiary and the
gas density of the cloud encompassing the inner binary dur-
ing BA. A combination of high gas density and a long mass-
transfer timescale results in very efficient inspiral of the binary,
whereas low gas density and a short mass-transfer timescale lead
to less efficient inspiral. This is evident from the final separa-
tions of the inner binary at the end of TMT: the average semi-
major axis reduces from 49.0 R to 34.4 R, under conditions of
pg = 10719 gcm™ with rir3 = ring,. Conversely, all the inner orbits
merge when p, = 107 gcm™ with i3 = ritgye.

BA and CBD (Models Basic(+)/Advanced). If a CBD is
allowed to form during TMT, the differences in the final semi-
major axis between different assumptions for the gas density
and mass transfer rate become less pronounced. In Fig. 5, we
show the inner semi-major axes after TMT for the four combi-
nations of the mass transfer rate and gas density described in
Sect. 2.3, applied to Model Basic. The average semi-major axes
range from 26.7 Ry to 34 Ry, indicating more consistent semi-
major axes compared to scenarios considering only BA. More-
over, the final separations for all the combinations of gas den-
sity and mass-transfer rate, except for p, = 10719 gecm™ with
3 = 1y, are nearly identical. This implies that the final semi-
major axis of the inner binary is not significantly dependent on
the gas properties during BA, especially towards high gas densi-
ties. Moving forward, we focus on two specific combinations of
gas density and mass transfer rate for the other models that allow
for the formation of a CBD: [p, = 10710 gcm’3 with 3 = ]
and [p, = 108 gcm‘3 with rity = sitgyc].

Our findings indicate that the inclusion of eccentric drag
forces during BA, the orientation of the CBD, and the conser-
vativeness of mass transfer all have a significant influence on the
evolution of the inner orbit. Systems that initially do not form
a CBD can attain eccentricities close to unity, leading to an effi-
cient merger through GW emission. However, if the orbit shrinks
more rapidly than the eccentricity increases, a CBD might be
formed before a high eccentricity is reached. Among the entire
population, up to 20% of the inner binaries are expected to merge
during TMT due to the inclusion of eccentric drag forces. For
systems that do not have a merger during TMT, the final inner
semi-major axes are similar to Model Basic. Similarly, if we
assume that the triples with a tertiary in a retrograde orbit rel-
ative to the inner binary can also form a retrograde CBD, the
inner orbits at the end of TMT are more compact. On aver-
age, the inner semi-major axis is 12—13 Ry smaller compared to
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Fig. 5. Cumulative distribution of the semi-major axis of the inner bina-
ries at the end of TMT for Model Basic at Z = 0.005. The few sys-
tems that have merged during TMT are omitted. The black dashed line
denotes the semi-major axis distribution at the onset of mass transfer.
Among different assumption for the gas density during BA and the mass
transfer rate, the final distributions are fairly similar.

scenarios considering only prograde discs. Isotropic mass out-
flow from the vicinity of the BHs on the other hand, leads to
widening of the orbit through loss of angular momentum. If
the TMT is completely non-conservative, the typical semi-major
axis at the end of TMT is approximately 10 R wider compared
to completely conservative mass transfer.

No drag during BA (Models NoDrag). Neglecting drag
forces entirely during BA leads to significantly wider final sepa-
rations of the inner binaries. For systems initiating with BA, the
average semi-major axes can be up to four times larger by the
end of TMT compared to the models that include drag forces.
However, in most systems, a CBD is expected to form imme-
diately at the onset of the mass transfer, and its subsequent
evolution remains consistent with models that account for drag

forces.

5.1.2. Eccentricity

The evolution of the eccentricity of the inner binary is mainly
governed by the interplay between the CBD and GW emission.
For prograde discs, the eccentricity evolves towards an equilib-
rium point (until GW effects take over), as illustrated by the
example system in Fig. 4. Consequently, for prograde discs, the
typical inner eccentricities increase from 0.22 to 0.47-0.48 at
the end of TMT, aligning with the equilibrium eccentricity for
near-equal masses. We note that the semi-major axis consis-
tently decreases once this equilibrium eccentricity is reached.
This trend holds across the range of mass ratios considered in
this study. However, it may not apply for significantly unequal
mass ratios (see Fig. 2). In contrast, systems influenced by
retrograde disc torques do not reach an equilibrium eccentric-
ity; instead, the eccentricity continually increases towards unity.

This high eccentricity leads to rapid loss of orbital energy via
GW emission, resulting in fast inspiral of the binary. As GWs
also carry away angular momentum, the system does not main-
tain high eccentricities for long and eventually becomes nearly
circularised before merging.

However, if we include eccentric drag forces, the evolution
of the eccentricity is most prominent during BA and the GW
dominated regime. As demonstrated in the previous section, the
eccentricity can increase towards unity during BA for many sys-
tems, leading to an efficient merger

5.1.3. Metallicity

In this section we discuss the role of metallicity on the final
semi-major axis and eccentricity of the inner binaries. While the
evolution of the system during TMT is not directly affected by
metallicity in our model, the properties at the onset of TMT can
be vastly different.

Firstly, stellar winds are metallicity dependent (Vink et al.
2001; Vink & de Koter 2005) and effectively widen the inner
orbit before the stars evolve into BHs, mainly during the post-
MS phase of the BH progenitors. Therefore, high-metallicity
systems are expected to develop wider orbits, whereas low-
metallicity systems tend to remain more compact. The quanti-
fied effect of winds on the inner semi-major axes at the onset of
TMT is shown in the left panels of Fig. 6. For systems with a
metallicity of Z = 0.005, the orbits range from approximately
20-200 Ry, with an average of 49.0Ry. Notably, the smallest
inner semi-major axes are comparable to the MS radii of the BH
progenitors, while the widest orbits significantly exceed the ini-
tial upper sampling limit of 40 Ry. In contrast, systems with a
lower metallicity of Z = 0.0005 experience considerably weaker
stellar winds, resulting in a narrower range of semi-major axes
at the onset of TMT. The widest orbits are approximately 30 R,
with an average of 20.3 Ry. Some BBH systems have semi-major
axes smaller than 15 Ry, which is less than the combined radii
of their MS progenitors. These systems have been subjected to
strong three-body dynamical interactions, coupled with either
tidal forces or GW emission, depending on the stellar type of
the inner binary stars, resulting in energy dissipation from the
binary.

Secondly, the wider inner orbits of high-metallicity stars also
lead to more pronounced three-body dynamical interactions dur-
ing the post-MS phase of the inner binary components compared
to the lower metallicity systems. This is because the timescale
of the ZLK cycles scales with the ratio between the outer and
inner orbital period, and the separations of the outer orbits that
undergo TMT are comparable across both metallicities con-
sidered in this study. Therefore, systems with metallicities of
Z = 0.005 have higher eccentricities at the onset of TMT than
systems with metallicities of Z = 0.0005, as shown in the right
panels of Fig. 6. In both cases, the majority of systems have
a non-zero eccentricity, with a prominent peak just above 0.1,
attributed to the Blaauw kick experienced by BHs in our models
due to neutrino losses. However, we predict a tail extending from
eccentricities above 0.15 up to 1 only for the high-metallicity
systems.

Thirdly, the properties of the inner and outer orbits at the
onset of TMT play a crucial role in determining the formation
of a CBD. With wider and more eccentric inner orbits at higher
metallicities, the likelihood of disc formation decreases. Initially,
57.1% of systems with a metallicity of Z = 0.005 form a CBD,
whereas for systems with a metallicity of Z = 0.0005, the per-
centage increases to 74.4%.
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Lastly, stellar winds determine the available envelope
mass of the tertiary to be transferred during TMT. A higher
metallicity, and thus higher mass-loss rate, would typically be
expected to result in a smaller envelope mass of the donor star at
the onset of TMT. However, our findings reveal the opposite, as
shown in Fig. 7. For systems with metallicities of Z = 0.005, the
mass ratios of the outer binary are typically larger than those
in lower metallicity systems, as the BHs in the inner binary
have lower masses due to higher wind mass loss from their pro-
genitors. As a result, the Roche lobe of the tertiary is smaller,
causing the star to fill the Roche lobe at an earlier evolution-
ary stage. Consequently, these stars frequently engage in mass
transfer while still evolving through the Hertzsprung Gap (HG).
Conversely, at Z = 0.0005, the majority of tertiary stars are
already supergiants, which are much more luminous and have
experienced significantly stronger wind mass loss during the
pre-TMT evolution. However, the mass-loss rates of massive
stars near the Humphreys-Davidson limit that are classified as
luminous blue variables (LBVs) are highly uncertain. Current
models typically assume the mass-loss mechanism is metallic-
ity independent, which may overestimate the mass lost at low
metallicities.

The combined effects of the factors discussed above result
in different final properties for the inner binary at the end of
TMT. Specifically, in low metallicity systems, the typical inner
semi-major axis ranges from 8.7Ry to 18.1 Ry, depending on
the physical assumptions of the model. For the high metallicity
systems, the separation is, on average, twice as large. Regard-
ing the eccentricities, the distinction between the two popula-
tions is much less significant due to the CBD driving the systems
towards the same equilibrium eccentricity.
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Fig. 7. Distribution of envelope masses of the tertiary star at the onset
of the TMT phase at metallicities of Z = 0.005 and Z = 0.0005.

5.1.4. Effect of TMT on outer orbits

Mass transfer from the tertiary to the inner binary inevitably
leads to changes in the semi-major axis of the outer orbit due
to redistribution or loss of orbital angular momentum. For all
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systems, TMT occurs in a stable manner (even for donor stars
with a convective envelope), largely because of the prevalence
of unequal mass ratios in the outer orbit. At metallicities of
Z = 0.005 and Z = 0.0005, the mass ratio go, does not exceed
1 and 0.6, respectively. If the mass ratio were higher, the ter-
tiary would have initially been more massive than the stars of the
inner binary, causing it to evolve and fill its Roche lobe before
the inner binary became a BBH (Dorozsmai et al. 2024). Since
the mass ratio is always less than one, Eq. (14) indicates that
the orbit widens throughout the entire mass transfer phase under
the assumption of either conservative mass transfer or isotropic
re-emission.

5.2. GW sources

Having demonstrated that the inner binary can significantly
shrink during TMT, we anticipate efficient formation of GW
mergers. Assuming the absence of TMT, already a sizeable frac-
tion of the population would be able to merge solely due to
orbital inspiral via GW emission. Specifically, at Z = 0.005
(Z = 0.0005), 44.4% (100%) of the inner binaries are predicted
to merge within a Hubble time. When TMT is included, we pre-
dict that 85.1-99.9% of systems at Z = 0.005 could form a GW
merger within a Hubble time, assuming a CBD is formed. With-
out a disc, the merger fractions range between 91.5-100%.

Additionally, some mergers occur while TMT is still ongo-
ing, potentially producing a GW signal accompanied by an
electromagnetic (EM) counterpart. We discuss this further in
Sect. 6.1.1. We predict that <0.03—-46.8% and <0.07-29.3% of
systems could have an EM signal during the merger with metal-
licities of Z = 0.005 and Z = 0.0005, respectively. However, if
we assume no CBD is formed, up to 100% of systems can pro-
duce such mergers. The large uncertainty in these fractions arises
from differences in metallicity, mass transfer rate, and physics of
the BA and the CBD phase. An overview of all the merger frac-
tions can be found in Table A.1.

5.2.1. Eccentricities with aLIGO

Binary eccentricity can serve as a key indicator to distin-
guish between different formation channels of GW mergers,
as eccentric mergers are often linked to a dynamical history.
Various dynamical pathways have been proposed to produce
mergers with eccentricities exceeding 0.01-0.1 when enter-
ing the aLIGO frequency band at 10Hz, such as isolated
triple stars (Antonini et al. 2017; Liu et al. 2019), galactic nuclei
(Antonini & Perets 2012; Takétsy et al. 2019; Gondan & Kocsis
2021; Samsing et al. 2022), and cluster environments (e.g.
Antonini et al. 2016; Samsing 2018; Rodriguez et al. 2018a,b;
Antonini & Gieles 2020; Dall’Amico et al. 2024). At design
sensitivity, current ground-based GW detectors will be sensitive
to eccentricities of at least 0.05 (Lower et al. 2018). Future third
generation detectors are expected to be sensitive to eccentricities
as low as 1073=107* (Lower et al. 2018; Saini 2024). We explore
whether eccentric BBH mergers can form via the evolutionary
channel considered in this study. The GW frequency is deter-
mined according to the highest order amplitude (Wen 2003):

NGO F ) (1 + )1
- T [a(l — e2)]
We have shown that the interactions between the inner binary
and the surrounding gas can increase the eccentricity and hence
may counteract the circularisation of the orbit due to GW emis-
sion, thereby maintaining an eccentric orbit.
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Fig. 8. Cumulative eccentricity distribution for the GW mergers of
Model Advanced with p, = 108 gcm™ and 713 = 7. When enter-
ing the aLIGO frequency band (solid lines) and in the frequency range
at which LISA will be most sensitive (dashed and dotted lines).

As shown in Fig. 8, our predictions indicate a wide range
of eccentricities for systems that enter the aLIGO frequency
band, with three distinct peaks identified in the distribution when
including all additional physical phenomena considered in this
study. The largest population, with low eccentricities ranging
from 1077=107°, consists of systems whose final phase of the
spiral-in is driven purely by GW emission. This peak shows lit-
tle dependence on metallicity, and is at the same location also
characteristic of GW mergers in field binaries and dynamical
captures and ejections in globular clusters (e.g. Nishizawa et al.
2017; Zevin et al. 2021a). The second peak, with eccentricities
ranging between 1075—107%, arises from systems with retro-
grade discs that have a merger during the CBD phase. The posi-
tion of this peak is highly sensitive to the mass-transfer rate, as
the time derivative of eccentricity from CBD torques depends
on it. Therefore, if the mass transfer takes place on the ther-
mal timescale, the peaks shifts to eccentricities ranging between
1073-1072. A high eccentricity peak is predicted only for sys-
tems with metallicities of Z = 0.005 and high gas densities,
reaching eccentricities up to order unity. These systems originate
from eccentric gas drag during BA. We find that 19% of these
systems reach eccentricities exceeding 0.01. However, we stress
that the assumptions for the gas properties during BA are highly
simplified and uncertain. When excluding drag forces altogether,
the peak at the highest eccentricities disappears.

5.2.2. Eccentricities with LISA

Similar to aLIGO, future space-based GW detectors like LISA
could provide valuable insights into the formation history
of merging stellar-mass BHs (see Amaro-Seoane et al. 2023).
Eccentricity is a key property in this context (Breivik et al. 2016;
Nishizawa et al. 2017; Samsing & D’Orazio 2018; Zevin et al.
2019), with predictions indicating that eccentricities of 0.001
should be measurable for 90% of systems within a 5-year obser-
vation period, and for 25% of systems within a 2-year period
(Nishizawa et al. 2016).

When the inner binaries enter the LISA frequency band at
0.001 Hz, they typically have semi-major axes of 1-1.5Ry. By
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this stage, the systems have generally completed TMT, except
for those mergers with a potential EM counterpart. Specifically,
systems with an EM counterpart maintain high eccentricities
throughout the LISA band because the circularisation due to GW
emission is counteracted by CBD torques or eccentric gas drag,
which drive the system to elliptical orbits. In Fig. 8, we show
the eccentricities at GW frequencies of 0.001 and 0.01 when
including all variations of the physical phenomena. We predict
similar peaks in the eccentricity distribution as for the aLIGO
frequency band, spread across a wide range of eccentricities:
0.0001-1. Consequently, the typical eccentricities can be char-
acteristic of all types of evolutionary models, from mergers in
isolated binaries to mergers through three-body interactions (see
Wang et al. 2024), depending on the physical processes involved
in the merger. We note that even without gas drag, high eccen-
tricities (e > 0.1) can be achieved, although it is less common
by a factor two compared to cases where eccentric gas drag is
included.

5.2.3. Delay times

We define the delay time as the time between the formation of
the triple and the merger of the compact objects:

Tdelay = Tise T TTMT T Tinsp» (22)

where Ty is the time from the ZAMS up to the onset of TMT,
Trmr iS the duration of the TMT, and 7, is the inspiral time
of the inner binary when its evolution is only driven by GW
emission after the TMT phase. The delay time is an indicator for
when a merger occurs and can be translated to a cosmic distance
since GWs travel with the speed of light. Given the limited sen-
sitivity of the current ground-based GW detectors, the distance
of the merger affects its observability.

Our findings show that the typical delay time shortens due to
TMT, regardless of the physical assumptions, as demonstrated
in Fig. 9. However, there is a considerable variation in the delay
times across different models. Non-conservative mass transfer
during the CBD phase leads to delay times around 3-6 times
longer compared to conservative mass transfer. Allowing for
the formation of retrograde discs shortens delay times by 1.5—
2 times compared to only prograde discs. Moreover, systems
with low metallicity have significantly shorter delay times com-
pared to high metallicity systems. As discussed in Sect. 5.1.3,
the lower metallicity systems typically end up in more compact
orbits at the end of TMT. Given the strong dependence of the
GW inspiral timescale on the semi-major axis, the delay times
at Z = 0.0005 are 1 to 2 orders of magnitude shorter than at
Z = 0.005. We assess the impact of these differences in the delay
times on the cosmic production rate of GW events in the next
subsection.

5.2.4. Merger rates

Even though the formation efficiency of GW sources is high for
the studied channel, triples with a CHE inner binary can only
be formed in a limited range of inner semi-major axes, stellar
masses, inner mass ratios, and metallicities. We calculate the
local merger rates of the inner binaries at redshift z = 0. First,
we determine the efficiency at which mergers are formed via this
channel within the complete stellar population. This is expressed
as

N, merge

€ft = fcHE (23)
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Fig. 9. Delay time distribution of BBH mergers for different physical
assumptions at Z = 0.005 (top) and Z = 0.0005 (bottom). The red
histograms show the delay times if TMT had not taken place. The black
dashed line denotes the Hubble time of approximately 13.5 Gyr.

where fcpg is the fraction of the simulated parameter space rela-
tive to the entire parameter space in which stars are born. For
details on the underlying sampling distributions, we refer the
reader to Sect. 3.2. Assuming a triple fraction of 0.73, a binary
fraction of 0.21, and a single star fraction of 0.06 within the sim-
ulated mass range, the value of fcyg is 6.5% 1073. The calculation
of fcpe is identical to that of Dorozsmai et al. (2024). Nyerge 18
the number of GW mergers produced in our simulations, while
Ngimulated 18 the total number of triple systems simulated. Next,
we translated this merger efficiency to a birth-rate density, which
gives the number density of merging systems born per unit star-
forming mass:

1
Roirth = I ; SFRA(Z;, Zform)€ctt s 24

where SFRdA(Z;, zform) 1is the star-formation rate density
at the redshift at which the system formed following
Madau & Dickinson (2014), Madau & Fragos (2017), and M is
the average mass per system. The term Z; is the metallicity of
the system, while zfoy is the formation redshift. In this study,
we considered only two metallicities despite the broad range of
metallicities at which mergers can form. This limitation intro-
duces some uncertainty into the calculated rates. Finally, we
computed the merger rate by integrating the birth rate over the
delay times:

1 Imerge
Rmerge = ﬁ Z f SFRA(Z;, zform (tdelay))feff (tdelay)dtdelaya
z, V0

(25)
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where fyerge is the time at which the merger occurs. For a more
detailed description of how the merger rates were calculated, we
refer to Dominik et al. (2015), Dorozsmai et al. (2024).

The predicted local (redshift z = 0) merger rates
range between 0.69—1.74 Gpc™ yr~! depending on the assumed
physics in the model. The variation in these rates is mainly a
result of the different delay times for the mergers between the
models. To clarify, the range in the predicted rates are solely a
result of the different physics assumption during the TMT and
does not account for uncertainties in the initial distributions of
stellar and orbital properties or the preceding stellar evolution.
For instance, Kummer et al. (2023) show that rare evolutionary
pathways in hierarchical triples can introduce uncertainties of
up to a factor of a few. Interestingly, the high metallicity popula-
tion contributes significantly more — by a factor 10-30 — towards
the local merger rate than the low metallicity population. This
discrepancy is due to the short delay times in the low metallic-
ity population, which necessitates the formation of the original
triples at a low redshift for them to be observable locally. How-
ever, at low redshifts, the star-formation rate (SFR) is relatively
low, and stars tend to be born with higher metallicities, resulting
in a low merger rate for this population.

Regarding mergers with a potential EM counterpart, the local
merger rate varies substantially across the different models. The
predicted rates range from as high as 0.62 Gpc™ yr~' to almost
negligible values. Models that predict higher rates typically
include retrograde discs, eccentric gas drag, and high gas den-
sities, as these conditions more efficiently facilitate GW mergers
during TMT. However, observing these mergers locally is chal-
lenging because their delay times are generally short, often not
exceeding a few tens of millions of years. An overview of all
merger rates can be found in Table A.2.

Figure 10 illustrates the merger rates for both metallic-
ity populations across redshift in our Model Advanced setup.
The merger rate for both high and low metallicity populations
increases steeply towards z = 2, aligning closely with the peak
of the cosmic star-formation rate. Beyond this point, the merger
rate for the high metallicity population (Z = 0.005) rapidly
declines, while the merger rate for the low metallicity popula-
tion (Z = 0.0005) decreases more gradually. At redshifts greater
than z = 5, most of the mergers originate from the low metal-
licity stars. This trend results from the combination of shorter
delay times and the peak of the metallicity distribution shifting
towards lower values at higher redshifts.

Variations of the SFR and the cosmic metallicity distribu-
tion can significantly impact predictions for compact object
merger rates (e.g. Neijssel et al. 2019; Chruslinska et al. 2019;
Broekgaarden et al. 2021, 2022). This is especially true at high
redshifts (z > 2), where the SFR is not well established. Such
uncertainty primarily affects local GW mergers from the high
metallicity population in our study, as the short delay times
of low metallicity mergers indicate that such mergers are only
locally observable if the system was formed at a low redshift.
Moreover, recent cosmological simulations of galaxy forma-
tion and evolution have identified a low metallicity tail at low

redshifts (e.ig. van Son et al. 2023), which is not captured byg
conventional log-normal distributions based solely on empiri-

cal evidence. While we do not quantify these uncertainties, they
could significantly increase the merger rate for the low metallic-
ity population.

Previous studies have already predicted redshift-dependent
BBH merger rates for CHE binaries, but without a tertiary com-
ponent (Mandel & de Mink 2016; Riley et al. 2021). To compare
with their findings, we computed the merger rate for systems
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Fig. 10. Binary BH merger rate as a function of redshift for Model
Advanced at Z = 0.005 (blue) and Z = 0.0005 (orange). The dotted
lines refer to the merger rate of triples with a CHE inner binary where
the tertiary has not influenced the evolution of the inner binary.

where the tertiary star does not significantly influence the evolu-
tion of the inner binary, either through mass transfer or dynam-
ical interactions; that is, the inner binary evolves effectively
isolated from the tertiary. As shown in Fig. 10, the most
pronounced difference with the studied triple channel is that
the peak of the merger rate shifts towards lower redshift,
particularly for the high metallicity population. This shift
occurs because TMT generally shortens the merger delay time.
Mandel & de Mink (2016) considered a population at a fixed
metallicity of Z = 0.004, similar to our high metallicity pop-
ulation. Their merger rate peaks around a redshift of 0.3-0.4,
somewhat higher than our findings, possibly due to minor dif-
ferences in metallicity. Conversely, Riley et al. (2021) integrated
the merger rate over a broader range of metallicities, using 30
evenly spaced metallicity bins, and find that the rate typically
peaks at higher redshifts (z = 3—4). This discrepancy, how-
ever, might be attributed to differences in the sampled metallicity
range, the number of different metallicities considered, the SFR
model, and redshift-dependent metallicity distribution of stars.

6. Discussion

In this section we address additional key observational signa-
tures associated with GW mergers and examine the limitations
of the mass transfer model. Specifically, we discuss the assump-
tions made related to the CBD and BA.

6.1. Gravitational wave sources

6.1.1. Electromagnetic signal

A merger of two BHs preceded (and accompanied) by strong EM
emission would be a smoking gun to pin down the evolution-
ary origin of the merger. Stone et al. (2017) found that BBHs
embedded in an AGN disc could be driven towards mergers
assisted due to three-body interactions and interactions with the
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surrounding disc, potentially producing a luminous EM coun-
terpart upon merger. Presumably, the X-ray emission is con-
strained by the Eddington mass accretion rate of the accreting
object:

Lpaa = 1.3 % 1038(£)erg s7h. (26)
Mo

However, if the mass transfer rate exceeds the Eddington accre-
tion rate significantly, the unaccreted mass is speculated to be
expelled, obstructing the emitted X-ray radiation in most direc-
tions, thereby directing the emission towards the polar regions
above and below the accretion disc (e.g. King et al. 2023). This
leads to an observed X-ray luminosity in excess of 10¥erg s~!
for neutron stars and stellar-mass BHs, classified as ultralu-
minous X-ray (ULX) sources. To date, the observed num-
ber of ULX candidates ranges in the thousands (Walton et al.
2022), with many originating from low-metallicity environments
(Soria et al. 2005; Mapelli et al. 2009; Prestwich et al. 2013;
Basu-Zych et al. 2016; Kovlakas et al. 2020).

If the inner binaries of our triples manage to coalesce
while the TMT phase is ongoing, this pathway could give rise
to BBH mergers accompanied by EM signals. The BHs in
our sample typically have Eddington mass accretion rates of
1077-107° Mg yr~!. The mass-transfer rate of massive tertiary
stars, especially on the thermal timescale, far exceeds Edding-
ton limit, leading to high X-ray luminosities. It is important
to emphasise that the frequency of mergers with a disc still
present heavily depends on the underlying model assumptions
(see Sect. 5.2).

6.1.2. BH spin

In this study, we have not considered the spin distribution of
merging BHs. The effective spin y.g of the merging binary,
which contains both the magnitude and orientation of the spin
vector for the binary system, is a property that can be inferred
directly from the GW signal (Abbott et al. 2023). Disentangling
the individual spin components poses a significant challenge.
Previous studies of CHE in isolated binaries predict BH spins
that stand out from other GW channels in terms of their high
spin magnitudes retained from rapid rotation during the CHE
phase (e.g. Zevin et al. 2021b), although Marchant et al. (2024)
predict that the majority of locally detected BBHs from this
channel have y.x < 0.5. In our sample, interactions between
the disc and the binary could potentially alter the spin prop-
erties of the merging BHs. For instance, in inclined accretion
discs, the BHs are driven to alignment by the Lense-Thirring
effect (e.g. Volonteri et al. 2005), although the spins of the BHs
are already expected to be aligned with respect to each other.
An additional consequence of Lense-Thirring is the alignment
between the angular momentum vector of the binary and the
disc (and thus the tertiary), which could suppress dynamical
interactions within the triple. This would prevent misalignment
due to three-body interactions during the successive inspiral of
the binary. Furthermore, accretion of material could result in
spin-up of the objects. However, Muifioz et al. (2020) find that
the time-averaged spin torques are only a few percent of the
rate of change in orbital angular momentum. A more detailed
investigation of the spin evolution in this channel is neces-
sary to accurately determine the final spin distribution, but we
anticipate the spins to be relatively similar to CHE in isolated
binaries.
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6.1.3. Pulsational pair-instability supernovae

Stellar rotation decreases the initial mass necessary to form
helium and carbon-oxygen (CO) cores of a given mass
(Chatzopoulos & Wheeler 2012), an effect that is particularly
relevant for stars that spin so fast that they evolve chemically
homogeneous (Woosley 2017). For helium and CO core masses
of about 30 My or more, this leads to pulsational instabili-
ties in the very final phases of evolution. These may lead to
very substantial mass shedding, reducing the mass and angu-
lar momentum of the BH that forms in the (pulsational pair-
instability) supernova that ensues (see also, Marchant et al.
2019; Stevenson et al. 2019).

For the explored parameter space (i.e. initial masses of the
primary component of the inner binary between 20 and 100 M)
7.5% of systems evolves chemically homogeneous, out of which
9.5% lead to mass transfer from the tertiary to an inner BBH.
From these, for Z = 0.005, 50% of the inner binary compo-
nents ultimately have helium and CO core masses in the range
35-60 M. For Z = 0.0005 this is 99%. So, the majority of our
systems may be affected by pulsational pair instability effects
not accounted for in our simulations. The primary effect the pair
instability driven mass loss is anticipated to have is that it drives
the inner binary towards larger separations. The implications of
this shift on the merger process remain ambiguous. On the one
hand, the inspiral time should increase as the binary widens.
On the other hand, three-body dynamical interactions become
stronger, leading to more eccentric orbits. Additionally, the final
BH masses and angular momenta would be reduced. The for-
mer influences the evolution of both the inner and outer orbits
throughout the entire TMT phase and subsequent GW inspiral.
Furthermore, the mass transfer is more prone to be unstable.

6.2. Assumptions regarding circumbinary discs
6.2.1. Viscosity parameter

The evolution of the inner binary in the presence of a CBD in our
model are based on simulations tailored for SMBHs (Siwek et al.
2023b), though our investigation primarily concerns stellar mass
objects, which are significantly lower in mass. Notably, the vis-
cosity parameter « in discs around stellar mass systems are typ-
ically around an order of magnitude lower than those around
SMBHs (Hartmann et al. 1998). Dittmann & Ryan (2022) found
that for low aspect ratios, H/r < 0.1, the transfer rate of specific
angular momentum between the disc and the binary is highly
dependent on the viscosity of the disc. However, at H/r = 0.1,
this dependency more or less disappears, resulting in consistent
semi-major axis evolution regardless of the disc’s viscosity. This
result is in agreement with the findings of Muiioz et al. (2020).
Given that stellar-mass discs typically have aspect ratios closer
to 0.1 (see Lai & Muiioz 2023), it suggests that the binary’s evo-
lution may not deviate significantly.

6.2.2. Steady-state disc

In our simulations, we assumed that a steady state disc is reached
instantaneously, wherein the mass accretion rate onto the inner
binary matches the supply rate at the outer boundary of the
disc. However, this assumption overlooks the so-called ‘tran-
sient phase’, characterised by the cavity’s filling within the CBD
and the formation of circumstellar discs encircling the individ-
ual binary components. This phase may involve loss of angular
momentum from the inner binary as the net torque is provided
solely by gravitational interactions (Mufioz et al. 2020), leading
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to an additional decrease in the semi-major axis. Although the
duration of the transient phase is dependent on the initial disc
properties, we performed a back-of-the-envelope calculation to
assess the significance of this phase. Following Mufioz et al.
(2020), if a steady state is reached after a few hundred binary
orbits, its duration could extend to approximately 10 years. How-
ever, for stronger viscous discs, resembling discs around stellar-
mass objects instead of SMBHSs, the transient phase is antici-
pated to last even longer (e.g. Miranda et al. 2017). Considering
the thermal timescale of massive evolved stars, estimated at
about 10-100 years, it becomes apparent that a significant por-
tion of the mass transfer phase could be governed by the tran-
sient phase, and therefore the orbital shrinkage could be under-
estimated in the current model.

Similarly, we assumed that the disc promptly disperses as
soon as the mass-transfer phase is terminated. However, for a
finite disc in quasi-steady state (where the mass-accretion rate
scales with the rate at which the disc viscously spreads), the mass
accretion onto the binary diminishes with time, following a time
dependency of approximately rit,e. o 3 (Muifioz et al. 2020;
Siwek et al. 2023a). As a result, it is conceivable that our esti-
mation of the disc’s lifetime is underestimated. Increased disc
lifetimes, coupled with strong GW emission, may lead to an
increase in the number of mergers in the presence of a CBD,
consequently leading to a higher occurrence of mergers accom-
panied by an EM signal. This could be particularly pronounced
at lower metallicity, where delay times can be less than 10 Myr,
and GW emission plays a significant role in the orbital evolution.
This scenario is especially relevant for massive post-MS tertiary
stars, as their evolutionary timescale typically spans 0.1-1 Myr
for the tertiary stars considered in this study.

6.2.3. Comparison with other studies

Similar to our approach, Vallietal. (2024) use an interpo-
lation method to analyse changes in semi-major axis and
eccentricity, referencing the work of Siwek et al. (2023b), and
compare these results with those from Zrake etal. (2021)
and D’Orazio & Duffell (2021). Notably, disagreements arise
regarding the stability of the eccentricity in initially circular
orbits with equal mass ratios. While Siwek et al. (2023b) suggest
the configuration is unstable, leading to an increase in eccen-
tricity and ultimately a decreasing orbital separation, the two
previous studies indicate an additional equilibrium eccentricity
exists at e = 0 characterised by orbital widening. At the onset
of TMT, fewer than 1% (2.5%) of the inner binaries have eccen-
tricities below 0.01 for the Z = 0.005 (Z = 0.0005) population.
Predominantly, inner binaries at both metallicities have eccen-
tricities around 0.1 upon TMT onset, largely attributed to the
Blaauw kick during BH formation. However, we assumed 10%
of the mass is lost as neutrinos, which might be an overestima-
tion (Vigna-Gomez et al. 2024) and lead to an overestimation
of the number of eccentric orbits. Nevertheless, many triples
are influenced by three-body dynamical effects, increasing the
eccentricity regardless of the occurrence of a supernova kick.
Therefore, the potential equilibrium eccentricity at e = O is not
of great importance to our systems.

6.3. Assumptions regarding ballistic accretion

6.3.1. Properties of gas around the inner binary

It is important to recognise that uncertainties related to the gas
properties could lead to considerable variations in the evolution

of the binary during TMT, potentially influencing the findings
presented in this study.

For the duration of the BA phase, we relied on simpli-
fied assumptions regarding the gas enveloping the inner binary.
These simplifications stem from our limited knowledge, largely
due to the scarcity of detailed studies into stable mass trans-
fer from tertiary stars. To encompass a wide range, we chose
two significantly different gas densities (0gas = 108 gecm™ and
Peas = 10719 gem™), which are in reasonable agreement with
densities observed in previous research (de Vries et al. 2014).
Additionally, we imposed a constraint that the density remains
several orders of magnitude lower than that of a typical common
envelope structure. In Sect. 5.1 we demonstrated that the final
orbital separations of the inner binary at the end of TMT are
more similar when considering the formation of a CBD, even for
different densities of the gas during BA. The choice for the sound
speed and gas temperature is uncertain. However, given the high
orbital velocities of the inner binary components (hundreds of
km/s), their motion remains highly supersonic under any realis-
tic assumption, meaning the GDF is not significantly impacted.
If the sound speed were much higher, inner orbits that become
highly eccentric due to eccentric gas drag could transition to
subsonic motion at apocentre before GW emission dominates
the evolution, halting the eccentricity growth (e.g. O’Neill et al.
2024). This could reduce the predicted fraction of GW mergers
with high eccentricities in the aLIGO frequency band.

Additionally, in our model we assumed that the density of
gas surrounding the inner binary remains constant during the
BA phase. This assumption implies a balance between material
ejected from the inner binary and mass transferred from the ter-
tiary. If we assume the gas density increases in time, starting
from a high initial gas density, the final properties of the inner
binary are not expected to change much, as these are mainly
determined by the CBD phase. Conversely, starting from a low
initial gas density, the final orbital properties might be different
if most or the entire mass transfer takes place during BA. Alter-
natively, we consider a scenario where the gas density around the
inner binary decreases over time. This leads to depletion of the
gas cloud, potentially completely halting the inspiral. However,
the cloud continuously receives mass from the tertiary, maintain-
ing some gas around the binary during the TMT phase. Charac-
terising the properties and evolution of such gas clouds would
require more detailed studies of stable TMT.

Another assumption we have made is that the density of
the gas is completely homogeneous and has no dependence on
the distance from the COM, resulting in efficient inspiral of the
binary. Antoni et al. (2019) argue that if the COM is at rest rel-
ative to the gas, the density near the COM becomes enhanced,
leading to a Bondi density profile where p, o« a3/2. Con-
sequently, the inspiral becomes more efficient for supersonic
motion and less efficient for subsonic motion. Since we expect
the compact objects in our study to typically move at super-
sonic velocities, the transition time from BA to a CBD would
become shorter. Furthermore, a centrally concentrated mass dis-
tribution would lead to a less efficient increase in eccentricity,
or even a decrease for a sufficient high radial dependence of the
gas density (Szolgyén et al. 2022). This would affect the subse-
quent CBD evolution, but its impact on merger frequency and
properties is not evident.

The GDF experienced by binary objects is significantly influ-
enced by the relative velocity between the gas and the inspiraling
objects. This dependence arises because Fpg o vr‘j for super-
sonic motion relative to the gas. This relation originates from
the accretion radius of the binary objects, which shares the same
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proportionality with the relative velocity. In our simulations, we
have assumed the gas to be at rest with respect to the COM of the
inner binary. This is not a realistic assumption, as the gas stream
enters the vicinity of the inner binary with an initial velocity rela-
tive to the COM and is subsequently disturbed upon intersecting
with the binary orbit. A prograde (retrograde) direction of the
gas velocity would lead to more (less) efficient binary inspiral
during BA.

The findings of Ostriker (1999), Kim & Kim (2007) on the
GDF were derived under the assumption of an infinite back-
ground. In our scenario, the binary is embedded within a finite
amount of gas during BA. A back-of-the-envelope calculation
suggests that, given the gas densities under consideration, the
total mass of the surrounding gas cloud is likely much lower than
the mass of the inner binary components. Although the precise
impact of this difference on the results of Ostriker; Kim & Kim
is unclear, it is expected that the efficiency of the GDF is reduced,
resulting in a less effective inspiral of the binary

6.3.2. Hydrodynamic drag during ballistic accretion

Computing the orbital evolution of the binary embedded in a
gaseous medium in our model, we have only considered the
effect of the GDF that arises through the interaction between the
overdense wake and the orbiting bodies. Additional drag forces
can be imparted by direct impact of the gas on the bodies, result-
ing in a loss of angular momentum. This hydrodynamic drag can
be expressed as

1
Fdrag = _EcDﬂRngvrelvrel, 27

where Cp, is the drag coefficient. The balance between both types
of drag force can be estimated in terms of the compactness, M/R,
of the objects (Grishin & Perets 2015; Szolgyén et al. 2022). If
the compactness exceeds a critical value, the GDF dominates
over the hydrodynamic drag force, and vice versa. In this study,
we applied the TMT model to inner binary objects consisting of
BHs, where we found the hydrodynamic drag force to be neg-
ligible as the accretion radius of the BHs, R,.. = 2Gm/ vfel, is
significantly larger than their Schwarzschild radius. Therefore,
considering only hydrodynamic drag, we find a similar evolution
of the systems as when drag is completely neglected. However,
if the mass transfer phase is initiated while the stars of the inner
orbit are still on the MS, as can happen when the tertiary star is
initially the most massive object in the triple (e.g. Toonen et al.
2020), the contribution of the hydrodynamic drag is not evident.

We estimated the parameter space where the hydrodynamic
drag is important. Ignoring the constants that are approxi-
mately equal to one, the gravitational drag is dominant for
each of the components if the following condition is satisfied
(Szolgyén et al. 2022):

2
% > Ui,rel
R;

~ G

(28)

For MS stars, the compactness increases towards larger masses,
as the mass and radius relate as approximately R o« M°7. Fur-
thermore, the orbital velocity of the more massive component
in a binary is lower than the velocity of its companion. There-
fore, we only compared the drag forces for the secondary star.
If the relative velocity is equal to the Keplerian velocity, we
can express the equation in terms of semi-major axis and binary
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Fig. 11. Dominant type of drag force (gravitational versus hydrody-
namic) as a function of the semi-major axis and the mass ratio for a
secondary with M, = 1 M. The red dashed line indicates the radius of
the primary (R,) at the ZAMS. The dotted and dash-dotted lines refer
to the Roche radii of the primary at a semi-major axis of 3R, and 8 R,
respectively. If the radius exceeds the size of the Roche lobe, the system
should not exist.

mass:

% > —Mbm .
~ 2

Ra ™ 2a(1 + 22)

We considered a 1 Mg secondary and calculated the ratio
between the competing drag forces for a grid of mass ratios in
the range 0.01-1 and semi-major axes in the range 0.01-10Re.
We find that the hydrodynamical drag force becomes important
towards unequal mass ratios and small separations, as shown in
Fig. 11. However, when only considering detached systems, the
hydrodynamical drag is non-negligible only at separations of at
least about 10R, and mass ratios close to 0.1. For any other
orbital configurations, the GDF dominates the total drag. How-
ever, if gravitational drag is absent, hydrodynamic drag could
still lead to changes in the orbital properties. If the gas were to
move move prograde (retrograde) with respect to the binary, the
hydrodynamic drag becomes less (more) important.

(29)

7. Conclusions

We have presented a rapid analytical model designed to probe
the evolution of triple star systems undergoing stable mass trans-
fer from the tertiary component to the inner binary. This model
serves as a tool for conducting large-scale population simula-
tions. Our analysis describes two primary modes of mass trans-
fer evolution: ballistic accretion, which is characterised by the
inner binary engulfed within a gaseous cloud and governed by
the GDF, and CBD evolution, wherein gravitational and accre-
tion torques dictate orbital changes. We applied this model to a
simulated population of triples with a Roche-lobe filling tertiary
star transferring mass onto an inner binary consisting of two BHs
at metallicities of Z = 0.005 and Z = 0.0005. Both components
of the inner binary experienced chemically homogeneous evolu-
tion throughout their MS phase. We summarise our key findings
as follows:
— For triples with a CHE inner binary, tertiary mass transfer is
typically stable due to the mass of the tertiary being lower
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than the mass of the inner binary. Among the simulated sys-
tems, 42.9% (25.6%) are not able to form a CBD at the onset
of TMT at metallicities of Z = 0.005 (Z = 0.0005), mainly
due to small ratios between the outer and inner orbital sepa-
ration, and start out the evolution with BA.

The evolution of the inner binary during BA invariably leads
to a decrease in the semi-major axis of the inner binary on
a timescale much shorter than that of the CBD evolution
if gas drag is efficient. Additionally, for initially eccentric
inner binaries, drag forces can rapidly increase the eccen-
tricity towards unity, leading to efficient formation of GW
mergers. CBD evolution tends to shrink the orbit for the sim-
ulated range of near-equal mass ratio binaries. However, if
the mass transfer is completely non-conservative, it may lead
to widening of the inner orbit during this phase. Eccentricity
typically converges towards an equilibrium value of approx-
imately 0.48 under CBD interactions in prograde orbits.
However, in cases where retrograde discs are formed, the
eccentricity increases towards unity.

While many systems start out with BA, the evolution of the
orbital properties typically leads to the formation of a CBD.
Whether a CBD can form primarily depends on the balance
between the rate at which the inner semi-major axis shrinks
and the outer orbit expands (promoting CBD formation) ver-
sus the rate at which the inner eccentricity increases (hinder-
ing CBD formation). If a CBD does form, the importance
of the efficiency of the binary inspiral during BA — dictated
by the properties of the gas surrounding the inner binary —
diminishes, as the CBD regulates the inspiral.

Even though the formation efficiency of systems that evolve
through the evolutionary channel investigated in this study
is low (<1% for systems with initial masses of the primary
component of the inner binary between 20 and 100 M and
separations of the outer orbit up to 10° Ry), the channel is
highly efficient in producing GW mergers. For systems with
a metallicity of Z = 0.005, we predict that 85.1-100% of
inner binaries will merge within a Hubble time, depending
on the specific physical model assumptions. At a metallic-
ity of Z = 0.0005, the efficiency reaches 100%. This higher
efficiency at Z = 0.0005 is primarily due to minimal binary
widening caused by stellar winds during pre-supernova evo-
lution, resulting in inner orbits that are, on average, 30Rg
less wide compared to systems with a metallicity of Z =
0.005.

The total local merger rate spans a range of 0.69—
1.74 Gpc=3 yr~!, with the primary contribution originating
from higher metallicity systems, despite their lower effi-
ciency in forming GW mergers. This behaviour arises due to
a combination of factors, including the delay time distribu-
tion and the metallicity-specific star-formation rate. Notably,
low-metallicity binaries have delay times only up to a few
hundred million years, suggesting that they predominantly
merge at high redshifts, where the formation of low metallic-
ity stars is favoured. The predicted merger rates only account
for uncertainties in the physics assumptions during TMT.
Our predictions suggest there are two types of GW merg-
ers: those occurring during TMT and those taking place after
the TMT phase has finished. The former type of mergers
has the potential to produce an EM signal before and dur-
ing the merger event. However, the occurrence varies sig-
nificantly depending on the model assumptions. Considering
only prograde discs and ignoring eccentric gas drag, we pre-
dict an EM signal in up to 5.6% of mergers at low metal-
licity, whereas including retrograde discs and eccentric gas

drag could yield rates as high as 46.8%. Even when ignor-
ing gas drag completely during BA, we predict up to 19.2%
of mergers occurring during TMT. However, these rates are
subject to large uncertainties, mainly due to the assumptions
made for the initial triple orientations and the gas properties
during BA.

— Our study reveals that triples with CHE inner binaries share
several properties with other formation pathways but also
present distinct differences. Compared to CHE in isolated
binaries, these systems are expected to have similar mass
ratios and effective spins. However, unlike the isolated binary
case, our findings indicate that systems with high eccentrici-
ties can be formed in the aLIGO and LISA frequency band,
under the assumption that retrograde discs and eccentric gas
drag play a role in the evolution of the population. Unlike
dynamical formation pathways involving classically evolv-
ing triples or dynamical interactions in clusters, the effective
spin in triples with a CHE inner binary is expected to be typi-
cally non-zero. Nevertheless, for most systems, the predicted
eccentricities closely align with those found in and around
cluster environments.

In conclusion, TMT plays an important role in shaping the evo-
lution of the inner binary within hierarchical triple star systems.
In particular, for triples with a CHE inner binary, the mass trans-
fer facilitates the formation of GW sources, and can result in
mergers with potentially unique properties. However, the mass
transfer model is subject to numerous uncertainties, and further
detailed studies are essential for a complete understanding of the
evolution of these systems.

Data availability

The data and scripts necessary to run the model and repro-
duce the figures in this paper are publicly available on Zenodo:
10.5281/zenodo.13610538.
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Appendix A: Overview merger rates

Table A.1. Percentage of systems with TMT investigated in this study that have a BBH merger within a Hubble time.

Mergers during TMT (%)  Mergers after TMT (%)  Total Mergers (%)

Model Simple

Z =0.005, p, = 1078, sit3 = ritnge 100 <0.03 100
Z =0.005, p; = 1078, sz = rig, 0.4 99.6 100
Z =0.005, p, = 10719, sin3 = rirgye 99.7 0.3 100
Z =0.005, p, = 10710, 1ty = ringy <0.03 91.5 91.5
Z =0.0005, p; = 1078, rirz = ripye 100 <0.07 100
Z =0.0005, p, = 1078, sinz = 1y 4.8 95.2 100
Z =0.0005, p, = 10710, rig = rirgye 99.6 0.4 100
Z =0.0005, p, = 10719, sy = ringy <0.07 100 100
Model Basic

Z =0.005, p, = 1078, sin3 = ritnye 0.4 99.2 99.6
Z =0.005, p; = 1078, sz = 1, <0.03 99.6 99.6
Z =0.005, p, = 10719, rit3 = Fitgue 0.2 99.4 99.6
Z =0.005, p, = 10710, ing = rig, <0.03 97.6 97.6
Z =0.0005, p; = 1078, rinz = ritpye 5.6 94.4 100
Z =0.0005, p, = 1078, sinz = 1 <0.07 100 100
Z =0.0005, p; = 10710, rig = ritgye 54 94.6 100
Z =0.0005, p, = 10719, sy = ringy <0.07 100 100
Model Basic+BinGDF

Z =0.005, p, = 1078, itz = ritnye 0.2 99.4 99.6
Z =0.005, p; = 10710, 13 = ring, <0.03 94.4 94.4
Z =0.0005, p, = 1078, sit3 = ritnye 4.9 95.1 100
Z =0.0005, p, = 10710, sy = 1, <0.07 100 100
Model Basic+EccGDF

Z =0.005, p; = 1078, sz = ripye 20.3 79.3 99.6
Z =0.005, p, = 10719, sty = 1ty 11.5 87.9 99.4
Z =0.0005, p, = 1078, rinz = ritnye 8.7 91.3 100
Z =0.0005, p, = 10712, sin3 = 1y 0.2 99.8 100
Model Basic+Iso

Z =0.005, p, = 1078, stz = ritnye 0.1 88.9 89
Z =0.005, p, = 10710, sz = rig, <0.03 85.1 85.1
Z =0.0005, p, = 1078, 1it3 = ritgye 2.3 97.7 100
Z =0.0005, p, = 10710, 13 = 1 <0.07 100 100
Model Basic+Retro

Z =0.005, p, = 1078, sin3 = ritnye 37.1 62.8 99.9
Z =0.005, p, = 10710, 7t = ring, 1.9 974 99.3
Z =0.0005, p, = 1078, rin3 = ritnye 29.3 70.7 100
Z =0.0005, p; = 10719, ing = ring, 0.4 99.6 100
Model Advanced

Z =0.005, p, = 1078, 113 = ritgyc 46.8 47.8 94.6
Z =0.005, p, = 10710, ying = rig, 13.9 79.4 93.3
Z =0.0005, p; = 1078, #it3 = ritpye 26.5 73.5 100
Z =0.0005, p, = 10719, sy = ringy 0.4 99.6 100
Model Basic+NoDrag

Z = 0.005, 1z = rityye <0.07 93 93
Z = 0.005, 3 = riyy, <0.07 93.1 93.1
Z = 0.0005, ri13 = gy 0.1 99.9 100
Z = 0.0005, ri13 = riy, <0.03 100 100
Model Advanced+NoDrag

Z = 0.005, rin3 = rityye 19.2 67.7 86.9
Z = 0.005, 1tz = it 6.7 79.9 86.6
Z = 0.0005, rit3 = ritgye 14.4 85.6 100
Z = 0.0005, i3 = ring, 0.4 99.6 100

Notes. Without considering the effects of TMT, 44.4% and 100% of the systems would produce a BBH merger at metallicities of Z = 0.005 and
Z = 0.0005, respectively.
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Table A.2. Local merger rate of BBHs for systems with TMT investigated in this study.

Mergers during TMT (Gpc yr~')  Mergers after TMT (Gpc yr~')  Total Mergers (Gpc yr™!)

Model Simple

Z =0.005, p, = 1078, rinz = ritnye 0.56 <0.01 0.56
Z =0.005, p, = 1078, 1ty = ring 0.56 <0.01 0.56
Z =10.005, p, = 10710, sy = ritgue <0.01 0.56 0.56
Z =0.005, p, = 10710, sy = 1, <0.01 1.58 1.58
Z =0.0005, p, = 1078, stz = ritnye 0.06 <0.01 0.06
Z =0.0005, p, = 1078, sinz = rig, 0.06 <0.01 0.06
Z =0.0005, p, = 10710, 7ty = ritpye <0.01 0.06 0.06
Z =0.0005, p, = 10710, 1ty = ringy <0.01 0.06 0.06
Model Basic

Z =0.005, p, = 1078, rinz = ritnye <0.01 0.68 0.68
Z =0.005, p, = 1078, 1it3 = ring, <0.01 0.69 0.69
Z =0.005, p, = 10710, sing = ritgue <0.01 0.69 0.69
Z =0.005, p, = 10710, sy = 1, <0.01 0.89 0.89
Z =0.0005, p, = 1078, sir3 = ritnge <0.01 0.06 0.06
Z =0.0005, p, = 1078, sz = rig, <0.01 0.06 0.06
Z =0.0005, p, = 10719, sin3 = ritgye <0.01 0.06 0.06
Z =0.0005, p, = 10710, ying = rig, <0.01 0.06 0.06
Model Basic+BinGDF

Z =0.005, p, = 1078, rinz = rinye <0.01 0.69 0.69
Z =0.005, p, = 10710, ying = rig, <0.01 1.00 1.00
Z =0.0005, p, = 1078, sin3 = ritnye <0.01 0.06 0.06
Z =0.0005, p, = 10710, sz = 1, <0.01 0.06 0.06
Model Basic+EccGDF

Z =0.005, p, = 1078, 1it3 = ritnye 0.14 0.55 0.69
Z =10.005, p, = 10710, sy = ring, 0.08 0.64 0.72
Z =0.0005, p; = 1078, sin3 = ripye <0.01 0.06 0.06
Z =0.0005, p, = 10719, 1ty = ringy <0.01 0.06 0.06
Model Basic+Iso

Z =0.005, p, = 1078, sinz = ritnye <0.01 1.50 1.50
Z =0.005, p, = 10710, sz = rig, <0.01 1.68 1.68
Z =0.0005, p, = 1078, stz = ritnge <0.01 0.06 0.06
Z =0.0005, p, = 10710, 13 = 1, <0.01 0.06 0.06
Model Basic+Retro

Z =0.005, py = 1078, inz = rigyc 0.23 0.40 0.63
Z =0.005, p, = 10710, sz = ring 0.02 0.70 0.72
Z =0.0005, p, = 1078, iz = ritnye 0.02 0.04 0.06
Z =0.0005, p, = 10719, sty = ringy <0.01 0.06 0.06
Model Advanced

Z =0.005, p, = 1078, rinz = ritnye 0.49 0.55 1.04
Z =0.005, p, = 10710, sy = 1y, 0.16 1.00 1.16
Z =0.0005, p, = 1078, stz = ritnye 0.02 0.04 0.06
Z =0.0005, p, = 10710, ying = rig, <0.01 0.06 0.06
Model Basic+NoDrag

Z =0.005, rir3 = ritgye <0.01 1.02 1.02
Z = 0.005, ri3 = ring, <0.01 1.01 1.01
Z = 0.0005, 713 = ritgye <0.01 0.06 0.06
Z =0.0005, i3 = iy, <0.01 0.06 0.06
Model Advanced+NoDrag

Z = 0.005, rit3 = ritgyc 0.24 1.01 1.24
Z =0.005, 3 = riy, 0.08 1.18 1.26
Z = 0.0005, rir3 = ritgye 0.01 0.05 0.06
Z = 0.0005, rin3 = g, <0.01 0.06 0.06
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Appendix B: Orbit averaged evolution due to gravitational drag

In this section we derive the orbit-averaged derivatives of the semi-major axis and eccentricity for a binary subjected to GDF. Built
upon the expression for a single orbiting object (Murray & Dermott 1999; Grishin & Perets 2016), the change in the semi-major
axis over time can be described by

d 3/2
o [AFesinv+ AFy(1 +ecosv)l, (B.1)

dr— \JGM(Q - €2)
where u = mymy/M is the reduced mass, M = m; + mj is the total mass of the binary, AF, and AF are the radial and azimuthal
components of the GDF resulting from the differential acceleration between the binary objects, and v is the true anomaly of the
orbit. The force is given by

Aogm? Aogm? 1
AF = 03 11)1 — %Dz = A()]V[z(—2 + qz)v—g’, (B.2)
v q v
1 2 b

v

where Ay = 47rG2ng , and the velocities are expressed in terms of the binary velocity: v; = (my/M)uv, and vy = (m;/M)uv,. The
minus sign in the expression becomes positive because the velocity vector of the two objects point in opposite direction. The velocity
vector in the COM frame is

[esinvi + (1 + ecosv)@l, (B.3)

vy =
1-¢2

where n = 2x/P and the velocity magnitude is defined as v, = /1)127 Lt 1)127 4 Assuming the gas is at rest with respect to the COM,
substituting these expressions into Eq. B.1 yields
da 2a°? AoM*(1 - %) ( L, 2) 1

dt HUAGM(1 - e2) n’a? 7 V1 +2ecosv + €2

240M2V1 —e2( 1 1
puna q V1 +2ecosv + e?
Here, we used VGM = /% /n. To calculate the average derivative over one orbital period, we have
d 1 P d 27 d 1-— 3/2
day _ 2 _ad; . _‘l#d% (B.5)
dt P Jo dt 2 Jo  dt n(1 + ecosv)?
where dt = dv(1 — e)*/?/[n(1 + e cos v)*]. Combining Egs. B.4 and B.5, we obtain
d A1 =22 M?*( 1 2 d
<_a>: o : i) _(_2+q2)f v . (B.6)
dt ma M \gq 0 (1+ecosv)2V1l+2ecosv+e?

For convenience, we kept 7 out of the integral, though it depends on the true anomaly. This assumption might influence the accuracy
of the calculated values for the semi-major axis derivative. In the case of a circular binary, this expression simplifies to

da\  2A, M? L _ 8xG? IMZ 1L
dt _n3a2u ¢ q _nsang u \q? q

Ga® M1 )
-sn ot ()
|Ga®
=8 S7E pgd

The factor between the brackets is similar to the one presented in Rozner & Perets (2024).

. B.7)

1
—(1+g ") +4(1+q)
q

Using the same approach, we find the orbit-averaged derivative of the eccentricity. The change in the eccentricity over time is

de 1 [a(1-eé
d_j - p,/%mn sinv + AF(cos v + cos E)], (B.8)

where E is the eccentric anomaly, defined as cos E = (e + cos v)/(1 + e cos v). Following the same steps as for the semi-major axis,
the final expression is

<de> Aol - %)} M? . 2 (e + cos v)dv

dr| - ’ B.9
dt a3 p o ? )y (1+ecosv)2(1 +2ecosv+e2)3? (B.9)

where we have defined k, = (qu + qz).
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