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1

Introduction

This appendix details the calculation of occupancy times, longevity statistics,
and passage times for the model combining size and growth states. This requires
extracting subsets of the population (e.g., in order to find expected occupancy
1

of a set of states) or combining mixtures of individuals in different states (e.g.,
a cohort that begins with individuals distributed among size or growth classes).
An interested reader can find more details on these methods in Caswell (2013,
2014); Caswell et al. (In prep.); Roth & Caswell (2018).
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Notation

Matrices are denoted by bold uppercase letters, e.g. A. The entries of matrices
are donated by corresponding lower case letters with subscripts for row and
column indices, e.g. a ij is the value in the i th row and j th column of the matrix
A. A[i,.] are the rows of A, and A[.,j] are the columns of A. Vectors are denoted
by bold lowercase letters and indexed with subscripts, e.g. v i is the i th entry
of the vector v. Vec-permutation matrices for describing size-growth structured
populations are denoted with a tilde, e.g. Ã.
Other relevant points:
• AT is the transpose of the matrix A.
• A−1 is the inverse of the matrix A.
• Ii is an identity matrix of dimensions i.
• A ⊗ B is the Kronecker product of the matrices A and B.
• A ◦ B is the Hadamard, or element-by-element, product of the matrices
A and B.
• S is the number of growth classes.
• G is the number of size classes.
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Occupancy times

To find the expected occupancy time of each state (i.e. size and growth class
combinations) we first define the fundamental matrix, Ñ, of P̃.
Ñ = (ISG − P̃)−1

(1)

This returns an SG x SG matrix, the entries of which give the expected
occupancy time in state i, given starting in state j :
ṽij = E(occupancy of state i| current state j)

(2)

It is also possible to find the expected occupancy times in a set of states. If
cs is an S x 1 vector with 1s indicating the starting size classes of interest and
0s elsewhere then

2

Ñ(cS ) = (IG ⊗ cTS )Ñ

(3)

where Ñ(cS ) is a G x SG matrix, in which columns are the starting states,
arranged from left to right as sizes within growth classes, and rows correspond
to growth classes. Thus, Ñ(cS )ij is the expected occupancy time in Gi summed
over the size classes of interest, given starting in size-growth state j.
Likewise, the expected occupancy time in each size for the growth classes of
interest is given by
Ñ(cG ) = (IS ⊗ cTG )Ñ

(4)

where cG is a G x 1 vector indicating growth classes of interest and Ñ(cG )
is an S x SG matrix in which Ñ(cG )ij is the expected occupancy time in Si ,
summed over the growth classes of interest, given starting in size-growth state
j.
Finally, combining the two, we get the expected occupancy time in each size
and growth class of interest, cS and cG , for each starting state.
Ñ(cS , cG ) = (cTG ⊗ cTS )Ñ

3.1

(5)

Mixed distributions

To find the occupancy times for a cohort of individuals that are mixed among
sizes and/or growth groups we first define the SG x 1 vector, ñ which holds the
distribution of states in the population, arranged as sizes within growth groups
e.g. for the case of G = 2


n1,1
 n2,1 


 .. 
 . 


nS,1 


ñt = 

 n1,2 
 n2,2 


 . 
 .. 
nS,2
The occupancy times of this cohort in each state is found by multiplying ñ
by the fundamental matrix Ñ
Ñ(ñ) = Ññ
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Survivorship

The survivorship of an initial cohort after x years is given by
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(6)

l̃(x) = (1TSG P̃x )T

(7)

where l̃ is an SG x 1 vector in which the ith entry is the survivors to age x
of a cohort starting in state i.

4.1

Mixed distributions

To find survivorship for a cohort with a mixed distribution of starting states
we define n, a vector with the size distribution of the cohort (not separated by
growth group). The survivorship of all sizes within each growth group after x
years is given by:
l̃(x|n) = (IG ⊗ ns )T l̃
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(8)

Longevity Statistics

The mean, variance and skew of longevity can be calculated from the fundamental matrix Ñ.
Since Ñ gives the expected number of visits to each state i, from state j,
the column sums of Ñ give the mean longevity of each starting state j.
η̃1T = 1TSG Ñ

(9)

The second moment of longevity is given by
η̃2T = η̃1T (2Ñ − ISG )

(10)

which leads to the variance in longevity
1TSG (2Ñ2 − Ñ) − 1TSG Ñ ◦ 1TSG Ñ

(11)

The third moment of longevity, which measures the skewness in the distribution of longevities, is given by
η̃3T = η̃1T (6Ñ2 − 6Ñ + ISG )

(12)

Finally, we can compute the full probability distribution of longevities for
each state as
p(η = n| start in i) = [1TSG (I − P)Pn−1 ]T
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(13)
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Passage Times

To calculate passage times to states of interest, <, we create a Markov chain in
which states of interest are absorbing states, and transition probabilities into
those states are conditional on survival to those states. The transition matrix
of the conditional Markov chain is given by


P̃0 0

P̃ = 
0
M̃ 1
P̃0 is equal to P̃ but with 0s in the rows and columns of <, since transitions
into these states means absorption has already occured.
M̃0 is a 2 x SG matrix. The first row holds theP
probabilities of death before
reaching the absorbing states of interest, i.e. 1 − P̃[.,j] , for j 6= < and 0 for
j = <, since individuals in < have already been absorbed. P
The second row of
M̃0 holds the probability of reaching < before death, i.e.
P̃[<,j] for j 6= <
and 1 for j = <, since individuals in < have already been absorbed.
The conditional fundamental matrix Ñc is given by
Ñc = D−1 ÑD

(14)

th

where, with diag(bk. ) denoting the k row of B,


bk1


bk2
D = diag(bk. ) = 

..
.

(15)

and
B = MÑ

(16)

Ñ = (ISG − P̃)−1

(17)

and

Ñc can be analysed like any other fundamental matrix. Thus, the time to
abosorbtion in the states of interest (passage times), < are given by the column
sums of Ñc , while the variance and skew of passage times can be calculated
from the second and third moments.
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