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Energy correlators have recently come to the forefront of jet substructure studies at colliders due to their
remarkable properties: they naturally separate physics at different scales, are robust to contamination from
soft radiation, and offer a direct connection with quantum field theory. The current parametrization used for
energy correlators, however, is based on redundant pairwise angles with complex phase space restrictions.
In this Letter, we introduce a new parametrization of energy correlators that features a simpler phase space
structure and preserves information about the orientation of jet constituents. Further, our parametrization
drastically reduces the computational cost to compute energy correlators on experimental data; whereas the
time to compute a traditional projected N-point energy correlator scales as MN=N! on a jet with M
particles, our new parametrization achieves a scaling ofM2 lnM, remarkably independently of N. Even for
N ¼ 3, this improved scaling is particularly important for studies of heavy ion collisions, and higher values
of N will enable new qualitative understanding of gauge theories. Theoretical calculations for our new
energy correlators differ from those of traditional parametrizations only at next-to-next-to-leading
logarithmic accuracy and beyond, and we expect that our simpler phase space structure will simplify
those calculations. We also discuss how to extend our parametrization to resolved N-point energy
correlators that encode angular distances between greater numbers of particles, yielding intuitive
visualizations of jet substructure that are qualitatively different for different jet samples. We propose
two possible generalizations for probing multiprong jets and testing jet scaling behavior.

DOI: 10.1103/l6nj-2gsh

Introduction—The flow of energy within hadronic jets is
an indispensable probe of quantum chromodynamics
(QCD) [1–6]. Energy correlator observables [7–11] are
particularly powerful tools for understanding energy flow
both theoretically and experimentally [12–14]. Since
energy correlators can be described directly in terms of
field-theoretic energy flow operators [15–22], one can use
sophisticated theoretical techniques, including the powerful
technology of conformal field theories [19,23], to extract
rich information about jet substructure, especially in the
collinear limit [24–37].
Recent work has highlighted the role of N-point energy

correlators (ENCs) in precisely understanding the

fundamental structure of particle interactions. ENCs probe
angular correlations between N final-state particles, which
offers a simple and intuitive way to separate physics at
different scales and mitigate contamination from soft
radiation. Applications focused on the Large Hadron
Collider (LHC) include the top quark mass [38–40],
hadronization transition [41,42], dead-cone effect [43],
medium modifications in heavy-ion collisions [44–51],
and predictions for the energy flow of charged particles
[52–55]. Energy correlators have also been used in studies
of gluon saturation and nuclear tomography [56–60].
Further, energy correlators have produced the most precise
jet substructure measurement of the strong coupling con-
stant to date [13].
In this Letter, we introduce a new parametrization for

energy correlators with a number of improved properties.
First, our parametrization of the projected N-point energy
correlator (PENC) depends on the largest distance R1 to a
“special” particle s in a set of N particles, suitably averaged
over all choices for s; this yields simpler phase space
restrictions than the traditional parametrization for the
PENC in terms of the largest pairwise angle [25].
Second, when considering more differential information,
our parametrization of resolved ENCs (RENC) employs
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nonredundant polar coordinates centered around the special
particle, as in Fig. 1, yielding intuitive visualizations of jet
substructure. This differs from the traditional approach,
which uses overcomplete information from the set of all
pairwise distances and neglects information about the
relative orientation of particles. Third, our parametrization
offers dramatic improvements in computational perfor-
mance, which is essential for their use in experimental
analyses. Finally, we anticipate that these conceptual and
computational improvements will yield simpler theoretical
calculations. The implementation of the PENCs we intro-
duce in this work can be found on GitHub as an update to
FASTEEC [61], and of our PENCs and RENCs at
ResolvedEnergyCorrelators [62].
Review of energy correlators—In proton-proton colli-

sions—the focus of this Letter—PENCs are usually defined
via [25]

1

σ

dσN
dRL

¼
�X

i1…iN

zi1zi2…ziNδðRL −max
k;l

fRik;ilgÞ
�
: ð1Þ

Here, zi ¼ pT;i=
P

j pT;j is the transverse momentum

fraction carried by particle i in the jet, Rik;il ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyik;ilÞ2 þ ðϕik;ilÞ2

q
is the angular separation between

particles ik and il in the rapidity-azimuth plane, and the
angular brackets indicate an expectation value over a
sample of many hadronic jets. The sum over fikgNk¼1

indicates the sum over all sets of N particles of a jet,
and the variable RL characterizes the maximum pairwise
angular separation between the ik.
However, the expression of Eq. (1) is computationally

expensive due to the intricate phase space constraint
RL ¼ maxk;lfRik;ilg. For example, the time required to
compute the (integer) PENC scales asMN=N! for a jet with

M particles; when analytically continued to noninteger
values of N, the PENC suffers a computational scaling of
22M [63]. This computational cost impedes several exciting
PENC applications. For example, PENCs have an approxi-
mate scaling behavior related to the Nth Mellin moment of
the DGLAP splitting functions [25]; the analytic continu-
ation of the PENC to noninteger N therefore provides
access both to the full splitting functions of QCD and, in the
limit N → 0, a unique opportunity to study small-x physics
and BFKL dynamics with jets [25,36,64]. At very large
values of N, PENCs also encode additional fundamental
features of QCD [25,65], such as level crossings with twist-
4 operators. Furthermore, in the high-multiplicity environ-
ment of heavy ion collisions, even computing PENCs for
N ¼ 3 has been computationally challenging, limiting their
potential in studying medium effects [51]. Improved
computational efficiency is therefore necessary to leverage
the full potential of PENCs in the study of realistic data
samples.
Higher-point ENCs also yield more detailed shape

information about the structure of radiation inside jets.
For example, recent work has leveraged the E3C to propose
a new method for extracting the top quark mass from
experimental data [38–40]. Notably, for N > 3 the para-
metrization of ENCs in terms of the Rik;il is overcomplete:
the Rik;il describe ðN

2
Þ distances, while only 2N − 3 are

independent.
New angles: The projected case—In this Letter, we

introduce a new parametrization of PENCs with a simpler
phase space structure:

1

σ

dσN
dR1

¼
�XM

s¼1

zs
X

i1…iN−1

zi1…ziN−1
δðR1 −max

j
fRs;ijgÞ

�
;

≡ PENCðR1Þ: ð2Þ

The sums on s and fijgN−1
j¼1 again run over all M particles

within a jet. The crucial simplification is that our PENC is
based on a new variable, R1, that indicates the maximum
distance maxfRs;ijg between the single particle s and any of
the remaining N − 1 particles fijgN−1

j¼1 .
Like the old variable RL of Eq. (1), R1 still roughly

characterizes the maximum angular scale between a set of
N particles, since RL=2 ≤ R1 ≤ RL by the triangle inequal-
ity. Indeed, the PENCs displayed in Fig. 2 show that the
difference between our parametrization and that of Eq. (1)
is small, and that both parametrizations have similar scaling
behavior in the perturbative region (though there are some
differences in the perturbative to nonperturbative transi-
tion). Figures 2–4 all feature energy correlators evaluated
on the CMS 2011A Jet Primary Dataset [66,67], also
available in MIT Open Data format [68,69], on anti-kt jets
with transverse momenta pjet

T ∈ ½500; 550� GeV and pseu-
dorapidity jηjetj < 1.9 [70].

FIG. 1. An illustrative diagram of the new parametrization of
ENCs we introduce in Eqs. (2) and (5). Instead of computing the
ENC using all ðN

2
Þ pairwise distances, we parametrize the ENC

with 2N − 3 oriented polar coordinates centered on a special
particle s, and then perform a momentum-weighted sum over all
choices for s.
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Improved computation time—The computational effi-
ciency of our parametrization is more evident in the
(normalized) cumulative distribution:

ΣNðR1Þ¼
1

σ

Z
R1

0

dR0
1

dσN
dR0

1

¼
�X

s

zs½zdiskðs;R1Þ�N−1
�
; ð3Þ

where zdiskðs; R1Þ denotes the total transverse momentum
fraction of all particles within a radius R1 of the special
particle s. Notably, the simple form of Eq. (3) holds even
for noninteger N. A practical way to evaluate Eq. (3) [and
Eq. (2) after differentiation] is, for each s, to first sort all

particles by their distance with respect to s, and then to
compute ΣNðR1Þ by beginning with R1 ¼ 0 and then
increasing it. Sorting particles by their distance to s takes
M lnM time, and the remaining sum over s scales with M,
resulting in an overall computation time scaling as
M2 lnM. This computational speedup is especially inter-
esting for heavy-ion collisions where M is typically very
large. We illustrate the dramatic improvement in the
computation time for higher-point energy correlators in
Supplemental Material.
Theoretical perspectives—The factorization formula for

the traditional PENCs [25] also applies to our new PENCs,
with one small difference: because the variables R1 and RL
differ for three or more emissions, the jet function for our
PENCs differs from the old one at Oðα2sÞ, or at next-to-
next-to-leading logarithmic accuracy (NNLL). In
Supplemental Material, we discuss how the NLL equiv-
alence of jet functions implies that ΣNðRLÞ ¼ ΣNðR1 ¼
RL½1þOðαsÞ�Þ [71]. Furthermore, at NNLL and beyond,
we expect that the simple dependence of Eq. (3) on N will
substantially simplify the calculation of the jet function for
R1. By contrast, the jet function using the old parametriza-
tion requires dedicated calculations for each individual
value of N [24,31].
Finally, we note that Eq. (3) is the Nth Mellin moment in

z of

1

σ

dσ
dz

ðR1Þ ¼
�X

s

zsδ½z − zdiskðs; R1Þ�
�
; ð4Þ

which is also the differential jet rate in a jets-without-jets
approach if R1 is treated as a jet radius [73,74]. A similar
moment relation between the jet rate and the original ENC
was noted in Ref. [75].

FIG. 2. PENC distributions for N ¼ f3; 4.5; 6g, calculated
using our new parametrization (solid) and the traditional para-
metrization (dashed). R� denotes the largest distance to the
special particle for our new parametrization (R1), and the largest
separation between the N particles for the traditional one (RL).
The differences are small in the perturbative region
R� ≫ ΛQCD=pT , but become noticeable in the transition between
perturbative and nonperturbative regimes (indicated by the
vertical dashed lines).

(a) (b) (c)

FIG. 3. Polar heat maps visualizing (a) our new RE3C applied to CMS Open Data, (b) the traditional E3C applied to CMS Open Data,
and (c) our new parametrization applied to W-boson-initiated jets from PYTHIA 8.310. In (a) and (c), the radial variables correspond to
R2=R1, the polar angle corresponds to ϕ2, and we show the RE3C in the bin R1 ∈ ½0.27; 0.3�. In (b) the radius corresponds to RS=RL, the
polar angle corresponds to the angle between associated lines of length RS and RL, and we show the E3C in the bin RL ∈ ½0.27; 0.3�. In
all three plots, we see collinear enhancements for the RE3C near the origin, when two particles become very close in angle. In (a) and (c),
we also see collinear enhancements as R2=R1 → 1 and ϕ2 → 0, and (c) exhibits additional noncollinear enhancements correlated with
the W-boson mass.
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New angles: The general case—By including (or resolv-
ing) more detailed angular information about the positions
and relative orientations of particles within the jet, we may
generalize our new parametrization for the PENC to
introduce the RENC:

RENCðR1; R2;ϕ2; R3;ϕ3;…Þ

≡ 1

σ

dσN
dR1dR2dϕ2dR3dϕ3…

¼
�X

s

zs
X

i1≥…≥iN−1

zi1…ziN−1

�
N

n1n2…

�
δðR1 − Rs;i1Þ

× ρi2ðR2;ϕ2Þρi3ðR3;ϕ3Þ…
�
; ð5Þ

where for each s, the ij are indexed such that
Rs;i1 ≥ Rs;i2 ≥ …, and the summand involves the per-
particle densities:

ρijðRj;ϕjÞ ¼ δðRj − Rs;ijÞδðϕj − ϕij−1;ijÞ: ð6Þ

The “…” correspond to additional Rj and ϕj, and nk
denotes how often particle k of the jet appears among the ij
(such that terms with nk > 1 encode self-correlations of
particle k), with

P
M
k¼1 nk ¼ N.

Our parametrization is visualized in Fig. 1, and utilizes
polar coordinates around s, ordered in radius R1 > R2 > …
and with an oriented azimuthal angle ϕj taken relative to
the (j − 1)th resolved emission. The Rj and ϕj use 2N − 3

variables to completely characterize the positions of all
particles in the jet, relative to the axis defined by particles s
and i1. The multinomial coefficient in Eq. (5) arises due to
the ordering of the Rj, and accounts for the possibility that
two or more of the ij may be equal. Integrating inclusively
over fRj;ϕjgNj¼2 [which sets the third line of Eq. (5) to
unity] reduces the RENC to the PENC from Eq. (2).
The RENCs we introduce also preserve information

about relative orientations, whereas even in the simple

example of N ¼ 3, the traditional E3C parametrization in
terms of the largest (RL), medium (RM), and shortest (RS)
distances does not. We visualize the additional orientation
information preserved by our RE3Cs in Figs. 3(a) and 3(b),
where we compare polar heat maps of our parametrization
of the RE3C to the traditional paramterization of the E3C.
The additional angular information carried by our new
RE3C also leads to striking visual differences when
comparing jets initiated by different processes. For exam-
ple, the unique characteristics of the RE3C evaluated onW-
boson initiated jets generated with PYTHIA 8.310 [76,77],
shown in Fig. 3(c), clearly distinguish it from the RE3C
of QCD-initiated jets. This qualitative difference is not
visible in the traditional parametrization, as shown in
Supplemental Material [71] together with similar visual-
izations for additional processes.
The squeezed limit of our new RE3C, R2 ≪ R1, is quite

similar to the squeezed limit of the traditional E3C,
RS ≪ RL; in this limit, R2 ∼ RS and R1 ∼ RL. Our new
RE3C and the traditional E3C evaluated on CMSOpenData
are compared in Figs. 4(a) and 4(b), which demonstrate that
they indeed take similar forms when RS=RL; R2=R1 < 1

2
.

When RS=RL > 1
2
, however, the traditional E3C is sup-

pressed due to the hierarchyRS < RM < RL. In Fig. 4(c), we
visualize our newRE3C on PYTHIA-generatedW jets, which
exhibits a nonperturbative ridge similar to the one seen in
CMS Open Data as well as additional features at R1 ¼ 0.3
correlatedwith theWmass,R1 ∼ 2mW=pT . In Supplemental
Material [71], we explain the ridgelike features in these plots
from the perspective of nonperturbative physics.
Finally, we note that each additional resolved particle

[i.e., each ðRj;ϕjÞ pair] introduces a factor of M to the
scaling of the RENC computation time. In contrast, the
computation time for, e.g., the traditional 4-point correlator
scales as M4 independent of how many angles were
resolved.
Generalizations—For completeness, we mention two

additional generalizations of our new parametrization for
energy correlators—RENCs with two special particles and

(a) (b) (c)

FIG. 4. Normalized distributions (a) our new RE3C applied to CMS Open Data when integrated over the azimuthal angle ϕ2, (b) the
traditional E3C applied to CMS Open Data integrated over the intermediate angle RM (analogous to integrating over ϕs), and (c) our
new, ϕ2-integrated RE3C applied to W-boson-initiated jets.
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RENCs with two projected angles—for which we defer
more detailed explorations to future work. For the energy
correlator with two special particles,

1

σ

dσN;N0

dRdR1dR0
1

¼
�X

s

zs
X
s0
zs0δðR − Rss0 Þ

×
X

i1…iN−1

zi1…ziN−1
δðR1 −maxfRs;ikgÞ

×
X

j1…jN0−1

zj1…zjN0−1δðR0
1 −maxfRs0;jkgÞ

�
;

ð7Þ

the two special particles s and s0 are separated by a distance
R, and R1 and R0

1 denote the maximum distance of other
particles to s and s0, respectively. This parametrization may
capture interesting features of the radiation patterns of
intrinsically 2-prong jets, e.g., from the hadronic decays of
W or Higgs bosons, with a straightforward extension to
three or more special particles for higher-prong jets.
We also define a double-projected energy-correlator,

1

σ

dσða;bÞ
dR1dR2

¼
�X

s

zs
X
i1…ia

zi1…ziaδðR1 −maxfRs;ikgÞ

×
X
j1…jb

zj1…zjbδðR2 −maxfRs;jkgÞ
�
; ð8Þ

where one would typically take R1 > R2. The associated
cumulative distribution, analogous to Eq. (3), is

Σða;bÞðR1; R2Þ ¼
1

σ

Z
R1

0

dR0
1

Z
R2

0

dR0
2

dσa;b
dR0

1dR
0
2

¼
�X

s

zs½zdiskðs; R1Þ�a½zdiskðs; R2Þ�b
�
; ð9Þ

highlighting that there is no additional complication when
a, b are noninteger. Because the effective scaling of this
observable is set by N ¼ 1þ aþ b and because the N ¼ 1
moment of the DGLAP splitting functions vanish, we
expect very mild dependence on R1 at fixed R2=R1 when
b ¼ −a. This behavior therefore offers an interesting test of
parton shower generators.
Discussion and outlook—Motivated by existing results

and the tremendous potential of energy correlators for the
characterization of jet substructure, this Letter introduces a
new parametrization for higher-point correlators with
several distinct advantages for both theoretical and data-
driven analyses. Our new parametrization exhibits dramati-
cally improved computational efficiency when evaluated on
experimental data (without approximations), preserves
information about the parity and relative orientation
between particles within jets, and has intuitive features

that benefit data visualization. We also expect that the
simplified phase space will streamline theoretical calcu-
lations, the inclusion of hadronization effects, and pileup
subtraction. Additionally, our parametrization does not
involve any redundancy of phase space variables, unlike
traditional parametrizations. We anticipate that the repar-
ametrization of energy correlators we introduce in this
Letter will benefit current studies of energy flow within
hadronic jets and open new avenues for the use of energy
correlators in the study of particle collisions.
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