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1 Introduction

An essential ingredient in calculations of high energy scattering cross sections are the
parton distribution functions (PDF's), which describe the incoming protons. These usually
only encode QCD effects, but at the multi-TeV energies probed by collisions at the Large
Hadron Collider, electroweak effects start becoming important. At Future Circular Collider
energies, electroweak effects are order one [1], because of Sudakov double logarithms in the
electroweak PDF evolution [2, 3], which are absent for QCD. This difference is due to the
spontaneous breaking of electroweak symmetry, implying that PDF's only have to be QCD
(and QED) singlets, but not necessarily electroweak singlets. Indeed, it is the SU(2) x U(1)
non-singlet PDF's that have Sudakov double logarithms in their evolution.

Electroweak contributions to PDF evolution have been computed recently [4—6], which
relates PDF's at different scales. However, the PDFs themselves have to be determined from
experiment. Recently, the photon PDF was calculated directly in terms of deep-inelastic
scattering structure functions [7, 8]. In this paper, we use a similar method to compute
the W and Z PDFs. Massive gauge bosons have both transverse and longitudinal polar-
izations, and a new feature of our analysis is the computation of PDFs for longitudinally
polarized gauge bosons. In contrast to the photon PDF, nonperturbative contributions are
suppressed, allowing us to calculate the gauge boson PDFs in terms of quark PDF's at the
electroweak scale.



Section 2 computes the transverse and polarized W+, Z and vZ gauge boson PDFs
(which are the sum and difference of the helicity h = +1 PDFs) using operator methods.
The W and Z longitudinal PDFs, i.e. h = 0, are computed in section 3. In section 4
we compare our results with previous ones in the literature based on the effective W
approximation [9-11]. We present an alternative derivation in section 5 using factorization
methods. Numerical values for the PDFs are presented in section 6.

2 Transverse gauge boson PDF's

We start this section with defining the PDF's of transverse gauge bosons. We then derive
how these are related to structure functions in deep-inelastic scattering. Evaluating the
structure functions to lowest order in the strong coupling «;, we obtain a formula in terms
of the quark PDFs.

2.1 Definition

We start by briefly reviewing the PDF definition for quarks and gluons in QCD, before
discussing the electroweak gauge boson case. We will frequently use light-cone coordinates,
decomposing a four-vector p* as

t n

_nt o
pr=p 7+p+7+p’i, p-=np, p=np, (2.1)

where n* = (1,0,0,1) and n* = (1,0,0,—1) are two null vectors with n -7 = 2 and p, is
transverse to both n* and n#. The QCD PDF operators are defined as [12]

Oolr) =4 [ g e Qe Wng)]  W(0) Q).

—0o0

Oc(r™) = - : /OO d€ e " a, [GHA (RE) W(Ré)] T, WH(0) GVA(0)],  (2.2)
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for quarks and gluons, respectively. Here W is a Wilson line,"

W(z) = Pexp { - ig/odsn- [A(z + s71)] } , (2.3)

o0

along the n direction in the fundamental representation for the quark, and in the adjoint
representation for the gluon PDF operator, ensuring gauge invariance. For the anti-quark,
Q < Q and the Wilson line is in the anti-fundamental representation. The PDF operators
involve an ordinary product of fields, not the time-ordered product, so the Feynman rules
are those for cut graphs. The quark and gluon PDFs are given by the matrix elements of
these operators in a proton state of momentum p,

fo(r™/p™ 1) = (pIOq(r7)Ip), fe(r=/p™ 1) = (pIOc(r7)Ip), (2.4)

where only connected graphs contribute.

Tt is conventional to use W'(x) Q(z) for the field, so the Wilson line must end at . We use the sign
convention D, = 0, +igA,.



In the Standard Model (SM) at high energies, fermion PDFs are defined in terms
of the SU(2) x U(1) fields ¢, ¢, u, d, e, where g, ¢ are left-handed SU(2) doublet fields,
and u, d, e are right-handed SU(2) singlet fields. The QCD Wilson line is replaced by
a SU(3) x SU(2) x U(1) Wilson line in the representation of the fermion field. The new
feature in the electroweak case is that the PDF operator does not have to be a SU(2) x U(1)
singlet. In particular, for the quark doublet ¢ there are two operators,

oW () = - / T de e (g WEELia 5 WH(0) g0

—0o0

O () = - [ dge ™ lgm Wnelia #t [ VIO g, (25)

—0o0

where i, j are gauge indices in the fundamental representation of SU(2), t* is an SU(2)
generator, and « is a gauge index in the fundamental representation of SU(3). Oél) is an
SU(3) x SU(2) x U(1) singlet, but Oéadj’a) is an SU(3) x U(1) singlet, and transforms as an
SU(2) adjoint. The proton matrix elements of the operators give the uy, and dy, PDFs,

o, 1 _ adi.a=3) / —
fur(r™ /0™, 1) = (p| 5051)(7" )+ 0PN = () |p)
o, 1 _ adi.a=3) /. —
fa, (= /p™ 1) = (pl 5031)(7“ ) = OFU =Y (r7) |p) . (2.6)
Since electroweak symmetry is broken, O((Zadj’a:‘g) can have a non-zero matrix element in

the proton, such that f,, # f4,. The evolution above the electroweak scale of Oél), Oéadj )
and of the corresponding gauge and Higgs boson operators was computed in ref. [6].

The quark PDF operators in eq. (2.5) in the unbroken theory can be matched onto
PDF operators in the broken theory at the electroweak scale. At tree level this matching

is trivial,
OM (™) = 0wy () + Oa, (r7),
O((Iadjﬂ:?’) (r7) = %OuL (r7)— %OdL (r7), (2.7)
where
-\ _ 1 —¥rT (= (5 = t a
0u ) = 3 [ A6 [wmO Wmgla §# VO up )7, (29

and similarly for dr,. Essentially all we have done is replace the SU(3) x SU(2) x U(1) Wilson
lines by SU(3) x U(1)em Wilson lines, so W in eq. (2.8) only contains gluons and photons.

The gauge PDF operators in irreducible SU(2) representations were given in ref. [6].
At lowest order in electroweak corrections, the matching onto the broken operators is
analogous to eq. (2.7) and given in eq. (5.1) of ref. [6]. The relevant PDF operators in the



broken theory are?

Ot (r7) = e [ €™, 1770 (g W(ag) VI (0) W 5(0)]
Oy () = g [ g™ m, W9 ) W(ag) ) m, V1 (0) W 5(0)]
0(r7) = 5 /_ ng e 1, FP () 7, 5, (0)
Oz(r7) = ~gm= [ A6 0,20 1, 2°30).
Oz (17) = —27r1r_ /_ ngeif’“ M 2PN (n€) 1y FY \(0)
Orzn(r) = —g= [ d6e™® m, PN a)n,2°2(0), (2.9

in terms of the field-strength tensors. Note that the PDFs fz,, and f,z, are related by
complex conjugation. The PDF operators in eq. (2.9) are invariant under SU(3) X U(1)em
gauge transformations. For OW; this involves a U(1)en Wilson line W with Q = 1, and
OWT_ has @Q = —1. There are no Wilson lines for v and Z, since they are neutral.

As we now show, the operators in eq. (2.9) only capture the transverse polarizations.
A gauge boson moving in the n direction has momentum and polarization vectors

1 1 1
k= (E,0,0,k), € =—-——=(0,1,i,0), €' =—(0,1,-1,0), €5 =-—(k,0,0,E}),
(Be00.), e == 25(0.13,0), ¢ = 20,1, -5.0). df = 3 (k.0.0. )
(2.10)
which satisfy k-ey = 0 and €} - ¢, = —0d),. By calculating the matrix element of the

field-strength tensors appearing in eq. (2.9) for a gauge boson state,
(k, e|ﬁuF“)‘(ﬁ§) n, FV\(0)|k,€) = [(ﬁ k)2 (e €) + (7€) e*)kﬂ (k)

- 1, e=cy,e
= (- k)ZARE L O T (2.11)
0, e=¢o,

we conclude that the PDF operators only pick out transversely-polarized gauge bosons.

The transverse PDF's fW;, etc. defined through the operators in eq. (2.9), sum over
the helicity h = £1 contributions. The longitudinal gauge boson PDF encodes the h = 0
contribution, and will be discussed in section 3. In addition, we will also consider the
polarized W PDF,

fawt = fwrin=1) = fw+ =1y, (2.12)

ZNote that W is the SU(2) gauge field, and W is the Wilson line. We have switched conventions relative
to ref. [8], n <+ @, pT <+ p~. The photon PDF operator in ref. [8] was written as the sum of two terms,
such that it has manifest antisymmetry under x — —z. However, the commutator of light-cone operators
does not contribute to the connected matrix element [13], so the two terms can be combined into a single
term shown in eq. (2.9). The two terms in Oa, etc. can be similarly combined.



Figure 1. Matrix element of the PDF operator in a proton state for (a) photon and Z PDFs,
and (b) W PDFs, where the U(1)ey, Wilson line is shown as a double line. The ® vertex is the
field-strength tensor and the bottom part of the graphs is the hadronic tensor W, (p, q).

etc. In an unpolarized proton target, the gluon distribution fa, vanishes, as can be shown
by reflecting in the plane of the incident proton. However, the weak interactions vio-
late parity, so f AWE and faz, do not vanish. The polarized photon PDF can be written
as [14, 15] (see footnote 2),

Ony(r7) i / h de e, PN (@) i, FY A (0) (2.13)

2mr~ J_ o

where ﬁag = %eag 2o A7 with €p123 = +1, and we use the 't Hooft-Veltman convention for
the e-symbol and ~5. Similar expressions hold for the polarized versions of the other PDF's
in eq. (2.9).

2.2 Evaluation

We now discuss how the transverse gauge boson PDFs can be computed from figure 1,
following the procedure in refs. [7, 8. We start by introducing the hadronic tensor and
structure functions, briefly repeat the argument for the photon case, and then generalize
to the other gauge boson PDF's in eq. (2.9). Only PDFs for unpolarized proton targets will
be considered, but it is straightforward to generalize to polarized protons.

The electroweak PDFs at high energies evolve using anomalous dimensions in the
unbroken theory computed in refs. [5, 6], which contain Sudakov double logarithms. In
this paper, we compute the initial conditions to this evolution at the electroweak scale.
Since the electroweak gauge bosons are massive, the logarithmic evolution is not important
until energies well above the electroweak scale. In addition, there are radiative corrections
for the W PDF's from interactions with the Wilson line from graphs shown in figure 2,
which are absent in the photon case. For this reason, we compute the electroweak PDF's
to order o ~ g ~ az.

The lower part of the graph in figure 1 is the hadronic tensor defined as

Wiulp.a) = 5 [ d' &l [752),50)]In). (214)



7. 7.

Figure 2. Radiative corrections to W boson PDFs. The right diagram does not allow a simple
factorization in terms of structure functions, as it involves a three-point correlator in the proton.

where p is the proton momentum and ¢ is the incoming gauge-boson momentum at vertex
Jv- The standard decomposition of W, is

Quv Fy Pqq P qq iF3
Wm/(p7Q):F1 <_guu+ ;2 >+ <pu_ 2 M) <pu_ 2 V) o fuquq/\paa

Pq q q 2pg

(2.15)

in terms of the structure functions F}, Fy, F3, which depend on the Bjorken variable

QQ
T = , 2.16
and Q% = —¢?. Tt is convenient to replace F} in our results by the longitudinal structure
function,
2 dagmy 2 2

Fr(ap;, Q) = ( 1+ 7 Fy (x5, Q%) — 221, F1 (wpj, Q%) . (2.17)

The currents in eq. (2.14) depend on the process. For the photon PDF, j, is the
electromagnetic current and F3 vanishes. For W PDFs, j, is the weak charged current,
and for Z PDFs, j, is the weak neutral current. These currents follow from the interaction
Lagrangian, which is given by [16]

92

2v2

using the conventional normalization of currents in deep-inelastic scattering. Here

i . aqz .
(Wit + W alt) — 52 Z,i%, (2.18)

ﬁint = _eAMjgm - 2

g2 = e/sinfy and gz = e/(sin Oy cos by ) and

2
Jhn = zuYtu+ ...,

3
j{jvz udﬂ’y“(l—’%)d-i-...,
w1 4, 1,
Jz=u|7" (5~ gsin Ow — 57" U+ ... . (2.19)

The structure functions for electromagnetic scattering are denoted by FZ-(V), for neutrino

scattering vp — e~ X by FZ-(V)

)

, for anti-neutrino scattering vp — et X by FZ-(D), for neutral

.FZ»(Z’Y)

current scattering by Fi(Z , and for v — Z interference by FZ»('YZ) and , where the

superscripts indicate the j, and j, current used in eq. (2.14). In QCD, to lowest order in



Fy (2,Q) = dalfa, (2,Q)+ far (.Q)l,  F(2,Q%) =44, (2,Q)— fan(2.Q)],
Y7 (2,Q%) = 4a(fu, (2,Q)+ f1,(2,Q)),  F(2,Q*) =4[fu, (2,Q)~ f1,(x,Q)], (2:20)

and

FQ(Z)(xaQQ) =4z Z g%q[qu (.T,Q)+qu(ZL',Q)]+g%%q[qu(l',Q)+qu(fC,Q)],

q=u,d

FZ§Z)($>Q2) =4 Z g%q[ftu (xaQ)_qu($7Q)]_g%’,q[fQR(va)_qu(xaQ”y

q=u,d
FQ(’YZ) (1’, Q2) — FQ(Z’Y) (.%', QQ)

=22 Y g1q Qlfer (7. Q)+ f1x (2, Q)] +9rg Qlfar (2. Q)+ fz, (2. Q)],

q=u,d
Fg(’Yz) (l’, Q2) — F?SZ’Y) (Z,QQ)
=2 Z 9Lgq QQ[fQL (x7Q)_f§R<va)] —9Rq Qq[fQR(x7Q)_f§L (%Q)} : (2'21)

q=u,d

Here the subscripts L, R denote the parton helicities, not chiralities, Q, is the electric

charge,
. 2 :
gLu:§_§SHl29W7 gRu=—§SID29W,
]. ]. .92 1 -2
9Ld = ) + 3 sin” Oy , 9Rd = 3 sin” Oy , (2.22)

and we have neglected CKM mixing and heavier quark flavors. For an unpolarized proton
beam, the expressions can be simplified using f,, = fup = % fu, etc.

We now briefly review the method that ref. [8] used to compute the photon PDF,
before applying the same procedure to the other PDFs. The computation of figure 1 gives
(see section 6.1 of ref. [8], and dropping vacuum polarization corrections)

_ Sralp) (Sp)™ de [~ 4@,
Fla, p) = - (4 )D/2r D/2—1)/ /2 o

X [Q2(1 —2) = mep] b [_x(p_)z

_ 8ra(p) (Sp)™ dz [ dQ2
fate = o T o P

X [Q2(1 —z)— mep]D/2 ? [—

:| [(7_7, . q)2 W)(\D) + (]2 nanﬁw( )

ix(p—)Q] (n-q)n® ¢ eq LBy WP (2.23)

Here
2= , (2.24)



Q? = —¢? is the momentum transfer, and W, is evaluated at (wbj,QQ). The label D
is a reminder that the hadronic tensor (and the couplings) are evaluated in D = 4 — 2¢

dimensions, and
TE
§2=¢

_E.

In eq. (2.23), we included P, = 1, as it will be replaced by other factors for the electroweak

(2.25)

case, see eq. (2.30) through eq. (2.32) below. The W, terms in eq. (2.23) can be written
in terms of the structure functions using eq. (2.15),

QZ
x Fy p(z/2,Q%) —2e 22 Fy p(z/2,Q?),

2
2%_225> F3p(z/2,Q%).  (2.26)

2m2a?
_ D)A o Brir(D
z(p~)2 (-q)* W,S : +¢*n nﬁWo(zb’)} =—2Fp,p(x/2,Q°)+ (pr(z)+p>

iz(p~)?

(ﬁ-q)ﬁaqﬁewgyw(mu” =—x <2—z—

We retain the Fj term, even though F3(7) = 0, since we will need it for the other PDFs.
The splitting function in eq. (2.26) is

Pryq(2) = 1+i-z) 2)27 (2.27)

z
and

Q%5 = Q* - Qf (2.28)
is the piece of Q2 in fractional dimensions. Since we already averaged over the angular
directions in obtaining eq. (2.23), we can simply replace
D—4 Q? = D—4
D—-2°t" D-2

Q%9 — [Q%*(1 —2) — 2?m?)] . (2.29)

We can now immediately get the other transverse PDFs. The only change is the
replacement of the photon coupling and propagator by those for massive gauge bosons, and
using the appropriate structure function. The W PDF uses the v structure functions,
and the replacement

4
o — éa% P, — Py = (622-52]\/./%/)27 (2.30)
and the W~ PDF uses eq. (2.30) with the v structure functions. The Z PDF has
4
a— iaz, P, — P; = (QQEW (2.31)
The vZ and Z~v PDF's use the vZ and Z~ structure functions, with
a— 1\/@, P, — P,z = Q722, (2.32)
2 (@ + M7)

where ap = a/sin? Oy and az = a/(sin® Oy cos? Oyy).



Proceeding as in ref. [8], the integral in eq. (2.23) over Q? is divided into an integral
from m2z?/(1 — z) to p?/(1 — 2), and from p?/(1 — 2) to co, where we assume p >>
my. Following the terminology of ref. [8], the two contributions are called the “physical
factorization” term fFF and the MS correction, fm. The physical factorization integral
is finite, so one can set D = 4. The MS integral is divergent, and needs to be evaluated
in the MS scheme (hence the name) to get the MS PDF. As an example, we illustrate this
for the W PDF. Using egs. (2.23), (2.26), and (2.30),

PF B dz [i- dQ2 Q*
g (72 1) = 16w / / 2 Q% (Q*+ My,)?
2 (P) 2 2mpz?\ )
—2°F; (x)2,Q7) + | 2pyqe(2) + Q B (x/2,0Q%)] , (2.33)
and
1 dz [ d@* Q@
A o =) S0 e [ o C@agy W

)

X QX(1=2)P272 [~ 22 (1= ) F{) (2/2, Q)+ (2004 () — %) Fy ) (3/2,Q%)|.

Since the integral in eq. (2.34) is for Q% > mg, we have dropped mf, /@Q? terms. Changing
variables to

2
1—
@ (u2 2 (2.35)
gives
Wi as(p) €eE /1 dz [ ds s
x Z, 1 — 2.36
W+( )= 16 T'(1—e¢) ), =z J; slte [125+ M2, (1 z)]Q (2.36)

(_1)7 (x/z,uzs/(l—z))+(zpyq(z)—ez2) Fg(l_g (:n/z,uQS/(l—z))} .
Since p is large, the dependence of Fj(z/z, u?s/(1 — 2)) on p is perturbative. To lowest

order in a, and s, we can therefore set the second argument of Fj to p? without incurring
large logarithms, and drop the F, term since it is order . This results in

S dz [ ds 12
MS _ H
.’IJfW’}r ($7M) 167'(' F 1 _ 6 / / 31+€ M s + M%/(l _ Z)]2

X [(zpw(z) — €z )FQ(’D(x/z,u )] . (2.37)
The s integral yields
€VE S| 4.2 1 2 M2 1—
; / 18 2 ,UQS 2:7—1—111 2 . 2 Ar2 W( 2 2+0(6)'
L(1—e) )y stteu2s+Mg (1-2)]2 Mg, (1=2)+p? Mg, (1—2)+p

(2.38)



The 1/e€ term is cancelled by the UV counterterm, and the sum of egs. (2.33) and (2.37) gives

L) [ | et @
xfw;(%ﬂ)— 167 /x 7 [npx Q2 (Q2+M2)

2,,2
X <22F£’/) (g;/z, Q2) + (Zp'yq(z) + 21‘@2”;7) F2(’7) (1‘/,27 Q2)>

2 2
7 lww(l —2) (o) 9
+ 1 — F.
Zp'Y(I(Z)<nﬂ[2 (1_2;)_’_”2 MQ (1_2)_1_#2 2 (ZL'/Z,/L)

— 2F @)z, 1) b +0(0d). (2.39)

The 1/€ counterterm agrees with the anomalous dimensions for PDF evolution com-
puted in refs. [5, 6]. Alternatively, one can also directly take the p derivative of eq. (2.39),
for which the contribution from the upper limit of the first integral cancels the contribution
from rational function of x? and M2,, leaving the usual evolution

az(p) [ %p'yq(z) Fy7 (x/2,Q%)

8 J, = x/z

uifW; (x,p) = + O(az ay) . (2.40)

The largest effect not included is the QCD evolution of F(*), Eq. (2.40) agrees with the

anomalous dimension in refs. [5, 6],

ag(p) dz

g @) = B8 [ a0/ @) + f (/5 @) e (241)

z <

using eq. (2.20). In obtaining eq. (2.40) we can neglect F7, the p-dependence of the
structure functions and aa(p), since these give terms that are higher order in o or as.
The diagonal WW term in the PDF evolution, which contains Sudakov double logarithms,
is also missing, since fy, only starts at order as.

Similarly, for faw,., using egs. (2.23) and (2.26),

PF _ dz dQ? Q! (@) 2
fAW;(xa - 167T / /mpx Q2 (QZ +M31/)2 (2 - Z)F ,D(I/Z Q ) (242)

and

f (2, 1) = — e /dz/C>Q ds u*s
INTEA 167r I(1—e¢) slte 1425 + M2, (1_2)]2

<2—z—|—24_2(1—z)>F7V1))(x/z p2s/(1—2)). (2.43)

~10 -



Replacing the second argument of F3 by u?, as before, and using eq. (2.38) gives

1 4q % d0? 4 i
g == [ 0| [ G g eamp @ 9 B0

2 M2 (1 —
+(2—z)<ln 5 a 5 — ZW( ?) 5
Mg(1—2)+p2 Mjg(l—2)+p

)
+ 201 = 2)F\ (w2, 14i2) b + O(ad). (2.44)

Differentiating eq. (2.44) w.r.t. u gives the evolution equation

1
i Fawg ) = =22 [ @ a2, 4 Oena), (249
which agrees with ref. [6].

The W, PDF is given by eq. (2.39), eq. (2.44) with ¥ structure functions replaced
by v structure functions. The Z7 PDF is given by eq. (2.39), eq. (2.44) with © structure
functions replaced by Z structure functions, My — Mz, and as — 2az. The vZ PDFs
require the s integral

evE > ds s 1 u?
== +1 O (e), 2.46
F(l—e)/1 gl+e M23+M%(1—z) € + nu2+M%<1—Z) + (6) ( )

since there is only one massive propagator. This gives

xf'YZT (x ﬂ)

VA [ At @
/ /m @ QL2 (247)

2,2
X (—z2F£VZ)(x/Z7Q2)—|— (qu/q(z)—l-Ql'C?Z%D) F2('YZ)(1'/27Q2)>

2

o2 (I3 ) B8 /o) =B D ) [ 400,

where we consider both a and ayz of order as in writing O(a3). Similarly,

fayzy (T, 1) =

aZ / B / s (2—2) Fy P (2/2,Q%)

Q2 Q2+ M}

2
+(2-2) ODM%(lﬁW) FYP ()2, p0?) +2(1-2)FY P (2] 2,1)

+0(ad), (2.48)

and the Z~ PDF is obtained by vZ — Z~.
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3 Longitudinal gauge boson PDFs

In this section we repeat the analysis of section 2 for the PDF's of longitudinal gauge bosons.
We start again with defining them, using the equivalence theorem to express them in terms
of scalar PDF's, and then calculate them in terms of structure functions.

3.1 Definition

The operators in eq. (2.9) give the PDF's for transversely polarized gauge bosons. Longi-
tudinally polarized gauge bosons are not produced at leading power in M/Q by the gauge
field-strength tensor. Instead, they have to be computed in terms of Goldstone bosons using
the Goldstone-boson equivalence theorem [17, 18], as was done for electroweak corrections
to scattering amplitudes in refs. [19, 20]. The scalar (Higgs) PDFs we need are

o) =1 | T e e (1 (me) WRg)] W(0) HO)]'

27 J_ o

Op-(r7) r/°° dge™ " Wi(ng) H(ng)]" [H'(0) W(0)]1,

"o o

Om(r) =5 | T e e (1 (me) W(RE) ], W (0) HO)]?

T o oo

Opo(r™) = T/Oo dge™ " Wi(ng) H(ng)]* [H'(0) W(0)]2,

2 J_ o
Onomn(r) = 5= [ dee™® Witag) Hm2 V! (0) HO),
Opoe(r) = o= [ deem® GO WO 1T O WO, (31

with SU(2) x U(1) Wilson lines W. The indices 1,2 in eq. (3.1) pick out the charged and
neutral components of the Higgs multiplet,

C(HYY 1 [ W2t
o () (2.

in the unbroken and broken phase, respectively. Here h is the physical Higgs particle, and
the unphysical scalars 3, o™ = (¢! Fip?)/V/2 are related to the longitudinal gauge bosons
Zr, Wf through the Goldstone-boson equivalence theorem. For the incoming gauge bosons
this is given by ip™ — Wg , ip? — Z71,, and for gauge bosons on the other side of the cut
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in figure 1, —ipt — Wi, —ip® — Z;. This leads to

fwy (@ 1) = (plOp+(xp7)Ip) ,
fw (@, 1) = (plOg-(xp7)Ip)
Fau ) = 3 (| [Oso(ew™) + Oppo(ap™) — Opgoppoap™) — Opgogoap )] )
(s 12) = 5 (91 [Oro(ap™) + Opo(ap™) + Ogpogoep™) + Opogo (ap7)] 1)
fnz, (@, 1) % (pl [Opo(zp™) = Ogo(zp™) + Ogogo(xp™) — Ogogo(xp™)] |p)
fzin(z, 1) % (| [Opo(xp™) = Ogo(p™) = Opogo(xp™) + Oogo(zp7)] Ip),  (3-3)

which are equivalent to egs. (5.4) and (5.5) of ref. [6]. Note that fz, and fz, , are complex
conjugates of each other.
It is instructive to rederive eq. (3.3), by expanding the Wilson lines in eq. (3.1) to first

order

0
HY(z)W(z) = H(z) Pexp {—i/ ds n- [goW(z + ns) + g1 B(x + ﬁs)]}

= (@) o+ () Tig@)])
[N <g—2ﬁ~W_(:c+ﬁs) -1 ﬁ~Z(x+fzs))+ (3.4)
1\/5 _ s\ 597 e .
where g2 = e/sinfy and gz = e/(sin Oy cos Oy ). Using integration by parts, we have the
identity
00 o 0 B 0
—ir/ dg e v / ds 0 - Z(n€ + ns) :/ d¢ { i e e ] / ds n - Z(né + ns)

OO i - d O . —
— —/_Oodf 6—157“ dg/oods T_L-Z(T_L£+ﬁs) — _/_Oo df e—lf'r' T_L'Z(T_LE), (3‘5)

setting the gauge field at infinity to zero, and similarly for the W~ term. As a result,

HY ()W (n€) = (~ie™(€) - - W (ng) Iy [v-+h(n)+igh(a€) + 2.2 (ng)) )
+... (3.6)

inside an integral of the form as in eq. (3.1), where we used My = gov/2 and Mz = gzv/2.
One can make a similar substitution for the W1(0)H(0) term. The argument 0 does not
depend on the integration variable . However, we can use translation invariance of eq. (3.1)
to switch the field arguments in eq. (3.1) from n€ and 0 to 0 and —n&. Eq. (3.5) can be
applied again, with an additional minus sign because of the switch n{ — —n&. Then
WT(0)H(0) is given by the conjugate of eq. (3.6) with r— — —r~ and & — 0.

The linear combinations in eq. (3.6) are those required by the equivalence theorem.
Exploiting gauge invariance, we can evalute the PDF's in the broken phase in unitary gauge
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using eq. (3.6) with ¢; — 0. This does not affect renormalizability, since the PDFs in the
broken phase only have radiative corrections due to dynamical gluons and photons, i.e. the
W and Z are treated as static fields in the same way as heavy quark fields in heavy quark
effective theory. Thus we reproduce eq. (3.3), identifying the longitudinal PDFs as

2
g wn) = 2 [ age T (pllne W (m) Wing) O - W O)ls)

2mr—
fo= (o) = A0 / dg 76 (pl[7 - W () W(RE)] PVH(0) - W (0)][p) .
2
o s 10) = fo—z | dge® win- 2n) n- 200,

P =5 [ age s plhne) o).

s o) = 52 [ A6 (plhiag) a- 20},
frne) =57 [~ dge Gl 2(ng) nO)l) (3.7

where the Wilson lines W in the W PDFs only contain photon fields.

3.2 Evaluation

Before evaluating the longitudinal gauge boson PDFs, we note that the Higgs PDFs in
eq. (3.3) are suppressed,

2

il ) = o(%) fane =0(§L ). fanem=0(72).  @8)
This happens because the gauge field couplings to the proton are of order go, gz, whereas
the dominant coupling of the Higgs field to the proton is given by the scale anomaly [21],
and is order m,/v (for a pedagogical discussion see ref. [22]). (There are of course also
contributions of the order of light fermion Yukawa couplings m,, 4/v.) We therefore neglect
the Higgs PDFs in eq. (3.8) in this paper, but they can be computed using the same method
as the gauge boson PDFs.

We now repeat the steps in section 2.2 for longitudinal gauge bosons, starting with
fW;. The matrix element of the PDF operator gives

_ mo(p) (Sp)* dz [~ d@* @
e S T T i @y

pj2—2 [ zME; S
x [@*(1—z) — 2mp] / L(p_)Q] n*n WL(W) , (3.9)
where
2 D myz? 7)1 v
e R (R RS S
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which combine to yield

_ mao(u) (Su)2 S dQ2 Q*
2,2
X [Q2(1—z)—x2m§]D/2_2 [22242‘4/} [(1— mQ )F(V) 4Z2F£E)

Using the same procedure of splitting the integral as before gives

aa(i) /1dz / 1Q*  MHQ?

vy (@0 = =g z | Jm32 Q7 (Q7+ M2

2,,2
x ((1 —x- xQ”ﬁp) F{(a)2,Q%) + 32w/ cz?))

Mg, (1~ 2)?
2+ M, (1 - 2)

+ D)(:c/z,;ﬁ) +0(a?), (3.12)

and similarly for fWL_, with the replacement Fi('j) —
FZ(D) — ﬂ(z), MW — MZ and oy — 20y
Comparing eq. (3.12) with eq. (2.39) for the transverse W PDF, we see that Wy, has
an extra Ma, /Q? factor in the Q? integral. The Wy integral grows as In u? for large values
of u, whereas the Wy, integral is finite, and dominated by Q? ~ M‘%V The Wy, PDF is
thus smaller than the W7 PDF by In u? /MI%V The split of the longitudinal PDF's into two
pieces in eq. (3.12) is not necessary, and one can instead use eq. (3.12) with u — oo, but

Fi(y). For fz, this requires replacing

it is useful when comparing with the other PDFs. Differentiating eq. (3.12) with respect
to u gives

d
”@Ifwj (z,p) =04 O(azas) , (3.13)

as expected. Eq. (3.12) was obtained starting from eq. (3.7) in the broken phase. For p
much larger than My, we need the PDFs in the unbroken theory, which are related to
Higgs PDF's by eq. (3.3). Since there is no quark contribution to the Higgs PDF evolution
when fermion Yukawa couplings are neglected, eq. (3.13) is expected.

4 Comparison with previous results
W and Z PDFs have been computed previously using the effective W, Z approxima-

tion [9-11], i.e. the Fermi-Weizsécker-Williams [23-25] approximation for electroweak gauge
bosons. We will compare these with our results.

~15 —



Considering for concreteness the transverse W PDF, the leading-logarithmic contribu-
tion from eq. (2.39) is given by

/dz # 4Q? Q4

aICANES P2 F /2, Q)

1677 Q% (Q*+ M3,
ag(p),  pr [tdz () 2
~ In — — F 4.1
167T n 7‘[‘%/ . e pryq(Z) 2 (m/Z,/J, )7 ( )

and agrees with the effective W approximation result in refs. [9-11]. The subleading terms
(the last two lines in eq. (2.39)) are smaller by a factor of In pu?/M3,. These differ from the
corresponding terms in previous results.

The longitudinal W PDF is smaller by a factor of In j? /MI%V, and is obtained by
integrating

tde [*dQ*  M3Q’
0o Q2 (Q*+ Mj,)?

~ 87r /xdz (1—2) Py 2/, %), (4.2)

(1—2) B (x/2,Q%)

z

which agrees with refs. [9-11]. Again, the subleading terms given by the last line in
eq. (3.12) differ from previous results.

5 PDF computation using factorization methods

In this section we present an alternative derivation for the massive gauge boson PDF us-
ing standard factorization methods. We will consider both transverse and longitudinal
polarizations, and consider a massive gauge boson in a broken U(1) theory to keep the
presentation simple. Our calculation exploits the fact that the cross section for the hy-
pothetical process of electron-proton scattering producing a new heavy lepton or scalar in
the final state can be written in two ways: in terms of proton structure functions or using
proton PDFs. This approach was used in ref. [7] for the photon case. The new feature in
the calculation is broken gauge symmetry, which results in massive gauge bosons that can
have a longitudinal polarization.

5.1 Transverse polarization

Following refs. [7, 8], consider the hypothetical inclusive scattering process
I(k) + p(p) — L(K) + X, (5.1)

shown in figure 3, where [ is a massless fermion, and L is a fermion with mass My. We will
assume that they interact with the massive U(1) gauge boson (called Z) via a magnetic
momentum coupling,

Lins = %EU“VZMVZ +he.. (5.2)
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1(k) LK)

p(p) X

Figure 3. Feynman diagram for heavy lepton production [ +p — L + X.

Here g is the gauge coupling, and we work to leading order in the scale of the new interaction
A > v. The interaction between Z and the protons is governed by Lz, = —gZ*j,. We
will now calculate the Z PDF by first factorizing the cross section into the hadronic and
leptonic tensor, and then factorizing it in terms of PDF's. In doing so, we assume Mj — oo.

The cross section averaged over initial spins and summed over final states is given by

1 d*q g w 2 21020 _ 0

x 0[(p+q)* —my] 0(p° +¢°), (5.3)

in terms of the hadronic tensor W, (p, ¢) and the leptonic tensor L, (k,q), with ¢ = k—k'.
The lepton tensor, averaging over initial spins and summing over final ones is

1g°
LMV = §p tr (k [gv PY'M](k/ + ML)[’YV? %])
8¢°
Az [ q) (6% = 2k - q)g™ = 2°K"R” + (k- q) (24"K” +2¢"k" — ¢"¢")
492 v 174 14 v v
=3 [(ML + Q) (¢"q" — Mig"") +4Q°K'EY — 2(M} + Q°) (k"q” + k qﬂ)} . (5.4)
The decomposition of the hadronic tensor in terms of structure functions was given by
eq. (2.15). F3 does not contribute to the spin-averaged cross section, since eq. (5.4) is
symmetric in p <+ v. The rest of the derivation of oy, is then identical to section 3 of
ref. [8], after accounting for the gauge boson mass in the propagator 1/¢* — 1/(¢> — M%)

. / dz / = dQ2 Q4
e 27TA2 Q2+M2) Q?

d d 2 4 2,02 202
277A2/ Z/ Q QQEMQ) {<_ ;4% + Z\ﬁ +2pyq(2 )) F2($/27Q2)]7 (5.5)

where the kinematic variables are

The total cross section in the M — oo limit is thus given by
5 5 2:172m2
=2 Fr(z/2,Q%)+ Zp'yq(z)+7 Fy(z/2,Q )

Q? =z M? 2
Thj 2p q Z’ p ) S (p+ ) ) (5 6)
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and we have split the Q? integral into two parts. If u is large compared to Aqcp, we
can replace Fy(w/z,Q?) in the second integral by Fy(x/z,u?) since the u evolution is
perturbative, and evaluate the integral to obtain

d == sz Q* 222m2
Olp = 27TA2/ Z/ 2 Q2 (QF+ M2? ZzFL(x/z’Q2)+<zp,Yq(z)+Q2p> FQ(I/Z,QQ)]
Y e M-z Mp(-2) :
Fam | ) [ i S e ) Pl
4 1
+27grA2/_ %(—z2+3z—2)F2(x/z,u2). (5.7)

We now factorize the cross section into a convolution of hard-scattering cross sections
and parton distributions,

oip(xs) Z / 70’[(1 8, [t fa/p( ) (5.8)

a=2,q,...

These hard-scattering cross sections are the same as in ref. [§],

47 g?
00 = A2
5’[220'05(1—2),
2 2 2
. g M7 (1 —=z
6lg = 0033 —2 432+ 2pye(2) In L(z,u2 ) ; (5.9)

with z = Mg/é It should not come as a surprise that this only describes transverse
polarizations, since it is the same as for photons. Indeed, the contribution to the cross
section of this process is power suppressed by M% /Mg for longitudinally polarized gauge
bosons. Thus the factorization formula in eq. (5.8) gives the Z PDF summed over the two
transverse polarizations only.

We can then extract fZT by combining eqs. (5.7) and (5.8),

i 2 4 202m2
zfz(x 8772/ dz / - dQ Q2+M2) —zzFL(:c/z,Qz)-F(zp»yq(z)—kngnp> Fz(x/z,Q2)]
g9 z s Mz(1-2)
+8? Zp'yq( ) |:ln M%(].—Z)-’-/JQ _M%(f—z)—i—,uz} F2(9C/ZHU2)
-7 / E A pe/a®), (5.10)

which agrees with eq. (2.39). The overall normalization differs by 8 because the coupling
for the W is g/(2v/2) rather than g.
5.2 Longitudinal polarization

Longitudinal gauge boson PDFs present novel features, because they only exist after spon-
taneous symmetry breaking. The first step is to identify a process to which they contribute
at leading power, for which we consider

h(k) +p(p) = s(k') + X, (5.11)
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p(p) X

Figure 4. Feynman diagram for heavy scalar production via Higgs-proton scattering h+p — s+ X.

shown in figure 4. Here the interaction between the Z boson and scalars is described by
the gauge invariant Lagrangian

Lint = iaus (@ Dre — (DFoh) 3], (5.12)

where @ is a charged scalar whose vacuum expectation value breaks the gauge symmetry,
and s is a heavy neutral scalar with mass M,. After spontaneous symmetry breaking,

v+ h

o = 5.13
7 (5.13)

in unitary gauge, where h denotes the Higgs field. Eq. (5.12) then becomes
Ling = = h s 2", (5.14)

Note that to obtain a term in which interactions with longitudinal gauge bosons are not
power suppressed requires operators involving the Higgs field ®, resulting in interactions
proportional to the vacuum expectation value v, as shown in eq. (5.14).

The first step in obtaining the longitudinal Z PDF is to factorize the cross section for
the process in eq. (5. 11) in terms of structure functions,

M= 1 k:/ @ M2> (47 W, 8™ (2) o[(k — q)° — M2 6(K" — ¢°)
x 0[(p+ q)* — m2] 0(p° +¢°) (5.15)
where the scalar tensor SH*¥ is
» g%v? . g%v? } }
SH(k) = T KHEY = T (k= ) (k= q)". (5.16)

The scalar tensor couples only to longitudinally-polarized gauge bosons and not to trans-
verse ones, so factorization directly gives the longitudinal Z PDF. The scattering cross
section in the limit My — oo is given by

1% (1 z)
d e fEe :
O S {4M;1 (1+3) s
1

M2 x2m}27 M2 2
Q? Q?

z4+(z—1)

Y7 Fr (2/2,Q )} (5.17)

S
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Splitting the Q? integral into two parts at Q2 = p?/(1—z), and neglecting power corrections

gives
4.9 ld é dQ2 2 x2m2
- 1%7:11\2/1 7«2 ﬂfm% W ZZFL (x/z,Q2)_|_ (1—2—@227) Fy ($/27Q2)]
1—2)?
i [Mgil—z)Jru?} Fy (/2,00%) ¢ (5.18)

Again, this cross section can also be written in terms of proton PDF's using eq. (5.8).
In the limit Mz /M, — 0, the Z boson cross section 7 is

ng? v?

I (1-2) (5.19)

a-hZ (l‘, /J’) =
for longitudinally polarized Z bosons, and power suppressed for transversely polarized Z
bosons. Thus eq. (5.8) picks out the longitudinal Z PDF. The contribution from quarks is
calculated from tree-level Higgs-quark scattering via Z exchange, and is

gtz [2 Mf(l—z)2]

‘- 2
16mA2M2 zM3% (5.20)

th(z ,LL)

where z = M2/, and is power suppressed relative to eq. (5.19). From eq. (5.18) and
eq. (5.19), we get the longitudinal Z boson PDF

2M d = dQ2 2m2 2
foL x ﬂ 47722/ Z/lz n2 Q2+M2 2 [(1_2_QJ> F2 (iE/Z,Q2>+ZZFL (QC/Z,Q2)

2 M2 dz 1-2)?
+g4ﬂ'22/x FQ(Z‘/Z:U‘)|:M%((1_Z))+M2]' (521)

This agrees with eq. (3.12) taking into account the overall factor of 1/8, as in eq. (5.10).
To simplify the presentation, the calculations in this section have been done for a

spontaneously broken U(1) gauge theory. However, it should be clear how these can be

extended to the case of a spontaneously broken SU(2) x U(1) in the Standard Model.

6 Numerics

In this section we present numerical results for the electroweak gauge boson PDFs, ob-
tained using eqs. (2.39), (2.44), (2.47), (2.48), and (3.12). The equations have corrections
of order a3, arising from e.g. the graphs in figure 2. All QCD corrections and m?) /MI%V
power corrections are included automatically by using the deep-inelastic scattering struc-
ture functions.

The expressions for the electroweak gauge boson PDFs involve integrations over (2
between m2z?/(1—z) and pi?/(1—z), and thus include the elastic scattering and resonance
regions. Compared to the photon PDF, the integrands have factors of Q?/(Q? + M?),
where M = My, Mz. Thus the low-Q? part of the integration region is suppressed by
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Figure 5. The transverse gauge boson PDF's fW; (red), fWT— (blue), fz, (green) and f,z, (purple)
for 4 = Mz and p = 1000 GeV. The unpolarized photon PDF (dashed, brown) has also been shown
for comparison, multipled by 0.1 at 4 = Mz and by 0.5 at ; = 1000 GeV, so it fits on the same plot.

~ mlz,/M‘%V ~ 1074, the size of low-energy weak interaction corrections and smaller than
the missing a2 corrections, so we only need values of the structure functions for Q2 of
order the electroweak scale. The z integral still includes elastic scattering at x/z = 1,
but for large Q? the elastic form-factors are power suppressed. This justifies using the
expressions for the F» and F3 structure functions at lowest order QCD in terms of PDFs
in eq. (2.20), eq. (2.21), and setting Fy, to zero (since it starts at order as), to evaluate
the PDFs. This method is not as accurate as using the experimentally measured structure
functions, because it introduces order as(Myy) radiative corrections as well as mg/M‘%V
power corrections.?

The numerical integrations are done using the PDF set NNPDF31 nlo_as_0118_luxqged
PDFs [26] and the LHAPDF [27] and ManeParse [28] interfaces. A detailed numerical
analysis including PDF evolution and errors is beyond the scope of this paper. The re-
sults for electroweak gauge boson PDFs are shown in figure 5, 6, and 7 for y = Mz and
1 = 1000 GeV using the NNPDF31 central PDF set. The electroweak PDF's have been renor-
malized in the MS scheme, so they do not have to be positive. They start at order oo,
rather than order unity, and NLO corrections can be negative.

The transverse PDFs (figure 5) are small at © = My, and rapidly grow with energy to
be almost comparable to the photon at g = 1000 GeV due to the evolution in eq. (2.40).
The W;f PDF is larger than W, since f, > f4 in the proton. The PDFs are negative
at u = My, but rapidly become positive as the In Q? part dominates over the MS sub-
traction term. The polarized PDFs (figure 6) are negative, since quark PDFs are larger
than antiquark PDFs, and left-handed quarks prefer to emit left-hand circularly polarized
W bosons. The longitudinal PDFs (figure 7) are comparable to the transverse ones at
@ = Mgz. Since the longitudinal PDFs are u-independent, only one plot has been shown.
The transverse PDF's rapidly become larger than the longitudinal ones as p increases.

3The radiative corrections depend on as and as evaluated at Q2 scales that contribute to the integral.
One can minimize these corrections by including higher-order terms in the expressions for F;. If, instead,
the experimentally measured structure functions are used, the corrections depend on a2 (u), where u > Mz
is the scale at which the PDF is evaluated.
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Figure 6. The polarized gauge boson PDFs fAW; (red), fAWT_ (blue), faz, (green) and fa,z,
(purple) for p1 = Mz and p = 1000 GeV.
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Figure 7. The longitudinal gauge boson PDF's fW,j (red), fWL— (blue), and fz, (green) for u = M.
The longitudinal PDF does not depend on p to the order computed in the plot.

7 Conclusions

We have computed the electroweak gauge boson PDFs at a scale p ~ My, z > m,, for
transversely and longitudinally polarized gauge bosons, by computing the proton matrix
element of the PDF operator in terms of proton structure functions for charged and neu-
tral current scattering. The PDFs can be evolved to higher energies using the evolution
equations derived recently in refs. [5, 6]. The electroweak gauge boson PDFs have been
computed previously using the effective W approximation [9-11]. The leading logarithmic
piece of our result agrees with their expressions, but the full order « results differ. Numer-
ical values for the PDF's at the representative scales = Mz and p = 1000 GeV are given
in section 6. More detailed numerical results are beyond the scope of this paper, and will
be given elsewhere.
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