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Introduction

Foreword

The topic of this thesis is curves in characteristic p > 0. Curves and abelian va-
rieties in positive characteristic behave quite differently from their counterparts in
characteristic zero. A first example is the occurrence of supersingular elliptic curves.
This different behaviour for abelian varieties is captured by the Ekedahl-Oort strat-
ification which was introduced by Ekedahl and Oort [13, 37] in the 1990s. It is a
stratification on the moduli of principally polarized abelian varieties in characteristic
p > 0. Since each curve has a Jacobian, this induces via the Torelli map a strati-
fication on the moduli of curves in characteristic p > 0 and one can ask what this
stratification is. For the Ekedahl-Oort stratification on the moduli space of princi-
pally polarized abelian varieties of dimension g defined over an algebraically closed
field k of characteristic p > 0, many facts are known, like dimensions, reducibility
of strata and their cohomology classes. But for curves much less is known. It is
tempting to think that there will be a lot of excess intersection of the Torelli locus
and many of the Ekedahl-Oort strata.

There are results in the other direction, saying that certain Ekedahl-Oort strata
intersect as expected, or do not intersect the Torelli locus. For example, there is a
result of Ekedahl [12] for the smallest Ekedahl-Oort stratum. Re [45] generalized
Ekedahl’s result to the Ekedahl-Oort strata with p-rank 0. In this thesis, we general-
ize Re’s bound on the genus of curves with the Cartier operator of rank 1. In the rest
of the thesis we mostly look at the cases where the genus g and the characteristic p
are “small” or where we are dealing with curves of a special type, like hyperelliptic
or trigonal and try to get information on the induced Ekedahl-Oort strata on the
moduli of curves. The main tool here is the use of Hasse-Witt matrices and de Rham
cohomology.



Stratifications on moduli of abelian varieties and
curves

It is known that elliptic curves in characteristic p > 0 come into two types:
ordinary or supersingular. To see the distinction one looks at the p-rank of the
elliptic curves, namely the ordinary elliptic curves have p-rank 1 and supersingular
elliptic curves have p-rank 0. This gives a stratification of the moduli of elliptic
curves. The general stratum parametrising ordinary elliptic curves is open and the
other stratum consists of only finite many points.

One can extend this idea to the moduli of principally polarized abelian varieties
of dimension g > 2 in positive characteristic. Let Ay ® k be the moduli space of
principally polarized abelian varieties of dimension g defined over an algebraically
closed field k of characteristic p > 0. More precisely, let us look at the p-rank of
abelian varieties. By the work of Koblitz and Oort [25, 36], the p-rank defines a
stratification. Each p-rank stratum is characterized by the isomorphism classes of
abelian varieties with given p-rank and is invariant under isogeny. It was showed
by Norman and Oort [34] that the p-rank stratum with p-rank f is non-empty of
codimension g — f in A, ® k.

Instead of looking just at the p-rank of abelian varieties, Ekedahl and Oort intro-
duced a stratification on A, ®Fk by looking at the isomorphism classes of the p-torsion
subgroup scheme of abelian varieties [37]. Later, it was realized that this stratifica-
tion can be defined using the de Rham cohomology of abelian varieties [13, 49]. The
Ekedahl-Oort stratification consists of 29 strata and each stratum is indexed by a
Young diagram g = [pt1, ..., pt,) with 0 <n < gand pig > pro > -+ > pig > 0, p; € Z.
The largest stratum is the locus of ordinary abelian varieties. The smallest stratum
is of dimension zero and parametrises so-called superspecial abelian varieties. Oort
showed that a superspecial abelian variety of dimension g is isomorphic to a product
of g supersingular elliptic curves as a non-principally polarized abelian variety. There
are many results about the Ekedahl-Oort stratification on A, ® k. To name a few,
Oort showed that any positive dimensional stratum is connected and the Ekedahl-
Oort stratum indexed by p is of codimension Y 7, p1; in Ay ® k by [37]. In [13], van
der Geer and Ekedahl showed the irreducibility of certain Ekedahl-Oort strata. In
the same paper, they also computed the Chow classes defined by the Ekedahl-Oort
strata.

There is another generalization of the p-rank of abelian varieties, namely the
Newton polygon which is associated to the formal type of the p-divisible group of
a principally polarized abelian variety. The Newton polygon of an abelian variety



is a lower convex polygon consisting of finitely many line segments starting at (0, 0)
and ending at (2¢,¢) in R% It is also symmetric, namely if slope b € [0, 1] occurs
the slope 1 — b occurs with the same multiplicity. The Newton polygon defines a
stratification on A, ® k [24] where strata are given by the isomorphism classes of
abelian varieties with a given Newton polygon. The largest stratum with the Newton
polygon with slopes 0 and 1 corresponds to ordinary abelian varieties. The smallest
stratum is the locus of supersingular abelian varieties with Newton polygon of slope
1/2. Oort and Li showed that the supersingular stratum is of dimension |g?/4], see
[29]. Furthermore, Oort [36] proved that an abelian variety is supersingular if and
only if it is isogenous to a product of supersingular elliptic curves. One can also ask
how the Ekedahl-Oort stratification intersects the Newton polygon stratification. For
example, it was shown by Oort that an Ekedahl-Oort stratum lies in the supersingular
locus if the associated final type v satisfies v(n) = 0 for n = [ (g + 1)/2], cf. [8].

By associating to a curve its Jacobian, we have the Torelli map from the moduli
of curves to the moduli of principally polarized abelian varieties. We write My ® k
for the moduli of curves of genus g defined over k. Via the Torelli map, the Ekedahl-
Oort stratification can be pulled back to My ® & and one can ask what the nature of
this stratification is. Although we know a lot about the Ekedahl-Oort stratification
on the moduli of principally polarized abelian varieties, there are much fewer results
on the induced stratification on My ® k. In general we do not know the dimensions
of the induced Ekedahl-Oort strata. It is known that the smallest stratum is empty
in My ® k with large g; actually it follows from an early result of Ekedahl [12], who
showed that the genus g of a superspecial curve in characteristic p > 0 is bounded
by g < p(p—1)/2. Recall that a curve is superspecial if its Jacobian is superspecial.
For the p-rank strata, Faber and van der Geer [16] proved that every irreducible
component of locus of curves with p-rank < f has codimension g — f in M, ® k for
0<f<g,g=>2 In[40], Pries proved the existence of curves of genus g > 2 with
p-rank g — 2 with a-number 2.

One can look at the intersection of the induced Ekedahl-Oort strata with special
loci in M, ® k, e.g. the hyperelliptic locus and the trigonal locus of trigonal curves.
Some results are known. For the hyperelliptic locus H, ® k in M, ® k, it is shown
that every irreducible component of the locus of hyperelliptic curves with p-rank < f
is of codimension g— f in H,, see [19]. Faber and van der Geer [49] showed that there
exists a family of hyperelliptic curves of genus ¢ in characteristic 2 with Ekedahl-Oort
type [9,9 — 2,9 — 4,...]. As a generalization, Elkin and Pries [15] gave a complete
description of Ekedahl-Oort types for hyperelliptic curves of genus ¢ in characteristic
2. Also for other special curves, Pries and Zhu studied the p-rank stratification of
the moduli space of Artin-Schreier curves of genus g over k, cf. [42]. In [43], the



Ekedahl-Oort types of all Hermitian curves in characteristic p > 0 were determined.
For a given positive integer g, it is interesting to ask whether all Ekedahl-Oort types
occur for curves of genus ¢ in any positive characteristic. By Ekedahl’s bound for
the genus of superspecial curves in positive characteristic, it is not true for “small”
characteristic. However one can still ask which Ekedahl-Oort types occur for curves
and what the dimension of the corresponding stratum is.

One can also pull back the Newton stratification to M, ® k via the Torelli map.
There are many question to ask; here we are specially interested in the induced su-
persingular stratum in M, ® k. In this direction, van der Geer and van der Vlugt
[51] showed that there exists a supersingular curve for every genus in characteristic
2. One may be tempted to think that for a given prime p > 3 there is a supersin-
gular curve of genus ¢ in characteristic p for any positive integer g. Re gave some
evidence by showing in his thesis that there exists a supersingular curve of genus g
in characteristic p for any 0 < g < 100 and 3 < p < 23 with a very few undecided
exceptions. Furthermore, it was shown by Karemaker and Pries [41] that there exists
a supersingular curve of genus cp(p — 1)?/2 in characteristic p > 0 for any positive
integer ¢ having only 0 and 1 as its coefficients in the base p expansion.

Results

First of all, we generalize a result of Re, who in his thesis (see also [45]) showed
that the genus g of a curve in characteristic p with the Cartier operator of rank 1 is
bounded by g < p+ p(p — 1). We improve his bound [54].

Theorem 0.1. Let X be an irreducible smooth complete curve of genus g over an
algebraically closed field of characteristic p > 0. If the rank of the Cartier operator
of X equals 1, we have g < p+p(p—1)/2.

This is sharp for example for p = 2, see [40, Lemma 4.8]. In the case of higher
rank we have the following result, see [54].

Theorem 0.2. Let X be an irreducible smooth complete curve of genus g over an
algebraically closed field of characteristic p > 0. If the rank of the Cartier operator
of X equals 2, and if X possesses a point R such that linear system |pR)| is base point
free, then g < 2p+ p(p — 1)/2, while if X does not have such a point, one has the
bound g < 2p + (4p® — 5p)/3.

We write Z, for the induced Ekedahl-Oort stratum in M, ® k associated to the
Young diagram p. Recall that there is a partial order < on the set of Young diagrams
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(see also in Section 1.3). We consider especially the case of hyperelliptic curves of
genus 4 in characteristic 3.

Theorem 0.3. Let k be an algebraically closed field with char(k) =3. A smooth
hyperelliptic curve of genus 4 over k has a-number < 2. In particular, Z, N Hy is
empty if p = [3,2,1]. If p % [3,2,1], the codimension of Z, N Hy in Ha equals the
expected codimension Y1 ;. Moreover, in the cases p = [4,1],[3,1],[3,2],[2,1] and
[1] the intersection Z, N Hy is irreducible.

Note that Frei [18] proved that hyperelliptic curves in odd characteristic can not
have a-number g — 1.

For general p > 0, we consider curves which are degree 5 covers of P! branched
at four points. We give a basis of the de Rham cohomology of the curves and show:

Theorem 0.4. The locus Zjy ) in My ® k is non-empty of dimension at least 1 for
any prime p = £2 (mod 5).

For the existence of superspecial curves of genus 4, we have the following result.

Theorem 0.5. Let k be an algebraically closed field of characteristic p. For any
prime p > 2 with p = £2(mod 5), the locus Zyz in My @ k is non-empty. For any
prime p = —1(mod b), there exists superspecial curves of genus 4 in characteristic p.

Our computation is very explicit: we consider cyclic covers of the projective line
branched at certain points, we give a basis of the space of holomorphic differential
forms on the curves and calculate the rank of the Cartier operator.

Using a similar argument, we also reprove a result of Kudo on the existence of su-
perspecial curves of genus 4 in characteristic p = 2 (mod 3), he [27] uses the fact that
a non-hyperelliptic curve of genus 4 is a complete intersection of an irreducible cubic
surface and an irreducible quadric surface, while we use the de Rham cohomology.

By an Artin-Schreier curve we mean a smooth irreducible projective curve defined
over an algebraically closed field k of characteristic p > 0 by an equation y? —
y = f(x), where f(z) € k(x). We consider the locus of Artin-Schreier curves with
prescribed a-number and have the following results.

Theorem 0.6. Let k be an algebraically closed field with char(k) = p > 0. Let
X be an Artin-Schreier curve of genus g > 0 with equation y?» —y = f(x), where
f(z) € k(). Assume that the a-number of X is g — 1. Then

(1) : if p =2, we have g < 3. Moreover, the curve X can be either written as

v +y=f(z),

11



where f(x) € k[z] and deg f(x) = 5 or 7, or written as y* +y = fo(z) + 1/z with
deg fo(x) =1 or 3 and fo(x) € zk[z];

(2) : if p > 3, then g < (p — 1)p/2. More precisely, X is isomorphic to a curve with
equation

d d-2
Y —y = agx® + ag_ox” "+ +arm,

where d|p + 1. Moreover if d = p + 1, then at least one of a; with 2 < i < d—2 is
non-zero. If d < p+1,d | p+1, then at least one of a; with 1 <1i < d—2 is non-zero.

Theorem 0.7. Let k be an algebraically closed field with char(k) = p > 3. Let
X be an Artin-Schreier curve of genus g > 0 with equation y? —y = f(x), where
f(x) € k[z] and deg f(z) =d. Ifdlp+1 and a(X) = g — 1, then either p=5,d =3
and X 1is isomorphic to a supersingular curve of genus 4 with equation:

v —y=2"+az, o €k, (1)
orp = 3,d = 4 and X s isomorphic to a supersingular curve of genus 3 with
equation:

Y —y=a"+ay? ay € k*. (2)

Moreover, the family of curves given by equation (1) (resp. (2)) defines a component
of Ziusa) (resp. Zjzg)) in My (resp. Ms) in characteristic 5 (resp. 3).

We also bound the a-number of trigonal curves of genus 5 in small characteristics.
Recall that a result of Re [45] states that if X is a non-hyperelliptic curve of genus
g, then

p—12
)< (Z 4g+1).
a(¥) < (g4 )
Theorem 0.8. Let k be an algebraically closed field of characteristic 2 (resp. 3). If
X is a trigonal curve of genus 5 defined over k, then the a-number of X satisfies
a(X) <2 (resp. a(X) < 3).

For g = 5 and p = 2, Re’s bound indicates that a(X) < 3 while our result implies
that a(X) < 2. Also for ¢ = 5 and p = 3, Re’s bound shows that a(X) < 4 while
our result implies a(X) < 3.

In [45] Re also gave a bound for the a-number of hyperelliptic curves of genus ¢
over k:

(=Yg  p+1

P 2p

In the following theorem we give a strengthening of this result.

a <

12



Theorem 0.9. A smooth projective hyperelliptic curve over k in characteristicp > 3
of genus g > p has a-number

a<[(p-1g/p—(Bp—1)/2p].

A related result was given by Elkin [14, Corollary 1.2]; he showed that the a-
number is bounded by a < g(p — 2)/p + 1. In general we have

[(p—1Vg/p—CBp—1)/2p] <(p—1)g/p+(+1)/2p—1.

For example in the case p = ¢ = 3, Re’s bound shows that a < 2 + 2/3 and Elkin’s
bound shows that a < 2, while our bound shows that a < 1, which is sharp. Note
also that for p = g = 3, Frei [18] ruled out the case a = 2.

13
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Chapter 1

Preliminaries

In this chapter, we give definitions and review classical results related to them. Let
k be an algebraically closed field of characteristic p > 0. Throughout the chapter,
by a curve we mean a smooth irreducible projective curve defined over k. By abuse
of notation, we write simply A, (resp. Mg, Hy) for A, @ k (resp. My @k, HyQ k).
We say a scheme is of characteristic p if for any open subset of this scheme, the ring
of regular functions on this subset is an [F,-algebra.

1.1 The Cartier Operator

It is known that curves in positive characteristic have features that curves in
characteristic zero do not have. One of these is that on curves in characteristic
p > 0 we have the Frobenius morphism. In general, for a scheme Y in positive
characteristic, there is an absolute Frobenius morphism on Y defined as follows.

Definition 1.1. Let Y be a scheme of characteristic p. The absolute Frobenius
morphism of Y is the morphism Froby : Y — Y such that it is identity on the
underlying topological space and the induced morphism Frobf; : Oy — Oy is given

by f— fP.

In particular, for Spec(k) the absolute Frobenius morphism is induced by the
Frobenius automorphism o : ¢ — t? of the field k. By abuse of notation, we also
denote the absolute Frobenius morphism of Spec(k) by o.

The absolute Frobenius Froby of a k-scheme Y is not a morphism of k-schemes.
In the following, we define the relative Frobenius morphism, which is a k-scheme
morphism.



Write Y ®) for the scheme over k which is the fibre product of Y x, ;, Spec(k), i.e.
the pull back of Y — Spec(k) via the absolute Frobenius map o : Spec(k) — Spec(k).

Definition 1.2. The maps Froby : Y — Y and Y — Spec(k), by the universal
property of the fibre product, induces a unique morphism Fy, : Y Y® fitting
into the following commutative diagram:

Froby

y®e — Yy

! !

Spec(k) —— Spec(k)

The morphism Fy; : YV Y ® is called relative Frobenius of Y.

For example, suppose Y is a variety given by the equation f = 0 with f =
350 @ija'y’ in k[z,y]. Then the scheme Y® is given by equation f®) obtained
from f by raising all the coefficients to their p-th power, i.e f®) = 3, .o a} x'y’.
The relative Frobenius Fy;, : Y Y® is given on rings by the homomorphism

kle,yl/(f%) = Kl y)/(f)

with  — 2P and y — yP.
The relative Frobenius morphism of Y is purely inseparable.

Remark 1.3. Let (Y, \) be a principally polarized abelian variety. Then the rel-
ative Frobenius morphism of Y is a homomorphism of k-group schemes of degree
p9. Note that the multiplication by p on Y is of degree p? and it factors through
the relative Frobenius homomorphism, i.e. [p]ly = Vi, 0 Fyy, with Vi, Y® Y
the Verschiebung homomorphism, cf. [11, Definition 5.18]. Additionally, the map
Fy i o Vyyy, is multiplication by p on Y® e [plyw = Fy i, 0 Vysge.

Let X be a curve defined over k. The absolute Frobenius morphism of X induces
a o-linear map on the cohomology of structure sheaf on X:

Fx : H'(X,0x) — HY (X, Ox),

where the o-linear means Fy(cf) = ?Fx(f) for any c € k, f € H(X, Ox). Given a
basis of H'(X, Ox), the Hasse- Witt matrix is defined to be the matrix representation
of Fy on H'(X,Ox) with respect to this basis.

16



Cartier [7] defined an operator C on the rational differential forms on a curve X
with the following properties:

1) Clwr + W2) Clwr) +C(w2),
2) C(f'w) = fC(w),
3)C(df) =0,

4) C(dh/h) = dh/h,

where k(X) is the function field of X and f,h € k(X) with h # 0. We call it the
Cartier operator. Recall that if x is a separating variable of k(X), any f € k(X)) can
be written as

f=1+ fle+. ..+ ff 2P, with f; € k(X). (1.1)

For a rational differential form w = f dz with f as in (2.2), we have C(w) = f,—1 dx.
In particular C*(fidf) = fO+D/P"=1Af if p"|i + 1, and C*(f* df) = 0 otherwise.

For a curve X, we define the rank of the Cartier operator to be the rank of the
Cartier operator restricted to H(X, Q% ). There is another matrix associated to the
Cartier operator with respect to a basis of H(X, %), namely the Cartier-Manin
matrix.

Definition 1.4. Given a basis B = {w1,...,w,} of H*(X,QY), the Cartier-Manin
matrix is the matrix of the Cartier operator with respect to B, i.e H = (h;;)1<i j<g
with hiyj S k such that C(OJj) = Zfﬂ hiijz'.

If {,)s denotes the Serre duality pairing H'(X,Ox) x H°(X,Q%) — k, Serre
[46, Proposition 9] showed that there is a duality relation between Fx and C, i.e.
(f.Cw)s = (Fx(f),w)s

for any f € H'(X,0x) and w € H°(X,Q%). For a basis B = {wi,...,w,} of
HO(X, L), we have a dual basis B* = {fy,..., f,} of H}(X,Ox) with respect to
(,)s, e (fi,w;) =1ifi=jand (f;,w;) = 0 otherwise.

Then we have

9
(Fx(fi),wj)s = (f1,C(w;))g = (fi, Y hijwi)s = hi); .
i=1

This implies that Fix(f;) = >7_; by, f; and the Hasse-Witt matrix is equal to M =
(Mij)1<ij<g With m;; = h%;. Then we have the following corollary.

Corollary 1.5. The rank of the Hasse- Witt matriz is equal to the rank of the Cartier-
Manin matriz, i.e. the rank of the Cartier operator.
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1.2 The first de Rham cohomology

In this section we recall the first de Rham cohomology of a scheme Y using the
Céch cohomology.

Denote by (£2y-,d) the complex of sheaves of Kahler differential forms on Y. The
de Rham cohomology of Y is defined as the hypercohomology of the functor H°(Y-)
with respect to (£2y,d), cf. [10, Section 11.4]. Since we mainly focus on curves and
abelian varieties, we are only interested in the first de Rham cohomology, which by
[35] can also be described in terms of Céch cocycles as follows. Let U = {U;|i € I}
be an open affine cover of Y. For a sheaf .%# of abelian groups, we denote the Céch
complex of abelian groups associated to .# by C" (U, %) [21, Chapter 111, Section 4].
We define the H},(U) with respect to the covering U to be

H;R(u) = ZéR(u)/BéR(u)v (1.2)
where Z},(U) is defined as
{(fw)|f €C'U,Oy),w e CWUQy), fir = fig + fin dfig = wi — wj, dwi = 0}
and Blp(U) is defined as
{(f,w) | f € C'U,Or),w € COWU, Q) g € COU, O), fij = gi — gj,wi = dgi} -

The first de Rham cohomology H3,(Y) is independent of the choice of the open affine
cover and we have

Hp(Y) = Hayp(U).
In particular for the case of a curve X, we can take an open affine cover U = {U;, Us}

consisting of only two open parts. Then the de Rham cohomology H}p(Y) can be
described using (1.2) with

Z;R(L{) = {(t,wl,w2)| te Oy(Ul N UQ),LUZ‘ S Q%/(U,),dt = W] — WQ}
and
BipU) = {(ty — to, dty,dts)| t; € Oy (U;)}.

Consider a curve X given as a branched cover of P! with a morphism 7 : X
P!. We can take an open affine cover of our X with U; = = }(P} — {0}) and
Us = 71 (BL — {o0}).

To give an example, let X be a hyperelliptic curve over k given by equation
y* = f(z) € k[z] with p > 2. For 1 <i < g, put s;(z) = zf'(x) — 2if(z) with f'(z)
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the formal derivative of f(z) and write s;(z) = si'(z) 4 s7%(z) with s;'(z) the sum
of monomials of degree < i. Kéck and Tait [26] gave an explicit basis of HJp(X) of
a hyperelliptic curve X in characteristic p > 2 with respect to the covering {U, Uz},
where 7 is the hyperelliptic map. We quote the following theorem.

Proposition 1.6. [26, Theorem 2.2] Let p > 2. Let X be a hyperelliptic curve
with equation y? = f(z) € klz]. Then Hip(X) has a basis with respect to {Uy, Uy}
consisting of the following residue classes with representatives in Zin(X):

Yy i) o ail@)

P = ) ; ) ; ’ ‘:17"'7~7 1.3

= (o - 2 an), =1, (13
oAl

A; = [(0, —dz, —dx ) =0,...,9—1 1.4

J [( ) Yy €, y T)]7 J ’ 9 ’ ( )

where Y;(x) = s7'(x) and ¢i(x) = s7(x). Also we have (v, \;) # 0 if j =i — 1 and
(i, Aj) = 0 otherwise.

The authors in [26] also gave a basis of de Rham cohomology for hyperelliptic
curves in characteristic 2. Later we will derive similar results for the trigonal curves
and Artin-Schreier curves.

1.3 The Ekedahl-Oort stratification on the moduli
space of principally polarized abelian varieties

Let A, be the moduli space (stack) of principally polarized abelian varieties
of dimension ¢ defined over k. Its coarse moduli space is quasi-projective variety
of dimension g(g + 1)/2. Due to the fact that abelian varieties can degenerate,
the space A, is not complete. There are several compactifications of 4,. We are
interested in the smooth second Voronoi toroidal compactification Ag and the Satake
compactification A7, see [17] for the precise constructions. The boundary Aj —.A, of
A; is of codimension one and the points in the boundary correspond to semi-abelian
varieties, see [17, Definition 2.3]. Moreover in this book, the authors also define a
morphism p : Ag = Ay

We now motivate and recall the Ekedahl-Oort stratification on A,.

For a principally polarized abelian variety (A4, \) of dimension g > 0 defined over
k, we consider the multiplication by p morphism. It is of degree p?9. The p-torsion
group scheme A[p] of A is defined to be the kernel of this morphism. By analysing
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the action of the relative Frobenius morphism and Verschiebung morphism on A[p],
Ekedahl and Oort introduced a stratification on Ay, cf. [37]. In [13, 49], Ekedahl
and van der Geer gave another interpretation of the stratification using the de Rham
cohomology. In this thesis, we use the de Rham cohomology to define the Ekedahl-
Oort stratification.

To motivate the Ekedahl-Oort stratification, we consider principally polarized
abelian varieties of dimension one, i.e. elliptic curves. Consider the multiplication
by p morphism [p]g : E — E, it is of degree p®. It follows that for an elliptic curve
E in characterstic 0, we have #E[p](C) = p®. For an elliptic curve E defined over
k of characteristic p > 0, by Remark 1.3 we know that [p]g is inseparable. In fact
Fgyi, is inseparable but Vg, can be separable or not. Then #E[p](k) = p if Vi, is
separable and #E[p](k) = 1 if Vg, is inseparable. This shows that elliptic curves
in characteristic p > 0 come into two types: ordinary or supersingular. This can be
seen on the cohomology too. Indeed, suppose E has a p-torsion point, i.e. there is a
non-zero divisor D such that pD is the divisor of a function f € K(E). This implies
that for any point @ in F and ¢ a local parameter at @, locally f can be written as

f=ant" + ant" 4. .

with n = 0(modp) and a; € k and a, # 0. Then ordg(df/f) > 0 and df/f €
HO(E,QL). Applying the Cartier operator, we have C(df/f) = df/f # 0. Con-
versely, if the Cartier operator C is not zero on H°(E,€}), then C(w) = cw for w
some holomorphic differential form and ¢ € k*. Hence w is a logarithm form, i.e.
w = codf/f for some f € K(F) and ¢y € k*. Now we show that the divisor of
fis pD with D a non-zero divisor on E. Indeed, for a point ) in E such that
ordg(f) =n, if p{n, then locally f can be written as

f=ant" + @ t" 4. .

where t is a local parameter at  and a; € k,a, # 0. This implies ordg(df/f) =
—1 < 0, a contradiction. So the conclusion is that E has p-rank 0 if and only if the
action of C on H°(E, Q) is zero.

For a principally polarized abelian variety (A, A) of dimension g, since [p]a =
Ve © Fayp, is of degree p?9 and Fyu /i is purely inseparable of degree p?, we see that
#A[p)(k) = p' with 0 < I < g. The elliptic curve example makes it reasonable to look
at the action of V and F on H,,. More precisely, the Verschiebung homomorphism
Vs AP 5 A induces a map of k-vector spaces

V;{/k : Hr}R(A) — HéR(A(p)) .
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The spaces H}p(A) and H},(A®)) are the “same” but with different k-action, i.e.
Hap(AP) = (k,0) @1 Hyp(A). (1.5)

Hence the linear map Vj . Hip(A) = Hjz(A®)) is equivalent to a o~ '-linear
map V : Hip(A) — Hlp(A). We call V the Verschiebung operator. Similarly we can
define the o-linear Frobenius operator F' : Hj,(A) — H},(A) induced by the relative
Frobenius of A. We will see that for a curve X, the Verschiebung operator coincides
with the Cartier operator on H%(X, Q). It is well known that the structure of A[p]
is reflected in H}(A) with its action of F and V, e.g. [13, 35]. Then we only need
to focus on the cohomology part of A.

To introduce the stratification, we first introduce several notations. Write G =
H}p(A) and G®) = H}(AP). There is a symplectic form (, )¢ on G [37, Section
12] (hence a symplectic form (, o) on G®) and the morphisms F s and Vi, are
adjoints, i.e.

Vi), B = (o il

for o € H}p(A) and B € H}p(A®). Then by (1.5), we have
(V(a),0)g = (a, F(b))c

with a,b € H}p(A). From now on, we write simply (, ) for (, ). Hence we have
(V(a),b) = (a, F(b)) by ignoring the o*-linearity. Denote by H* the orthogonal
complement of a subspace H of G with respect to (, ). Since Fas 0 Vase = [plaw
and Vayp 0 Fasr = [pla, we have VF = FV =0 and (V(H))* = F~'(H") for any
subspace H of G. Moreover let H = G, we have V(G) = H°(A4,Q4) = F~1(0) and
F(G) = V~1(0) are maximal isotropic subspaces of dimension g with respect to (, ).

For an elliptic curve E, we have seen that if F is supersingular, then C is zero
on H(E,QL) = ker F' and hence ker F' = ker V. The intersection of ker F' and
ker V' indicates interesting properties of principally polarized abelian varieties. Since
HY(A,QY) C Hjp(A) as a subspace, we have the repeated images of V, F and their
inverses on H°(A,QY). This gives us two filtrations. The idea of Ekedahl-Oort
stratification is to measure the relative position of these two filtrations.

The Ekedahl-Oort stratification is defined by a final filtration on the first de
Rham cohomology of abelian varieties, which we define as follows.

Definition 1.7. Let (A, \) be a principally polarized abelian variety with G =
H}p(A). A final filtration is a filtration

0=GyCG C--CGy=V(G)C--CGy=0G
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which is stable under V and F~' with the following properties being satisfied:
dim(Gy) =i, Gf = Goyiyi=1,...,2g.
The associated final type v is the increasing and surjective map
v:4{0,1,2,...,29} — {0,1,...,g}
such that V(G;) = G-

By the properties of V and F', we have v(2g — i) = v(i) —i+ g for 0 <i < g.

To find a final filtration of (A4, A), we first construct a weak version of it, namely
the canonical filtration, and refine it to a final one.

Now to construct the canonical filtration of A, we start with 0 C G and add the
images of V' and the orthogonal complements of the images. Repeating this process
for a finite number of times, we obtain a filtration

0=COCG1C-~-CG,-:V(G)C~-«CGQT=G.,

which is stable under V and . Then it is also stable under F~! and it is unique. This
filtration is called canonical filtration and can be refined to a final one by choosing
a filtration of length 2g which is stable under V and +. In general a final filtration
is not unique but the final type is unique, cf. [37].

Given a final type v, we associate to it a Young diagram, or equivalently a n-tuple
= [p, ., pn) with 0 <n < gand pg > pg > -+ > p, > 0 such that

pi=#{i: 1<i<jo(i)+j <i}.

Denote by Z,, the set of geometric points of A, with given final type v with Young
diagram p.

Theorem 1.8 (Ekedahl-Oort). The sets Z,, are locally closed and define a stratifica-
tion. It is called the Ekedahl-Oort stratification and consists of 29 strata. Moreover
for g =[p, ..., ] associated to a given final type v, the stratum Z, is of codimen-
sion Y01 p; in Ag.

Proof. See [37, Corollary 5.4] or [13, 49].
[

Remark 1.9. The Ekedahl-Oort stratification can be extended to A7, cf. [37, Section
6].

22



There is a partial order < on the set of n-tuples given by

/'L:[lulw"vun}jl/:[lllw'-vl/m]

ifn <mandy <y fori=1,...,n Denote by Z, the Zariski closure of Z, in
A,. Then we have the relation for the closure Z S Z,in A, if p < v. Note that
in general ZL 2 Uuﬁ,,Z. But the closure of a stratum Z can be larger than this,
as already observed in [37] and [13]. A complete description can be found in [38,
Theorem 1.4]. The largest stratum, which corresponds to the empty n-tuple p = 0,
is of maximal dimension g(g + 1)/2 in A, and is called the ordinary stratum. The
smallest stratum, which is of dimension zero, is called superspecial stratum.

For a curve X, we can associate a principally polarized abelian variety to it,
namely the Jacobian of X. It is defined as (Pic’(X),\) , where the Picard group
Pic’(X) of X is the group of isomorphism classes of line bundles on X and X is the
natural principal polarization induced by the theta divisor, cf. [11]. We write Jac(X)
for the Jacobian of X.

1.4 The p-rank and the a-number

In this section, we recall two invariants of an abelian variety, namely the p-rank
and the a-number, and introduce connections of the Ekedahl-Oort types and classical
invariants of abelian varieties. Let A be an abelian variety of dimension g defined
over k. Denote by p, (resp. «,) the group scheme which is the kernel of Frobenius
endomorphism on G,, (resp. G,), cf. [11, Example 3.8, page 36].

Definition 1.10. We define the p-rank of A by

#A[p)(k) =p'*.
The p-rank of a curve X is defined to be the p-rank of its Jacobian Jac(X).

The p-rank of A can be also defined as f4 = dimp, Hom(y,, A). We have seen
that 0 < fa < g. Moreover, for a semi-abelian variety A’ over k, the p-rank fa of
A’ is defined by

#A'p)(k) = p.

Note that we have End(a,) = k with End(a,) the endomorphism ring of c,.

Then Hom(ay, A) is a k-vector space and we have the following definition.
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Definition 1.11. The a-number of A is the number
a(A) = dim(Hom(oy,, A)) .
The a-number of a curve X is the a-number of its Jacobian Jac(X).

There are many other ways to define the a-number of an abelian variety, e.g.
in [50], we have the alternative formula for the a-number of A:

a(A) = dimg(ker(V)), V. HY(A, Q) — H°(A,QY), (1.6)
where V is the Verschiebung operator V restricted on H°(X, Q).

Proposition 1.12. If X is a curve, then V coincides with the Cartier operator on
HOY(X,Q%). Hence a(X) = g—r with g the genus of X and r the rank of the Cartier
operator.

Proof. See [35, Section 5. O

Definition 1.13. A principally polarized abelian variety is superspecial (resp. or-
dinary) if it has maximal a-number (resp. p-rank). A curve is superspecial (resp.
ordinary) if its Jacobian is superspecial (resp. ordinary).

By the definition of Ekedahl-Oort strata, we have that a principally polarized
abelian variety is superspecial (resp. ordinary) if the corresponding point in A, lies
in the superspecial (resp. ordinary) stratum. We have the following examples of
ordinary and superspecial abelian varieties.

Example 1.14. Let g be a positive integer. The product of g ordinary (resp. su-
persingular) elliptic curves is an ordinary (resp. superspecial) abelian variety of
dimension g.

The simplest examples of Ekedahl-Oort strata are the strata Z, of p-rank < f
with = [g — f] and the strata Z, of a-number > a with p = [a,a — 1,...,1].
Moreover for the connection among the Ekedahl-Oort strata, p-rank and a-number
of A, we have the following.

Proposition 1.15. Let A be an abelian variety defined over k. If A has Ekedahl-Oort
type = [p1, ..., ] for 0 <n < g, then a(A) =n and fa =g — .

Proof. The a-number part follows from the alternative formula (1.6) above and the
facts that V(Hz(A)) = H°(A,QY). The p-rank part follows from definition of the
p-rank and the construction of the Ekedahl-Oort stratification, see [37].

O
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As a corollary of Proposition 1.15, we have the following.

Corollary 1.16. An abelian variety A is superspecial (resp. ordinary) if and only if
a(A) =g (resp. fa=g). Moreover, we always have a(A) + fa < g.

Proof. Note that for a Young diagram associated to the n-tuple p = [u1, . . ., fs], the
height n of the diagram is always not larger than the number p; of blocks in the first
row of the diagram. Then for an abelian variety with Ekedahl-Oort type u, we have
a(A)+ fa=g - +n<g.

O

Example 1.17. Let E be an elliptic curve defined over k. Then a(E) + fr = 1,
namely F either has p-rank 1 and a-number 0 or has p-rank 0 and a-number 1.

In the following, we give an example of an abelian variety A of genus g with
a(A) + fa<g.

Example 1.18. Consider the Jacobian of the curve X with equation y% +y = 2% in
characteristic 2. We have H°(X,QY) = (dz,zdz). Applying the Cartier operator
on H°(X,0%), we have the curve X has Ekedahl-Oort type p = [2]. Then the curve
has p-rank 0 and a-number 1 and a(X) + fx =1 < 2.

1.5 The induced Ekedahl-Oort stratification on the
moduli space of curves of genus g

Let M, be the moduli space (stack) of (smooth projective) curves of genus g > 2
defined over k. Its coarse moduli space is a quasi-projective variety of dimension
3g — 3. Since smooth curves can degenerate to singular ones, the space M, is
not compact. Deligne and Mumford [9] gave a good compactification by adding
curves with certain singular points, namely the stable curves. They showed that this
compactification M, of M, is an irreducible and projective variety. The space M, is
constructed by adding divisors of singular stable curves of genus g. Note that these
divisors may intersect since different singular curves can degenerate to the same
one. More precisely, we have M, = M, U U}i/o2J A;, where Ay denotes the irreducible
divisor whose generic point corresponds to an irreducible nodal curve and A; denotes
the irreducible divisor whose generic point corresponds to a reducible curve with
components of genus i and g — i for 1 <1 < |g/2], cf. [9].



By associating to a curve its Jacobian, one gets a morphism
T: Mg—= A,

called the Torelli morphism. The image of the Torelli morphism is called (open)
Torelli locus. This morphism is injective on the geometric points. Moreover, the
Torelli morphism can be extended to a regular map 7, : /\79 — Ag, see [2, Theorem
4.1]. If we compose Ty, with p : ./Zlg — .A;, we have the Satake Torelli morphism
T My A

Via the (Satake) Torelli morphism we can pull back the (Satake) Ekedahl-Oort
stratification to M, (resp. M,) and study what it provides. Since the Torelli locus

T(My) is open in A, the Ekedahl-Oort indeed induces a stratification on M,.

Definition 1.19. For a Young diagram p = [, ..., j,), we denote by Z, C M,
the pull back of stratum Z, on A,. We say a curve has Ekedahl-Oort type g if the
corresponding point in M, lies in Z,,.

As we indicated above, the induced strata in M, did not attract as much attention
as the Ekedahl-Oort strata in 4, and only few results are known. For the smallest
stratum, namely the stratum with superspecial curve, Ekedahl [12] showed that the
genus of a superspecial curve in characteristic p > 0 is bounded by p(p — 1)/2. This
bound is sharp and one example is a special Artin-Schreier curve.

Example 1.20. Let p = 3. The Artin-Schreier curve X with equation 3 — y = a*
is superspecial of genus 3.

Proof. A basis for H°(X, Q%) is given by forms 1dz, z dz,y dz. Then one can check
that

C(dx) =C(zdx) =0,
Clyda) =C((y® — 2*)dz) = C(y*dz) — C(z*dx) = 0.

Hence the rank of the Cartier operator is zero and X is superspecial.
O

Recall that dim(M,) = 3g — 3 and dim(A,) = g(g + 1)/2. For g = 2,3, the
Torelli locus is open and dense in A,. For large genus g, the Torelli locus has large
codimension in A;. Then for a Young diagram p, it is unlikely that the induced
Ekedahl-Oort stratum Z, has the same codimension in M, as the Ekedahl-Oort
stratum Z,, does in A,. Surprisingly, for the locus of curves with given p-rank, this
is the case.

Denote by Vi(M,) the locus of stable curves with p-rank < [ in M,. We have
the following theorem by van der Geer and Faber [16, Theorem 2.3].
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Theorem 1.21. Let g > 2. Then Vi(M,) is pure of codimension g — 1 in M,.

Denote by Vi(M,) the locus of curves with p-rank ! in M,. Then we have the
following corollary.

Corollary 1.22. V/(M,) is pure of codimension g — 1 in M.

Proof. We first show that dim(V;(M,) N A;) < dim(Vj(M,)) with 0 < [ < g and
0 < i< |g/2]. Then by Theorem 1.21, we have the desired conclusion. Indeed for

i = 0, a generic point of V;(M,) N Ay corresponds to the isomorphism class of an
irreducible singular curve X,_; of genus g — 1 with a node. Since the Jacobian of
the curve X,_; has a G,-part, the normalization X ,_; of X,_; is a smooth curve of

genus g — 1 with two marked points and p-rank [ — 1. It is obvious that Vo(M,) N A

is empty. Then the class [X,_1] lies in V;_;(M,_1). By Theorem 1.21 above, we have

dim(V;1(My—1)) =3(g—1) =3 —(9—1— (I = 1)) = 2g + 1 — 6. Together with two
marked points in X,_;, we have

dim(Vj(My) NAg) <29 —6+14+2<39g—3—g+1=dim(Vi(M,)).
For 1 <i < |g/2], a generic point of Vi(M,) N A, is formed from two smooth curves
X; and X,_; of genus ¢ and g—i respectively each with one marked point. By the proof
of Theorem 1.21 in [16, Theorem 2.3], the a-number of a generic point of V;(M,)NA;
is 1. Then a(X;)+a(X,—;) = 1 and at least one of these two curves is ordinary. If X;

is ordinary then [X;] € V;(M,), a(X,—;) = 1 and the p-rank of X,_; is equal to [ — .
We have dim(V;(M,)) = 3i —3 and dim(V;_;(M,_,)) = 3(g—i) —3—(g—i— (I —1)).
By Theorem 1.21, together with the fact that X; and X _; each has a marked point,
we have

dim(V;(My)NA;) <3i—3+1+3(9—i)—3+1—g+1 < 3g—3—g+I = dim(Vi(M,)).

Similarly one can prove the case where X _; is ordinary by interchanging indices ¢
and g — ¢ and the result follows by symmetry.
By Theorem 1.21, the locus Vi(M,) is pure of codimension g — [ in M, together

with dim(V;(My)NA;) < dim(Vi(M,)), we have V;(M,)NM, is pure of codimension
g — 1 in My, i.e. the locus of curves with p-rank [ is pure of codimension g — [ in
M,.

O

For Z, with = [p], the corollary is equivalent to saying that the sublocus Z,
is of codimension p; in M,.
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1.6 Newton polygons and supersingular curves

There is another way to distinguish ordinary elliptic curves from supersingular
ones, namely by looking at their Newton polygon. For example, if we have an elliptic
curve E over a finite field Fy, then the Newton polygon associated to 1—aT+¢T? with
a=q+1—#E(F,) is either a straight line segment of slope 1/2 or two line segments
of slopes 0 and 1. The first occurs if E is supersingular because #E(F,) = 1 (mod p)
and the other case is the ordinary case. This can be generalized to principally
polarized abelian varieties. More precisely, to a principally polarized abelian variety
(A, A) of dimension g defined over k, we can associate a p-divisible group. To this
p-divisible group, one can associate a symmetric Newton polygon, cf. [8]. It consists
of finitely many line segments starting at (0,0) and ending at (2g, g) with slopes such
that if b € [0, 1] appears as the slope of a line segments in the Newton polygon, then
so does 1 — b. More precisely, the Newton polygon lies inside the triangle bounded
by the points (0, 0), (g,0), (29, 9).

Using this one can define a stratification on Ay, cf. [24]. The Newton polygon
strata are associated to the principally polarized abelian varieties with a given New-
ton polygon. The p-rank strata are special examples both of Newton polygon strata
and Ekedahl-Oort strata.

The largest stratum, which is of dimension g(g+1)/2, corresponds to the ordinary
abelian varieties. The smallest stratum, which corresponds to supersingular abelian
varieties with Newton polygon the line segment of slope 1/2 , is called supersingular
stratum. Li and Oort prove the following result for the dimension of the supersingular
Newton stratum.

Theorem 1.23. /29, Theorem, Section 4, Page 25] The supersingular stratum is of
dimension | g*/4].

Oort gave a criterion for supersingularity of abelian varieties as follows.

Proposition 1.24. An abelian variety A defined over k is supersingular if and only
if A is isogenous to a product of supersingular elliptic curves.

Proof. See [36, Theorem 4.2]. O

Note that a superspecial abelian variety of dimension g > 1 is isomorphic to
a product of g supersingular elliptic curves as a principally polarized abelian vari-
ety. The following proposition describes the relation of Ekedahl-Oort strata and the
supersingular locus.
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Proposition 1.25. Let v be the final type associated to the Ekedahl-Oort type .
Then the Ekedahl-Oort stratum 2, lies in the supersingular locus if v([(g+1)/2]) =
0.

Proof. See [8, Theorem 4.8, Step 2]. O

For a moment we denote the locus of abelian varieties with p-rank 0 by Z,-¢ and
denote the locus of supersingular (resp. superspecial) abelian varieties by Z; s (resp.
Zsp). Then Z,, C Z, ; by Proposition 1.25 and Z,, C 2, by Proposition 1.24.

In fact, for g = 1, these three loci are all the same. For g = 2, note that an abelian
variety with Ekedahl-Oort type p = [2,1] is superspecial and an abelian variety with
Ekedahl-Oort type p = [2] or p = [2,1] is supersingular by Proposition 1.25. We
have Z,, C Z,s = Z,—. For g > 3, these three loci are distinct. Indeed, since
dim(Z) = [¢?/4] and dim(Z,—9) = g(g — 1)/2, we have dim Z, ; < dim Z,, for
g > 3. Since dim(Z,,,) = 0, we have Z,,, C Z, ;. For an example of an abelian variety
which is supersingular but not superspecial, we consider the Jacobian of a curve X
with equation 4% +y = 2% in characteristic 2. The curve X is supersingular of genus
4 by [51]. On the other hand, we have zdz € H°(X,Q%) and C(xdx) = dz # 0.
Hence a(X) < 4 and it is not superspecial.

Again the Newton polygon stratification can be pulled back to M, via the Torelli
map and one can ask the dimensions of the induced strata in M,. We are also
interested in the intersection of the (induced) Ekedahl-Oort strata and the (induced)
supersingular locus in A, (resp. M,). We say a curve is called supersingular if its
Jacobian is supersingular.

As examples of supersingular (resp. superspecial) curves we would like to mention
Hermitian curves.

Example 1.26. Let ¢ = p™ and X be the Hermitian curve over k given by equation
yi by =attt,
Then X is supersingular for n € Z~o. Moreover, X is superspecial if n = 1.

Proof. The supersingularity follows from [20, Proposition 3.3]. For the superspecial-
ity, let X the curve with equation y?+y = 29", Then X is of genus g = p(p — 1)/2.
One can check that a basis for H°(X, Q) is given by forms:

B = {a"y dzli,j € Zso,ip+j(p—1) < (p—1)p—2}.

Then by showing that the rank of the Cartier operator is zero, one can prove that
X is superspecial.
O
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Another example we give is a family of supersingular curves in characteristic
p = 2 constructed by van der Geer and van der Vlugt.

Example 1.27. [51, Theorem 13.7] Let p = 2. Let R(z) = " aa? € k[z] be an
additive polynomial of degree 2". Then the curve with equation y? + y = xR(x) is
supersingular of genus p(p — 1)/2.

Since there are examples of supersingular curves, one may ask whether for a
given prime p there exists a supersingular curve of genus ¢ in characteristic p for
every positive integer g. For p = 2, van der Geer and van der Vlugt proved that this
is the case.

Proposition 1.28. [52, Theorem 2.1] There exists a supersingular curve of genus g
in characteristic 2 for every positive integer g.

Let ¢ be an integer such that 0 and 1 are the only coefficients in the base p
expansion. It is known that there exists a supersingular curve of genus g = ep(p —
1)2/2 in characteristic p > 0, see [41, Corollary 2.6]. In [44], Re gave a table of
supersingular curves of genus g < 100 in characteristic 0 < p < 23.

1.7 Hyperelliptic curves and trigonal curves

As we mentioned earlier, we are also interested in the intersection of the induced
Ekedahl-Oort strata and other special loci in M,. For example, the hyperelliptic
locus H, of dimension 2¢g — 1 parametrizing the hyperelliptic curves of genus g. More
generally, one could ask how the induced Ekedahl-Oort strata intersect the locus
parametrizing the curves of genus g which are degree d cover of P! with d > 3. In
particular, we are interested in the case where d = 3, i.e. the trigonal locus 7, in
M,. Tt is of dimension 2¢g + 1 for g > 5, see [4, Theorem 5.3 and Formula (2.3)]. A
curve is called trigonal curve if it is a degree 3 cover of P!.

It is well known that for ¢ > 2, a hyperelliptic curve of genus ¢ has unique
linear system of dimension 1 and degree 2. However, a trigonal curve X may have
different degree 3 maps to P* up to isomorphism. Indeed, it is known that any
non-hyperelliptic curve of genus 4 is the complete intersection of cubic surface and
quadric surface in P2, If the quadric surface is not singular, then it is isomorphic to
P! x PL. Hence this non-hyperelliptic curve of genus 4 is of type (3,3) in P! x P!
and in general has two distinct degree 3 maps to P!. Nevertheless, the following
proposition indicates when a trigonal curve has an unique degree 3 map to P*.
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Proposition 1.29. Let X be a trigonal curve of genus g and @ : X + P! be a
morphism of degree 3. Then 7 is unique if g > 5.

Proof. One can prove it using the base point free pencil trick and Clifford’s Theorem,
see, for example, [28, Section 2.1].
O

For g < 4, it is well-known that a curve of genus g is either hyperelliptic or
trigonal [21, Chapter IV, Section 5]. However, the following proposition shows that
for g > 3, a curve can not have it both ways.

Proposition 1.30. A trigonal curve of genus g > 3 can not be hyperelliptic.

Proof. The proof is similar to the Proposition 1.29, see also [28, Section 2.1].
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Chapter 2

A bound on the genus of a curve
with Cartier operator of small rank

This Chapter is almost identical to my paper [54].

2.1 Introduction

In [12] Ekedahl gave a bound for the genus g of an irreducible smooth complete curve
over an algebraically closed field of characteristic p > 0 with zero Cartier operator:
g < p(p — 1)/2. This bound is sharp and was generalized by Re to curves with
Cartier operator of given rank [45]. He showed for hyperelliptic curves whose Cartier
operator has rank m the bound ¢ < mp+ (p+ 1)/2, and for non-hyperelliptic curves

g <mp+(m+1)p(p—1)/2. (2.1)
He also showed that if the Cartier operator C is nilpotent and C" = 0, then
g<p (" -1)/2.

In this paper we give a strengthening of the result (2.1) of Re. One can find other
related results in [14] and [18].

Theorem 2.1. Let X be an irreducible smooth complete curve of genus g over an
algebraically closed field of characteristic p > 0. If the rank of the Cartier operator
of X equals 1, we have g < p+p(p—1)/2.

This is sharp for example for p = 2, see [40, Lemma 4.8]. In the case of higher
rank we have the following result.
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Theorem 2.2. Let X be an irreducible smooth complete curve of genus g over an
algebraically closed field of characteristic p > 0. If the rank of the Cartier operator
of X equals 2, and if X possesses a point R such that linear system |pR)| is base point
free, then g < 2p+ p(p — 1)/2, while if X does not have such a point, one has the
bound g < 2p + (4p* — 5p)/3.

2.2 The Cartier operator and linear systems

From now on, by a curve we mean an irreducible smooth complete curve over an
algebraically closed field k of characteristic p > 0. For a curve X with function field
k(X), Cartier [7] defined an operator on rational differential forms with the following
properties:

1) Clwy + wq) = C(wy) + C(we),

2) C(ftw) = fC(w),

3)C(df) =0,

4)cdf/f)=df/f,
where f € k(X) is non-zero. Moreover, recall that if = is a separating variable of
k(X), any f € k(X) can be written as

f=f+. 42" with f; € k(X). (2.2)

For a rational differential form w = f dz with f as in (2.2), we have C(w) = f,—1 dx.
In particular C*(fidf) = fEV/P"=1df if p*|i + 1, and C*(f'df) = 0 otherwise.
Furthermore, for distinct points ¢, Q2 on X, if there is a rational differential form
w that ordg, (w) > p and ordg,(w) = p — 1, then by property 2) above we have
ordg, (C(w)) > 1 and ordg,(C(w)) = 0.

This operator C induces a map C : H°(X,Q%) — H°(X, Q%) which is o71-
linear, that is, it satisfies properties 1) and 2) above, with ¢ denoting the Frobenius
automorphism of k. We are interested in the relation between the rank of the Cartier
operator, defined as dimy, C(H°(X, L)), and the genus g.

Re showed that there is a relation between the rank of Cartier operator and
the geometry of linear systems on a curve. We will list some results that we will
use and refer for the proof to Re’s paper [45]. In the following, X denotes a non-
hyperelliptic curve and for D a divisor on X, we will denote by H!(D) the vector
space H{(X, Ox(D)).

We will say that a statement holds for a general effective divisor of degree n on
X if the statement is true for divisors in a nonempty open set of effective divisors of
degree n on X. By a general point we mean a general effective divisor of degree 1.
We start with a few results of Re.
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Proposition 2.3. [45, Prop. 2.2.2] Let X be a non-hyperelliptic curve with rank(C) =
m. Then for a general effective divisor D = Q1+. .. 4+Qm+1 on X with deg D = m+1,
one has

R2(pD) =14 R°(pD — Qpny1) -

This implies for a general divisor D with deg D > rank(C), that the linear system
|[pD| is base point free. As a corollary, we have the following.

Corollary 2.4. [}5, Prop. 2.2.3] If X is a non-hyperelliptic curve with zero Cartier
operator, then h%(p Q) > 2 for any point Q on X.

The following lemma gives a way of estimating dimensions of linear systems.

Lemma 2.5. [45, Lemma 2.3.1] Assume that Q1 and Q2 are general points on a
non-hyperelliptic curve X and that D is a divisor. Then we have

W (pD +pQy +pQ2) — h*(pD +pQy) > h(pD + p Q1) — h°(pD) .
We now give a generalization of a result of Re.

Proposition 2.6. Let D,EF be effective divisors on a non-hyperelliptic curve X
such that

(1) |F| is base point free;

(2) D > 0 and Supp(D) N Supp(E) = 0;

(3) There are points Q1,...,Qm+1 € Supp(D) and a divisor Fy € |F| such that
ordg,(F1) =1 for1 <i<m+1 and Supp( )N Supp(F1) = {1, Qmsr};

(4) For these points Q; one has h°(E + E Q;) = h°(E);

(5 ) Qi is not a base point of |D + E + F| fori=1,....m+ 1 and there exist
Sy, 8me1 € HY (D + E+ F) such that

ordg,(si)) =0, ordg,(s;) >p, i#j, 4,j=1,....,m+1.
Then we have
RD+E+F)—h(E+F)>h(D+E)—h"(E)+m+1.

Proof. Let sp, € HY(F) with divisor F} and sp € H°(D) with divisor D. We have
a commutative diagram with exact rows:

0 — H(E) —2— HY D+ E) — H°(O)p)

ISF] LSFl LSFJD

0 —— HYE+F) =25 H D+ E+F) —— H°Op).
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Claim 2.7. Multiplication by sp, induces an injective map
HD+ E)/sp - HYE) —2 HY D+ E + F)/sp- H'(E+ F).
This Claim follows if
sp - HY D+ E)Nsp-HY E+F) =sp -sp- HY(E).

Because of assumptions (2) and (3), the left hand side of this equation is equal to
sp - s - HY(E+ Y141 Q;), where s, = sp, /so for a section so € HY (X7 Q;) with
div(sg) = S Q;. Then (4) implies H(E + 71 Qi) = so - H°(E). The Claim
follows.

By (5), we have s1, ..., Sp41 such that for all ¢, j with ¢ # j we have ordg,(s;) =0
and ordg, (s;) > p. Now we will show that sq, ..., 5,41 generate an m+1-dimensional
subspace of H*(D+ E+F)/sp-H°(E+F) with zero intersection with Im(sg, ). First
we will prove the zero intersection part. Assume there exist ¢i,...,¢pne1 € k such
that ¢ = Y™ ¢;s; lies in Im(sp,). That means & = sp, -7 + sp - t with some
re€ H(D+ E)and t € H(E + F). If ¢; # 0 then we obtain ordg,(§) = 0.
However, because ordg, (F}) = ordg,(sp) = 1 and ordg, (sp) = ordg, (D) > 1, we
have 0 = ordg, (§) = ordg, (sm -7+sp-t) > 1, a contradiction if ¢; # 0. Similarly, we

can show ¢, = -+ = ¢;41 = 0. Then for any non-zero element & in < sq1,..., 8,41 >
one has £ ¢ Im(sp,).
Now for the linear independence of si,...,8pmi1, if &€ = S ¢;s; lies in sp -

HOY(E + F), then £ = sp -t with t € H(E + F) and we apply the same argument
on the orders at Q); as above with » = 0. Then we find ¢; =0 fori=1,... ,m+ 1.
So 81, ..., 8ms1 are linearly independent in H(D + E + F)/sp - H(E + F).

By the injectivity Claim 2.7 above we then have

R(D+E+F)—h(D+E)>h(E+F)—h"(E)+m+1.

2.3 Proofs of the Theorems 2.1 and 2.2

Before giving the proofs of theorems, we need several lemmas on the relation between
the rank of the Cartier operator and geometrical properties of linear systems on a
curve.
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Lemma 2.8. Let X be a non-hyperelliptic curve with rank(C) = m > 1. Then there
exists points Q1, ..., Qp on X such that with D = 31", (); we have

H(pD) = 1+ K (pD — Qun)

Proof. Suppose that wy,...,w, are differentials that generate Im(C). Assume the
lemma is not true, that is, for any m-tuple @ = (Qy,...,Q,,), we have with D =

. Q; that °(p D) = h%(p D — Q). Then by Serre duality and Riemann-Roch,
there exists a wp € H°(X, Q%) that

ordg,(wp) >p, 1 <i<m—1, ordg,, (wp)=p—1. (2.3)
Let n:=C(wp) = X1, Ajw; with A; € k. Then one has
ordg,(n) > 1, 1<i<m-—1, ordg,, (n) =0. (2.4)

Suppose now that wy,...,w, have a common base point R. Then define Q,, = R
and choose general points @1, ..., Qmn,_1 such that Q1,...,Q,,_1, R form m distinct
points. Then with D = 7' Q;+R we have h°(pD) = h°(pD— R), hence there exists
a wp satistfying (2.3). Then n = C(wp) satisfies (2.4) and we have 0 = ordg,, () =
ordg,, (327, Aw;) > 1, a contradiction.

So we may assume that wy, . ..,w, have no common base point. Choose a point
@1 such that wy does not vanish at @y, but ws, ..., w,, vanish at ;. More generally,
assume furthermore that we have Q1, . . ., @, such that ordg, (w;) = 0 and ordg, (w;) >
Ofori=1,...,nand 7 <j <m.

If wyt1, ..., Wy have a base point R different from @; for ¢ = 1,...,n, then we
choose Qpi1, ..., Qm—1 general distinct points, Q,, = R and let a = (Q1,...,Qmn).
By assumption h°(p D) = h%(p D — Q,,,) for D = 31", Q;, and we find a differential
form wp satisfying (2.3) and therefore a form n = C(wp) satisfying (2.4), again a
contradiction.

So we may assume that wy11,...,w, do not have common base points except
Q@1,-..,Qn. Choose now a point Q,,, different from Qi,...,Q, such that w, 1
does not vanish at Q,41, but w49, ...,wy, all vanish at @,,;. By induction on n,

we find points Q1, ..., Q-1 with ordg,(w;) = 0 and ordg,(w;) > 1 for j > ¢ and
j=2,...,m.

Now if w,, has a zero distinct from Q; for i = 1,....,m — 1, say @Q,,, we let
a = (Q,...,Qn) and D = ¥, Q;. The assumption h°(pD) = h°(pD — Q)
gives us a differential form wp and n = C(wp) = X7, Aiw;. By (2.4) we have
0 = ordg,, () = ordg(Amwm) > 1, a contradiction. So wy, has no zeros outside

Qla <. '7Qm—1-
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Now deg(w.m) =29 —2 > m for g > 2, so wy, vanishes at one @; with multiplicity
larger than one, say Q,,_;. Then with D = 72 Q; + 2Q,,_1 we have h°(pD) =
hO(pD — Qp—1), giving us a differential form wp, and n = C(wp) = 1%, A;w;. Then
we have ordg,(n) > 1 for i = 1,...,m — 2 and ordg,, ,(n) = 1. However, by the
induction assumption

ordg,(w;) =0,0rdg, (w;) > 1, 1 <i<j<m-—1,
ordg, (wm) > 1,0rdg,, ,(wn) >2, 1=1,2,...,m—2.

So we must have \; =0 for i =1,...,m — 1 and ordg,, ,(n) > 2, and we therefore
find R°(pD) = 1 + R°(pD — Q). O

By putting m = 1 in the Lemma 2.8 above, we have the following.

Corollary 2.9. Let X be a non-hyperelliptic curve. If the Cartier operator has
rank(C) = 1, there exists a point R of X such that h°(pR) = 1+ h°((p — DR).

Combining Lemma 2.8 above and Proposition 2.6, we have the following result.
We denote the canonical divisor (class) by Kx.

Corollary 2.10. Let X be a non-hyperelliptic curve with rank(C) =1 and let T,, be
a general effective divisor of degree n. Put E = pT,, and let R be a point of X with
RO(pR) = 1+ h%((p — 1)R). Then the following holds.

i) If WO(Kx — E) < 1, one has for general points Q1, Qs

RY(E+pR+Y pQ:) —h°(E+ Zin) =p.

i=1

i1) If AO(Kx — E) > 2, one has for general points Qy, Qs

2 2
R(E+pR+> pQi) —h"(E+> pQ;) >2+h"(E+pR)— h'(E).
i=1 i=1

Proof. Note that the existence of R is provided by Corollary 2.9 above.

i) If h%(Kx — E) = 0, i.e. E is non-special, Riemann-Roch implies statement 7).
If h%(Kx — E) = 1, we choose @); a non-base point of |Ky — E|, then h°(Kx —
E— Q) =0, hence h°(Kx — E —pQ;) = 0. Therefore h®(Kx — E — % ,pQ;) =
h(Kx—E—Y%,pQ;—pR) =0 and by Riemann-Roch we have h®(E+Y2, pQ; +
pR) —R(E+ Y0 pQi) =p.

it) If WO(Kx — E) > 2, we write D = pQ1 +pQs, E=pT, and F = pR and we
proceed to verify the conditions (1) — (5) of Proposition 2.6 in this case. Conditions
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(1) and (2) are easy consequences of the generality assumptions of @1, Q2 and R.
For condition (3), if the linear system |pR| induces a separable map to projective
space, then we can choose @)1 and () to be points where the map is smooth and find
an effective divisor Fy such that ordg, (F1) = ordg,(F1) = 1. If, on the contrary, the
map induced by |[pR| is inseparable, then dim |R| > 1, which is not true for curves
of genus larger than zero.

Condition (4) is satisfied once we choose @1 to be a non-base point of |Ky — E|
and @, a non-base point of |Kx — E — Q1], since h°(Kx — E) > 2. Then we have
W(Kx —E—-Y2,Q;)=h(Kx—E)—2.

Condition (5) holds as |E +pR + pQ; + pQ,| is base point free by Proposition 2.3
if Q; and Q4 are general. Furthermore by Proposition 2.3, we have h°(E + pQ;) =
1+h%E+ (p—1)Q;) for i = 1,2. Then we obtain s; and s, in H(E + pR + pQ; +
pQ2) = H°(D + E + F) such that for all 4,7 we have ordg,(s;) = 0 and ordg, (s;) > p
for j # 1.

Then we conclude by Proposition 2.6 above.

Now we can state some numerical consequences of Corollary 2.10.

Corollary 2.11. Let X be a non-hyperelliptic curve with rank(C) = 1. Denote by
D,, a general divisor of degree n. Then for any integer n > 1, one has
i) p > h%(pDay,) — h%(pDay,—1) > min(2n — 1, p).
ii) For 1 <n < [(p+1)/2], one has p > h°(pDap_1) — R (pDay_2) > 2n — 2.
iii) pD, is non-special, i.e. h°(Kx — pD,) = 0.
iv) For1<n <[(p+1)/2], one has h®(pDay,) — h®(pDan_2) > 4n — 3.
v) For1<n <[(p+1)/2], one has

hY(Kx — pDan—s) — h°(Kx — pDs,) < 2p — 4n+3.
vi) h%(Kx —pD,_1) <1 forp>3.

Proof. i) For n € Z+y, one can always has p > h®(pDa,) — h°(pDay_1). We will prove
the second inequality in ) by induction on n.
In the case n = 1, by Proposition 2.3, for general points )1, Q2 one has

W (pQ1 + pQ2) = 1+ A (pQ1 + (p — 1)Q2) ,

and thus with Dy = Q1 + Q2 and Dy = @Qy, we see h°(pDy) > 1+ h%(pD;). Now we
do induction and assume h°(pDs, o) — h®(pDa,_3) > 2n — 3. We apply Corollary
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2.10 with E = pDs, 3 for n > 2. If h%(Ky — E) < 2, then we have h®(pDs,) —
h%(pDan_1) = p. Otherwise, Corollary 2.10 implies

R’ (pDsy,) — h%(pDan1) > 2+ B (pDap—2) — h®(pDan—3) > 2n — 1.

and we are done.
1) The case n = 1 is trivial. Assuming the assertion for n — 1, we will prove

R°(pDon—1) — h®(pDan—2) > 1+ h°(pDap—2) — h°(pDapn—3) , (2.5)

and by i) the right hand side is at least 2n — 2, which suffices for ii). To prove
the inequality (2.5), take D = pQ1, E = p Da,_3 and F = p R with the point R
satisfying h°(pR) = 1+ h°((p — 1)R) (see Corollary 2.9) and @, a general point. We
are going to verify the conditions (1) — (5) of Proposition 2.6 in the case of m = 0.
Conditions (1) and (2) are obvious by the property of R and generality of Q. For
condition (3), the map induced by |pR| is separable for curves of genus g > 0. We
can choose 1 to be a point where the map is smooth.

For condition (4) we can choose @1 to be a non-base point of |Ky — F| as it is
non-empty. For condition (5), as E = pDs,_3 with n > 2, we have for any point @
in Supp(E), [pQ + pQ1| is base point free due to Proposition 2.3. Then |D + E + F|
is base point free and by Proposition 2.6 we have

R (pDayn—1) — h®(pDan—2) > 1+ h°(pDap—z) — h®(pDap—3) > 2n — 2.

iit) For p odd, we let n = (p + 1)/2 and apply i) get h°(pDpi1) — h°(pD,) > p.
For p = 2, we let n = 2 and apply i) we also get h®(pD,y1) — h°(pD,) > p. So
we have h®(Kx — pD,) = h°(Kx — pD,11). In other words, for a general point @Q,
we see that p@ lies in the base locus of |Kx — pD,|. This can only happen when
h°(Kx —pD,) = 0. Property iv) follows by combining 7) and 7). Property v) follows
by iv) and Riemann-Roch. For property vi), by #i) and i), it is known that

ho(pr) - ho(pr—l) >p—1, W(Kx —pD,) =0.
We have

hO(KX _pr—l) = ho(prfl) —1+g —p(P - 1)
<h'(pDy) —1+g—plp—1)—(p—1)
=h"(Kx —pD,)+1=1.
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Using the inequalities in Corollary 2.11, we can easily prove Theorem 2.1.

Proof of Theorem 2.1. We estimate g = h°(Kx) by

[(p—1)/2]
B(Kx) = 5 (B(Kx — pDans) — B(Kx — pDan)) + K(Kx — pDigip1a1)
n=1
[(p—1)/2]
< > @p—4n+3)+h’(Kx — pDap-1yy2)) =p+p(p—1)/2.
n=1

O

Our approach to the case rank(C) = 2 is similar, but there are differences due to
the existence of special linear systems. We now give the analogue of Corollary 2.10.

Corollary 2.12. Let X be a non-hyperelliptic curve with rank(C) = 2, and let T,, be
a general effective divisor of degree n and put E = pT,. Let Q1, Q2, Q3 be general
points of X and put D = F + Z?:poi.
1) Assume there exists R of X such that '°(p R) = 1+ h%((p — 1) R).

a) If WO(Kx — F) < 2, then one has h°(D + pR) — h°(D) = p.

b) If i°(Kx — E) > 3, then one has

h°(D + pR) — h°(D) > h°(E + pR) — h°(E) + 3.

2) If there does not exist such a point R, we choose points Ry, Ry satisfying h°(X2_, p R;) =
1+ h(X2, pRi — Ry) and let deg E > 2p.

a) If i°(Kx — E) <2, then one has h°(D + ¥7_, pR;) — h°(D) = 2p.

b) If W°(Kx — E) > 3, then one has

hO(D + iijj) — (D) > W(E + fijj) —h(E)+3.

i=1 j=1

Note that in 2) we can choose such R; and Ry by Lemma 2.8. The proof is similar

to the proof of Corollary 2.10. But we point out that in the proof of part 2), instead

of using the separable map induced by [p R| in part ii) of the proof of Corollary 2.10,

we consider the map induced by |p Ry + p Rp| with points R; and Ry. This map is

separable, otherwise dim |R; + Ry| > 1, contradicting that X is non-hyperelliptic.
The following two corollaries are the analogues of Corollary 2.11.
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Corollary 2.13. Let X be a non-hyperelliptic curve with rank(C) = 2. Denote by
D,, a general divisor of degree n. If there exists a point R of X that |p R| is base
point free, then for any integer n > 1, one has

i) p > h%pDs,) — h°(pD3,—1) > min(3n — 2, p).

it) For1<n <[(p+2)/3], one has

2p > R(pDsy_1) — h°(pDs,_3) > max(6n — 7,0).
i11) pDpy1 is non-special, i.e. h°(Kx —pD,1) = 0.
iv) For1<n <|[(p+2)/3], one has h°(pDs,) — h°(pDs,_3) > 9n — 9.
v) For1l<n <|[(p+2)/3], one has
RY(Kx — pDsn-3) — h°(Kx — pD3,) <3p—9n+9.
vi) h®(Kx = pDsjp-1)/31) < 3.

Corollary 2.14. Let X be a non-hyperelliptic curve with rank(C) = 2. Denote by
D,, a general divisor of degree n. If X does not possess a point R such that |p R| is
base point free, then for any integer n > 1, one has
i) 2p > hO(pDay,) — h°(pD3y—2) > min(3n — 2,2p).
1) For2 <n <[(2p+2)/3], one has
2p > h®(pDsn—2) — h*(pDsy—3) > 1.
iii) pDay, is non-special, i.e. h°(Kx — pDay,) = 0.
i) For2<n <|[(2p+2)/3], one has h°(pD3,) — h°(pDs,_3) > 3n — 1.
Forn =1, one has h®(pDs) — h°(pDy) > 1.
v) For2<n <[(2p+2)/3], one has
RO(Kx — pDsy—3) — h°(Kx — pDs,) <3p—3n+1.
Forn =1, one has h°(Kx) — h%(Kx —pD3) < 3p— 1.
?)i) hO(KX — pD3|’(2p,1)/3w) S p— 1.
The proofs of two corollaries above are similar to the proof of Corollary 2.11

and therefore we omit these. The corollaries above now readily imply the proof of
theorem in the case of rank(C) = 2.

Proof of Theorem 2.2. (1) If |p R| is base point free, then by Corollary 2.13 we have

[(p—1)/3]
R(Kx)< Y (h°(Kx —pDsn_s) — h°(Kx — pDs,)) + h°(Kx — pDsjp—1y3])
n=1
[(p—1)/3]
< Bp—9n+9)+1+3=pp-—1)/2+2p.
n=2
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(2) Otherwise, by Corollary 2.14 we have

[(2p—1)/3]
hO(Kx) < Z (hO(KX —pD3n-3) — hO(KX —pD3n)) + hO(KX — pD3pzp-1)/31)
n=1
[(2p—1)/3]
< Y (Bp-3n+1)+3p—1+p—1=2p+ (4p°—5p)/3.
n=2
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Chapter 3

Ekedahl-Oort strata on moduli of
hyperelliptic curves of genus 4 in
characteristic 3

In this chapter, we study the intersection of the Ekedahl-Oort strata and the hyper-
elliptic locus in M, in characteristic 3. We describe the Ekedahl-Oort stratification
on the moduli of hyperelliptic curves of genus 4 in characteristic 3.

3.1 Main result

Let k be an algebraically closed field of characteristic p = 3. Recall that we denote
by M, the moduli space (stack) of (smooth projective) curves of genus g > 2 defined
over k and by Z,, (resp. Z,) the induced Ekedahl-Oort stratum (resp. Ekedahl-Oort
stratum) in M, (resp. A,) associated to the type p = [p1, . . ., pn). There is a partial
order = on the set of Ekedahl-Oort strata by

H = [.u’lw'w,un} jV: [Vh“wym]

if n <mand g; <y fori=1,...,n. Denote by Z, the Zariski closure of Z, in A,.
Then we have the relation for the closure Z, D Z, in A, if p < v.

The following result describes the Ekedahl-Oort stratification on H4 in charac-
teristic 3.

Theorem 3.1. Let k be an algebraically closed field with char(k) =3. A smooth
hyperelliptic curve of genus 4 over k has a-number < 2. In particular, Z, N Hy is
empty if p = [3,2,1). If p % [3,2,1], the codimension of Z, NHy in Ha equals the
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expected codimension Y1 p;. Moreover, in the cases pn = [4,1],[3,1],[3,2],[2,1] and
[1] the intersection Z, N Hy is irreducible.

Part of Theorem 3.1 was known. Frei [18] proved that hyperelliptic curves in
odd characteristic can not have a-number g — 1. Glass and Pries ([19, Theorem 1])
showed that the intersection of H, with the locus V; of p-rank < has codimension
g — I in characteristic p > 0. Pries ([40, Theorem 4.2]) showed that Zjy N #H4 has
dimension 5 for p > 3.

3.2 The a-number and a basis of Hj,(X)

Now let X be a hyperelliptic curve of genus 4 defined over k. Before giving the proof
of Theorem 3.1, we prove several propositions needed for Theorem 3.1 and give a
basis of the de Rham cohomology of a hyperelliptic curve of genus 4 defined over k.

We first show that any smooth hyperelliptic curve of genus 4 has a-number at
most 2.

Proposition 3.2. A hyperelliptic curve of genus 4 in characteristic 3 has a-number
at most 2.

Proof. Any smooth hyperelliptic curve X can be written as y* = f(x) with f(z) =
39, a:xt € k[z] and disc(f) # 0. By putting a branch point at 0 and by scaling we
may assume that a; = ag = 1 and

f(@) =2"+aga® + -+ aga® + (3.1)

with a; € k for i =2,...,8.
As a basis of HO(X, QL) we choose w; = z'/ydx for i = 0,...,3. Then the
Cartier-Manin matrix H of curve X is

a 1 0 0
H=| 9 0 ds a2 (3.2)

ag ar Gg as
0 0 1 ag

where HY3 = (h}/®

) if H = (hy;). Since rank(H) > 2, we have for the a-number
a=4—rank(H) < 2.

O
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Remark 3.3. Note that the map from the parameter space of the a; (i = 2,...,8)
to the hyperelliptic locus has finite fibres. Indeed, if ¢ is an isomorphism between
two smooth hyperelliptic curves given by f(z) = S0, a;2* and fo(x) = X5, ba® as
in (3.1) that induces an isomorphism of P* fixing 0 and oo, then ¢ is given by scaling
x +— ar and y — By. We obtain /32 = /% =1 and hence a® =1, 5% = a.

We let Y be the open subset of affine space with coordinates (as,...,as) such
that disc(f) # 0. Denote by T, the locus of curves of genus g with a-number > a
in M, and by Xy the smooth projective hyperelliptic curve defined by the equation
y* = f(x) as in (3.1). Let H; be the Cartier-Manin matrix of the curve X;. In the
following we simply write X (resp. H) for X, (resp. Hy). Now we give a result
about the intersection H4 N'T, with a < 2.

Proposition 3.4. The locus of Hy N'T, with a < 2 is irreducible of codimension
ala+1)/2.

Proof. For a = 0, we consider the curve with equation y? = f(z) = 2° + t2® + 2
defined over k where ¢ is a primitive element in Fg. Then disc(f) = 2 # 0 and by
(3.2) we have rank(H) = 4. Hence there is a curve with ¢ = 0 and note that H, is
irreducible of dimension 7. Then by semicontinuity the generic hyperelliptic curve is
ordinary and Ty N Hy is irreducible of dimension 7.

The condition a = 1 means rank(H) = 3. We show that the locus in Y with
rank(H) = 3 is given by

(agaG — as)(a2a4 — as) =+ (UQ — agag)(a2a7 — ag) = 0 .

Indeed if as = ag = 0 and disc(f) # 0, then the rank of H is equal to the rank of

0 100\
as 0 0 0
0 00 a
0 010

Since we want rank(H) > 2 we must have a5 # 0. Then this implies rank(H) = 4
and the curve is ordinary.

Suppose one of as, ag is not zero; by symmetry we can assume ay # 0 and the
rank of H is equal to the rank of

a9 1 0 0

0 ayq — CL5/(12 as Qs
0 ar — ag/ag ag s
0 0 1 asg

1/3
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We have det(H) = 0 as rank(H) = 3 and hence
(agag — as)(agay — as) + (ag — aszag)(aza; —ag) = 0. (3.3)
Note that equation (3.3) can be rewritten as
aza; + 2(azaras + asas + 2aza4a5a8 + azag)as + azag + a2 + 2azagag = 0.

This is a 6-dimensional subspace of Y, which is irreducible. Also if we take ay = a7 =
ag =1 and a; =0 for i # 2,7,8, then disc(f) = 2 # 0 and rank(H) = 3. Hence there
is a curve with @ = 1 and by semicontinuity 77 N H, is irreducible of codimension 1.

For a = 2, we want to show that the locus in Y with a = 2 is given by ay = a5 =
ag = 0. Since we want rank(H) = 2 and the first and fourth row of H are linearly
independent, we have several situations to deal with: i) as = 0, 4i) as = 0 and i)
ag0ag8 7é 0.

For the first two cases, if the rank(H) = 2, then the second and third rows of H are
linear combinations of the first and fourth rows. Therefore we have ay = a5 = ag = 0.
For the third case, if asags # 0, let e; to be the i-th row of H, then with some
b,c,s,t € k we have

bey + cey = eo, se; +tey = e3.

This implies a3 = as/as, ay = as/az, ag = as/as, a7 = ag/as and hence
f(@) = (2 + (as/as)"*x + (az/a)*)* (4* + asa® + (as/as)x)

which does not have distinct roots, a contradiction. Then we have ay = a5 = ag = 0,
which defines an irreducible sublocus in Y. Indeed, if we take a3 = 1,a7 = 2 and
a; = 0 for i # 3,7, then disc(f) = 1 # 0 and rank(H) = 2. So we find a curve with
rank(H) = 2. Hence by semicontinuity 75 N Hy is irreducible of codimension 3.

O

We have seen that any hyperelliptic curve over k with a-number 2 is given by an
equation y? = f(z) as in (3.1) with (ag,...,as) € Y and ay = a5 = ag = 0. Now
we consider the action of Verschiebung V' on the de Rham cohomology of a curve
X given by equation (3.1) with a-number 2. First we give a basis of the de Rham
cohomology of a hyperelliptic curve with a-number 2. Let X be a smooth irreducible
complete curve over k with equation

Y= flx)= 27 4 arx” + aga® + agxt + asa® + ., a; €k, (3.4)

where the discriminant of f(x) is non-zero. Let m : X — P! be the hyperelliptic
map. Take an open affine cover U = {U;, Uy} with Uy = 771(P! — {0}) and U, =
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7 (P! — {o0}). By Section 1.2, the de Rham cohomology Hlp(X) can be described
as

H;R(X) = ZéR(u)/BéR(u)
with

ZipU) = {(t,w1,ws)| t € Ox(Uy N Ta),w; € Qx(U3),dt = wy — wo}

and BéR(Z/{) = {(tl - tg, dtl, dtg)‘ tl (S Ox(UZ)} Then V(H;R(X)) = }IO()(7 Q}X) and
V coincides with the Cartier operator on H°(X, Q%).

For 1 < i < 4, put s;(z) = zf'(z) — 2if(z) with f/'(x) the formal derivative of
f(z) and write s;(x) = 57" (z) + 57(z) with s7'(z) the sum of monomials of degree
< 4. By Proposition 1.6, H}z(X) has a basis with respect to {Uy, Us} consisting of
the following residue classes with representatives in Z}p(X):

Yy Wil@) o di(2)

s =[5, )], i=1,...,4, )
K [(Il 21?“’1@; sz—Hy r)] v (3 5)
2

where () = 57 (2) and ¢;(x) = s7%(z). Also we have (y;,\;) #0if j =i — 1 and
(74, Aj) = 0 otherwise. Now we give the action of Verschiebung.

Lemma 3.5. Let X be a smooth hyperelliptic curve over k with equation (3.4). Let
{Uy,Us} be a covering of X as above. Then for the basis of Hip(X) given by (3.5)
and (3.6) , we have

V(o) = V() = 0,V(\) = a7+ ai"* M\ + Ao,
V() = A3 + ag* X + ay/* A1

V() = +ag M+ ay* X, V() = V() = 0,
V(1) = ai”* X + (1 = (a3a7)'® + (aaae) *)\1 + ag* Ao

Proof. Since V coincides with the Cartier operator on H°(X, Q% ), we have V (hdz) =
(—d?h/dz?)/3dx with h € k(z). We will compute V(7;) and the rest of the lemma
will follow easily by using a similar argument. Note that we always have for 1 <i <4

v Yi(x) dz) di(z) d

2zitly 2z tly z)

= V(-
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@fl)ydx). So it suffices to compute V (242 dz)

2zt

as 0= V(d(y/a") = V(22 da) -V (—

2xitly 2zitly
instead of computing V' (v;). For i = 1, we have
() 1 B d(d(%y)/dx) 13
V(Q:cl“ydx) = V(xydx) =( I )P de.

Note that df’(z)/dax = 0 and by a calculation we have

d(d(z—ly)/dx) 2% + aga® + aga®

dz 33

Hence V(¢ (z)/ (221 y)dz) = (a2/y + a§ >z /y + ay* Jy) dz and we have V() =
Ao+ ai* M + a* .

O

3.3 The proof of Theorem 3.1

Now we give a proof of Theorem 3.1.

Proof of Theorem 3.1. The theorem holds for cases ;1 = [0] and [1] by Proposition 3.4
where we showed that T, N H, is irreducible with codimension a(a +1)/2 for a < 2.
Also T3 N Hy is empty by Proposition 3.2, hence Z, NHy = & for any p = [3,2,1].

We only need to prove that the theorem is true for the remaining nine Ekedahl-
Oort strata, that is six strata consisting of curves with a-number 2 and three strata
consisting of curves with a-number 1.

As an outline of the proof, we first show that for p = [2,1],[3,1],[3,2], [4,1], [4,2]
and [4, 3] the codimension of Z, N1, in H4 equals the expected codimension Y7 ; p;
with g = [p1,..., ). For p = [2],[3] and [4], combined with the fact V; N H,4
is non-empty of codimension 4 — [ in Hy for [ = 0,1,2 by Glass and Pries [19,
Theorem 1], the intersection Z, N H4 also has the expected codimension. In the
cases = [2,1],[3,1],[3,2],[4,1],[4,2] and [4, 3], a curve with Ekedahl-Oort type p
can be written as equation (3.4) by the proof of Proposition 3.4.

Throughout the proof, denote by X a smooth hyperelliptic curve given by equa-
tion y? = f(x) as in (3.4) with Ekedahl-Oort type u. Denote

Yy = V(H (X, Q%)) = V({No, ..., A\3)) and Yy := Y-

with respect to the paring (, ) on Hjp(X). Put v : {0,1,...,8} — {0,1,...,4}
the final type of X. From Lemma 3.5 above, we know that Y5 is a 2-dimensional
subspace of H°(X, Q%) generated by V(A1) and V(\p).
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Let ¢ = [2,1]. By Proposition 3.4 the intersection T N Hy is irreducible of
dimension 4. For any curve X corresponding to a point in H4 N T, we have by
Lemma 3.5

V(Y2) = (V2(\1), V3 (A))
= (V(a® s+ ay* X1 + Xo), V(s + ag* Aa + ay/*M1))
= (& 'V (%) + ai VN, ag "V () + a V(N)) - (3.7)

We consider the curve associated to (as, a4, ag, a7) = (1,0,0,2). Then disc(f) =1 # 0.
Moreover, V*(Ys) = Y; for any n € Zg. Hence the semi-simple rank of V' acting on
HO(X, k) is 2 and the Ekedahl-Oort type of this curve is [2,1]. Since the p-rank
can only decrease under specialization, the generic point of H4N7T5 has Ekedahl-Oort
type [2,1] and Zj3 1) N H, is irreducible of dimension 4.

Now we move to the case p = [3,1]. We show that a curve with Ekedahl-Oort
type [3,1] has equation (3.4) with araz = agas and disc(f) = aza? + agay + 1 # 0.
Then the irreducibility and dimension will follow naturally.

Suppose X has Ekedahl-Oort type [3, 1], then X is given by equation (3.4) with
dim(V'(Ys2)) = 1. Then by Lemma 3.5 and relation (3.7), we have azar = asae.

Put Y3 := V(Y5) then we have

dimY; =v(6) =v(2)+4—-2=3

by the properties of the final type v. If we take (a3, a4, aqs,a7) = (0,1,0,0), then
dise(f) =1 # 0. Note that V(y1) = Ay and V() = Ao+ Ay, hence Yo = (A3, A1+ Ag)
by the Lemma 3.5. Furthermore, it is easy to check that V2(Ag) = 0 and V(A1) = A;.
Then we get v(1) = 1. Also there exists an element v = Z?:l biy; with b; € k in
Ys such that b; # 0, otherwise it contradicts that (y, Ao + A1) = 0. Thus bi/3>\2 =
V(v) € Y; and by simple computation we have dim V' (Y3) = 2. Then there is a
curve with Ekedahl-Oort type [3,1] and by semicontinuity we have the Zj3 ) N H, is
irreducible of dimension 3.

Let p = [3, 2], we show that the smooth hyperelliptic curve X with Ekedahl-Oort
type [3,2] can be written as

y? = f(x) = 2" + aza” + adaga® + agx* + aPagr® + 2 (3.8)
with ay, a7, a € k* satisfying o®a2+aar; = ay+aaj and disc(f) = (ase + aza® +1)° £ 0.

Indeed, if the curve X is given by equation (3.4) with Ekedahl-Oort type [3,2],
then we have v(2) = 1 and v(1) = 1. By Lemma 3.5 and relation (3.7), the condition
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v(2) = 1 implies aga; = agqaq. Also Ys is generated by A; fori = 0,...,3 and Z?Zl b;y;
with b; € k and (37_, bjy;,Ya2) = 0.

If a7 = 0, by aga; = asas we have (i) ag = 0 or (i) ay = 0.

If we suppose a7 = ag = 0, then Y5 = (a4 A + o, >\3+a3/ A1) and Yg is generated
by A\; and Z?Zl b;7y; with

by + boay/® = byay® + b, =0, by,... by € k. (3.9)

Write Y3 = V(Ys). If ay = 0, then we have V2(Y3) = (0), a contradiction since X
has Ekedahl-Oort type [3,2]. Now suppose a4 # 0, then for all by, by satisfying (3.9)
we have

V(Y'G) = Y3 = <}/27 (1 + ai/gaé/g))\ + ( 4)1/9)\ 1+ as /3)\0»

Since v(3) = 1, we have 1+ a3/?ay’® = 0, which implies ata? = —1. In this case we

have disc(f) = aja$ + 1 = 0, a contradiction.
Now if a; = ag = 0, Yj is generated by A; and ZJ 1 bjy; with by = b2a1/3+aé/3bg+
by = 0. By Lemma 3.5 we have V(y4) = Ay + a6 )\0, hence

Y3 =V(Ye) = (Y2, V(b272 + e baa)) = (Y2, Vi)
</\07 )\3 + (LG /\2 + (11/5)\1, )\1 + aé/3)\0) .

Therefore we have V(Y3) = Ys, a contradiction with v(3) = 1.
Now assume a; # 0 and put o = (ag/az)"/?. Then we have a3 = a’ay by relation
araz = agay, and

Yo = (@YX + ai* AL + Ao, As + 2ad g + aal* A1) . (3.10)

By a similar argument to the above, Yg is generated by \; and Z?zl bjy; with
<Z;¥:1 bjvj, Ya) = 0, this implies

by — aby = bsa’® + byay/® + by = 0,b; € k.
Then Y5 = V(Ys) = (Ya, V(b1y1 + bays)) and this equals (Y2, &) with
€= (14 aBay* ) + (aal® + o)A + (aPa® + a*3al/*)No) .

Since X has Ekedahl-Oort type ¢ = [3,2], we have v(3) = 1. Then V(({)) =
V(Y) =V(a 1/3/\2 +al®\ ) by relation (3.10) and Lemma 3.5. Thus we have
ad® + (aar)'? = alf? + o' Ba??
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and hence
a2 + aar = ay + aaj . (3.11)

If @« = 0, by equality (3.11) we have ay = 0 and in equation (3.8) we have f =
2% + a;z” 4+ z and one can easily show that v(1) = 0, a contradiction as X has
Ekedahl-Oort type p = [3,2]. By a similar argument we can prove ay # 0. If we
take (ar,a,a4) = (2,2, 1) in equation (3.8), we have disc(f) = 2 # 0. Then there is
a curve with Ekedahl-Oort type [3,2] and by semicontinuity we have Zz o N Hy is
irreducible of dimension 2.

Let = [4,1]. We show that any smooth hyperelliptic curve with Ekedahl-Oort
type [4, 1] can be written as

y* = f(x) = 2° + a72” + Bazab — o azat — o Para® + o (3.12)

with a7,a € k* and disc(f) = 20'%;y + a?a; + 1 # 0. Then it will follow that
Zja1) N Hy is irreducible of dimension 2. Indeed, if X is given by equation (3.4) with
Ekedahl-Oort type [4,1], then v(2) = 1,v(1) = 0 and by Lemma 3.5 and relation
(3.7) we have aza; = aqaq .

a) : If a; = 0, we have ag = 0 or ay = 0. Assume ag = a7y = 0, then by relation
(3.7) we have V(Y2) = (V()\1)). By Lemma 3.5, we have ay, = 0 since the p-rank
of X is zero. But then X has Ekedahl-Oort type [4,2] by a similar argument with
Yy = Y5t and Y3 = V(Ys) as in case p = [3,2]. Now suppose a; = a4 = 0. We have
ag = 0 since X has p-rank 0. Then again X has Ekedahl-Oort type [4, 2].

b) : Now assume a7 # 0. Put a = (ag/a7)/® and we have as = o’ay by equation
araz = agay. Write Y1 = V(Y;) = <CL;/9V(>\2) + al/QV()\l)} Suppose we have
V™ (Y1) = 0 and V™1(Y]) # 0 for some m € Zsq. For 0 < i < m, put Vi(Y;) =
(9:( Aoy A3) + cida + di A1) with g;(z,y) € k[x,y]. Then we have

6 = (ac® 4+ d7)al3 d; = (ac® + d/%)al? (3.13)
for 1 <7 <m. Now V(V™(Y;)) = 0. Therefore by Lemma 3.5 we have
V(Y1) = V({em-1A2 + dm-1A1 + gn-1(Xo, A3))) = 0.

Hence we have ¢,, = d,, = 0 as V({\o, A3)) = 0 by Lemma 3. 5 Thus we obtain
(ac 13 +d:,{31) V3 = = (ac 1/3 +d71,{31) 13 = 0, which implies ac'/?, + d'/*

ar 75 0. Using the mductlve assumption (3.13) again, we have

;1 =0as

A = (0% + ) (0o + ds)) P =0
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Since V™=1(Y;) # 0, we have a/3¢,,_5 + dpm_ # 0 and hence (a3ay® + a)/*) = 0.

This implies a4 = —a’a; and a3 = a®ay = —a'?a;. Now we compute Y3 = V(Y5)
and this equals

(¥a, (1= a1 + (aar + )00 + g(ho, 2a))
for some g(z,y) € klx,y]. Combined with
Yo = (ar* (A2 — a® A1) + Ao, Mg + aay )\ — a®A)))
= (A — aro,a* (Mo — @®\1) + o),
we have v(3) = 1 if
a¥(~1 +o¢10/3a%/3) _ (aa%/g + a1/3),

this is equivalent to a3(a'®—1)a; = a®+a. Otherwise X has Ekedahl-Oort type [4, 1]
for general pair (a7,«) € A?. Hence we have the desired conclusion for u = [4,1].
Moreover if in equation (3.12) we take (a7, @) = (v'°,9%) with v a primitive element
in Fy7, then disc(f) = v?! # 0 and there is a curve with equation (3.12) has Ekedahl-
Oort type associated to u = [4,1]. Hence by semicontinuity we have proved the
theorem is true for p = [4,1].

For i = [4, 2], from the discussion in the case [4, 1] above, a hyperelliptic curve X
with Ekedahl-Oort type [4, 2] is either given by equation (3.4) with az = ag = a4 = 0,
or it can be written as

y? = f(x) = 2° + az2” + @daza® — o’azat — o Pazr® + o
with a7, @ € k, a7 # 0 satisfying o®(a'®—1)a; = a®+a and disc(f) # 0. Moreover,the
curve with equation y? = 2% + 27 + x has disc(f) = 1 # 0 and Ekedahl-Oort type
p=[4,2]. Hence Zjy9) N M, is non-empty of dimension 1.
For p = [4,3], a curve X with Ekedahl-Oort type [4,3] is given by (3.4) with
V(Y3) = (0). Then by Lemma 3.5 we have a; = ag = a4 = az = 0. This implies X
is isomorphic to the curve with equation

y2:x9+:17.

Now we have proved the theorem for pn = [2,1],[3, 1], [3,2], [4,1], [4,2] and [4, 3]. Also
for ;= [2],[3] and [4], by Glass and Pries [19, Theorem 1] the intersection V; N Hy
has codimension 4 — I in H, for I = 0,1,2. Since we have showed that Zp 1) (resp.
Zjz) and Zj4y)) intersects Hy with codimension 3 (resp. 4 and 5), it follows that
Z,, N Hy4 has the expected codimension for p = [2],[3] and [4].

O
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Example 3.6. 1) A hyperelliptic curve y? = 2° + #1027 + t112% + 24 + t2® + = defined
over k with ¢ a primitive element of Fy; has Ekedahl-Oort type [4, 1].

2) A hyperelliptic curve y? = 2° + a;z” + x defined over k with a; € k* has Ekedahl-
Oort type [4,2].
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Chapter 4

Cyclic covers of P! with given
Ekedahl-Oort type

In this chapter, we prove the existence of curves with given Ekedahl-Oort type using
cyclic covers of the projective line in characteristic p > 0. We first give a basis of
the first de Rham cohomology for cyclic covers of the projective line and study the
action of Verschiebung operator. In particular for g = 4, we show the non-emptiness
of certain Ekedahl-Oort strata in My. We also show that there is a superspecial
curve of genus 4 for any p = £1 (mod 5). Furthermore, we give an alternative proof
of a result of Kudo [27] showing that there exists a superspecial curve of genus 4 in
characteristic p for all p with p = 2 (mod 3).

4.1 Cyclic covers of the projective line

Let k& be an algebraically closed field of characteristic p > 0. By a curve we mean
a smooth irreducible projective curve defined over k. We fix an integer m > 2 with
ptm. Write a = (ay,...,ay) for an N-tuple of positive integers with N > 3. We
say a is a monodromy vector of length N if

> a; =0 (mod m), ged(a;,m)=1,i=1,...,N. (4.1)

There is an action of (Z/mZ)* x &y on the set of monodromy vectors of length N,
where the symmetric group &y acts by permutation of indices and (Z/mZ)* acts by
multiplication on vectors. Two monodromy vectors a and a’ are called equivalent if
they are in the same orbit.



Let P, ..., Py be the distinct points in P! and = be a coordinate on P!. By a
change of coordinates, we may assume P, = 0 and Py = co. Denote by z — &; the
local parameter of P; (§; = 0) for 1 <i < N — 1. We consider a smooth projective
curve X given by equation

y" = falr) = IS (& = &) (4.2)

Note that the isomorphism class of the curve depends only on the orbit of monodromy
vector a. For N = 3, the supersingularity of cyclic covers of the projective line has
been studied and examples of supersingular curves was given for 4 < g < 11, see
[31]. In [14], Elkin gave a bound for the a-number of X for m > 2 and N > 3.

A curve defined by equation (4.2) is equipped with a Z/mZ action generated by
€: (x,y) — (x,("ty) with ¢ € k a primitive m-th root of unity. This € also induces
an automorphism on H°(X,Q%). Then we can decompose

m—1
H(X,Qx) = @ H(X, Q) (4.3)
n=1
where HO(X, Q%)) = {w € H(X,Q%) | ¢ (w) = ("w} is the ("-eigenspace of
HY%(X,Q%). Denote by (z) := z — | z| the fractional part of z for any z € R. Put

b(i,n) := [(na;)/m],
Wy o=y " TN (o — &)™ da

Then (see for example [32]) the space H(X, Q%) is generated by w,,; with 0 <
1 <=2+ %N, (na;/m) and

N

o =dim HY(X, Q%)) = -1+ > _(na;/m).

i=1

By the Hurwitz formula, the curve has genus
N—-2m—N

4.2 A basis of the de Rham cohomology

Now we introduce a basis of de Rham cohomology of a curve X given by equation
(4.2). Fix a monodromy vector a together with an ordered N-tuple (&1, ...,&y). Let
7 : X — P! be the Z/mZ-cover. Put U; = 77 (P! — {0}) and Uy = 771 (P! — {oc}).
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For the open affine cover U = {U}, Us}, we consider the de Rham cohomology Hjp(X)
as in Section 1.2, i.e.
Hap(X) = ZipU)/ BapU)

with
Z;R(U) = {(t,w17w2)|t S Ox(Ul n UQ),w,L- S Q}(UZ),dt = W] — LUQ}

and BéR(Z/{) = {(tl — tg,dtl,dtg)‘ti S Ox(Ul)}

By (4.3), the vector space H°(X, Q) is generated by w,; with 1 <n <m —1
and 0 <1 < =2+ 3N (na;/m). Moreover for the basis of H'(X, Ox), we have the
following result.

Lemma 4.1. Let K(X) be the function field of X. For all integers n,l such that
1<n<m—1and0 <1< =2+ (na;/m), the elements f,; := y"z TN (o —
&)‘Wﬂ) € K(X) are regular on Uy NUs and their residue classes [fn,] form a basis
of HY(X, Ox) with respect to {Uy, Us}.

Proof. Tt suffices to show that the f,; are regular on U; N U, for all integers n, [ such
that w,; € H°(X,QL). One can check the linear independence by checking the order
of fn1 at oco.

Note that for P; withi=2,..., N — 1, we have

n

Yy
L (2 — &)

ordp, ( b(m)) =nordp,(y) — b(i,n) ordp,(z — &)

= na; — mb(i,n) = na; — TYLL%J >0.
m

Then f,; is regular on Uy N Uy for 1 <n <m—1and 0 <1< -2+ N (na;/m).
O

Put |
sa(x) = TN (2 — &)P0m)

Denote by h,(z) the polynomial in k[z] such that
nxsq(2) fo() + (L4 Dsa() + 25,(2)) fu(2)

sa(z)
where f!(z) (resp. s,(z)) is the formal derivative of fy(z) (resp. s.(z)). In the

following we write simply s(z) (resp. f(x), h(x)) for so(x) (resp. fo(x), ha(x)).
Then we have the following result.

— Hf\izl(x _ é—i)aifb(i,n)flha(‘r) )
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Theorem 4.2. Let X be a smooth projective curve over k given by equation (4.2).
Then H})p(X) has a basis with respect to U = {Uy,Us} consisting of the following
residue classes with representatives in Zyn(U):

N
an,l = [(07&1"7[7&]”71)}7 1 S n S m— 17 0 S l S -2 + Z<nab/m> ) (44)
i=1
_ Yna(2)t () Pni(2)t(2)
By = [(fuis pes sy da, — s dz)], (4.5)

where t(x) = TN (2 — &)% P01 and () + ¢(x) = h(z) with ¢(x) the sum of
monomials of degree <1+ 1.

Proof. We use the exact sequence
0— H(X,Q\) = Hjp(X) = H'(X,0x) = 0.

The elements «,,; are images of w,,; under the canonical map.

By Lemma 4.1, we have [f,;] € H*(X, Ox) for any n, [ such that w,; € H*(X, Q%).
To prove the theorem, we need to show that the elements /3, ; are well defined and are
mapped to the element [f,;] in H'(X, Ox). We first show that 1,,,(z)/(z!t2y™ ™) €
O(Uy) and ¢y, (z)/ (2+2y™m ) € O(Us). Next we show

wn,l(x) _ (;bn,l(x)

l.l+2ym—n - ( :L~l+2ym—n)

dfn,l =

and then we will have the desired conclusion.
Note that for any P, with ¢ =1,..., N — 1, we have

t(z)

Hfizl(x _ &)aifb(i,n)fl

ordpl(ym_n dz) = ordp,( o= ) + ordp, (dz)
= (a; = b(i,n) — 1) ordp,(z — &) — (m —n)ordp,(y) + m —1
=m(a; — LZ?J —1)—a(m—n)+m-—1
:m(ai—nai —1+<7;Zi>)—ai(m—n)+m—1
:m<7jzl> —1>0,

since ged(a;,m) = 1. Hence

t(x)

m—n

dz) >0
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and ¢, (z)t(x)/(a!2y™ )dx is regular at P, for i = 2,...,N — 1. By a similar
argument, 1, ;(v)t(z)/(z*+2y™")dz is also regular at P; for i = 2,..., N — 1. For
P, =0, we have

Ot 4y > vy (A7) 4y > 0,

OrdPl( l+2ym n ym—n

since all the monomials of ¢, ;(z) has degree > [ + 2. Then the residue class of the
element ¢, ;(2)t(x)/(z"+2y™ ") dx is regular on Us. For Py = oo,

@)t (2)

:L.l+2ymfn

21 (x)

ZE) > Orde(W ) .

The right hand side is equal to

t(z)
)

=—1+ Z i — b(i,n) — 1) ordp, () — (m — n) ordp, (v)

ordpy (1/z dx) + ordp, (

N- N-1 o N-1
=—14+(m—-n) Z ; —m( D=md (—)N+(m-n)d a
=1 i=1 i=1

m

- (N—l)—l—mz My >,

7TL

Let n,! be the integers such that w,; € H°(X,Q%). Then

A(fns) = d( v ) = nas(z)f'(@) + (L + V)s(z) + as'(2)) f(2)

ZL‘H'lS(.’L') l’l+252(.’lj)ym_"

_ H@h@) ) | @6l

xl+2ym7n xl+2ymfn xl+2ym n

O

Remark 4.3. Note that the vector space Hjp(X) is equipped with a perfect pair-
ing (, ), see Section 1.3. We have (o, j,, B ) # 0 if (i1,71) = (i2,72) and
(@ j1» Bin,jo) = 0 otherwise. Indeed, for (i1, j1) = (i2, j2) we have ord(1/2 dz) = —
and hence (o, j,, Bi.j») # 0. For the other cases, the proof is similar to the proof of
[48, Theorem 4.2.1].

Now for p =2 and N = 4, we have the following
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Corollary 4.4. Let k be an algebraically closed field of characteristic p and a be a
monodromy vector satisfying relation (4.1) with a = (1,1,1,m—3). Let X be a curve
of genus m — 1 over k given by equation

y" =a(@—1)(r-¢),

where € # 0,1 € k. Then H}p(X) has a basis with respect to {Uy,Us} consisting of
the following residue classes with representatives in Zin(U):

1 1

G0 =0, dr,dn)], g <i<m- 1,

1= [(O,y%dm,y%dx)L %n <j<m-—1,,

Pro = K%’ mfﬁdx - —Z,Ergf Udl‘)]v i even and % <i<m-—1,
Bio = [(%70, f(gy:—j)dm i odd and % <i<m-1,

J 2
Bin = [(%,O,O)]7 j even and ?m <j<m-—1,

J
B =L, =5

2’ p2ym=i

2
dx)],jaddand?m<j§m—l,

ym=

Proof. Note that a = (a1, ag,as3,a4) = (1,1,1,m — 3). Then by definition b(i,n) =
(na;/m) = 0 forany 1 < n <m—1and 1 <4 < 3. Moreover, the differential
form wy; = y~"z! dz is holomorphic for 1 < n < m — 1 if and only if 0 < [ <
24+t (na;/m) < =2+3 =1. If 0 < n < m/3, then Y}, (na;/m) = 1 and
H(X, Q%)) = (0). The rest of the corollary follows from Theorem 4.2.

|

4.3 Existence of cyclic covers of P! with given Ekedahl-
Oort type

We can compute the Ekedahl-Oort type of the curve given by Corollary 4.4.

Proposition 4.5. Let k be an algebraically closed field of characteristic p = £2 (mod 5).
Consider the curve X of genus 4 with equation

Y =2 -1 -9,
where § € k\F,. Then X has Ekedahl-Oort type [4,2].
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Proof. We prove the case where p = 2 (mod5). The case p = —2 (mod 5) is similar
and hence we omit it. Write p = 5r + 2 with r € Z>¢. Since p is a prime, either
r =0 or r is an odd positive integer.

Let Ys := Hjp(X) and Y, := H°(X,Q%). By Corollary 4.4, we have V(Y3) =Y,
and Yy = <Ot2,o, Qa3.0, 04,0, 064,1>~

Note that

1 y5r 1
Clzdn) =C( 5g dv) = C(a(r — D(w = ) dx) =0,
c 1d _¢ y20r+5 ) — 1C ) et

(E x) (W x) = I (z(z — D)(z = &) z),
) = €Y dn) = St~ (e~ ) o)

y4 r)= y10r+4 £ _yQ (T xT ),

10r

C(%diﬂ) = C(% dl‘) = %C(Z.QT—H((IL, _ 1)(:E _ é-))QT d:l?) )

One can show that the coefficient of 2=t = 25+ in 22+ ((z — 1)(z — £))* can
not be simultaneously zero for i = 0,1 and § € k\F,. Similarly, the coefficients of
2P~1 and 27! in (z(x — 1)(z — €))**! are both not zero. Then Y, := V(Y;) =
(g0, YO0 + novgy) with v, m € k*. Denote by Ys = Y5+ the orthogonal complement
with respect to the pairing on H},(X). Hence by a calculation using Corollary 4.4,
we have

Ys = <a2,0, 3.0, 40, 41, /53707 )\0/54,0 + )\1/5471> s

where \; € k*. This implies Y3 := V(Y5) = (a0, a0, 1) and V(Y3) = (ago). We
obtain that X has Ekedahl-Oort type [4,2].
O

Corollary 4.6. The locus Zjyg) in My is non-empty of dimension at least 1 for any
prime p = £2 (mod 5).

If £ = —1 and p # 2, the curve X in Proposition 4.5 has Ekedahl-Oort [4, 3].
Moreover, denote by v the final type of the curve, see Section 1.3. We have v(2) =0
and the curve is supersingular by Proposition 1.25.

Take now m = 5 and monodromy vector a = (1,1,1,2). Then we have the
following result.

Theorem 4.7. Let k be an algebraically closed field of characteristic p. For any odd
prime p with p = +£2(mod 5), we have Zyg in My is non-empty. For any prime
p = —1(modb), there exist superspecial curves of genus 4 in characteristic p.
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Proof. Consider a curve X given by equation
v =a(z—&(x+8),

where £ € k*. For p # 2,5, the curve is of genus 4. Moreover by Lemma 4.1, the
vector space H°(X,Q)) has a basis given by forms 32 dz, y*dz,y* dz and zy'dz.
Now if p > 2 and p = 2(mod 5), then write p = 5r + 2 with r an odd positive integer
and we consider the action of the Cartier operator C. We have

c(%) = C(yff; dz) = c(%)
= 56(3:7"(;52 — Y da) =0,
C(%) = 5250(3% dz) = %C($47‘+1($2 2y )
- (47": 1> (_U)wp% dr.
C(%) = C(% dz) = %C(ﬁrﬂ(lﬁ sy =0,
c(%f) = c(% dr) = %C(x%(x? )

The third equation follows from the fact that r is odd and the coefficient of zP~1 =
251 in the polynomial 2 +1(2% — v?)* is zero. Then X has Ekedahl-Oort type
[4,3] and v(2) = 0 with v the final type. This implies X is supersingular by Propo-
sition 1.25. By a similar argument, one can show that for p = 3(mod5), the curve
has Ekedahl-Oort type [4, 3] and hence is supersingular.

Now for p = —1(mod 5), write p = 5r + 4 with r some positive integer. Then
d 15r+10 1 . .
C(y—f) = 7;1/5T+10+2 dz) = EC(;L"W“Z(:L'2 — 02)3T+2 dz) =0

5r+3

since the coefficient of 2P~1 = 25+3 in polynomial 2% +2(2? — v?)3+2 is zero. In a
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similar fashion, we have

dx y10r+5 1 . .
C(E) = W dl’) = EC(Z’Q +1(1’2 - 1}2)2 + dx) =0,
zdx xy®™ Lo 12 2\7
C( /i )= (y57.+4d:r):§C(x (x* —v*)"dz) =0,
dx yor 1, ., ,
C(E) = C(y5r+4 dz) = EC(x (2% —v?)"dx) = 0.

Then C(H°(X, Q%)) = 0 and X is superspecial.
O

In [27], Kudo showed that there is a superspecial non-hyperelliptic curve of genus
4 over k for any odd prime p = 2 (mod 3) by using the description as an intersection
of a quadric and a cubic in P3. Using our approach and considering a curve X
of degree 3 together with monodromy vector ¢ = (1,1,1,1,1,1), we can give an
alternative proof of Kudo’s result.

Proposition 4.8. [27, Theorem 3.1] There exists a superspecial curve of genus 4 in
characteristic p = 2(mod 3) and hence the superspecial stratum Zyz2q) in My is
non-empty.

Proof. Consider the monodromy vector @ = (1,1,1,1,1,1). Let X be the smooth
projective curve of degree 3 with equation

Y= -&@-&) - e-¢) ="+,

where £ € k is a primitive 8-th root of unity.
By Lemma 4.1, the vector space H°(X, Q) has a basis consisting of forms 1/y dz,
1/y*dz, z/y* dz and 22 /y* dz. Write p = 3r+2 with 7 an odd positive integer. Then
1 6743

C(=dx) =C(

_ 1 2r+1¢,.4 2r+1 3,.

Since 7 is an odd integer, the coefficient of =1 in 22" ™1 (z* 4 1)?" L for any n € Z-q
is zero. Similarly, we have

1 y3r 1 T T
3r
C(% dw) = C( 2V g dr) = e (ot + 1) dr) = 0,
Y Y Y
IZ $2y3r 1 r+2/, 4 T
C(Ed;zc):(f(y?m+2 dx)z;C(x (z*+1)"dx)=0.
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Since the coefficients of xP~! in 2"+ (2* + 1) are zero for i =0, 1,2.
|

Remark 4.9. Note that Li, Mantovan, Pries and Tang have some results about the
Newton polygons of cyclic covers of the projective line and the existence of curves
with given Newton polygon, see [30, 31].
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Chapter 5

Ekedahl-Oort strata in M, in
characteristic 3

In this chapter, we study the induced Ekedahl-Oort stratification on My in char-
acteristic p = 3. We show that for certain induced Ekedahl-Oort strata in My,
they have the same codimension in M, as the corresponding Ekedahl-Oort strata
in Ay. Our strategies to prove this are to construct families of curves with given
Ekedahl-Oort type and compute the dimension of the intersection of the induced
Ekedahl-Oort strata and the boundary divisor classes.

5.1 Non-emptiness of Ekedahl-Oort strata in M,
in characteristic 3

Let k£ be an algebraically closed field of characteristic 3. Recall that we denote by
M, the moduli space (stack) of (smooth projective) curves of genus g defined over
k and by M, its Deligne-Mumford compactification. We also recall that Z,, (resp.
Z,,) is the Ekedahl-Oort stratum in A, (resp. M,) associated to Ekedahl-Oort type
= [p1,. .., pn]. Write Z, for the Zariski closure of Z, in A,. Put /\N/lg:: M, — A.
It is an open substack of M, parametrising stable curves of compact type of genus
g. Note that a stable curve is said to be of compact type if the dual graph of the
curve is a tree, we refer the definition of the dual graph of a curve to [3]. For g =1, a
stable curve of genus 1 of compact type is equivalent to an irreducible smooth elliptic
curve. For g > 2, the Jacobian of a stable curve of genus g > 2 with a tree as its
dual graph is an abelian variety.
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The Torelli morphism 7 : M, — A, can be extended to a regular map:
T :./\N/lg — Ay

Since curve with different marked point can have same Jacobian, the map 7 has
positive dimensional fibres. It is known that this morphism is proper and its image
7(M,) is a reduced closed subscheme of A,, cf. [33]. For g = 4, we have that
dim(M,) = 9 and dim(A4) = 10. Moreover, by a work of Igusa [22], the image
%(AN/I4) is an ample divisor on 4,. Hence %(/\N/l4) N Z, is of codimension at most
Y p with = [pg, ..., ps]. Recall that there is a partial order < on the set of
Ekedahl-Oort strata. We have Z D Z, if p = v. For the Ekedahl-Oort strata in
My, we have the following result.

Theorem 5.1. Let p = 3. The locus Z,, is non-empty of codimension > 7 pt; in My
if p = [4,1]. Moreover, the locus Z,, is non-empty of codimension at most Y27, fi;
for p=13,2],[3,2,1] and Zs 3 is non-empty of dimension 3.

Proof. The p-rank part were known by Theorem 1.21 and Corollary 1.22. For
= [2,1], we compute the dimension of 7(A;) N 2y in Ay for i = 1,2. A curve
corresponding to a point in the pull back of a generic point in 7(A1) N 2z y; is formed
from two smooth pointed curves X; and X3 of genus 1 and 3 respectively. Then X is
ordinary and X3 has Ekedahl-Oort type p = [2,1] or X is supersingular and X3 has
Ekedahl-Oort type p = [1]. In the first case, we consider the action of Verschiebung
operator V on the de Rham cohomology. Let Ay = H}p(X1), B = Hip(X3) and
Cs = H)p(X; x X3). We now compute the final filiration on Hls(X; X X3) as ex-
plained in Section 1.3. Recall that we have a pairing (, ) on Hz(X) for any smooth
irreducible projective curve X. We have

V(AZ) = A17 V(Al) = A17 A% = A17

where A{ is the orthogonal complement of A; in A with respect to the pairing (, ).
Similarly, V(Bs) = Bs,V(Bs) = By, V(By) = By, B{f = Bs. For a final filtration
0CGI CGyC---CGyC -+ C Gy, we have
dimV(Gyy—y) =dimV(G,)+g—n (5.1)

with 0 < n < g. Then dimV(B;) = dimV(By) +3 — 1 = 3. It follows that
V(B;) = B3 and

V(Cg) = V(A2 + Bb) = Al + B& = 047

V(C4) = V(Al + Bg) == Al + Bl == 027

V(Cy) = V(A + By) = A + By .
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Furthermore,
CQJ' :A1+B5 :CG,V(CS) :V(A1+BS) :A1+BS :04-

This gives the canonical filtration 0 C Cy C Cy C Cs C Cs for Cs = Hjp( X1 X X3)
and the action of V. So the Ekedahl-Oort type is [2,1]. Note that the moduli
space of pointed elliptic curves is irreducible of dimension 1 and Zj3;; C Mj is
irreducible of dimension 3 by [13, Theorem 11.3]. Hence in this case the component
in 7(Ay) N Zppy) is of dimension 4. By a similar argument, in the other case, a
generic point also has Ekedahl-Oort type [2,1] and the component of 7(A;) N 2y
is non-empty of dimension 5. Hence 7(A1) N Zj21) is of dimension at most 5.

For 7(Az) N Zja,1), a generic point in 7(Ay) N Zpyy is the union of two pointed
curves X, and Xg, both of genus 2, where X5 and X, both have 3-rank 1 or X5 is
ordinary and X, is superspecial. In the first case, let A, = Hip(X5), By = HC}R(XQ)
and Cs = Hl,(X, x X,), then we have

V(Ay) = Ay, VI(Ay) = Ay, Ay = As.

By equation (5.1), we have V(A3) = As. We also have V acts similarly on Bj.
Furthermore,

V(Cs) = V(As+ By) = Ay + By = Cy,
V(Cy) =V (Ay + By) = Ay + By = Cs,
V(Cy)=V(A1+B1)=A1+By.

Combined with Ci- = Az + B3 = Cg and V(Cs) = Ay + By = C4, we have the
canonical filtration 0 C Cy C Cy C Cg C Cg and the action of V. Hence the generic
point has Ekedahl-Oort type [2,1] and the component is of dimension 4. In a similar
fashion we can prove in the other case that the component is of dimension 3.

On the other hand, 7(My) is ample in A, and hence %(/\N/l4)ﬁZ[2,1] is of dimension
at least 6. Furthermore, Zjp1) C Ay is irreducible of dimension 7 by [13, Theorem
11.5]. Suppose Zjg1) C My is of dimension 7. By taking the closure in A4 and by
the irreducibility of Zj,y), we have % = 7(Zp2,). Since %(/\N/l4) is closed in Ay,
we have Zpp 1) C 7(M,). This implies Z[; ;] C 2, C 7(My) with Z ) irreducible
of dimension 5 by [13, Theorem 11.3]. Note that we also have Zj;; C Zjy. Then
Z C Zy N 7(My) with dim(Zy,)) = dim(Zp N 7(M,)) = 5 by Theorem 1.21.
Then Zjy is an irreducible component of Zj N 7(My) and every abelian variety

corresponds to a point of this component of Zy N 7(M,) has a-number > 2. Write
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Vo(My) for the locus of curves with p-rank 0 in My. By the proof of Theorem 1.21
(see [16, Theorem 2.3]), a generic point of any irreducible component of the locus
7(Vp(My)) has a-number 1. This contradiction implies 2,1 ¢ 7(My) and Zp ) is
non-empty of dimension 6.

For p = [3,1], similarly we can compute that 7(A;) N Z3,; has dimension at
most 3 for ¢ = 1,2. On the other hand, %(./\N/l4) N 23, is of dimension at least 5 as
7‘(./\N/l4) in A is ample. Moreover, Zj3 C Ay is irreducible of dimension 7 by [13,
Theorem 11.5]. Suppose Zjg ) is of dimension 6. By taking the closure in .44 and
by the irreducibility of 23}, we have zm = 7(Z3,)). Note that 2, C % By
the similar argument in the case Zp 1}, we have % 04 ?(/\N/u) and the locus Z3 1) is
non-empty of dimension 5.

For u = [3,2], we show that a smooth curve with affine equation

Y2+ 12+ by = 2° + a2’ + asa® + ag, (5.2)

where a;,b € k and ay # 0 has Ekedahl-Oort type [3,2].

We first show that the map from the parameter space with coordinates (ag, as, ag, b)
to My has finite fibres. Denote by ¢ an isomorphism between two smooth Artin-
Schreier curves given by 3 + y? + by = 2° + a3z® + az2® + ¢ and 3 + y? + by =
25+ 3%+ eaw? + ¢ as in (5.3). After possibly composing with an inversion z + 1/z,
we may assume o(z) = ax + . Also since o is invertible, we have o(y) = zy + 9
with z a unit in k& and § € k(x). Hence

Py 4+ P 4 (2y + 6)? +b(zy +0) = (az + B)° + az(ax + B)® + ax(ax + B)? + ap .

Then we have § = 3 =0 and y* +y?/z+ by/z? = 1/23(a2° + a3a®z® + axa®x* + ag).
This implies 3 =6 = 0,0° = 2 = 1.

Now we show that a curve X with equation (5.2) has Ekedahl-Oort type [3,2].
A basis of HO(X, Q%) is given by w; = 1/(y — b) dz,wy = z/(y — b) dz,ws = 2%/ (y —
b) dz,ws = 1dz. Then the Cartier-Manin matrix is given by

az 0 ap — bs 0 1/
1 0 as 0
0 0 0 0
0 0 1 0

and it has rank 2 and semisimple rank 1. One can compute that curve X has final
filtration

0CG CGyCGyCGy=HYX, Q%) C---CGsg=Hip(X),
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where G| = (aé/gwl + wy), Gy = (aswr + wy, (ag — b%)Y3w; + aé/ng + wy) and G3 =
(w1, w2, wy). Hence the curve has Ekedahl-Oort type [3,2] and Z|3 ) is non-empty of
dimension at least 4.

For = [3,2,1], we show that the family of curves given by equation

V¥ —bPP +y) =2 e +da? + 1, bye,d €k, bd # 0 (5.3)

has Ekedahl-Oort type [3,2,1].

In a similar fashion, we first show that the map from the parameter space with
coordinates (b, ¢,d) to M, has finite fibres. Denote by o an isomorphism between
two smooth Artin-Schreier curves given by y® — ba3(y? + y) = 2° + ca® + da? + 1
and y® — b12®(y? +y) = 2° + c12® + d1a® + 1 as in (5.3). After possibly composing
with an inversion z — 1/, we may assume o(z) = ax+ 3. Also since o is invertible,
we have o(y) = zy + ¢ with z a unit in & and § € k(x). Hence

298+ 83+ blax + B)* (222 + (26 + 2)y + 6% +0) = o(2)® + co(x)® + do(z)* + 1.

By comparing the coefficients of z? for i = 0,1,2,3,4,5, we have 8 = § = 0 and
z = 1. Furthermore, we have y* — ba323(y? + y) = a®2® + o?2® + d2? + 1 and hence
a® = 1. This implies 3 =0 =0,0° = z = 1.

Now we compute the Ekedahl-Oort type of a curve X given by equation (5.3).
For a basis of H(X, Q) we choose

1/s(x,y)da, 2/s(zx,y) dz, 2% /s(z,y) dv, y/s(z,y) dz

with s(z,y) = 23(y — 1). Then the Cartier-Manin matrix has rank 1 and semisimple
rank 1. Hence Zj3 1) is non-empty with dimension at least 3.

For 1 = [4,1], we have Zy ) is irreducible by [13, Theorem 11.5]. For 7(A)NZ ),
a curve corresponding to a point in the pull back of a generic point in 7(Ay) N2y ) is
formed from two pointed curves X; and X3 of genus 1 and 3 respectively. Moreover,
X is superspecial and X3 has Ekedahl-Oort type g = [3]. One can easily compute
that in this case the curve formed from pointed curves X; and X3 has Ekedahl-
Oort type [4,2] and 7(Ay) N 24y is of dimension 3. For 7(Ay) N 2,1, a point in
the pull back of a generic point in 7(Az) N 24y is formed from two pointed curves
with Ekedahl-Oort type p = [2]. Then one can compute that a generic point of
7(Az) N Zj,1) has Ekedahl-Oort type [4,3] and 7(Az) N 24,y is of dimension 2.

On the other hand, %(/\N/l4) N Zj4,) is of dimension at least 4. Hence Zpy; is
of dimension at least 4. Note that if Zj, ) is of dimension 5. Then by taking the

closure in A4 and by the irreducibility of 2 1), we have 2,1 C %(/\N/l4)7 which is a
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contradiction by the proof of the case Zp ). Hence Zjy ;) is non-empty of dimension
4.

For = [4,2] and [4, 3], we have H4 N Z, non-empty hence Z, is non-empty by
Theorem 3.1.

Denote 8(z) = 23 + 22 + b1z + by and h(z) = 2° + ayz* + a3z® + as2? + a1z. We
consider the family of curves parametrized by equation

v*+ "+ 0(x)y = h(z), (5.4)

where a;,b; € k such that by = b2 + az, as = by — 1 and az = b3 + b2 + by + as.

Note that the map from the parameter space to the My is finite and hence it gives
a 3-dimensional sublocus in My. Indeed, denote by ¢ an isomorphism between two
smooth Artin-Schreier curves given by 0;(z), h1(x) and 62(x), ho(x) as in (5.4). After
possibly composing with an inversion = — 1/, we may assume o(x) = ax + 3. Also
since o is invertible, we have o(y) = zy + ¢ with z a unit in k and 6 € k(z). Then
one can easily show that z = a =1, 8%+ 3% =0 and — (6% + 0% + bs8) + by (B3) =0
with 0, (z) = 23 + 22 + bz + by and h(z) = 2° + ayz* + a37® + as2? + a1 7.

Indeed, denote by o an isomorphism between two smooth Artin-Schreier curves
given by y* —y = fi(z) = g air’ and y* —y = fo(z) = ¥ g bir’ as in (5.5). By
[39, Lemma 2.1.5], two Artin-Schreier curves are isomorphic if and only if fo(z) =
2f1(z)+0%—0 with z € F} and § € k(x). Moreover, the ¢ is defined by o(z) = az+ 3
and o(y) = 2y + 6. Hence we have 3 =0,a° = 2 € F and § € F;.

Now we show that any smooth curve X given by equation (5.4) above has
Ekedahl-Oort type [4,3]. For a basis of H°(X,Q%), we choose

1/s(z,y) da, z/s(x, y) dz, 22 /s(x, y) dz, y/s(z, y) dz

with s(z,y) =y — (2% + 22 + byz + by). For the Cartier operator C we have

L =@y
Can ™= C<y1_ i@~ e
= mC(ZlQ +6%(z) + 0(2)y) -

Note that y? + 0(z)y = —y® + h(z) and 6%(x) = 2° + 225 + (2by + V)a* + (26 +
2b9)a3 + (b2 + 2b) 22 + 2b1byx + b2. Hence

Y2+ 02(x) + 0(x)y = = + 2% + (2by + 1+ ag)z® + (2by + 2by + a3)a®
(7 + 2by + a2)2” + (2b1by + a1)z + b3,
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and we have

1 2L 02(p .
s ) = sl +07(0) + 0ol
7(252+b§+02)1/37 2 /3 1 "
,—y_e(x) = (209 + b7 + a2) 7s(x7y)d .

Similarly one can compute C(z/s(x,y)),C(z%/s(x,y)) and C(y/s(z,y)). Then we
have the Cartier-Manin matrix which equals to

2b2 + b% + as lebg + a bg b% + b1 (2b1b2 + al) 13
0 2b1 + 1+ ay 2b1 + 2b2 + as 2b1 + 2b2 + as
0 0 1 1
0 0 -1 -1
0 2b1b2 + a; bg b% -+ b1 (2b1b2 -+ al) /3
oo b b
o 0 1 1
0 0 -1 -1

We obtain that rank(C) = 2 and C> = 0 on H°(X, Q%). Hence X with equation (5.4)
has Ekedahl-Oort type [4,3] and Z4 g is of dimension 3.

For p = [4,3,2,1], a curve corresponding to a point in Zjy 321 is superspecial.
Then Zj4 3, is empty as Ekedahl [12] showed that any superspecial curve of genus
g satisfies :

g<33-1)/2=3.

Remark 5.2. As an example, a family of curves given by the equation
v+ bty =2 +axt +2, a,b €k, bH#0

has Ekedahl-Oort type [2,1]. Moreover, the family of curves parametrized by equa-
tion

v —y =2+ at® + mx, a0 €k (5.5)

gives a 2-dimensional locus in Zp3. On the other hand, the family of curves
parametrized by equation

PP+ @+ 2y =25+ 20 a4 ag, (5.6)
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where a1,a; € k and a; # 0, gives another 2-dimensional locus in Z} 3. Consider a
curve with equation (5.6) above, with respect to the basis given by

1/s(z,y) dz, z/s(x,y) dz, 2*/s(x, y) dv, y/s(z,y) dz

with s(z,y) = y+22° 4222, one can easily compute the Cartier-Manin matrix which
equals to

0 a; G Qg /3
00 0 O

00 1 1

0 0 -1 -1

Then the rank and semisimple rank of the Cartier-Manin matrix is 2 and 0 respec-
tively and the curve with equation (5.6) has Ekedahl-Oort type [4, 3].

Remark 5.3. Note that Pries [40, Theorem 4.3] showed that there is a family (with
dimension 6) of smooth curves of genus 4 with p-rank 1 and a-number 1. Moreover,
if p > 5, then by [40, Corollary 4.5] there is a family (with dimension 6) of smooth
curves of genus 4 with p-rank 2 and a-number 2. Note also Achter and Pries [1] have
some result about generic Newton polygon of curves of given genus and p-rank.
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Chapter 6

On the existence of Artin-Schreier
curves with prescribed a-number

In this chapter we study the existence of Artin-Schreier curves in characteristic p > 0
with prescribed a-number. More precisely, we describe Artin Schreier curves genus
g > 2 with a-number equals to g,g — 1 and g — 2. Our main tool is the Cartier
operator. Moreover, we give a basis of de Rham cohomology for Artin-Schreier
curves and use it to study the supersingularity of Artin-Schreier curves.

6.1 Superspecial Artin-Schreier curves

Let k be an algebraically closed field of characteristic p > 0. By an Artin-Schreier
curve we mean a smooth irreducible projective curve defined over k which is a Z/pZ-
Galois cover of PL. Such an Artin-Schreier curve can be written as y? —y = f(z),
where f(z) € k(x)\k is a rational function on PL.

Now let char(k) = p > 3. For superspecial Artin-Schreier curves we have the
following result due to Irokawa and Sasaki [23].

Theorem 6.1. Let k be an algebraically closed field of char(k) =p > 3. Let X be
an superspecial Artin-Schreier curve with equation y? —y = f(x), where f(x) € k[x]
and deg f(z) = d > 2 with ged(p,d) = 1. Then X is isomorphic to a curve given by
y? —y =z with dlp + 1.

Proof. Since X is superspecial, the Cartier operator C on H°(X, Q) is zero. More-
over, the curve is of genus g = (p—1)(d—1)/2 with d < p+1 by Ekedahl [12]. There
will be two parts:



1): We show that if d < p+ 1, then X can be written as
yP —y = aqx?, where dlp +1, ag #0.
11): We show that if d = p+ 1, then X is isomorphic to curve with equation
yP —y = aqx?, where ag # 0.

Then by scaling we can get ag = 1. By [47, Lemma 1], a basis for H°(X, Q%) is given
by forms:

B = {2y dzli,j € Zso,ip+jd < (p—1)(d—1) — 2}

with the genus g = (p — 1)(d — 1)/2. Since y = y” — f(x), we have

ey =27 - [0 e = S0 (ot s
=0 '
By assumption, we have C(w) = 0 for any w € H°(X, Q). This implies C(z'y’ dx) =
0 for any 4, j € Z>¢ such that ip+ jd < (p — 1)(d — 1) — 2. Note that

t

Cx'y’ dz) = C(i <J> (=D)fa"f'(2)(y’ )" dw)

It follows that C(zf!(x)dz) = 0 for any 0 < ¢ < j such that p{ (i)

Now we prove case ). Since ged(d,p) = 1, we obtain d < p—1. If d = 2,
by a change of coordinates we may assume that f(z) = apz?® + ag since p # 2. If
2 < d < p—1, there always exist | € Z~g such that Id < p < (I 4+ 1)d. Then we
have Id <p—1< (I4+1)d. Now let a = p—1—1d, then 0 < a < d — 2. Suppose
0 < a < d-— 3, we show that z%y’o dx € B with iy = a and j, = [. Indeed, since
ld <p—1,d < pand hence (I +1)d+1—2p < 0, we have

ap+1d<(d—3)p+1d
=dp—p—-d—-1+(1+1)d—-2p+1
<dp-p—-d—-1=(d-1)(p—1)—2.

Then we have C(z%' dz) = Y!_(—1)! (i) (y'=C(z*ft(x) dx) = 0. By an appropriate

change of coordinates, we may assume

d—2

f(x) = agz® + ag_o2?? + -+ ayz.
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On the other hand, by taking ¢t = [, we have z?f!(z)dxr = (alz!™* + ... )dx =
(alaP~t + .. .) dz, which implies C(z®f!(x) dz) # 0, a contradiction. Thus we have
a=d—2andp+1=1Ild+a+2=(l+1)d, which indicates d |p + 1.

Now let 1 < n < d— 2 and we show that a, = 0 for every 1 < n < d— 2
in f(z). Note that we have 2 < d < p—1and p+1 = (I + 1)d. This implies
np—d—2>p—d—2>1d—3>d—3>0. We show that 24 27"y!*1 dz € B. Note
that we have 0 < d —2 —n < d — 3. Then we have

(d=2—-np+(+1)d=dp—p—d—1+({+2)d—(n+1)p+1
=(d-1)(p—1)—2+d+2—np
<d-1p-1)-2.

Hence z%-2"y!*ldx € B.

Since C = 0, we have C(z9"*"y"*1 dz) = 0 for any 1 < n < d— 2. Note that this
implies C(z4"27" f*1(z) dz) = 0. Additionally, 242" f1(2) = 292" (qga? + - - - +
@™ + -+ 4 ag)*t. Put n = d — 2 and we have the coefficient of zP~! = gld+d=2
in 272" () is (I 4+ 1)akag_o. Since p+ 1 = (I + 1)d we have p{ (I + 1). Then
C = 0 implies az_» = 0. We now do induction on n. Assume we have a, 11 = ;12 =
-~ =ag_o = 0in f(z) for some n > 1. Note that the coefficient of 2P~ = gld+d-2
in 24727 f*(z) is (I + 1)aa, and hence we have a,, = 0. Then we have a;, = 0 for
any 1 <t <d-—2and f(z) = agz? with d a divisor of p + 1.

Now we prove case 44). If d = p+1, for 2 < n < d—2, we check that 242"y dz €
B. Indeed, one has 0 < d—2—-n<d—4 and

d=2—-n)p+d=(p+1-2—-n)p+p+1
:pQ—p—2+(1—n)p+3
<pPP-p-2=(d-1)(p-1)-2

as (1—n)p+3 < 3—p < 0. Hence C(z% 2"y dx) = 0. This implies C(2? 27" f(z) dz) =
0. By a similar argument as in part (i), we have C(z%2™"a,2"dx) = 0 and a,, = 0
for any 2 < n < d — 2. Then we obtain f(z) = apt12P™ + a1z + ao € klz]. By a
change of coordinates y — y + by + bix,z — x + a, where by, by, € k such that
by — by = ap10P™ + a1 + ag, B = a,p1 and by = a,10P + a;, we may assume
ag = a; = 0, which ends the proof.

O
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6.2 Artin-Schreier curves with a-number g—1 and
de Rham cohomology

We now treat the case that the a-number of a curve X is equal to g — 1 with g the
genus of X.

Theorem 6.2. Let k be an algebraically closed field with char(k) = p > 0. Let
X be an Artin-Schreier curve of genus g > 1 with equation y? —y = f(x), where
f(x) € k(z). Assume that the a-number of X is g — 1. Then

(1) : if p =2, we have g < 3. Moreover, the curve X can be either written as

where f(x) € klx] and deg f(z) = 5 or 7, or written as y* +y = folx) + 1/z with
deg fo(x) =1 or 3 and fo(x) € zk[z];

(2) : if p > 3, then g < (p — 1)p/2. More precisely, X is isomorphic to a curve with
equation

Y —y=a"+ a1+ Fa,

where d|p + 1. Moreover if d = p + 1, then at least one of a; with 2 < i < d—2 is
non-zero. Ifd <p+1,d | p+1, then at least one of a; with 1 < i < d—2 is non-zero.

Proof. Suppose that f(z) has poles at 00, Q1,. .., Qn for some m € Zsy. Let © — &
be a local parameter at ;. Write x; = 1/(x —¢&;) fori =1,...,m and 2g = 2. Then
f(z) can be written as

f(@) = ) + 3 F1 /@ - €) = 3 e, (61)

m
i=1 =0

where deg f;(x) = d;. By [47, Lemma 1], a basis of H°(X, Q) is given by B = U™, B,
where

BO = {Iiy] dl‘|Z,j S ZZU7 Zp+]d S (p - 1)(d0 - 1) - 2}‘

B, ={a'y dw| i € Zs1,j € Z>o, ip+jd < (p—1)(ds+1)},s=1,...,m.
The condition a(X) = g — 1 is equivalent to the rank of the Cartier operator rank(C)

is equal to 1. Note that if f(z) = X7, fi(z;) as in (6.1), we always have z,dz € B
for 1 < s < m. Note that C(z,dx) # 0 and we get rank(C) > m.
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(1): For p =2, we consider distinct cases for f(z). If f(x) € k[x] with deg f(x) = d,
then a basis of H(X, QL) is

B = {a"y dz| i,j € Z>0,2i + jd < d — 3}
={2'dz| i € Z>0,2i <d—3, d > 3}.

Since rank(C) = 1, we must have zdz € B and hence d > 5.

Suppose d > 9, we have z dz, 2° dz € B and hence C(2* dz) = z(~V/2dg for i =
1,3, a contradiction since rank(C) = 1. Now if d =5 (resp. 7), then B = {dx, zdz}
(resp. B = {dz,zdx,2?dz}) with C(dz) = C(2*dz) = 0 and C(xdz) = dx # 0.
Hence we have rank(C) = 1 for both cases.

Now if f(z) = fo(zo)+ fi(x1) with m = 1 as in (6.1), we have deg fo(zo) = dp < 3
and deg fi(z1) = dp = 1. By putting a pole at 0 and by scaling, we arrive at
fi(x1) = x1. Then the curve X can be written as y*> + y = fo(z) + 1/x with
deg fo(z) < 3. Again by a change of coordinates y — y + by with by € k and
b2 + by = fo(0) we get fo(z) € xkz].

(2): If p > 3, we show the following:

(a): For all p > 3, then d < p+ 1;

(b): For p =5 and d = 4, then rank(C) > 2;

(¢): For p > 7 and d > 3 with d { p + 1, then rank(C) > 2.

Then after excluding the cases where rank(C) > 2 and the cases where rank(C) = 0,
what is left are curves with a-number g — 1. Note that if d = 2 and f(z) € k[z], the
curve with equation y? —y = f(x) is superspecial.

By a change of coordinates, we may assume

flx) =2+ ago2x? + -+ a1z +ap, d>3.

(a): If d > p+ 2, then by definition we have 2P~ dz € B. There exists I,b € Zx
such that d=Ilp+bwithl=1and2<b<p—1lorl>2and1<b<p—1. One
can show 2P~17%y dz € B by checking (p — 1 —b)p +d < (p — 1)(d — 1) — 2. Then
C(a*1 Py da) = C(a?"""(y" — f()) dx)

=C(aP by dw — 2?10 f(2) dar)

= yC(2P~ 70 da) — C(aP P f(x) dx) # 0
as the leading term of 2P~'~%f(2) is 27*?~!. This contradiction shows that d < p+1.
(b): For p =5, by (a) we have d < p+ 1. Suppose d t p + 1, we have d = 4 and

ytdz,y?dr € B. Additionally, we have C(y’dz) = y*~!dx for i = 1,2 and hence
rank(C) > 2, a contradiction. We therefore have d|p + 1.
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(¢): For p > 7 and d < p+ 1, assume we have d { p+ 1. Then there exists [ € Zsg
such that ld < p < (I 4 1)d. Furthermore, we have ld < p—1and (I4+1)d > p+ 2
as ged(d,p) = 1 and d 1 p+ 1. Then there exists b satisfying ld + = p — 1 for
0<¥ <d-3.

Ifd=p—1,thenl =1, =0, we get ydx, y*dz € B and C(y*dx) = 3~ dx for
¢ =1,2. This implies rank(C) > 2, a contradiction. If d = p—2,1 =1and & = 1, then
we havc i(p—1) < (p—1)(p—2)—2, which implies zy dz, zy*>dx € B. Then C(zy dx)
and C(zy? dz) are linearly independent and hence rank(C) > 2. Now if d < p—3, we
show that 2%y' dz € B. This is equivalent to showing ld 4+ b'p < (p — 1)(d — 1) — 2.
By substituting ¥ with & = p — 1 — Id in the inequality, we only need to show
d(l+1)(p— 1) > p*+ 1, which is clear since (I + 1)d > p + 2.

Now we show that z”y'dz, 2"y dz € B. Tt suffices to show ld + d + b'p <
(p—1)(d—1) — 2. We have ld—l—d—l—b’pg p—1)—-V+d+bpast =p—1-—1d.
Hence we only need to show

d<(d—V —2)(p—1)—2. (6.2)

Note that ¥ < d — 3, we have (d =V —2)(p —1) =2 > p—3 > d. Then
2yt dz, 2"y da € B and

t=0

C(2"y dzx) = 2]: <> e fia)de) =0, j=1,1+1.

Put t = [, then C(2¥ f!(x)) = C(2¥* + ...)dx) # 0, which implies rank(C) > 2.
Therefore we have d|p + 1.
O

For Artin-Schreier curves for p > 3 with a-number g — 1 we have the following
result.

Theorem 6.3. Let k be an algebraically closed field with char(k) = p > 3. Let
X be an Artin-Schreier curve of genus g > 0 with equation y? —y = f(x), where
f(x) € k[z] and deg f(z) =d. Ifdlp+1 and a(X) = g — 1, then either p=5,d = 3
and X is isomorphic to a supersingular curve of genus 4 with equation:

v —y=2+awx, a €K, (6.3)

orp = 3,d = 4 and X is isomorphic to a supersingular curve of genus 3 with
equation:

Y —y =1+ a® ay € k*. (6.4)
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Moreover, the family of curves given by equation (6.3) (resp. (6.4)) defines an ir-
reducible component of Zuza) (resp. Zpg) in My (resp. Ms) in characteristic 5
(resp. 3).

Before giving the proof of theorem, we introduce a basis of de Rham cohomology
of an Artin-Schreier curve. Let X be an Artin-Schreier curve over k of genus g with
equation

v —y = h(z), (6.5)

where h(z) € k[z]\k is non-zero of degree d. Let 7 : X — P! be the Z/p-cover. Put
U, =7 1(P'—{0}) and Uy = 7~ }(P! —{oc}). For the open affine cover U = {U;, U},
we consider the de Rham cohomology H}(X) as in Section 1.2, i.e.

H;R(X) = Zle(u)/B;R(u)
with
ZiR(U) = {(t7 W17OJ2)|t c Ox(Ul N UQ),Wi S Q}(UZ),dt = W] — LUQ}

and BéR(U) = {(tl - tg,dtl,dtg)‘ti € Ox(Ul)}

Under the action of Verschiebung operator V on Hi(X), one has V (H}(X)) =
HO(X, Q%) and V coincides with the Cartier operator on H°(X, Q%).

For 1 <i < g, put s(x) = zh/(x) with A/(z) the formal derivative of h(x) and
write s(z) = s5i(x) + s”(z) with s=¢(z) the sum of monomials of degree < i. Then
we have the following proposition.

Proposition 6.4. Let X be an Artin-Schreier curve over k with equation y? —y =
h(z), where h(z) € k[z] and degh(z) = d. Then H},(X) has a basis with respect
to U = {Uy,Us} consisting of the following residue classes with representatives in
ZipU):

ai,j = [(O fyj dl’, riyj dl’)], (66)
Yy i) (p— 1= g)sT (@)
Big = | eI in+2 dz, 2 da)l, (6.7)

where i, j € Lz, pi+jd < (p—1)(d—1)—2 and ¢; j(z,y) = (p—1—7)sSH2(z)yP~ 27+
(i 4+ 1)yP= .

Proof. Clearly, w; ; = z'y? dz form a basis of H(X, Q) for i, j € Zso with pi+dj <
(p —1)(d — 1) — 2. On the other hand, we may identify Ox(Us) with the k-algebra
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k[z,y| defined by (6.5). Moreover, ziy’ with i > 0,0 < j < p — 1 form a basis
of the image of Ox(Us) in Ox(U; NUs). Additionally, we have x'y/ € Ox(U;) for
0 < j <p—1and —pi > dj. Then the residue classes [x'y’] form a basis of H!(X, Ox)
fori < 0,0 <j<p—1and —pi—dj < 0. By substituting i = —(¢/+1),j =p—1—7,
the residue classes [z71yP~1=7] form a basis with i > 0,0 < j < p—1 and pi + jd <
(d—1)(p—1)—2.
Now we check the equality that df;; = w;j;i1 — w; ;2 for residue classes 3;; =
[(fi,j7 Wi 4.1, wi_,jyg)]. Note that
af =gV =gyt dy (i ety de
fii= pitl 22142 B 22142
—(p—1— )z Yy 290 () dz (i + Daiy?~ I da
2042 - 720+2
—(p—1—)yP 27k (x)de (i+ 1)y 1P da
it2 B Zit2
_ Wiylzy)de (p—1 =)y s (2) da
- rit2 rit+2

= Wij1 — Wig2,

which ends the proof.
O

Remark 6.5. Note that the vector space Hj(X) is provided with a perfect pairing
(, ), see Section 1.3. Moreover, we have (o, j,, Bins) 7 0 if (i1,51) = (i2, j2) and
(i jrs Biaja) = 0 otherwise. Indeed, for (i1, j1) = (42, j2) we have ordeo(yP~!/z dz) =
—1 and hence («;, j,, Bi,4,) # 0. For other cases, the proof is similar to the proof of
[48, Theorem 4.2.1].

Proof of Theorem 6.3. We show that rank(C) = 1. For d < 2, the situation is trivial
and rank(C) = 0 for all p > 0. We may assume that the polynomial f(x) has the
form:

f(x) = 2% + ag_ox®?

+- -t ax.
Also a basis of HY(X, Q%) is given by forms below:
B = {a"y dzlip+ jd < (p — 1)(d — 1) — 2}.

(1): For p > 7, if a; = 0 for any integer ¢ € {1,2,...,d — 2,d}, then according to
Theorem 6.1 we have the rank(C) = 0. Otherwise there exists at least one n such that
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a, #0withn € {1,2,...,d—2}. Denote by ig the largest integer in {1,2,...,d —2}
such that a;, # 0. There are non-negative integers I, m, b satisfying Id = p + 1 and

Suppose 2 < iy < d — 2, we show that a’y'~'*™dx € B. This is equivalent to
showing

bp+({I+m—-1)d<(d-1)(p—1) -2,

for m > 1, ip > 2. By substituting b = d — 2 — miy, one can show this is equivalent
to m(pig — d) > 2, which is trivial as d|p + 1 and m(pip —d) > 2p —d > 2.

Now if d = p+1, then we have [ = 1 and 2%y™ dx € B as showed above. If b = 0,
we have d —2 = p — 1 = miy. By iy > 2, we have m < (p — 1)/2. We show that
y™ttdz € B if p > 5. It is sufficient to show that (m+1) < (p—1)(d—1) —2 =
p(p — 1) — 2. This is true for p > 5. Then C(y™*'dz) # 0 and C(y™dx) # 0 are
linearly independent. This implies rank(C) > 2. Now suppose b > 1, we show that
2~ y™*1 ¢ B . Note that d — 2 = p — 1 = mig + b. By a similar fashion, we only
need to show m(ip — 1)(p — 1) > 4, which is true if p > 5. Then we have

( io
(_1)m :ZI b+mig) dl’) 4.
(=D)™aa? da) + - #0.

—1)maba(zo)™ da) + - - -
a

Similarly, we have
Wh1mi1 2 = C(a" My dz) = C2" (v — f(x))" ' da)
+1 )
=C( <m | )(_1)m+1xb—1a?g(xlo)map+1xp+l dz) + -
=C((m+ 1)(71)'”+lap+1a;ﬁx2”*1 dz) 4 ---
#0.

Since wpm and wp—1,m+1 are k-linearly independent, we have rank(C) > 2.

Now if d|p+1 and d < (p+1)/2, we show that z°y!*™ dx € B, which is equivalent
tobp+ (I +m)d < (d—1)(p— 1) — 2. Since m(pig — d) > 2p — d, we only need
to show m(pig — d) — d < 2, which is true for p > 7. Hence C(zy*™ dx) # 0 and
C(xby"*™=1dx) # 0 by the same method above.

Now assume ig = 1 and a; = 0 forany i € 2,3,...,d — 2, if d = p+ 1, by a simple
change of coordinates the curve is superspecial and rank(C) = 0. Otherwise we have
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d < p+1, in this case we have d —2 = m+b. We show that ¢!+l dg, o™+t dz €
B, which is equivalent to showing

respectively. These can be simplified to

> — (p+2)d+2p+2<0,
P —(p+1)d+2p+2<0.

These two inequalities hold for p > 11. For p = 7, we have d|p + 1 = 8 and hence
d > 4. Then those two inequalities also hold.
Moreover, we have

el dr) = C(( — () d)
— C((il)lﬁ»m«kbfl(xd)lfl(alx)mﬁ»b d.r) 4.
— C((_l)l+m+b—1a71n+bl‘p—1 d.T) 4. ?é 0

and C(y"H™*t dz) = C((—1)Fm+0=1a" o aP=1yP dz)+- - - # 0. Then we have rank(C) >
2.
(2): For p=5and d =p+1=06, to get rank(C) = 1 we must have ¢, > 2, otherwise
X is superspecial by Theorem 6.1. Then 2®~'y™*!dz, 2by™ dx € B for b > 1 and
y™tdz,y™dz € B for b = 0 (similar to the case p = 7). This implies rank(C) > 2.
As for d = 3, if ag_o = a; = 0, then it is superspecial by Theorem 6.1. If a; # 0, then
y*dz € B and rank(C) = 1. For the supersingularity, let X be a curve given by equa-
tion y®—y = 3+a;x with a; € k*. Then we have H(X, QY) = (dz, x dz, y dz, y* dz)
and C(H°(X,Q%)) = (dz). Moreover by a calculation using Proposition 6.4, one
can compute that X has Ekedahl-Oort type [4, 3,2]. Hence for the final type v, we
have v(|(¢g+1)/2]) = v(2) = 0 and the curve X is supersingular by Proposition 1.25.
One can easily check that the map from the parameter space with coordinate (a;)
to My has finite fibre. Note that Zj 54 is of dimension at most 1 in My. Then the
family of curves given by equation (6.3) is a component of Z 3.
(3): For p = 3, if d = 2 the curve is superspecial. If d =4, then we may assume
that ag # 0 in f(x), otherwise by a simple change of coordinates we may assume the
curve is given by equation y* — y = a4z*, which is superspecial by the Theorem 6.1.
If as # 0, then by a change of coordinate we get f(z) = x* + ayx®. Then a
basis of H*(X, Q%) is B = {dx,zdz,ydz} with C(dz) = C(zdz) = 0 and C(ydz) =
C(—aga®dz) = —aé/ *dx # 0. This implies rank(C) = 1. Moreover by a calculation
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using Proposition 6.4, a curve given by equation y° —y = 2* + ay2? with ay € k*
has Ekedahl-Oort type [3,2] and hence is supersingular by Proposition 1.25. One
can easily check that the map from the parameter space with coordinate (ag) to Mg
has finite fibre. Note that Z3 4 is of dimension 1 in M3. Then the family of curves
given by equation (6.4) is a component of Z3 o).

O

6.3 Artin-Schreier curves with a-number g — 2

For an Artin-Schreier curve X given by equation y? —y = f(z) with deg f(x) = d|p+1
and rank(C) = 2, we have the following.

Corollary 6.6. Let X be an Artin-Schreier curve of genus g > 0 given by an equation
y?—y = f(x), where f(x) € k[x] and deg f(x) = d. Ifd|p+1 and the a-number of X
is equal to g — 2, then we have p = 7,d = 4 and X is isomorphic to the supersingular
curve of genus 9 with equation

Yy —y=at+az, a1 €k

Proof. We show that rank(C) = 2. We may assume that the polynomial f(x) has
the form:

d—2

f@) =2+ ag o™+ +arx.

By the proof of Theorem 6.3, there is an integer n € {1,2,...,d — 2} such that
a, # 0. Again denote by ig the largest integer in {1,2,...,d — 2} such that a;, # 0
and let [, m, b be the same as in the proof of Theorem 6.3.

Forp > 7,if d = p+1, we show that rank(C) > 3. Indeed by Theorem 6.1, we have
ip > 2and d—2 = p—1 = mig+b. If b =0, then d—2 = p—1 = migand m < (p—1)/2.
Moreover from the proof of Theorem 6.3, part (1), we have y™ dz, y™* dz € B. We
show that y™ 2 dx € B. It suffices to show that (m+2)d < (p—1)(d— 1) — 2, which
is equivalent to showing (m+2)(p+1) <p?—p—2forany 1 <m < (p—1)/2. This
is true for p > 7. On the other hand, note that C(y™ dz),C(y™*! dz) and C(y™+% dx)
are linearly independent. Then rank(C) > 3 in this case. Now if b > 1, we showed
that 2by™ dz, 2*~'y™+' dz € B. By a similar argument as in the case b = 0 above,
one can show that z%y™*'dz € B. Additionally, C(2by™dz),C(z*~ty™ 1 dz) and
C(x®ym+! dx) are linearly independent. Then we have rank(C) > 3 for p > 7 and
d=p+1

Now if dljp+1and d < p+1, then l = (p+1)/d > 2. If iy > 2, we show that
rank(C) > 3 for p > 7. Note that we have zby"*™~!dz, 2°y!*™ dx € B by the part
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(1) of the proof of Theorem 6.3. We now claim that zby"*™+!dz € B. By definition
of B, it suffices to show

(+m+Dd+p<(p-1)(d—1)—2.

By substituting b = d — 2 — mig and p = Id — 1, the inequality can be simplified to
(iol — 1)m > 3. This is true as ig > 2,1 > 2 and m > 1. For ig = 1, we show that
rank(C) > 3 for p > 11. Note that in this case we have d — 2 = m. One can easily
show that ¢'*™ dx, y"*™ ! dx € B by the definition of B. Additionally, we show that
Y™+ dey € B for p > 11. Indeed, it suffices to show (I+m+1)d < (p—1)(d—1) -2,
which can be simplified to 2l + d < p. Note that ld = p + 1, we only need to show
2(p+1)/d+d < p which can be rewritten as d? —dp+ 2(p+ 1) < 0. This is true for
3<d<(p+1))2

For p = 7 and iy = 1, we have d = 4 and the curve is given by equation
Yy —y = a*+ a1x with a; € k*. Then

B = {2y da,i,j € Zso,Ti +4j < 16}

and C(z'y/ dz) = 0 for all 4,5 except (i,7) = (0,4), (0,3),(1,2). Moreover, C(y*dz)
and C(y® dr) are linearly independent and C(y®dz) = £C(xy*dzx) for some & € k*.
Then rank(C) = 2. Moreover by a calculation using Proposition 6.4, we have v(n) = 0
for n < 6 with v the final type of the curve. This implies the curve is supersingular.
Now let p = 5. If d = 3, then by Theorem 6.1 and Theorem 6.3, we have a(X) = g
or g— 1. For d = 6, we get d —2 =4 =mig+b. Additionally for iy = 2, 3,4, one
can easily show that y?dz,y3dz, zy®dz € B and C(y?*dz),C(y® dz) and C(xy*dz)
are linearly independent. Hence rank(C) > 3 and a(X) < g — 3 with g = 10.
For p =3 and d|p+ 1 =4, by Theorem 6.1 and Theorem 6.3, we have a(X) >
g—1.
O

86



Chapter 7

Existence of trigonal curves and
hyperelliptic curves with
prescribed a-number

In this chapter, we study the existence of trigonal and hyperelliptic curves with
prescribed a-number. We give bounds on the a-number of trigonal curves of genus
5 in characteristic 2 and 3. We also bound the a-number of hyperelliptic curves of
genus g > p > 3 in characteristic p.

7.1 Main results

Let k be an algebraically closed field of characteristic p > 0. By a curve we mean a
smooth irreducible projective curve over k and by a trigonal curve we mean a curve
that is a degree 3 cover of P

It is well known that a trigonal curve X of genus 5 is a normalization of a quintic
curve C in P? with an unique singular point [5, Exercise I-6, page 279], see also [28,
Lemma 2.2.1]. Recall that a result of Re [45] states that if X is a non-hyperelliptic
curve of genus g, then

p—1 2
a(X)<——(—+g+1).
) <P g+
We improve Re’s bound for the trigonal curve of genus 5 in characteristic 2 and 3.
Recall that a trigonal curve of genus 5 is not hyperelliptic by Proposition 1.30.

Theorem 7.1. Let k be an algebraically closed field of characteristic 2. If X is a
trigonal curve of genus 5 defined over k, then the a-number of X satisfies a(X) < 2.
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Theorem 7.2. Let k be an algebraically closed field of characteristic 3. If X is a
trigonal curve of genus 5 defined over k, then the a-number of X satisfies a(X) < 3.

For g =5 and p = 2, Re’s bound says that a(X) < 11/3 while our result implies
that a(X) < 2. Also for g = 5 and p = 3, Re’s bound says that a(X) < 14/3 whiles
our result implies a(X) < 3.

In [45] Re also gave a bound for the a-number of a hyperelliptic curve of genus g
defined over k:

(p—1)g p+1

p 2p

In the following theorem we give a strengthening of this result.

a <

Theorem 7.3. A smooth projective hyperelliptic curve over k in characteristic p > 3
of genus g > p has a-number

a<[(p-1g/p—(Bp—1)/2p].

A related result was given by Elkin [14, Corollary 1.2]; he showed that the a-
number is bounded by a < g(p — 2)/p + 1. In general we have

[(p—1g/p—Bp—1)/2p] <(p—1g/p+(p+1)/2p—1.

For example in the case p = g = 3, Re’s bound shows that a < 2 + 2/3 and Elkin’s
bound shows that a < 2, while our bound shows that a < 1, which is sharp. Note
also that for p = g = 3, Frei [18] ruled out the case a = 2.

By Proposition 1.12, the a-number a(X) of a curve X of genus ¢ defined over k
is equal to g — r where r is the rank of the Cartier operator acting on H°(X, Q%).
We have r is also equal to the rank of the Hasse-Witt matrix. To prove Theorems
7.1, 7.2 and 7.3, we compute the rank of the Hasse-Witt matrix with respect to a
basis of H'(X, Ox).

7.2 Set up

For a trigonal curve X of genus 5 defined over k, let ¢ : X — P! be a morphism of
degree 3. By Propositions 1.29 and 1.30, ¢ is unique (up to isomorphism of P!) and
X is not hyperelliptic.

Lemma 7.4. Let p be either 2 or 3. If X is a trigonal curve of genus 5 over k, then
(1) : X s a normalization of a quintic C in P2, where C has an unique singular
point with multiplicity 2. Moreover,
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(7) : If C has a node, then C' is given by a homogeneous polynomial F' € klx,y, 2]
of degree 5 with

F=ays'+f,

where f is the sum of monomials which not divisible by 2°.
(#7) : If C has a cusp, then C' is given by a homogeneous polynomial F' € klx,y, 2]
of degree 5 with

F=a?2+f,

where f is the sum of monomials not divisible by 2% and the coefficient of y>2% in f
18 MON-2€er0.

(2) : Conversely, for C in (i) and (ii) with an unique singular point, its normalization
is a trigonal curve of genus 5.

Proof. Kudo and Harashita proved the lemma for p # 2 in [28, Lemma 2.2.1]. For
p = 2, we show that the part (1) is true and the rest will be similar to the case p > 3
and hence we omit it.

The curve C has an unique singular point and we may assume it is (0,0,1). Then
C is given by equation

F=Q# 4+ f,

where @ is a quadratic form in k[z,y] and f is the sum of monomials, which have
degree > 2 in z, y.

Now if @ is non-degenerate, then C' has a node. Moreover, any non-degenerate
quadratic form @ can be written as zy. Then we can write F' = zy2® + f with f the
sum of monomials which has degree > 2 in x,y.

If @ is degenerate, then C' has a cusp. By an appropriate change of coordinates,
Q can be written as #? and hence F' = 222% + f with f the sum of monomials which
has degree > 2 in z, y.

O

The following proposition gives a way of computing the Hasse-Witt matrix of a
trigonal curve of genus 5, which is a matrix representation of the Frobenius operator
on H'(X,Ox). For a basis of H'(X,Ox), we refer to [28].

Proposition 7.5. [28, Proposition 2.3.1] Let X be a trigonal curve of genus 5 defined
over k. Let C be an associated quintic curve in P? given by Lemma 7.4. Let him (1<
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I,m < 5) be the coefficient of the monomial xPi—tmyPit=im zpki=km n FP=1 yhere

I 1 2 3 45
W 3 1 2 2 1
i1 32 1 2
k111 2 2

Then the Hasse-Witt matriz H of X is given by H = (hym).

Remark 7.6. The trigonal curve X of genus 5 is superspecial if and only if the
Hasse-Witt matrix is zero. It is known that there is no superspecial curve of genus 5
in characteristic 2 or 3 by Ekedahl [12]. One can also prove it by showing that if the
curve has zero Hasse-Witt matrix, then the curve has to have at least two singular
points or the curve has to be reducible.

7.3 The proof of Theorem 7.1

Let p =2 and X be a trigonal curve of genus 5 defined over k. In order to compute
the Hasse-Witt matrix of X using Proposition 7.5, we need to simplify the defining
equation of the singular model C' C P? of X.

Lemma 7.7. Let k be an algebraically closed field with char(k) = 2. In the notation
of Lemma 7.4 case (i), we can choose the equation as

f=(2® 40192 + (a2 + asx®y + asz®y® + asxy® + asy*)z
+ agz® + arxty + agx®y? + agr’y® + aroryt + any’®, (7.1)
or
f =(a1x* + asz®y + asx®y® + agxy® + asy*)z
+ ag2® + arzty + asz®y? + agx®y® + arozy? + any® . (7.2)
For case (ii), the equation can be written as
=12 + (a12" + ax2®y + as2®y” + aswy® + asy*)z
+ agz® + arrty + agz®y? + agry® + arozyt + a1y’ . (7.3)

Proof. For the case (i) of Lemma 7.4, the curve C is given by F' = zy2® + f, where f
is the sum of monomials, which have degree > 2 in x,y. By a linear transformation
2+ 2+ ax + Py, we may assume the coefficients of z?yz? and 2y%2? are zero. Then

f =(box® + biy®) 2% 4 (@12 + sy + asr?y? + agxy® + asy?)z

+ a6x5 + a7x4y + a8x3y2 + a9x2y3 + a10$y4 + a11y5 R
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where by, by, ay,...,a11 € k. Note that if (by,b1) # (0,0), by symmetry we may
assume by # 0. By scaling z + ax,y — Sy with a8 = 1 and o® = 1. Then we may
assume by = 1. On the other hand, if by = by = 0 in f, then we have

[ =(a12* 4 asx®y + a3y + agxy® + asy*)z

+ agr® + a7$4y + a8$3y2 + a9x2y3 + Clloﬂfy4 + ally5 .

For the case (ii) of Lemma 7.4, the curve C is given by F = x22® + f, where f is
the sum of monomials, which have degree > 2 in x,y and the coefficient of y322 is
non-zero. Consider y — y 4+ vx and then consider z — z + ax + By, we may assume
the coefficients of 2°22, 22y2% and zy?2? are zero. Moreover, by scaling y — dy with
4% = 1, we may assume the coefficient of 3322 is equal to 1. Then we have

f :y3z2 + (a1x4 + a2x3y + a3x2y2 + a49:y3 + a5y4)z

+ a6z’ + arz'y + ast®y? + agr®y’? + arory’ + arny’,

where by, by, a4, ...,a11 € k.

Now we can give a proof of Theorem 7.1.

Proof of Theorem 7.1. Let C be a singular model of X given by Lemma 7.4. More-
over, if the curve C has a node, then by Lemma 7.7, f is either given by equation
(7.1) or equation (7.2). If f is given by equation (7.1), then by Proposition 7.5, the
Hasse-Witt matrix H of X is equal to

ag 0 ay ay Qg

0 a4 as an ap
as Q2 a3 Ay as . (74)
1 0 0 0 1

0 1 0 b O

Let €; = (e, .., €;5) be the i-th row of H. Then rank(H) > 2 since ¢4 and e5 are
linearly independent.

Now we show rank(H) > 3 in this case. Indeed, if rank(H) = 2, then e; for
i = 1,2,3 is a linear combination of e4 and e;. By the shape of H, we have the
following;:

a; = a3 =as = ay = ayp = 0,a4 = ag,

as = ag, bias = a11,b1a2 = ay.
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Hence C is given by

F =ayz® + (2° + b1y®)2° + (a22”y + auzy®) + 22 + as2®y® + brasa®y® + brasy®
= by (2% + ap2® + agy®) + wyz(2® + aa® + agy®) + 2322 + agr? + agy?)
= (2 + a*z + ay*y)2(by® + 2° + 2yz) .
We have C'is reducible. This contradiction shows that rank(H) > 3.

Now if f is given by equation (7.2), then again by Proposition 7.5 the Hasse-Witt
matrix H of X is equal to

aa 0 a1 ar ag
0 as as an apo
a4 Qa2 a3 Qg as . (75)
1 0 0 0 O
0o 1 0 0 O

Then we have rank(H) > 2. Moreover, if rank(H) = 2, then we have g; = 0 for all
1 €{1,...,11} except i = 2,4. This implies

F = ay2® + apr®yz + agey’z = ay(2® + agr®z + agy?)

a contradiction. Hence we have rank(H) > 3 if C' has a node.

If the curve C has a cusp, then by Lemma 7.7, f is given by equation (7.3). Hence
by Proposition 7.5, the Hasse-Witt matrix of X is equal to

a 0 a1 ar ag

0 as as an apo

a4 QA2 a3 Qg as . (76)
0 0 1 0 0

0 0 0 1 0

Then we still have rank(H) > 2. We show rank(H) > 3 by showing that C has at
least two singular points if rank(H) = 2. Indeed, suppose rank(H) = 2. By (7.6),
we obtain as = a4 = ag = ag = a9 = 0. This implies

F=2%3+ y322 + (a1x4 + a3x2y2 + a5y4)z + a7x4y + a9x2y3 + a11y5 .

Denote by F,, (resp. F,, F,) the formal partial derivative with respect to the variable
x (resp. y, z). Note that we have

F,=0F = y2z2 + a7x4 + a9x2y2 + a11y47
F, =222+ aiz* + a3x2y2 + a5y4 .
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By letting z = 1 in F,, F,, and F,, one can ecasily show that there exists a point
(1,a,b) which is different from (0,0,1) such that

F(1,a,b) = Fy(1,a,b) = F,(1,a,b) = F.(1,a,b) = 0.

Then there are at least two singular points on C. By the genus formula for plane
curves, the genus of X is less than 5, a contradiction.
Now we have rank(H) > 3 for any trigonal curve X of genus 5 over k. Then
a(X) <2.
O

7.4 The proof of Theorem 7.2

Let p = 3 and X be a trigonal curve of genus 5 defined over k. We now give the
reductions of the defining equations of the singular model C C P? of X given by
Lemma 7.4.

Lemma 7.8. Let k be an algebraically closed field with char(k) = 3. In the notation
of Lemma 7.4 case (i), we can choose the equation as

(box® + b1y + box®y + bswy®) 2 + (a2 + asx®y + asz®y? + asxy® + asy*)z
+ agx® + agz®y? + agx®y® + any®. (7.7)

For the case (ii), the equation can be written as

[ =" + b’y + byzy®) 2 + (12" + axa®y + a2’y + aszy® + asy*)z
+ azzty + agx®y? + aory® + any’ . (7.8)
Proof. If C has a node, then by Lemma 7.4, F = xyz® + f with f the sum of

monomials, which have degree > 2 in x,y. By a linear transform z — z + ax + Sy
we may assume the coefficient of 2%y and xy* is zero. Then f is equal to

(box® + biy® + boay + bswy?®) 2 + (ara” + agxdy + asa®y® + agxy® + asy?)z

+ agz® + agm3y2 + a9r2y3 + a11y5 .

By Lemma 7.4, if C has a cusp, then F = xyz® + f with f the sum of monomials,
which have degree > 2 in z,y and the coefficient of 3%2? is non-zero. By a linear
transform z — z + ax + By, we may assume the coefficient of 2% and 223® is zero.
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Moreover, by scaling y — dy, we may assume the coefficient of 3322 is 1. Then we
have

= + b2y + bswy®) 2 + (ar2” + ap2®y + asz®y® + agzy® + asy®)z

+ arz'y + agz’y? + arory' + any’.

Now we give the proof of Theorem 7.2.

Proof of Theorem 7.2. Let C be the singular model given by Lemma 7.4. Denote by
H the Hasse-Witt matrix of X given by Proposition 7.5 and by e; = (e;1,...,€;5)
the é-th row of H. Then we have rank(H) > 1 because of the Ekedahl’s genus bound
for superspecial curve [12]. Suppose rank(H) = 1. We consider different cases for
the singular point of C.

If the curve C has a node, by Lemma 7.8, f is given by equation (7.7). If at
least one of by, by is non-zero, by symmetry we may assume by # 0. By scaling we
may assume by = 1. Moreover, by Proposition 7.5, we have eq = (2b, 0,2, b3 + 203 +
2a, by + 2a;) which is non-zero. Then e; = ey with \; € k for i = 1,2,3,5. In
particular, we have

€5 = (0, 2()37 21)1, 2b1b3 + 2(1,57 2b1b2 + b% + 2&4) = )\564 .

This implies that b3 = 0 and b;b; = 0.
If by = 0, then e; = (0,0, 0, 2a5, 2a4) is the zero vector. Hence a4y = a5 = 0. Note
that in this case we have ez = 2a1; and e3; = Aseq; = 0. Then a;; =0 and

F = ay2® + (2° + byay)2® + (a12* + agz’y + azr’y?)z
+ CL(;.TS + ag.r3y2 + ag.r2y3 ,
F, = 23y 4 2byzy2® + (a1x3 + 2a333y2)z + 2a¢x* + 2a92y
F, = 22% 4 bya®2® + (ap2® + 2a32°y) 2 + 2as2’y
F, = 2(2® 4 box®y) 2 + ay2* + ap2®y + asz’y?

with F, (resp. F), F,) the formal derivative with respect to = (resp. y,z). One can
easily check that (0,0,1) and (0, 1,0) are common zeros of F = F, = F, = F, = 0.
Then C' has at least two singular points, a contradiction.

Now if b; # 0, then the equation b1by = 0 implies by = 0. Consider a change of
coordinate = +— ax,y + By and multiply F by 1/(af3). The coefficients of z® and
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3 in F become a2/83 and %b /o By taking B = o2 and a = b; /*, we may assume
bp = by = 1. Then e; = Ase4 implies as = a5 and a; = a4. Additionally, we have

e1 = (2a1a3 + a2 + 2as, a2 + 2ag, 20109, 20, a5 + 2asag, 2a2a5),

€y = (a% + 2@117 a% + 2@2(13 + 2(],97 2@10,2, 2(11(111, 2@2@9 + 2&3@11) .
Then by e; = Ajeq and e; = Agey, we have
g = a%, ag = a% — a1as, a9 = a% — Q903,011 = a% .
Similarly we have

F, = y2* + (a12® + 230y + ary®) 2 4+ 2a22* + 2(a? — agas)ry®,
F, = 2% 4 (a92® + 2032y + asy®)z + 2a2y* + 2(a2 — ara3)z’y,
F, =2(2® + 13z + a1z’ + asxdy + asz®y® + a1xy® + agy? .

If az = 0, then one can easily show that (—1,1,0) and (0,0, 1) are singular points
of C, a contradiction.
Suppose ag # 0. By substituting

2= (' + apa’y + az2®y? + azy’ + asy) /(@ + y)°

in F, and F, and by letting y = 1, we have (z(z + y)°F,)|,=1 = ((z +y)°F},)|y=1 and

(x4 y)°Fe)ly=1 = (a} + ara2)x"? + (aras + a3 + 2a3)2° + (a3 + a3)2°

+ (a3 + aray + 2a2) 2 + ajay + a .

Since as # 0, one can check that it has solutions with # # —1,0. Then there exists
another singular point on C' which is distinct from (0,0, 1), a contradiction.

Now if by = by = 0, we have e, = (2b,0, 0, b3+2as, 2a;) and e5 = (0, 2b3, 0, 2as, b3+
2a4). Since rank(H) = 1, we have at least one of by, b3 is zero. By symmetry we
may assume by = 0. If by # 0, by scaling we may assume by = 1. Note that we have
e; = \ieq with \; € k for ¢ = 1,2,3,5. In particular for i = 5, it is straightforward
to see that A5 = 0 and a4 = a5 = 0. Moreover, exs = 2a1; = Ageqs = 0. Then by
a similar fashion, one can show that (0,0,1) and (0,1, 0) are singular points of C, a
contradiction. If b3 = by = 0, then

e1 = (2a1a3 + a3, a2, 2a1a9, 201 a8 + 2asag, 2a2a5),
€4 = (07 0, 0, 202, 2&1) .
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This implies a; = ay = 0 otherwise e; and e4 are linearly independent. Similarly one
has a4y = a5 = 0 by checking the linearly independence of e; and e;. Now we have
es = e; = 0 and

€1 = (O, 07 Oa 2@30/6, O)/ €2 = (Oa 07 0, 07 2&30/11),

€3 — (07 0, as, 2&3&9, 2&3@8) .
Since rank(H) = 1, we obtain that ag = a;; = 0 and F = y(z2® + azz’yz + agxdy +
agr’y?), a contradiction.

Now if C has a cusp, then by Lemma 7.8, f is given by equation (7.8). Moreover,
by Proposition 7.5, we have

es = (23,0, 2by, b2 4 2a3, 2a5), es5 = (0,2,0,2bs, 2by + b2 + 2as) .

If rank(H) = 1, then e; = \jes with \; € k for ¢ = 1,2, 3,4. In particular, es = \ses
implies Ay = by = b3 = as = a3 = 0. Then we obtain

2
€1 = (O ay, 0,2ayas, 2a1a7)7
2 2
€y = (a5 + 2&11, Qy, 2@4@5 + 2(14107 2@4&11 + 2(15&10, 2&4@1()),

es = (2as, 2a1a4, 2a1a5 + 2a7, 2a1a11 + 2a4as + 2asa7, 2a1a10 + 2a4a7) -
Hence by e; = A\je; for i = 1,2, 3, we get
a7 = 2aya5, a3 = 0, a19 = 2a4a5, a11 = ag.
Additionally, one can easily check that

F, = 222° + (a12® + auy®)2 + 2a1a52%y + 2a4a5y",
F,= asy’z + 2auasxy® + 2a§y47
F, = 2%z + aya* + aywy® + asy®
have common zeros (0,0,1),(0,1,0) if a5 = 0 and (0,0, 1), (0,1/(2a5),1) if a5 # 0, a
contradiction. Then rank(H) > 2 if C' has a cusp.
In any case, we have rank(H) > 2 and hence a(X) < 3.

7.5 The proof of Theorem 7.3

Now we treat the hyperelliptic case. Let p > 3. Write ¢ = pl + d > p for some
l,d € Z>o with 0 < d < p. We have the following lemma.

96



Lemma 7.9. Let X be a hyperelliptic curve of genus g > p over k. The Cartier-
Manin matriv H of X has

rank(H) > 1+ 1 1<d<n,
rank(H) > 1+ 2 ifn+1<d<p.

Proof. For p > 2 we know that any hyperelliptic curve of genus g can be written as
y? = f of deg f = 2g + 1 with non-zero discriminant. By putting a branch point at
0 and by scaling we may assume that

f=a¥tt 4 agga:Qg 4o tagz? o, (7.9)

where a; € k for i = 2,...,2¢g. For i € Z, we denote a; the coefficient of ' in f. We
also fix n := (p — 1)/2 and put ¢; the coefficient of z* in f*. Note that ¢; = 0 for
i>g(p—1)+nandi<nand c, = cp_1)g4n = 1.

As a basis of H(X, QL) we choose w; = 2'dz/y for i = 0,...,9 — 1. Recall
that the Cartier-Manin matrix is the matrix representation of the Cartier operator
on HY(X,Q4). By [53], the Cartier-Manin matrix H of X has entries H;; = c;,{fj
with 1 <14,j < g. Also we put e; to be i-th row of H for 1 <i < g. Then

€; = (62‘,1, ey 61'79) = (Cpifh ceay Cpi,g)l/p .

Firstly, suppose g = pl + d with 1 < d < n. Recall that ¢; = 0 for any i >
g(p—1)+nand i <nand ¢, = cp-1)g+n = 1. Then ¢; i—1)ptnt1 = 1 and e;; = 0 for
j> (i—1)p+n+1. By the shape of row e; for i = 1,...,l, we obtain that ej,..., ¢
are linearly independent. Additionally, we have eg g = Cpg—gin = Cp—1)g4n = 1 =
Cn = €lg—d—n a0d €jg_gny1 = -+ = €4 = 0 for 1 <4 <. Then ey,..., e, e, are
linearly independent and hence rank(H) > [ + 1.

Secondly, suppose g = pl+d with n+1 < d < p. Similarly ey, ..., ;1 are linearly
independent with €11 g—gin+1 = ¢, = 1. If rank(H) =1+, then ¢; € {ey,...,e41)
for I +2 < ¢ < g. In particular, we have

eg=1(0,...,0,€59-n,---,€94) = (0,...,0,1,Clp—1)g1n—1, - - - ,C@,l)g) ,
€4 pl+1 =~-~=e‘,-,g:0f0rj= 1,...71. (710)
Then the condition e, € {ey, ..., e41) implies
€lipitl = = €419-n-1=0. (7.11)

Combined with the relations (7.10) and (7.11), we get

Cig-dint2 = =€y =0, €;=Ni11€111;

97



fori+1 <i<gandg—n < j < g—d+n+1with \;_;_; € k. In particular, \;_;_; and
Cpn—d are both non-zero as ey g = Cp—1)grn = 1 = Ag_j_1€141,9-n = Ag—i—1Cptn—d-
Then ¢, = ANi—i—1Cpip—j if m = pi — j for some ¢, 5 such that I +1 <4 < g and
g—n<j<g—d+n+1and c, =0 otherwise.

Note that
(p—1)g+n ) p—d - og-i-1 )
= > ' =0 cara™)( D Na'?)
i=n i=0 =0

—1-1

p—d 9 )
= (Y o™ (S NPTy
j=0

i=0

This implies £~/ has a root with multiplicity > p. Then f also has multiple root,
a contradiction. Hence rank(H) > 1 + 2. O

Now we can easily prove Theorem 7.3.

Proof of Theorem 7.3. Since the a-number a = g — rank(H), by the Lemma 7.9, we
have

a<[(p—1g/p—(3p—1)/2p]
as desired.

O

So we know the a-number of a hyperelliptic curve in characteristic p > 3 of genus
g > p satisfies certain condition. But for the other direction, we have the following
result.

Proposition 7.10. Suppose g > p and p > 3. Then there exists hyperelliptic curve
X with a(X) > |g/p)(p —1)/2.

Proof. If g # 0 (mod p), then write ¢ = pl + d for some I,d € Z-q such that
1 <d <p—1. We consider the curve X given by equation y? = f with

f=a¥ 4o,

One can easily show that disc(f) = 0 if and only if ¢ = 0 (mod p). Again we let
n:= (p—1)/2 and denote by ¢; the coefficient of 2/ in f*. Then we have

o i<
cj{l if j=2ig+nfor0<i<n, (7.12)

0 otherwise.
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As a basis of H°(X,Q%), we choose
rida
Y

Then the Cartier-Manin matrix H has entries H; ; = czl,{f]- with 1 <i,57 < g. Also
we put €; = (e;1,...,€;4) to be i-th row of H for 1 <i < g.

We show there are at least nl zero rows in H, then in this case the a-number of
the curve @ = g —rank(H) > nl = (p—1)/2]g/p].

For 0 < i < mn—1, suppose (m — 1)p < 2id +n < mp — 1 for some m € Zg
and write mp — 1 = 2id +n + s with s € Z-o. Now if d > s+ 1, by (7.12) we have
C@it1)itm+1 = €@it1)itmt2 = = = €@iti4m = (0,...,0). Otherwise for 1 < d <'s,
we have

€(2i4+1)l4+m,g = C(2i+1)pl+mp—g — 07
(2i+ 1)pl +mp—g=2ipl + mp—d>2ipl+mp—1—s=2ig+n.

Then we have e@it1)i4m = €@it1)itm+1 = - = €@it2)i+m—1 = (0,...,0). In any case,
we always have [ zero rows for any i with 0 < ¢ < n — 1. Hence there are at least nl
zero rows in H and we have the desired conclusion.

Now if g = pl for some [ € Z~q, then we consider the curve X given by equation
f = 229" 4+ ap2® + x with ay € k*. One can easily show that disc(f) # 0. Let
n, ¢; be the same as above. With respect to the basis as in (7.13), we show that the
Cartier-Manin matrix has nl zero rows.

First we claim that ¢; = 0 for j & [2ipl +n, 2ipl+ p—1—iland i =0,1...,n.
Indeed, put asg41 = a1 = 1 we always have

Cj = Z b]'i-,jzyjsaélgﬁ—laézajlg
Jitj2+ijs=n

with bj, 5,55 € k, ji, 2,73 € Zso and j = (29 + 1)j1 + 2 + js. For an integer 7,
write j = mpl + d for some m,d € Z such that 0 < d < pl — 1. Suppose there are
J1,J2, J3 € Zso satisfying equations ji; + ja + js = n and (29 + 1)51 + 2j2 + js = j.
This implies 271pl 4+ jo» = j —n = mpl + d — n and hence m = 2j; and j, = d — n.
Moreover, the inequality 0 < jo < n — j; implies n < d < p— 1 — j; and the claim
has been proven.

By the claim we know that e@iy1y41 = €@it1i+2 = -+ = e@itoy = (0,...,0) for
i=0,...,n. Additionally, we have

€(2il+m) = (07 s 0, Comprap—15 - -+ 5 Coiplp—1—is - - -5 Coiplns 05 - - - 0)

- (0 RN 07 Coipltp—1—is - - - » C2ipl+n, 07 SRR 0)
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for any 0 < i <nand 1 <m <. Hence rows ey, with 0 <7 <mand 1 <m <1
are linearly independent.
We see that rank(H) = (n + 1){ and hence a(X) = g — rank(H) = nl.
O

Remark 7.11. Take p = g = 5. We consider a family of curves given by the equation
y? = 't + ay2® + x with ay € k*. Then computing the rank and semi-simple rank
of the Cartier-Manin matrix, we have that this family parametrises a 1-dimensional
locus in Hs of curves with constant 5-rank 2 and a-number 2.

7.6 Hyperelliptic curves in characteristic 5

In Theorem 7.3, we studied the a-number of hyperelliptic curve of genus g > p. Now
if p=15 and g = 4, then we have the following result.

Proposition 7.12. Let k be an algebraically closed field with characteristic 5. Then
for any smooth hyperelliptic curve X of genus g = 4 over k, we have a(X) < 2.

Proof. Any smooth hyperelliptic curve X of genus g can be written as 3> = f with
f € klz] of deg f = 29 + 1 and non-zero discriminant. By putting a branch point at
0 and by scaling we may assume that

f=2"" 4 aga™ + -+ aa® + o (7.14)

with a; € k for i = 2,...,2g. For i € Z, we denote by ¢; the coefficient of z* in
f? € k[z]. As a basis of H(X, Q) we choose w; = z'dx/y fori =0,...,g—1. Then
the Cartier-Manin matrix H has entries H;; = h}f = c;ﬁj with 1 <i4,7 < g. Also
we put e; to be i-th row of H for 1 <i <g.

For g = 4, we find the Cartier-Manin matrix H = (h1/5

i) with

hiy = a3 + 2a3; his = 2a5 5 hyy = 15 hyy = 0

ho1 = 2asa7 4+ 2asag + 2a4a5 + 2ag ; hoo = 2asa6 + 2asas + ai + 2a7;
hos = 2asas + 2asa4 + 2ag ; hoy = 2a0a4 + a§ + 2as ;

h31 = 2as + 2agag + ag ;s h3a = 2a4 + 2asag + 2a¢a7 ;

hsz = 2as3 + 2a4ag + 2asa; + a% s hay = 2a9 + 2azag + 2a4a7 + 2asas ;
hyt =03 has = 1; hyz = 2ag; hay :2a7—|—a§.

Hence rank(H) > 1. If rank(H) = 1, then e; is multiply of e; for 2 < ¢ < 4. This
gives a3 + 2a3 = 0,2a; + a2 = 0,asa3 = —1. Hence we have e; = (0,2ay,1,0) and
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hi = hiy = 0 for all 7. Then we obtain a system of equations

1+ 2a3ag + agasas = 0, (7.15)
asas — asag +2 =0, (7.16)
asay + as + 2a3 =0, (7.17)

—aj3 + 2ay + djazag = 0. (7.18)

iminate ag equations (7.15)42 x (7. and we get asaqas + 2a5a5 = 0. en
Elimi by equati 7.15)+2 7.16 d g 2% 0. Th

we have ay = —2a3 or a5 = 0.

If a5 = 0, then by solving these equations above with a5 = 0 we have a3 =
2a3, a4 = —2a3,a5 = 0,a6 = 2/a3,a; = 2/a% and ag = —1/ay. This implies f =
(' — 1/apa® + 2/a2a? + 2/adz)(x + 3a)/®)?, a contradiction.

If a5 # 0 and a4 = —2a3, then by equation (7.18) we have ajasag = 0 and hence

ag = 0. Since the second row is a multiple of first row, we have hgs = 2ashs3, which
can be simplified to a$ + 1/a3 = a$, a contradiction since ay # 0.
From the discussion above, we always have rank(H) > 2 for g = 4 and 5. Then
a(X)=g—rank(H) <g—2=2.
O

Remark 7.13. The bound we find is sharp because if a3 = a3 = -+ = ag = 0
in (7.14), then the curve X given by equation y*> = 2° + = has rank(H) = 2 and
a(X) =2.

Remark 7.14. Note that Frei [18] gave a condition when a hyperelliptic curve in
characteristic p > 3 of genus ¢ = p — 1 has a-number g — 1.

101



102



Bibliography

[1]

2]

[3]

[9]

[10]

J. Achter and R. Pries. Generic Newton polygons for curves of given p-rank. In:
Algebraic curves and finite fields, pages 1-21. De Gruyter, Berlin, 2014.

V. Alexeev. Compactified Jacobians and Torelli map. Publ. Res. Inst. Math.
Sei., 40(4):1241-1265, 2004.

F. Andreatta. On Mumford’s uniformization and Néron models of Jacobians
of semistable curves over complete rings. In: Moduli of abelian varieties, pages
11-126. Birkh&user, Basel, 2001.

E. Arbarello and M. Cornalba. Footnotes to a paper of Beniamino Segre. Math.
Ann., 256(3):341-362, 1981.

E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris. Geometry of algebraic
curves. Vol. I, volume 267 of Grundlehren der Mathematischen Wissenschaften.
Springer-Verlag, New York, 1985.

Matthew H. Baker. Cartier points on curves. Internat. Math. Res. Notices,
(7):353-370, 2000.

P. Cartier. Une nouvelle opération sur les formes différentielles. C. R. Acad.
Sci. Paris, 244:426-428, 1957.

C. Chai and F. Oort. Monodromy and irreducibility of leaves. Ann. of Math.
(2), 173(3):1359-1396, 2011.

P. Deligne and D. Mgmford. The irreducibility of the space of curves of given
genus. Inst. Hautes Etudes Sci. Publ. Math., (36):75-109, 1969.

J. Dieudonné and A. Grothendieck. Eléments de géométrie algébrique. Inst.
Hautes Etudes Sci. Publ. Math., 1961-1967.

103



[11] B. Edixhoven, G. van der Geer, and B. Moonen. Abelian Varieties. Available
at http://gerard.vdgeer.net/AV.pdf.

[12] T. Ekedahl. On supersingular curves and abelian varieties. Math. Scand.,
60:151-178, 1987.

[13] T. Ekedahl and G. van der Geer. Cycle Classes of the E-O Stratification on the
Moduli of Abelian Varieties. In: Algebra, Arithmetic, and Geometry: Volume I:
In Honor of Yu. I. Manin, pages 567—636. Birkhduser Boston, Boston, 2009.

[14] A. Elkin. The rank of the Cartier operator on cyclic covers of the projective
line. J. Algebra, 327(1):1 — 12, 2011.

[15] A. Elkin and R. Pries. Ekedahl-Oort strata of hyperelliptic curves in character-
istic 2. Algebra Number Theory, 7(3):507-532, 2013.

[16] C. Faber and G. van der Geer. Complete subvarieties of moduli spaces and the
Prym map. J. Reine Angew. Math., 573:117-137, 2004.

[17] G. Faltings and C. Chai. Degeneration of abelian varieties, volume 22 of Ergeb-
nisse der Mathematik und ihrer Grenzgebiete (3). Springer-Verlag, Berlin, 1990.

[18] S. Frei. The a-Number of Hyperelliptic Curves. In: Women in Numbers Europe
11, pages 107-116. Springer International Publishing, Cham, 2018.

[19] D. Glass and R. Pries. Hyperelliptic curves with prescribed p-torsion.
Manuscripta Math., 117(3):299-317, 2005.

[20] Johan P. Hansen. Deligne-Lusztig varieties and group codes. In: Coding theory
and algebraic geometry, pages 63-81. Springer, Berlin, 1992.

[21] R. Hartshorne. Algebraic geometry, volume 52 of Graduate Texts in Mathemat-
ics. Springer-Verlag, New York-Heidelberg, 1977.

[22] J. Igusa. On the irreducibility of Schottky’s divisor. J. Fac. Sci. Univ. Tokyo
Sect. TA Math., 28(3):531-545 (1982), 1981.

[23] S. Irokawa and R. Sasaki. A remark on Artin-Schreier curves whose Hasse-Witt
maps are the zero maps. Tsukuba J. Math., 15(1):185-192, 1991.

[24] Nicholas M. Katz. Slope filtration of F-crystals. In: Journées de Géométrie
Algébrique de Rennes (Rennes, 1978), Vol. I, pages 113-163. Soc. Math. France,
Paris, 1979.

104


http://gerard.vdgeer.net/AV.pdf

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35)

[36]
[37]

N. Koblitz. p-adic variation of the zeta-function over families of varieties defined
over finite fields. Compositio Math., 31(2):119-218, 1975.

B. Kock and J. Tait. On the de-Rham cohomology of hyperelliptic curves. Res.
Number Theory, 4(2):Art. 19, 17, 2018.

M. Kudo. On the existence of superspecial nonhyperelliptic curves of genus 4.
ArXiv e-prints: 1804.09063, April 2018.

M. Kudo and S. Harashita. Superspecial trigonal curves of genus 5. ArXiv
e-prints: 1804.11277, April 2018.

K. Li and F. Oort. Moduli of supersingular abelian varieties, volume 1680 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1998.

W. Li, E. Mantovan, R. Pries, and Y. Tang. Newton Polygons Arising for Special
Families of Cyclic Covers of the Projective Line. ArXiv e-prints: 1805.06914,
May 2018.

W. Li, E. Mantovan, R. Pries, and Y. Tang. Newton polygons of cyclic covers of
the projective line branched at three points. ArXiv e-prints: 1805.04598, May
2018.

B. Moonen. Special subvarieties arising from families of cyclic covers of the
projective line. Doc. Math., 15:793-819, 2010.

B. Moonen and F. Oort. The Torelli locus and special subvarieties. In: Hand-
book of moduli. Vol. II, pages 549-594. Int. Press, Somerville, MA, 2013.

P. Norman and F. Oort. Moduli of abelian varieties. Ann. of Math. (2),
112(3):413-439, 1980.

T. Oda. The first de Rham cohomology group and Dieudonné modules. Ann.
Sci. Ecole Norm. Sup. (4), 2:63-135, 1969.

F. Oort. Subvarieties of moduli spaces. Invent. Math., 24:95-119, 1974.

F. Oort. A Stratification of a Moduli Space of Polarized Abelian Varieties in
Positive Characteristic. In: Moduli of Curves and Abelian Varieties: The Dutch
Intercity Seminar on Moduli, pages 47-64. Vieweg+Teubner Verlag, Wiesbaden,
1999.

105



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

47

[48]

[49]

R. Pink, T. Wedhorn, and P. Ziegler. Algebraic zip data. Doc. Math., 16:253—
300, 2011.

R. Pries. Families of wildly ramified covers of curves. Amer. J. Math.,
124(4):737-768, 2002.

R. Pries. The p-torsion of curves with large p-rank. Int. J. Number Theory,
5(6):1103-1116, 20009.

R. Pries. Current results on Newton polygons of curves. ArXiv e-prints:
1806.04654, June 2018.

R. Pries and Z. Hui June. The p-rank stratification of Artin-Schreier curves.
Ann. Inst. Fourier (Grenoble), 62(2):707-726, 2012.

R. Pries and C. Weir. The Ekedahl-Oort type of Jacobians of Hermitian curves.
Asian J. Math., 19(5):845-869, 2015.

Re R. Invariants of curves and Jacobians in positive characteristic. PhD thesis,
University of Amsterdam, 2004.

R. Re. The rank of the Cartier operator and linear systems on curves. J. Algebra,
236(1):80-92, 2001.

J-P. Serre. Sur la topologie des variétés algébriques en caractéristique p. In:
Symposium internacional de topologia algebraica International symposium on
algebraic topology, pages 24-53. Universidad Nacional Auténoma de México
and UNESCO, Mexico City, 1958.

Francis J. Sullivan. p-torsion in the class group of curves with too many auto-
morphisms. Arch. Math. (Basel), 26:253-261, 1975.

J. Tait. Group actions on differentials of curves and cohomology bases of hyper-
elliptic curves. PhD thesis, University of Southampton, November 2014.

G. van der Geer. Cycles on the Moduli Space of Abelian Varieties. In: Moduli of
Curves and Abelian Varieties: The Dutch Intercity Seminar on Moduli, pages
65-89. Vieweg+Teubner Verlag, Wiesbaden, 1999.

G. van der Geer and T. Katsura. Relations between some invariants of algebraic
varieties in positive characteristic. Rend. Circ. Mat. Palermo (2), 62(1):111-125,
2013.

106



[51] G. van der Geer and M. Van der Vlugt. Reed-muller codes and supersingular
curves. I. Compositio Math., 84(3):333-367, 1992.

[52] G. van der Geer and M. van der Vlugt. On the existence of supersingular curves
of given genus. J. Reine Angew. Math., 458:53-61, 1995.

[53] N. Yui. On the jacobian varieties of hyperelliptic curves over fields of charac-
teristic p > 2. J. Algebra, 52(2):378 — 410, 1978.

[54] Z. Zhou. A bound on the genus of a curve with cartier operator of small
rank. Rend. Circ. Mat. Palermo (2), published online on 24 October 2018,
https://doi.org/10.1007 /s12215-018-0379-1, to appear in print.

107


https://doi.org/10.1007/s12215-018-0379-1

108



Samenvatting

Dit proefschrift is gewijd aan krommen in positieve karakteristiek. Het is welbekend
dat krommen in karakteristiek p > 0 zich anders gedragen dan krommen in karak-
teristiek 0. Een eerste voorbeeld is dat van elliptische krommen, waar de kern van
vermenigvuldiging met p twee vormen kan aannemen, en dit geeft twee gevallen: de
elliptische kromme heet gewoon of supersingulier. Dit leidt tot een stratificatie van
de moduliruimte (of parameterruimte) van elliptische krommen in positieve karak-
teristiek.

Dit idee is uitgebreid naar het geval van abelse variéteiten met een hoofdpola-
risatie waarvoor Ekedahl en Oort een stratificatie op de moduliruimte hebben geintro-
duceerd die de stratificatie op de moduliruimte van elliptische krommen generaliseert.
Deze stratificatie heeft veel aandacht aangetrokken in recente jaren, en er is veel be-
kend over de strata, zoals dimensies, reduceerbaarheid, en hun cohomologieklassen.
Sommige van de strata zijn gedefinieerd door een enkele invariant, zoals de p-rang
van en abelse variéteit, of zijn a-getal. In het algemeen zijn de strata gedefinieerd
door de werking van Frobenius en Verschiebung op de eerste de-Rham-cohomologie.

Door aan een kromme van geslacht g zijn Jacobiaan (een abelse variéteit met
hoofdpolarisatie) te koppelen, krijgen we een afbeelding van de moduliruimte van
krommen van geslacht g naar de moduliruimte van abelse variéteiten met hoofdpo-
larisatie van dimensie g, de Torelli afbeelding. Langs deze Torelli afbeelding kunnen
we de stratificatie op de moduliruimte van abelse variéteiten met hoofdpolarisatie
terugtrekken naar de moduliruimte van krommen. We kunnen bijvoorbeeld naar
de p-rang of het a-getal van de Jacobiaan kijken; het a-getal is in dit geval gelijk
aan het maximale aantal van lineair onafhankelijke exacte differentiaalvormen op de
kromme.

In deze situatie is het natuurlijk om vragen te stellen over eigenschappen van de
geinduceerde strata op de moduliruimte van krommen. Maar er is veel minder bekend
voor het geval van krommen dan in het geval van abelse variéteiten. Bijvoorbeeld,
de dimensies van de strata zijn welbekend voor abelse variéteiten, maar er is veel
minder bekend over de dimensies van de strata op de moduliruimte van krommen
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van gegeven geslacht. Er zijn resultaten over de dimensies van de loci met gegeven
p-rang (door Faber en van der Geer) en er is een resultaat van Ekedahl dat zegt dat
krommen in karakteristiek p met maximaal a-getal (dat wil zeggen, gelijk aan het
geslacht ¢) aan g < p(p — 1)/2 voldoen, maar afgezien daarvan zijn slechts enkele
resultaten bekend.

We behandelen in dit proefschrift de a-getallen van krommen in karakteristiek p,
en de Ekedahl-Oort strata op de moduliruimte van krommen, voornamelijk in laag
geslacht en lage karakteristiek. Naast de bovenstaande karakterisering is het a-getal
van een kromme ook gelijk aan de dimensie van de kern van de Cartier operator
werkend op de ruimte van reguliere differentiaalvormen op de kromme.

Een van onze resultaten (in Hoofdstuk 2) is een versterking van een resultaat van
R. Re. We geven een bovengrens voor het geslacht van een kromme waarvoor de
Cartier operator rang 1 heeft. Re behandelt het geval van (nilpotente) rang 0. Wij
doen dit door lineaire systemen op de kromme en de gerelateerde werking van de
Cartier operator te bestuderen.

Andere resultaten gaan over de moduliruimte van hyperelliptische krommen van
geslacht 4 in karakteristiek 3. Om de geinduceerde stratificatie te bestuderen geven
een expliciete beschrijving van de de-Rham-cohomologie en hoe Verschiebung erop
werkt. Dit wordt gedaan in hoofdstuk 3. In het hierop volgende hoofdstuk be-
handelen we overdekkingen van de projectieve lijn. In geslacht 4 laten we zien dat
bepaalde strata in de locus van p-rang 0 alleen voorkomen als aan bepaalde congru-
enties op de karakteristiek is voldaan. We bestuderen de dimensies van alle strata
op de moduliruimte van geslacht 4 krommen in karakteristiek 3. In de laatste twee
hoofdstukken kijken we naar krommen van verscheidene speciale types, zoals Artin-
Schreier krommen, hyperelliptische krommen en trigonale krommen. Door de wer-
king van de Cartier operator op differentiaalvormen expliciet te bestuderen kunnen
Artin-Schreier krommen met hoog a-getal construeren. Voor hyperelliptische krom-
men gebruiken we de Hasse-Witt matrix om de a-getallen te begrenzen in het geval
waar het geslacht lager is dan de karakteristiek. Voor trigonale krommen in lage
karakteristiek begrenzen we ook de a-getallen.
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Summary

This thesis deals with curves in positive characteristic. It is well known that curves
in positive characteristic p display a behaviour different from curves in characteristic
zero. A first example is the case of elliptic curves, where the kernel of multiplication
by p can assume two types: the elliptic curve is called ordinary or supersingular.
This leads to a stratification of the moduli space (parameter space) of elliptic curves
in positive characteristic.

This idea is extended to the case of (principally polarized) abelian varieties where
Ekedahl and Oort introduced a stratification on the moduli space generalizing the
stratification on the moduli of elliptic curves. This stratification has attracted a
lot of attention in recent years and many results are known about the strata, like
dimensions, reducibility and their cohomology classes. Some of the strata are defined
by a single invariant, like the p-rank of an abelian variety, or its a-number. In general
it is defined by the action of Frobenius and Verschiebung on the first de Rham
cohomology.

By associating to a curve of genus g its Jacobian variety, a principally polarized
abelian variety of dimension g, we get a map from the moduli of curves of genus ¢
to the moduli of principally polarized abelian varieties of dimension g, the Torelli
map. Using this Torelli map one can pull back the stratification of the moduli of
principally polarized abelian varieties of dimension g to the moduli space of curves
of genus g. For example, one can look at the p-rank of the Jacobian or its a-number;
the a-number has an interpretation as the maximal number of linearly independent
global exact differentials on the curve.

Given this situation it is natural to ask for the properties of the induced strata
on the moduli space of curves. But much less is known for the case of curves than
for the case of abelian varieties. For example the dimensions of the strata are well-
known for the case of abelian varieties, but about the dimensions of the strata on
the moduli of curves of given genus not much is known. There are results on the
dimensions of the loci of fixed p-rank (by Faber-van der Geer) and there is a result
of Ekedahl that says that curves in characteristic p with maximal a-number (that
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is, equal to the genus g) satisfy ¢ < p(p — 1)/2, but apart from that only scattered
results are available.

In this thesis we deal with the a-numbers of curves in characteristic p and with
the Ekedahl-Oort strata on the moduli spaces of curves, mostly in low genus or for
small characteristic. Besides the characterization given above, the a-number of a
curve is also equal to the dimension of the kernel of the Cartier operator acting on
the space of regular differential forms on the curve.

One of our results (in Chapter 2) is an improvement of a result of R. Re. We give
an upper bound on the genus of a curve for which the Cartier operator has rank 1.
Re dealt with the case of (nilpotent) rank 0. We do this by studying linear systems
on the curve and the related action of the Cartier operator.

Other results deal with the moduli of hyperelliptic curves of genus 4 and char-
acteristic 3. To study the induced stratification we give an explicit description of
the de Rham cohomology and how Verschiebung acts on it. This covers Chapter
3. In the next chapter we deal with covers of the projective line. In genus 4 we
show that certain strata inside the p-rank 0 locus only do occur if certain congruence
conditions on the characteristics are fulfilled. We study the dimensions of all strata
for the moduli of genus 4 in characteristic 3 . In the last two chapters we look at
curves of various special types, like Artin-Schreier curves, hyperelliptic curves and
trigonal curves. By studying the action of the Cartier operator on differential forms
explicitly we are able to construct Artin-Schreier curves with large a-numbers. For
hyperelliptic curves we use the Hasse-Witt matrix to give bounds on the a-numbers
for the case where the genus is larger that the characteristic. Similarly for trigonal
curves in small characteristics, we bound their a-numbers.
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