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Chapterr 5 

Capabilityy Indices and the 
Proportionn of Nonconforming 
items s 

5.11 Introduction 

Qualityy characteristics of items are often measured in order to deter-
minee the capability of the production process. Usually, the customer 
determiness a specification area or tolerance zone by setting lower (LSL) 
andd upper (USL) specification limits to require a certain quality from 
thee supplier. If all items have values of the quality characteristic inside 
thee specification area, the process is called capable. However, many pro-
cessess produce both conforming and nonconforming items, and hence a 
measuree to quantify the capability of the process was needed. Juran, 
Gyrnaa and Bingham (1974) introduced the capability index Cp as the 
ratioo of the length of the specification area to six times the standard 
deviationn of the production process. Later, Sullivan (1984, 1985) de-
finedfined the Cpk as the ratio of the minimal distance of the specification 
limit ss to the process average to three times the standard deviation of 
thee process (if the average is in between the specification limits). These 
indicess are popular in industry and are used for many purposes, see 
Delerydd (1996) or Kotz and Lovelace (1998). For instance, the auto-
mobilee industry requires Cpk-values of at least 1.33 or 1.67 from their 
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suppliers. . 
Itt is generally known that capability indices have meaning only if 

thee process is in statistical control. Only then the established process 
capabilityy indicates the process capability of future production. How 
strictt this rule is applied in practice is unknown. Furthermore, the 
capabilityy indices Cp and Cpk generally do not provide us with the 
proportionn of nonconforming items. If the distribution function of the 
qualityy characteristic is known, the relationship between these indices 
andd the proportion nonconforming may be easily derived, but only for 
normalityy it is generally known which values of the Cpk correspond to 
whichh level of the proportion nonconforming, see Boyles (1991) and 
Tablee 5.1 for one-sided specifications. Last but not least, describing a 
processs with only one or two values might be too simple. Therefore, 
somee researchers believe that the indices should not be used at all or 
att least with the utmost care. 

Gunterr (1989) states that the use of capability indices is "a kind 
off  mindless effort that managers confuse with real statistical process 
controll  efforts". Pearn, Kotz and Johnson (1992) view capabilities 
ass "surrogates" for the proportion nonconforming and Franklin and 
Wassermann (1992) state that process capability indices are "not mean-
ingfull  for non-normal process data". Furthermore, Nelson (1992) wrote 
clearlyy that " to characterize a process with a single number is funda-
mentallyy flawed". Pignatiello Jr. and Ramberg (1993) typically called 
theirr paper "Process capability indices: Just say "No!"" and in Kamin-
sky,, Dovich and Burke (1998) the indices are referred to as some kind 
off  "statistical terrorism". We do not disagree with these researchers, 
andd as alternative we propose to calculate several numbers that, used 
together,, describe the process capability in a practical way. 

Firstt of all we believe that practitioners should have knowledge of 
thee maximum proportion of nonconforming items if a certain process 
capabilityy is obtained. This gives a worst case scenario. For one-sided 
specificationss we have established in Chapter 4, Theorem 4.2.1, a sharp 
upperr bound for the proportion nonconforming if the distribution of 
thee quality characteristic is unknown and belongs to the class of uni-
modall  distributions. This class includes the Student's t, the logistic, the 
gamma,, the y2, the exponential, the lognormal and the Weibull distri-
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bution,, for which we establish the maximum proportion nonconform-
ingg numerically. Secondly, we need to estimate capability indices that 
doo approximate the proportion of nonconforming items better than the 
standardd capability indices Cp and Cpk- Two adaptive capability indices 
thatt penalize the standard capability indices for skewness of the distri-
bution,, are investigated. These two indices are defined by Munechika 
(1986)) and Bai and Choi (1997) and are relatively easy to calculate 
inn practice. For stable processes, the standard capability indices, the 
adaptivee capability indices and the unimodal upper bound together give 
aa good understanding of the capability of a process without having to 
estimatee the underlying distribution or to transform the data. On the 
otherr hand, estimating or approximating the distribution of the quality 
characteristicc may reduce the upper bound to the maximum proportion 
nonconformingg of an appropriate parametric distribution considerably. 

Lack-of-knowledgee of the distribution does not conflict with the as-
sumptionn of in statistical control. Nonparametric or distribution free 
methodss for control charts exist (see Chakraborti, Van der Laan and 
Bakirr (2001)) as well as some estimation methods for control limits that 
aree robust against deviations from normality, see Chapter 3. Further-
more,, the technique that is used for capability indices in Bai and Choi 
(1997)) was first applied on control limits for skewed distributions to 
judgee stability of the process, see Bai and Choi (1995). 

Inn Section 5.2, we give an overview of the capability indices that will 
bee studied throughout this chapter. The maximum proportions of non-
conformingg items for unimodal and several parametric distributions is 
discussedd in Section 5.3. In Section 5.4 we investigate the performance 
off  the two adaptive capability indices on the selected distributions. Con-
clusionss and recommendations are given in Section 5.5. 

5.22 Capability Indices 

Thee potential capability index Cp is defined by (USL — LSL)/6a, with 
USLUSL and LSL the upper and lower specification limits, respectively, 
andd a the process standard deviation. It is called potential, since it 
onlyy tells us how many units of 6a fit into the specification area. It 
doess not take into account the mean of the process. (It is like parking 
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yourr car into a garage; the car fits inside the door opening, but a small 
steeringg mistake will cause the car to hit the front wall.) For this reason, 
thee Cpk was introduced as 

ji-LSLji-LSL USL-fi 
CCpkpk = min{-

3<r r 3(7 7 , , (5.2.1) ) 

withh \x the process average (see also Chapter 1, (1.4.4)). It is obvious 
thatt the Cpk is the minimum of a capability index for the lower and 
upperr specification limit and that it equals at most the Cp. If the dis-
tributionn of the quality characteristic is known, the proportion of non-
conformingg items for two-sided specifications is completely determined 
byy the capability indices Cp and Cpk. It may be seen that for one-sided 
specificationss we only need the Cpk to determine the proportion non-
conforming.. For several Cp*-values, the proportion of nonconforming 
itemss is listed in Table 5.1 for one-sided specifications and a normal 
distributionn of the quality characteristic. Note that from now on the 
abbreviationn "ppm" means parts per million. 

CCppk k 
ppm m 

1/ 3 3 
15865 5 5 

1/ 2 2 
6680 7 7 

2/ 3 3 
22750 0 

1 1 
1350 0 

4/ 3 3 
31.6 9 9 

3/ 2 2 
3.4 0 0 

5/ 3 3 
0.28 7 7 

2 2 
0.00 1 1 

Tablee 5.1: The proportion nonconforming in ppm, under normality, for 
differentt values of Cpk-

Manyy alternative capability indices were described in literature for 
severall  reasons, see for an overview Kotz and Lovelace (1998). Some 
weree developed for situations that the target, specified by the customer, 
iss not exactly in the middle of the specification area and other indices 
incorporatedd the Taguchi loss function. Some researchers proposed non-
parametricc estimates of the capability indices that may be used for 
distributionss that deviate from normality, see Clements (1989) or Ro-
driguezz (1992). The disadvantage of the nonparametric indices is that 
theyy require large sample sizes to determine accurate values of the in-
dices,, see Wu (2001). He also showed that these capability indices 
overestimatee or underestimate the true capability depending on the un-
derlyingg distribution. 

Therefore,, we will discuss two other capability indices that are de-
velopedd by Munechika (1986) and Bai and Choi (1997) for skewed dis-
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tributions.. For one-sided specifications they are of the form 

ACpA:,, A > 0, (5.2.2) 

withh the parameter A denoting the correction coefficient. The coefficient 
shouldd be smaller than 1 if the distribution is skewed to the side of the 
one-sidedd specification limit and larger than 1 if it is skewed in the op-
positee direction. We call these indices adaptive capability indices, since 
theyy adapt to skewed distributions. They have the same interpretation 
ass the standard capability indices under normality. 

Forr Munechika's (1986) method, the correction coefficient A is cal-
culatedd as follows. Let F be the distribution function of the quality 
characteristicc with zero expectation, and unit standard deviation and 
lett $ be the standard normal distribution. Choose Cp\ such that 

F(3CF(3Cpkpk)) = $(3CpA). (5.2.3) 

Thiss is equivalent with 

C|1xx = |*- 1(F(3C1*)), (5.2.4) 

andd in view of (5.2.2), the correction coefficient A equals 

AA = JL*-»(F(3CW). (5.2.5) 

Inn order to approximate the function $_ 1(F), Munechika (1986) used a 
Cornish-Fisherr expansion on the inverse of this function, i. e. F_1(<E>). 
Iff  X has distribution F and U has distribution <£, then F_ 1 ($(£/)) is 

with h 

and d 

and d 

UU + BW) + B2(U) +  + Bk(U) + , (5.2.6) 

5l(C/)) = | ( C /2 - l ) , 

BB22(U)(U) = ^(U*-SU)-^(2U*-5U), 
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wheree k3 denotes the skewness E Xs and k  ̂the kurtosis EX4. Munechika 
(1986)) used the first order approximation of F~l($(x)) equal to 

xx + B^x) = x + ̂ (x2 - 1). (5.2.7) 

Thee inverse of this approximation formula in (5.2.7) may now be sub-
stitutedd into equation (5.2.5) as an approximation for the correction 
coefficient.. This results in 

A = v l + 2 C f c 33 + fc3V9-A h > Q ( 5 2 g ) 

Moree generally, we do not have to assume zero expectation and unit 
variancee due to location and scale invariance of the distribution func-
tionn F. Furthermore, the correction coefficient may also be generalized 
too negative skewness, but this will be omitted here. If the underlying 
distributionn function F is unknown, then the mean fi may be estimated 
byy the sample mean, a by the sample standard deviation, and the skew-
nesss &3 by the standard methods existing in literature. 

Baii  and Choi (1997) proposed another correction coefficient which is 
basedd on the weighted variance method that was developed by Choobineh 
andd Ballard (1987). For two sided specifications, the capability indices 
aree denoted by C™ and C™k and are defined as (cf. Kotz and Lovelace 
(1998)) ) 

(USL-LSL(USL-LSL USL-LSL] . 0 n. 
CTT = min I -==r-,  — — — \ (5.2.9) 

fi-LSLfi-LSL USL-u, 

3<JV2Q3<JV2Q 7 3aV2P 
CpCpkk = min ^ ——y==- , ——y==-  } , (5.2.10) 

and d 

withh P = PF(X < a) and Q = 1 - P. 
Notee that for one-sided specification limits the C™k is of the form 

(5.2.2),, with A equal to l/y/2P or l/y/2Q for an upper and lower spec-
ificationn limit , respectively. In order to estimate the newly proposed 
indicess C™ and C™k we have to estimate the mean /i, the standard 
deviationn a and the probability P. If the distribution function F is un-
known,, then /i can be estimated by the sample mean, a by the sample 
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standardd deviation, and P by the proportion of data points below the 
samplee average. 

Sincee these adaptive indices penalize the standard capability indices 
forr skewness, their values may be read as that of standard indices for 
normallyy distributed quality characteristics. For instance, if Cp\ or C™k 

iss equal to 1, the proportion of nonconforming items should be approx-
imatelyy equal to 1350 ppm (see Table 5.1). How well these indices 
adaptt to skewness will be discussed in Section 5.4. Note that the adap-
tivee capability indices should not be used for symmetrical non-normal 
distributions,, since they adjust for skewness only. 

Wee focus on one-sided specification limits, since skewness of the 
distributionn of the quality characteristic usually implies one-sided spec-
ifications.. Examples are for instance the amount of surface roughness, 
thee length of dirt particles and impurities of a chemical substance (see 
O'Neill  and Krishnamoorthi (1997)). Furthermore, McCoy (1991) states 
thatt "the number of real-life production runs that are normal enough 
too provide truly accurate estimates of the population distribution are 
moree likely the exceptions". 

5.33 Maximum Proportion Nonconforming 

Supposee the random variable X with distribution function F represents 
thee value of a quality characteristic. Denote the expectation by // and 
thee standard deviation by a and assume, without loss of generality, that 
thee quality characteristic should be less than an upper specification limit 
USL.USL. The proportion of nonconforming items is equal to 

P(XP(X > USL) = 1-F{fi + S(rCpk). 

Forr a completely unknown distribution function Cantelli's inequality 
(seee Chapter 4, Theorem 4.1.1) implies that the proportion noncon-
formingg cannot be larger than 

P(XP(X > USL) < g^ - j - , (5.3.11) 

forr Cpk > 0. Equality in (5.3.11) is obtained for the variable X sat-
isfyingg P(X = 1/(3CM)) = (9C l ) / (l + 9C?fc) and P(X = 3Cpt) = 
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1/(11 + 9Cpfc). Of course, practical situations hardly ever deal with these 
extremee distribution functions and hence, Cantelli's inequality gives too 
largee an upper bound for the proportion nonconforming. An appropri-
atee class of practical distributions is not easy to determine and therefore 
manyy researchers focus on parametric distributions only. 

Litti gg and Lam (1993) proposed the gamma distribution with three 
parameterss to characterize the quality characteristic. Levinson (1997) 
proposedd the same distribution with only two parameters. Examples he 
studiedd are chemical substances and the mileage between vehicle break-
downs.. Somerville and Montgomery (1996) considered the Student's t, 
thee gamma, the lognormal and the Weibull distribution in a compu-
tationall  study for capability indices. O'Neil Jr. and Krishnamoorthi 
(1997)) have modelled the sample distribution with a lognormal distri-
butionn in examples from the machine shop environment, such as surface 
roughnesss and face flatness. 

AA class of distributions that contains all of these parametric distri-
butionss and is smaller than the set of all distribution functions, is the 
classs of unimodal distributions. Note that a unimodal distribution has 
ann increasing-decreasing density with only one maximum. Shortly, it 
hass just one top, the mode. Restricting the distributions to unimodal 
distributionss and assuming that Cpk > l / \ / 3, Cantelli's upper bound 
mayy be reduced with a factor 4/9, i.e. 

p{x>USL)p{x>USL)4^ctr~Y4^ctr~Y ^ 
AA proof of this inequality may be found Chapter 4, Theorem 4.2.1. 
AA generalization of this inequality, namely a inequality for two-sided 
specifications,, may be found in Theorem 4.2.3. 

Equalityy in (5.3.12) is attained for a distribution function that has 
masss at zero and is linear up to a certain value. For values of x below 
zeroo the distribution function is zero and for values larger than (1 + 
9Cp9Cpkk)/(2C)/(2Cppk)k) the distribution function is one. For values of x in (0, (1 + 
9Cp9Cpkk)/(2C)/(2Cppk)),k)), the distribution function is given by 

F(x)F(x) = (9C& - l /3) / (l + 9C&) + 8zCW(3(l + 9C^)2). 

Thiss distribution function will now be referred to as the extreme uni-
modall  (EU) distribution. 
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Althoughh this distribution may not describe many business pro-
cesses,, similar distributions may. For instance, the delivery time as 
ann output of logistic processes that take care of shipping goods. Often 
thee goods are delivered on time but sometimes they are too late. This 
impliess that the delivery time has mass at zero (the requested delivery 
date)) and is approximately continuously distributed for positive values. 
Anotherr example is for instance testing for flammability of plastic bars. 
Manyy bars may not burn and for those who do, the burning time is mea-
sured.. Again, mass at zero (no burning) and also positive continuous 
measurementss for some bars. 

Distribution n 

Normal l 
Studentt t 

Logistic c 
Gamma a 

x2 2 

Exponential l 

Lognormal l 

Weibull l 
EU U 

Expectation n 

A* * 
0 0 
a a 

aj3 aj3 

k k 

1/A A 

ea+/?2/2 2 

/3T(11 + 1/a) 

l/(3Cp*) ) 

Variance e 

a* a* 

k/{kk/{k - 2) 

0W/3 0W/3 
a(3a(32 2 

2k k 

1/A2 2 

e2 « + ^ (e / ?2 _ l ) ) 

aa22* * 

1 1 

Skewness s 

0 0 

0 0 
0 0 

2/y/a 2/y/a 

2y/2/k 2y/2/k 

2 2 

{{ eeP+2)y/eP-l P+2)y/eP-l 

A;3 3 

(27q jkk - 2C&  + l / 2 7 ) / ( 8 C )̂ 

Tablee 5.2: The expectation, the variance and the skewness of several 
parametricc distributions. 

Wee wil l now study the maximum proportion nonconforming for sev-
erall  parametric distributions and see how close they come to the upper 
boundd in (5.3.12). The distributions we will study are the Studen-
t'ss t, the logistic, the gamma, the x2, the exponential, the lognormal 
andd the Weibull distribution. The parameterization of the distribu-
tionss is in accordance with Johnson and Kotz (1970) and the expecta-
tion,, the variance and the skewness of the parametric distributions are 
listedd in Table 5.2. This table shows that the variance and the skew-
nesss of the Weibull distribution are equal to a2*  = /32(T (1 + 2/a) — 
{ r ( ll  + 1/a)}2), and A;3*  = [T(l + 3/a) - ST(1 + l/a)F{l  + 2/a) + 
2(r(ll  + l/a))2]/[/?2(r (1 + 2/a) - { r (1 + 1/a)}2)] , respectively, with 
rr the gamma function. Furthermore, the variance of the Student's t 
distributionn only exists for degrees of freedom k larger than 2. 
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Thee maximum proportion of nonconforming items may be estab-
lishedd explicitly for the logistic and the exponential distributions. For 
thee logistic distribution the proportion of nonconforming equals 

P(XP(X >fi  + 3aCpk) = 1 - (1 + expj-Trv^Cpfc})-1, 

andd for the exponential distribution this proportion is 

P{X>fiP{X>fi  + 3aCpk) = e^1+3C^\ 

Sincee these proportions do not depend on the parameters (only on 
thee Cpfc), the maximum proportion nonconforming for a given capability 
iss the same. For the other distributions studied it is much more diffi -
cultt to obtain closed expressions for the (maximum) proportion noncon-
forming.. Therefore, we have determined the maximum via numerical 
calculationss for several Cpk-values. Some parameters do not play a role 
inn the calculation of the proportion nonconforming. For the gamma 
andd the Weibull distribution the scale parameter j3 has no influence 
andd hence is set to unity. Furthermore, for convenience we also choose 
aa equal to one for the lognormal distribution. Tables 5.3 and 5.4 show 
thee numerical results as well as the parameter values that do influence 
andd maximize the proportion nonconforming. Only two decimals are 
listedd for the parameters, but a higher number of decimals is used for 
thee calculation of the proportion nonconforming. 

Cpk Cpk 

1/ 3 3 
2/ 3 3 
1 1 

4/ 3 3 
5/ 3 3 
2 2 

Normal l 
ppm m 

158655 5 
22750 0 

1350 0 
32 2 
0 0 
0 0 

Gamma a 
a a 
OO O 

0.6 2 2 

0.2 2 2 

0.1 1 1 

0.0 7 7 

0.0 5 5 

ppm m 
15865 5 5 

50567 7 

23985 5 

13831 1 

8959 9 

6261 1 

xx1 1 

k k 
oo o 
1 1 
1 1 
1 1 
1 1 
1 1 

ppm m 
15865 5 5 

50390 0 

22040 0 

9878 8 

4498 8 

2071 1 

Student' ss  t 

k k 
oo o 
7 7 
3 3 
3 3 
3 3 
3 3 

ppm m 
15865 5 5 

24934 4 

6923 3 

3083 3 

1620 0 

951 1 

Exponentia l l 

ppm m 
13533 5 5 

4978 7 7 

18316 6 

6738 8 

2479 9 

912 2 

Tablee 5.3: Maximum proportion nonconforming for several values of Cpk 
forr the normal, gamma, x2, Student's t and exponential distribution. 

Fromm Table 5.3 we may see that the maximum proportion noncon-
formingg for the gamma, the x2 a nd the Student's ^-distribution are 
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^pk ^pk 

1/ 3 3 
2/ 3 3 
1 1 

4/ 3 3 
5/ 3 3 
2 2 

Logisti c c 

ppm m 
14018 0 0 

25892 2 

4315 5 

706 6 
115 5 
19 9 

Lognorma l l 

/? ? 
0.0 1 1 

0.5 6 6 

0.8 3 3 

1.0 0 0 

1.1 2 2 

1.2 1 1 

ppm m 
15864 1 1 

44646 6 

18699 9 

9863 3 

5980 0 

3973 3 

Weibul l l 

a a 
2.8 6 6 

0.9 8 8 

0.6 7 7 

0.5 5 5 

0.4 8 8 

0.4 3 3 

ppm m 
16454 1 1 

49802 2 

21666 6 

11700 0 

7210 0 

4847 7 

EU U 
ppm m 

22222 2 2 

88889 9 

4444 4 4 

26144 4 

17094 4 

12012 2 

Tablee 5.4: Maximum proportion nonconforming for several values of Cpk 
forr the logistic, lognormal, Weibull and extreme unimodal distribution. 

equall  to the proportion nonconforming of the normal distribution for 
CpkCpk = 1/3. According to the Central Limit Theorem, the gamma, the 
X22 and the Student's t converge to the normal distribution if the pa-
rameterss that influence the proportion nonconforming are increasing 
too infinity. Numerically, we saw that the proportion nonconforming 
increasess if the corresponding parameters increase and hence the max-
imumm is equal to the normal distribution. Furthermore, note that the 
gamma,, the Weibull, and the lognormal distribution give relative large 
maximumm proportions nonconforming in relation to the normal dis-
tributionn for larger C^-values. Note that a distribution cannot have 
higherr proportions nonconforming than the normal distribution for all 
Cpfc-values.. A heavy tail must be compensated below a certain pro-
cesss capability. Tables 5.3 and 5.4 also show that all distributions are 
smallerr than the extreme unimodal distribution, although we were sur-
prisedd how close the gamma and the Weibull distributions approached 
thee bound in (5.3.12). Note that the parametric distributions all have 
aa tail that is approximately exponential and the extreme distribution 
hass a linear tail. 

Practicall  situations will likely give lower proportions of nonconform-
ingg items. The process capability and the parameters are chosen such 
thatt they maximize the proportion nonconforming. In practice, it is 
unlikelyy that those choices appear together. On the other hand it gives 
uss a worst case scenario if we may approximate the distribution of the 
qualityy characteristic with one of these parametric distributions. A 
probabilityy plot or a statistical test may be used to determine which 
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parametricc distribution is appropriate. If the parametric distributions 
clearlyy do not fit we still have the upper bound of the unimodal distribu-
tionss in (5.3.12). Furthermore, if normality of the quality characteristic 
iss not rejected, the Student's t and the logistic distribution determine 
thee maximum proportions nonconforming. Note that it is difficult to 
determinee the difference between a normal distribution and a Student's 
tt distribution on the basis of a sample. Only large samples will pick up 
thiss difference. The maximum proportions nonconforming from Table 
5.33 and 5.4 help us determine how much conforming items we may pro-
ducee at least. Although the maximum proportions nonconforming show 
thee worst case process capability, we believe that a proper estimate of 
thee process capability index will determine what the capability is on 
average. . 

5.44 Evaluation of Adaptive Capability In-
dices s 

Munechikaa (1986) developed a capability index for skewed distributions 
andd believed that many practical examples may be modelled by lin-
earr combinations of \2 distributions, see Table 1 of Munechika (1986). 
However,, a study on how well the index adapts for skewness of these 
distributionss was not performed. Unfortunately, we could not obtain 
thee manuscript of Bai and Choi (1997) to examine the performance 
off  their indices. However, in Bai and Choi (1995) the same technique 
wass applied to the estimation of control limits of the X control chart. 
Forr the exponential distribution the asymmetric control limits adapt 
welll  only for large subgroup sizes. For small subgroup sizes the perfor-
mancee is less, but it always performs better than the normal estimator 
forr the Shewhart control chart. More generally, we will investigate how 
welll  the capability indices of Munechika (1986) and Bai and Choi (1997) 
adaptt to skewness using the skewed distributions of the previous section 
listedd in Tables 5.3 and 5.4. Recall that the adaptive capability indices 
shouldd be viewed as indices for normal distributions. This means that 
bothh 1 - $(3CpX) and 1 - $(3CJ£.) should be close to 1 - F(fi + 3aCpk). 

Tabless 5.5 and 5.6 contain the values of the capability index of 
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Munechikaa (1986) with the predicted proportion nonconforming of the 
distributionss studied in Tables 5.3 and 5.4. For the calculation of CpX 

thee skewness of the selected distribution may be determined by substi-
tutingg the parameter values into the skewness of Table 5.2. We omit the 
normal,, Student's t and logistic distributions since they are symmetric 
distributionss and the Cpk is not adjusted, i.e. Cpk = CpX = C™k. Tables 
5.77 and 5.8 list the same results, but then for the capability index of 
Baii  and Choi (1997). 

Thee predicted proportions nonconforming in Tables 5.5 and 5.6 
shouldd be compared to the real proportions from Tables 5.3 and 5.4. For 
thee parametric distributions, the predicted proportions nonconforming 
aree larger than the real proportions. For these distributions the capa-
bilit yy index of Munechika (1986) penalizes the process capability Cpk 

tooo much. The larger the process capability index Cpk becomes, the 
largerr the correction becomes. We may also see that the predicted pro-
portionss nonconforming for the gamma, the Weibull and the lognormal 
distributionn are even higher than the upper bound in (5.3.12) for Cpk 

valuess larger than 1. For the Cpk less than 4/3, the predicted propor-
tionn nonconforming is smaller than the real proportion nonconforming 
off  the extreme unimodal distribution and larger for higher values of the 
CCpkpk.. We believe that the capability index CpX adjust better to the x2, 
thee exponential and the extreme unimodal distribution, but worse for 
thee gamma, the lognormal and the Weibull distribution. 

CCpk pk 

1/ 3 3 
2/ 3 3 

1 1 
4/ 3 3 
5/ 3 3 
2 2 

Gamma a 
a a 
oo o 

0.6 2 2 

0.2 2 2 

0.1 1 1 

0.0 7 7 

0.0 5 5 

CCppx x 
0.3 3 3 

0.5 0 0 

0.5 6 6 

0.6 0 0 

0.6 2 2 

0.6 4 4 

ppm m 
15865 5 5 

68492 2 

45770 0 

36818 8 

30935 5 

26731 1 

XX2 2 

k k 
oo o 
1 1 
1 1 
1 1 
1 1 
1 1 

CCpp\ \ 
0.3 3 3 

0.4 9 9 

0.6 2 2 

0.7 3 3 

0.8 4 4 

0.9 3 3 

ppm m 
15865 5 5 

7176 7 7 

3194 7 7 

14022 2 

6080 0 

2609 9 

Exponentia l l 

CCppx x 
0.3 3 3 

0.5 1 1 

0.6 7 7 

0.8 0 0 

0.9 2 2 

1.0 4 4 

ppm m 
15865 5 5 

61612 2 

22750 0 

8083 3 

2786 6 

936 6 

Tablee 5.5: Munechika capability indices and the predicted proportion 
nonconformingg for the gamma, the \2 and the exponential distribution. 

Thee skewness of the distributions in Tables 5.3 and 5.4 may explain 
thiss difference in performance. The skewness of the gamma distribu-
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(spk (spk 

1/ 3 3 
2/ 3 3 
1 1 

4/ 3 3 
5/ 3 3 
2 2 

Lognorma l l 

(3 (3 
0.0 1 1 

0.5 6 6 

0.8 3 3 

1.0 0 0 

1.1 2 2 

1.2 1 1 

CCppx x 
0.3 3 3 

0.5 1 1 

0.5 7 7 

0.5 9 9 

0.6 0 0 

0.6 0 0 

ppm m 
15865 5 5 

62217 7 

43198 8 

37806 6 

36618 8 

36983 3 

Weibul l l 

a a 
2.8 6 6 

0.9 8 8 

0.6 7 7 

0.5 5 5 

0.4 8 8 

0.4 3 3 

CCppx x 
0.3 3 3 

0.5 1 1 

0.5 8 8 

0.6 1 1 

0.6 3 3 

0.6 3 3 

ppm m 
15865 5 5 

62452 2 

41314 4 

32871 1 

29316 6 

28629 9 

EU U 
CCppx x 
0.3 3 3 

0.5 2 2 

0.6 0 0 

0.6 5 5 

0.6 9 9 

0.7 1 1 

ppm m 
15865 5 5 

60083 3 

35073 3 

25049 9 

19904 4 

16846 6 

Tablee 5.6: The Munechika capability index and the predicted propor-
tionn nonconforming for the lognormal, the Weibull and the extreme 
unimodall  distribution. 

tionss in Table 5.3 are 0, 2.5, 4.3, 6.0, 7.6, and 8.9 for the corresponding 
parameterss oo, 0.62, 0.22, 0.11, 0.07, and 0.05 respectively. The lognor-
mall  and the Weibull distribution in Table 5.4 give even larger skewness 
valuess than the corresponding gamma distributions. The skewness of 
thee exponential distributions in Table 5.3 is always 2 and for the x2 

distributionss it is A/2, except for the first one in Table 5.3. The ex-
tremee unimodal distribution has skewness values 0.5, 1.9, 3.1, 4.3, 5.5, 
andd 6.6 for the Cpfc-values 1/3, 2/3, 1, 4/3, 5/3, and 2, respectively. 
Notee that the selected gamma, lognormal and Weibull distributions are 
moree skewed than the x2> the exponential, and the extreme unimodal 
distributionn for Cp^-values at least larger than 2/3. Hence, the ap-
proximationn used by Munechika (1986) is (most likely) less accurate for 
extremee skewness. 

Thee predicted proportions nonconforming of the Bai and Choi capa-
bilit yy index in Tables 5.7 and 5.8, clearly show that the capability index 
iss not corrected enough. For Cpfc-values less than 1, the predictions are 
closee to the real proportions nonconforming. However, the larger the 
processs capability index becomes the bigger the gap between these two 
proportions.. The probability of obtaining a value below the average is 
probablyy not the right correction coefficient for tail behavior far away 
fromm the average. Furthermore, the values of the skewness of the se-
lectedd distributions in Tables 5.3 and 5.4 are extreme for many prac-
ticall  applications but the correction coefficient of Bai and Choi (1997) 
cann never be less than l / \ /2. For extreme skewness smaller correction 
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coefficientss are necessary to adjust for the proportion nonconforming. 
Maybe,, the index of Bai and Choi (1997) adapts better for large values 
off  the Cpk if the distribution is less skewed than those from Tables 5.3 
andd 5.4. 

Cpfc c 
1/3 3 
2/3 3 
1 1 

4/3 3 
5/3 3 
2 2 

Gamma a 
a a 
oo o 

0.62 2 

0.22 2 

0.11 1 

0.07 7 
0.05 5 

0.33 3 

0.58 8 
0.81 1 
1.04 4 

1.27 7 

1.51 1 

ppm m 
158655 5 

41518 8 
7334 4 

889 9 
67 7 
3 3 

xx1 1 

k k 
oo o 
1 1 
1 1 
1 1 
1 1 
1 1 

°pfc c 
0.33 3 
0.57 7 
0.86 6 
1.14 4 
1.43 3 
1.71 1 

ppm m 
158655 5 
43485 5 
5123 3 
309 9 

9 9 
0 0 

Exponential l 
upfc c 
0.30 0 
0.59 9 
0.89 9 
1.19 9 
1.48 8 
1.78 8 

ppm m 
186901 1 
37640 0 
3814 4 

187 7 
4 4 
0 0 

Tablee 5.7: The Bai and Choi capability index and the predicted pro-
portionn nonconforming for the normal, the gamma, the x2, the Student 
tt and the exponential distribution. 

(spk (spk 

1/3 3 
2/3 3 
1 1 

4/3 3 
5/3 3 
2 2 

Lognormal l 

P P 
0.01 1 
0.56 6 
0.83 3 
1.00 0 
1.12 2 
1.21 1 

UUpk pk 

0.33 3 
0.60 0 
0.87 7 
1.13 3 
1.40 0 
1.66 6 

ppm m 
159137 7 
35123 3 
4536 6 
335 5 
14 4 
0 0 

Weibull l 
a a 

2.86 6 
0.98 8 
0.67 7 
0.55 5 
0.48 8 
0.43 3 

uupk pk 

0.33 3 
0.59 9 
0.85 5 
1.10 0 
1.35 5 
1.59 9 

ppm m 
161739 9 
38005 5 
5632 2 
497 7 
26 6 

1 1 

EU U 
UUpk pk 
0.32 2 
0.54 4 
0.76 6 
0.98 8 
0.21 1 
1.44 4 

ppm m 
171391 1 
53393 3 
11693 3 
1634 4 
143 3 

8 8 

Tablee 5.8: The Bai and Choi capability index and the predicted pro-
portionn nonconforming for the lognormal, the Weibull and the extreme 
unimodall  distribution. 

Inn principle, it is easy to obtain an adaptive capability index of 
thee form XCpk that predicts the real proportion nonconforming, but it 
iss difficult to estimate in practice. In view of (5.2.5) for A equal to 
<£_1(.F(/ii  + 3aCPk))I(3CPk) the correction is perfect. This is the right 
correctionn coefficient for skewed distributions, but it may be used also 
forr symmetric (non-normal) distributions. However, for large values of 
Cpk,Cpk, F(fi^-3aCpk) is hard to estimate without a large sample size, since 
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itt is almost equal to 1. This also shows that smaller values than the min-
imumm value l / \ / 2 of Bai and Choi (1997) are necessary. Furthermore, 
itt shows that we first have to estimate the proportion nonconforming 
andd then translate it back to a capability index. Future research may 
deliverr approximations that do not require an estimate for the propor-
tionn nonconforming itself and will lead to better adaptive capability 
indicess than those of Munechika (1986) and Bai and Choi (1997). Note 
thatt Munechika (1986) already approximated this correction coefficient 
AA with a Cornish-Fisher expansion. 

Ann easy improvement of the capability index of Munechika (1986) 
cann be obtained as follows. In view of (5.3.12) we have that F{(i  + 
Z<7CZ<7Cpkpk)) is larger than (81Cp\ + 5)/(8lC k̂ + 9). Since A = ^~1{F]JI  + 
3aC3aCPPk))J(3Ck))J(3CPPk)k) we have that the correction coefficient A for a uni-
modall  distribution should always be larger than XEU = ^_1((8lC^f c + 
5)/(81Cpfcc + 9))/(3Cpk). If the correction coefficient A of Munechika 
(1986)) in (5.2.8) is smaller than XEU, we replace Munechika's correc-
tionn coefficient with XEU- i n this way, we never correct more than is 
necessaryy for the extreme unimodal distribution. 

Improvementss of the capability indices of Bai and Choi (1997), re-
questt a more severe correction coefficient for large values of the capa-
bilit yy index CPk. Maybe another power function of l/(2Pp(X , 
insteadd of the square root, that depends on the Cpk should be consid-
ered.. However, the behavior of this correction coefficient should not be 
muchh different from the original correction coefficient of Bai and Choi 
(1997),, for smaller values of the capability index. 

Thee distributions we have considered here are extreme since they 
maximizee the proportion nonconforming. For less extreme situations 
thee capability indices of Bai and Choi (1997) and Munechika (1986) 
mightt perform better. On the other hand, used together these indices 
givee a better understanding of the process capability than the upper 
boundss and the standard capability only. The true process capability 
indexx in (5.2.2) with A — $~l (F(/i+3crCpfc)) j\3Cpk) probably lies some-
wheree between the Bai and Choi's and Munechika's capability indices 
andd an average of the two gives a better prediction. Of course, this only 
improvess the individual indices when Bai and Choi and Munechika's 
systematicallyy over and under estimate the process capability. A more 



5.55.5 Conclusions and Recommendations 95 5 

in-depthh simulation study should determine that. 

5.55 Conclusions and Recommendations 

Forr normally distributed data, the standard capability indices Cp and 
CCpkpk may be used to evaluate the process capability and the proportion 
nonconformingg may be calculated directly. However, the proportion 
nonconformingg can increase tremendously if the data are not normal. 
Forr unimodal and several parametric distributions, we have listed lim-
itss for the maximum proportion nonconforming for one-sided specifica-
tions.. These bounds indicate the worst proportion of nonconforming 
itemss if a certain capability level is obtained. For skewed distribu-
tionss that maximize the proportion nonconforming, we have studied 
thee adaptive indices of Munechika (1986) and Bai and Choi (1997). 
Munechikaa (1986) seems to penalize the capability indices too much for 
skewedd distributions and Bai and Choi (1997) do not penalize enough. 
Wee believe that the true process capability is in between these two 
indices. . 

AA capability study should involve the calculation of the standard 
capabilityy indices Cp and Cpk, the adaptive indices C™, C^, CpX and 
thee maximum proportion of nonconforming items. The standard ca-
pabilityy indices give us the performance for normally distributed data 
andd are needed for the calculation of the adaptive indices and the max-
imumm proportion nonconforming. The adaptive indices give a better 
predictionn of the true process capability and the upper bound for uni-
modall  distributions gives the worst possible capability. If through a 
probabilityy plot or a statistical test the parametric distribution is ap-
proximated,, the maximum proportion nonconforming may be reduced 
too the maximum proportion for that specific parametric distribution. 

Furthermore,, we may conclude that research should be done for 
improvingg the adaptive capability indices that predict the proportion 
nonconformingg somewhat better. For extreme skewness a moderate im-
provementt has been given for Munechika's index and some ideas have 
beenn proposed to improve the capability index of Bai and Choi (1997) 
forr large Cpk-values. This research may result in the calculation of only 
onee adaptive capability index, instead of two. Preferably, the new adap-
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tivee index should also adapt to symmetric non-normal data which will 
completee our view of the calculation of process capability. 


