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22 Effects of habitat size and quality on equilibriu m 
densityy and extinction time of Sorex araneus 
populations s 

Abstrac t t 

Thee effects of changes in habitat size and quality on the expected population density 
andd the expected time to extinction of Sorex araneus is studied by means of 
mathematicall  models that incorporate demographic stochasticity. Habitat size is 
characterisedd by the number of territories, while habitat quality is represented by the 
expectedd number of offspring produced during the lifetime of an individual. The 
expectedd population density of S. araneus is shown to be mainly influenced by the habitat 
size.. The expected time to extinction of S. araneus populations due to demographic 
stochasticity,, on the other hand, is much more affected by the habitat quality. 

Inn a more general setting it is demonstrated that, irrespective of the actual species 
underr consideration, the likelihood of extinction as a consequence of demographic 
stochasticityy is more effectively countered by increasing the reproductive success and 
survivall  of individuals than by increasing total population size. 

Introductio n n 

Destructionn and degradation of wildlif e habitat can alter the population performance 

andd eventually drive a species to extinction. Compared to species extinction rates based 

onn fossil records, the rate at which recent extinctions propagate exceeds background 

levelss by two or three orders of magnitude (May et al. 1995; Pimm et al. 1995). Habitat 

sizee reduction may be caused by reclamation of nature by man and intensification of 

humann settlement. The ivory-billed woodpecker, a species of the southeastern United 

Statess swamp forests, went extinct resulting from decrease in its habitat size (Ehrlich 

1995).. Habitat quality reduction on the other hand may result from pollution, changes 

inn abiotic conditions (e.g. nutrients), biotic conditions (reduction in prey species), and 

changess in the structure of the habitat (depletion of nesting territories). 

Thee effect of habitat size and fragmentation on the viability of endangered 

speciess has received much attention (MacArthur & Wilson 1967; Diamond 1975; 

Wilsonn & Willi s 1975; SimberlorT & Abele 1976; Shaffer & Samson 1985; Gilpin & 

Souléé 1986). The question of whether a single large or several small reserves of 

equivalentt total area provide the lowest probability of extinction for the population as 

aa whole, has been discussed extensively in conservation literature (Margules et al. 1982; 

Simberlofff  & Abele 1982). This discussion has become known as the 'SLOSS' debate. 
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Thiss focus of conservation strategies on habitat size has resulted in a lesser interest for 
improvementss of the quality of the habitat area. Since it seems plausible that the 
likelihoodd of extinction is determined by habitat quality as well as size, insight in the 
relativee effectiveness improving one or the other, is crucial for successful species 
preservation.. Whereas habitat size can easily be improved, habitat quality depends on 
thee specific requirements of the species, and is thus more difficult to realise (see Gurnell 
&&  Pepper 1993 for an example of conservation of the red squirrel). 

Generall  insight in the relative effectiveness of increasing habitat size vs. quality 
forr conservation purposes is lacking. Management practices in many developed 
countries,, such as The Netherlands, are based on the tacit assumption that the size and 
fragmentationn of natural habitats is the overriding factor threatening species survival. 
Thee objective of the current study is the population performance of the common shrew 
(Sorex(Sorex araneus L.) and especially its sensitivity to relative changes in habitat quality and 
size.. The common shrew has a wide geographical distribution, it occurs in arctic, 
boreal,, and transitional Eurasia from the Atlantic to the Pacific (Croin Michielsen 
1966).. This territorial insectivorous mammal forms an important link in soil and 
abovegroundd food chains. Next to earthworms (its major food source) S. araneus feeds 
onn spiders, beetles, woodlice, bugs, centipedes, insect larva, slugs, and snails 
(Churchfieldd 1982; Churchfield & Brown 1987). Its main predators are owls. Weasels, 
stoats,, foxes, snakes, kestrels, and domestic cats play a minor role (Churchfield 1990). 

Thee insectivorous feeding habits of S. araneus suggest that soil pollution, as one 
specificc form of habitat quality deterioration, wil l severely affect the individual survival 
andd reproduction and consequently the population performance. S. araneus is therefore 
frequentlyy used in studies aiming at secondary poisoning (Quarles II I et al. 1974; Getz 
ett al.1977; Hunter et al. 1989; Ma et al. 1991; Dodds-Smith et al. 1992; Pankakoski 
ett al. 1994). On the other hand, total yearly production of offspring in populations of 
S.S. araneus greatly exceeds the number of available territories. This excess of newborn 
individualss leads to a severe contest competition and induces a high mortality of 
juveniless that were unable to secure a territory. Such a high juvenile mortality might 
camouflagee any effects of soil pollution on individual performance, whereas individuals 
thatt are most affected by secondary poisoning are likely to be unsuccessful in the 
competition.. Moreover, serious declines in population abundance might only be 
observablee when total offspring production has been reduced to very low levels. 

Thee previous considerations about the importance of secondary poisoning for 5. 
araneusaraneus populations make clear that the performance of the species is ultimately 
determinedd by a complicated interaction between both habitat quality and habitat size. 
Thiss paper investigates the contribution of both habitat quality and size to the 
populationn performance of S. araneus. Mathematical models that incorporate the most 
importantt stages and transitions in the life history of S. araneus, are used to show that 
thee population abundance can most effectively be increased by an increase in the total 
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numberr of territories. On the other hand, increases in the expected time to extinction 

off  a population can most effectively be reached by enhancing the reproductive 

opportunitiess and survival of the individuals. It wil l also be demonstrated that these 

findingss are not specific to S. araneus nor do they strongly depend on the details of its 

lif ee history. This paper wil l show that, in general, changes in habitat size have a smaller 

effectt on population extinction than comparable changes in habitat quality. The 

changess in habitat size, however, induce larger changes in the expected population 

abundance. . 

AA life histor y mode l of the commo n shrew 

SorexSorex araneus is an essentially annual species, with a life expectancy of 15-18 months 

(Brambelll  1935). Shrews are born in summer, survive one winter as subadults, mature 

andd reproduce in spring of their second year, and die in autumn. Both sexes of the 

speciess are territorial during the entire period of sexual immaturity. During the mating 

andd breeding season strict territoriality is relaxed, male shrews show increased activity 

andd widely trespass on other territories in search of female shrews (Croin Michielsen 

1966).. S. araneus has a high reproductive capacity. Vogel (1972) reported a mean 

annuall  reproduction number of three litters with a mean litter size of 5.9. At the end 

off  summer juveniles compete for a restricted number of winter territories, resulting in 

aa high mortality of juvenile shrews that were unable to settle into territories (Hawes 

1977). . 

Onn the basis of the above description three major stages can be distinguished in 

thee life history of 5. araneus: a juvenile, subadult, and adult stage. Newborn individuals 

aree classified as juveniles. It is assumed that settlement takes place in a very short period 

inn autumn marking the end of the juvenile and the beginning of the subadult stage. 

Subadultt individuals are those that have successfully occupied a territory. During the 

ensuingg winter, their number may decline due to mortality. At the end of winter all 

survivingg individuals mature and start reproducing. The reproduction and survival of 

adultt individuals is modelled as an instantaneous process. Mortality of adult individuals 

duringg the summer season before they reproduce is low (Croin Michielsen 1966; 

Churchfieldd 1990) but does certainly occur. The probability of adult death during the 

summerr is accounted for in the model by adjusting the average reproductive success of 

ann individual. Hence the average number of offspring produced by a single individual 

thatt survives the winter season is used to capture the population dynamical process 

duringg the summer. The three main life history processes considering the transitions 

fromm juvenile to subadult, from subadult to adult and from adult to juvenile stage 

hencee are settlement, winter survival and reproduction, respectively (see Fig. 2.1). 

14 14 



AA Q U E S T F O R T H E R O L E OF H A B I T A T Q U A L I T Y IN N A T U R E C O N S E R V A T I O N / C H A P T E R 2 

settlementsettlement winter survival 

Figuree 2.1 

Lifee cycle graph of Sorex araneus. 

Settlement t 

Becausee of the competition for territories settlement seems to be the most crucial of 
thesee three major life history processes. Obviously, the number of suitable territories 
fixess the upper level of the population density in winter, and thus also the maximum 
numberr of offspring born in summer of the next year. In contrast with reproduction 
andd winter mortality, the settlement process is not easily investigated and littl e is 
thereforee known about the exact mechanisms by which individuals manage to secure a 
territory.. Two descriptions of the settlement process are studied that do account for the 
numberr of territories, but not for their actual size. Space is not modelled explicitly. The 
twoo variants differ in the degree in which the number of individuals competing for 
territoriess influences the probability that a territory will be occupied. 

Inn the first submodel of the settlement process it is assumed that all juveniles will 
settlee if the number of juvenile shrews at the start of the settlement phase is equal to or 
smallerr than the number of available territories K. Otherwise, exactly K individuals 
willwill  settle (see equation 2.1). The relation between the number of settling (subadult) 
andd competing (juvenile) individuals is hence described by: 

"suhadull"suhadull = " juvenile i f " juvenie - & . (2.1a) 

NN*bod*=*bod*= KK > ^ Nm*nik > K - (2.1b) ) 
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1000 150 

Numberr  of competin g juvenile s 

250 0 

Figuree 2.2 

Characteristicss of the two submodels of the settlement process. Dashed line: the number of 

settling,, subadult shrews under the density-independent settlement. Solid line: the expected 

numberr of settling, subadult shrews under the density-dependent settlement. The number of 

suitablee territories is fixed on 50. 

Sincee the probability of a territory to be discovered and occupied does not depend on 
thee number of juvenile shrews, apart from situations where the number of juveniles is 
smallerr than the number of suitable territories, this variant will  be referred to as 'the 
density-independentt settling process'. Furthermore, all territories are assumed to be 
equallyy accessible. 

Thee second submodel of the settling process will be referred to as 'the density-
dependentt process'. This variant is based on the (more realistic) assumption that the 
chancee of a vacant territory to be discovered by a juvenile individual depends on the 
totall  number of juveniles present. It is assumed that juvenile individuals move 
randomlyy throughout the entire habitat in search of a territory. This assumption 
impliess that the arrival of juveniles at a specific territory follows a Poisson process with 
aa parameter that is proportional to the ratio between the total number of juveniles 
competingg and the number of territories available. It is furthermore assumed that the 
probabilityy that a territory becomes occupied is proportional to the number of juveniles 
arrivingg at the site. 
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Thee probability that a territory will 'not' be discovered by any juvenile individual 

thenn equals the zeroth term of the Poisson distribution with parameter <*[ —-z— , 

wheree a is a proportionality constant. The probability Poccupied that a 

territoryy is discovered by at least one individual and wil l become occupied is hence 

givenn by: 

W * - 1 - « PP l } (2.2) 

Byy default a is taken equal to 1, the consequences of different a values are considered 
inn a later section. Larger values of a represent situations in which the density 
dependencee in settlement is relaxed, such that more territories wil l become occupied 
forr the same number of juveniles competing. 

Iff  it is furthermore assumed that the different territories become occupied 
independentlyy of each other, the expected number of settling shrews is given by: 

',, -Ml 
11 - exp v J 

NsubabdtNsubabdt -K (2.3) ) 

Figuree 2.2 illustrates how the number of settling, subadult individuals relates to the 
numberr of competing juveniles for both variants of the settlement process. It should be 
notedd that the density-independent settling process is entirely deterministic, whereas 
thee density-dependent settling process incorporates a stochastic component. 

Reproductionn and mortalit y 

Itt has been argued that territoriality acts as a regulatory mechanism preventing 
excessivee shrew population densities that overexploit the habitat (Churchfield 1990). 
Hawess (1977) found that juveniles suffered high mortality during the competition for 
territories,, but that nearly all juvenile shrews that acquired a territory survived the 
winterr period. Added to the strict territoriality of the shrews, this high winter survival 
off  settled individuals implies that resource levels within the territories are sufficient to 
ensuree survival of its holders. Intraspecific competition for food is therefore likely to 
havee a negligible effect on the survival of settled individuals during the winter season. 
Reproductionn takes place in spring and summer when food levels are high. In this 
periodd strict territoriality is relaxed, with females remaining in much the same area and 
maless leaving their territories in search of oestrous females. Since food levels are high 
andd females still maintain their territories, the reproductive success of a single 
individuall  female is unlikely to be affected by intraspecific competition for food as well. 
Itt is therefore assumed that both winter survival and reproduction are density-
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independentt processes. Since the observed sex ratio is close to one (Croin Michielsen 

1966)) only female shrews are considered. Whereas the population density of the 

commonn shrew exhibits within year fluctuations because of its concentrated breeding 

activityy (Churchfïeld 1980), the focus is on the changes in abundance from year to 

year.. Hence only the population size right after the settlement process is considered. 

Itt is assumed that an individual shrew, which has successfully settled in autumn, 

survivess the winter season with probability s. Subsequently, all surviving individuals 

aree assumed to reproduce. The number of viable offspring per reproducing female is 

assumedd to follow a probability distribution which is inferred from experimental 

observationss (see the section on parameterisation). More specifically, this distribution 

iss assumed to specify the number of (female) juveniles that survive up to the settlement 

periodd per adult female surviving the winter period. The mean number of viable 

juveniless per individual female is referred to as R . Together, the winter survival 

probabilityy and the mean number of juveniles determine the average lifetime 

reproductivee success of an individual shrew in the absence of density-dependent 

influences.. This quantity is referred to as RQ and given by 

RR00=sl.=sl. (2.4) 

Formulatio nn of population-leve l model s 

Deterministicc and stochastic discrete-time models were formulated to investigate the 
effectss of habitat size and quality on the population dynamics of the common shrew. 
Inn these models habitat size is represented by the parameter K, the number of winter 
territories.. It is assumed that RQ, the average lifetime reproductive success of a female 
shrew,, is positively correlated with the quality of a habitat and can hence be adopted as 
ann indicator for this quality. First it is assumed that K and RQ are not correlated and 
cann hence be varied independently. In a later section the consequences of correlation 
betweenn habitat size and quality for the conclusions are discussed. 

Modelss without demographic stochasticity 

Thee deterministic population models incorporate the life history processes described in 

thee previous section (see Fig. 2.1), while neglecting demographic stochasticity in these 

processes.. Effects of winter mortality and reproduction on the number of shrews are 

subsumedd in RQ. The changes in equilibrium population density with different A" and 

RQRQ values are studied, thus the equilibrium abundance is adopted as an indicative 

statisticc of population performance. 

Adoptingg the density-independent settlement variant, the population dynamic 
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modell  is given by: 

«oN,>K «oN,>K 

otherwise. . 

(2.5a) ) 

(2.5b) ) 

Equationn 2.5 indicates that the number of shrews cannot be larger than the number of 
suitablee territories K If, on the other hand, the number of newborn individuals is less 
thann the number of available territories, all individuals wil l obtain a territory and 
becomee subadult. 

Thee equilibrium properties of the deterministic model with density-indepen-
dentt settling serve mainly as a point of reference. When RQ is larger than 1, the 
equilibriumm density is equal to the number of suitable winter territories. For smaller 
valuess of BQ the equilibrium density equals 0 (see equation 2.6). 

eq eq 

eq eq 

if f 

if f 

(2.6a) ) 

(2.6b) ) 

Obviously,, a value of RQ larger (smaller) than 1 implies that a single female shrew 
producess on average more (less) than a single offspring during her life. Because of the 
density-dependentt limi t set by the number of suitable territories, the population either 
growss to its maximum capacity or becomes extinct. 

Whenn settlement is assumed to follow the density-dependent process, the 
dynamicss of the shrew population is described by the non-linear, recurrent relation: 

NNt+1t+1=K =K 11 - exp K 
(2.7) ) 

V, , 

Forr this case the equilibrium population density cannot be obtained explicitly, but is 

thee solution of the equation: 

N„=K N„=K 11 - exp K (2.8) ) 
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Tablee 2.1 

Probabilityy distribution of female young that survive up to settlement produced by an adult female 

duringg her lifetime. The number of young ranges from 0 to 10. After Brambell 1935. 

0 0 
0.120 0 

1 1 
0.079 9 

2 2 
0.169 9 

3 3 
0.231 1 

4 4 
0.207 7 

5 5 
0.126 6 

6 6 
0.052 2 

7 7 
0.014 4 

8 8 
0.002 2 

9 9 
2.8**  10'4 

10 0 
1.8*10-5 5 

Modelss wit h demographic stochasticity 

Inn the deterministic population models it is assumed that reproduction and survival is 
identicall  for all individuals and that individuals only differ in whether or not they are 
capablee of securing a territory in the settlement process. Demographic stochasticity in 
reproductionn and survival is hence neglected in these models. The effects of changes in 
habitatt size and quality on the population performance were also analysed using models 
inn which demographic stochasticity in the life history processes is accounted for. In 
thesee models, juvenile settlement, winter survival, and adult reproduction, are 
incorporatedd as entirely stochastic processes. In technical terms, the population 
dynamicss of Sorex araneus are described by a Markov chain which captures the discrete-
timee nature and demographic stochasticity of the life history processes (see Feller 1968, 
andd Karlin & Taylor 1975 for extensive introductions). 

Thee state of the modelled S. araneus population in any year is given by the 
numberr of female subadult shrews, since the census of the population is just after 
settlement.. During the winter season all subadult shrews face a probability s to survive. 
Thee survivors become adult in spring. The probability PM (i | j) that a shrew 
populationn existing of j subadult individuals after settling in autumn, will exist of / 
adultss in the following spring is therefore given by: 

PPMM0\J)0\J) = \J. | ( l -s>°W ) j / ' i f i*J>  (2-9a> 
w w 

PuPu 0' I J) = ° otherwise. (2.9b) 

Forr each value of  j , the sum of the probabilities PM (i | j) over all possible values of i 

equalss 1. The maximum number of subadults that can be present in autumn equals the 

numberr of suitable territories K, and possible values of both /' and j hence range from 

00 to K. These bounds correspond to the extinct and the maximum population state, 

respectively.. Thus, in the population models mortality is represented by a matrix MM 

withh K+1 rows by K+1 columns containing the probabilities PM for all possible values 
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off  / and j (where / and j are used throughout to refer to the matrix row and column 
number,, respectively, both starting with index 0). 

Inn spring, each surviving shrew produces up to R^  ̂ offspring. R^  ̂ is the 
maximall  number of female young that an adult female can produce, which is estimated 
att 10 (see Parameterisation section). The probability that a female produces exactly y 

femalee offspring, that survive up to the settlement period, is indicated by Py (values 
specifiedd in Table 2.1). After the reproduction period the population exists exclusively 
off  juveniles, since adults die before the winter season and are assumed to play no role 
inn the settlement process. The probability PR{i  \ j) that the population wil l exist of / 
juveniless in late summer, given that the population exists of j female adults in spring, 
cann be described by a recurrence relation: 

PRWfl^fr^PrPiit-yU-D,PRWfl^fr^PrPiit-yU-D, if J*l, (2.10a) 

/ W ( ' i y )) = l , i f <' = . /= 0, (2.10b) 

PPRR(i\j)(i\j)  = 0, if  I > 1 , 7 = 0. (2.10c) 

Thee reproductive behaviour of the female shrews is assumed to be density-
independent.. Hence j female adults will produce /' juveniles in the event that one of 
themm produces y offspring and the remaining j - 1 individuals produce i-y offspring. 
Thee probabilities of occurrence of such events are summed in the recurrence relation 
(equationn 2.10a) over all possible values of y to obtain the relationship between 
PR(*PR(* \ J) and PR (.\j~ 1) (where the dot denotes all possible values of /). For each value 
ofof j the probabilities PR(i\j)  sum to 1 for all possible values of /. The maximum 
numberr of juveniles born in summer equals the maximum number of adults in spring 
KK multiplied by <#max. Hence the probabilities ^ 01 j) for all possible combinations 
off  /and j constitute a reproduction matrix M R, consisting of ^*^ m a x+l rows and K+\ 

columns.. The first row of the matrix specifies the probabilities that j female adults in 
springg wil l produce zero offspring in autumn. The first column consists of a single value 
off  1 in the first row and zero values everywhere else as an extinct population will not 
producee offspring (equations 2.10b and c). 

Inn autumn juvenile shrews compete to occupy a territory. The probability that a 
juvenilee will secure a territory depends on the specific submodel of the settlement 
processs (see equation 2.1). Assuming the density-independent settlement process 
impliess that if the number of juveniles that compete for a territory is smaller than the 
numberr of suitable winter territories K, all individuals wil l settle, while, if the number 
off  juveniles that compete for a territory is larger than the number of suitable winter 
territories,, exactly ^individuals wil l settle. With this settlement model the probability 
^SDI^SDI (' I ) that the population wil l exist of / subadults, given that j juveniles are 
competingg to occupy a territory is given by: 
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^sD/0'|y)) = l if / = y a n d > <̂  or i = K and j >K , (2.11a) 

PSDIPSDI OID = ° otherwise. (2.11 b) 

Ass the maximum number of settled juveniles is fixed by the number of territories, i 

rangess between 0 and Kwhile j ranges between 0 and K-Rmzx, the maximum number 

off  juveniles present. 

Whenn density-dependent settlement is considered the probability PSDD (/1 j) 

thatt the population wil l exist of i subadults, given that j juveniles are competing, is 

givenn by: 

PSDD(?\J)PSDD(?\J) = 
fKfKyy Jj.) _m 

.. 1(1 -exp ^ ) ' ( exp W)(*- 0 s iKj  ( 2 1 2 a) 

PsBDO\f)PsBDO\f) = l-XPsDD(*\j)> '' = 7, (2.12b) 
i-0 0 

PSDOUPSDOU I j) = 0 , otherwise. (2.12c) 

Heree (1-exp ) is the probability that a territory wil l be occupied following equation 

2.2.. As long asj>K, P^pii | j) in equation 2.12a is the probability that all territories 

wil ll  be occupied given that there are at least A"juveniles competing. If j<K,  the 

maximumm number of occupied territories is obviously restricted by ƒ Equation 2.12b 

reflectss the assumption that if j < K, the number of occupied territories cannot be 

largerr thany', therefore the probability that exactly j territories wil l be occupied is equal 

too one minus the sum of probabilities that less than j territories wil l be occupied. 

Forr each value of j the probabilities PSDt (i \ j) and PSDD {i  \ j) sum to 1 when 

summedd over all possible values of /'. The maximum number of subadult shrews that 

settlee equals the maximum number of territories K, while the maximum number of 

juveniless competing equals the maximum number of offspring produced K 'R^^ 

Hencee the probabilities PSD{ (i | j) and PSDD (i | j) for all possible combinations of i 

andd y constitute two settlement matrices M SDl and M SDD, respectively, consisting of 

K+K+ 11 rows and ^*^ n a x+1 columns. 

Fromm year to year the dynamics of the shrew population are determined by the 

sequencee of survival, reproduction and settlement. These dynamics are hence specified 

byy the matrix product: 

MMSD1SD1-M-MRR-M-MMM (2.13a) 

inn case of a density-independent settlement process. The analogous product with 
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density-dependentt settling is 

MMSDDSDDMMRRMMMM.. (2.13b) 

Iff  v. (t) denotes the probability that the population consists of/' female subadult shrews 
afterr the settling process in the autumn of year t (the shrew population is in state j), 

thee probability distribution of the population state for all possible states (j = 0....K) in 
yearr t can be specified as a column vector of length K+\ denoted by 
v(00 = (vQ(t),vx(t),....vK (/)). The probability distribution of the population state in the 
nextt year is then given by: 

v(// +1) = (Mg» MRMM M O, (2.14a) 

or r 

v(ff  +1) = (MSDD MRMM M O, (2.14b) 

inn the case of density-independent and density-dependent settling, respectively. 
Equationss 2.14a and 2.14b constitute the stochastic, discrete-time models describing 
thee population dynamics of S. araneus. 

Givenn values for RQ and K, the matrix product of MM, MR , and M mi (M ^ ^ 
inn case of density-dependent settlement) can be computed numerically. The zero state, 
correspondingg to an extinct population, is an absorbing state of the stochastic model, 
inn which eventually the model population wil l always end up. The expected time to this 
extinctionn can be calculated by determining numerically the subdominant eigenvalue 
off  the matrix product (see Appendix 2.1). 

Inn addition to expected extinction times, expected population sizes predicted by 
thee stochastic model can be computed if population extinction is assumed to be 
counteredd by immigration. These expected population sizes can be compared with the 
equilibriumm population sizes derived from the models without demographic 
stochasticity.. Immigration was modelled by assuming that an extinct population had a 
1%% probability to be re-colonised by individuals from outside the area with the K 

territoriess (other values for this immigration probability did not yield significantly 
differentt results). More precisely equation 2.11 was modified such that 
PgDfPgDf (010) = 0.99 and PSDl(l\0) = 0.0\. (The same equations hold in case of the 
density-dependentt settlement process.) Because of this small immigration, the 
probabilityy distribution of the population state tends to a stationary distribution. The 
matrixx products (equation 2.13a) and (equation 2.13b), with immigration included in 
thee settlement matrixes M ̂  and A/5DD, are computed numerically for various RQ and 
KK Expected population sizes are calculated by numerically determining the right 
eigenvectorr corresponding to the largest eigenvalue of the matrix obtained. The 
stationaryy population state distribution is specified by this right eigenvector after 
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normalisingg it, such that the sum of the vector elements equals 1. The stationary population 

statee distribution thus equals a vector of length A+l , of which each element (vx) gives the 

probabilityy that the population will exist of x individuals (v ={0,0,0,0,1}) implies that 

thee population has a probability of 1 to consist of four individuals). Multiplying each 

elementt of the stationary population state distribution vector (vx) by its index x and 

summingg over all states gives the expected population size, x : 

__ K 

JC=0 0 

Parameterisation n 

Parameterr estimates for the reproductive output and winter survival of S. araneus are 

basedd on literature data. 

Thee expected number of female young that are produced by a female adult and 

survivee up to settlement depends on the percentage of reproducing females, the mean 

litterr size, the number of litters produced per female, the sex ratio of the young, and 

thee juvenile mortality. Brambell (1935) states that 90% of the adult females become 

pregnantt during the season. The mean litter size ranges from 4 to 5.9 young (Shillito 

1963;; Vogel 1972). The sex ratio of the young is close to one (Croin Michielsen 1966) 

andd both sexes suffer equally from juvenile mortality. The common shrew breeds more 

thann once during the reproductive season, the mean number of litters is expected to lie 

betweenn 1.5 and 3 (Brambell 1935; Shillito 1963; Vogel 1972), a maximum of five 

litterss is reported by Kisielwsk (1963). Juvenile mortality equals 40-50% in the first 

twoo months of life (Churchfield 1980). 

Basedd on these literature data the present study has taken the number of litters 

too be 2.25, and the mean litter size 5 (the median of the reported ranges). It was 

assumedd that juvenile survival was equal to 60%. Thus the average number of young 

thatt survive up to settlement produced per female during her lifetime is assumed to 

equall  6.75. 

Completee probability distributions for the number of juveniles surviving up to 

settlementt are lacking. Brambell (1935) presents a litter size distribution based on the 

numberr of healthy embryos in uteri. Given the lack of literature data and the fact that 

thee average of the litter sizes (6.7) found by Brambell (1935) is close to the estimated 

valuee of 6.75 young per female, it was boldly assumed that the distribution found by 

Brambelll  (1935) was representative for the probability distribution of juveniles per 

femalee surviving up to settlement. These values were adjusted to account for the fact 

thatt only 90% of all females reproduce, and that the sex ratio of the offspring equals 1. 
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Tablee 2.1 represents the probability distribution of female young produced by an adult 
shreww during her lifetime. The mean number of female young that survive up to 
weaningg equals 3.0 (R ; see equation 2.4), and the maximum number of female young 
producedd per female during lifetime is assumed to be 10 (Rmzx ; see equation 2.10a). 

Winterr mortality varies from 14% (Shillito 1960 in Croin Michielsen 1966) up 
too 20% (Churchfield 1980). The data collected by Churchfield are based on mark-
recapturee techniques. During the winter period the activity of shrews is much 
reduced,, therefore mortality data based on mark-recapture techniques give an 
overestimate.. 5= 0.86 is adopted as the default value for the fraction of subadult 
shrewss that survive during winter. Based on these considerations a default value of RQ 

forr S. araneus equals 2.6. 
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Figuree 2.3 

Equilibriumm population density as function of R^ (a and c) and K{b and d) for the deterministic 

modell (dashed lines) and the stochastic model with 1% immigration probability (solid lines), (a) and 

(b):: density-independent settlement; (c) and (d): density-dependent settlement. In (a) and (c) is K 

fixedd on 50. In (b) and (d) R^ equals 1.8. 
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Result s s 

Equilibriu mm density 

Figuree 2.3 shows that the deterministic models without demographic stochasticity 

predictt positive population sizes only if RQ is larger than 1, when, on average, an 

individuall  female produces more than a single surviving offspring during her lifetime. 

Iff  settlement follows the density-independent model, this threshold is the only value of 

RQRQ where it influences the equilibrium population size. Above and below it, the 

equilibriumm density is independent of RQ. With density-dependent settlement 

equilibriumm population densities continuously increase with values of RQ larger than 

1.0,, ultimately approaching the total number of available territories. The initial 

increasee is rapid: when RQ =2.0, already 80% of all territories are occupied (Fig. 2.3). 

Thee predicted equilibrium population density in these models is always 

proportionall  to the total number of available territories K (Fig. 2.3b, d). From 

equation.. 2.6a it is clear that with density-independent settlement the ratio N IK 

equalss 1. Equation 2.8 indicates that for density-dependent settlement this ratio only 

dependss on RQ. Hence, irrespective of the settling process, Neq always increases linearly 

withh K. As a consequence, the equilibrium population density in these models is 

generallyy more sensitive to changes in A" than to changes in RQ. Once an individual 

shreww can at least replace itself, population densities can be increased most effectively 

byy increases in the available territories. 

Thee predictions of the stochastic models with a 1% immigration probability per 

yearr are similar to those of the deterministic model (see Fig. 2.3). Only for low values 

off  A'and values of RQ just above 1, the predicted mean densities deviate. In the presence 

off  demographic stochasticity the mean density is lower than expected on the basis of 

thee deterministic model predictions when either the number of available territories K 

(andd hence the number of shrews) is low or when individual shrews can only produce 

slightlyy more than a single offspring during their life (RQ just above 1). Demographic 

stochasticityy thus negatively affects the expected population density. Higher levels of 

demographicc stochasticity induce lower densities. Obviously, the population density 

increasess faster with both RQ and K in case of density-independent settlement (Fig. 

2.3a,, b) than with density-dependent settlement (Fig. 2.3c, d). This is because the 

numberr of settling juveniles in case of the density-independent settlement is always 

largerr than or equal to the number of settlers in the density-dependent process (see Fig. 

2.2).. Moreover, the density-dependent settlement process introduces another source of 

stochasticityy on top of the demographic stochasticity due to reproduction and winter 

survival.. As a result the reductions in equilibrium densities are larger (compare Fig. 

2.3a,, c, and Fig. 2.3b, d). 
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Figuree 2.4 

Expectedd time to extinction, as predicted by the stochastic population models without immigration, 

forr different values of RQ and K. (a): with density-independent settlement and /Tequal to 50 (solid 

line),, 15 (dashed line) and 5 (dot-dashed line) territories, respectively, (b): with density-independent 

settlementt and R^ equal to 1.8 (solid line), 1.5 (dashed line), and 1.08 (dot-dashed line), 

respectively,, (c) and (d): as (a) and (b), respectively, but for density-dependent settlement. 

Expectedd time to extinction 

Thee stochastic population models without immigration predict that all populations 
eventuallyy go extinct. Figure 2.4 shows how the expected extinction time varies with 
changess in RQ and K. This expected extinction time reflects the expected longevity of a 
populationn of Sorex araneus that is at risk of extinction because of demographic 
stochasticityy in reproduction, survival and settlement. The expected extinction time is 
inverselyy proportional to the rate at which populations die out (see Appendix 2.1). 
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Figuree 2.5 

Combinationss of RQ and A'for which the relative sensitivity of the expected extinction time with 

respectt to RQ is between two and three times its sensitivity with respect to iHregion I). The relative 

sensitivityy is computed as the relative change in the extinction time given a relative change in either 

RQRQ or K. Region II: the relative sensitivities differ by a factor between 3 and 4; Region III: likewise, 

byy a factor between 4 and 5; Region IV: the relative sensitivity towards RQ is at least five times as 

largee as the sensitivity towards K. Note: lvalues lower than 2 are not computed (region below 

dashedd line), (a) with the proportionality constant a in the density-dependent settlement process 

equall to 0.5, (b) a = 1.0, and (c) a = 2.0. Note that for a = 0.5 the relative sensitivity with respect 

too RQ is never less than three times the sensitivity with respect to K. 

Increasess in both RQ and A^induce an increase in the expected time to extinction. 
However,, Figure 2.4 indicates that the expected time to extinction changes more 
rapidlyy with changes in RQ than with changes in K. The expected extinction time 
increasess at most exponentially with A'and more than exponentially with RQ. In case of 
density-independentt settlement the number of settling juveniles will always be larger 
thann or equal to the number of settlers in the density-dependent process (see Fig. 2.2). 
Therefore,, the expected time to extinction increases faster with both RQ and Kin the 
density-independentt settlement variant (Fig. 2.4a, b). Furthermore, for a small 
populationn with only five suitable territories (dot-dashed lines in Fig. 2.4a, c) increases 
inn habitat quality still have a significant effect on the expected time to extinction. In 
contrast,, for a population that can only accomplish low positive growth (7^=1.08, dot-
dashedd lines in Fig. 2.4b, d) increases in the number of suitable territories have a much 
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smallerr effect on the expected time to extinction. 

Forr RQ< 1 the stochastic models predict times to extinction above 1, even though 
everyy individual produces, on average, less than a single offspring during its life. The 
deterministicc models predict zero population densities under these conditions. Due to 
demographicc stochasticity single individuals can produce sometimes more than one 
offspring,, such that their lineage survives for more than a single year. Nonetheless, the 
populationn is expected rapidly to go extinct. 

Forr the stochastic population models with density-dependent settlement 
thee expected extinction times are computed for all combinations of RQ and ÜTwith 
RQRQ =0.03, 0.06 ... 3.0 and K =2, 3 ... 100. From these data the sensitivity of the 
expectedd extinction time to changes in both RQ and Kis determined numerically. Next, 
thiss sensitivity was expressed as the relative change in the expected extinction time due 
too a relative change in either RQ or K, i.e. the elasticity (Caswell 1989). As already 
suggestedd in Figure 2.4 the expected extinction time is always more sensitive to changes 
inn RQ. The elasticity of the expected extinction time with respect to RQ turns out to be 
att least twice its elasticity with respect to K In other words, a 10% increase in RQ wil l 
inducee at least twice as large an increase in the expected time to extinction as a similar 
increasee in K This holds for all values of RQ and K Figure 2.5b shows that for most 
combinationss of RQ and K, the elasticity towards RQ is three, four or even five times the 
elasticityy towards K Thus, the lifetime reproductive output of an adult female has a 
considerablyy higher impact on the expected time to extinction than the number of 
suitablee territories. 

Generalisations s 

Thee models that are used above to study the population performance of the common 
shreww in relation to changes in habitat quality and size incorporate only the most 
importantt processes and stages in the life history of the species. These models are 
necessarilyy based on a number of simplifying assumptions. In this section it wil l be 
discussedd how relaxation of these assumptions affects the conclusions derived above. 

Forr examination of the model predictions as a function of both RQ and K the 
proportionalityy constant in the density-dependent settlement process, a, was set to 1. 
Too study the sensitivity of these results with respect to a the elasticity calculations were 
repeatedd for values of a equal to 0.5 and 2.0. Lower values of a indicate an increase in 
thee density dependence of the settlement process, such that for a given number of 
competingg juveniles the probability that a territory wil l become occupied decreases (see 
equationn 2.2). Such increases in density dependence can, for example, be caused by 
non-randomm searching for territories (see below). A decreased density dependence in 
settlement,, corresponding to higher a values, can be expected in cases where juveniles, 
whichh are ousted out of their territories by stronger opponents, are able to search for 
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neww territories or where competing juveniles exhibit avoidance behaviour. As can be 

inferredd from Figure 2.5a, c, the conclusion that population extinction due to 

demographicc stochasticity can be countered more effectively by increasing RQ rather 

thann K holds true for both low and high values of a. If density dependence in 

settlementt is increased (a = 0.5), the expected extinction time becomes more sensitive 

too changes in RQ. Compared to Figure 2.5b, c (a = 1.0, 2.0, respectively), Figure 2.5a 

showss no regions where the relative sensitivity of the expected extinction time with 

respectt to RQ is between two and three times its sensitivity with respect to A" (region I 

inn Fig. 2.5b, c). As can be inferred from Figure 2.5c, with a decrease in density 

dependencee (a = 2.0) the sensitivity of the expected extinction time to changes in RQ 

decreases,, but is always larger than the sensitivity with respect to K{see Fig. 2.5c). 

Off  the important life history processes settlement is the least investigated. 

Insightt into how exactly juveniles manage to secure a territory is lacking. For the sake 

off  simplicity the presented study assumed that juveniles search randomly for vacant 

territories.. It might be biologically more realistic to assume that juveniles select vacant 

territoriess in the neighbourhood of their place of birth. As compared with random 

settlement,, settlement in neighbouring territories is expected to strengthen the 

conclusionn that population extinction due to demographic stochasticity is most 

effectivelyy countered by increases in habitat quality. The expected population density 

wil ll  also be affected to a lesser extent by an increase in habitat size than with random 

settlement.. These conclusions follow from the observation that, in comparison with 

randomm settlement, nearest-neighbour settlement can only lead to a less homogeneous 

distributionn of occupied and unoccupied territories. Due to this clustering of 

individuals,, nearest-neighbour settlement is likely to increase density dependence. As 

shownn above (see Fig. 2.5a), such an increase in density dependence only enhances the 

sensitivityy of the extinction time with respect to RQ. 

Inn the models, the habitat occupied by the species was assumed to consist of a 

collectionn of territories that form a single, contiguous area. If, on the other hand, the 

samee number of territories has a metapopulation structure, juveniles will probably 

searchh for a vacant territory within the patch occupied by their own subpopulation and 

lesss so in other patches. This situation is comparable with the situation where juveniles 

searchh for vacant territories in the neighbourhood of their place of birth: it is expected 

too increase the local density dependence in the settling process and thus increase the 

sensitivityy of the extinction time with respect to RQ (see Fig. 2.5). 

Inn the modelling approach K, the number of suitable territories, is adopted as a 

measuree of habitat size, whereas habitat quality was represented by RQ, the average 

lifetimee reproductive success. Furthermore these parameters RQ and A" were varied 

independently,, and thus implicitly it was assumed that they were not correlated. In 

naturall  situations it is not very likely that this assumption holds. However, as is argued 

beloww the conclusions are only strengthened in the presence of a correlation between 
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RQRQ and K The average lifetime reproductive success RQ in a specific habitat obviously 
dependss on the quality of the habitat. Literature data show that the ratio in summer 
andd winter densities of S. araneus varies from 1.4 to 2.3 in poor habitats like scrub-
grasslandd to 3 to 4 in rich habitats like deciduous woodlands (Churchfield 1990). Rich 
habitatss thus sustain a higher production of offspring than poor habitats. The number 
off  suitable territories (K) in a patch depends on the actual sizes of these territories. 
Winterr territory sizes range from 400 to 600 m2 in deciduous woodlands up to 1000 
too 2000 m2 for scrub-grassland (Churchfield 1990). These literature data show that the 
sizee of a territory wil l decrease with the quality of the habitat. The number of territories 
inn a habitat is therefore expected to increase with an increase in the habitat quality. 
Increasess in habitat quality thus lead to increases in both RQ and K 

InIn contrast, there is less reason to believe that an increase in habitat size wil l 
affectt RQ. An increase in habitat size can only have an indirect positive effect on the 
reproductivee success of an individual, if the individuals expand their territories. 
Territoryy expansion can increase the food availability and hence RQ of the resident 
individual.. However, such an increase would imply that the total habitat would fit a 
lowerr number of territories as compared to the situation that no territory expansion 
takess place. Moreover, to exploit a larger territory, an individual is expected to spend 
moree time on surveying and defending the habitat, which wil l probably negatively 
affectt its RQ. 

Thee present study concludes that increases in habitat quality are most likely to 
increasee both RQ and K, whereas increases in habitat size are likely to increase A'only. 
Thee assumption that RQ and A" are not correlated and represent a measure of habitat 
qualityy and size, respectively, therefore constitutes a conservative approach. Any 
correlationn between these two parameters is only likely to strengthen the conclusions. 

Thee main result, i.e. the relative sensitivity of the expected extinction time with 

respectt to RQ is always larger than its sensitivity to K, can be shown to apply more 

generally.. Consider a population living in a collection of A^ territories that each have a 

yearr to year probability to stay occupied equal to X. The question to resolve from a 

conservationn perspective is whether the extinction probability will be more effectively 

reducedd by increasing the number of territories to N'= N +1 or by an equivalent relative 

increasee in the probability for a single territory to stay occupied to X'= (1 + —)X (note 

thatt this is considered an equivalent relative change because both N'lN and X'IX 

equall  t + —-). The relative increase in the probability for a single territory to stay 

occupiedd is obviously possible only if X'< 1 and hence it is necessarily assumed that 
N N 

00 <X < ——-. Given the increased value of X\ the year to year probability that the 

entiree population in the collection of A^ territories goes extinct equals: 
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t-^^-Hj-vMt-^^-Hj-vM 11  <215) 

Iff  the number of patches is increased from Nto AP = N + l, the corresponding year to 

yearr probability of population extinction equals: 

(11 - X)N+1 = (1 - X)N (l-X). (2.16) 

Thee probability of extinction specified by equation 2.15 is smaller than the extinction 

probabilityy in equation 2.16 if: 

11 — < ( ! - * )) (2.17) 

m-x)) m-x)) 
Inn Appendix 2.2 it is shown that the inequality 2.17 holds for all possible values of N 

andd X. Therefore, increasing the probability to stay occupiedd to X'= (1 + —)X decreases 

thee risk of extinction more than increasing the number of 

territoriess from TV to N*=  N + l, On the basis of this result, it is concluded that in 

generall  the relative sensitivity of the expected extinction time with respect to changes 

inn habitat quality wil l always be larger than its sensitivity with respect to habitat size. 

Discussio n n 

Thiss paper demonstrates that the population abundance of the common shrew Sorex 

araneusaraneus is mainly influenced by the number of suitable territories K Obviously this 

numberr constitutes a maximum bound for the expected population density, which 

turnss out to be proportional to K for all values of RQ> 1. Except for the transition at 

thee threshold RQ=1> which separates the regions of positive and zero equilibrium 

densities,, the lifetime reproductive success of an individual female has littl e effect on 

thee expected population density. The expected time to extinction on the other hand, is 

farr more influenced by RQ than by K, as Figures 2.4 and 2.5 indicate. In this paper it 

hass been argued that RQ can be interpreted as a measure of the quality of the habitat, 

whereass the size is determined by K, the number of suitable territories. Thus, for 

populationn performance in terms of the average population density, the size of the 

habitatt is a key factor and more important than habitat quality. In contrast, when 

populationn performance is expressed in terms of its expected time to extinction, the 

qualityy and not the size is the most important habitat characteristic. These conclusions 

holdd for all values of RQ and K, even when the latter is low and shrew densities are 

correspondinglyy low. Figure 2.5b shows that the expected extinction time is at least 

twicee as sensitive to a change in RQ as to a similar, relative change in K. 

Relaxationn of the model assumptions to include (1) a metapopulation structure; 
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(2)) non-random searching for vacant territories; and (3) correlations between the 
lifetimee reproductive success ^ of an individual and the number of suitable territories 
K,K, tends to only strengthen the conclusion that the expected extinction time due to 
demographicc stochasticity is extended more by increases in habitat quality than by 
analogouss enlargements of habitat size. The computations given in equations 2.15, 
2.16,, and 2.17 corroborate, in an abstract manner, that, irrespective of the species 
underr consideration, demographic stochasticity indeed has an adverse effect on 
populationn performance in terms of its likelihood of extinction. These negative 
influences,, however, are always more effectively countered by increasing the probability 
thatt single individuals successfully reproduce and replace themselves than by increasing 
theirr total number. Hence, the extinction risk of a small population due to 
demographicc stochasticity can best be decreased by increasing the reproductive 
opportunitiess of its individuals, if this is feasible, while increasing the population size 
hass less of an effect. 

Demographicc stochasticity increases in significance in small populations and is 
thuss generally considered to increase the likelihood of extinction. According to Hanski 
(1986)) demographic stochasticity is the main cause of extinction in S. araneus on small 
islandss in Finland. The models analysed here were primarily developed to study the 
influencee of demographic stochasticity. It has been shown that its relation with 
populationn extinction is rather more subtle. Demographic stochasticity indeed reduces 
thee expected population size and increases the likelihood of extinction. However, the 
amountt of demographic stochasticity that is induced by the reproduction, death and 
settlingg of individuals is a function of both the number of individuals present and the 
chancess that they give birth, die and secure a specific territory. The current analysis 
showss that it is not the population size per se that crucially determines the impact of 
demographicc stochasticity. The probabilities of reproduction and death, which together 
determinee the lifetime reproductive success of an individual, make a much larger 
contribution.. As a consequence, these probabilities turn out to have a larger influence 
onn the expected time to extinction than on the maximum population size that can be 
achievedd in a specific habitat. 

Obviously,, small populations are threatened by a variety of factors that endanger 
theirr persistence. Shaffer (1981) recognises four stochastic extinction pressures: namely, 
demographic,, environmental, and genetic stochasticity, and natural catastrophes. Due 
too their low density, small populations could easily be wiped out by catastrophic events, 
suchh as adverse weather conditions or an epidemic of a lethal disease. A virus epidemic 
likee the phocid distemper virus on the harbour seal, which killed ~ 60% of the harbour 
seall  population in the Wadden Sea (Reijnders 1992), can be expected to eradicate small 
populations.. On the other hand, small populations run the risk of rapidly losing 
geneticc variability due to inbreeding (Wright 1977; Falconer 1981) or exhibit rapid 
shiftss in genetic composition in general. These genetic changes can diminish their 
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capacityy to adapt to changing environments (Selander 1983). 

Contaminationn of the environment with toxic substances can be interpreted as 

aa specific form of habitat quality degradation. S. araneus populations situated in 

contaminatedd areas are expected to suffer from secondary poisoning as a result of their 

feedingg habits. On the basis of the current study, it is expected that a decline in habitat 

quality,, as a consequence of pollution, wil l manifest itself in an increased extinction 

probabilityy of the population. However, this might not be reflected in the expected 

populationn density down to the threshold level RQ= 1. The expected population density 

wil ll  only drop to zero in areas where habitat quality decreases to levels where the 

lifetimee reproductive success of an individual female is below 1. This insensitivity of the 

expectedd population density with regard to pollution indicates that a shrew population 

cann be severely affected by pollution without any apparent change in the average 

populationn density. The population density is therefore not a useful statistic to evaluate 

thee population level effects of pollution. The expected time to extinction is, however, 

difficul tt to measure in field situations. Therefore, to gain insight in the population-level 

consequencess of pollution, next to the population density also the expected lifetime 

reproductivee success of an individual RQ should be determined. A survey of the 

performancee of a field population should include estimations of survival, reproduction 

andd density (Van Home 1983). It is expected that for species with life histories similar 

too that of S. araneus, habitat quality degradation, due to contamination of the area with 

toxicc substances, wil l not be revealed by the population density. The combination of a 

highh fecundity and an obligate territoriality in part of the life cycle, is likely to lead to 

aa strong dependence of the population abundance on the number of suitable territories 

A"wit hh less influence of the expected lifetime reproductive success BQ. 

Speciess management (conservation initiatives that aim on preservation of an 

endangeredd species) should be based on insight in the relative importance of habitat 

qualityy and size in the population performance of the species. This insight, in 

combinationn with the ultimate aim of the management policy (high species abundance 

orr sustainable populations), determines the importance of improving habitat quality 

and/orr size. The results of this study reveal the importance of increasing the habitat 

qualityy to reduce the likelihood of population extinction. Even at low population 

densitiess increases in the habitat quality are of more importance than equivalent 

increasess in the size of the habitat. Improvement of habitat quality depends on the 

specificc requirements of the species under consideration and can only be accomplished 

withh thorough ecological knowledge of the species. Therefore, improvement of habitat 

qualityy might not be simple to realise. Obviously, both the habitat quality and the size 

shouldd be improved when endangered populations are small. An increase in the 

maximumm population size wil l lif t the population out of the danger zone caused by 

environmentall  and genetic stochasticity and natural catastrophes, while an increase in 

thee quality of the habitat will ensure positive growth of the population. 
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Appendi xx 2.1 

Expectedd tim e to extinction 

Thee Markov chain that describes the population dynamics of Sorex araneus has one 

absorbingg state: zero females at time t wil l always lead to zero females at time t +1. All 

otherr states have a non-zero probability to end in the absorbing state. In any finite 

Markovv chain, no matter where the process starts, the probability that the process is in 

thee absorbing state after n steps tends to 1 if n tends to infinity (Kemeny & Snell 

1983).. This implies that the probability of extinction for a population of shrews wil l be 

11 as time goes to infinity. The mean time to reach the absorbing state, i.e. the expected 

extinctionn time fi is given by: 

Heree Xsd is the sub-dominant eigenvalue of the transition probability matrix. The 
dominantt eigenvalue of a Markov process is always equal to 1 (eigenvalue of the 
absorbingg state). The rate at which the population ends up in the absorbing state equals 
1-- A*sd. The expected time to extinction ƒ/ is inversely proportional to the rate at which 
thee population becomes extinct. 

Appendi xx 2.2 

Demonstrationn that inequality 2.17 holds for  all values of A and X 

Substitutionn of Y = -—— (n < y < N) . in equation 2.17 yields: 

Thee derivative of the lefthand side of equation 2.A2.1 with respect to N 

equals: : 

iHJiHJ M^-B'<H'-i)my^i 
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-KK'-*BB ^ ^ (2.A2.2) ) 

Thiss derivative can be simplified by defining 

1 1 
a~ a~ B) ) 

YY a-\ 
NN a 

Thiss definition allows for rewriting the second term within brackets in the righthand 

sidee of equation 2.A2.2 as: 

< i -£Kra+M^>) =((a- , )-ha)>0 0 (2.A2.3) ) 

Thee first exponential term in the righthand side of equation 2.A2.2 is always positive. 

Equationn 2.A2.3 shows that the second term is also positive if a > 1. This condition on 

aa corresponds with the condition 
Y Y 

00 < l - _ < 1 
NN ' 

whichh always holds true because / l ies by necessity between 0 and N. So it has been 

shownn that 

d d 
dN dN HI HI >0 0 

thatt is, irrespective of the value of Y, the lefthand side of equation 2.A2.1 is a strictly 

increasingg function of N. It can be shown that equation 2.A2.1 holds for N=l, because 

forr iV=l it can be rewritten as: 

( l - y ) < < 
\\ + Y 

(ii  - rxi + r) < l <=> <=> l-Yl-Y22 <1 

whichh is always true for Y>0. Equation 2.A2.1 can also be shown to hold for N-^>°°, 

since: : 

l i m ^ ^ l - l j ^ e x p t - r ) . . 

Hencee for iV—»<» the inequality can be rewritten as: 
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exp(-r)<JTT 0 exp(7)>l + r . 

Forr Y > 0, this inequality is always true. 

Itt is therefore shown that for all allowable values of F(0 < Y< N) the lefthand side of 
equationn 2.A2.1: 

a-V V 
kk AT 

iss smaller than 1/(1 + 7) for both the lowest possible value of N(N = 1) and the highest 
possiblee value N = «>. Moreover, it is shown that this lefthand side of equation 2.A2.1 
iss a strictly increasing function of TV which, by definition, means that for any value of 
TVV between 1 and °° the value of this lefthand side lies between its values N = I and 
N=N= °°. Therefore, for all allowable values of Y(0 < Y< N) it has been shown that: 

(i-r)<(i-l.) JV<iim^_ >oo(i-l)A '< r i- . . 
NN N \ + Y 

Thus,, inequality 2.A2.1 holds for all possible values of F and N, which implies that 
equationn 2.17 holds for all possible values of Xand N(N> 1, 0< X< N/ (N+\)). 


