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1.11 General introductio n 

Thee understanding of atomic structure has its origin in the observation of discrete light spectra 
emittedd by excited gases. In 1885, J J Balmer showed that the four visible lines in the hydrogen 
spectrumm fitted a simple formula relating the wavenumber (u) to a integer variable (n) 

wheree k is set to 2 and R is the Rydberg constant1. Later, it was found that Balmer's formula 
couldd be extended to the UV spectrum and that other series of lines could be described by the 
samee formula, using different values for k. These observations were used by Bohr to develop an 
atomicc model in which two new basic assumptions were made: electrons are moving on stationary 
orbitss and light is emitted when an electron jumps from one stationary state to another of lower 
energy. . 

Aboutt hundred years later, the study of light emitted by excited atoms is still important for 
understandingg the structure and dynamics of excited systems (atoms or ions). During that time, 
thee evolution of atomic theory has lead to the development of mathematical approaches able to 
describee accurately complex spectra but the improvements in measurement techniques have at 
thee same time brought many new questions. In order to understand in details the behaviour of 
atomss and ions, experimentalists and theoreticians still have much work to do. The former must 
performm more and more accurate measurements while the latter have to develop better models. 
Onee of the main challenge for theoreticians remains the evaluation of the correlation energy. 

Thee correlation energy is defined as the difference between the exact non-relativistic and the 
Hartree-Fockk (HF) energy (Löwdin 1959). Depending on the system under investigation (atom, 
ionn or molecule), the correlation energy represents generally between 5 and 10 % of the total 
energyy while it often represents much more than 99 % of the computational effort. When atomic 
calculationss are performed, three sorts of correlation have to be considered. The excitation of 
valencee electrons, called valence correlation, is expected to represent the largest contribution 
too the correlation energy but the inclusion of core-valence and core-core correlations is needed 
forr performing accurate calculations. For heavy systems, the large number of electrons makes 
itt impossible to include the full correlation and a truncation must be used. In this thesis we 
showw that three electrons already is enough to lead to truncation problems and the thesis is 
concernedd with showing how closeby we can approach the goal of including 100 % of correlation 
forr three-electron systems. 

Thee above definition of the correlation energy includes a non-physical concept, the exact 
non-relativisticc energy and, therefore, it is more appropriate to define correlation energy as the 
differencee between the Dirac-Fock (DF) and the experimental energy. However, for light atoms 
thee difference is not large and it depends on the experimental accuracy whether relativistic 
effectss must be included or not. In this thesis we mainly consider highly-excited states where no 
Iss electrons, which have the largest relativistic energy corrections, are present. Thus the non-
relativisticc approximation is generally a good one. Nevertheless, in nearly all cases the largest 
relativisticc effects have been included via perturbation theory. 

Thee difference between the terms correlation energy and correlation as it wil l be used in 
thiss thesis is the following. The former is a number fixed by the definition of the HF (or DF) 
equationss while the latter corresponds to the correction to the single configuration wavefunction 
includedd to (try to) reproduce the exact energy. In this sense, the correlation is basis dependent 
andd the energy shift it involves is often different from the correlation energy. 

11 After J R Rydberg who generalized Balmer's formula to other elements. 
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Thee ability to estimate the correlation energy has been driven by the development of compu-
tationall  methods as well as, and in combination with, the evolution of computers and it is today 
nott unusual that theoretical predictions are more accurate than experimental measurements. 
Nevertheless,, in most cases involving more than a few electrons, correlation effects are difficult 
too reproduce and the differences between experimental and theoretical data are noticeable. 

Thee importance of correlation effects depends on several factors such as the number of 
electrons,, the orbitals involved, the density of states in the energy region considered or the 
numberr of open-shells. Experimentally, measurements on systems with open-shells are difficult, 
evenn for systems with few electrons. In lithium for example, the excitation of a Is electron quickly 
leadss to terms for which all three electrons are in different shells. The decay mechanism of such 
excitedd states is a combination of radiative and non-radiative processes, making the lifetime 
shortt and therefore experiments difficult. Theoretically, it is not feasible for such systems to 
dividee the correlation into types with different degree of importance and large scale calculations 
aree needed to give an accurate description of the atomic levels. 

Whenn higher energy ranges are considered, electron configurations become more and more 
exotic.. For example, atoms and ions without electrons in the Is or in the Is, 2s and 2p shells have 
beenn observed. Such systems are said to be hollow because at least one inner-shell is empty. The 
productionn of those multiply core-excited atoms and ions is a two step process. Electrons are 
firstfirst removed from the system and the resulting highly-charged ion is brought in contact with an 
electronn reservoir. The first step can be achieved using electron cyclotron resonance (ECR) ion 
sources,, producing bare ions up to Ne10+, or using electron beam ion sources (EBIS) or traps 
(EBIT)) which produce ions up to U82+ but deliver a low intensity. Most commonly, two types 
off  reservoirs are used, either a metallic surface or a thin multi-electron gas, like for example Ar. 
Inn the two cases, the approaches and the capture processes are different but, in both types of 
experiment,, hollow atoms (and ions) are produced and observed. 

Synchrotronn radiation light sources have also been used for producing hollow atoms. Con-
traryy to collision experiments, photon-excitation experiments provide the selectivity, sensitivity 
andd resolution required to measure hollow states with a high accuracy, allowing a critical com-
parisonn with theory. Also, using photoelectron spectroscopy, it is possible to observe separately 
thee different decay channels, thereby obtaining detailed information on the de-excitation mech-
anisms. . 

Thee decay of hollow atoms occurs by a combination of photon and electron emission. The 
ratioo between the two processes is dependent on the nuclear charge, the number of electrons 
capturedd and the states that have been populated but it is expected that, for low nuclear charges, 
electronn emission, also called Auger decay or autoionization, will dominate. In many cases, the 
systemm emits more than one electron and decays via a series of autoionization processes called 
ann Auger cascade. 

1.22 The B-spline basis 

Inn atomic structure calculations, the basis set employed has a large influence on the accu-
racyy of theoretical predictions. Among different approaches, it is convenient to make a dis-
tinctionn between methods like multi-configuration HF (MCHF, Froese Fischer 1991) in which 
atomicc orbitals are numerically optimized by minimizing the energy and approaches, like the 
5-splinee method, where atomic orbitals are built as expansions over a set of basis functions. In 
thee latter case, the differences between theoretical approaches are partly due to differences in 
thee completeness of the basis i.e. differences in the ability to represent the different orbitals. 
Off  course, no finite basis is complete but it can be shown that the ö-spline basis is "complete 
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enough""  (cf. section 1.2.3, page 16) even when a rather small number of basis functions is used 
(Landtmann 1993). 

Thee concept of S-splines, their properties, the proofs of the latter and some applications have 
beenn described in detail by de Boor (1978) who published an entire book on this subject. The 
goall  of the present section is not to repeat all mathematical developments but only to point out 
somee of the most interesting and useful properties for the present purpose without giving proper 
mathematicall  proofs. Aside from the mathematical exposition, de Boor published in his book 
aa collection of FORTRAN subroutines among which several have been used for performing the 
calculationss presented in this work. A brief historical introduction on the early use of B-splines in 
atomicc physics can be found in the Ph.D. thesis of Landtman (1993). 

1.2.11 Defini t io n and propert ies 

AA set of N 5-spline functions, Biikti= i„. N, is defined by the following recurrence relation 

Bi*(x)Bi*(x)  = *'*'  Bi^ix) + U+k~X 5 i H t - i d ) (1.2) 
TTi+k-li+k-l  — H H+k — rt+l 

basedd on the k = 1 functions which are given by 

Bi*=x{x)Bi*=x{x)  - | 0 o t h e r w. s e . (1.3) 

Thee definition of the B-splines, which are piecewise polynomials, is dependent of several pa-
rameterss which can be arbitrarily fixed by the user. The first one is the order (k) of the function 
whichh represents the degree (k — 1) of the piecewise polynomials but the most important ones 
aree the knot points, £,-, which represent the distribution pattern of the N basis functions over 
thee box in which the B-splines are defined. 

Thee way B-splines are built is illustrated in figures 1.1, 1.2 and 1.3 where the basis sets 
correspondingg to k = 1, 2 and 3 are plotted. The basis sets of order 1 and 2 are set up by the 
recurrencee relation as a pre-requisite to the construction of the k = 3 basis (cf. equations 1.2 
andd 1.3). The knot point sequence is 0,1,2,3,4,5 and both the initial and the final knots have a 
multiplicityy (defined below) of k. 

I tt has been shown by de Boor (1978) that, in order to define a basis of spline functions, only 
twoo conditions on the knot points have to be satisfied. 

 The knot points must be ordered in an increasing sequence - i.e. U < U+\ V i. 

 The multiplicity of the first and last knot must be equal to k -i.e. k splines respectively 
startt or end at these points. 

Thee latter condition is derived from the Curry-Schoenberg theorem (de Boor 1978). At a m-fold 
multiplee knot point, the (A: — m)th derivative of a function, say g, represented as a combination 
off  B-splines of order k is the first non-continuous2 derivative. The description of a function in a 
closedd space involves that g is arbitrarily set to zero outside the box and discontinuities at the 
borderss could occur. Therefore, the multiplicity of the first and the last point must be chosen 
ass k in order to be able to describe a function and the same number of its derivatives over the 

2AA function /(a) is continuous in x = a if f (a) is a finite number and if l im^, ,- f(x) = lim I_>a+ f{x) = f (a). 
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Figuree 1.1: Representation of the B-spline basis of order 1 associated with the [0,1,2,3,4,5] knot 
sequence.. In order to give a clear picture of the basis set, the function different from zero on the 
[2,3]]  interval has been colored in black. 
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Figuree 1.2: Representation of the B-spline basis of order 2 associated with the [0,0,1,2,3,4,5,5] 
knott sequence. 
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Figuree 1.3: Representation of the B-spline basis of order 3 associated with the [0,0,0,1,2,3,4,5,5,5] 
knott sequence. 
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wholee box. This is illustrated in figure 1.3. In the first interval, [0,1], the three first B-splines of 
orderr 3 (B,,3) are given by 

(1.4) ) 

(1.5) ) 

(1.6) ) 

Att x = 0, only the first spline is different from zero and thereby discontinuous. The first derivative 
off  the second basis function and the second derivative of the third one are also discontinuous at 
xx = 0. 

Fromm the definition, B-splines have several properties of which the most important are: 

 B-splines are positive and locally defined which means that all basis functions are different 
fromm zero and positive only in a subregion of the box. 

 At any point of the box 

1)) the k B-splines with values different from zero are non-orthogonal. 

2)) the sum over the amplitudes of the k B-splines is one. 

 The derivative of a B-splineof order k is a sum over B-splines of order k - 1 while the 
integrall  of the same B-splineis a sum over B-splines of order k + 1. 

Inn particular, the local and positive character of the functions are two important properties 
becausee it makes B-splines a very powerful tool for fitting curves (see for example Landtman 
(1993)) and Cormier (1994)). 
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Asidee from the completeness (cf. section 1.2.3, page 16), two other important properties 
havee to be mentioned. The first one is that, contrary to other basis sets such as for example 
Slater-typee orbitals3, the addition of a new function always improves the completeness of the 
basis.. This can be seen as a consequence of the introduction of an extra knot point, associated 
withh the additional spline, which leads to a redefinition of the basis. The second advantage is 
thee polynomial character of the B-splinesand thereby of the atomic orbitals which makes them 
easyy and accurate to handle, for example, when computing integrals and derivatives. 

1.2.22 Parameters 

Ass previously mentioned, the accuracy of atomic structure calculations is dependent on the 
qualityy of the orbital basis and consequently the final energies are dependent on the parameters 
introducedd in the definition of the B-splines. The optimization of the parameters is not straight-
forward.. For example, there is an infinite number of way to distribute the knot points and we 
aree not aware of a mathematical algorithm which allows to optimize the knot distribution. The 
onlyy helpful knowledge here is experience. 

1.2.2.11 Order 

Thee larger the order is, the more accurate the calculations wil l be. Unfortunately, for a given 
knott sequence, the larger the order is, the larger the basis is and the longer the computation time 
wil ll  be. Therefore, in the present work, the order has been set to 7 which is a good compromise 
betweenn the two trends. It has to be mentioned that, although there is no maximum order, 
theree is a minimum. Because the kinetic part of the hamiltonian involves the V2 operator, the 
atomicc orbitals and thereby the B-splines must be twice differentiable in every point of the box 
whichh involves that the order of the B-spline functions must be at least equal to three. In that 
case,, the kinetic energy operator is represented by a histogram and the lack of accuracy must 
bee compensated by a larger number of basis functions. 

1.2.2.22 Box size 

Thee definition of a closed space, box, in which the B-spline functions are confined means, physi-
cally,, that an infinite potential barrier has been placed at the beginning and the end of the box. 
Placingg a potential barrier at x = 0 involves that electrons are not allowed to penetrate into 
thee nucleus, approximated as a mass point, and, therefore, that the value of all orbitals at that 
pointt is equal to zero. The potential at the end of the box can, on the other hand, be responsible 
forr the squeezing of some orbitals and, therefore, the box has to be chosen large enough that the 
descriptionn of the lowest n orbitals, which are the most important for the calculations presented 
inn this thesis, is not affected by the unphyskal potential. The size of the box is fixed on basis of 
severall  factors among which the two most important are: 

 The charge of the nucleus: a large nucleus-electron interaction wil l involve a contraction of 
thee inner orbitals as illustrated for example by the mean value of the radius of hydrogenic 
orbitals,, which is given by 

<< r >„,,= ^ ( 3 n2 - / ( / + !)) . (1.7) 

3Slater-typee orbitals are defined mathematically by xmm = (2Q(n+^) >*  [r"~1 exp"<r Y t̂(6,(f>). 
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 The presence of a core partly screens the nuclear charge and thus, in this case, a larger 
boxx is required for the description of valence orbitals than implied by equation 1.7. 

AA consequence of these two statements is that the description of a neutral atom requires a larger 
boxx than is required for an ion. 

1.2.2.33 Knot sequence 

Thee distribution of the S-spline basis functions can be adapted to the system under study and 
thereforee influence the accuracy of the £-spline calculations. Bound, valence and quasi-bound 
statess often involve low n orbitals which have a large amplitude close to the nucleus and are 
goingg to zero fast. Therefore, a distribution with a larger density of functions close to the nucleus, 
correspondingg to the zero of the box, and only a few functions at the outer end of the box is 
expectedd to give a good description of the most important atomic orbitals. Based on this idea, an 
exponentiall  knot point distribution (described in more detail in appendix II , page 180) is used to 
describee the ground, valence-excited and core-excited states. This approach is close to that used 
inn the MCHF program developed by Froese Fischer (1991) in which the value of the orbitals 
iss known only at a finite number of points which are distributed according to an exponential 
gridd that is Z-dependent. Because the MCHF orbitals are not confined in a box, it is useful to 
scalee the grid-point with the charge of the nucleus. This is analogous to reducing the box when 
chargedd ions are considered but, in the present work, this reduction is not automatically done 
whichh allows for example to use different sizes of the box when, as in chapter 6, N II I and N V 
ionss are studied while in the MCHF program the same grid would be used. 

I tt is shown in section 1.3.3.4 (page 29) that the size of the matrix required to represent the 
fulll  correlation increases very fast with the number of 5-splines. Therefore, for three-electron 
systems,, the number of basis functions must be chosen as a compromise between a small num-
ber,, in order to limit the size of the matrix, and a large number required to give an accurate 
descriptionn of the orbitals. In the present work, three-electron systems are described using a 
basiss of 22 B-splines. 

Continuumm states involve both low n and continuum electrons. The wavefunctions for the 
latterr oscillate throughout the box and therefore, in our calculations, the box has been divided 
intoo two regions. Over the first 2 au, 21 splines are exponentially distributed and in the second 
region,, the rest of the box, 120 S-splines are linearly distributed which allows to describe the 
oscillatingg character of the function over the whole box. Such a distribution pattern is used in 
chapterss 4, 5, 6 and 7 and wil l be referred to as the "continuum basis". In the present work, the 
correlationn involved for describing continuum states is restricted to these associated with the 
outerr electron which means that much larger basis can be used. 

1.2.33 Comple teness of th e B-spl ine basis 

Thee level of completeness of a B-spline basis depends on the parameters involved in equations 1.2 
andd 1.3 and particularly on the number of functions and their distribution pattern. A small 
basis,, as for example these used to describe excited states, is far from being complete because 
thee exponential knot sequence does not allow to give a good description of extended functions 
overr the whole box. However, the high density of S-splines close to the nucleus allows to define 
aa subspace (from 0 to x) in the box in which the basis is effectively complete. The subspace 
mustt be large enough to give a good representation of the low n orbitals which are, just as 
mentioned,, the most important ones. If, retaining the exponential distribution, the number of 
basiss functions is increased, the effectively complete region of the box is increased to x + Ax 
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andd the influence of the Ax region on the energy levels can be estimated by the energy shift 
experiencedd by the different states. 

Tablee 1.1: Differences between the computed and the exact non-relativistic single-electron ener-
giess for the 15 lowest s orbitals in hydrogen. The first row gives the n value of the orbital. In 
thee row labeled < r >, the mean radius of the corresponding orbitals is listed while the first 
columnn shows the size of the B-spline basis. The B-splines have order 7 and are exponentially 
distributedd in a 500 au box. All differences are reported in au and the number given corresponds 
too the power of 10 i.e. — a corresponds to a difference of 10~° au. For the smallest basis, some 
resultss are left out because the orbitals concerned were found to belong to the continuum. 

n n 
<r> <r> 
15 5 
25 5 
35 5 
45 5 
50 0 
75 5 
100 0 
200 0 
300 0 

1 1 
1.5 5 
-5 5 
-8 8 

-11 1 
-1 2 2 
-1 3 3 
-16 6 
-1 4 4 
-1 4 4 
-1 4 4 

2 2 
6 6 

-3 3 
-8 8 

-1 1 1 
-1 2 2 
-1 3 3 
-1 5 5 
-1 5 5 
-1 5 5 
-1 4 4 

3 3 
13. 5 5 

-3 3 
-7 7 

-1 0 0 
-11 1 
-1 2 2 
-1 5 5 
-1 5 5 
-1 5 5 
-1 5 5 

4 4 
24 4 
-3 3 
-6 6 
-9 9 

-11 1 
-11 1 
-1 4 4 
-1 6 6 
-1 6 6 
-1 5 5 

5 5 
37. 5 5 

-3 3 
-5 5 
-8 8 

-11 1 
-11 1 
-1 3 3 
-1 4 4 
-1 4 4 
-1 4 4 

6 6 
54 4 
-3 3 
-5 5 
-7 7 
-9 9 

-1 0 0 
-1 3 3 
-1 4 4 
-1 4 4 
-1 4 4 

7 7 
73. 5 5 

-3 3 
-4 4 
-7 7 
-9 9 

-1 0 0 
-1 2 2 
-1 4 4 
-1 5 5 
-1 4 4 

8 8 
96 6 
-3 3 
-5 5 
-6 6 
-8 8 
-9 9 

-1 2 2 
-1 4 4 
-1 3 3 
-1 3 3 

9 9 
121. 5 5 

-3 3 
-5 5 
-6 6 
-8 8 
-9 9 

-11 1 
-1 3 3 
-1 3 3 
-1 3 3 

10 0 
150 0 
-3 3 
-4 4 
-5 5 
-7 7 
-8 8 

-1 1 1 
-1 3 3 
-1 3 3 
-1 3 3 

11 1 
181. 5 5 

-3 3 
-5 5 
-7 7 
-8 8 

-11 1 
-1 2 2 
-1 3 3 
-1 2 2 

12 2 
216 6 

-3 3 
-5 5 
-6 6 
-7 7 

-1 0 0 
-1 2 2 
-1 2 2 
-1 2 2 

13 3 
253. 5 5 

-3 3 
-4 4 
-6 6 
-7 7 
-9 9 
-9 9 
-9 9 
-9 9 

14 4 
294 4 

-3 3 
-4 4 
-6 6 
-6 6 
-7 7 
-7 7 
-7 7 
-7 7 

15 5 
337. 5 5 

-3 3 
-4 4 
-5 5 
-5 5 
-5 5 
-5 5 
-5 5 
-5 5 

Thee completeness of the basis is illustrated in table 1.1 in which a comparison between 
thee computed and the exact non-relativistic single-electron energies is made for the s series in 
hydrogen.. This comparison allows to test the quality of the different orbitals and thereby obtain 
informationn about the completeness of the B-spline basis. The calculations reported in table 1.1 
havee been performed in a 500 au box in which the basis functions are exponentially distributed. 
Thee results for the Is orbital, which is located at the beginning of the box {the mean radius, 
<< r >, is 1.5 au), show that a minimum of 35 B-splines is needed to represent the function 
accurately.. Increasing the size of the basis further does improve the description of the Is but, 
moree importantly, increases the number of orbitals accurately described. If a good description 
iss defined, arbitrarily, as an error of less than or equal to 10- 8 au, only two functions are well 
describedd using a basis consisting of 25 splines while by adding 10 splines, the five lowest s 
orbitalss are well described, which means that the 10 additional functions not only improve the 
completenesss over the first au of the box but also improve the description of the orbitals in the 
regionn going from 10 to 40 au (cf. mean radius of the 3s and 5s orbitals). Nevertheless, it is seen 
thatt the differences between the largest basis sets are small. The accuracy of the lowest orbitals 
iss fairly constant while for the highest bound orbitals, the accuracy of the different basis sets 
doess not improve either although it remains much worse than for lower orbitals. The former 
effectt is explained by the machine accuracy while the latter is due to the restriction to a finite 
box.. Comparing the data obtained using 75 and 100 basis functions, it is seen that the 9, 10, 
111 and 12s orbitals are improved while for the three highest orbitals the errors remain constant, 
evenn when the number of splines is increased again. This means that the 13, 14 and 15s orbitals 
aree probably squeezed by the infinite potential barrier and that they cannot be improved further 
withoutt increasing the size of the box. Physically, these pseudo-states represent the contribution 
fromm a finite band of Rydberg states (Cormier 1994). 

Inn the present case, the use of small basis for describing quasi-bound states is possible because 
off  the (much) smaller size of the box which is required compared to the example above since the 
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reductionn of the box size increases the density of J5-splines close to the nucleus. The reduction of 
thee box is motivated by the higher nuclear charge and by the need to describe accurately only 
thee lowest n orbitals. 

Forr the "continuum basis", the large number of basis functions, 141, combined with the 
quasi-linearr distribution is expected to extend the effective completeness of the basis to the 
wholee box (also see section 1.3.2.4, page 24). 

1.33 Theoretical approach 

Inn this section, details are given on the theoretical approach used to perform the calculations 
reportedd in this thesis. The method is based on the central-field approximation (cf. section 1.3.1) 
whichh allows to write a multi-electron wavefunction, called configuration state function (csf), in 
termss of single-electron orbitals. The orbitals are solution of the single-electron Schrödinger equa-
tionn and, depending on the potential, different types of orbital basis can be set up (cf. sections 
1.3.2.1,, 1.3.2.2 and 1.3.2.3). Because the real potential does not have the spherical symmetry of 
thee central-field, the real wavefunctions do not correspond to single csf's but to expansions of 
csf'ss (cf. section 1.3.3.1). The determination of this expansion involves the computation of the 
hamiltoniann matrix (cf. section 1.3.3.2) and the subsequent diagonalization of this matrix (cf. 
sectionn 1.3.4). When core-excited states are considered, the truncated diagonalization method, 
TDM,, is used to avoid unphysical effects due to the use of a discretized continuum (cf. section 
1.3.3.3).. Finally, in order to refine the accuracy of the present calculations, some corrections are 
addedd perturbatively (cf. section 1.3.5). 

1.3.11 Conf igura t ion s t a te funct ions 

Thee hamiltonian, H, representing a iV-electron system can be written as a sum of two operators 
representingg the one-body and the two-body contributions to the energy 

## = £>*  +XX- (1.8) 
ii  i<j 

wheree i and j run over all electrons in the systems. In a non-relativistic approach, H{j represents 
thee Coulomb repulsion but it can be divided in two regions, a potential, Vi: which represents the 
meann effect of the JV-1 other electrons on the ith electron and the rest. The new potential is a 
one-bodyy operator and can then be added to Hi and subtracted from H{j, defining thereby a new 
one-bodyy hamiltonian, H[, known as the central-field hamiltonian. The Schrödinger equation, 

N N 

X)f l i l *>=^|*> ,, (1.9) 
i i 

cann be solved and, if electrons could be distinguished, the wavefunction, $, could be factorized 
inn a product of one-electron functions, V>«, also called orbitals: 

$$ = 1>kM)1>k2(ri)„.1> kN{r N). (1.10) 

Inn equation 1.10, ki and r, represent, respectively, the set of quantum numbers associated with 
thee ith electron and its position. Because of the spherical symmetry of the central-field, the tp 
functionss which are solution of the single-electron Schrödinger equation, 

H'ityiH'ityi  >=  e,#j >, (1.11) ) 
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cann be factorized as 

l/>n/n.im.(r,M,ff)) = ^ ( 0 < ( M ) X m » (1-12) 

wheree Y t̂(6,<p) is a spherical harmonic, Xmt{o) a spin function and Pni(r)  the radial orbital 
(discussedd in more details in section 1.3.2, pages 19 to 24). 

Becausee electrons are fermions, the wavefunction representing the multi-electron system must 
bee antisymmetric with respect to the interchange of two electrons. One way to build such a 
functionn is to write it as a determinant called a Slater determinant (see for example Slater 1960) 

^i(i )) ... Mi)  iMJV) 

$$ = ^ = Vi(l ) ... 1>i(i)  ... MN)  (1.13) 

iM l )) ... 1>s(i)  ^N(N) 

VN\ VN\ 

I tt can be shown that only a particular linear combination of Slater determinants are eigenfunc-
tionss of the CSCO4. This new function represents a fully antisymmetrized wavefunction for a 
multi-electronn term and will be used in the rest of this work under the name of configuration 
statee function (csf). However, the use of angular algebra (Racah 1942, 1949, Judd 1963) allows 
too work directly with the linear combination of Slater determinants, the csf, instead of working 
withh each determinant individually. This reduces the size of the wavefunction expansion (a csf 
correspondingg to one or more determinants) and, therefore, the time and the memory needed 
too perform a calculation. 

1.3.22 Th e single-part icle problem 

Thee B-spline basis functions can be directly used for computing the hamiltonian matrix of multi-
electronn systems but it has been found to be easier to work with atomic orbitals, defined as an 
expansionn of B-splines. The main advantage lies in the fact that the lowest orbitals have a 
physicall  meaning while B-splines do not and it is therefore much easier to give an interpretation 
off  a wavefunction in terms of atomic orbitals instead of B-splines. The second advantage is that, 
ass shown in section 1.4.1 (page 34), the orbital basis retains the completeness property while 
thee orbitals have the additional advantage of being orthonormal. In addition, the boundary 
conditions,, which require that orbitals go to 0 when x = 0 and x = oo (i.e. at the end of the 
box),, are easily accomplished by omitting the first and the last B-splines when the orbital basis 
iss set up. 

Inn the three procedures described below, which are used to set up the orbital basis, the 
transformationn of the B-spline basis must be done separately for each value of / because of the 
angularr momentum dependence of the single-particle hamiltonian. 

1.3.2.11 Hydrogenic orbita l basis 

Thee single-particle hamiltonian for a system with N electrons is given, in a hydrogenic approx-
imationn (i.e. neglecting the repulsion between electrons), by 

44 Complete Set of Commuting Observables. 
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Thee single-electron Schrödinger equation, written as 

H\ipjH\ipj  >=  €j\x})j >, (1.15) 

cann be combined with the B-spline expansion of the atomic orbitals, 

\^i\^i >=Y^Cjji\Bi>, (1.16) 
t t 

where,, for simplicity, the index corresponding to the order of the spline is omitted5. The multi-
plicationn by < Bi\ gives 

Y.Y. cJ,iHi,i  = J2 ci. ' €i  5'.« (1-17) 
ii  i 

wheree H  ̂ =< Bi\H\Bi > and S^ =< Bi\B{ >. In matrix notation, equation 1.17 becomes a 
generalizedd eigenvalue problem, 

HeHe = eSc, (1.18) 

wheree ê  is defined as e,-<$y. 

1.3.2.22 Hartree-Fock orbita l basis 

Thee use of a HF basis set allows to work with orbitals having more physical significance which 
iss expected to improve the stability of the calculations. We use a frozen core HF approximation 
inn which the calculation of the expansion coefficients of the S-splinesis based on an approach 
similarr to that used in the hydrogenic case (see previous section) but the fact that orbitals 
aree required to be orthogonal to a precomputed function6, determined for example by a HF 
calculation,, makes the computation slightly more difficult (Bentley 1994). The hamiltonian used 
inn the single-electron Schrödinger equation is derived from the HF equation for the radial part, 
Pnt(r),Pnt(r), of a nl orbital 

( ^^ + 1{Z ~ y ( n / ' r ) ) " €"'-«' " l^TL^P-M = -rX{nUr) + Y,*ni,n>iPnn{r) (1-19) 
n' ' 

where e 
v(v( . ^ 1+(W,' Yk(n'l',n'l,r) , v 

W -- £ ^ V ^ ^ ^ (1.21) 
n'V#a*n'V#a* 9 n' <n'V\n'V> 

YYkk(nl,(nl, n'l\ r) = r dr^Pm^PM^). (1.22) 
 0 7*̂ . 

Thee qnt, ani>nn>ik and 6n(,n'f,fc coefficients are, respectively, the coefficients of the single-electron, 
directt and exchange integrals (see section 1.3.3.2, page 27, for the definition of the different 
integrals)) while r*. and r£+1 are, respectively, the kth and the (it + l)th power of the smaller and 
thee larger of the radius vectors (n, r2). When nl # n'l', the non-diagonal Lagrange multiplier, 
Cnt.nT,, ensures the orthogonality between Pnl and Pn>v (Landtman et al 1993) while, when 

'Thiss convention will be used in the rest of the thesis. 
Inn this section, a single-electron core is considered but the method can easily be extended to multi-electron 

and d 

cores. . 
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nlnl — n'l', tnl,ni corresponds to the single-particle energy associated with the nl orbital. The 
integrationn of the Yk(nl, n'l', r) function, which is required when calculating the matrix elements 
off  the hamiltonian, is discussed in section 1.3.3.2. 

Too solve the HF equation (1.19) in the presence of a frozen core, it is convenient to introduce 
Feshbachh projection operators to take care of the orthogonality requirements. In an orthonormal 
basis,, ^i,i=i v..,jv, the unknown, IP, and the frozen core orbital, ip, are defined respectively by 

N N 

i i 

and d 
N N 

|tff  >= J>*|&> (1.24) 
i i 

where e 
<< 4H\4>J >= 6ij, < xp\xp >=  1, < ¥|tf >= 1 and < *|V >= 0. (1.25) 

Byy defining two projection operators, P and Q (Feshbach 1958, 1962), so that 

PP + Q = l a n dP = | ^ > < ^ |, (1.26) 

thee Schrödinger equation can be separated in two components acting respectively in the P and 
thee Q spaces, 

{PHP{PHP + PHQ)\V >= eP|tf > (1.27) 

and d 
(QHQ(QHQ + QHP)\^>=eQ\^f>. (1.28) 

Equationss 1.27 and 1.28 have been derived using the properties of idempotence 

PPPP = \i}>  ><  tfity ><  i/;\  = \ij;  ><  ijj\  = P (1.29) 

QQQQ = {\- P)(l - P ) = 1 - P - P + P P = 1 -P = Q (1.30) 

andd orthogonality 
QPP = ( 1 - P )P = P - PP = 0 (1.31) 

off  the projection operators. If we now assume that the search for the solutions is restricted to 
thee Q space -i.e. 

Q|tff  >= | * >, (1.32) 

equationss 1.27 and 1.28 become, respectively, 

PHQ\V>=0PHQ\V>=0 (1.33) 

and d 
QH\*>=e\V>.QH\*>=e\V>.  (1.34) 

Thee latter equation can be written as 

QH\VQH\V >=  (1 - |^ >< ^|)tf |*  >= QHQ\<H >=  e|tf > . (1.35) 

Fromm a general point of view, the QHQ matrix has the following properties (Bentley 1994) 
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 It is a JV x N hermitian matrix which has N real eigenvalues and N mutually orthogonal 
eigenvectors. . 

 The eigenvalues associated with the core electrons are equal to zero and the corresponding 
eigenvectorss are the B-splineexpansions of the different \ip >. 

 The remaining eigenvectors are lying in the Q space. 

 The non-zero eigenvalues and corresponding eigenpairs are the same as those of QH. 

Thee use of B-splines, Bt,j=i. ,jv, involves non-orthogonalities between the basis functions. In this 
basis,, the matrix elements of the overlap matrix, 5, are expressed as 

SijSij =< Bi\Bj > (1.36) 

whilee the unknown and the constraining orbitals are given by 

JV V 

\$>='£\$>='£ ffaaii\B\Bii>>  (1.37) 
i i 

and d 
JV V 

\ip>=Y,*\Bi>-\ip>=Y,*\Bi>-  (1-38) 
t t 

Thee matrix notation of the Schrödinger equation is then similar to equation 1.18 

# aa = c5a (1.39) 

wheree a is the coefficient vector, (a,i,a2,...,aN)T, defined in equation 1.37. In the B-splinebasis, 
thee P and Q matrices are given by 

PP = SccTS = SCS (1.40) 

and d 

QQ = S-SCS (1.41) 

wheree c is the coefficient vector introduced in equation 1.38 and C is defined as c cr . As the 
relationss of idempotence (cf. equations 1.29 and 1.30) and orthogonality (cf. equation 1.31) 
aree not satisfied anymore, P and Q are no longer projectors (Bentley 1994). This problem is 
circumventedd by defining two new (non-hermitian) operators 

UU = CS (1.42) 

and d 

WW = 1 - CS (1.43) 

whichh are idempotent 
UUUU = (CS)(CS) = (CSC)S = CS = U (1.44) 

WWWW = (1 - C5)(l -CS) = 1-U-U + U = 1-U = W (1.45) 

andd orthogonal 
UWUW = CS(1 - CS) = CS- CSCS = 0. (1.46) 
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Thesee equations are based on the relation 

CSCCSC = c cr 5 c cT = ccT = C (1.47) 

derivedd from the orthogonality of ip, 

<< V # >= cTSc = 1. (1.48) 

Havingg introduced new orthogonal projection operators, similar relations to those obtained in 
thee case of an orthogonal basis can be derived. In the B-spline basis, equations 1.27 and 1.28 
become e 

(U(UTTHUHU + UTHW)c = tSUc (1.49) 

and d 
[W[WTTHWHW + WTHU)& = eSWa (1.50) 

andd since the vector a is lying in the W space, equation 1.50 can be rewritten 

WWTTHWB.HWB. = eSa (1.51) 

whichh is analogous to equation 1.35. 

1.3.2.33 The model-potential 

Thee influence of an electron core on the outer electrons of an atom can be modeled by a potential. 
Thiss provides a simple way to extend the 5-spline method to systems with two or three electrons 
outsidee a core which can consist of closed or open shell(s) (see for example van der Hart and 
Hansenn 1993, Chen 1996 and Hansen et al 1999). This semi-empirical approach in which the 
parameterss of the potential are determined by one or several fitting procedures can be made 
moree accurate than a HF representation of the core because part of the core-valence interactions 
cann be included (van der Hart and Hansen 1993). 

Whenn systems with valence electrons outside a Is2 core are considered, as done in chapter 6, 
thee following potential, 

r r 
introducedd by Bachau et al (1990), can be used in the single-electron problem for describing the 
effectt of the core on the outer electrons. The multi-electron problem is solved in a later step 
byy performing a configuration interaction (CI, cf. section 1.3.3.1, page 26) calculation which 
correspondss in that case to the inclusion of valence correlation. Such a potential has already 
beenn used successfully in the case of four-electron systems, for example by Bachau et al (1990) 
andd van der Hart and Hansen (1993). 

Inn chapter 2, energy levels, wavefunctions and transition probabilities are reported for neutral 
calciumm for which the ls22s22p63s23p6 core is described by a model-potential developed by 
Laughlinn (1992) and Laughlin and Hansen (1996). The potential, discussed in more detail in 
chapterr 2, is given by 

V{r)V{r)  = Vp(r) + V„ F(r) + Ut(r) (1.53) 

where e 

WW = - | ^ > - ^ t V . < £ ) . (1.54) 

Equationss 1.53 and 1.54 involve the direct electrostatic repulsion of the outer electron by the core 
(VHF)>> the interaction between the valence electron and the dipole and quadrupole moments it 
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Figuree 1.4: Unnormalized continuum wavefunctions corresponding to the 10(/l lowest eigenvalue 
off  hydrogen. The function has been computed using two different basis sets. The small basis 
sett consists of 22 5-splines distributed exponentially while the large one contains 141 functions 
quasi-linearlyy distributed (cf. text). The size of the box is 60 au. 
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inducess in the core (V>) and an empirical angular momentum dependent potential (£//) which is 
determinedd by fitting to the observed energy spectrum of Ca2+. The cut-off radius (rc) represents 
thee distance at which the polarization terms are cut off by the Wn(r) functions, Wn(r) = l - e_ r " , 
too account for the decrease in polarization when the outer (polarizing) electron penetrates into 
thee core. 

1.3.2.44 Discretized continuum states 

Thee orbitals corresponding to negative single-particle energies can be associated to bound elec-
tronss however the higher ones, called pseudo-orbitals, have partly lost their physical meaning 
becausee of the restriction of the space to a closed box. The lower negative orbitals are "fully 
contained""  in the box while the functions corresponding to higher n values start to feel the 
infinitee potential barrier, thereby being modified. The importance of the modifications can be 
estimatedd by comparing the orbital energies with the expected values (cf. section 1.2.3, page 16). 

Orbitalss corresponding to a positive energy are describing continuum states and these func-
tions,, just like the highest bound orbitals, feel the potential barrier. These "states" can be seen 
ass representing the contribution of a region of the continuum of width AE (Macias et al 1987). 
Thiss means that by including one discretized continuum state in a CI calculation, the effect of 
thee whole band is taken into account so that integration over the continuum is reduced to a 
discretee finite summation (Landtman and Hansen 1993). Nevertheless, for computing proper-
tiess like Auger decay rates (cf. section 1.5.2, page 39), matrix elements involving a particular 
continuumm state are required and it is therefore convenient to work with a normalized function, 

TT 1 r 
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Figuree 1.5: Normalized continuum wavefunctions corresponding to the 10"*  lowest eigenvalue 
off  hydrogen. The function has been computed using two different basis sets. The small basis 
sett consists of 22 5-splines distributed exponentially while the large one contains 141 functions 
quasi-linearlyy distributed (cf. text). The size of the box is 60 au. 
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Thee normalization coefficient of the continuum orbital, *£;, obtained in the diagonalization 
andd associated with a band of energies can be derived from the procedure proposed by Landau 
andd Lifchitz (1960) and is given by 

dE'(x) dE'(x) 
dx dx 

(1.55) ) 

Inn equation 1.55, E'(x) represents a continuous function fitting the discretized energy spectrum 
inn x = i, i = 1,..., N (N being the size of the orbital basis). The derivative can be computed by 
makingg a Taylor expansion of order 3 in x = i — 1 and x = i + 1. 

Ei+iEi+i  = E{ + 

Ei-iEi-i  = Ei — 

dE'(x) dE'(x) 
dx dx 

dE'(x) dE'(x) 
dx dx + + 

11 d2E'(x) 
22 dx2 

11 d2E'{x) 
dxdx2 2 

11 d3E'(x) 
66 dx3 

11 d3E'{x) 
66 9a;3 

(1.56) ) 

(1.57) ) 

Thee expression for the derivative of the energy with respect to x is obtained by subtracting 
equationn 1.57 from equation 1.56. 

dE' dE' 
dx dx 

Ei+iEi+i  — Ei. 11 d3E'{x) 
66 dx3 

Ei+i Ei+i 
(1.58) ) 
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Inn figures 1.4 and 1.5, the unnormalized and normalized wavefunctions of the 10tA lowest 
hydrogenicc s orbital, labeled pseudo-10s and corresponding to a positive energy, are plotted for 
thee two B-spline basis used to describe quasi-bound and continuum states. The basis set labeled 
"small""  consists of 22 B-splines of order 7 distributed exponentially over a box of size 60 au while 
thee basis set labeled "large" contains 141 basis functions. 21 are exponentially distributed over 
thee first 2 au while the remaining 120 functions are linearly distributed over the rest of the box. 
Thee size of the box and the order of the functions are identical to those used in the definition 
off  the "small" basis. It is seen from picture 1.5 that the two normalized orbitals are very close 
overr the 15 first au and that the difference becomes larger further out in the box. This example 
illustratess the effective completeness of small 5-splinebasis (cf. section 1.2.3, page 16). In the 
presentt case, respectively, 100.00, 99.80 and 99.91 % of the Is, 2s and 2p orbitals are contained 
inn the 15 first au of the box which means that, for each of these three orbitals, the interactions 
withh the two different pseudo-10s are expected to be very close. For higher bound orbitals, for 
examplee n = 3, the percentage contained in the first 15 au is reduced to 63.15, 71.85 and 86.98 
forr I = 0, 1 and 2 respectively but if the first 20 au are considered instead, the two pseudo-10s 
functionss are still very similar between 15 and 20 au, the respective percentages go up to 91.75, 
94.333 and 97.87. 

Thee good agreement between the minima and the maxima of the two normalized wavefunc-
tions,, in the present example, illustrates that the normalization coefficient is well approximated 
byy equation 1.58. Figure 1.4 also shows the wavefunctions before normalization and it is seen 
thatt for the first maxima and minima, the differences are close to 50 %. This comes about be-
causee the two pseudo-10s represent continuum bands of different width, respectively, 0.06 and 
0.0255 au for the small and the large basis. The error in equation 1.58 is of course smaller for the 
largee basis with the smaller continuum width which explains our preference for this basis when 
continuumm properties are sought. 

1.3.33 Th e mult i -e lectron hami l ton ian matr i x 

1.3.3.11 Configuration interaction method 

Inn section 1.3.1 (page 18), the multi-electron wavefunction of an atom was introduced in the 
central-fieldd approximation. The actual field that the electrons feel does not have the spherical 
symmetryy of the central-field and therefore a csf only represents an approximation to the real 
wavefunction. . 

Inn the CI approach used in the present work, the "non-spherical" wavefunction, $, is ex-
pressedd as an expansion over csf's, <f>, 

**  = J>&. (1.59) 

Byy requiring $ to be normalized and the energy to be stationary with respect to small variations 
off  the expansion coefficients, the solution to the Schrodinger equation, 

tf|*>=£|*>,tf|*>=£|*>, (1.60) 

cann be found by solving the eigenvector problem for the hamiltonian matrix, 

(H-E)c(H-E)c = 0. (1.61) 

Thee eigenvalues, E, are the energies of the different atomic states for a given LS symmetry while 
thee eigenvectors represent the expansion coefficients defined in equation 1.59. H represents the 
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non-relativisticc hamiltonian of a iV-electron system, 

<3 <3 

Inn equation 1.62, Z is the charge of the nucleus, r*  the distance between the ith electron and the 
nucleuss and r^ the distance between the ith and j t h electron. This non-relativistic hamiltonian 
leadss to LS coupling which means that L and S are good quantum numbers. 

Inn equation 1.59, the csf's forms an orthonormal basis and, therefore, the accuracy of the 
wavefunctionss will depend on the completeness of the basis. The accuracy of CI calculations is 
thenn dependent on the number of csf's included in the expansion but it depends also on the nature 
off  the orbital basis which can have a large influence on the convergence of the wavefunctions. 

1.3.3.22 Calculation of hamiltonian matri x elements 

Thee calculation of hamiltonian matrix elements is simplified when the Coulomb repulsion is 
expandedd in terms of spherical harmonics 

11 °° ' 4TT r1 

-- = E E ^ x ï ^ F n 0 i ^ i ) * r * ( 0 2 > 2 ) . (1.63) 

Thee matrix element, i /^ , can then be written as a sum of integrals 

HHijij  = '52aa,cL(alc)+ £ Pa,b,c,d,kR\a,b,c,d) ( 1 6 4 ) 
o,cc a,b,c,d,k 

inn which the coefficients (a and /?) are determined by the integration of the angular part of 
thee orbitals, using Racah algebra (Racah 1942, 1949, Judd 1963), while Slater integrals (Rk) 
andd single-electron integrals (L) represent the contribution due to the radial part, P„i(r),  of 
thee atomic orbitals. In equation 1.64, the sums over a and b run over the electrons in the ith 

configuration,, the sum over c and d run over the electrons in the j t h configuration and the sum 
overr k runs from 0 to K where K is defined as the maximum of (la + /&, lc + l<t). 

Thee L and Rk integrals are defined as (Proese Fischer 1977) 

and d 
rooroo roc rk 

%P*)=// / drid^^Pn^P^MP^irOP^ri). (1.66) 
JQJQ JQ T^ 

Whenn i = p and j = g, the Slater integral is called a direct integral, 

whilee when i = q and p — j , the integral is called an exchange integral, 

Thee Fk integrals are present in the classical interaction between the two charge distributions 
whilee the Gk integrals are due to the indistinguishability of the electrons and is a quantum effect. 
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Becausee the Rk integrals involve a double integration, it is useful to redefine them as 

RRkM)kM) = J0 -Yk{njh,nqlq,r)Pnili (r)Pnplp(r)dr (1.69) 

wheree the Yk function, introduced in a previous section (see equation 1.22, page 20), can also 
bee written as 

YYkk((njnj lj,nlj,n qqll qq,r),r) = j f (^j  Pn.,.(t)Pnqlq(t)dt + ƒ°° ( 0 Pnjl.(t)Pnql9(t)dt. (1.70) 

1.3.3.33 Core-excited states 

Whenn highly-excited systems like for example ZlZVnl" terms with n > 3 are studied, it is con-
venientt to leave out all open-channels built on ionization limits located below the excited state. 
Suchh an approach, based on Feshbach theory (Feshbach 1958, 1962), prevents any acciden-
tall  (near-) degeneracy between excited (autoionizing) states and discretized continuum states 
whichh would lead to unphysical energy shifts. 

Inn the so-called Feshbach formalism, the wavefunction of an autoionizing state, \t, can be 
writtenn as a sum of two components Q^t and P^l representing respectively the closed and the 
open-channelss (Macias et al 1987), 

| * > = Q |$$ > + P | $ >. (1.71) 

QQ and P are two projection operators, the latter one having the property that Pty and ^ have 
thee same asymptotic behaviour i.e. l im,.-^ Ptf = \I>. In the example of the 3131'nl" states, Q, 
definedd by 1 — P, is given by 

QQ = qmqs (1-72) 

where e 

ftft  = 1 - IM« ) >< M O I ~ 1^2.(0 >< <hs(i)\ - Y, ltep«i(0 >< ^2Pmf(0l- (1-73) 
m(= - l , l l 

Equationss 1.72 and 1.73 mean that the Q operator projects the total hamiltonian onto a space 
wheree no Is, 2s and 2p electrons are present. Once the projection operators have been de-
fined,, a development similar to these presented in section 1.3.2.2 (page 20) can be applied to 
thee multi-electron case and the restriction of the problem to the Q space (i.e. the use of the 
QHQQHQ hamiltonian), in which all open-channels have been left out, is analogous to equation 1.35 
(pagee 21). 

Whenn three-electron systems are considered, the Q operator represents a zero-order approx-
imation.. This can for example be illustrated by the 2s3pe£ open-channel. The definition of the 
QQ and the P operators by equations 1.72 and 1.73 restricts the correlation in the P space to 
thee (lsn/)e ,̂ (2sn/)e£ and (2pnl)e£ series and, therefore, the additional contributions, coming for 
examplee from (3sn/)ĉ  terms with n > 3, are neglected. The neglect of first-order corrections in 
thee description of the target states is a complicating feature for three-electron systems while for 
two-electronn systems the target states are hydrogenic and, in that case, the P operator does not 
changee the asymptotic behaviour of the wavefunction. 

Itt is important to notice that the neglect of the interactions between the P and Q spaces, 
evenn if the interactions are included in a later step of the calculation, using perturbation theory 
(seee equation 1.86, page 33), involves that the calculations become basis dependent. 
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1.3.3.44 Going from 2 to 3 electrons 

Inn order to perform the calculations presented in this work, B-spline algorithms have been written 
too extend the B-spline method to three-electron systems. For this purpose, several subroutines 
off  the "two-electron" programs written by van der Hart during his Ph.D. thesis (van der Hart 
1994)) have been used either directly or as source of inspiration. The addition of a third electron 
involvess several complications in the calculations. Examples are the computation of angular 
coefficientss associated with the Rk and L integrals and the determination of the Q operator in 
thee Feshbach theory, as just mentioned. However, technically, the main problem lies in the size 
off  the hamiltonian matrix which increases so fast that the inclusion of full correlation, possible 
forr two-electron systems, is not possible anymore even when the number of basis functions is 
keptt to a minimum, 22 in the present case (cf. section 1.2.2.3, page 16). 

Tablee 1.2: Sizes of the hamiltonian matrix for different 5-spline basis using a full CI approach7. 
Thee first column refers to the different symmetries while the last one, headed "Nber", refers to 
thee number of coupling schemes (cf. table 1.3) included in the calculation of the different series. 

Numberr of basis functions 
LS LS 
Jge e 
ig e e 

lp o o 

3po o 

3De e 

l De e 

4go o 

2go o 

4ge e 

4pe e 

4po o 

2ge e 

4 Do o 

4pe e 

2pe e 

2po o 

2 Do o 

2De e 

15 5 
420 0 
480 0 
675 5 
675 5 
765 5 
810 0 

6080 0 
11245 5 
12160 0 
22500 0 
22950 0 
25865 5 
31250 0 
35770 0 
43875 5 
43875 5 
61855 5 
73130 0 

20 0 
760 0 
840 0 

1200 0 
1200 0 
1370 0 
1430 0 

14140 0 
26660 0 
29280 0 
53000 0 
54800 0 
61320 0 
73900 0 
85260 0 

10400 0 0 
10400 0 0 
146640 0 
173340 0 

22 2 
924 4 

1012 2 
1452 2 
1452 2 
1661 1 
1727 7 

18722 2 
35486 6 
39138 8 
70422 2 
73084 4 
81620 0 
98296 6 

113652 2 
138424 4 
138424 4 
195184 4 
23071 4 4 

25 5 
1200 0 
1300 0 
1875 5 
1875 5 
2150 0 
2225 5 

27300 0 
52075 5 
57725 5 

103125 5 
10750 0 0 
119775 5 
144125 5 
167075 5 
20312 5 5 
20312 5 5 
28642 5 5 
33855 0 0 

30 0 
1740 0 
1860 0 
2700 0 
2700 0 
3105 5 
3195 5 

46810 0 
89990 0 

100370 0 
177750 0 
186300 0 
20698 0 0 
24880 0 0 
28934 0 0 
35100 0 0 
35100 0 0 
49496 0 0 
58501 0 0 

Nber r 
4 4 
4 4 
3 3 
3 3 
5 5 
5 5 
5 5 
8 8 
8 8 

14 4 
16 6 
16 6 
21 1 
21 1 
27 7 
27 7 
43 3 
44 4 

Thee explosion of the matrix size is illustrated in table 1.2 where the number of csf's7 is listed 
forr different LS symmetries involving two or three electrons and including angular momenta up 
too / = 3. A detailed list of the coupling schemes involved in the the calculations for the different 
symmetriess reported in table 1.2 is given in table 1.3. 

Thee large difference between two and three-electron systems is exemplified by comparing the 
1P°° and 2P° symmetries. In the former case, 3 different coupling schemes with non-equivalent 
electronss are involved and therefore the size of the matrix is given by 3 x 22 x 22 = 1452. For the 
2P°° symmetry, the number of coupling schemes is increased by a factor of 9 while the addition 
off  the third electron adds another factor 22. The Pauli principle reduces the multiplying factor 

Inn this case, a full CI approach is considered which means that all states that can be constructed from the 
basiss states are included in the CI expansions. 
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slightlyy but, nevertheless, nearly 140000 csf's are involved in a full CI treatment, which is about 
aa factor of 100 larger than for the 1P° states. 

Becausee all non-zero matrix elements, which represent about 15 % of the total number of 
matrixx elements, are kept in memory, the maximal size of the hamiltonian matrix is limited 
too about 30000 when a Sun Ultra 1 workstation is used which means that, in the case of the 
2P°° series, at least 80 % of the csf's must be neglected. Therefore a selection, based on the 
diagonalizationn of a small hamiltonian, is made to insure that the most important configurations 
aree contained in the CI expansion. This selection process is an important difference between 
two-- and three-electron calculations because, similarly to the arbitrariness in the definition of 
thee P and Q spaces in the Feshbach formalism (cf. previous section), it makes final results basis 
dependent. . 

Thee selection procedure is based on the diagonalization of a hamiltonian built on a restricted 
orbitall  basis including the lowest n orbitals for each angular momentum. The 150 configurations 
withh the largest contributions to the wavefunctions associated with the 10 lowest eigenvalues 
aree selected as references. Then, the interactions between the references and all allowed csf's are 
computed.. For each csf, the largest absolute value is stored and these values are used to make 
thee selection. This means in practice that, in the case of  2P° states, for each of the 140000 csf's 
(cf.. table 1.2), the interactions with the 150 references are computed and the maximum absolute 
valuee is stored for each csf. The selection consists then in sorting the array (of size 140000) 
containingg the maximum values and picking up the csf's associated with the largest values, the 
totall  number of csf's being chosen by the user. 

1.3.44 Diagonal izat ion of t h e hami l ton ian 

Ass discussed in previous section, one of the major problems when computing properties of atoms 
andd ions using CI methods is the size of the hamiltonian matrix which grows very quickly with 
thee number of electrons. If the maximum size of the hamiltonian matrix that can be handled 
dependss on the storage capacity of the computer, the diagonalization of the matrix can be 
speededd up by appropriate procedures. 

1.3.4.11 Davidson diagonalization scheme 

Becausee most of the eigenvalues are unphysical i.e. corresponding to or strongly perturbed by 
discretizedd continuum states, we are only interested in computing the lowest eigenpairs of the 
QHQQHQ matrix. Therefore an algorithm like the iterative Davidson scheme (Davidson 1975) is 
usefull  since it provides a fast way for computing a few selected energies and wavefunctions of 
aa large matrix. The procedure used in the present work is a version (van der Hart 1994) of the 
"standard""  Davidson scheme for which the main steps are repeated here while a more complete 
descriptionn is given for example by Stathopoulos and Froese Fischer (1994) 

•• For computing the M lowest eigenpairs of the hamiltonian matrix8, JJN*N, an initial 
estimatee for the eigenvectors, VNxP, is first chosen and P is set equal to M. 

•• The following matrices are set up 

SS = VTHV and D = HV = dud2,...,dP, (1.74) 

wheree rfj stands for the iih column of the matrix D. 

Thee index of the matrix corresponds to its dimensions. 
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Thenn the following steps are repeated until convergence is achieved. 

1.. Solve the eigenproblem 

SCSC = CU (1.75) 

wheree C and U correspond, respectively, to the eigenvector and the eigenvalue matrix. 

2.. For the M eigenvectors, compute the residue | |F | | where 

FF = [H.vIpi I)vi  (1.76) 

andd Vi is the ith column of the V matrix. 

3.. Target the eigenvector, c, with the highest residue and check its convergence. 

4.. Compute 
RR = (H' -uI)-l{Dc-uVc) (1.77) 

wheree H' is a square matrix containing the diagonal elements of H, I is the identity matrix 
andd u is the eigenvalue associated with the eigenvector c. 

5.. Orthogonalize 

<ew<ew = R-Y.vivTR- (L78) 
i i 

6.. Normalize 

*~ - i f e i f .. (1.79, 
7.. Compute 

dnewdnew = Hvnew. (1-80) 

8.. Include vnew in V, dnew in D and increase P. 

9.. Evaluate the new column of S 

SiSiyypp = vfdP, i = l , . . . ,P. (1.81) 

Inn the version used for the present work, the M lowest vectors are improved at each iteration, 
makingg the convergence faster. 

Thee requirement, in the first step, of having a good initial guess for the eigenvectors is of 
cruciall importance when large matrices are diagonalized. In the case of two-electron systems, 
itt is easy to specify a good approximation to the initial V matrix by taking the unit vectors 
associatedd with the M lowest diagonal values of the hamiltonian. In the case of three-electron 
systemss and especially in the case of highly-excited states, such a choice can lead to convergence 
problems.. Therefore, the initial estimates are taken from the diagonalization of the hamiltonian 
usedd for the selection procedure (cf. section 1.3.3.4, page 29). 

Thee Davidson method allows to diagonalize matrices up to 30000x30000 but the computation 
timee is considerable (about 20 hours). Therefore, in the present work, the maximum size of the 
matrixx has been restricted to 20000 or less which allows to set up and diagonalize the matrix in 
lesss than 12 hours on a Sun Ultra 1 workstation. 
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1.3.4.22 Limitatio n of the Davidson scheme 

Inn full CI calculations, the exponential relation between the number of electrons and the size 
off the hamiltonian matrix involves that, even with today computers, this approach becomes 
unmanageablee for all but the smallest systems. Therefore approximations must be introduced. 
Onee possibility is to include only valence correlation (see for example Vaeck et al 1988, 1991). 
However,, when core-excited states are studied, this technique is of limited use and, for example, 
ann accurate description of the ls2/n/' 2S e states in Li often requires very large matrices when 
aa CI technique is used (cf. chapter 5). In section 1.3.4.1, the iterative Davidson diagonalization 
schemee (Davidson 1975) was introduced as a solution to this problem but this technique, which 
providess a limited number of eigenvalues and eigenvectors, is still time consuming although 
muchh faster than a full diagonalization. Therefore it is interesting to consider other methods 
thatt potentially could be as accurate but faster. In chapter 3, such a method, the singular value 
decomposition,, is introduced and a comparison with the Davidson method is made. 

1.3.55 Per turbat iv e correct ions 

1.3.5.11 Energy shift 

Thee neglect of the interactions between the P and Q subspaces defined in the Feshbach theory (cf. 
sectionn 1.3.3.3, page 28) involves that some interactions which may be important (as explained 
inn more detail in section 1.4.2, page 36) are neglected. From the definition of the projection 
operators,, the wavefunction of an autoionizing state, \I>, can be written as 

| ** > = Q|$ > + P | # > . (1.82) 

Therefore,, the restriction to a solution lying in the Q subspace means that the condition defined 
byy equation 1.32 (page 21) must be satisfied: 

Q\$>=Q\$>=  QQ\V> + Q P | t f > (1.83) 

== Q | * > + 0 (1.84) 

== | * > . (1.85) 

However,, in many cases, the two subspaces are interacting with each other which has some 
influencee on both the energy and the decay rate of the resonance state. The effect on the energy 
iss discussed in the present section while the effect on the decay mechanism is introduced later 
(cf.. section 1.5.2, page 39). 

Maciass and Riera (1988) have shown that, by manipulating equations 1.27 and 1.28 (page 21), 
thee energy shift of the resonance state, V, due to the interaction between the P and the Q 
subspacess can be approximated by 

A ££ . g i < *m>„>  p + p ^ ( g ) i < m^> i v (186) 

Thee first term in the correction is a sum of the individual contributions from all (iVj,) bound 
states,, ipM, belonging to the open-channels while the second part represents the interaction with 
thee discretized continuum states, ^c , associated with the same open-channels. The density of 
states,, p{E), has already been introduced in the normalization factor of the continuum orbitals 
(cf.. section 1.3.2.4, page 24) and is given by 

p(Ep(Enn)) = ?——. (1.87) 
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Inn equation 1.86, p stands for the Cauchy principal value9 of the integral while Er, EN and E are 
thee energies corresponding respectively to * , rpN and Vc- In the present work, the energy shift 
iss computed for each open-channel independently, neglecting the interactions between them. 

Sincee we are working with a discretized continuum, the value of the integral in equation 1.86 
iss approximated by a straight line between consecutive energies, starting at the highest pseudo-
boundd state and ending with the highest continuum state. On each interval, the contribution 
fromm the continuum states to the integral is evaluated analytically using this approximation. 

1.3.5.22 Relativistic corrections 

Inn order to perform accurate calculations, it is often necessary to include relativistic effects. 
Inn a LS approximation, the largest contributions are expected to be the Darwin and the mass 
correctionn terms which are defined by 

HH",", = -^-^nh (1.88) 
ii  ' 

HDHD 22 = -~Z^(^)  (1.89) 

and d 
aa2 2 

HHmassmass = --g-YlVi (1-90) 

wheree the summations run over the number of electrons (Glass and Hibbert 1976). Equations 1.88 
andd 1.89 represent a relativistic correction to the potential energy while equation 1.90 describes 
thee mass correction to the kinetic energy. Here, the relativistic corrections are computed after 
diagonalizationn of the hamiltonian matrix, using perturbation theory. This approach is similar 
too that used in other works as for example by Chung and coworkers (see for example Davis and 
Chungg 1984a and Chung 1998). 

1.44 Influence of the basis 

1.4.11 Comp l e t ene s s of t h e o r b i t a l bas is 

Inn section 1.2.3 (page 16), the concept of effective completeness has been introduced for the B-
splinee basis and it was mentioned that the B-spline functions were used to set up an orbital basis. 
Becausee it is the latter basis which is used to perform CI calculations, it is interesting to study 
itss completeness by investigating the basis dependence of the 5-spline method. For this purpose, 
threee sets of data have been computed using different orbital basis, all three built from a same 
S-splinee basis, containing 22 functions of order 7 exponentially distributed over a box of 80 au, 
andd linked together by unitary transformations. If the different basis sets are complete, the three 
calculationss should give exactly the same energies. In order to avoid errors other than those due 
too the eventual lack of completeness, the lowest lsns 1S e states of Be III10 were chosen for study 
becausee the use of a two-electron system allows to include the full correlation in the hamiltonian 

"Thee (Cauchy) principal value of the integral from a to b of a function ƒ, where ƒ is discontinuous only at 

cc (with a < c < 6) is deBned by: p ft f{x)dx = lim«_x,+[/0
<:~' f(x)dx + ft+f f(x)dx]. If a = -co and b = oo, 

thee principal value of the integral is given by p / ^ f{x)dx = lim„_„ lirn,-»o+[/!~' f(x)dx + J" f(x)dx]. This 

proceduree can be adapted to the case of several discontinuities. " 
Thee choice of the beryllium ion is purely arbitrary. 
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Tablee 1.4: Energies (in au) computed for the lowest members of the 1S e series in Be III. Data are 
reportedd for three different basis (2nd, 3 r d and 4th columns) which correspond respectively to a 
hydrogenicc and two different HF basis (cf. text). In addition, the values of several F° integrals 
aree listed together with the largest coefficients of the wavefunction associated with the lslOs 
term. . 

xS ee state 
l s a a 

ls2s s 
ls3s s 
ls4s s 
ls5s s 
ls6s s 
ls7s s 
ls8s s 
ls9s s 
lslOs s 

Hydrogenic c 
-13.6548528 8 
-9.1847824 4 
-8.5172854 4 
-8.2884810 0 
-8.1836764 4 
-8.1270935 5 
-8.0930802 2 
-8.0709608 8 
-8.0556270 0 
-8.0443086 6 

HF F 
Iss core 

-13.6548525 5 
-9.1847826 6 
-8.5172856 6 
-8.2884812 2 
-8.1836766 6 
-8.1270936 6 
-8.0930804 4 
-8.0709610 0 
-8.0556271 1 
-8.0443087 7 

Valuee of different F integrals 

F°(ls,ls) ) 
F°(2s,2s) ) 
F°(4s,4s) ) 

2.500000 0 
0.601562 2 
0.149069 9 

2.277068 8 
0.509855 5 
0.118355 5 

Wavefunctionn composition for the lslOs 

ls6s s 
ls7s s 
ls8s s 
ls9s s 
lslOs s 
l s l l s s 
lsl2s s 
lsl4s s 
2sl0s s 

-0.1019 9 
-0.1208 8 
-0.1222 2 

0.9525 5 
-0.1595 5 

0.9913 3 
-0.0565 5 

0.0562 2 

2s** core 
-13.6548528 8 
-9.1847824 4 
-8.5172854 4 
-8.2884810 0 
-8.1836764 4 
-8.1270935 5 
-8.0930802 2 
-8.0709608 8 
-8.0556270 0 
-8.0443086 6 

2.490552 2 
0.552727 7 
0.097719 9 

state e 

-0.1531 1 
0.8935 5 

-0.3205 5 
0.1952 2 

-0.1524 4 

matrixx while the restriction to the Rydberg series associated with the ground state avoids the 
approximationss coming from the truncated diagonalization method (cf. section 1.3.3.3, page 28). 

Resultss are listed in table 1.4, in which the energy levels obtained using a hydrogenic basis 
aree reported in the second column while in the third and fourth columns, the energies listed 
weree obtained using two different HF basis sets. In the first case, the orbital basis was computed 
outsidee a Is frozen core (the Is being optimized on Is2 1Se) while in the second case, atomic 
orbitalss have been set up on a frozen 2s2 core from a HF calculation, which involves that the Is 
iss a correlation orbital in this basis. 

Thee agreement between the three sets of energies is gratifying (the order of magnitude for the 
deviationss is 10 - 7 au) when the differences in the orbital basis are kept in mind. The differences 
betweenn the three basis sets are illustrated, for the lowest orbitals, by the differences in the 
valuesvalues of the F° integrals and, for the higher orbitals, by the differences in the composition of the 
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eigenvectorr of the lslOs state (cf. table 1.4). Considering the amplitude of the mixing coefficients 
reportedd in table 1.4, it is seen that the (most) physical 10s, optimized outside a Is core, 
correspondss to a hydrogenic l i s and to a mixing between the 9s and the l i s in the "2s2 basis" 
whichh illustrates the basis dependence of the labeling process. The perfect agreement between 
thee energies shows that all three orbital basis sets are complete enough even for describing high 
Rydbergg states. 

1.4.22 Basis dependence of the calculations 

Ass already mentioned, the introduction of the truncated diagonalization method, TDM, destroys 
onn its own the completeness of the basis. For example, in the case of the (ls2s 1,3S)ns 2S e series 
inn Li, the use of the TDM involves that the ls2ns/es open-channel is removed from the matrix, 
wheree ns/es indicates the bound/continuum states associated with the Is2 1S e limit in Li II. Of 
thee two different ls2sns series, the (ls2s lS )ns 2S e series has the largest interactions with ls2ns 
See and this difference between the two series is very important for the quality of the results. 

Inn a HF approximation, the interaction ls2ns 2S e <-> (ls2s1S)ns 2S e is zero due to Brillouin's 
theoremm (Brillouin 1932, Bauche and Klapisch 1972) but in a hydrogenic approximation, the 
interactionn is very large and it must be taken into account, for example by use of perturbation 
theory.. Table 1.5 shows the results for both hydrogenic and HF basis functions. The table gives 
thee result of the truncated diagonalization, column "TDM", the shift, column "Shift", due to 
thee Is ns/es 2Se bound and continuum states, as well as the corrected energy, column "Final", 
correspondingg to the sum of "TDM" and "Shift" for the two different basis sets. The most 
obviouss difference is clearly connected with the size of the shift which is much larger for the 
hydrogenicc than for the HF basis. Since the shift is obtained using perturbation theory, the 
valuee of the shift can be expected to be more reliable the smaller it is. In the present case, the 
sizee of the shift clearly indicates that second-order perturbation theory is of doubtful value in 
aa hydrogenic basis. For the lowest 2S e term, ls(2s21S), the shift, 0.29 eV, reflects the size of 
thee ls22s o ls2s2 matrix element in a hydrogenic basis. In the calculation using the HF basis, 
thee shift is much smaller although not zero as expected from the Brillouin theorem. The reason 
iss that the HF basis is built on a frozen Is2 core while Brillouin's theorem applies in the case 
off a relaxed core. However, the size of the shift clearly shows the improvement obtained by use 
off the HF basis. The disadvantage of the HF basis is that single-particle matrix elements of 

Tablee 1.5: Results for the lowest ls2/n/' 2S e terms in Li using hydrogenic and HF basis functions, 
thee latter built outside a Is2 core. For both basis sets, the size of the CI matrix has been fixed 
too 15000 x 15000. 

2See term 
ls2sz z 

(ls2s3S)3s s 
(ls2s3S)4s s 
ls(2p21S) ) 
(ls2s1S)3s s 
(ls2s3S)5s s 
(ls2s3S)6s s 

Hydrogenic c 
TDM M 
56.172 2 
61.962 2 
63.175 5 
63.366 6 
63.058 8 
63.727 7 
63.996 6 

Shift t 
0.288 8 
0.055 5 
0.027 7 
0.045 5 
0.578 8 
0.010 0 
0.005 5 

Final l 
56.460 0 
62.017 7 
63.194 4 
63.403 3 
63.670 0 
63.738 8 
64.004 4 

TDM M 
56.397 7 
62.007 7 
63.172 2 
63.355 5 
63.586 6 
63.738 8 
63.970 0 

HF F 
Shift t 
0.014 4 
0.004 4 
0.003 3 
0.000 0 
0.003 3 
0.000 0 
0.000 0 

Final l 
56.407 7 
62.010 0 
63.173 3 
63.355 5 
63.588 8 
63.739 9 
63.970 0 

Experiment0 0 

61.992 2 
63.135 5 
63.313 3 
63.462 2 
63.735 5 
63.935 5 

00 Mcllrath and Lucatorto (1977). The error is estimated to be lower than 10 meV. 



1.55 Decay processes 37 7 

thee hamiltonian axe not identically zero as for a hydrogenic basis and the calculation of the HF 
matrixx elements is therefore more time consuming than for the hydrogenic basis. 

Thee advantage of the HF basis is even more important for the higher terms which are located 
closerr together and therefore are more sensitive to small shifts in energy. In this case, the lowest 
termss going to the ls2s 1S e limit are embedded in the (ls2s3S)ns series going to the ls2s 3S e 

limit.. Also perturbers, such as ls(2p2 *S) 2S e , are mixed into the (ls2s3S )ns series. In fact, we 
findfind that, from the third term, these three components are mixed together very strongly and, 
inn particular, the naming of the third and fourth term is not unambiguous. In this situation, 
itt is particularly important that second order corrections are small. In the table, the terms are 
arrangedd in the order of the corrected energies. It is seen that the ordering of the hydrogenic 
"TDM"" energies deviates from the final one. The problem is observed for the state with the 
labell (ls2s1S)3s, i.e. the second state in the series going to the ls2s 1S e limit and interacting 
directlyy with ls2ns. In fact this interaction is so large that the term is moved from third to fifth 
placee in the series. In such a situation, if the state interacts with its neighbours, the effects of 
movingg it "across" others can lead to large errors in a calculation based on perturbation theory 
ass indeed is found in this case. The lowest term, ls2s2 2S e is also considerably perturbed but 
thiss term is located well below the next 2S e term and the wavefunction is only slightly modified 
soo the accuracy of the calculated energy is higher. 

Byy comparing with the experimental results reported by Mcllrath and Lucatorto (1977), 
itt is seen that the errors in the B-spline calculation are reduced when a HF basis is used but, 
nevertheless,, even in that case the errors are still large, especially for the (ls2s1S)3s 2S e state. 
Thee singly-core excited states of Li will be studied in more detail in chapter 5 where it will 
bee shown that the accuracy of the B-spline calculations can be improved by chosing a more 
appropriatee basis and that the assignment of the energy level at 63.462 eV used here, which is 
duee to Mcllrath and Lucatorto (1977), is doubtful. 

1.55 Decay processes 

1.5.11 Transi t io n probabil i t y 

Followingg Bohr's atomic model (introduced in section 1.1, page 10), emission of light (either 
spontaneouss or stimulated) takes place when there is a transition from a state of higher to a 
statee of lower energy while, likewise, absorption occurs by a transition in the opposite direction 
caused,, as stimulated emission, by the interaction between the atom and the radiation field. The 
transitionn is characterized by the energy of the absorbed (or emitted) light. 

Inn 1917, Einstein (1917) introduced a phenomenological explanation based on the argument 
off detailed balancing according to which, in statistical equilibrium, the rates of absorption and 
emissionn are equal. This argument can give the relation between the emission and absorption 
probabilitiess but the introduction of the vector potential representing the electromagnetic field 
iss needed to obtain further information. In first approximation, the probability of spontaneous 
emissionn (equation 1.91) from an excited to a lower state, respectively â and $6, depends on 
thee dipole moment matrix element (see for example Woodgate 1992), 

*-isji&x*!! ?-»'••>p' (191) 

whilee the probability of absorption can be derived from equation 1.91 using Einstein's relations. 
Inn that case, the dependence on the dipole matrix element is the same as for spontaneous 
emissionn but, in addition, the absorption probability also depends on the radiation field. 
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Thee nature of the single-particle operator describing dipole transitions, r, involves that the 
initiall and the final states must obey several conditions. 

•• A matrix element is different from zero only if the sum of the parities of the two states 
involvedd (o and b in the present case) and the operator is even. This means that, because r 
hass odd parity, the initial and the final states in the transition must have different parity. 

•• Because r  is a one-body operator of rank 1, the change in configuration occuring in dipole 
transitionss is limited to the nl value of only one electron and the change in / is restricted to 

 1. Nevertheless, the inclusion of correlation means that apparent two-electron transition 
cann occur via indirect interactions. 

•• Because r  only acts on the I, space, an electric dipole transition cannot connect states 
havingg different values of S. In addition, the application of Wigner-Eckart theorem (see 
forr example Condon and Shortley 1936) to equation 1.91 provides selection rules11 on L. 
Forr a transition from a 1 5 to a L'S' state, the conditions are 

S-S'S-S' = AS = 0, AL = . (1.92) 

Forr L, holds the additional constraint that L=0 -> L'=0 transitions are forbidden. 

Inn practice, transition probabilities are often characterized by their oscillator strength, ƒ, 
insteadd of equation 1.91. Here we use the so-called multiplet values which apply if LS coupling 
iss valid and individual transitions between J levels not resolved (or added together). For a 
n-electronn system, the oscillator strength is given by 

'si*-™'si*-™——-sfcrl-sfcrl—-—- <L 9 3> 
Becausee H does not commute with r and p (the momentum operator), equation 1.93 can also 
bee written as 

22 1 < ^ | ^ e V j | ^ > 2 

fvfv ~ 3 Ea - Eb 2ÜTI ( L 9 4> 

and d 

ff = I  X <*<*!£ ? ^ ^ 1 * 6 >2 

iaia 1{Ea-Ehf 2L6 + 1 ( L 9 5 J 

wheree V represents the central-field potential. The three forms, called respectively length (ƒ/), 
velocityvelocity (fv) and acceleration (fa), are equivalent when the exact wavefunctions are used but 
usuallyy give rather different results when approximate wavefunctions are used. The velocity and 
accelerationn forms (equations 1.94 and 1.95) are more sensitive to the description of the orbitals 
closee to the nucleus and are therefore expected to be less accurate than the length form (Cowan 
1981)) that will be used in the present work. It should be mentioned that equations 1.93, 1.94 
andd 1.95 holds for emission as well as for absorption and that, therefore, the oscillator strengths 
forr the two processes are linked, 

/p-Hff _ 2L9 + 1 
Jq-ypJq-yp 2Lp + 1 

"Conditionss for which a matrix element is different from zero. 
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1.5.22 Auto ionizat ion w id t h 

Ass mentioned previously (cf. section 1.3.5.1, page 33), the restriction to a wavefunction, \&, 
lyingg in the Q subspace involves that the influence of the interactions between the P and the 
QQ subspaces on the eigenvalues and eigenvectors of the QHQ hamiltonian must be computed 
inn a second step, after the diagonalization of the matrix. The effect of P|\& > on the energy 
wass discussed in section 1.3.5.1 and in the present section, the effect on the decay mechanism, 
autoionization,, of core-excited states is introduced. 

Inn the case of a multi-electron system, the Feshbach formalism has been introduced to de
scribee core-excited LS states (cf. section 1.3.3.3, page 28). These states, resonances, are often 
foundd to lie in one or several continua and the strength of the interaction between a resonance 
andd a continuum state, degenerate in energy, determines the probability for the resonance to 
autoionizee i.e. decay by emission of an electron. In an experiment based on electron detection, 
aa resonance state will be characterized by a peak in the electron energy spectrum. The posi
tionn and the width of the peak are related respectively to the energy and the decay rate of the 
core-excitedd state. 

Severall multiply core-excited states, like for example 2s2 2p 2P°, are lying above an infinity 
off ionization limits (lsnl in the present example) and therefore have an infinite number of decay 
channels.. In the present work, only the most important ionization limits have been included while 
neglectingg the interactions between them. This means that the total width is a sum over partial 
widths,, T, that are computed separately for each limit. The formula relating the autoionization 
widthh to the interaction between the resonance and a degenerate discretized continuum state 
hass been derived from Feshbach theory by Marias et al (1987), 

TT = 2xp(E)\ < *(r)\H\ME) > |2- (1.97) 

Thiss is a zero-order approximation in which p(E) represents the density of states in the contin
uumm (cf. equation 1.87, page 33), ^ is the wavefunction of the resonance state (of energy E) 
andd Vc that of the degenerate continuum state. Equation 1.97 is identical to Fermi's golden rule 
(Wentzell 1927). 

Ass the use of a discretized continuum does not ensure a continuum state lying at the reso
nancee energy, a fitting procedure is used to estimate the bound-continuum interaction at reso
nancee assuming that V varies linearly with energy between two consecutive discretized continuum 
statess (van der Hart 1994). This means that if the resonance state, of energy E, is lying between 
thee ith and the (i + l)th energies of the discretized spectrum, the Auger rate at resonance is 
givenn by 

TTEE = TEi +  T* i+1~TJ:i(E - Ei) (1.98) 

wheree TE corresponds to the width at energy E. This approximation emphasizes the need to 
workk with a large basis set because it reduces the energy difference between two continuum 
statess and therefore, improves the accuracy of equation 1.98. 

1.5.33 Non-orthogonal i t ies 

Thee two decay mechanisms introduced in sections 1.5.1 and 1.5.2 involve matrix elements be
tweenn states which often are built on different orbital basis. For example, it has been men
tionedd in section 1.2.2.3 (page 16) that resonance and continuum states were built on different 
B-splinee basis. Therefore, even when the two orbital basis have been obtained using similar po-
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tentials,, equation 1.97 involves non-orthogonalities which could be important, in particular for 
highh n orbitals. 

Inn the past, several studies have been published that has focused on the computation of ma
trixx elements between non-orthogonal basis sets. In 1955, Löwdin (1955) introduced a method 
basedd on the cofactor expansion of the overlap matrix between the two basis sets while, later, 
Kingg et al (1967) introduced the so-called corresponding orbitals method which has been suc
cessfullyy applied to the calculation of oscillator strengths by Nicolaides and Beck (1975). A 
breakthroughh occured when Olsen et al (1995) published an adaptation of Malmqvist's algo
rithmm (Malmqvist 1986) which allows to work with the wavefunction expansion in term of csf 's 
whilee previous methods applied to Slater determinants. This method has been used for exam
plee by Godefroid et al (1995) who computed resonance transitions in B II with high accuracy. 
Inn the present work, the direct approach, in which the two-electron Slater integrals (Rk) and 
single-electronn integrals (L) are multiplied by the appropriate overlap matrix element between 
spectatorr electrons, is used. This method, described by Hibbert et al (1988), is straightforward to 
applyy for few-electron systems although it requires the calculation of a large number of integrals, 
therebyy increasing the cpu time required. 

1.66 Integration procedures 

1.6.11 Gaussian integrat ion 

Becausee orbitals are defined in terms of 5-splines which are piecewise polynomials, it is possible to 
performm integrations with a high accuracy, basically machine accuracy, using gaussian quadrature 
(Stroudd 1971). If the function to be integrated, g(x), can be factorized into a non negative weight 
function,, p(x), and a function having a polynomial character, / (x) , the integration of g{x) can 
bee approximated by a weighted sum over ƒ (x), 

/

bb rb " 

g(x)dxg(x)dx = p(x)f(x)dx~YWjf(xj). (1.99) 
JaJa j=i 

Itt is possible to define a sequence of polynomials, p0(x),pi(x),..., which are orthogonal with 
respectt to p(x) and in which pq(x) is of degree q, so that 

// p{x)pq{x)pp{x)dx = 5pq. (1.100) 

Ja Ja 

Thee polynomial pn(x) is called an orthogonal polynomial and has several useful properties: 

•• pn(x) always exists and is unique. 
•• The zeros of pn(x) are real, distinct and are lying in the open interval [a, b]. 

•• If [a, b] = [-1, 1] and p(x) =1 , the orthogonal polynomial is the Legendre polynomial. 

•• If the gaussian points (XJ) and the gaussian weights {WJ) are treated as variables, it can be 
shownn that the integration is exact for all polynomials of degree lower than 2n+2, which 
iss the only restriction on n. 

Inn the present work, the use of the Gaussian integration requires the adaptation of the 
Gaussiann points (cf. table 1.6) to the box in which the J^splineare defined. The knot point 
sequencee is used to define a set of intervals ([*,-,*i+1],i = k,...,N, N and k corresponding 
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Tablee 1.6: Gaussian weights (WJ) and Gaussian points (XJ) associated with the Legendre poly
nomialss of order 8. The Gaussian points are the roots of the polynomial on the [-1,1] interval. 

3 3 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 

Gaussia nn weight s  (WJ) 
0.10122853629037 1 1 
0.22238103445337 4 4 
0.31370664587788 7 7 
0.36268378337836 2 2 
0.36268378337836 2 2 
0.31370664587788 7 7 
0.22238103445337 4 4 
0.10122853629037 1 1 

Gaussia nn point s (x, ) 
-0.96028985649753 6 6 
-0.79666647741362 7 7 
-0.52553240991632 9 9 
-0.18343464249565 0 0 
0.18343464249565 0 0 
0.52553240991632 9 9 
0.79666647741362 7 7 
0.96028985649753 6 6 

respectivelyy to the number and the order of the 5-splines) in which the integration is performed. 
Thiss means that the accuracy of this integration technique will depend on both the number and 
thee order of the basis functions. Using the knot sequences defined previously (cf. section 1.2.2.3, 
pagee 16), the Gauss-Legendre formula (equation 1.99) provides a very accurate way to compute 
LL and Rk integrals but the definition of Slater integrals in terms of Yk functions (cf. section 
1.3.3.2,, page 27) involves that the calculation of one Rk integral requires three integrations 
(Landtmann 1993). 

1.6.22 Fini t e difference me thod 

Thee evaluation of the Rk integrals using the finite difference method is based on solving a pair 
off differential equations to determine the Yk function and integrating it to obtain the value of 
thee Rk (Froese Fischer 1977). Based on the definition of the Yk function introduced previously 
(cf.. equation 1.70, page 28), we can define a new function, Zfc, so that 

ZZkk{b,d,r){b,d,r) = f'fy Pnbh(t)Pndld(t)dt. (1.101) 

Afterr differentiating with respect to r and changing the variable from r to p = ln(r), the 
differentiall equations for Zk and Yk are given by 

j-j- ppZZkk = rPl{p)P>,{p)-kZk (1.102) 

and d 

^-Y^-Ykk = (k + l)Yk-{2k + l)Zk (1.103) 

wheree P[ represents the radial part, Pniii,  of the orbital i in the new variable. The integration 
off equations 1.102 and 1.103, using respectively ekf> and e~(*+1)p as integrating factors, gives 

and d 

Zj+™Zj+™  = e'mhkZk + f J+m rP[Plek^-Ci^dp (1.104) 

ykyk = e - « f c ( t + i ) y ^ + (2fc + l) fi+m Zke^-k^f-^dp (1.105) 
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wheree mh is defined as pj+m - pj. From equations 1.104 and 1.105, it is seen that the approach 
reliess on approximating integrals instead of solving a system of differential equations. The inte
grationn can then be performed using standard procedures like the Simpson's rule (Froese Fischer 
1977). . 

1.6.33 Difference be tween th e two methods 

Landtmann (1993) has shown that, when the ö-spline basis is large enough, the gaussian integra
tionn is more accurate than the finite difference method. On the other hand, the error introduced 
byy the use of the finite difference method does not have a significant influence on the final results 
inn the present case. The influence is, at least, two orders of magnitude smaller than the accuracy 
off the 5-spline approach for multi-electron systems. Because the finite difference method is much 
faster,, Rk orbitals have here been computed using the latter approach while other integrals, like 
forr example the single-electron contributions to the matrix elements (£„/,„'<<), are calculated 
usingg gaussian quadrature. 
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2.11 Introductio n 

Quasii two-electron atoms are among the simpler systems available for theoretical investigations 
andd their study enables us to explore the limits of our knowledge of important interactions in 
higher-ZZ atoms and ions. Examples of these interactions are core polarization and relativistic 
effectss and they put severe restrictions on our ability to make accurate predictions for heavier 
systems.. One of the lightest examples of a "heavy" system is provided by the neutral calcium 
atom,, which is also of interest outside atomic physics since, for example, many Ca lines are 
prominentt in the spectra of solar-type stars (Smith 1988). From a theoretical point of view Ca 
appearss attractive because it has only two valence electrons and it therefore constitutes a test 
casee for new computational approaches. In addition, the spectrum is so heavily perturbed by 
low-lyingg doubly-excited states that identification of some levels is difficult from experimental 
evidencee alone and theoretical calculations of level compositions and transition probabilities are 
thereforee valuable for the interpretation of the spectrum. 

Manyy computational methods have already been employed in studies of the electronic struc
turee of the Ca atom and these have contributed to progress in understanding the spectrum as 
welll as fuelling a more general discussion about the merits of different approaches. When the 
semi-empiricall Multichannel Quantum Defect Theory (MQDT) technique was introduced, it 
waswas hoped that this approach would make it possible to identify the perturbers in two-electron 
systemss unambiguously and a considerable amount of work was carried out with this in mind, 
forr the alkaline earths in general and Ca in particular (Armstrong et al 1977, Wynne and Arm
strongg 1979). Then Proese Fischer and Hansen started a series of ab initio calculations (Froese 
Fischerr and Hansen 1981, 1985) which showed that, although MQDT could give a good descrip
tionn of the energies of perturbed Ca series, the identification of a perturber is not unambiguous 
unlesss the perturber is an easily identifiable member of another series, which is not the case 
forr perturbers like 4p2 and 3d2. This prediction was confirmed by comparisons with observed 
isotopee shifts (Aspect et al 1984, 1991) and later ab initio calculations of MQDT parameters 
havee demonstrated that ab initio calculations are necessary to establish the character of the 
perturberr in such cases (Aymar et al 1987, Aymar and Telmini 1991, Osanai et al 1991). 

Att the same time, the ab initio calculations have also revealed that treating valence cor
relationn only is not sufficient to obtain a good description of the Ca spectrum. This had been 
surmisedd some time ago, for example, by Seaton (1982) and was confirmed by Vaeck et al (1991). 
Thee latter authors, in extensive multi-configuration Hartree-Fock (MCHF) calculations which 
includedd only valence correlation, showed that the two lowest 1F° terms (3d4p and 4s4f) were not 
correctlyy ordered and this was traced to the difference in core polarization for a 3d as compared 
too a 4s or 4p electron. Later calculations including core polarization, both directly (Sundholm et 
alal 1993) and via model-potentials (Mitroy 1993, Brage and Froese Fischer 1994a), confirmed this 
observationn and obtained the correct ordering of the two terms. Thus it has become clear that 
abab initio calculations for Ca must take into account core-valence as well as valence correlation. 

Onee way to include core-valence correlation is to use a model-potential method which 
includess long-range polarization potentials explicitly. For Ca this approach was first used by 
Chisholmm and Öpik (1964) and later by Victor et al (1976) and Hafner and Schwarz (1978). Re
cently,, Mitroy (1993) and Brage and Froese Fischer (1994a,b,c) have obtained very good results 
forr a number of Rydberg series in Ca, with a model-potential to describe core polarization, using 
aa Hartree-Fock (HF) and a B-spline basis, respectively, while Aymar and Telmini (1991) com
binedd a model-potential with the .R-matrix method. A problem with a configuration-interaction 
(CI)) approach to solve the model Schrödinger equation is to be sure that the basis set employed 
iss large enough to describe the valence correlation adequately and this problem can be solved 
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elegantlyy by use of B-splines (van der Hart and Hansen 1992a, Chen et al 1993). 
Laughlinn and Hansen (1996) have previously shown how to modify the core—valence in

teractionn potential in order to substantially improve the accuracy of predicted energy levels in 
model-potentiall calculations for Ca. Recognizing that the interactions between a 3d electron and 
thee core in Ca and Ca+ were significantly different, a d potential was constructed for Ca+ which 
gavee the correct experimental centre-of-gravity position for the spectroscopically pure 3d2 3F 
termm in neutral Ca. In particular, the observed inversion of the 4s5g 1,3G levels (Geiler 1992), 
causedd by the 3d2 *G perturber, was accurately predicted, despite its minute size. 

Inn the current chapter we present more extensive calculations of energies and wavefunction 
compositionss for levels with angular momentum up to L = 4 using this approach and as a check 
onn the quality of the wavefunctions we report oscillator strengths for selected dipole transitions 
andd compare with available experimental and theoretical data. 

Inn an earlier publication, van der Hart et al (1993) considered the Ca~ ground state in a 
B-splinee basis with a model-potential description of the Ca2+ core. There it was found that 
thee introduction of a dielectronic polarization potential was essential to obtain accurate term 
energies.. Consequently, this potential, which takes into account the effect of one electron on the 
polarizationn caused by the other, is also employed in the Ca calculations reported here. A slightly 
improvedd and theoretically more consistent version (Laughlin 1995) of the model-potential used 
previouslyy (Laughlin 1992) is employed in the current work. 

Theree is a rich literature on the structure of the Ca atom and its spectrum. In the present 
chapterr we are particularly interested in studying the influence of core polarization. Comparisons 
withh the earlier literature can be found in Vaeck et al (1991) and Mitroy (1993), so here we shall 
comparee primarily with the more recent theoretical work. We also discuss some recent experi
mentall identifications of energy levels in Ca. For transition oscillator strengths and lifetimes we 
makee a fairly comprehensive comparison with the available experimental data. 

2.22 Calculational approach 

AA model-potential method, in which the Ca atom is treated as a two-electron system, forms 
thee basis for the present approach. Briefly, core—valence-electron interactions are modelled by 
locall energy-independent, but angular-momentum dependent, effective potentials which include 
Ca2+-coree polarization terms to help describe core—valence correlation effects. The two-electron 
problemm is solved by a configuration interaction expansion using a basis of single-electron orbitals 
whichh are eigenfunctions of a model Schrödinger equation 

htf>ni(r)htf>ni(r)  = e„^ n / ( r ) , (2.1) 

wheree the Hamiltonian h is given by (in atomic units) 

11 20 
hh = - - V 2 - - + Vl{r).  (2.2) 

ZZ T 

Forr / / 2, the angular-momentum dependent potential V\{r) is determined so that the 
eigenvaluess €„/ of equation 2.1 reproduce the experimental values derived from observed centre-
of-gravityy term energies for Ca+ . For / = 2, an additional constraint, discussed below, is imposed. 
Specifically,, each V}(r) is expressed as 

Vi(r)Vi(r)  = VP(r) + VHF(r) + Ul(r), (2.3) ) 
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wheree VP(r) includes the dipole, ad, and quadrupole, aq, polarizabilities of the Ca2+ core, 

Heree ft is a first-order dynamical correction to the dipole polarizability ad (Eissa and Öpik 
1967)) and the cut-off functions Wn are given by 

Wn(r)) = l - e x p ( - r " ) . (2.5) 

Thee analytical form 

Ut(r)Ut(r)  = (4° + c?V + c^r2) exp(-e^r) (2.6) 

iss used for the empirically determined term Ui(r), where c£'\ c(/}, cf and 9® are parameters 
determinedd by fitting to the observed Ca+ energies. 

Inn equation 2.3, VHF is the direct electrostatic repulsion of an outer electron by the core 
electronss calculated from a Hartree-Fock description of Ca2+ (Clementi 1965) and VP describes 
thee interaction between a valence electron and the dipole and quadrupole moments it induces in 
thee Ca2+ core. The polarization terms are effectively cut off at r = rc by the Wn(r/r c) functions 
too account for the decrease in the polarization interactions when the outer electron penetrates 
intoo the core. The accuracy of such potentials for the one-electron problem was demonstrated 
byy determining oscillator strengths for various transitions in Ca+ (Laughlin 1992). The model-
potentiall includes in an approximate way (via Ui(r))  the effects of relativity on the Ca+ valence-
electronn energies while two-body relativistic effects involving the valence electrons, or a valence 
andd a core electron, are not explicitly included in the calculation. The largest splitting of a triplet 
termm observed in Ca I is about 100 cm - 1 of which the largest part is associated with the one-body 
spin-orbitt interaction that, to first order, has no effect on the energy of the centre of gravity 
off a term. More specifically, Aymar and Telmini (1991) have found that the influence of the 
spin-orbitt interaction is negligible for *S and JD levels below the 4s threshold. Similarly, Froese 
Fischerr and Hansen (1985) found that the J-independent relativistic corrections, namely mass 
correction,, Darwin and spin-spin contact terms, are small for the lowest 1P° terms. However, 
spin-orbitt interaction is important for the description of the (higher) 3dnl series members as 
mentionedd later. 

Thee model Schrödinger equation employed for the two-valence-electron problem is 

h(l)+h(2)h(l)+h(2) + — + VbP(n,r2) 
r 12 2 

*sz,(ri,, r2) = £5L*s i ( r i , r2) (2.7) 

whichh contains, in addition to the electrostatic repulsion, l/r12 , a dielectronic polarization po
tentiall VbP (Chisholm and Öpik 1964, Peach 1983): 

Thiss potential describes the electron correlation resulting from the interaction of each valence 
electronn with the dipole and quadrupole moments induced in the Ca2+ core by the other valence 
electron.. Note that the ft correction is not included here. In an earlier calculation (van der Hart 
etet al 1993) we found that Vbp contributed significantly to the ground-state energy of the Ca~ 
ion,, bringing the attachment energy of Ca into agreement with the most recent experimental 
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Tablee 2.1: Mean radii (in au) of 3p and 3d orbitals obtained in HF calculations for Ca. Underlined 
orbitalss corresponds to holes in the ls22s22p63s23p6 core. "Av." means a HF calculation for the 
averagee energy of a configuration. 

State e 
Coree + 3d4s 'D 

Coree + 3d4s 3D 
Coree + 3d2 Av. 
Coree + 3d2 *S 
Coree + 3d2 3P 
Coree + 3d2 *D 
Coree + 3d2 3 F 
Coree + 3d2 *G 
Coree + 3d4p 1F° 
Coree + 3d4p 3F° 
Coree + 2p3d4s2 Av. 
Coree + 2p3d4s2 l P 
Coree + 2P3d4s2 3 P 
Coree + 3p3d4s2 Av. 
Coree + 3d 

< r 3 pp > 
1.30 0 

1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.30 0 
1.29 9 
1.20 0 
1.19 9 
1.20 0 
1.26 6 
1.29 9 

<rsd <rsd 
2.62 2 

3.18 8 
4.20 0 
4.98 8 
4.31 1 
4.26 6 
4.02 2 
4.39 9 
2.23 3 
3.08 8 
1.58 8 
1.81 1 
1.50 0 
1.83 3 
2.34 4 

valuess (Walter and Peterson 1992, Petrunin et al 1996). Although its effect is less significant 
inn Ca than in Ca - , it is nevertheless important to include VDP in order to obtain accurate 
descriptionss of lower-lying Ca terms. 

Froesee Fischer and Hansen (1985) have pointed out that the use of a model-potential can 
bee expected to pose problems when core relaxation is so different in the neutral atom and the 
positivee ion, as is the case for Ca, and the same concern was expressed by Mitroy (1993). It is 
knownn that the core-valence interaction is term dependent in Ca (Froese Fischer and Hansen 
1985),, in particular for states with 3d character. This core relaxation effect is distinct from core 
polarizationn and we do not expect that a single potential can take both core polarization and 
coree relaxation into account. For example, Froese Fischer and Hansen noted that the position 
off the 3d4p lP° perturber in the 4snp 1P° series depends strongly on whether a frozen or a 
relaxedd core is used. In addition, the 3d orbital has appreciable overlap with the core, so it is not 
obviouss that the interaction between 3d and the core can be described as a polarization. Table 
2.11 illustrates some of the problems involved. The table gives the mean radii of the 3p and 3d 
orbitalss obtained in HF calculations for different terms of Ca and the 3d 2D term in Ca+ and 
somee results for configurations involving 2p and 3p holes in the core. The latter calculations show 
thee contraction of the 3d orbital when a core hole is present i.e. when core-valence correlation 
iss considered. The table also shows that this effect is term dependent, as was found many years 
agoo (Hansen 1972). We note that, even when the core is intact, the mean radius of the 3d 
orbitall varies between 2.2 and 5.0 au. Because the mean radius of the 3p orbital is about 1.3 au, 
thee overlap of 3d and 3p is considerable for some states and this also makes the / = 2 model-
potentiall sensitive to the cut-off radius rc. For comparison, the mean radius of 4s is more than 4 
auu although also term dependent (for example, 4.4 and 4.9 au for 3d4s 3D and 1D, respectively). 
However,, as already mentioned, we have shown that the description of configurations containing 
dd orbitals can be improved using a single I = 2 potential, labeled U^ir), designed (Laughlin and 
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Hansenn 1996) to reproduce not only the bound nd 2D spectrum of Ca+ but constrained so that 
thee calculated energy for the 3d2 3F term of Ca agrees with the experimental value. There is, 
off course, a concurrent loss of accuracy in the Ca+ nd 2D eigenvalues when this constraint is 
imposed,, although it is less serious than perhaps might be expected i.e. the changes in the Ca 
energiess are much larger than the changes in the energies of the d series in Ca+ . The largest error 
inn Ca+ is found for the 5d level, 31.6 cm - 1 , while the error in the 3d energy is only 0.9 cm - 1 . 
Itt is fortunate that the error  for the 3d level is so small since this makes it possible to describe 
accuratelyy higher Mnl Rydberg states which are present as perturbers, for example, 3d5s 1D. 

Tablee 2.2: Model potential parameters (in au) for Ca+ . Both original and modified d potentials 
aree given (see text). arf=3.254, aq =6.936, aq - 6ft =0.1 and rc=2.70. 

s° ° 
p° ° 

ddaa>> b b 

ddc c 

f° ° 

g g 
h h 
i i 

Co o 
-2.409515 5 

-3.0989242 2 
10.908757 7 

-0.66418362 2 
-2.6972611 1 

-0.69603855 5 
-0.098047835 5 

0.0 0 

cc(l) (l) 

-2.4591591 1 
-0.46947472 2 
-19.917181 1 
-3.0025936 6 
1.0144071 1 

0.20751858 8 
0.085763075 5 

0.0 0 

ccW W 

0.76 6 
0.15 5 
-4.8 8 

0.454 4 
-0.09 9 

-0.015 5 
-0.01 1 

0.0 0 

0W 0W 
1.7 7 
1.7 7 
2.9 9 
1.7 7 
1.2 2 
0.9 9 
0.8 8 
0.0 0 

aa identical to that published by Laughlin (1995). 
bb original d potential (U2(*")). 
cc modified d potential (f/^r)). 

Thee value of the effective core radius, rc, in the cut-off functions Wn(r/r c) was chosen to 
bee the radius of the sphere containing 99 % of the HF charge distribution of the outer M-
shelll electrons in the Ca2+ ground state (Laughlin 1995). Therefore rc is angular-momentum 
independentt and, in contrast to most previous work (Aymar and Telmini 1991, Boutalib and 
Daudeyy 1992, Mitroy 1993, Brage and Froese Fischer 1994a,b,c), it is not treated as a variable 
parameterr in the fitting procedure described below. The value used here, rc - 2.7 au, is about 
11 au larger than the values used in other calculations. The Ca2+ polarizabilities ad and a , have 
beenn calculated by Johnson et al (1983) and the first-order non-adiabatic correction ft to the 
dipolee polarizability was estimated by Eissa and Öpik (1967). Thus the polarisation potential 
Vp,Vp, equation 2.4, is determined largely from ab initio calculations. The only part of the model-
potentiall Vi(r) determined in an entirely empirical manner is the short-range correction U((r). 
Forr each angular momentum I, a least-squares fitting procedure was used to determine the 
variablee parameters in t//(r). In practice, the single-electron equation 

2.33 Convergence of the B-spline expansion 

Thee single-electron equation 2.1 was solved variational^ by expanding the radial parts of the 
solutionss ^nf(r) in terms of B-spline functions. Apart from the convergence tests, discussed 
presently,, all our calculations used basis sets constructed from 35 J5-splines of order 7 defined in 
aa cavity of radius 140 au with an exponential distribution of knot points. This allowed accurate 
descriptionss of states with principal quantum numbers less than approximately 8 (depending 
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slightlyy on the value of /) as discussed below. The resulting 35 orthogonal one-electron orbitals, 
calledd "basis states", were used as basis functions to construct two-electron trial functions for 
thee variational solution of the two-electron problem (equation 2.7), as described by van der Hart 
andd Hansen (1992a). The basis states corresponding to the Is, 2s, 3s, 2p and 3p core orbitals 
weree removed, so that 32 and 33 basis states are used for, respectively, 1 = 0 and I = 1. However, 
forr simplicity, we speak of the basis as consisting of 35 states in all cases. The configurations 
usedd for each angular symmetry are summarized in table 2.3. 

Tablee 2.3: Types of configuration included in the calculations for each LS term in Ca. Each 
J5-splinee basis set consists of 35 splines of order 7 in a spherical box of radius 140 au. 

LS LS 
llS S 
3S S 

l p o o 

3po o 
J p p 
3p p 

*D D 
3D D 
l D o o 

3 D 0 0 

l p o o 
3po o 
3F F 
»G G 
3G G 

Configurations s 
s2,P

2,d2,P,g2,h2,i2 2 

ss22,p,p22,d,d22f,gf,g22,h,h22,i,i2 2 

sp,pd,df,fg,gh,hi i 
sp,pd,df,fg,gh,hi i 

P
2 ,d2 ,fV,h2 ,i2 2 

p 2 ^ 2 , ^ 2 , ! ! 2 , ! 2 2 

sd,p22 ,pf,d2 .dg,!2 ,fh,g2 ,gi,h2 ,i2 

sd,p2,pf,d2,dg,f2,fh,g2,gi,h2,i2 2 

pd,df,fg,gh,hi i 
pd,df,fg,gh,hi i 
sf,pd,pg,df,dh,fg,fi,gh,hi i 
sf,pd,pg,df,dh,fg,fi,gh,hi i 
pf)d

2,dg,i2,fh,g2,gi,h2,i2 2 

sg,pf,ph,d2,dg,di,f2,fh,g2,gi,h2,i2 2 

sg,pf,ph,d22 4g,di,P ,m,g2 ,gi ,h2 ,i2 

Matrixx size 
4239 9 
3999 9 
7111 1 
7111 1 
3503 3 
3711 1 
9661 1 
9453 3 
6055 5 
6055 5 

10780 0 
10780 0 
7980 0 

11480 0 
11305 5 

AA B-spline basis spans both the bound and the continuum spectrum and, as we explain 
below,, it is generally necessary to include at least most of the basis states in the variational trial 
functionss to obtain accurate representations of the two-electron wave functions ^SL(ri, r2). 
Omissionn of "continuum" basis states (i.e. those with positive energy eigenvalues) can lead 
too serious errors, for example, when there is strong interaction between a perturber and a 
wholee series (Smid and Hansen 1983, Landtman and Hansen 1993). As well as presenting some 
illustrativee examples of the effect of the continuum in this section we also indicate the size of 
thee basis which is required for problems of the type considered in the current chapter. 

Beforee doing that, it is worth pointing out that the need to use all, or nearly all, basis 
statess in actual calculations is a drawback because it does lead to very large matrices. On the 
otherr hand, only a small number of eigenvalues of the large matrix are physically significant 
andd a scheme such as the one proposed by Davidson (1975) for obtaining a limited number of 
eigenstatess is therefore very well suited for handling the matrix diagonalization. This reduces 
thee CPU time required for the calculations significantly. 

2.3.11 Neglecting part of the basis 

First,, we present in table 2.4 results for the 4sns 3S series using different numbers of the 35 
basiss states. Although the 3S series has no prominent perturbers, correlation is nevertheless 
important,, since including only ss' configurations (resulting in a matrix of size 496x496) leads 



50 0 Studyy of valence states in neutral Ca 

too significant errors - more than 860 cm"1 in the lowest state. Thus in the main part of table 
4,, we include correlation through employing trial functions constructed from basis functions 
withh / < 6 (the main correlation is due to the p series). When compared to the calculation 
includingg only ss' configurations, it may be observed that use of 20 of the 35 basis states in each 
series,, corresponding to a matrix size of 1239x1239, leads to very large improvements in the 
bindingg energies. Adding another 5 leads to relatively small changes, while including a further 
55 or 10 states has a negligible effect. The results of a diagonalization which includes only basis 
statess with negative-energy eigenvalues for each values of / are also reported in table 2.4 and 
thesee show directly the errors involved in leaving out the continuum even for a case where its 
influencee could be expected to be small. We note that the results reported here for the 3S series 
aree slightly different from those presented earlier (Laughlin and Hansen 1996) due to an error 
inn the computer program which has been corrected in the present calculation. 

Thee limitations of a finite box, which does not allow Rydberg states with high n values to be 
approximatedd accurately with our choice of boundary conditions and an exponential knot point 
distribution,, are evident for 4sl0s and 4slls 3S. We have mentioned already that the solutions 
too the single-particle equation are describing "spectroscopic" orbitals up to about n = 8 (slightly 
higherr for low I values) and the result of this can be seen in table 2.4 where the error increases 
veryy sharply above n = 9. 

Tablee 2.4: Binding energies (in cm - 1 ) , relative to the Ca2+ ground state, of low-lying 3S terms 
inn neutral calcium. AE is the error (in cm - 1 ) in the calculated value (a positive error indicates 
thatt the term is higher than the observed position). Six calculations are shown, all employing 
basiss sets constructed from 35 splines of order 7. In five of the calculations, seven series, ss' + 
pp'' + dd' + ff + gg' + hh' + ii', are included while in the other calculation (column 3), only 
thee ss' series is used. In the latter calculation all available basis states are used (Is, 2s and 3s are 
alwayss excluded, as discussed in the text). In one calculation (column 4) only the basis states 
representingg bound or quasi-bound states are included, while the others show results obtained 
byy including, respectively, 20, 25, 30 and all 35 basis states for each / value. The experimental 
energiess and the labels used are from Sugar and Corliss (1985). 

Numb b 
Label l 
4s5s s 
4s6s s 
4s7s s 
4s8s s 
4s9s s 
4sl0s s 
4s l l s s 

err of basis states used -> 
Bindingg energy" 

113518.34 4 
104583.59 9 
101077.06 6 
99319.15 5 
98309.55 5 
97675.78 8 
97251.66 6 

Matrixx size -» 

onlyy ss 
35 5 

AE AE 
865.2 2 
256.3 3 
111.9 9 
59.56 6 
32.72 2 
34.52 2 
159.2 2 
496 6 

boundd only 
AE AE 

22.71 1 
19.67 7 
12.63 3 
8.11 1 
5.42 2 
13.70 0 
136.7 7 
415 5 

77 series 
20 0 
AE AE 

-6.29 9 
1.92 2 
2.15 5 
1.70 0 
1.30 0 

10.71 1 
133.4 4 
1239 9 

355 splines 
25 5 
AE AE 

-17.71 1 
-5.09 9 
-1.95 5 
-0.82 2 
-0.34 4 
9.52 2 

132.1 1 
1984 4 

30 0 
AE AE 

-17.73 3 
-5.09 9 
-1.96 6 
-0.83 3 
-0.34 4 
9.52 2 

132.1 1 
2904 4 

35 5 
AE AE 

-17.73 3 
-5.09 9 
-1.96 6 
-0.83 3 
-0.34 4 
9.52 2 

132.1 1 
3999 9 

aa The error in the experimental energies is « 0.1 cm - 1 . 
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2.3.22 Changing the size of th e basis 

Tablee 2.5 illustrates the convergence of our energy-level calculations for the *S series which is 
perturbedd to a much larger extent than the 3S series. In this case we show results obtained by 
usingg all available basis states but increasing the number of B-splines used in their construction 
fromm 20 to 40 in steps of 5. We see a substantial improvement between 20 and 25 splines while 
thereafterr the improvement is much smaller and between 35 and 40 splines it is marginal. It 
iss interesting that the fourth eigenvalue, which corresponds to the perturber, shows the most 
irregularr variation with the increase in the number of splines. This eigenvalue has a large 3d2 

componentt (see later) and we note that table 2.1 shows a large difference in the mean radius 
<< 7*3d > between 3d2 XS and 3F, so it is not too surprising that a d potential which has been 
optimizedd on the latter term does not give perfect agreement for the former. In this case, the 
termss up to 4s9s are well described and we note in particular that the use of more splines (with 
ann exponential knot distribution) does not allow higher states to be described, the error in the 
4sl0ss energy being practically unchanged as the number of splines increases. Instead a larger 
boxx is required. 

Thee 4snp 1P° series is a well-known example of a perturber, in this case 3d4p, mixed with a 
seriess to such a degree that no series member has a dominant component of the perturber. Sugar 
andd Corliss (1985) have chosen to designate the level that earlier was labeled 3d4p (Garton and 
Codlingg 1965, Risberg 1968) as 4snp (note that we reserve italic n for designating the 4snp 
series)series) for the following reason. Calculations including core polarization agree that this level 
hass the largest component of 3d4p in the series (see later) but the summed nsn'p contribution 
too the eigenvector is about 75%, so a designation as the perturber is rather misleading. On the 
otherr hand, in a MCHF calculation the node structure of the p orbital is the same for this level 
andd the next higher one so that it is misleading to continue the np numbering over this point 
i.e.. the node structure of the p orbital in the term labeled 4s7p corresponds to n = 7 and not to 
nn = 8 (also with this numbering the 1P° - 3P° separation is regular for the higher n values). 
Thatt the 3d4p term is mixed over a large number of levels puts particularly heavy demands 

Tablee 2.5: Binding energies (in cm - 1 ) , relative to the Ca2+ ground state, of low-lying *S terms in 
neutrall calcium. AE is denned in table 2.4. Five calculations are shown, employing, respectively, 
20,, 25, 30, 35 and 40 splines of order 7 for each I value. All available basis states are used in each 
calculationn which includes seven series: ss' + pp' -I- dd' + ff + gg1 + hh' + ii'. The experimental 
energiess and the labels used are from Sugar and Corliss (1985). 

Num m 
Label l 
4s* * 
4s5s s 
4s6s s 
4p2 2 

4s7s s 
4s8s s 
4s9s s 
4sl0s s 

berr of splines ->• 
Bindingg energy 

145057.8 8 
111740.6 6 
104367.4 4 
103271.5 5 
100781.3 3 
99170.6 6 
98222.8 8 
97620.3 3 

Matrixx size -» 

20 0 
AE AE 
74.0 0 
55.8 8 

103.3 3 
-79.3 3 
18.6 6 
31.6 6 
39.3 3 
62.9 9 
1374 4 

25 5 
AE AE 
30.7 7 
24.3 3 
78.9 9 

-93.2 2 
-12.9 9 
-2.9 9 
0.0 0 

15.1 1 
2154 4 

77 series 
30 0 
AE AE 
27.8 8 
22.3 3 
78.5 5 

-90.1 1 
-14.6 6 
-4.7 7 
-1.8 8 
13.2 2 

3109 9 

35 5 
AE AE 
27.5 5 
22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

4239 9 

40 0 
AE AE 
27.5 5 
22.1 1 
79.4 4 

-86.6 6 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

5544 4 
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Tablee 2.6: Binding energies (in cm"1), relative to the Ca2+ ground state, of low-lying 1P° terms 
inn neutral calcium. AE is defined in table 2.4. Seven calculations are shown and, apart from the 
onee which includes only the bound and quasi-bound basis states (column 4), all available basis 
statess (constructed from splines of order 7 for each 0 are used. In one calculation (column 3) 
onlyy the sp series is used, otherwise six series are included: sp + pd + df + fg + gh + hi. The 
experimentall energies and the labels used are from Sugar and Corliss (1985), where the meaning 
off the label for the fourth level is explained (see text). 

Num m 
Label l 
4s4p p 
4s5p p 
4s6p p 
4snp p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 

>err of splines - • 
Bindingg energy 

121405.5 5 
108326.2 2 
103378.8 8 
101124.3 3 
99632.5 5 
98578.0 0 
97873.5 5 
97395.7 7 

Matrixx size —• 

onlyy sp 
35 5 

AE AE 
5738 8 
2386 6 
1541 1 
1355 5 
1039 9 
715 5 
549 9 
669 9 
1056 6 

boundd only 
AE AE 

441.8 8 
1783 3 
174.4 4 
215.5 5 
134.5 5 
67.1 1 
39.2 2 
83.1 1 
781 1 

20 0 
AE AE 

178.3 3 
67.3 3 
53.7 7 
64.0 0 
55.4 4 
46.7 7 
43.8 8 
93.0 0 
2266 6 

66 series 
25 5 
AE AE 

151.9 9 
42.6 6 
30.2 2 
39.6 6 
26.3 3 
14.7 7 
11.7 7 
63.4 4 
3581 1 

30 0 
AE AE 

150.1 1 
41.0 0 
28.7 7 
38.1 1 
24.5 5 
12.6 6 
9.2 2 

59.6 6 
5196 6 

35 5 
AE AE 

149.9 9 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
12.5 5 
9.0 0 

59.4 4 
7111 1 

40 0 
AE AE 

149.8 8 
40.9 9 
28.6 6 
37.9 9 
24.3 3 
12.5 5 
9.0 0 

59.4 4 
9326 6 

onn the quality of the basis and table 2.6 shows the results of increasing the size of the basis 
forr the lowest members of this series. Note that in this case also all available basis states are 
usedd in each calculation. The third column shows that large errors result when all basis states 
aree used but correlation is not included. It is also significant that the errors decrease regularly 
ass the size of the 5-spline basis is increased and do not very clearly reveal the position of the 
perturberr as the error pattern would do in case of a localized perturber. A similar conclusion 
followss from the fact that Smith and Raggett (1981) found that measured collisional damping 
parameterss for these levels show a smooth variation over the ! P° series. The fourth column in 
tablee 2.6 demonstrates the effect of the continuum by including only the bound basis states in 
thee CI expansions. In this case the error for the fifth term is 135 cm - 1 , compared to 5 cm ' 1 for 
thee fifth 3S term. The table shows that, in contrast to the situation for the 3S series, for the 
1P°° series there is a (very slight) improvement in energy values between 30 and 35 splines while 

thee results for 40 splines seem to have converged. A comparison of the eigenvectors for 1P° and 
SS shows that the number of contributions from the 4snl basis states is nearly the same in the 

twoo cases but the contribution from higher nsn'l basis states is much more important for the 
1P°° series. For example, for the lowest states in the two series, the effect of all nsn'l states with 
bothh n and n' > 4 is only 0.5 cm - 1 for 3S but 193 cm - 1 for 1P°. 

Sincee transition probabilities are generally more sensitive than energies to the quality of a 
wavefunction,, we compared results for lS -> 1P° transitions using different basis sets. The differ
encee between 35- and 40-spline basis sets was negligible, even for transitions between high-lying 
states,, providing further confirmation that 35 splines is entirely adequate for the calculations 
reportedd here. The largest effect was found for transitions involving the fourth *S term, 4p2, 
thee one whose energy is the most sensitive to the size of the basis as mentioned above (table 
2.5).. Calculated oscillator strengths are compared with experimental values in section 2.6. 
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2.44 Results and comparisons 

Bound-statee energies for some of the lowest singlet and triplet levels of Ca with angular mo
mentumm L < 4 were calculated in two approximations: calculation A, in which the unmodified 
potentialss Ui(r), I = 0 — 6, were used to construct the one-electron basis states and calculation 
B,, in which the potential U'2{r),  modified to reproduce the 3d2 3F energy, replaced U^r). The 
reasonn for choosing 3d2 3F is that this term has the largest error in calculation A, 663 cm - 1 . At 
thee same time, since 3d2 3F is nearly pure in the dd' label it is meaningful to obtain agreement 
withh experiment for this term by varying only the d potential. On the other hand, although 
thee 3d2 3F term consists almost entirely of dd' configurations, it does contain small admixtures 
off configurations with higher angular-momentum orbitals. It is necessary to include the latter 
configurations,, specified in table 2.3, in the determination of the modified d potential U^r) 
becausee they make a contribution of more than 600 cm - 1 to the 3d2 3F energy. The differences 
betweenn calculations A and B are smaller for 3d4d terms, ranging from 2 cm - 1 ( lP) to 150 
cm"11 (3P). 

Ourr results are presented in table 2.7. For ease of comparison with experimental values we 
tabulatee the errors AE& and AEB in, respectively, calculations A and B. Note that we use the 
labelingg adopted in the most recent compilation of the results of the experimental analysis (Sugar 
andd Corliss 1985) even though this is not always in accord with the wavefunction compositions, 
ass discussed in section 2.5. 

Beforee discussing our results in comparison with experiment we first mention briefly the 
importancee of the dielectronic polarization term Vbp, given by equation 2.8. Classically, Vbp 
wouldd reduce the binding energy if the two electrons are, on average, on opposite sides of the core, 
andd would increase it if the two electrons act together i.e. are on the same side of the nucleus. 
Quantumm mechanically the situation is similar, the coupling between Vbp and the exchange 
interaction,, in particular between the dipole term and the G1^,^  1) integrals, means that, in 
aa single-configuration approximation, the effect of Vbp in an si series is to reduce the binding 
energyy for triplet terms while for singlets it should increase (for other types of configurations, such 
ass dp, the situation is different). Configuration interaction also obscures this simple dependence, 
ass already noted in model-potential calculations of low-lying states in Be (Norcross and Seaton 
1976).. In all the series we have considered we find that for the lowest states the effect of Vbp is to 
reducee the binding energy; for example, it is reduced by 844 cm - 1 for 4s4p 3P° and by 145 cm - 1 

forr 4s4p lP°. A similar situation was noticed for the 2s2p terms in Be by Norcross and Seaton 
(1976).. In the case of 4s4p 1P° the introduction of dielectronic polarisation degrades agreement 
withh experiment but in the majority of cases Vbp improves the accuracy of calculated energies. 
Ass examples, the lowest lS, 3P°, XD and 3F° terms are in error by, respectively, -614, -964, 
-4977 and -418 cm - 1 (a negative sign indicating too strong binding) when Vbp is omitted but 
thesee errors are reduced to 28, -120, 80 and 25 cm - 1 when dielectronic polarization is included. 

Thee effect of the quadrupole term in Vbp is small, particularly for the higher eigenvalues. 
Itt contributes about 45 cm - 1 to the energy of 4s4p 1P° and, in this case, the accuracy would 
actuallyy be improved by neglecting the aq term. The same holds for the 4s4p 3P° term, although 
thee contribution here is just 25 cm - 1 , while for 4s5s 3S inclusion of aq improves the agreement 
withh experiment, although only by about 1 cm - 1 . 

2.4.11 Comparison wi t h exper iment 

Thee agreement between experimental and model-potential energies is, in general, much better in 
calculationn B than in calculation A although, as may be observed from table 2.7, the improvement 
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Tablee 2.7: Experimental Ca binding energies, EexY> (in cm -1), relative to the Ca2+ ground state 
andd errors AE (in cm-1) in calculated model-potential values (a positive/negative sign indicates 
thatt the term is, respectively, higher/lower than the observed position). Subscripts A and B 
denote,, respectively, calculations A and B as described in the text. Center-of-gravity values are 
givenn for triplet terms. Calculated energies EA and EB axe tabulated for levels not identified 
experimentally. . 

LSLS Label0 

*SS 4s2 

4s5s s 
4s6s s 
4p2 2 

4s7s s 
4s8s s 
4s9s s 
4sl0s s 

1 P°° 4s4p 
4s5p p 
4s6p p 
4snp p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 

'DD 3d4s 
4s4d d 
4p2 2 

4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
4s9d d 

^^ 3d4p 
4s4f f 
4s5f f 
4s6f f 
4s7f f 
4s8f f 

*GG 4s5g 
3d2 2 

4s6g g 
4s7g g 
4s8g g 

EELo Lo 
145057.8 8 

111740.6 6 
104367.4 4 
103271.5 5 
100781.3 3 
99170.6 6 
98222.8 8 
97620.3 3 

121405.5 5 
108326.2 2 
103378.8 8 
101124.3 3 
99632.5 5 
98578.0 0 
97873.5 5 
97395.7 7 

123208.2 2 
107759.5 5 
104338.0 0 
102138.8 8 
100068.0 0 
98857.7 7 
98108.8 8 
97608.7 7 
97245.4 4 

104519.9 9 
102714.2 2 
100252.9 9 
98875.4 4 
98042.7 7 
97502.6 6 

100183.4C C 

98826.. l c 

98008.9C C 

A £ A A 

38.2 2 

28.5 5 
182.2 2 
302.5 5 

-7.5 5 
-3.1 1 
-1.2 2 
13.2 2 

256.6 6 
81.1 1 
29.6 6 
14.5 5 
9.6 6 
6.2 2 
6.0 0 

57.3 3 

339.1 1 
77.2 2 

278.6 6 
112.6 6 
39.0 0 
20.5 5 
12.6 6 
20.6 6 

104.2 2 
61.8 8 
10.3 3 
1.2 2 
0.4 4 
0.5 5 

16.9 9 
1.0 0 

98982.5 5 
2.2 2 
0.7 7 

97466.0 0 

AEAEBB L 
27.55 3 

22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

SS Label* 
SS 4s5s 

4s6s s 
4s7s s 
4s8s s 
4s9s s 
4ss 10s 

149.99 3P° 4s4p 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
12.5 5 
9.0 0 

59.4 4 

79.55 3] 
129.8 8 
18.0 0 
22.4 4 
12.8 8 
2.6 6 
2.3 3 
9.1 1 

95.4 4 
42.44 3F 
18.0 0 
4.0 0 
1.8 8 
1.1 1 

17.4 4 

4s5p p 
3d4p p 
4s6p p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 
3d5p* * 

DD 3d4s 
4s4d d 
4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
4s9d d 

3d4d* * 
,00 3d4p 

4s4f f 
4s5f f 
4s6f f 
4s7f f 
4s8f f 

0.44 3G 4s5g 
99559.7 7 

0.3 3 
0.4 4 

97465.9 9 

4s6g g 
4s7g g 
4s8g g 

3d4d* * 

E" E" 
113518.3 3 

104583.6 6 
101077.1 1 
99319.1 1 
98309.5 5 
97675.8 8 

129794.7 7 
108492.5 5 
105720.1 1 
102535.2 2 
100098.1 1 
98771.4 4 
97971.4 4 

97453.. l f 

93149.8f f 

124701.2 2 
107304.1 1 
102312.2 2 
100006.8 8 
98753.4 4 
98016.1 1 
97589.1 1 
97297.5 5 
93679.4 4 

109226.6 6 
102887.1 1 
100294.9 9 
98893.0 0 
98051.5 5 
97507.5 5 

100183.0C C 

98826.8C C 

93472.2e e 

A £ A A 

-17.0 0 

-4.9 9 
-1.9 9 
-0.9 9 
-0.4 4 
9.6 6 

-99.3 3 
8.6 6 

196.1 1 
-2.9 9 
-2.7 7 
-1.5 5 
-0.2 2 
38.5 5 
63.3 3 

447.0 0 
42.6 6 
4.9 9 

-5.2 2 
-9.6 6 

-10.6 6 
-11.5 5 
83.9 9 
-9.4 4 

280.0 0 
0.2 2 
0.1 1 
0.1 1 
0.3 3 

16.3 3 
0.5 5 
0.4 4 

98008.7 7 
97466.0 0 

28.0 0 

A £ B B 

-17.7 7 

-5.1 1 
-2.0 0 
-0.8 8 
-0.3 3 
9.5 5 

-120.0 0 
-17.0 0 
100.2 2 

-2.4 4 
-2.5 5 
-1.5 5 
-0.5 5 
38.4 4 
18.2 2 

147.0 0 
86.5 5 
24.0 0 
2.8 8 

-8.8 8 
-18.7 7 
-7.8 8 
72.0 0 
-5.1 1 
25.2 2 
0.5 5 
0.5 5 
0.4 4 
0.5 5 

16.5 5 
0.5 5 
0.4 4 

98008.7 7 
97466.0 0 

37.5 5 
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Tablee 2.7 continued a 

LS LS 
! P P 

i D o o 

3p p 

Label" " 
3d4d* * 

3d5d* * 
3d6d* * 
3d7d* * 
3d8d* * 
4p5p* * 
3d9d* * 
3d4p p 
3d5p* * 
3d4f* * 
3d6p* * 
3d5f* * 
3d7p* * 
3d6f* * 

3d2 2 

3d4d* * 

EELLD D 
93591.11 ' 

109222.4 4 

101564.0 0 
91838.2e e 

A £ A A 

23.4 4 

88543.4 4 
86246.7 7 
84995.4 4 
84248.6 6 
83918.4 4 
83646.3 3 

348.0 0 
93571.3 3 
89117.4 4 
88565.6 6 
86611.0 0 
86257.8 8 
85246.0 0 

662.9 9 
793.4 4 

A £ B B 

25.3 3 

88542.3 3 
86246.9 9 
84996.3 3 
84249.2 2 
83904.4 4 
83642.4 4 

147.4 4 
93612.3 3 
89127.0 0 
88580.2 2 
86616.3 3 
86264.9 9 
85248.2 2 

0.1d d 

688.0 0 

LS LS 

sP P 

3 D 0 0 

Label0 0 

4p2 2 

3d2 2 

3d4d* * 
3d5d* * 
3d6d* * 
3d7d* * 
3d8d* * 
3d4p p 
3d5p* * 
3d4f* * 
3d6p* * 

3d5£* * 
3d7p* * 
3d6f* * 
3d8p* * 
3d7F F 
3d9p* * 

EEtxD txD 
106550.1 1 

96507.3 3 
90761.0 0 
87429.3 3 

85675.85 5 

106825.4 4 
93313.1 1 

89155.0* * 
88804.t t 

88525.2fft t 

86626.5t t 

86258.9t t 

85255.6t t 

85011 l J t 
84425.6f f 

84250.5t t 

A £ A A 

302.1 1 

268.0 0 
204.1 1 
90.6 6 
37.1 1 

84644.7 7 
84009.9 9 

242.8 8 
67.8 8 
49.9 9 

336.6 6 
57.8 8 
32.9 9 
40.5 5 
32.5 5 
33.4 4 
30.2 2 
30.4 4 

AEAEB B 

49.1 1 

0.8 8 
54.1 1 
32.4 4 
8.8 8 

84660.5 5 
84019.6 6 

161.3 3 
33.8 8 
39.3 3 

323.5 5 
44.7 7 
26.0 0 
33.7 7 
28.1 1 
29.5 5 
28.5 5 
27.8 8 

°° The labels are from Sugar and Corliss (1985) (see this reference and the text for the meaning of the 
labell 4snp XP°). Terms marked with an * are located above the Ca+ 4s ionization limit. 
66 The experimental energy levels are taken from Sugar and Corliss (1985) - except as specified in 
footnotess c and ƒ. The term energy marked § is an average of the J = 1 and J = 2 level values, while 
termm energies marked * are the J = 1 level values. 
cc Geiler (1992). 
dd The model-potential U^r) is constructed to reproduce the 3d2 3F term energy (see text). 
ee The 3d4d 3F and 3G energies are given with a question mark in the compilation by Sugar and Corliss 
(1985).. The results indicate that the reported 3F term is spurious. 
ff McLaughlin et a/(1994). 
99 Identification from Newsom (1966), energy from Sugar and Corliss (1985). 

iss not uniform and, in a few cases, calculation A is more accurate than calculation B. The largest 
errorr in calculation A occurs for the 3d2 3F term and this error is reduced to zero in calculation B 
byy virtue of our choice of the modified d potential U'2{r).  The second largest error in calculation 
A,, namely 447 cm - 1 for 3d4s3D, is reduced to 147 cm - 1 in calculation B while the error for the 
3d4ss JD term is reduced from 339 to 80 cm - 1 . We have already mentioned that the 4s orbital in 
HFF calculations for the 3d4s lD and 3D terms has a mean radius of 4.9 and 4.4 au, respectively, 
whichh could be one reason that a modified d potential cannot on its own reduce the errors to 
zero.. In fact, the error for the second XD term, 4s4d, increases from 77 cm - 1 in calculation 
AA to 130 cm - 1 in calculation B while the error for the 4s4d 3D term also increases - from 43 
too 87 cm - 1 . We emphasize that the only Ca level employed in the determination of U'2{r)  is 
3d22 3F. Table 2.1 shows that the variation in the 3d orbital, even within the 3d2 configuration, 
iss considerable and although it should be possible to obtain somewhat better overall agreement 
withh experiment by including additional Ca level energies in the determination of the d potential 
wee have chosen not to do this for the sake of maintaining a simple and practical strategy. The only 
levell of 3F symmetry currently known with certainty in calcium is 3d2 (see later) and considering 
otherr symmetries would make the calculation very difficult with our current procedures. It is, 



56 6 Studyy of valence states in neutral Ca 

nevertheless,, encouraging that the 3d2 3 P term also is predicted with very high precision. In 
addition,, this term is mixed with 4p2 3 P so the good agreement is not solely due to a good d 
potential. . 

Becausee we have replaced the full 20-electron Schrödinger equation for calcium by a model 
two-electronn equation, our variational solutions of equation 2.7 do not lead to upper bounds on 
thee experimental energies. Nevertheless, in many cases, particularly for relatively unperturbed 
series,, calculation B energies lie above the experimental positions and may therefore, in principle, 
bee improved by adding more S-splines as well as higher / values to the basis. However, in line 
withh the earlier discussion of the S and P series, we expect that the resulting improvement will 
bee negligible in the majority of cases. 

Tablee 2.7 includes for most LS terms the first state for which the limitations of the basis, 
duee in particular to the finite box size, are clearly visible. We have also included results for 
*D°° and 3D° for which there are two alternating series 3dnp and 3dnf. In these two cases, the 

deteriorationn in accuracy can be expected to occur after a larger total number of states since 
wee expect to be able to calculate accurately approximately the same number of states in each 
series. . 

Beloww the cut-off just mentioned, the agreement between theory and experiment usually is 
muchh better for the higher than for the lower states. This is reasonable since the model-potential 
iss expected to be more accurate for Rydberg levels than for low-lying levels involving strongly 
interactingg electrons. The agreement is generally better for the triplet symmetries than for 
thee singlets which on average are more perturbed by doubly-excited states. However, the larger 
disagreementss appear mainly in combinations of 3d with another inner orbital and, for the states 
underr consideration here, do not exceed 161 cm - 1 . The conclusion is that the deviations from 
experimentt are due mainly to the description of the 3d orbital in the model-potential. Given the 
earlierr discussion, it might be possible to improve the present techniques slightly but basically 
wee believe that we are seeing the limitations of the approach for a system such as Ca. 

Resul t ss for  individual series 

Inn this section we discuss some recent, as well as some revised, identifications of Ca levels. 
Bolovinoss et al (1992) have reported the observation of a 1S perturber at a binding energy of 
865233 cm - 1 which they labeled as 4p2 1S due to the good agreement in energy with a level 
predictedd by Aymar and Telmini (1991) with this name. Although this term, which has a mixed 
4p22 + 3d2 character, can be expected to be localized within the box, it is too high in the 
continuumm to be discernible in our results. However, we find another 1S term of dd' character 
att about 91500 cm"1. This term is mixed with the continuum so it is difficult to give a more 
accuratee position; it is located in the region where several 3d4d terms have been identified (Sugar 
andd Corliss 1985) but it is, unfortunately, not in the range observed experimentally by Bolovinos 
etet al (1992). If the 3d4d ! S term is located in this region it would be surprising to find a term 
withh a dominant 3d2 component higher in the spectrum. The observation of 3d4d terms (of 
symmetriess other than 1S) below 86500 cm - 1 was actually the main reason why Aymar and 
Telminii (1991) suggested that the term should be labeled 4p2, although their own eigenvector 
compositionn corresponded to a pp' contribution of only 30%, compared to 70% dd' character. 
Moree work therefore seems worthwhile in order to confirm the assignment of the J = 0 level 
reportedd by Bolovinos et al (1992). We shall return to eigenvector compositions in section 2.5. 

Inn a recent photodetachment experiment (McLaughlin et al 1994), a resonance at 93591 cm - 1 

beloww the Ca2+ threshold was observed which was tentatively identified as the 3d4d lP state. 
Thiss state lies in the continuum but autoionization is not strong since there is no decay channel 
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associatedd with the lP symmetry. McLaughlin et al noted that there were no calculations avail
ablee for even-parity levels with J = 1 in calcium. Prom a calculation using the basis shown in 
tablee 2.3, and reported in table 2.7, we find the lowest XP state at 93568 cm - 1 in calculation A 
andd 93566 cm - 1 in calculation B. The 3dnd configurations contribute 97% to the wavefunction 
andd the 4pnp configurations 3%. These results therefore support the identification of the reso
nancee as the 3d4d l P state. The present data suggests that the lowest 4pnp *P state, 4p5p 1P, 
iss located between 3d8d and 3d9d in the 3dnd *P series. This agrees with calculations published 
byy Brage and Proese Fischer (1994b) who report a value of "about 61200 cm - 1" for this term, 
comparedd to our value of 61153 cm"1. 

Fromm a certain n value, the 3dn/ terms will be located above the 4s state of Ca+ , embedded 
inn a 4sf£ continuum. In table 2.7 we have included a number of 3dn/ series members of this type, 
suchh as 3d5p 3P°, 3d4d 3D and 3G. The B-spline approach gives a discretized description of the 
seriess continua and, in almost all cases, it gives results of high accuracy for these quasi-bound 
states;; for example, the 3d4d 3D energy is in error by only 5 cm - 1 . The 3d4d 3F term, on the 
otherr hand, for which no Asti continuum exists would appear to be in error by almost 700 cm - 1 . 
However,, we note that the reality of this term was questioned by Risberg (1968) and our results 
stronglyy support a mis-identification. Aymar and Telmini (1991) were also unable to reproduce 
thee energy of this term. Sugar and Corliss (1985) questioned in addition the identification of 
thee 3d4d 3G term in their compilation but the good agreement in energy with the prediction in 
tablee 2.7 does not contradict the experimental identification. 

Bragee and Froese Fischer (1994b,c) have reported Spline-Galerkin calculations for different 
LSLS symmetries between the 4s and 3d thresholds. Their calculations include magnetic interac
tionss and a single-particle polarization potential, but not the dielectronic term (equation 2.8). 
Thee cut-off radius was chosen to reproduce the 3d~4p energy difference in Ca+ . To avoid prob
lemss of the interaction of series members with the associated 4se£ continuum, Brage and Froese 
Fischerr neglected these interactions (by omitting configurations containing 4s basis states). In 
onee paper (Brage and Froese Fischer 1994b), a number of even-parity series with J = 0,1 and 3 
aree investigated, primarily to identify possible perturbers. In a second paper (Brage and Froese 
Fischerr 1994c), energies of some odd-parity series with J = 1 are calculated and compared with 
observedd values, in particular with the observations of Brown et al (1973). We compare with the 
latterr results at this point (the results for levels below the 4s limit published by Brage and Froese 
Fischerr (1994a) are discussed in the next section). We note that while there are 4se^ continua 
correspondingg to 1P°, 3P°, lF° and 3F° there are none having !D° and 3D° symmetry. This 
makess calculations for the latter symmetries more reliable but it should be kept in mind that 
LSLS coupling does not give a good description of the 3dn/ series, particularly for large n. In table 
2.77 we show our results for the 1D° and 3D° series and in table 2.8 we compare with the results 
publishedd by Brage and Froese Fischer (1994c). 

AA large discrepancy is evident for the 3d6p 3D° term in table 2.7. A 3d6p 3D° level was 
firstfirst identified by Garton and Codling (1965) but later revised by Newsom (1966). Brown et 
alal (1973) found, by comparing the characteristics of the feature observed by Newsom with the 
higherr members of the 3P° and 3D° series, the original identification more appropriate and 
Gartonn and Codling's identification has been accepted by Sugar and Corliss (1985). However, 
theree are difficulties with this interpretation. It is necessary to assume that the 3dnp 3D°, 
3P°° and 1P° series are perturbed by approximately the same amount in the region of n = 6 
byy the nearby 5s4p 3P° and 1P° terms, although the perturbation of the 3D° series would be 
expectedd to be weaker, since it only can take place via magnetic interactions, while the two other 
seriess can interact via the Coulomb interaction. In fact, if we accept Newsom's identification, 
thee 3D° series is not perturbed significantly. The calculations for the 3D° series by Brage and 
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Tablee 2.8: Deviations AE (in cm - 1 ) between observed and calculated 3dn/3D° binding energies. 
Resultss for both the average energy of the 3D° terms (Av.) (taken from table 2.7) and for the 
JJ = 1 levels are shown. The identification of Newsom (1966) is used for 3d6p, otherwise the 
experimentall level energies are from Sugar and Corliss (1985). The present J = 1 level energies 
aree obtained from the term energies (Av.) by adding a correction for the spin-orbit splitting as 
discussedd in the text. The column headed BFF gives energies for the J = 1 levels published 
byy Brage and Froese Fischer (1994c) who included magnetic effects explicitly (note that the 
deviationss given in their paper have inadvertently been multiplied by a factor of two). 

Eexp.Eexp. Ai? 
Label l 
J=J= 1 
3d5p p 
3d4f f 
3d6p p 
3d5f 3d5f 
3d7p p 
3d6f f 
3d8p p 
3d7f f 
3d9p p 

J = l l 
93348.3 3 
89155.0 0 
88525.2 2 
86626.5 5 
86258.9 9 
85255.6 6 
85011.7 7 
84425.6 6 
84250.5 5 

Present t 
Av. . 
69.0 0 
39.3 3 
44.7 7 
26.0 0 
33.7 7 
28.1 1 
29.5 5 
28.5 5 
27.8 8 

J=J= 1 
30 0 
21 1 
15 5 
7 7 
4 4 
5 5 

-8 8 
3 3 

-19 9 

BFF F 
77 = 1 

146 6 
-26 6 
64 4 

-23 3 
16 6 

-21 1 
11 1 

Froesee Fischer (1994b), which include the interactions with the 1P° and 3P° series, show no 
perturbationn of the 3D° series and Brage and Froese Fischer (1994c) interchanged the 3d6p 
3P?? and 3D? designations proposed by Brown et al (1973). The relabeling of the 3d6p 3Pf level 
ass 3D? is supported by our results (we have included the appropriate energy from Brown et 
alal (1973) in table 2.7) as well as by CI calculations including magnetic effects mentioned below. 

Thee above observations for the 3D° series concern the J = 1 levels, while the calculations 
reportedd here are for the centre of gravity of the 3D° terms. We have estimated 3D? level 
energies,, which are reported in table 2.8, as follows. Gaardsted et al (1991) have performed 
somee fairly large-scale CI calculations of Ca energy levels using HF basis functions and the suite 
off programs due to Cowan (1981), including the spin-orbit interaction. Their results, incidentally, 
supportt the interchange of the 3d6p 3P? and 3D? levels proposed above. We used the results of 
thesee authors to determine the separations between the average term energies and the J = 1 
levell energies which were then introduced as corrections to our calculated average energies. 
However,, it was pointed out by Gaardsted et al (1991) that, except for the lowest n values, the 
couplingg conditions in the 3dnl configurations are rather far from LS. This makes it difficult 
too determine the corrections accurately which is the reason why the trend in the calculated 
deviationss for J = 1 is somewhat uneven. Nevertheless, the sign of the correction is in all cases 
suchh that the difference between theory and experiment is decreased. When the strong term 
mixingg is kept in mind, the very good agreement obtained might partly be accidental. In fact, 
thee agreement is better than obtained by Brage and Froese Fischer (1994c), also reported in 
tablee 2.8, even though they included the magnetic interactions explicitly. 

Bragee and Froese Fischer (1994c) also proposed that the levels designated as 3d4f 3P? and 
3D?? by Sugar and Corliss (1985) should be interchanged. The calculations of Gaardsted et 
alal (1991) do not support this proposal but, since the uncertainty in this calculation is similar 
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too the term splittings in 3d4f, better calculations are needed to settle this point (the splittings 
betweenn the J = 1 levels of the terms of the 3dnf configurations are much smaller than the 
equivalentt splittings in 3dnp configurations). 

2.4.22 Compar ison w i t h other  theoret ical approaches 

Inn table 2.9 we compare our calculation-B results with those obtained recently by other workers 
whoo have used both ab initio methods and methods which, like ours, include some empirical 
information.. Most authors have reported binding energies relative to the Ca+ ground state while 
others,, like ourselves, have used the Ca2+ ground state as reference. To simplify the comparison 
wee again tabulate the errors in each calculation in table 2.9. The observed binding energies are 
takenn primarily from the compilation by Sugar and Corliss (1985) and tabulated relative to the 
Ca++ ionization limit. 

Thee difficulties involved in determining accurate ab initio energy values for calcium without 
includingg core-valence correlation are illustrated by the work of Vaeck et al (1991) whose energies, 
obtainedd in fairly extensive MCHF calculations using a relaxed core, are in error by 1660 cm - 1 , 
25900 cm - 1 and 3330 cm - 1 , for the ground, the lowest 1D and the lowest 1F° states, respectively. 
Onlyy valence correlation was included, although the orbitals were optimized separately for each 
state,, i.e. core relaxation was taken into account. The errors decrease for higher states, with the 
sixthh *S state being in error by 27 cm"1. The ü-matrix calculations by Osanai et al (1991) for 
llSS and lD states neglect core polarization. However, the errors in the 4s2 'S (1270 cm - 1 ) and 
3d4ss lD (1190 cm - 1 ) energies are considerably smaller than those reported by Vaeck et al (1991). 
Thee explanation for the differences is most likely the fact that Osanai et al used a frozen core 
obtainedd from a HF calculation for 3p63d 2D. The core wavefunctions are considerably different 
inn Ca II 3d 2D and in the Ca I states (see table 2.1). Thus the comparison illustrates the size 
off the effect of the 3d orbital on the other electrons. In the work of both Vaeck et al (1991) and 
Osanaii et al (1991) the 1D energies are less well determined than the 1S energies, particularly 
forr the higher members of the series. 

Onee of the most important observations by Vaeck et al (1991) was that, if only valence 
correlationn is considered, the order of the two lowest 1F° terms (3d4p and 4s4f) is inverted. 
Thee realization that inclusion of core-valence (and perhaps core-core) correlation is required to 
obtainn the correct ordering has stimulated a number of recent theoretical studies and the ability 
too obtain the correct ordering of these two levels has been established as a severe test of the 
qualityy of an approximation. Here we find that an even more stringent test is the ability to 
obtainn good results for both 1F° and 3F° terms. 

Nearlyy all attempts to include core polarization have been based on the use of model-
potentials.. Only the MCHF calculations by Brage et al (1993b) and Sundholm et al (1993) 
includee core-valence correlation explicitly and Boutalib and Daudey (1992) have included the 
interactionn with the core in second-order perturbation theory (both Brage et al (1993b) and 
Boutalibb and Daudey (1992) also report results using a model-potential approach). Thus the 
mainn differences between the calculations lie in the different model-potentials used and the ap
proachess employed to solve the Schrödinger equation. Generally, only the dipole polarization 
termm has been included; we include the quadrupole term also but, as already observed, its effect 
iss small. The values used for the dipole polarizability of Ca2+ vary between 3.16 ajj (Mitroy 
1993)) and 3.5 al (Aymar and Telmini 1991). Brage and Froese Fischer (1994a,b,c) and Brage 
etet al (1993b) use the same value as we do, 3.254 a% (Johnson et al 1983), while Boutalib and 
Daudeyy (1992) used the value 3.17 OQ. For comparison, Laughlin (1992) has derived a value of 
3.300 OQ from the experimental spectrum. 
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Tablee 2.9: Errors (in cm-1) in Ca binding energies obtained in a number of recent calculations 
(aa positive/negative sign indicates that the term is, respectively, higher/lower than the observed 
position).. Experimental binding energies, relative to the Ca+ ionization limit, are tabulated; 
centre-of-gravityy values are given for triplet terms. If the experimental value is not known then 
predictedd binding energies are given. VC indicates valence correlation; CVC indicates valence 
pluss core-valence correlation. 

Label" " 
4s22 'S 
4s5s s 
4s6s s 

V V 
4s7s s 
4s8s s 
4s4pp 1P° 
4s5p p 
4s6p p 
4snp p 
4s7p p 
3d4ss ! D 
4s4d d 
4p2 2 

4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
3d4pp aD° 
3d4pp ' F 0 

4s4f f 
4s5f f 
4s6f f 
4s5gg *G 
3d2 2 

4s6g g 
4s7g g 
4s8g g 
4s5ss 3S 
4s6s s 
4s7s s 
4s8s s 
4s4pp 3P° 
4s5p p 
3d4p p 
4s6p p 
4s7p p 
4p22 3P 
3d2 2 

^exp p 

49305.95 5 
15988.69 9 
8615.52 2 
7519.67 7 
5029.41 1 
3418.75 5 

25653.65 5 
12574.34 4 
7626.94 4 
5372.47 7 
3880.59 9 

27456.32 2 
12007.66 6 
8586.10 0 
6386.89 9 
4316.12 2 
3105.82 2 
2356.97 7 
1856.87 7 

13470.54 4 
8768.06 6 
6962.36 6 
4501.07 7 
3123.55 5 
4431.5* * 

3074.2* * 
2257.0* * 

17766.46 6 
8831.71 1 
5325.18 8 
3567.27 7 

34042.86 6 
12740.67 7 
9968.20 0 
6783.29 9 
4346.24 4 

10798.20 0 
755.44 4 

Present0 0 

27.5 5 
22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 

149.8 8 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
79.5 5 

129.8 8 
18.0 0 
22.4 4 
12.8 8 
2.6 6 
2.3 3 
9.1 1 

147.4 4 
42.4 4 
18.0 0 
4.0 0 
1.8 8 
0.4 4 

3807.8 8 
0.3 3 
0.4 4 

1714.0 0 
-17.7 7 
-5.1 1 
-2.0 0 
0.8 8 

-120.0 0 
-17.0 0 
100.0 0 
-2.4 4 
-2.5 5 
49.1 1 
0.8 8 

Modell potential 
CI" " 
270 0 
93 3 

158 8 
517 7 

-88 8 
7 7 

97 7 
123 3 

367 7 
303 3 
171 1 
107 7 
85 5 

-103 3 
202 2 
90 0 
44 4 
28 8 

33 3 
14 4 

232 2 
93 3 

338 8 
22 2 

-165 5 
402 2 

CI' ' 

11 1 

196 6 
-244 4 

-106 6 

530 0 

64 4 

37 7 
-241 1 

Var/ / 
375.6 6 
53.4 4 
16.1 1 

-367.5 5 
-19.1 1 
-4.1 1 

181.4 4 
-109.5 5 
-11.1 1 
103.9 9 
81.8 8 

-22.7 7 
11.9 9 

-216.7 7 
42.1 1 
32.1 1 
6.0 0 

-20.5 5 
-34.5 5 

-119.6 6 
-32.9 9 
-26.5 5 
-17.6 6 
-9.0 0 

3614.50 0 
-6.2 2 
-4.0 0 

1729.6 6 

-808.8 8 
-158.9 9 
101.7 7 
-8.3 3 

-10.2 2 

fl-mat.fl-mat.9 9 

68 8 

47 7 

2 2 

124 4 
292 2 

P T T 
CVC C 

-99 9 
-366 6 

896 6 
-284 4 

-466 6 

1160 0 

194 4 
-92 2 

87 7 
-511 1 

fi-mat. fi-mat. 
VCh h 

1269 9 
194 4 
227 7 

63.7 7 
11.7 7 
11.5 5 

1187 7 
292 2 
259 9 
196 6 
132 2 
111 1 

VC' ' 
1657 7 
259 9 
338 8 
810 0 
42» » 
27* * 
964 4 
414 4 

567* * 
764* * 
633* * 
2587 7 
971 1 

1183 3 

3332s s 

-437s s 

MCHF F 
CVCJ J 

-244*,, -60* 

438* * 

-90* * 
64* * 

567* * 
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Tablee 2.9 continued 

Label0 0 

3d4ss "D 
4s4d d 
4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
3d4pp 3D° 
3d4pp 3F° 
4s4f f 
4s5f f 
4s6f f 
3d22 3F 
4s5gg 3G 
4s6g g 

Exp* * 
28949.33 3 
11552.21 1 
6560.33 3 
4254.89 9 
3001.51 1 
2264.26 6 
1837.23 3 

11073.51 1 
13474.75 5 
7135.27 7 
4543.04 4 
3141.12 2 
5812.10 0 
4431.1* * 
3074.9* * 

a a 

Present* * 
147.0 0 
86.5 5 
24.0 0 
2.8 8 

-8.8 8 
-18.7 7 
-7.8 8 

161.3 3 
25.2 2 
0.5 5 
0.5 5 
0.4 4 

0.1* * 
0.5 5 
0.4 4 

Model-potential l 
CI"" CIe Var/ 
320 0 
225 5 
109 9 
67 7 

56 6 
98 8 
89 9 
42 2 
26 6 

174 4 

391 1 

775 5 

853.1 1 
19.8 8 
3.9 9 

-6.8 8 
-17.7 7 
-36.8 8 
-46.9 9 

-557.3 3 
-49.6 6 
-25.8 8 
-15.1 1 

fl-mat.fl-mat.9 9 

19 9 

225 5 

PT* * 
CVC C 

11 1 

935 5 

iï-mat. . 
VC* * 

MCHF F 
VC'' CVC 

-845* * 
285# # 

aa Sugar and Corliss (1985). 
bb Sugar and Corliss (1985) except entries marked *• which are from Geiler (1992). 
cc Calculation B; the 3d2 3F term energy, marked *, is used to determine the model-potential 

Ufa)-Ufa)-
dd Mitroy (1993): HF basis. 
ee Boutalib and Daudey (1992): the most extensive model-potential calculation (CI) is shown 
(seee text); PT denotes a second-order perturbation theory calculation. 
^^ Brage and Froese Fischer (1994a): variational method using S-splines. 
99 Aymar and Telmini (1991): the J = 2 level error is tabulated for triplet terms. 
hh Osanai et al (1991). 
** Vaeck et al (1991) except entries marked * which are from Froese Fischer and Hansen (1985); 
thee 1F° terms marked § are assigned on the basis of eigenvector composition (see text). 
33 Sundholm et al (1993) (labeled^): core-core, core-valence and valence correlation; Brage et 
alal (1993b) (labeled8): core-valence and valence correlation. 

Mitroyy (1993) reported results obtained in a CI approach with a model-potential which 
includedd both monoelectronic and dielectronic polarization. His method is therefore very similar 
too ours but differs in that he used primarily HF basis states, 32 for the singlet and 32 different 
oness for the triplet terms. The model-potential used by Mitroy differs from our model potential, 
inn particular through the fact that he determined an /-dependent cut-off radius rc to reproduce 
thee energy of the lowest Ca+ term in each of the s,p,d and f series. The cut-off radius thus 
determinedd varies between 1.65 and 1.93 au, considerably smaller than the value 2.7 au which 
wee employ. An average value, 1.75 au, was used as cut-off in the dielectronic potential. Good 
agreementt with the experimental energy values was obtained, generally within 200 cm - 1 . The 
largestt discrepancy is found for the fourth (perturbed) *S state, 517 cm - 1 , while for 18 of the 
366 states reported by Mitroy the deviations are less than 100 cm - 1 . In only 4 of these 36 cases, 
vizz the 2 lowest 1P° and the lowest 1D° and 3D° terms, are the results of Mitroy closer to 
thee experimental values than our predictions. As well as employing a different model-potential 
wee have used a larger basis in our work. The largest errors in Mitroy's calculations occur for 
low-lyingg levels involving 4p, 3d or 4d orbitals which could be influenced by the small cut-off 
radius.. We note that Mitroy has optimized his I = 2 potential on the Ca+ 3d energy and this 
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resultss in a relatively large error of 460 cm - 1 for the binding energy of the 4d orbital, where 
wee have an error of only 28.7 cm"1. We conclude that our results are somewhat more accurate 
thann Mitroy's but at a price: the difference in the size of the basis is considerable. The same 
conclusionn follows from comparisons of transition probabilities in section 2.6. 

Bragee and Proese Fischer (1994a) used B-splines, but not CI methods, and they were able 
too determine term energies up to n ~ 20. They included a monoelectronic polarization potential 
andd their cut-off radius, determined to reproduce the 4s - 3d separation in Ca+ , is rather small, 
1.422 au, so that the cut-off occurs well inside the core. Of the 42 energy values available for 
comparisonn with our work, seven are more accurately predicted by Brage and Froese Fischer 
(1994a)) (see table 2.9). The largest error in their work is 850 cm - 1 (for 3d4s 3D) and their errors 
aree also relatively large for 4s4p 3P° and 3d4p 3F°. Part of the explanation is probably due to 
theirr small cut-off radius which will have a greater effect on the more compact wavefunctions, 
althoughh the good agreement for the 3d4s lD term would appear to contradict this statement. 
However,, we find that dielectronic polarization, which is not included in Brage and Froese 
Fischer'ss calculations, has a much larger influence on the 3d4s XD (580 cm"1) than on the 3D 
term,, so their small error for 3d4s XD would appear to be fortuitous. In both the JD and the 3D 
seriess the errors in the Brage and Froese Fischer calculations increase towards the 3d5s perturber. 
Forr higher levels the errors decrease again. Our results in this region are better although our 
accuracyy deteriorates above 3d5s due to the finite box size, as discussed earlier. In general, the 
approachh used by Brage and Froese Fischer is geared towards higher n values and comparisons 
involvingg only the low levels are therefore somewhat misleading. However, the neglect of the 
dielectronicc polarization potential by Brage and Froese Fischer is clearly detrimental to the 
accuracyy of their calculations for the lower series members. 

Varyingg the cut-off radius to fit the 4s 2S - 3d 2D energy separation gives rise to another 
sourcee of error in the approach used by Brage and Froese Fischer (1994a). Although the 4s 2S -
3d 2DD energy separation is correct, the 4p 2P° binding energy is in error by 1350 cm - 1 in their 
workk which, since 4p2 is a major contributor to some low-lying even-parity level wavefunctions, 
leadss to inaccuracies in energy predictions for the latter levels (in particular for 4p2 ! S and *D). 
Bragee and Froese Fischer report the results of a different calculation in which the cut-off radius 
iss determined so that the 3d 2D - 4p 2P° distance is correctly determined. The calculations using 
thiss potential do not include configurations of the type 4s(n/e)/ and this omission is a source 
off error for most of the LS symmetries. For the 3d2 lG term, where the interaction with the 
4sngg series is weak, their calculated binding energy changes from 3614.5 cm"1 to 3141.7 cm - 1 

whenn the second cut-off radius is used. Our value is 3807.8 cm - 1 and the rather large scatter 
betweenn the results underlines the difficulties associated with obtaining a good description of 
thee 3d orbital. 

Onee reason for the recent interest in the Ca spectrum was, as mentioned, the observation 
byy Vaeck et al (1991) that the order of the 1F° terms is incorrect when only valence correlation 
iss taken into account. Table 2.9 shows that Brage and Froese Fischer have obtained the correct 
orderingg and also relatively small errors for the 1F° terms. The error for the 3d4p 3F° term is 
muchh larger but this is mainly accounted for by their neglect of dielectronic polarization. We 
findfind a contribution of more than 440 cm - 1 from this source while its contribution to the energies 
off 3d4p 1F°, 4s4f 1F° and 4s4f 3F° is much smaller. We have argued above that the low-lying 
levelss in Brage and Froese Fischer's work have larger error than higher ones because of the 
smalll cut-off radius; that the 3d4p 1F° and 3F° terms apparently would be well represented 
iff dielectronic polarization was included, is perhaps because the errors in 3d and 4p partially 
cancell each other. 

Bragee et al (1993b) reported MCHF energies for the 4s2 1S, 4s4p 1P° and 3P° terms in Ca. 
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Twoo types of calculations were performed: one with core polarization included through explicit 
excitationn of one electron from the 3p shell (core-valence correlation) and a second with core 
polarizationn taken into account via a model-potential including the dielectronic term. Contrary 
too the calculations discussed above (Brage and Froese Fischer 1994a,b,c), the cut-off radius in 
thiss calculation was taken to be equal to the calculated mean radius of the 3p orbital, 1.26 
au,, much smaller than the value we employ. For the ground state, the discrepancy with the 
experimentall energy was as small as -60 cm - 1 with the explicit MCHF method, when the ground 
statess of the atom and the ion were optimized separately, while the model-potential method led 
too an error close to 700 cm - 1 (only the results of the explicit calculation are included in table 
2.9).. For the excited states, the inclusion of core polarization through explicit excitation of a 
coree electron requires a much larger basis set and therefore some restrictions on the size of the 
basiss were necessary. Here their model-potential binding energy differed from experiment by 
aboutt 50 cm - 1 for 1P° and 80 cm"1 for 3P°, whereas the direct calculation had larger errors of 
4388 cm - 1 (1P°) and 567 cm - 1 (3P°). Core polarization in Ca is certainly not easy to include by 
directt calculation but it is difficult to understand why the error in the ground state energy is so 
largee in the model-potential approach of Brage et al (1993b), a result which is not reproduced in 
ourr calculation. The dielectronic term gives a contribution of more than 640 cm - 1 in our work, 
soo it may be that the different choice of cut-off radius is part of the reason for the disparity. 
Whenn core polarization is described by a model-potential, Brage et al (1993b) achieve higher 
accuracyy than we do for 4s4p ^ and 3P° but it is essential that the dielectronic term is 
includedd (the 3P° - 1P° splitting of 8389 cm - 1 is reduced by 952 cm - 1 by the dielectronic term 
inn the Brage et al calculation; we find a reduction of 699 cm - 1 ) . Thus inclusion of this term 
wouldd significantly reduce the large error in the result of Brage and Froese Fischer (1994a) for 
thee 4s4p XP° - 3P° separation (see in table 2.9) where the dielectronic term was omitted (as 
discussedd earlier). 

Sundholmm et al (1993) used a finite-element MCHF approach to study core-valence interac
tionss explicitly for the ground state and the two lowest 1F° and 3F° terms. These calculations 
weree among the first to confirm that inclusion of core-polarization effects in the MCHF descrip
tionn is necessary in order to obtain the correct ordering of the two lowest 1F° terms. In addition, 
core-coree correlation was estimated for the 3d4p terms and found to be more than twice as large 
forr the 1F° term as for the 3F° term. Relativistic effects were also estimated by adding correc
tionss corresponding to the one-body Darwin and mass-velocity terms. The energies calculated by 
Sundholmm et al (1993) including core-core correlation are in much better accord with experiment 
forr the 1F° terms than for the 3F° terms. However, the present model-potential results, which 
doo not include core-core correlation explicitly and therefore cannot mimic a term-dependent 
correlationn of this type, show substantially better agreement with experiment, especially for 
thee F° terms, throwing doubt on the variation and the size of the core-core contributions re
portedd by Sundholm et al (1993). A similar conclusion was reached by Brage and Froese Fischer 
(1994a).. Considering the results of Sundholm et al (1993) and Brage and Froese Fischer (1994a) 
wee conclude that obtaining good results for both lF and 3F terms poses a very severe test of a 
theoreticall approach for Ca. 

Anotherr test of the quality of a calculation is its ability to predict the splittings between 
singlett and triplet terms in the 4sni configurations. In a single-particle approximation, this 
distancee is determined by the G'(4s,nJ) exchange integral with the lL term located above 3L. In 
practice,, perturbations can lead to an inversion of the singlet-triplet splitting and several such 
inversionss are known in Ca. In table 2.10 we show the intervals in the lowest members of the S, 
P,, D, F and G series obtained in a number of calculations. In most calculations only some of 
thee intervals are reported. The results of Mitroy (1993) are of the same quality as ours. If Brage 
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Tablee 2.10: Observed and calculated separations (in cm - 1 ) between lL and 3Z, terms energies 
forr the lowest members in the 4snl series with / = 0 - 4 in neutral Ca. The separation is positive 
whenn the singlet term is above the triplet. 

Exp. . 
Present t 
Mitroyy (1993) 
Bragee and Froese Fischer (1994a) 
Bragee et al (1993b) 
Sundholmm et ai(1993) 

4s5s s 
1777.8° ° 
1817.8 8 

1837 7 

4s4p p 
8389.2° ° 
8659.5 5 
8068.3 3 
9379.4 4 

8259 9 

4s4d d 
1493.0" " 
1425.5 5 

1540 0 
617.2 2 

4s4f f 
172.9° ° 
190.3 3 

175 5 
189.6 6 

-48 8 

4s5g g 
-0.4» » 
-0.5 5 

aa Sugar and Corliss (1985). 
66 Geiler (1992). 

andd Froese Fischer (1994a) had included the dielectronic polarization term, their results would 
probablyy have been equally accurate and we see that Brage et al (1993b), who concentrated 
theirr efforts on the 4s4p terms, have obtained the most accurate result for the 4s4p splitting. 

Thee combined i?-matrix and MQDT calculations by Aymar and Telmini (1991) for even 
levelss with J = 0 and 2 included spin-dependent interactions (via a jj/LS frame transformation) 
andd monoelectronic, but not dielectronic, polarization terms. Aymar and Telmini handled the 
monoelectronicc polarization term in a way which is closer to our approach than any of the 
otherr calculations but, in addition to a Ui(r)  term, they also used an / dependent dipole cut-off 
parameterr to fit the Ca+ energies. The resulting values for the cut-off parameters are small 
comparedd to the size of the core. Their main concern was the location and composition of 
thee XS and 1D perturbers but they also reported calculated photoionization cross sections for 
excitationss from the 4s4p xPi level to J = 0 and 2 levels in the region above the 4s threshold. The 
calculatedd positions of the perturbers in the *S and lD series below the 4s threshold are in very 
goodd agreement with experiment, as table 2.9 shows. However, the agreement would be degraded 
somewhatt if Aymar and Telmini had included dielectronic polarization; in our calculations VDP 
raisess the energy of 4p2 *S by 274 cm - 1 and the energy of 4p2 *D by 253 cm - 1 . We will return 
too their calculated eigenvector compositions in section 2.5. 

Finally,, Boutalib and Daudey (1992) reported results of two different approaches, both based 
onn a frozen-core approximation with Gaussian-type HF basis functions combined with a CI 
method,, to treat valence correlation. In one approach core-valence interactions were included 
viaa a model-potential and in the other by a second-order perturbation method. The model-
potentiall was based on fitting the dipole cut-off parameter separately for each I value and no 
dielectronicc term was included. Two different calculations were reported which included either 
onee or two f functions. The results do not clearly show that one of the calculations is superior 
too the other and we therefore compare with the most extensive calculation using one f function. 
Thee largest errors are 775 cm"1 for 3d4p 3F° and 530 cm"1 for 3d4p 1D° while the smallest 
errorr is 11 cm - 1 for 4s5s 1S. In the second approach, Boutalib and Daudey (1992) calculated 
aa simplified second-order expression taking one- and two-electron excitations from the core into 
account.. The largest error is 1160 cm - 1 for 3d4p lD° and the errors are in general larger than 
inn their model-potential calculation. It is difficult to see any particular trend in the errors. 
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2.55 Wavefunction compositions 

Thee effects of core polarization can be studied in some detail by comparing our wavefunctions 
withh MCHF wavefunctions which include only valence correlation. Already Froese Fischer and 
Hansenn (1985) noticed that the 3d4p term in the 1P° series appeared to be too weakly bound 
whenn core polarization is neglected but much of the original impetus for studying the influence 
off core polarization on the Rydberg series came, as mentioned, from the observation by Vaeck 
etet al (1991) of the same effect in the !F° series where it is easier to recognize. It turns out that 
thee influence of core polarization on the 1F° series is more akin to what has been found for 
thee 1S and *D series than to the situation in the 1P° series. We therefore begin by discussing 
thee 1S, *D and 1F° series. Table 2.11 shows wavefunction compositions obtained here and in 
somee other calculations, including the MCHF calculations by Froese Fischer and Hansen (1985) 
andd Vaeck et al (1991) which do not include core polarization. Instead of comparing eigenvector 
components,, which are basis-set dependent, we sum the contributions from configurations of a 
givenn angular type (for example, sp, pd, df, etc. for the lP° series), except when other authors 
havee reported 4snd and 3dns percentages explicitly. 

Wee recall that very small admixtures of perturbing series can lead to energy displacements of 
hundredss of cm - 1 , so that even fairly close agreement among the leading eigenvector components 
doess not guarantee close agreement in energy. 

Inn the 1S, *D and 1F° series, the perturbers are localized in the sense that the mixing 
iss primarily with nearby series members, as can be seen from table 2.11. An important conse
quencee is that the position of the perturber can be established without recourse to very detailed 
calculations.. Nevertheless, the present identifications have not been established without some 
difficulties.. For example, the third *S term was labeled 4p2 until the work of Risberg (1968). In 
thee 1S and *D series, the main interest has centered on identification of the perturbers. This is 
duee to the fact that both the 4p2 and 3d2 configurations have XS and *D terms and, because 
off the 'unstable' character of the 3d orbital in Ca, it is very difficult to predict which of the 
twoo configurations will be the lowest on the basis of, say, isoelectronic extrapolation. Another 
complicatingg factor in Ca is that of the two possible perturbers in each series only one has been 
establishedd with certainty. In contrast, in both Sr and Ba two perturbers are known, although 
onee is above the lowest ionization limit. At the present time, those calculations which include 
thee pp-dd interaction agree that there is a very strong mixing between the two configurations 
inn Ca so that a single-particle label has little significance. For this reason we have retained the 
labelingg used by Sugar and Corliss (1985) throughout the present work even if the label does not 
correspondd to the largest eigenvector component. In fact, the mixing is dependent on the details 
off the calculation and changes significantly when core polarization is included, for example. 

Sugarr and Corliss (1985) followed Risberg (1968) and labeled the fourth lS state in Ca as 
4p2.. The MCHF investigations of Vaeck et al (1991) showed a slightly larger contribution from 
pp'' than from dd'. Since the most prominent effect of the introduction of core polarization is that 
thee 3d orbital is bound more strongly, it is not surprising that we find the largest eigenvector 
contributionn to the fourth XS state, 39 %, comes from the 3dnd series, although the 4pnp 
contribution,, 29 %, is large too. We note that the stronger binding of the 3d orbital in the work 
off Osanai et al (1991), obtained by use of a frozen core from 3p63d, is already enough to make 
thee dd' component larger than the pp' without the explicit introduction of core polarization. 
Also,, Aymar and Telmini (1991) and Mitroy (1993) find that d2 makes the largest contribution 
too the eigenvector. There are some disagreements about the actual composition but, as pointed 
outt by Aymar and Telmini (1991), the calculation of wavefunction compositions in their MQDT 
approachh is not expected to be very accurate for the lower levels, so the rather large discrepancy 
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Tablee 2.11: Comparison of wavefunction compositions for selected states of calcium with the 
presentt (calculation B) results. For each state, components larger than 0.2 % are given (if 
reportedd in the appropriate reference). The coefficients represent sums over all configurations 
off a given angular type if the label is //'; if a definite principal quantum number is stated then 
thee summation is restricted those configurations (see text). The labels in the first column are 
thosee adopted in the compilation by Sugar and Corliss (1985). The references (column 3) to the 
calculationss are given in the footnotes. MP denote a model-potential calculation, MCHFy is used 
forr MCHF calculations which include only valence correlation while MCHFycv indicates that 
core-valencee correlation is also included; the same notation is used for .R-matrix calculations. 

Label l 

45' ' 

4s5s s 

4s6s s 

4p2 2 

4s7s s 

4s8s s 

4s9s s 

3d4s s 

4s4d d 

4p22 ] 

lS S 

'S S 

ls s 

ls s 

's s 

*s s 
lls s 
'D D 

*D D 

D D 

Method d 
Type e 

MPP spline 
MPP spline 
MCHFv v 

fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MCHFv v 

fl-matrixv fl-matrixv 
MPP spline 
MPP spline 
MCHFv v 

fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MCHFv v 

ft-matrixv ft-matrixv 
MQDTT fl-matrixvcv 

MPP spline 
MPP spline 
fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MCHFv v 

ft-matrixv ft-matrixv 

MPP spline 
MPP spline 
MCHFv v 

A-matrixv v 

MPP spline 
MPP spline 
MCHFv v 

Zt-matrixv v 

MQDTT fl-matrixvcv 

Ref f 
Present t 

B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 
D D 

Present t 
B B 
C* * 

Present t 
B B 

Present t 
B B 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

D D 

Wavefunctionn Composition 

93.5%% ss'+ 6.0% pp' + 0.4% dd' 
92.0%% 4sns + 7.6% 4pnp + 0.3% 3dnd 
92.1%% ss' + 7.6% pp' + 0.3% dd' 
92.2%% 4sns + 7.5% 4pnp + 0.3% 3dnd 
96.9%% ss' + 2.8% pp' + 0.3% dd' 
96.3%% 4sns + 3.3% 4pnp + 0.2% 3dnd 
96.5%% ss' + 3.3% pp' 
96.4%% 4sns + 3.2% 4pnp 
71.6%% ss' + 14.0% pp' + 14.4% dd' 
52.8%% 4sns + 22.3% 4prcp + 24.4% 3dnd 
93.3%% ss' + 4.7% pp' + 2.0% dd' 
85.6%% 4sns + 7.9% 4pnp + 6.3% 3dnd 
31.8%% ss' + 29.2% pp' + 39.0% dd' 
49.8%% 4sns + 21.1% 4pnp + 28.7% 3dnd 
12.9%% ss' + 46.2% pp' + 40.9% dd' 
18.5%% 4sns + 37.3% 4pnp + 43.6% 3dnd 
39%% pp' + 54% dd' 
98.4%% ss' + 0.6% pp' + 0.9% dd' 
98.8%% 4sns + 0.6% 4pnp + 0.6% 3dnd 
96.9%% 4sns + 1.3% 4pnp +1.6% 3dnd 
99.5%% ss' + 0.2% pp' + 0.3% dd' 
99.5%% 4sns +0.2% 4pnp + 0.2% 3dnd 
99.7%% ss' 
99.7%% 4sns 
88.7%% sd + 9.9% pp' + 0.7% ff + 0.7% dd' 
79.5%% 4snd + 6.5% 3dns + 12.7% 4pnp + 0.4% 3dnd 
83.2%% sd + 15.6% pp' + 0.9% pf 
79.0%% 4snd + 13.5% 4pnp + 6.3% 3dns + 0.8% 4pnf 
++ 0.4% 3dnd 
88.9%% sd + 7.7% pp' + 0.5% pf + 0.3% dd' 
82.2%% 4snd + 4.5% 3dns + 9.1% 4pnp + 3.3% 3dnd 
96.3%% sd + 2.3% pp' + 0.7% pf + 0.6% dd' 
86.0%% 4snd + 6.8% 4pnp + 4.4% 3dns + 2.1% 3dnd 
++ 0.7% 4pnf 
35.0%% pp' + 28.3% sd + 36.5% dd' + 0.2% pf 
34.9%% 4pnp + 31.6% 4snd + 32.4% 3dnd + 0.5% 3dns 
40.0%% pp' + 38.4% sd + 21.2% dd' + 0.4% pf 
36.4%% 4pnp + 35.6% 4snd + +26.2% 3dnd + 1.2% 3dns 
++ 0.3% 4pnf 
30%% pp' + 41% dd' 
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Tablee 2.11 continued a 

Label l 

4s5dd 'D 

4s6dd *D 

4s7dd JD 

4s8dd *D 

3d5ss XD 

3d4pp 'F 0 

4s4ff ^ 

4s5ff *F° 

3d4pp 3F° 

4s4ff 3F° 

4s5ff 3F° 

Method d Wavefunctionn Composition 
Type e Ref f 

MPP spline 
MPP spline 
R'matiixv R'matiixv 

MPP spline 
MPP spline 
.R-matrixv v 

MPP spline 
MPP spline 
R-matrixv R-matrixv 

MPP spline 
MPP spline 
fl-matrixv fl-matrixv 

MPP spline 
MPP spline 
fi-matrixv fi-matrixv 

MPP spline 
MPP spline 
MCHFv v 

MCHFvcv v 
MPP spline 
MPP spline 
MCHFv v 

MCHFvcv v 
MPP spline 

MPP spline 
MPP spline 
MCHFvcv v 
MPP spline 
MPP spline 
MCHFvcv v 
MPP spline 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
A* * 
F F 

Present t 
B B 
A* * 
F F 

Present t 

Present t 
B B 
F F 

Present t 
B B 
F F 

Present t 

86.5%% sd + 2.1% pp' + 11.1% dd' + 0.2% pf 
85.0%% 4snd + 9.8% 3dnd + 2.4% 3dns + 2.4% 4pnp 
83.2%% 4snd + 9.8% 3dnd + 5.7% 4pnp + 0.8% 3dns 
++ 0.4% 4pnf 
94.9%% sd + 4.8% dd' 
89.5%% 4snd + 5.4% 3dns + 4.9% 3dnd 
78.9%% 4snd + 10.8% 3dnd + 9.7% 3dns + 0.3% 4pnp 
++ 0.3% 4pnf 
95.6%% sd + 3.6% dd' + 0.7% pp' 
85.9%% 4snd 4- 9.8% 3dns + 3.8% 3dnd + 0.5% 4pnp 
78.9%% 4snd + 10.8% 3dnd + 9.7% 3dns + 0.3% 4pnp 
++ 0.3% 4pnf 
96.6%% sd + 2.5% dd' + 1.2% pp' 
81.9%% 4sred + 14.7% 3dns + 2.5% 3dnd + 0.9% 4pnp 
29.0%% 4snd + 62.3% 3dns + 4.7 3dnd + 3.6% 4pnp 
++ 0.3% 4pnf 
97.4%% sd + 1.3% dd' + 1.2% pp' 
83.5%% 4snd + 14.7% 3dns + 0.9% 3dnd + 0.8% 4pnp 
29.0%% 4snd + 62.3% 3dns + 4.7 3dnd + 3.6% 4pnp 
++ 0.3% 4pnf 
83.0%% dp + 16.5% sf + 0.4% df 
82.5%% 3dnp + 16.7% 4snf 
56.8%% dp + 42.7% sf + 0.4% df 
1.8%% sf + 96.0% dp 
88.0%% sf + 11.6% dp + 0.3% pg 
87.8%% 4snf + 11.0% 3dnp 
92.2%% sf + 7.3% dp + 0.4% pg 
97.8%% sf + 0.9% dp 
97.9%% sf + 1.9% dp 

98.8%% dp + 1.1% sf 
93.1%% 3dnp + 1.4% 4snf 
97.6%% dp + 0.3% sf 
98.7%% sf + 1.0% dp + 0.3% pg 
98.4%% 4snf + 0.6% 3dnp 
86.5%% sf + 12.3% dp 
99.3%% sf + 0.5% dp 

** This eigenvector is approximate (see text). 
'' These two 1F° eigenvectors are assigned on the basis of eigenvector composition (see text). 

betweenn their results and the others in table 2.11 is not disturbing. More disturbing is the 
disagreementt with Brage and Froese Fischer (1994a). However, the composition of the perturber 
iss clearly very sensitive to the relative positions of 4p2 and 3d2 in the 4sns ^ Rydberg series and 
wee believe this to be the reason for the difference, as discussed in the next paragraph. Thus it is 
reasonablee to suppose that the dd' content of the lowest perturber is less than the 54 % reported 
byy Aymar and Telmini (1991), making a single-particle label for this level inappropriate. 

Inn general, the wavefunction compositions obtained by Brage and Froese Fischer (1994a) 
agreee with the present results to within a few percent, but the predicted compositions for the 
thirdd and fourth lS states are very different. The errors in the calculated energies are less than 
900 cm - 1 for both of these states in our calculation (table 2.7) whereas Brage and Froese Fischer 
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Tablee 2.11 continued b 

Label l 

4s4p p 

4s5p p 

4s6p p 

4snp p 

4s7p p 

4s8p p 

4s9p p 

lp O O 

lp O O 

lp O O 

lp O O 

Method d 
Type e 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 
MCHFv v 

Ref f 
Present t 

B B 
G G 
A A 

Present t 
B B 
G G 
A A 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
E E 

Wavefunctionn Composition 

84.2%% sp + 15.7% dp 
81.2%% 4snp + 14.8% 3dnp 
83.7%% sp + 16.3% dp 
84.3%% sp + 15.7% dp 
85.3%% sp + 14.6% dp 
81.5%% 4snp + 15.0% 3dnp 
87.3%% sp + 12.7% dp 
90.6%% sp + 9.4% dp 
75.4%% sp + 24.2% dp + 0.3% df 
77.1%% 4snp + 21.0% 3dnp 
81.4%% sp + 18.6% dp 
7.5%% dp 
73.4%% sp + 26.1% dp + 0.5% df 
76.8%% 4snp + 22.3% 3dnp 
77.0%% sp + 23.0% dp 
92.7%% sp + 7.2% dp 
87.6%% sp + 12.2% dp + 0.2% df 
86.7%% 4snp + 12.8% 3dnp 
84.7%% sp + 15.3% dp 
6.8%% dp 
94.8%% sp + 5.1% dp 
93.6%% 4snp + 6.1% 3dnp 
92.6%% sp + 7.4% dp 
6.0%% dp 
97.4%% sp + 2.6% dp 
96.5%% 4snp + 3.2% 3dnp 
5.0%% dp 

A:: Vaeck et al (1991). 
B:: Br age and Froese Fischer (1994a). 
C:: Osanai et al (1991). 
D:: Aymar and Telmini (1991). 
E:: Froese Fischer and Hansen (1985) (only the dp coefficient is given, except for the 4snp term). 
F:: Sundholm et al (1993). 
G:: Victor et al (1976). 

reportt energies which are in error by only 16 cm - 1 for the third *S state, 4s6s, but the fourth 
*SS state is 370 cm - 1 too low and lies close to 4s6s. The probable reason for this difference is 
thee error in the 4p energy of Brage and Froese (1994a), mentioned earlier, which, since the 
perturberr has a significant 4p2 component, changes its position within the 4sns series. As the 
perturberr lies close to 4s6s *S, the wavefunction compositions of levels in this neighbourhood 
aree very sensitive to energy differences between the perturber and 4sns levels. The eigenvector 
compositionss of Brage and Froese Fischer indicates a near-degeneracy of the non-interacting 
states,, whereas in our calculation the unperturbed energy separation between the perturber and 
4s6ss is much larger. 

AA similar situation is found for the perturber in the lT> series. The MCHF calculations 
includingg only valence correlation gave pp' as the largest component (Vaeck et al 1991) as did 
thee .R-matrix calculations of Osanai et al (1991). In fact, Brage and Froese Fischer (1994a) also 
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predictt a slightly larger pp' than dd' component, while we find the dd' component to be the 
largest.. Nevertheless, the two latter predictions are in good accord and we note that the energy 
separationn between perturber and neighbouring 4snd levels is larger than in the 1S series. The 
resultss show that a single-particle label is clearly meaningless for the *D perturber also. In the 
*DD series there is a further perturber in the shape of the 3d5s term which traditionally has 

beenn assigned to the eighth observed level. We note that the error in the energy for this term is 
slightlyy larger in our calculation than for the lower levels but, since 3d5s has the same angular 
behaviourr as 4snd, it is difficult in our calculation to separate the perturber from the Rydberg 
seriess and Brage and Froese Fischer (1994a) have suggested that 3d5s is mixed into a large 
numberr of levels. The eigenvector published by Osanai et al (1991) shows a prominent 3dns 
componentt but, as they point out, the higher eigenvectors in their calculation (marked with an 
** in table 2.11) correspond to a type of average over the different eigenvectors within a region 
off the spectrum and cannot be directly associated with a particular observed level. 

Att first sight, it is quite surprising that the wavefunction compositions for the lS and *D 
statess are similar in the present work and in the calculations of Osanai et al (1991), since we 
includee core polarization and the latter authors do not. In general, the energies calculated by 
Osanaii et al (1991) lie between the present values and those obtained by Vaeck et al (1991). 
However,, we have already pointed out that by the use of a frozen core from 3p63d, Osanai et 
alal (1991) seems to have included part of the contraction of the 3d orbital which perhaps explains 
thiss behaviour. 

Thee 1F° series has only one perturber, 3d4p, which, in fact, is not mixed very strongly with 
thee 4snf series. When core polarization is neglected this perturber is predicted (incorrectly) to 
bee located above the 4s4f term (Vaeck et al 1991). That the inversion is due to the neglect of 
coree polarization was confirmed by Sundholm et al (1993). Their wavefunctions (shown in table 
2.11)) show very little mixing of 3d4p and the 4s7if series. This is rather different from our results 
whichh are in very good agreement with those reported by Brage and Froese Fischer (1994a). 
Notee that for the purposes of comparison in table 2.11 we have interchanged the order of the 
twoo lowest levels obtained in the MCHF calculations of Vaeck et al (1991). 

Tablee 2.11 shows a different picture for the 3F° states. In this case our wavefunction compo
sitionn for the lowest term shows better agreement with Sundholm et al (1993) than with Brage 
andd Froese Fischer (1994a). There is considerable disagreement between the three energies for 
thiss term, with our value clearly the more accurate (see table 2.9). The disagreement with Brage 
andd Froese Fischer's result is perhaps due to their neglect of the dielectronic polarization in
teractionn which, as mentioned already, is particularly large for this term. We note also that 
theree is a contribution of more than 5 % "missing" in the eigenvector reported by Brage and 
Froesee Fischer. For the first-excited 3F° term, the disagreement between the energies is much 
smaller,, although our value is again the most accurate. Here there is agreement between our 
wavefunctionn composition and Brage and Froese Fischer's but disagreement with Sundholm et 
alal (1993). In particular, we observe that the total amount of dp character in the two lowest 3F° 
termss is 110 % in the calculation of Sundholm et al (1993) but it is just less than 100 % in our 
calculation.. Therefore, while we find very little mixing between 3d4p 3F° and the 4snf series, the 
Sundholmm et al results indicate that the 4snf series is mixed with higher members of the 3dnp 
orr the 4pnd series. However, our energies for the higher members of the 4snf series are highly 
accuratee (see table 2.7) and, as table 2.11 shows, these levels do not mix significantly with other 
series.. Further investigation of the XF° and 3F° wavefunctions clearly would be worthwhile. 

Thee situation is different for the 1P° series. Here the position of the 3d4p perturber in the 
seriess is not obvious and several levels have been proposed as the perturber as reviewed by, for 
example,, Sugar and Corliss (1985). In fact, it is now known that no level in the bound region 
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hass more than about 25 % dp character, which has led to the unusual label 4snp for the fourth 
levell in the series (Sugar and Corliss 1985), as discussed already. In the MCHF calculations by 
Froesee Fischer and Hansen (1985) it was found that, when core polarization is neglected, the 
largestt dp component occurred in the lowest eigenvalue. In contrast, the present calculation gives 
fairlyy good agreement with the eigenvectors reported by Victor et al (1976), although we do not 
reproducee the shape of their distribution of 3d4p character over the series; they find a fairly well 
definedd maximum at the fourth eigenvalue while we find a much broader maximum with nearly 
thee same amount of dp character in the third and the fourth eigenvalues. We note that Victor et 
alal (1976) surmised that the 3d4p character of the fourth eigenvalue was underestimated in their 
calculation.. A larger 3d4p component was believed to be required to reproduce the gf value 
distribution.. In contrast, Froese Fischer and Hansen (1985) argued that the mixing between the 
4snpp basis states caused by the presence of the 3d4p perturber was more important than the 
amountt of 3d4p for the gf values. Our results tend to confirm the latter view. Our transition 
probabilitiess (as well as energies) are more accurate than the values reported by Victor et al 
(1976),, as we shall see later, but the 3d4p contributions to the eigenvectors are only marginally 
larger.. The agreement with the eigenvectors reported by Brage and Froese Fischer (1994a) is 
good.. In the calculations by Froese Fischer and Hansen (1985) the sum over the dp amplitudes 
inn the lower states was less than 60 %. Our value for the sum is about 100 % which is satisfying 
becausee the 3d5p and higher 3dnp levels are observed above the 4s threshold, albeit as broad 
resonances,, indicating a localized character of the interaction between the 4snp and 3dnp series. 
Thiss would be difficult to reconcile with 3d4p being distributed over the high Rydberg states 
andd the continuum. 

2.66 Electric dipole transition probabilitie s 

Thee wavefunctions and energies obtained as described in previous sections were used to calculate 
(weighted)) transition oscillator strengths gf and radiative lifetimes for singlet and triplet terms 
withh principal quantum number less than n K 8. Most other oscillator strength calculations 
havee used the observed transition energies but, because of the high accuracy of our predicted 
energies,, we have employed calculated energies. 

2.6.11 Influence of core polarizat ion 

Followingg Bersuker (1957) a number of authors have noted that, in the model-potential approach 
too core polarization used here, the electric dipole operator needs to be modified to include a 
contributionn from the dipole moment induced in the core by the valence electrons (Hameed et 
alal 1968, Hafner and Schwarz 1978). Accordingly, we have used the following valence-electron 
dipolee operator 

wheree the cut-off function W$(x) is defined by equation 2.5 and the core cut-off radius, rc, has the 
samee value as used in the energy-level calculations (table 2.2). This equation specifies the 'length' 
formm of the electric dipole operator D. It is also possible to use the 'velocity' form. However, since 
ourr model incorporates the correct long-range asymptotic form of the potential and our large 
configuration-interactionn expansions should ensure accurate descriptions of the wavefunctions in 
thee region outside the Ca2+ core, the length form (equation 2.9) is more appropriate. This is 
truee particularly for weaker transitions which will be sensitive to the wavefunctions inside the 
coree where they are least accurate in our approach. In addition, the core-polarization correction 

DD = 
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forr the velocity operator is not well established and Mitroy (1993), for example, used the normal 
velocityy operator, V, without any corrections. 

Thee core-polarization contributions to the matrix elements of D were reported to be small 
forr neutral Ca by Hafner and Schwarz (1978). Mitroy (1993) confirmed this and mentioned, in 
particular,, that the effect on the resonance transition 4s2 1S -¥ 4s4p l P° was a reduction in 
thee oscillator strength from 1.901 to 1.820, considerably smaller than the effect on the resonance 
transitionn in Ca+ (1.11 -*• 0.96). Laughlin (1992) noticed that the effect is smaller when a 
largerr rc is used and, since Mitroy's rc values are smaller than ours, we expected a fairly small 
contributionn from this correction. However, this did not always turn out to be the case; for 
example,, for the resonance transition we find a reduction from 1.865 to 1.745. The polarisation 
correctionn generally leads to a reduction in gf value of between 2 and 8 % when a low-lying 
orbitall is involved in the transition, while for transitions between higher lying levels the effect 
iss smaller than 1 %, usually much smaller, except for some very weak transitions. For the 4s2 

11SS —> 4snp 1P° series, where there is a considerable amount of cancellation, the correction 
iss important and does improve the agreement with experiment; for example, for n = 5 the 
correctionn reduces the (small) gf value by 60 % and is instrumental in reproducing the observed 
minimumm in gf values at this point in the series. The core-polarisation correction to D reduces 
thee oscillator strength of the 4s4p 1P° —• 4p2 *D transition by 6.4 % — but in this case the 
agreementt with experiment would be much better without the correction! In a few cases the 
polarisationn correction to the dipoie operator increases the gf value: by 8.3 % for 4s2 *S —• 4s6p 
1P°,, by 3.4 % for 4s4p 1P° -*• 4s4d : D and by 5.2 % for 3d2 3F -* 3d5p 3D°. 

2.6.22 gf values 

gfgf values for transitions between singlet levels are presented in table 2.12 while table 2.13 shows 
ourr results for transitions between triplet terms. When the term in the upper row is located 
beloww the term in the first column, the gf value is reported as negative (emission). Multiplet gf 
valuess are given for triplet transitions. In table 2.14 we compare calculated oscillator strengths 
forr some transition for which experimental values exist. For the majority of the stronger lines 
thee deviation between the current values and those reported by Mitroy (1993) is less than 10 %, 
withh our values generally smaller than Mitroy's. However, we mention that there are some large 
discrepanciess for transitions not included in table 2.14 where experimental data is not available. 
Inn particular, our results for the 4p2 XD -+ 4s5f and 4s6f 1F°, 4s4p 3P° -»> 4s6s 3S and 4s5p 3P° 
—•• 3d2 3P transitions are approximately a factor of 10 smaller than those reported by Mitroy 
(1993).. In fact, the disagreements are so close to a factor of 10 that it is tempting to assume they 
aree due to misprints in Mitroy's tables (although it is necessary to assume that both length and 
velocityy values are misprinted). Our values are in all cases closer to what would intuitively be 
expectedd although, as confirmed recently by Sarandaev et al (1997), series perturbations make 
itt difficult to ascertain trends in ƒ values in the Ca spectrum. 

Thee first part of table 2.14 shows gf values for transitions from the ground state to the 1P° 
series.. This series can be studied fairly easily in absorption and a number of measurements have 
beenn reported in which the series has been followed to very high n values (Ostrovskii and Penkin 
1961,, Shabanova 1963, Parkinson et al 1976, Wynne and Beigang 1981, Ahmad et al 1994). The 
valuess of Parkinson et al (1976) are in good agreement with earlier absorption measurements of 
Ostrovskiii and Penkin (1961) and Shabanova (1963), not shown in table 2.14, while the later 
measurementss are concerned with higher n values (Wynne and Beigang 1981, Ahmad et al 1994). 
Too establish an absolute scale Parkinson et al (1976) normalized their relative measurements 
too the gf value of 1.75 deduced from the 4s4p *P° level lifetime measured by Smith and Liszt 
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Tablee 2.12: gf values for transitions between low-lying singlet states in Ca l . Absorption is 
indicatedd by a positive gf value, emission by a negative value. The labels used are from Sugar 
andd Corliss (1985). 

4sa a 

4s5 s s 
4s6 s s 
4p2 2 

4s7 s s 
4s8s s 

4s4 p p 
1.745 3 3 
0.385 3 3 
0.022 5 5 
0.346 7 7 
0.030 4 4 
0.011 2 2 

4s5 p p 
0.0019 5 5 
0.908 3 3 
0.431 0 0 
0.153 0 0 
0.087 9 9 
0.032 8 8 

l SS _ > lp o 

4s6 p p 
0.036 2 2 
0.148 6 6 
0.604 1 1 
0.004 7 7 
0.340 3 3 
0.070 4 4 

lp o o 

4sn p p 
0.064 6 6 
0.136 9 9 
0.359 9 9 
0.387 3 3 
0.554 5 5 
0.030 2 2 

- ++ X D 

4s7 p p 
0.033 7 7 
0.040 0 0 
0.112 7 7 
0.031 2 2 
1.717 0 0 
1.570 8 8 

4s8 p p 
0.013 5 5 
0.009 1 1 
0.030 7 7 
0.002 3 3 
0.143 8 8 
2.451 9 9 

4s9 p p 
0.006 3 3 
0.002 5 5 
0.010 9 9 
0.000 1 1 
0.030 5 5 
0.149 1 1 

4s4 p p 
4s5 p p 
4s6 p p 
4sn p p 
4s7 p p 
4s8 p p 

3d4s s 
0.007 3 3 
0.292 5 5 
0.328 4 4 
0.258 3 3 
0.090 5 5 
0.028 1 1 

4s4 d d 
0.618 8 8 
0.325 7 7 
0.371 0 0 
0.112 7 7 
0.029 0 0 
0.008 6 6 

4p2 2 

1.645 0 0 
0.578 6 6 
0.323 3 3 
0.024 4 4 
0.022 9 9 
0.012 5 5 

i Do o 

4s5 d d 
0.793 7 7 
0.753 9 9 
1.931 1 1 
1.421 9 9 
0.003 6 6 
0.000 8 8 

- ••  *D 

4s6 d d 
0.135 8 8 
0.405 6 6 
0.351 7 7 
2.923 3 3 
2.130 5 5 
0.001 3 3 

3d4ss 4s4d 4p* 4s5d 4s6d 4s7d 
3d4pp 1.8400 0.0172 0.1296 0.0124 0.0003 0.0013 

IDD -• I F 0 

3d4s s 
4s4 d d 
4p* * 
4s5 d d 
4s6 d d 
4s7 d d 

3d4 p p 
0.357 2 2 
0.973 3 3 
0.000 5 5 
0.013 6 6 
0.049 0 0 
0.138 9 9 

4s4 f f 
0.655 2 2 
3.274 7 7 
1.091 8 8 
0.849 2 2 
0.000 6 6 
0.000 2 2 

4s5 f f 
0.278 5 5 
0.274 6 6 
0.192 6 6 
5.468 6 6 
1.225 0 0 
0.104 3 3 

4s6 f f 
0.151 9 9 
0.052 2 2 
0.110 1 1 
0.442 8 8 
5.420 2 2 
0.303 8 8 

4s7 f f 
0.092 7 7 
0.015 1 1 
0.063 6 6 
0.099 1 1 
0.851 8 8 
3.999 2 2 

(1971).. The error introduced in the lifetime-^/ conversion by ignoring the branching decay of 
4s4pp 1P° to 3d4s l D is negligible because this transition is very weak (see table 2.12). Although 
tablee 2.14 demonstrates that a resonance transition oscillator strength in the region 1.78 to 1.79 
probablyy would be more appropriate we have retained the original gf values from Parkinson et 
alal (1976) here; such a revision of the resonance transition gf value would change the data of 
Parkinsonn et al (1976) by approximately 2 %. 

Thee other and larger part of table 2.14 presents gf values involving the excited configurations 
4s4p,, 4s5p and 3d4s. These configurations, which are located fairly high in the spectrum, are 
difficultt to populate in absorption experiments but, due in particular to the work of the Oxford 
groupp using a carbon (King) furnace (Smith and O'Neill 1975, Smith and Raggett 1981, Smith 
1988),, an accurate set of gf values is known. Apart from the normalisation originally employed 
byy Smith and O'Neill (1975) (discussed later), the oscillator strength deduced from the lifetime 
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Tablee 2.13: Multiplet g ƒ values for transitions between low-lying triplet terms in Ca I. Absorption 
iss indicated by a positive gf value, emission by a negative value. The labels used are from Sugar 
andd Corliss (1985). 

3S->> 3P° 

4s5s s 
4s4p p 
1.3738 8 

4s5p p 
3.7357 7 

3d4pp 4s6p 
0.26111 0.0854 

4s7p p 
0.0122 2 

4s8p p 
0.0032 2 

4s6ss 0.1690 2.2540 0.3268 5.4046 0.1654 0.0340 
4s7ss 0.0586 0.2227 0.00003 3.9214 6.8050 0.2265 
4s8ss 0.0281 0.0739 MO"7 0.2915 5.1592 8.0830 
4s9ss 0.0158 0.0350 910 - 8 0.0933 0.3772 6.3746 
4sl0ss 0.0105 0.0210 210 - 5 0.0470 0.1264 0.4751 

4p^ ^ 
3d2 2 

3d4d d 

3d4p p 

4s4p p 

4s4p p 
4.5274 4 
0.9629 9 
0.0408 8 

4pz z 

0.0062 2 

3d4s s 
0.7868 8 

4s5p p 
0.0005 5 
0.4357 7 
0.0696 6 

3d* * 
2.0264 4 

4s4d d 
3.4109 9 

3P-4 4 
3d4p p 
0.0013 3 
3.0412 2 
0.1094 4 

3 D o _^ ^ 

3d4d d 
0.0003 3 

3P°-+ + 
4s5d d 
1.0070 0 

3po o 

4s6p p 
0.0001 1 
0.0563 3 
0.0153 3 

3p p 

3D D 
4s6d d 
0.4440 0 

4s7p p 
7-10-5 5 

0.0057 7 
0.0059 9 

4s7d d 
0.2316 6 

4s8p p 
610"5 5 

0.0014 4 
0.0036 6 

4s5pp 0.7031 2.5441 2.7158 1.0292 0.5861 
3d4pp 2.8484 0.5150 1.1136 0.0340 0.0083 
4s6pp 0.0279 0.4819 2.2469 3.8280 1.1277 
4s7pp 0.0015 0.1027 0.9713 2.3891 4.6784 
4s8pp 0.0002 0.0408 0.1870 1.2840 0.9739 

off the 3d4p ^ term measured by Brinkmann et al (1969) was used by these workers to put 
theirr relative measurements on an absolute scale. There is also a problem in this case due to 
thee fact that 3d4p lF° decays by two different branches, to 3d4s *D and 4s4d 1D. Smith and 
Raggettt (1981) assumed that, within the accuracy of the experiment (5%), the decay to 4s4d 
llDD can be neglected, a view later supported by the branching ratio measurements of Hunter 

andd Peck (1986). Smith (1988) consequently retained the normalization. 

Thee experimental gf values for the triplets are mainly from two sources. Köstlin (1964) 
measuredd ƒ values for unresolved multiplets which we have converted to gf values. In contrast, 
Smithh and O'Neill (1975) and Smith and Raggett (1981) reported gf values for individual 
transitionss and in those cases where the majority of the possible transitions were measured we 
havee added the appropriate gf values together and included the result in table 2.14. If only 
onee line in a multiplet was measured, we have converted the gf value from line to multiplet 
formm by use of the LS-coupling branching ratios but without giving an error estimate. Smith 
andd co-workers showed that the branching ratios within the multiplets follow LS coupling quite 
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Tablee 2.13 cont. a 

J D  -  3 D 
3d4ss 4s4d 4s5d 4s6d 4s7d 4s8d 

3d4pp 4.9797 0.0116 0.0673 0.1159 0.2116 0.4657 

3d4pp 4s4f 4s5f 4s6f 4s7f 
3d4ss 5.0663 1.0918 0.5750 0.3274 0.2029 
4s4dd 0.0721 15.7027 0.7196 0.1031 0.0230 
4s5dd 0.0630 -2.9066 18.8457 1.8649 0.4955 
4s6dd 0.1017 -0.0009 5.4693 20.0216 2.6390 
4s7dd 0.1935 -210"9 -0.0160 -6.5891 19.1635 
4s8 d d 

3d a a 

3d4 d d 

3d y y 

3d4 d d 

0.450 2 2 

3d4 p p 
2.384 0 0 
0.230 8 8 

3d4 p p 
2.940 6 6 
0.906 2 2 

-0.000 7 7 

4s4 f f 
0.000 3 3 
0.0000 6 6 

3d5 p p 
0.575 4 4 
7.249 5 5 

-0.031 2 2 

3 F - > > 
4s5 f f 
0.0000 9 9 
0.002 3 3 

3 F - >> : 

3d4 f f 
0.118 9 9 
0.005 9 9 

-0.355 4 4 

}p o o 

4s6f f 
0.000 1 1 
0.003 0 0 

t Do o 

3d6 p p 
0.032 3 3 
2.956 1 1 

-3.192 7 7 

4s7 f f 
0.000 1 1 
0.002 9 9 

3d5f f 
0.031 0 0 
0.132 6 6 

4s8 f f 
0.000 1 1 
0.002 9 9 

3d7 p p 
0.003 8 8 
0.307 6 6 

closely,, except for the 3d4p 3F° term where the J = 2 level is perturbed by 3d4p *D§ located 
closeby.. Since this mixing is due to the spin-orbit interaction it is neglected in our calculation. 
Inn the case of 3d4s 3D -> 3d4p 3F° a more appropriate experimental value to compare with 
thee theoretical data can be estimated from the 3d4s 3D 3 ->• 3d4p ZF% transition assuming LS 
couplingg and this results in a value of about 5.7 instead of the value 5.42 quoted in table 14. The 
differencess between the two sets of experimental values are rather large, even when the large 
errorr bars on Köstlin's results are taken into account. 

Tablee 2.14 contains four sets of theoretical data: MCHF values, including valence correlation 
only,, from Vaeck et al (1991) and Froese Fischer and Hansen (1985), and three sets based on 
model-potentialss combined with core polarization; the latter are the Victor et al (1976) data, 
thee results of Mitroy (1993) and the present ones. Comparison of the experimental and the 
MCHFF data shows a varying degree of agreement which can be attributed to the neglect of core 
polarization.. The MCHF approach does not predict correctly either the minimum or maximum in 
thee gf value distribution for the 4s2 1S -> 4snp 1P° transitions. The dipole matrix elements here 
sufferr from a large amount of cancellation (Froese Fischer and Hansen 1985) and are consequently 
difficultt to calculate. On the other hand, the model-potential calculations by Victor et al (1976) 
weree able to predict both the minimum and the maximum correctly but they are otherwise 
inferiorr to the two later model-potential calculations 

Comparisonn of the present results with Mitroy's shows that both sets are of about the same 
quality.. In fact, for most transitions the difference between the two sets is too small to allow the 
measuredd values to discriminate between them. One case for which there is a large difference is 
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thee 4s4p XP° —• 4s6s *S transition where our value is in good agreement with the experimental 
valuee (Smith 1988), while Mitroy's value is a factor of 10 too small. The MCHF value is even 
smaller.. The small gf value depends, in particular, on the proper mixing between 4s6s and the 
4p22 and 3d2 perturbers as discussed by Froese Fischer and Hansen (1985) and there are large 
differencess between length and velocity formulations in both model-potential (Mitroy 1993) and 
MCHFF calculations (Froese Fischer and Hansen 1985, Vaeck et al 1991). 

Inn contrast, our gf value for the 3d4s lD —• 3d4p 1F° transition is about 30 % too low while 
thee MCHF and Mitroy's length values agree quite well with experiment. It is not surprising that 
ourr value is different from the MCHF result since the wavefunctions are very different (see 
tablee 2.11), but the large difference between our result and Mitroy's is unexpected. However, in 
bothh the MCHF and Mitroy calculations there are large differences between length and velocity 
predictionss for this transition. We note that the MCHF velocity value is close to our (length) 
valuee while Mitroy's velocity value is smaller still. This transition was, as already mentioned, 
usedd to normalize the measurements of Smith and Raggett (1981) and Smith (1988) and the 
experimentall value is most likely in error by less than 10 %. The core-polarization correction to 
thee dipole operator and the inaccuracy in the transition energy are both too small to explain 
thee disagreement. 

Thee same disagreement is found for the 4s4d *D —> 3d4p 1F° transition, where this time our 
valuee is about 40 % too large compared to experiment, but here the agreement with Mitroy's 
resultt is good and the difference between length and velocity values in Mitroy's calculation is 
muchh smaller. In addition, the experimental value is much less accurate for this transition. On 
thee other hand, the MCHF value for the 3d4s lD -» 4s4f 1F° transition is too small, while 
thee present result, as well as the result due to Mitroy (1993), is in good agreement with the 
measurementt of Smith and Raggett (1981). There is also rather good agreement with Mitroy's 
valuess for 4s4d *D -> 4s4f 1F° (our value lies between his length and velocity results) while 
thee MCHF (length) result is nearly a factor of two larger (the MCHF velocity result is in good 
agreementt with our (length) value) despite the fact that the wavefunctions this time are rather 
similarr (table 2.11). Unfortunately there are no experimental results for this transition, so it is 
nott included in table 2.14. 

Thee present results and those of Mitroy (1993) for 4s4p 1P° -¥ 1D transitions are both in 
satisfactoryy accord with the measurement of Smith (1988), unlike the MCHF values of Vaeck 
etet al (1991). There is also reasonable agreement between the two model-potential predictions 
forr 4s5p l P° -> 4p2 and 4s5d *D transitions but they both deviate rather strongly from the 
experimentall data of Hunter et al (1985). Whether this means that the wavefunction for the 
4s5pp 1P° term is in error is not clear since, for example, the gf value for the 3d4s XD —> 4s5p 
1P°° transition is in perfect agreement with the observed value reported by Smith and Raggett 
(1981),, and the same observation holds for the transitions to the next two 1P° terms, 4s6p and 
4snp. . 

Thee present model-potential results for transitions involving the 4s4p 3P° term are in good 
agreementt with those calculated by Mitroy (1993) and also by Victor et al (1976). There is also 
goodd agreement with experiment, within the rather large error limits for these measurements, 
whilee the agreement for the transitions involving 3d4s 3D is, in general, less good. The rather 
largee error bars (15 %) on the Smith and O'Neill values for the 4s4p 3P° -t 4s5s 3S and 4s4d 3D 
transitionss were caused by difficulties with the normalization as described in one of the following 
paragraphs.. The values in parentheses are based on a renormalization, described there, which 
iss expected to be more accurate. The renormalized lifetime for 3S is in perfect agreement with 
thee calculated one while the discrepancy in the 3D lifetime is reduced by 50%. 
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2.6.33 Lifet ime s 

Tablee 2.15 compares the lifetimes obtained in this work with those calculated by Mitroy (1993) 
andd by Vaeck et al (1991), as well as with most of the available experimental data (a few 
olderr measurements have been omitted). Transition energies have a larger influence on lifetimes 
thann on gf values so, in common with Mitroy (1993) and Vaeck et al (1991), we have used 
experimentall energies to calculate the reported lifetimes, though the differences are very small. 
Unfortunately,, differences between alternative measurements are often larger than the stated 
uncertaintiess which lowers confidence in the accuracy of the experimental values. As for gf 
values,, the differences between the two model-potential lifetimes in table 2.15 are invariably too 
smalll to allow the observations to discriminate between them. There are, however, two notable 
exceptions:: 4s6s *S, where our value is in much better accord with the observed values than are 
thee previous theoretical predictions, and 3d4p 1F°, where the opposite observation holds. 

Thee lifetimes derived by Smith (1988) from experimental gf values are probably more accu
ratee than individual measured lifetimes, since the errors in the oscillator strength measurements 
aree estimated to be smaller than the errors in the lifetime measurements, and it is gratifying 
that,, with the exception of 4s6s *S, 4s7s *S, 3d4p 1F° and 4s4d 3D, our values are within 
0.88 ns of Smith's values. For the 4s6s and 4s7s lS terms, Smith combined his measured val
uess for the transitions to 4s4p 1P° with probabilities calculated by Froese Fischer and Hansen 
(1985)) for transitions to the other 4snp 1P° terms. We have employed Smith's procedure to 
redeterminee these two lifetimes, replacing the MCHF transition probabilities with the current 
model-potentiall values, and the revised values are reported in table 2.15. We have already com
mentedd on the 3d4p 1F° term in the context of the comparison of measured and calculated gf 
values.. Our calculated lifetime for 4s4d 3D is 1.6 ns longer than Smith's estimate but we argue 
inn the following paragraph that this estimate is perhaps is a little too small. We also observe that 
Smith'ss lifetime estimates tend to favour the present predictions over those of Mitroy (1993), 
Vaeckk et al (1991) and Froese Fischer and Hansen (1985). 

Off the three triplet lifetimes estimated by Smith (1988), two (4s5s 3S and 4s4d 3D) are based 
onn the work of Smith and O'Neill (1975) who measured relative gf values for the transitions from 
thesee two terms to 4s4p 3P°. The estimated error in the measurements was only 3% and they 
implyy that the lifetime of the 3D term is 1 % shorter than the lifetime of the 3S. However, the 
mostt accurate lifetime measurements at the time were due to Gornik et al (1973) who reported 
aa value for 3D 15 % longer than for 3S, although the error in the ratio was rather large. Smith 
andd O'Neill (1975) needed a known lifetime to normalize their relative measurements and they 
electedd to fix the 3D lifetime at 11.5 ns, as given in table 2.15. This resulted in a 3S lifetime of 
11.66 ns, within the error limits of the observed value of Gornik et al (1973). However, we notice 
thatt the later measurement of Major et al (1985) gives a 3S lifetime of 5 ns. Not only 
iss this in excellent accord with our calculated value but it also supports Smith and O'Neill's 
conclusionn that the 3S and 3D lifetimes are essentially equal. (We note that Smith and O'Neill 
(1975)) found the three 3 Dj level lifetimes to be equal, to within 3%, so it is thus permissible to 
comparee calculated term values to the two measurements for the J = 1 level in table 2.15.) There 
aree therefore indications that Smith and O'Neill's observed lifetimes for 3S and 3D should be 
aboutt 1 ns longer, which would bring them into good agreement with our predicted values. Such 
ann increase would reduce the gf values reported by Smith and O'Neill by about 5 % which is 
welll within their estimated uncertainty of 15%; the rescaled gf values are given in parentheses 
inn table 2.14 and were discussed previously. 

Onn the other hand, Smith and Raggett (1981) used their (different) normalisation on the 
relativee gf measurements for triplet transitions of Smith and O'Neill (1975) and proposed that 
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Tablee 2.15: Lifetimes (in ns) for some states in Ca l . AU theoretical results use experimental 
transitionn energies and the 'length' form of the dipole operator. 

Label l 
4s6ss 'S 
4p22 XS 
4s7ss lS 
4s8ss JS 
4s4pp 1P° 

4s5pp 1P° 
4s4dd lD 
4p22 *D 
4s5dd XD 
4s6dd *D 
3d4pp 1F° 
4s4ff 'F° 
4s5ff 'F° 
4s5ss 3S 
3d4pp 3P° 
4p22 3P 
3d22 3P 
4s4dd 3D 

Present t 
113.0 0 
12.5 5 
73.2 2 
149.0 0 
4.63 3 

57.6 6 
64.9 9 
15.2 2 
22.8 8 
76.3 3 
77.5 5 
28.8 8 
56.5 5 
12.4 4 
12.8 8 
5.56 6 
8.35 5 
13.1 1 

Mitroy0 0 

173.0 0 
12.5 5 

4.42 2 

59.2 2 
69.2 2 
15.5 5 
21.9 9 
73.1 1 
61.0 0 
28.6 6 

12.1 1 
12.3 3 
5.24 4 

13.3 3 

MCHF* * 
132.1* * 
10.16* * 
45.7* * 
78.5* * 
4.13 3 

42.21 1 
44.41 1 
18.09 9 

55.54 4 
34.30 0 

Smith' ' 
103' ' 
13.3 3 
61.5* * 

65.0 0 
14.6 6 
23.6 6 

59.0 0 

11.6 6 
12.1 1 

11.5 5 

Observed d 
° ° 
d,, r 

62.4*4.3"",, / 

,, ' 
9,, \ 4.62*0.15*, > 

,, , 4.7*0.5*, 4.49*0.07"*, ' 
,, n 

d,, ° 
ii,, \ e, ° 

a,, , ° 
/ / 

,, , r 

,, , * 
e,, * 

,, d, U 

P P 

e e 

* * 
\\ P, * 

** (3Dj), ' (3Di) 

aa Mitroy (1993). 
bb Vaeck et al (1991) (values obtained with a relaxed core, except those marked with a * obtained 
byy Froese Fischer and Hansen (1985) using a frozen core). 
cc Smith (1988) (derived from the experimental gf values except for the 4s6s and 4s7s *S 
lifetimes,, marked with a f , which incorporate theoretical gf values; these have been recalculated 
(seee text)). 
dd Havey et al (1977) (we assume that the "before Risberg (1968)" labeling of the third and 
fourthh 1S term is used). 
ee Jönsson et al (1984). 
'' Hansen (1983). 
99 Lurio et al (1964). 
hh Hulpke et al (1964). 
** Smith and Gallagher (1966). 
jj Smith and Liszt (1971). 
** Emmoth et al (1975). 
** Gibbs and Hannaford (1976). 
mm Kelly and Mathur (1980a, b). 
"" Mathur and Kelly (1982). 
00 Hunter et al (1985). 
pp Osherovich and Pul'kin (1977). 
ii  Brinkmann et al (1969). 
rr Hunter and Peck (1986). 
** Bhatia (1987). 
** Gornik et al (1973). 
uu Major et al (1985). 
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thee absolute values of the latter authors should be increased by about 5%. Thus, although the 
magnitudee of this correction is in harmony with our estimate, it is in the wrong direction! We 
shouldd like to mention, however, that the adjustment proposed by Smith and Raggett (1981) 
reducess the 3S lifetime to 11 ns, taking it even further from the most recent experimental value 
off 12.4  0.5 {Major et al 1985). 

Thee disagreement between calculated and observed lifetimes for the 4s5p 1P° term, which has 
beenn commented upon by Froese Fischer and Hansen (1985), Smith (1988), Vaeck et al (1991) 
andd Mitroy (1993), remains and a remeasurement of this lifetime would be welcome. 

Inn principle, the calculated values should be considered as upper limits, since transitions 
whichh are forbidden in LS coupling are neglected, and it is gratifying that, for example, our 
4snss XS series lifetimes are longer than the observed values while the MCHF values are shorter. 
Ourr 4p2 ! D lifetime is 0.6 ns longer than that estimated by Smith (1988) but we note that 
Risbergg (1968) reported rather strong transitions from this level to 4s4p 3P° levels. These 
intercombinationn transitions are neglected here and undoubtedly form part of the explanation 
forr the difference. Also the high-lying 3d2 3 P term has observable transitions to singlet terms 
whichh are neglected in the calculated lifetime. As only one lifetime measurement for this term is 
available,, a rather old beam-foil value, a remeasurement would be welcome. The two calculated 
lifetimess for 4p2 3P displayed in table 2.15 are both shorter than the observed value (Jönsson 
etet al 1984). Again only one measurement exists and it would be desirable to have at least one 
otherr experimental value available for comparison. 

2.77 Conclusions 

Resultss for the neutral calcium atom, obtained using a model-potential description of the Ca2+ 
coree in combination with flexible B-spline basis sets, have been reported. Comparisons with other 
theoreticall energy-level calculations reveal that the present results are consistently the most ac
curatee reported to date and confirm the accuracy of the model-potential method employed. One 
off the most important reasons for the high accuracy is the inclusion of core-polarization effects. 
Bothh monoelectronic and dielectronic polarization contributions involving the dipole polarizabil-
ityy are important while, except for a few of the lowest states, the quadrupole polarization is a 
smalll correction. 

AA major cause of the remaining inaccuracy in the model-potential technique is related to 
thee 3d orbital which, because the 3d electron-core interactions in Ca and Ca+ are significantly 
different,, is the most difficult one to describe. We have discussed one method of improving 
thee description of the 3d orbital by utilizing knowledge of the neutral Ca spectrum in the 
determinationn of the orbitals for Ca+ . Core polarization effects on the wavefunction compositions 
aree similar to those reported by other workers*, although for the 1F° and 3F° states there are 
stilll some discrepancies between the different approaches. 

Measuredd values for transition probabilities and lifetimes in Ca I are generally restricted to 
thee ground state and the terms up to about 3 eV above the ground state. From a theoretical 
pointt of view, these are the most difficult ones to describe. Nevertheless, many transition prob
abilitiess are accurately predicted in our approach and many calculated lifetimes lie within the 
experimentall uncertainties. In a large number of cases the discrepancies between the published 
measurementss are too large to make it possible to establish the quality of the theoretical models 
andd it would clearly be worthwhile to redetermine transition probabilities and lifetimes for this 
importantt spectrum. Using modern experimental techniques it should be possible to improve 
ourr knowledge of some gf values to the 1 % accuracy that the Oxford group was able to obtain 
forr Fe I quite some time ago (Blackwell 1990). Not only would such an effort pay off for the 
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astrophysicall applications, where neutral calcium is such an important element, but more pre
cisee information on the system is also required to allow further refinements of the theory and 
calculations!! approaches to be tested. 
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3.11 Motivatio n 

Inn theoretical atomic physics, the accuracy of the description of an atom or ion is strongly 
dependentt on the amount of correlation included in the calculation. If a n-electron system 
iss considered using an approach based on a basis set expansion, the size of the hamiltonian 
matrixx grows nearly exponentially with n. This means that even with today computers such 
ann approach becomes unmanageable for all but the smallest systems. Therefore approximations 
mustt be introduced. One possibility is to include only valence correlation (see for example Vaeck 
etet al 1988, 1991), however, when core-excited states are studied, this technique is of limited use 
and,, for example, an accurate description of the lowest l s 2 W 2S e states in Li requires very large 
matricess when a CI technique is used (as we will see in chapter 5). In chapters 4, 5 and 6, we 
willl be involved in diagonalizing matrices with sizes up to 20000 using the iterative Davidson 
diagonalizationn scheme (Davidson 1975) but this technique, which provides a limited number of 
eigenvaluess and eigenvectors, is time consuming although much faster than a full diagonalization. 
Therefore,, it is interesting to consider other methods that potentially could be as accurate but 
faster.. The singular value decomposition, SVD, is one such method (Golub and van Loan 1989). 
Inn the present work, we apply the SVD to compute the energies of several series in neutral 
calciumm and the results are compared with the Davidson method and with experiment. 

Thee choice of Ca for the comparison is due to the fact that, in chapter 2, we have been 
involvedd in large scale calculations of energy levels in neutral Ca. These calculations thus form 
aa convenient subject for comparison. In these calculations the valence states were treated as 
aa pseudo two-electron system with a model-potential to describe the interactions between the 
valencee electrons and the core. In this way, the valence correlation is treated accurately albeit 
usingg quite large expansions while of course the overall accuracy is determined ultimately by 
thee success of the model-potential approach. 

Thee choice of neutral calcium for the original study was motivated by the presence of strong 
interactionss between doubly-excited perturbers and Rydberg series which lead to a stringent test 
off the approach used. The model-potential approach has lead to the most accurate description 
off the valence spectrum obtained so far and it can therefore be expected that, if neutral Ca can 
bee successfully described using the SVD, this approach could be extended to larger systems like 
forr example multiply core-excited states of Li-like systems. 
Inn chapter 2 we used a CI method based on the use of a B-spline basis set (de Boor 1978) 
composedd of 35 basis functions for each value of /. The size of the hamiltonian varied between 
40000 and 12000, depending on the symmetry and the computation time was lying between 2 
andd 10 hours. The use of the SVD reduces the cpu time by more than a factor of 10. 

3.22 Singular  value decomposition 

Thee SVD method is based on the idea that any p x q rectangular matrix (with q » p) can be 
writtenn as 

AA = QxT.Ql (3.1) 

wheree A is the rectangular matrix (a part of the hamiltonian H in the present case), E is 
diagonall and all diagonal elements, the singular values, are larger or equal to zero while the 
squaree matrices Qx and Q? are orthogonal, i.e. 

QiQÏQiQÏ = QïQi = / (3.2) 

wheree J is the identity matrix. Qx and Q2 have different dimensions and are not related to each 
otherr in a simple way (Golub and van Loan 1989). A very useful property of the SVD is that it 
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cann be used to determine the rank of a matrix. This is useful in the case of least-squares fitting 
forr example since it allows to discard redundant parts of a data set (Strang 1988). In the present 
casee the use of a B-spline basis ensures a large degree of linear independence of the basis so that 
wee are not making use of this property of the SVD. On the other hand, for basis sets which do 
sufferr from linear dependencies, this property of the SVD might be useful. 

Insteadd we are exploiting the connection between the linear eigenvalue problem, Ax — \x, 
andd the SVD (Golub and van Loan 1989). The multiplication of A by its transposed, gives 

AATTAA = Q2XTQiQiXQ% = Q2^
TT.Ql (3.3) 

andd similarly 
AAAATT = QiSETQf (3.4) 

Therefore,, Q\ are the eigenvectors of AAT and Q2 the eigenvectors of ATA. The singular values 
aree the square roots of the eigenvalues of the square matrices E T E and S S r which have the same 
sett of non-zero eigenvalues. If we consider the square matrices AAT and ATA as approximations 
too H2 = HTH = HHT then the squares of the singular values in £ can be interpreted as 
approximationss to the eigenvalues of H2. This interpretation is supported by the similarity 
betweenn the real eigenvalue problem, Hx = Ax, with the factorization 

HH = Q\QT, (3.5) 

wheree A is a diagonal matrix and Q is an orthogonal matrix with the transpose QT, and equa
tionn 3.1 defining the SVD. 

Thiss similarity means that methods developed for the eigenvalue problem can be applied 
alsoo to the SVD. For the computation of the SVD of a matrix we have relied on LAPACK 
subroutiness obtained via NETLIB. We have used a two step procedure outlined in Golub and 
vann Loan (1989). The matrix is first transformed into a bidiagonal form using the subroutine 
DGEBRD.. The second step is the calculation of the singular values of the bidiagonal matrix 
usingg the subroutine DBDSQR. 

Thee adaptation of the SVD to the eigenvalue problem leads to much lower computation time 
becausee only the rectangular part of the matrix has to be computed (which saves both time and 
memory)) and, in particular, because the computation of singular values in itself is a fast and 
numericallyy stable process. 

3.33 Applications 

Inn atomic structure calculations, the hamiltonian H is a square (q x q) matrix and the definition 
off the rectangular matrix A is an approximation to the hamiltonian in which the choice of the 
pp rows (or columns) to be included will be of crucial importance. We will call the p x p part 
off the rectangular p x q matrix "the square part" of A. In the present work, the configurations 
involvingg electrons with small n values are included in the square part. The order in which the 
configurationss are included is determined by the ordering of the coupling schemes (cf. table 3.1) 
andd the values of n. 

Thiss procedure insures that the csf's with a large contribution to the lowest states are 
includedd in the "square part" before higher states such as those associated with the continuum. 
Thiss implies that we see the SVD as method in which the square part of the hamiltonian is 
correctedd by the rest of the matrix. In the calculations we have not included any continuum 
statess in the square part. This is reasonable from a physical point of view where the continuum 
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Tablee 3.1: Coupling schemes involved in the calculation of the different symmetries. The size of 
thee hamiltonian matrix (q) is also listed. 

Symmetryy configurations q 
^ P 55 sp, pd, df, fg, gh, hi 7ÏÏT 
1D ee sd, pp, pf, dd, dg, ff, fh, gg, gi, hh, hi 9661 
3D ee sd, pp, pf, dd, dg, ff, fh, gg, gi, hh, hi 9435 

cann be seen as a small correction to the lowest bound state energies but it turns out to be a 
sourcee of error in the application of the SVD as we will show. We have found that depending on 
whetherr it belongs to the square part of not, a non-diagonal matrix element may have a different 
effectt on the singular values and, for example, if there is a large non-diagonal matrix element 
relatedd to a state in the square part, the perturber must be included in the square part also in 
orderr to have an accurate description of the influence of the perturber on the singular values. 
Thiss result is fairly obvious but it turns out that there is a more fundamental problem connected 
withh the inclusion of the continuum states even when they do not have a strong interaction with 
thee bound states in the square part. 

Inn tables 3.2, 3.3 and 3.4, the singular values (in cm - 1 ) , representing the energies relative 
too the Ca2+ ground state, are listed for the 3De , 3P° and *De symmetries, respectively. The 
threee series represent examples ranging from very little perturbation of the series members in 
thee case of the 3D e series, to very strong perturbation for the 1D e series. In each series, the size 

Tablee 3.2: Evolution of the 8 largest singular values (lowest energies) as a function of the size 
off the matrix for the 3D e symmetry. The energies are given in cm - 1 and are relative to the 
Ca2++ ground state. The singular values are compared with the eigenvalues from the Davidson 
diagonalizationn and with the experimental data. The labels are associated with the experimental 
data. . 

matri xx  siz e (ql 
3 De e 

pp =  1 0 
20 0 
30 0 
40 0 
50 0 
60 0 
70 0 
80 0 
90 0 

100 0 
Davidson " " 

Experiment 6 6 

== 943 5 
3d4s s 

12264 7 7 
12436 0 0 
12437 6 6 
12438 0 0 
12438 6 6 
12439 1 1 
12460 2 2 
12461 8 8 
12463 2 2 
12466 2 2 
12455 4 4 
12470 1 1 

4s4d d 
10657 5 5 
10674 7 7 
10674 8 8 
10675 5 5 
10700 9 9 
10701 0 0 
10720 9 9 
10721 1 1 
10723 5 5 
10724 1 1 
10721 8 8 
10730 4 4 

4s5d d 
10200 4 4 
10210 2 2 
10210 2 2 
10210 5 5 
10218 6 6 
10220 4 4 
10227 5 5 
10227 6 6 
10228 5 5 
10228 8 8 
10228 8 8 
10231 2 2 

4s6d d 
9982 5 5 
9989 9 9 
9990 0 0 
9990 1 1 
9994 4 4 
9995 5 5 
9999 0 0 
99991 1 
9999 4 4 
9999 6 6 

10000 4 4 
10000 7 7 

4s7d d 
9861 5 5 
9868 5 5 
9868 6 6 
9868 7 7 
9872 0 0 
9872 6 6 
9874 6 6 
9874 7 7 
9874 7 7 
9874 8 8 
9874 4 4 
9875 3 3 

4s8d d 
9787 3 3 
9796 0 0 
9796 1 1 
9796 2 2 
9799 8 8 
9800 1 1 
9801 3 3 
9801 4 4 
9801 4 4 
9801 6 6 
9799 7 7 
9801 6 6 

3d5s s 
9732 7 7 
9751 9 9 
9752 4 4 
9752 4 4 
9756 8 8 
9757 0 0 
9757 5 5 
9757 8 8 
9758 3 3 
9758 6 6 
9758 1 1 
9758 9 9 

4s9d d 
9650 5 5 
9719 4 4 
9720 0 0 
9720 0 0 
9721 5 5 
9721 9 9 
9722 4 4 
9722 6 6 
9723 4 4 
9723 8 8 
9722 5 5 
9729 7 7 

aa The 5-spline energies are taken from chapter 2. 
bb Sugar and Corliss, 1985. 
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off the rectangular p x q matrix has been increased, keeping q constant equal to the size of the 
hamiltoniann and increasing p in steps of 10 in order to study the convergence of the singular 
values.. In the tables, the results obtained using the Davidson method (diagonalizing the q x q 
hamiltoniann matrix) are listed as well as the experimental energies taken from Sugar and Corliss 
(1985).. Since the singular values are positive while the eigenvalues in principle are negative, with 
thee largest negative eigenvalue corresponding to the lowest state, we will for simplicity speak 
off an eigenvalue being larger than another if it is more strongly bound, i.e. the absolute value 
beingg larger. In this way we can compare directly with the singular values. The restriction to 
PmaxPmax = 100 is due to the fact that we are only interested in the largest eigenvalues (i.e. lowest 
boundd states) and of course by the desire to reduce cpu time. 

Inn chapter 2, it was found that the energy levels of the 3D e series (cf. table 3.2) are very 
puree in the sd configuration label (at least 99 % pure for all states except the second one) and 
thereforee the singular values are expected to converge rapidly. From table 3.2, it is seen that 
alreadyy for p = 20, the SVD method gives a good representation of the energy spectrum. The 
convergencee of the method can also be studied by looking at the 4s4d state at 107300 cm - 1 

whichh is the most perturbed 3D e term (pure at "only" 98 % in the sd label). When Davidson 
diagonalizationss are performed including respectively only the sd, the sd + pp and the sd + pp 
++ dd configurations, the energies of the 4s4d state are found to be 106570, 106850 and 106900 
cm - 11 which compares well with the singular values of the p = 10, 40 and 50 calculations. For 
thee 3De symmetry, the SVD method works very well and the singular values are in fact found 
too be in slightly better agreement with the experimental data (Sugar and Corliss 1985) than the 
eigenvaluess from the Davidson diagonalization (cf. chapter 2). This result is very encouraging 
becausee the total computing time (to set up and diagonalize the matrix) was reduced from 8 

Tablee 3.3: Evolution of the 8 largest singular values (lowest energies) as a function of the size 
off the matrix for the 3P° symmetry. The energies sire given in cm - 1 and are relative to the 
Ca2++ ground state. The singular values are compared with the eigenvalues from the Davidson 
diagonalizationn and with the experimental data. The labels are associated with the experimental 
data. . 

matri xx  siz e (q 
3po o 

pp =  1 0 
20 0 
30 0 
40 0 
50 0 
60 0 
70 0 
80 0 
90 0 

100 0 
Davidson 0 0 

Experiment 6 6 

== 711 1 
4s4p p 

12886 6 6 
12942 0 0 
129423 3 
12944 2 2 
12987 2 2 
12989 4 4 
12990 0 0 
12992 3 3 
12992 7 7 
12993 6 6 
129915 5 
129795 5 

4s5p p 
108082 2 
108283 3 
108284 4 
108301 1 
108498 8 
108520 0 
108524 4 
108539 9 
108542 2 
108551 1 
108509 9 
108492 2 

3d4p p 
102863 3 
105390 0 
105417 7 
105468 8 
105732 2 
105734 4 
105734 4 
105748 8 
105759 9 
105814 4 
105620 0 
105720 0 

4s6p p 
101467 7 
102398 8 
102401 1 
102405 5 
102487 7 
102521 1 
102523 3 
102533 3 
102535 5 
102537 7 
102533 3 
102535 5 

4s7p p 
99939 9 

100039 9 
10003 9 9 
100041 1 
100073 3 
100091 1 
10009 2 2 
100098 8 
100099 9 
10010 0 0 
100101 1 
10009 8 8 

4s8p p 
98705 5 
98739 9 
98739 9 
98740 0 
98757 7 
98767 7 
98768 8 
98771 1 
98772 2 
98772 2 
98773 3 
98771 1 

4s9p p 
97932 2 
97951 1 
97951 1 
97952 2 
97961 1 
97968 8 
97968 8 
97971 1 
97971 1 
97971 1 
97972 2 
97971 1 

4sl0 p p 
97238 8 
97398 8 
97398 8 
97399 9 
97407 7 
97412 2 
97413 3 
97414 4 
97415 5 
97415 5 
97415 5 
97453 3 

°° The 5-spline energies are taken from chapter 2. 
66 Sugar and Corliss, 1985. 
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hourss to less than one for the largest SVD calculation, i.e. for p = 100, while, in fact, in absolute 
valuee the difference in cpu time between p = 10 and p = 100 is small. 

Thee lowest terms of the 3P° symmetry are rather pure in sp configurations with exception 
off the second (4s5p) and third (3d4p) states for which the interactions between the sp and pd 
configurationss are important, with mixings in sp and pd configurations of, respectively, 90/10 
andd 15/85 in the wavefunctions. 

Focusingg on these states, two major shifts in the energies are noticed in table 3.3, corre
spondingg to 10 < p < 20 and 40 < p < 50. The first shift comes from the inclusion of the 3d4p 
statee in the square part of the hamiltonian which is illustrated by the sudden "appearance" of 
thee third state in the p = 20 calculation. The second step corresponds to the inclusion of the 
3d5pp and 4d4f states. The former inclusion shifts both the second and the third state while the 
latterr has a much larger influence on the description of the 3d4p term. For the 3P° symmetry, 
ass for several other like for example 1S e or 3S e (not shown here), the singular values are found 
too have about the same accuracy as the eigenvalues reported in chapter 2. 

However,, there are exceptions. The lowest states of the lDe series (reported in table 3.4) are 
exampless of states with large configuration mixing. For example, the wavefunction of the 4p2 

statee is a mixture of sd (28%), pp (35%) and dd (36%) configurations as reported in chapter 2. 
Thereforee these states constitute an interesting test case for the ability of the SVD method to 
representt strongly correlated systems. As in the two previous cases, a minimum of 20 csf 's is 
neededd to give a rough description of the energy spectrum while after the fourth step, between 
pp = 50 and 60, the third state, corresponding to the 4p2 perturber, appears, pushing the second 
statee up by 500 cm - 1 and the third state, which becomes the fourth one, down by 400 cm - 1 . 
Thiss shift corresponds to the inclusion of the 3d4d perturber which, because of the selection 

Tablee 3.4: Evolution of the 9 largest singular values (lowest energies) as a function of the size 
off the matrix for the *De symmetry. The energies are given in cm - 1 and are relative to the 
Caa + ground state. The singular values are compared with the eigenvalues from the Davidson 
diagonalizationn and with the experimental data. The labels are associated with the experimental 
data. . 

matri xx  siz e (q 
l De e 

pp =  1 0 
20 0 
30 0 
40 0 
50 0 
60 0 
70 0 
80 0 
90 0 

100 0 
Davidson 0 0 

Experiment * * 

II  =  966 1 
3d4s s 

119976 6 
123706 6 
123712 2 
123716 6 
123720 0 
123912 2 
123934 4 
124080 0 
124092 2 
124109 9 
123133 3 
123208 8 

4s4d d 
106605 5 
107132 2 
107134 4 
107140 0 
107141 1 
10767 9 9 
10768 3 3 
107819 9 
10782 2 2 
107862 2 
10763 0 0 
107760 0 

4p2 2 

102016 6 
102579 9 
102580 0 
102583 3 
10258 8 8 
104659 9 
104665 5 
104706 6 
104709 9 
104799 9 
10432 0 0 
104338 8 

4s5d d 
99830 0 

100408 8 
100409 9 
100414 4 
100428 8 
102220 0 
102221 1 
102266 6 
102267 7 
102275 5 
102117 7 
102139 9 

4s6d d 
98618 8 
99138 8 
99139 9 
99144 4 
99161 1 

100147 7 
100148 8 
100158 8 
100159 9 
100171 1 
100055 5 
100068 8 

4s7d d 
97874 4 
98286 6 
98287 7 
98290 0 
98304 4 
98942 2 
98942 2 
98960 0 
98962 2 
98979 9 
98855 5 
98858 8 

4s8d d 
97328 8 
97689 9 
97690 0 
97692 2 
97702 2 
98177 7 
98178 8 
98209 9 
98211 1 
98225 5 
98107 7 
98109 9 

3d5s s 
96508 8 
97190 0 
97192 2 
97194 4 
97204 4 
97647 7 
97648 8 
97675 5 
97676 6 
97683 3 
97600 0 
97609 9 

4s9d d 
94020 0 
96870 0 
96872 2 
96875 5 
96902 2 
97232 2 
97233 3 
97235 5 
97237 7 
97252 2 
97151 1 
97245 5 

aa The J5-spline energies are taken from chapter 2. 
66 Sugar and Corliss, 1985. 
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procedure,, appears quite late in the square part of the hamiltonian matrix. Nevertheless, it is 
seenn from table 3.4 that, already when p = 20, the energy of the 3d4s !DC term is in error by 
moree than 500 cm - 1 with respect to the measurement reported by Sugar and Corliss (1985). 
Thee inclusion of the 3d4d state in the square part of the matrix again shifts the 3d4s state 
whichh is finally found to lie 900 cm - 1 above the experimental data and 1000 cm - 1 above the 
eigenvaluee coming from the Davidson diagonalization. It should also be noticed that the error 
onn the 4p2 perturber is fairly large also (nearly 500 cm - 1 ) . We notice that when there is strong 
interactionn between low lying bound states also the interaction with the continuum can usually 
nott be neglected. We believe that this interaction, which is not included in "the square part", 
iss the reason for the results obtained here as explained in the next section. 

3.44 Analysis 

Thee results presented in tables 3.2, 3.3 and 3.4 have a surprising consequence. Golub and van 
Loann (1989) shows that adding an extra row to A means that the lowest singular value becomes 
smallerr and the largest singular value larger. This behaviour can be seen in all the examples 
wheree the largest singular value becomes larger and larger when p increases. In fact, in most 
casess the largest singular value is larger than the largest eigenvalue of the square matrix. For the 
twoo triplet series the difference is not large and can be excused on the basis of that the Davidson 
approachh also is an approximation to the correct diagonalization. This is not the case for the 
*Dee series where the largest eigenvalue (i.e. lowest state) is much larger than the Davidson value 
which,, in addition, is closer to experiment. On the other hand, it could be assumed on the basis 
off the relation between eigenvalues and singular values that the singular values should become 
equall to the eigenvalues when p -)> q. Thus we have what appears to be a contradiction. We 
believee that the reason is associated with the use of a discretized continuum in the B-spline 
approach.. We noted above that most high bound states and all continuum states are left out 
off the square part of the A matrix. Since all singular values are positive, it can be seen that 
inn principle bound and "discretized" continuum singular values can be mixed although we have 
prohibitedd the occurrence of singular values associated with the continuum by our choice of "the 
squaree part" of A. In normal diagonalizations this would not be a problem since we can make all 
eigenvaluess positive (or negative) by adding a suitable constant to the diagonal matrix elements. 
Thiss will not change the eigenvalue spectrum and also not change the eigenvalue spectrum of 
HH22.. However, numerical experiments show (cf. appendix I, page 178) that this behaviour is not 
obeyedd by the eigenvalues of AAT, say, compared to the singular values of A. The example in 
appendixx I also reproduces the result obtained for the 1D e series, namely that the singular values 
aree larger than the eigenvalues of the AAT matrix and in fact also larger than the eigenvalues 
off the square A matrix. 

Thee solution to the apparent contradiction mentioned above appears therefore to be the 
following.. If p is increased to include discretized continuum states, the corresponding singular 
valuess will be mixed in-between the singular values for the bound states and when the energy 
off the continuum state is large enough the largest singular value will no longer correspond to a 
boundd state and the theorem mentioned by Golub and van Loan (1989) will no longer apply to 
thee lowest bound state energy which therefore can decrease towards the real eigenvalues. 
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3.55 Conclusions 

Byy comparing the energies from the Davidson diagonalization and from the SVD method for the 
threee different cases, it appears that the latter provides a very fast way to compute energies for 
slightlyy correlated systems but for strongly correlated systems the method is less useful. We have 
shownn that when a discretized continuum approach is used, the SVD has the annoying property 
thatt the singular values are larger than the real eigenvalues. The SVD therefore appears to be 
betterr converged (lower in energy) than it actually is. It is well known that when there is strong 
interactionn between a Rydberg series and a perturber the interaction can lead to a considerable 
rearrangementt of the basis states in the Rydberg series. One consequence of the rearrangement 
cann be a substantial admixture of Rydberg states associated with the continuum into the lower 
boundd states. In such a case the SVD can be expected to lead to erroneous results, as found above 
forr the 1D e series. It is not possible to get around the problem without including at least a part 
off the continuum in "the square part" of A and if that is done the largest singular values will not 
anyy longer necessarily correspond to the lowest eigenvalues (i.e. bound states). We have shown 
thatt adding a constant to the diagonal energies does not solve the problem without including 
(partt of) the continuum. However, the example in appendix I indicates that how large a part of 
thee continuum must be included the might depend on whether the diagonal values are shifted 
orr not. More work is required to find the answer to this question. 
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4.11 Introductio n 

Thee obvervation of core-excited states in Li I dates from 1923 when Mohler (1923) reported a 
linee at 2934 A which much later was identified as the (ls2s3S )3s 4S e - (ls2s3S )2p 4P° transition 
(Feldmann and Novick 1963, Hol0ien and Geltman 1967) but it was mainly the development of 
beam-foill spectroscopy in the late sixties that gave the impetus to a large number of experimental 
andd theoretical investigations. The early history has been nicely summarized by Mannervik 
(1989).. These studies mainly concern singly core-excited states which are characterized by a 
singly-occupiedd Is shell. 

Forr Li I, the study of doubly and triply core-excited states, in which the Is shell is empty, 
iss of more recent origin even if the pioneering works of Bruch et al (1975b) and Rodbro et 
alal (1979), who identified the 2s22p 2P° term, date from the late seventies. The very recent 
improvementss in experimental techniques for measuring highly-excited few-body systems (see 
forr example Kiernan et al 1994 and Azuma et al 1995) have led to a revival of experimental 
andd theoretical studies not only for doubly-excited two-electron systems (Rost et al 1997) but 
alsoo for multiply-excited three-electron systems. In 1994, multiply core-excited states, also called 
"hollow""hollow" states, of Li I were observed in a plasma device by Kiernan et al (1994), while later 
severall experimental studies using synchrotron radiation have been published, especially by 
Azumaa et al (1995, 1997) and Wuilleumier and coworkers (Diehl et al 1996, 1997a, 1997b, 
2000a,, 2000b) where the latter showed, in particular, the improvement in resolution that can 
bee obtained from the third generation storage rings such as the Advanced Light Source (ALS) 
inn Berkeley. Since these states have large non-radiative decay rates, detection have relied on 
photoabsorptionn (Kiernan et al 1994, 1995) and detection of photoions (Azuma et al 1995, 1997) 
orr electrons (Diehl et al 1996, 1997a, 1997b, 2000a, 2000b). 

Onn the theoretical side, highly accurate calculations have been reported by Chung and Gou 
(1995,, 1996) who applied a combination of the saddle-point and the complex-rotation method 
(thee abbreviation SP will be used to refer to this approach) to lithium. At the same time, Bachau 
(1996),, who was particularly interested in determining non-radiative decay probabilities, pub
lishedd results for triply-excited states in N V using a B-spline based approach. This approach 
hadd already been shown to give a very accurate description of level energies as well as autoion-
izationn widths of doubly-excited He-like systems (van der Hart and Hansen 1992a, 1992b) and 
firstfirst applications to three-electron systems had been published by the same authors (van der 
Hartt et al 1993). 

Inn this work, we present the first extended study of the 2121'nl" series with n > 2 and of 
3/3/'nl""  states (with n > 3) for all LS symmetries with L < 2 using a B-spline based approach. We 
reportt energies together with total Auger widths while partial widths are reported for 2121'nl" 
statess only. The existence of accurate experimental and theoretical results offers an excellent 
opportunityy for studying the accuracy of the B-spline approach for highly-excited three-electron 
systems.. For the 2121'nl" spectrum, we have extended the calculations reported by Chung and 
Gouu (1995, 1996) who studied the lowest (or two lowest) state(s) of the 2S e , 2P e , 2D e and 2D° 
seriess in addition to a more detailed study of the 2P° series, this symmetry being the only one 
thatt can be reached directly from the ground state with photon excitation. Nevertheless, since 
statess of other symmetries have been observed, for example the identification of the 2s(2p2 lD) 
2D ee state in Li I was reported by Cubaynes et al (1996), it seems useful to extend the calculations 
too other symmetries. 

Thee study of 3/3/'n/" levels has been motivated by the recent experiments performed by 
Azumaa et al (1997) and Diehl et al (1997a). 
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4.22 Theoretical background 

4.2.11 Description of hollow states 

S-splinee basis sets have, as already mentioned, been used very successfully for describing (pseudo) 
two-electronn and (pseudo) three-electron systems (van der Hart and Hansen 1992a, 1992b, van 
derr Hart et al 1993, Bachau 1996, Hansen et al 1999). The approach is based on the use of a 
B-splinee basis to determine a set of atomic orbitals which are then used in subsequent CI calcula
tions.. Since many of the core-excited states are instable resonances (quasi-bound states), when 
diagonalizingg the non-relativistic hamiltonian matrix, the truncated diagonalization method, 
TDM,, is used. In this approach, described in more detail in section 1.3.3.3 (page 28), open-
channelss (i.e. series of csf's associated with ionization limits located below the hollow states) are 
neglectedd in the hamiltonian and therefore the energies and wavefunctions of the hollow states 
correspondd to the lowest eigenpairs of the matrix. This means that the iterative Davidson scheme 
(Davidsonn 1975) can be used to diagonalize the hamiltonian matrix and therefore large matrices 
cann be treated. The energy shift due to the neglect of the open-channels in the hamiltonian 
matrixx (equation 1.86, page 33) is computed in a later step, using perturbation theory. 

Itt is mentioned in section 1.2.2 (page 15) that the accuracy of the S-spline method is depen
dentt on the choice of the parameters involved in the mathematical definition of the Ö-spline basis 
sett (equations 1.2 and 1.3, page 12). Among these parameters, the knot point sequence (distri
butionn pattern of the basis functions) is the most important. In the present chapter, 22 splines 
off order 7, distributed exponentially over a 80 au box, are used for describing the quasi-bound 
states.. The restriction to a rather low number of basis functions for describing core-excited states 
iss connected with the very large number of csf's involved in the CI expansions which can easily 
increasee to more than 100000 (cf. table 1.2, page 29) when the coupling schemes listed in table 
1.33 (page 30) are included in the calculations. 

Thee distribution of the basis functions, determined by the knot sequence, can be tailored 
too the problem by increasing the B-spline density in those regions of the box where the orbitals 
varyy fast. Therefore, because low n orbitals are the most important for quasi-bound states, an 
exponentiall distribution has been chosen and the large number of splines close to the nucleus 
ensuress the effective completeness of the basis in this particular region of the box (Landtman 
andd Hansen 1993). 

Previously,, it was shown that the use of a HF basis instead of a hydrogenic basis has compu
tationall advantages in calculations for more than two electrons (cf. section 1.4.2, page 36), most 
importantlyy a better stability of the total energies. In the present work, the atomic orbitals used 
forr describing the multiply-excited states are set up outside a frozen HF core (respectively 2s2 

andd 3s2 for 2121'nl" and 3131'nl" states) for which the orbitals have been optimized on the 2s2 or 
thee 3s2 xS e level in Li II. Then, for each / value, a set of orbitals, the number being determined 
byy the number of splines, is built outside the two-electron core, using a version of the frozen core 
HFF code developed by Landtman et al (1993) and improved by Kessler (1996). This choice of 
thee frozen core is of course somewhat arbitrary because, for example, the 3p orbital belonging 
too the 3s2 3p 2P° state is better described using a 3s2 core than the 3p in the 3s3p2 2 P e state but 
thee former 3p is still considerably closer to the physical (spectroscopic) 3p for the latter term 
thann a hydrogenic 3p is. It has also been checked that, for 2121'nl" states, the use of a common 
basiss to describe all symmetries has little influence on the position of the energy levels which 
aree shifted by 0.02 eV or less when different basis sets (HF and hydrogenic) are used, thereby 
givingg an estimate of the error in the present calculations. 
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4.2.22 Descr ipt ion of cont inuum states 

Thee description of Auger processes requires the computation of the interaction between hollow 
andd continuum states. Because, in this case, we are interested in a particular continuum state 
(inn principle the state degenerate in energy with the hollow state), the effective completeness of 
thee basis is not the pertinent property. Instead, since the continuum states in the exponential 
basiss represent averages over a particularly large region of energy, a basis giving a more direct 
relationn between the energy of the continuum electron and its wavefunction has been defined. 
Thiss is done, in the present work, by increasing the number of splines from 22 to 141 and by 
changingg their distribution pattern, keeping the size of the box fixed. This larger basis must be 
ablee to describe both bound and continuum electrons and, for this purpose, the box is divided 
intoo two parts. 21 splines are exponentially distributed in the inner part, the first 2 au, while 
thee remaining 120 5-spIinesare linearly distributed over the rest of the box. This ensures a good 
descriptionn of the low n orbitals of the target state (also called ionization limit) and, in the 
samee time, of the discretized continuum state. The other parameters, such as the order of the 
S-splinesandd the choice of coupling schemes included in the calculation, have been kept identical 
too those chosen for the smaller basis. 

Because,, in the present work, each target state is described by a single configuration wave-
function,, the choice of the orbital basis must be made with care. For computing the decay rate 
off 2121'nl" states, the choice of a frozen Is core, taken from a calculation for Is2, to build the HF 
basiss is found to give accurate results because most target states are of the type lsnl which, due 
too the small spatial overlap between the two electrons, means that correlation effects are small 
andd a monoconfigurational approximation consequently quite accurate. This argument applies 
too all open-channels except Is2 for which correlation effects have been reduced by chosing this 
statee as basis for the optimization of the Is orbital. However, for the 3131'nl" states the situation 
iss more complex. These states are decaying to lsnl, 2snl and 2jml ionization limits and pref
erentiallyy to the latter two limits which are less easy to describe accurately than the first one 
forr low n values in so far as the two electrons are much closer to each other and therefore more 
sensitivee to correlation effects. In addition, the presence of limits close to each other leads to 
neww possibilities for correlation such as the well known strong interaction between the 1Se terms 
inn 2s2 and 2p2. Therefore, two types of basis sets, A and B, have been tried. In A, a common 
basiss built on the 2s2 configuration is set up while in B five different basis sets, corresponding 
too different types of target states, are used. Basis A is similar to that used for 2121'nl" states 
whilee in basis B, the five different basis sets are built respectively on 2sns, 2snp, 2snd, 2pnp 
andd 2pnd, where the 2s and the 2p orbitals are obtained by a HF calculation on the lowest 2/3/' 
configurationn (i.e. minimizing the average energy for 2s3p in the case of the 2snp basis) while 
forr the 2/nf ionization limits, the 2s and the 2p orbitals have been chosen to be identical to 
thosee used to set up the 2snd and 2pnd basis. Basis B gives a better description, particularly 
forr the 2/3/' limits which are important for the decay of 3/3Z'3/" states. However, the remaining 
errorss are still expected to be larger than for the lsnl limits and therefore the accuracy of the 
totall autoionization widths is expected to be worse for 3Z3Z'nZ" states and for the same reason 
wee do not report partial widths here. Nevertheless, because the errors in the partial widths are 
expectedd to, at least partially, cancel each other, the total widths reported here for the ZlZl'nl" 
statess should be quite accurate. 

Thee single configuration description of the ionization limits implies that, for computing 
continuumm states, only the correlation connected with the third electron is taken into account. 
Thiss means that if, for example, the angular momentum of the continuum electron is different 
fromm those associated with the core electrons, a hamiltonian matrix of size 141 x 141 is computed 
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andd fully diagonalized. This allows to define different continuum wavefunctions for each target 
statess using the same basis functions. 

Thee use of different basis sets for describing the quasi-bound and continuum states necessi
tatess the inclusion of non-orthogonalities in the calculation of Auger rates. In the present work, 
thee restriction to three-electron systems allows the use of a straightforward method in which each 
integrall is multiplied by an overlap factor between the spectator electrons (Hibbert et al 1988). 
Thiss approach is conceptually simple but quite time consuming because the number of Slater 
andd single electron integrals that needs to be calculated is much larger than in the orthogonal 
case. . 

4.2.33 Interaction wit h the continuum 

Thee interaction of quasi-bound states with degenerate continua is responsible for autoionization 
(Augerr processes). In this process, which, is responsible for the decay of core-excited states in 
lightt elements, an outer electron fills an inner-hole while another, the Auger electron, leaves the 
atomm (or ion) carrying an energy equal to the energy difference between the hollow state and 
thee ionization limit. The speed of the process is reflected in the width of the energy distribution 
forr the Auger electron. The method used in the present work to calculate Auger rates, called 
thee space partition approach, is based on a extension of the Feshbach formalism (Feshbach 1958, 
1962)) which has been used successfully for doubly-excited two-electron systems (van der Hart 
andd Hansen 1992b). However, we note that approximations cannot be avoided for three-electron 
systems.. The approach, similar to that used by van der Hart and Hansen (1992b), is based on 
leavingg out open-channels of the hamiltonian when computing the quasi-bound wavefunctions. 
Thee influence of the open-channels on both the energy (cf. section 1.3.5.1, page 33) and the 
decayy process (cf. section 1.5.2, page 39) are computed afterwards using perturbation theory. 
Maciass and Riera (1988) have derived Fermi's golden rule (see for example Merzbacher 1961) 
forr a discretized continuum approach such as ours, 

rr  = 2np(E) |< <j> r | H | ME) > | 2 (4.1) 

wheree p(E), which denotes the density of continuum states {ipc) at a energy E, is given by 

p(E)p(E) =  2 . (4.2) 

Ass the use of a discretized continuum does not automatically ensure a continuum state 
withh the proper energy, an interpolation procedure is used to estimate the bound-continuum 
interactionn at resonance (cf. equation 1.98, page 39). 

Whenn the excited state is lying above several ionization limits, the width is assumed to 
bee equal to the sum of decays to each channel independently, neglecting continuum-continuum 
interactions.. For Li I, Chung and Gou (1995, 1996) have found that this approximation is very 
accuratee for 2121'nl" states which lie above an infinity of limits, as mentioned later. 

4.33 Energies 

Energyy level values and total autoionization widths of doubly and triply core-excited terms are 
listedd in tables 4.1 and 4.4 for, respectively, 2121'nl" and 3131'nl" states. The energy values, 
givenn in eV, are computed by diagonalizing the non-relativistic hamiltonian matrix and adding 
thee relativistic corrections (Darwin and mass correction terms, cf. equations 1.88, 1.89 and 1.90, 
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Tablee 4.1: Relativistic energies and total Auger rates for the lowest 2121'nl" states obtained 
inn this work. No Auger rate has been reported for the 2S° and 4S° states because, in the LS 
approximation,, these two series are not allowed to decay to the IsnZ limits. The energies (in eV) 
aree computed with respect to the ls22s state. The Auger widths are in meV. 

LSLS State 

2s(2p21S) ) 
(2s21S)3s s 
(2s2lS)4s s 
(2s2p3P)3p p 
(2s21S)5s s 
(2s21S)6s s 
(2s21S)7s s 

2pe e 

2s(2p 2 3P) ) 
(2s2p3P)3p p 
(2s2p3P)4p p 
(2s2p3P)5p p 
(2s2p3P)6p p 
(2s2p3P)7p p 
(2p 2 3P)3s s 

2D e e 

2s(2p2 1D) ) 
(2s21S)3d d 
(2s2p3P)3p p 
(2s21S)4d d 
(2s21S)5d d 
(2s21S)6d d 
(2s2p3P)4p p 

4ge e 

(2s2p3P)3p p 
(2s2P

3P)4p p 
(2s2p3P)5p p 
(2s2p3P)6p p 
(2s2p3P)7p p 
(2s2p3P)8p p 
(2s2p3P)9p p 

4pe e 

2s(2p22 3 P ) 
(2s2p3P)3p p 
(2s2p3P)4p p 
(2s2p3P)5p p 
(2s2p3P)6p p 
(2s2p3P)7p p 
(2s2p3P)8p p 

4D e e 

(2s2p3P)3p p 
(2s2p3P)4p p 
(2s2p3P)4f f 
(2s2p3P)5p p 
(2s2p3P)5f f 
(2s2p3P)6p p 
(2s2p3P)6f f 

Energy y 

146.509 9 
148.793 3 
150.256 6 
150.496 6 
150.854 4 
151.094 4 
151.261 1 

146.968 8 
149.713 3 
151.112 2 
151.635 5 
151.874 4 
152.034 4 
152.171 1 

144.787 7 
150.010 0 
150.218 8 
150.740 0 
151.064 4 
151.215 5 
151.277 7 

150.105 5 
151.241 1 
151.692 2 
151.905 5 
152.067 7 
152.267 7 
152.524 4 

142.549 9 
150.100 0 
151.248 8 
151.696 6 
151.891 1 
151.931 1 
152.074 4 

149.873 3 
151.172 2 
151.526 6 
151.665 5 
151.830 0 
151.890 0 
151.985 5 

Width h 

77.66 6 
131.62 2 
130.59 9 
35.88 8 

136.38 8 
135.86 6 
134.29 9 

53.18 8 
13.30 0 
11.79 9 
11.61 1 
11.55 5 
11.61 1 
12.48 8 

97.10 0 
138.18 8 
35.60 0 

148.40 0 
148.64 4 
137.57 7 
33.90 0 

13.13 3 
12.26 6 
12.04 4 
11.94 4 
11.86 6 
9.67 7 
3.96 6 

15.46 6 
10.44 4 
9.93 3 
9.70 0 
5.73 3 
5.58 8 
9.50 0 

10.67 7 
10.12 2 
12.04 4 
9.93 3 

10.86 6 
9.84 4 

10.18 8 

LSLS State 
' 'S0 0 

(2p 2 3P)3p p 
(2p 2 3P)4p p 
(2p 2 3P)5p p 
(2p 2 3P)6p p 
(2p 2 3P)7p p 
(2 P

2 3 P)8p p 
(2p 2 3P)9p p 

2po o 

(2s21S)2p p 
2P3 3 

(2s21S)3p p 
(2s2p3P)3s s 
(2s21S)4p p 
(2s2p3P)3d d 
(2s 2 IS)5p p 

2Do o 

2p3 3 

(2s2p3P)3d d 
(2s2p3P)4d d 
(2s2p3P)5d d 
(2s2p3P)6d d 
(2s2p3P)7d d 
(2s2p3P)8d d 

4So o 

2 P
3 3 

(2p 2 1P)3p p 
(2p 2 1P)4p p 
(2p 2 1P)5p p 
(2p 2 1P)6p p 
(2p 2 1P)7p p 
(2p 2 1P)8p p 

4po o 

(2s2p3P)3s s 
(2s2p3P)3d d 
(2s2p3P)4s s 
(2s2p3P)4d d 
(2s2p3P)5s s 
(2s2p3P)5d d 
(2s2p3P)6s s 

4Do o 

(2s2p3P)3d d 
(2s2p3P)4d d 
(2s2p3P)5d d 
(2s2p3P)6d d 
(2s2p3P)7d d 
(2s2p3P)8d d 
(2s2p3P)9d d 

Energy y 

152.061 1 
153.395 5 
153.891 1 
154.135 5 
154.298 8 
154.494 4 
154.746 6 

142.274 4 
148.762 2 
149.252 2 
149.847 7 
150.483 3 
150.917 7 
150.941 1 

146.915 5 
150.729 9 
151.472 2 
151.813 3 
151.982 2 
152.139 9 
152.339 9 

146.256 6 
152.509 9 
153.541 1 
153.958 8 
154.172 2 
154.336 6 
154.544 4 

149.373 3 
150.802 2 
151.020 0 
151.490 0 
151.594 4 
151.809 9 
151.855 5 

150.620 0 
151.424 4 
151.777 7 
151.952 2 
152.104 4 
152.269 9 
152.386 6 

Width h 

115.34 4 
63.90 0 

127.81 1 
38.05 5 

146.31 1 
68.84 4 
92.42 2 

87.28 8 
15.77 7 
13.51 1 
12.67 12.67 
12.36 6 
12.66 6 
12.09 9 

9.95 5 
9.58 8 
9.62 2 
9.44 4 
9.44 4 
9.45 9.45 
9.44 4 

9.14 4 
9.27 7 
9.22 2 
9.16 6 
8.69 9 
5.00 0 
2.90 0 



4.33 Energies 97 7 

pagee 34) and the energy shift (cf. equation 1.86, page 33), using perturbation theory. The energies 
listedd in the tables are given relative to the relativistic ground state, located at -7.478678 au 
(Chungg 1991), which is the value used by Chung and Gou (1995). The factor used for converting 
thee energies from au to eV, 27.20927, has also been taken from Chung and Gou to allow easy 
comparisonn with their work. 

4.3.11 2121'nl" s ta tes 

Thee analysis of the experimental 2121'nl" spectra rely to a large extent on theoretical predictions 
whichh have been performed with various degrees of accuracy. However, the only purely ab initio 
results,, in addition to the present ones, are the SP calculations reported by Chung and coworkers 
(Chungg and Gou 1995, 1996, Zhang and Chung 1998) and the MCDF calculations reported by 
Azumaa et al (1997), where the latter include only a limited amount of correlation. Other results 
alll include semi-empirical corrections. For example, Berrington and Nakazaki (1998), who used a 
modifiedd R-Matrix approach, have shifted all energies by 0.20 eV in order to compensate for the 
lackk of correlation of the Is2 state. However, tables 4.2 and 4.3, in which the B-spline energies 
aree compared with experimental and theoretical data, show that although this shift brings the 
2s22pp 2P° term into very good agreement with experiment, the 2p3 2P° term energy reported by 
Berringtonn and Nakazaki, when corrected by the same amount, is lying outside the experimental 
errorr limits defined by Diehl et al (2000b) while the (2s2 lS )3p 2P° term is lying below the B-
splineandd SP predictions. A difference of the same size is also found for the R-Matrix calculations 
off Zhou et al (1999) who computed inner-shell photoionization of the ls22p and ls23p 2P° states 
inn Li I with essentially the same basis set as Berrington and Nakazaki. They report a large 
numberr of energies for 2S e , 2P* and 2D e doubly core-excited states and most energies are lying 
aboutt 0.20 eV lower than the ö-spline values. In the work of Zhou et al (1999), the difficulties 
involvedd in shifting all values by the same amount can be exemplified by the 2s2p2 2S e and 2 P e 

statess which "unshifted" are found to be in agreement with the B-splineor the SP result. 

Mostt other calculations include only a limited amount of correlation and we will only com
mentt briefly on these results. In the following, the discussion of table 4.2 which contains the 
mostt accurate experimental measurements reported so far is combined with the comparison of 
thee theoretical results listed in table 4.3. 

Mostt studies reported a value for the energy of the lowest 2P° term, 2s22p, for which more 
thann ten results are known from theory and experiment. It is obvious, from table 4.2, that 
thee agreement between the experimental data, for which the largest difference is 0.10 eV, is 
betterr than the agreement between the theoretical energies that have a maximum difference of 
0.655 eV, which clearly illustrates the difficulties involved in performing accurate calculations 
forr such highly-excited states. Considering the theoretical results, the MCDF and the CIHF 
calculationss performed by Azuma et al (1995) and Kiernan et al (1994) who reported energies 
off 141.66 and 141.90 eV, respectively (the latter is not listed in table 4.3), are found to be in 
disagreementt with other data by about 0.6 and 0.4 eV. This is attributed to a lack of correlation. 
Inn a later work, Kiernan et al (1995) used the CIHF method again (cf. table 4.3) but, this 
time,, each series member was shifted in order to fit the lowest energy observed by Kiernan et 
alal (1994), making use of the fact that it is easier to calculate relative than absolute energies. 
Consideringg the experimental results, 142.30 eV is the only energy value which agrees with all 
observations.. However, both the SP and the B-spline results show some preference for the two 
latestt measurements performed by Journel et al (1996), 142.25  0.05 eV, and Diehl et al (1996), 
142.288  0.03 eV, indicating that the true value probably is slightly lower. 

Thee second lowest 2P° term, 2p3, is the lowest perturber of the ssp series. Table 4.3 illustrates 
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thee difficulty in localizing a perturber theoretically when it, as in this case, is spread over several 
states.. The theoretical energies vary from 148.44 eV for the MCDF calculation of Azuma et 
alal (1995) to 148.93 eV using the CIHF method (Kiernan 1995) but the 5-splineand the SP 
energiess are the only theoretical predictions in agreement with the latest experimental data, 
reportedd by Diehl et al (2000b) who reported the smallest error limits so far. We note that for 
thee 2p3 state, for which a large mixing is found (56 % p 3 and 39% ssp), the discrepancy in energy 
betweenn the two approaches has its maximum for the 2P° symmetry. Morishita et al (1998) have 
usedd the hyperspherical approach to try to visualize the correlation in the n = 2 intrashell terms 
off which the 2p3 2P° is one. However, this state is only 65 % pure in n = 2 components in our 
calculation.. The influence of other states is thus very substantial and we note that Morishita et 
alal mention that the internal structure of the states depends sensitively on the approximations 
madee in the calculation of the wavefunctions. 

Forr the third lowest state of the series, 2s23p 2P°, no experimental energy is known. According 
too Chung and Gou (1996), Kiernan et al (1995) and the present work, the state is expected to 
bee located close to 149.25 eV. 

Forr the (2s2p3P )3s 2P° state, the experimental results obtained by Kiernan et al (1995) and 

Tablee 4.2: Energy level values obtained in recent experiments for the lowest 2121'nl" and 3/3/'n/" 
levels.. All values are given in eV. 

LS LS 
2po o 

2 D e e 

4go o 
2pe e 
2po o 

State e 
(2s21S)2p p 
2p3 3 

(2s2p3P)3s s 
(2s2p3P)4s s 
2s(2p21D) ) 
2p3 3 

2s(2p22 3 P ) 
(3s21S)3p p 

B-spline e 
142.274 4 
148.762 2 
149.847 7 
151.116 6 
144.787 7 
146.256 6 
146.968 8 
175.136 6 

Experimentall values 
142.32(5)° ° 

144.77(5)* * 
146.25(3)' ' 
146.93(5)' ' 

142.25(5)* * 

149.83(5)" " 
151.12(5)" " 

146.253(3)* * 

142.33(3)c c 

148.77(5)c c 

149.91(3)c c 

142.35(10)° ° 
148.70(10)° ° 
149.79(10)° ° 

175.25(10)e e 

142.28(3)' ' 
148.75(4)' ' 
149.98(4)' ' 
151.25(4)' ' 

175.16(5)9 9 

aa Kiernan et al (1994), dual plasma technique. 
66 Journel et al (1996), EUV synchrotron radiation. 
cc Kiernan et al (1995), dual plasma technique. 
dd Azuma et al (1995), EUV synchrotron radiation. 
ee Azuma et al (1997), EUV synchrotron radiation. 
'' Diehl et al (1996), EUV synchrotron radiation. 
99 Diehl et al (1997a), EUV synchrotron radiation. 
hh Azuma (1998), EUV synchrotron radiation. 
** Cubaynes et al (1996), EUV synchrotron radiation. Energies reported relative to ls22p. The 
energiess given here are obtained by adding the ls22s - ls22p energy difference from the NIST 
compilationn (http://www.nist.org). 
JJ Agentoft et al (1984), beam-foil spectroscopy. 
** Mannervik et al (1989), beam-foil spectroscopy. 
Thee energies measured by Agentoft et al (1984) and Mannervik et al (1989) are obtained 
byy adding the theoretical ls22s 2 S e - ls2p2 4 P e energy difference. The SP value reported by 
Agentoftt et al (1984) has been used for the latter. 
'' Diehl et al (2000b), EUV synchrotron radiation. 

http://www.nist.org
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Tablee 4.3: Energy level values obtained in recent calculations for the lowest 2121'nl" and ZlZl'nl" 
levels.. All values are given in eV. 

LS LS 
2S° ° 

2S e e 

2po o 

2pe e 

2 D o o 

2 D e e 

4go o 

4po o 

4pe e 

2po o 

State e 

(2p 2 3P)3p p 

2s(2p21S) ) 

(2s21S)3s s 
(2s21S)4s s 
(2s2p3P)3p p 
(2s21S)5s s 
(2s21S)6s s 
(2s21S)7s s 

(2s21S)2p p 
2 P

3 3 

(2s21S)3p p 
(2s2p3P)3s s 
(2s21S)4p p 
(2s2p3P)3d d 
(2s21S)5p p 
(2s2p3P)4s s 
(2s21S)6p p 
(2s21S)7p p 

2s(2p 2 3P) ) 

(2s2p3P)3p p 
(2s2p3P)4p p 
(2s2p3P)5p p 
(2s2p3P)6p p 
(2s2p3P)7p p 
(2p22 3 P )3s 

2p3 3 

2s(2p21D) ) 

(2s21S)3d d 
(2s2p3P)3p p 
(2s21S)4d d 
(2s21S)5d d 
(2s21S)6d d 

2p3 3 

(2p 2 3P)3p p 
(2p 2 3P)4p p 

(2s2p3P)3s s 

2s(2p 2 3P) ) 
(2s2p3P)3p p 

(3s21S)3p p 
3p3 3 

(3s3p3P)3d d 

B-spline e 

152.064 4 

146.509 9 

148.793 3 
150.256 6 
150.496 6 
150.854 4 
151.094 4 
151.261 1 

142.274 4 
148.762 2 
149.252 2 
149.847 7 
150.483 3 
150.917 7 
150.941 1 
151.116 6 
151.183 3 
151.346 6 

146.968 8 

149.713 3 
151.112 2 
151.635 5 
151.874 4 
152.034 4 
152.171 1 

146.915 5 

144.787 7 

150.010 0 
150.218 8 
150.740 0 
151.064 4 
151.215 5 

146.256 6 
152.509 9 
152.541 1 

149.373 3 

142.549 9 
150.100 0 

175.136 6 
176.733 3 
178.017 7 

SP P 

146.480" " 

148.788m m 

150.258m m 

150.494m m 

142.255° ° 
148.729° ° 
149.241° ° 
149.846° ° 
150.480° ° 
150.917° ° 
150.947° ° 
151.119° ° 
151.203° ° 
151.349° ° 

146.923° ° 

149.713° ° 

152.126™ ™ 

146.917° ° 

144.762° ° 

149.992"1 1 

150.207™ ™ 

146.257* * 

142.553° ° 
150.106° ° 

175.12e e 

176.74e e 

177.88e e 

CI* * 

152.060 0 

146.251 1 
152.513 3 
153.545 5 

R-Matrixft t 

146.48J J 
146.61 1 
148.82 2 

142.30 0 
148.81 1 
149.22 2 
149.86 6 

146.85' ' 
147.01 1 

151.23 3 

146.99 9 

144.6P P 
144.82 2 
151.10 0 

146.30 0 

149.41 1 

142.59 9 

174.900 ' 

R-Matrix' ' 

146.534 4 

148.632 2 
150.064 4 
150.337 7 
150.600 0 
150.855 5 
151.001 1 

142.20* * 
148.68* * 
149.01* * 
149.70* * 

150.97* * 

146.910 0 

149.548 8 
150.943 3 
151.454 4 
151.705 5 
151.845 5 

144.661 1 

149.826 6 
150.045 5 
150.484 4 
150.798 8 
150.968 8 

CIHFC C 

142.32 2 
148.93 3 
149.25 5 
149.83 3 

MCDF' ' 

141.66 6 
148.44 4 
148.92 2 
149.19 9 
150.01 1 

174.14° ° 
176.07° ° 
177.39° ° 
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Tablee 4.3 continued 

°° Chung and Gou (1995, 1996) using the SP method including some relativistic corrections. 
66 Journel et al (1996) using the R-Matrix approach. 
cc Kiernan et al (1995) using a CIHF method. Energy are reported relative to the 2s22p 2P° 
statee normalized to the experimental value reported by Kiernan et al (1994). 
dd Azuma et al (1995) using a MCDF approach. 
cc Diehl et al (1997a) using the SP method including relativistic corrections. The second and 
thirdd states are expected to be less accurate than the lowest 2P° term. 
'' Diehl et al (1997a) using the R-Matrix approach. 
»» Azuma et al (1997) using a MCDF method. 
hh Berrington and Nakazaki (1998) using a R-Matrix approach. All energies were shifted by 0.20 
eVV as explained in the text. 
'' Agentoft et al (1984) using the SP method including some relativistic corrections. 
ii  Cubaynes et al (1996). R-Matrix calculations relative to the ls22p 2P° term. The energies 
reportedd here are obtained by adding the ls22s 2S e - ls22p 2P° term energy difference, 1.848 
eV,, reported in the NIST compilation. 
kk Davis and Chung (1990) using the Rayleigh-Ritz variational method combined with a 
multiconfigurationall expansion. Some relativistic corrections are included. 
'' Zhou et al (1999) using the R-Matrix approach. 
mm Zhang and Chung (1998) using the SP method including some relativistic corrections. 
Energiess are reported relative to the ls22p 2P° term and the values given here are obtained by 
addingg the observed ls22s 2S e - ls22p 2P° term energy difference, 1.848 eV, reported in the 
NISTT compilation. 

Diehll et al (1996) agree on an energy of 149.94 eV, which disagrees with the works of Azuma and 
coworkerss (1995, 1998) who located the level at, respectively, 149.79  0.10 eV and 149.83  0.05 
eV,, in much better agreement with the theoretical predictions. It can be seen that, for this state 
ass well as for the previous one, the energy computed by Kiernan et al (1995), using the CIHF 
approachh is in very good agreement with both the SP and the B-spline methods, confirming the 
accuracyy of the CIHF method for relative energies. 

Beginningg with the (2s2p3P)3s term, the agreement between the S-splineand the SP ap
proachh for the rest of the 2P° series is very good, despite the fact that the wavefunctions for 
thesee high 2P° states show strong mixings between different coupling schemes. Of the higher 
memberss of the series, only the (2s2p3P)4s 2P° term has been observed by Diehl et al (1996) 
andd Azuma (1998) at, respectively, 151.25  0.04 and 151.12  0.05 eV. The latter is in per
fectt agreement with the energies obtained using the S-splineand the SP method, respectively 
151.1166 and 151.119 eV. 

Concerningg the labeling, the only difference between the i^splineand SP methods is found 
forr the two 2P° terms located at 150.92 and 150.94 eV for which the labels are reversed. With 
thee B-spline approach, the wavefunction of the lower of the two terms is found to be a mixture 
off (ss lS )p (37 %) and (sp3P)d (47 %) while for the higher state, the contributions from both 
couplingg schemes are close to 40 %. The label chosen for the latter corresponds to the largest 
mixingg coefficient which belong to the (2s2 lS )5p configuration, in agreement with the trend in 
thee Rydberg series. However, the large mixing and the low percentages of the leading eigenvector 
componentss mean that not much significance should be attached to the differences in labeling 
betweenn the two sets of results. Nevertheless, it is encouraging that the two methods give the 
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samee energy for such strongly mixed states. 
Severall states belonging to other symmetries have been observed. The 2p3 4S° term was one of 

thee first triply core-excited states to be observed in Li I (Agentoft et al 1984). The reason is that, 
sincee Auger decay is forbidden for this state in the LS approximation, observation of the photon 
decay,, which is technically easier, becomes possible. For this level, the two experimental results 
availablee agree well with each other and with the energy computed here. In both publications 
(Agentoftt et al 1984, Mannervik et al 1989), the actual observation concerns the wavelength for 
thee ls2p2 4 P e - 2p3 4S° transition and the reported energies were obtained by adding the ls22s 
2S ee -ls2p2 4 P e energy difference, computed using the SP method (Agentoft et al 1984), to the 
measuredd energy. For this state, the accuracy of the B-spline method is improved to about 0.005 
eVV which is a factor of 4 lower than the error estimated for other symmetries. The better accuracy 
iss due, in the first place, to the absence of interaction, in a non-relativistic approach, between 
thee 2p3 4S° state and any open-channel which means that the energy shift, and consequently 
ann important source of error, is absent here. Secondly, this series is found to be very pure (at 
leastt 99 %) in ppp configurations, reducing thereby the error due to second order correlation 
effectss and the near completeness of the p orbital basis then assures the accuracy of the result. 
Mannervikk et al (1989) observed two additional weak lines at 143.5 A and 142.4 A, the latter was 
proposedd as a candidate for the ls(2p3p3P) 4P° - (2p2 3 P )3p 4S° transition but the calculations 
performedd by Davis and Chung (1990), which are confirmed here, found a wavelength of 141.35 
AA for this transition while no transition has been predicted at the wavelengths observed by 
Mannervikk et al. 

Thee two other 2121'nl" states that have been observed are 2s2p2 2 P e and 2D e . For those two 
states,, the ö-spline results are lying within the experimental error limits reported by Cubaynes 
etet al (1996) while for the three 2s2p2 terms (2Se, 2 P e and 2De), the energy differences between B-
splineandd SP results are larger than for other states. For the 2 S e and 2De states, the disagreement 
iss close to 30 meV while for 2s(2p2 3 P ) 2P e , the difference between the two theoretical predictions 
iss close to the difference found for the (2p2 3 P )3s 2 P e term (45 meV) which could mean that the 
descriptionn of the 2p2 core is less accurate in one of the two approaches. For other states, the 
B-splinee and SP methods are in good agreement. 

4.3.22 3/3/'nZ" s t a t e s 

Thee computation of energies and wavefunctions for the ZlZl'nl" states is more complicated 
thann for 2121'nl". The strong interaction between different 3131'nl" series leads to very mixed 
wavefunctions.. This is illustrated by the third state in the 2P° series, (3s3p 3P )3d, for which the 
threee largest contributions to the wavefunction are very similar in size: 23.6 % (3s3p3P)3d, 19.2 
%% 3p(3d2 *D) and 17.5 % (3s2 xS)3p. From table 4.4, it is seen that the second of these basis 
statess does not give its name to any state in the 2P° series because the 3p(3d2 l D) basis state 
iss spread over the second and the third lowest states of the series but as a minority component. 
Anotherr example is the "spread" of the 3p3 2P° term over the three lowest terms of the series 
forr which the wavefunctions are found to contain, respectively, 20, 35 and 15 % 3p3 character. 

Thee extensive mixing between different configurations is also responsible for the difficulty 
inn chosing an appropriate single configuration label for many of these states. For example, the 
largestt contributions, in the HF basis, to the seventh lowest state of the 4D° symmetry, labeled 
(3s3p3P)6d,, are 29 % (3s3p3P)5d, 28 % (3p3d3D)4s and only 7 % (3s3p3P)6d. Because the 
sixthh state is about 40 % pure in (3s3p 3 P )5d, the label for the next higher state could be either 
(3p3d3D)4ss or (3s3p3P)6d. Although the former has the largest eigenvector component, the 
latterr has been chosen because of the total contributions from the (3p3d3D )nd and (3s3p3P )ns 
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Tablee 4.4: Relativistic energies and total Auger rates for the lowest ZlZl'nl" states obtained in 
thiss work. The energies (in eV) are computed with respect to the ls22s state. The Auger widths 
aree in meV. 

LSLS State 
SSe e 

3s(3p21S) ) 
(3s2lS)4s s 
(3p22S)3d d 
(3s3p3P)4p p 
(3s21S)5s s 
(3p21S)5s s 
(3s3p3P)5p p 

2pe e 

3s{3p23P) ) 
(3p23P)3d d 
3s(3d23P) ) 
(3s3p3P)4p p 
(3p23P)4s s 
(3s3pxP)4p p 
(3s3p3P)5p p 

2De e 

3s(3p21D) ) 
(3s21S)3d d 
(3p22 XD )3d 
(3p21S)3d d 
(3s3p3P)4p p 
(3p23P)3d d 
(3s3pxP)4p p 

4ce e 

(3s3p3P)4p p 
(3s3p3P)5p p 
(3s3p3P)6p p 
(3s3p3P)7p p 
(3s3d3D)4d d 
(3s3p3P)8p p 
(3s3p3P)9p p 

4pe e 

3s(3p23P) ) 
(3p23P)3d d 
3s(3d22 3P) 
(3s3p3P)4p p 
(3p23P)4s s 
(3s3p3P)5p p 
(3p23P)4d d 

4jj e e 

(3p23P)3d d 
(3s3p3P)4p p 
(3s3p3P)5p p 
(3s3p3P)6p p 
(3s3p3P)4f f 
(3s3p3P)7p p 
(3s3p3P)5f f 

Energy y 

176.430 0 
178.064 4 
178.205 5 
178.899 9 
179.055 5 
179.269 9 
179.421 1 

176.339 9 
177.013 3 
178.146 6 
178.323 3 
179.055 5 
179.103 3 
179.214 4 

175.498 8 
176.673 3 
177.460 0 
177.995 5 
178.486 6 
178.544 4 
178.658 8 

178.737 7 
179.373 3 
179.662 2 
179.822 2 
179.934 4 
180.066 6 
180.266 6 

175.109 9 
177.633 3 
178.272 2 
178.538 8 
179.023 3 
179.295 5 
179.455 5 

177.175 5 
178.424 4 
179.214 4 
179.301 1 
179.380 0 
179.605 5 
179.635 5 

Width h 

157.24 4 
177.24 4 
198.40 0 
118.03 3 
74.58 8 
92.16 6 
97.54 4 

129.44 4 
122.52 2 
119.35 5 
158.38 8 
85.14 4 

145.40 0 
98.26 6 

194.37 7 
212.55 5 
214.30 0 
273.41 1 
128.65 5 
161.10 0 
147.31 1 

65.60 0 
51.23 3 
45.38 8 
41.86 6 
40.75 5 
38.88 8 
13.29 9 

183.33 3 
161.73 3 
40.33 3 
58.76 6 
31.53 3 
49.47 7 
35.50 0 

105.66 6 
68.56 6 
47.46 6 
59.27 7 
65.23 3 
54.43 3 
48.16 6 

LSLS State 

*s° ° 
3p(3d23P) ) 
(3p23P)4p p 
(3p23P)5p p 
(3p3d3D)4d d 
(3p23P)6p p 
(3p3d1D)4d d 
(3p23P)7p p 

2po o 

(3s21S)3p p 
3p3 3 

(3s3p3P)3d d 
(3s3pxP)3d d 
(3s21S)4p p 
(3s3p3P)4s s 
(3s3p3P)4d d 

2D o o 

(3s3p3P)3d d 
(3s3pp XP )3d 
3p(3d23F) ) 
3p(3d23P) ) 
(3s3p3P)4d d 
(3p21D)4p p 
(3p23D)4p p 

4go o 

3p3 3 

(3p23P)4p p 
3p(3d23P) ) 
(3p23P)5p p 
(3p23P)6p p 
{3P3d3P)4d d 
(3p23P)7p p 

4po o 

(3s3p3P)3d d 
(3s3p3P)4s s 
3p(3d23P) ) 
(3s3p3P)4d d 
(3s3p3P)5s s 
(3p23P)4p p 
(3s3p3P)5d d 

4D o o 

(3s3p3P)3d d 
3p(3d23P) ) 
(3s3p3P)4d d 
3p(3d23F) ) 
(3p23P)4p p 
(3s3p3P)5d d 
(3s3p3P)6d d 

Energy y 

178.164 4 
179.011 1 
179.890 0 
179.966 6 
180.252 2 
180.389 9 
180.465 5 

175.136 6 
176.733 3 
178.017 7 
178.191 1 
178.256 6 
178.550 0 
178.875 5 

175.689 9 
176.716 6 
177.631 1 
178.214 4 
178.602 2 
178.854 4 
179.239 9 

176.142 2 
179.168 8 
179.352 2 
179.991 1 
180.301 1 
180.436 6 
154.336 6 

176.726 6 
178.314 4 
178.554 4 
179.008 8 
179.247 7 
179.404 4 
179.549 9 

176.636 6 
178.144 4 
178.584 4 
178.617 7 
179.202 2 
179.343 3 
179.574 4 

Width h 

50.11 1 
42.20 0 
15.08 8 
22.08 8 
10.85 5 
31.59 9 
7.76 6 

354.50 0 
399.82 2 
250.16 6 
201.37 7 
103.61 1 
70.81 1 
95.83 3 

448.15 5 
355.80 0 
182.16 6 
190.30 0 
75.62 2 
65.75 5 
65.14 4 

3.28 8 
47.21 1 
18.81 1 
26.40 0 
10.59 9 
18.67 7 
6.85 5 

59.19 9 
72.59 9 
42.37 7 
48.41 1 
47.51 1 
38.89 9 
39.64 4 

129.10 0 
53.69 9 
59.59 9 
85.58 8 
42.10 0 
53.99 9 
68.58 8 
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series,, the former is slightly larger (38 vs 31 %). 
Problemss also occur when computing the energy shift for the 3/3/'n/" states." As already 

pointedd out in the introduction of this thesis, the amplitude of the energy shift is strongly basis 
dependentt and, for example, when hydrogenic orbitals are used, the shift of the 3s23p 2P° state 
iss close to 0.06 eV while it is reduced to about 0.01 eV in a HF basis, justifying our choice of 
basis.. However, in several cases, even when a HF basis is used, the shift was found to be very 
large.. The 2P° series is one of the few examples for which the agreement between calculations 
performedd using the two different basis (hydrogenic and HF) is good, as illustrated by the 3s23p 
termm for which the total energy, using an hydrogenic basis, is found to be 175.155 eV which 
differr by only 20 meV from the result listed in table 4.4. This energy difference indicates the 
accuracyy of the present calculations. Agreement between the two sets of results has also been 
foundd for the members of the 4P° and 2S° series. The large energy shifts for other series such 
ass 2 P e , 2S e , 4D e and 2D° were found to be associated with only a few states, like (2p2 3 P )3p in 
thee case of the 2D° series. 

Thee importance of these states has been studied using a small basis set in which all csf's 
containingg low n orbitals were included. In one approximation, all open-channels have been left 
outt (as required in the TDM) while in a second approximation, one of the quasi-bound states 
responsiblee for the large energy shift is included. The difference in energy between the two 
approximationss gives an indication of the energy shift due to the particular excited state. In 
alll cases, the latter procedure gives much smaller energy shifts than found in the perturbation 
calculation.. Consequently it has been chosen to neglect the contribution from the particular 
open-channelss in the reported energies and the expected accuracy of the series concerned (2,4Se, 
2,4pee 2,4De,o a n d 4goj jg therefore expected to be lower. 

Veryy little is known about the 3/3/'n/" triply core-excited levels and it is only recently that 
Azumaa et al (1997) and Diehl et al (1997a) have identified the lowest member of the 3/3/'n/" 
2P°° series at, respectively, 175.25 db 0.10 and 175.165  0.050 eV. This compares very well 
withh the values obtained using the SP and the B-spline methods, respectively 175.12 and 175.14 
eV,, while the R-Matrix value (174.90 eV) and the MCDF result (174.14 eV) reported by Diehl 
etet al (1997a) and Azuma et al (1997), respectively, appear to be less accurate. For the two 
lowestt states, the agreement between the B-spline and the SP approach is remarkably good (see 
tablee 4.3) while for the third state, labeled 3s3p3d, there is some disagreement probably due to 
thee presence of three states within 0.25 eV (cf. table 4.4). 

4.44 Autoionization width s 

Totall autoionization widths (in meV) for the 2121'nl" and ZlZl'rd" states are listed in tables 4.1 
andd 4.4. In table 4.5, the largest contributions to the total Auger rates are listed for each term 
reportedd in table 4.1 while table 4.9 compares total and partial widths obtained in the most 
recentt theoretical and experimental publications. Tables 4.6 and 4.7 are more detailed versions 
off tables 4.1 and 4.5 for the (2s2p3P )nl 4P° symmetry. 

4.4.11 Auto ion izat ion of 2121'nl" Rydbe rg series 

Too understand the behaviour of triply-excited Rydberg series with respect to Auger decay it 
iss instructive first to review briefly the behaviour of doubly-excited series. If we consider for 
examplee the doubly-excited states in He of the form 2lnl' which lie between the n = 1 and n — 2 
limits,, they can only decay to the Is limit in He II with the emission of a continuum electron 
withh energy c and angular momentum £ where the latter is determined by parity and angular 
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Tablee 4.5: Total widths and the largest partial widths obtained in the B-spline approach for 
doublett and quartet terms. All widths are in meV. The label in parenthesis indicates the / value 
off the continuum electron in the particular decay channel. The partial widths are listed in order 
off importance. Results for the 2P° and 4P° series. 

LSLS State 
*P°° (2s*'S )2p 

2p3 3 

(2s21S)3p p 

(2s2p3P)3s s 

(2s21S)4p p 

(2s2p3P)3d d 

(2s21S)5p p 

Channel l 
ls2p3P(s) ) 
ltfs'Sfp ) ) 
l s2p 1P(s) ) 
l s2p 3P(d) ) 
ls2s3S(p) ) 
Totall  widt h 
l s2p 3P(d) ) 
l s2p 3P(s) ) 
l s3p 3P(s) ) 
l s2p 1P(d) ) 
l s2p 1P(s) ) 
Totall  widt h 
l s3p 3P(s) ) 
ls2pp *P (s) 
l s4p 3P(s) ) 
l s2p 3P(d) ) 
ls4p1P{s) ) 
Totall  widt h 
l s4p 3P(s) ) 
l sSp 'Pfs) ) 
ls3ss lS (p) 
Totall  widt h 
l s4p 3P(s) ) 
ls5p 3P(s) ) 
M p ^ s ) ) 
l s ö p ^ s ) ) 
l s3p 3P(s) ) 
Totall  widt h 
l s6p 3P(s) ) 
l s ö p ^ s ) ) 
ls5p3P<s) ) 
l s S p ^ s ) ) 
ls4p 3P(s) ) 
Totall  widt h 
l s6p 3P(s) ) 
lsÖp^js) ) 
ls4p 3P(s) ) 
ls5p 3P(s) ) 
ls7p 3P(s) ) 
Totall  widt h 

Widt hh LS 
60.400 4 P° 
25.34 4 
17.76 6 
7.59 9 
2.61 1 

115.34 4 
24.54 4 
11.21 1 
8.25 5 
7.48 8 
3.51 1 

63.90 0 
75.82 2 
24.50 0 
12.31 1 
5.60 0 
3.96 6 

127.81 1 
7.55 5 
6.78 8 
4.89 9 

38.05 5 
51.90 0 
50.93 3 
16.69 9 
16.39 9 
5.71 1 

146.31 1 
28.46 6 
9.17 7 
8.81 1 

4.96 6 
68.64 4 
45.53 3 
14.68 8 
7.42 2 
6.73 3 
4.49 9 

92.42 2 

State e 
(2s2p3P)3s s 

(2s2p3P)3d d 

(2s2p3P)4s s 

(2s2p3P)4d d 

(2s2p3P)5s s 

(2s2p3P)5d d 

(2s2p3P)5d d 

Channel l 
ls3s3S(p) ) 
ls2s3S(p) ) 

ls3d3D(p) ) 
ls4d3D(p) ) 

ls4s3S(p) ) 
ls5s3S(p) ) 

ls5d3D(p) ) 
ls3d 3D(p) ) 

ls6s3S(p) ) 
ls5s3S(p) ) 

ls6d 3D(p) ) 
ls7d 3D(p) ) 

ls6d3D(p) ) 
l s8s 3P(p) ) 

Width h 
7.98 8 
1.17 7 

9.95 5 
4.64 4 
3.76 6 

9.58 8 
5.33 3 
2.63 3 

9.62 2 
5.73 3 
1.01 1 

9.44 4 
4.98 8 
1.98 8 

9.44 4 
4.55 5 
2.56 6 

9.45 5 
4.55 5 
1.04 4 

9.44 4 

momentumm coupling selection rules. The interaction strength is determined by a Coulomb factor 
I(2lnl',lset)I(2lnl',lset) where I stands for both direct and exchange integrals and usually comprises several 
RR integrals. In addition, I contains an angular factor (in practice one angular factor associated 
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Tablee 4.5 continued. Results for the 2P* and 4 P e series. 

LSLS State 
3P«« 2s(2p : i 3P) 

(2s2p3P)3p p 

(2s2p3P)4p p 

(2s2p3P)5p p 

(2s2p3P)6p p 

(2s2p3P)7p p 

(2p2 3P)3s s 

Channel l 
l s2p 3P(p) ) 
l s2p 1P(p) ) 
l s S d ^ f d ) ) 
Totall  widt h 
l ^ P f p ) ) 
l s3p 3P(p) ) 
l s2p 3P(p) ) 
Totall  widt h 
l s4p 1P(p) ) 
l sSp^tp) ) 
l s4p 3 P(p) ) 
Tota ll w id th 
ls6p*P(p) ) 
l s ö p ^ f p ) ) 
l s6p 3P(p) ) 
Tota ll w id th 
l s7p 1P(p) ) 
l s7p 3P(p) ) 
l s ö p ^ p ) ) 
Tota ll w id th 
IsSp'PCp) ) 
l s8p 3P(p) ) 
lsQp'PQ}) ) 
Tota ll w id th 
l s2p 1P(p) ) 
l 5 2p 3 P(p) ) 
1 8 3 ? ^^ (p) 
l s3p 3P(p) ) 
Tota ll w id th 

Widthh LS 
26.555 4 P e 

22.95 5 
2.03 3 

53.18 8 
6.40 0 
3.00 0 
2.88 8 

13.30 0 
5.67 7 
2.40 0 
2.16 6 

11.79 9 
4.70 0 
2.52 2 
1.80 0 

11.61 1 
5.66 6 
2.16 6 
1.02 2 

11.55 5 
5.35 5 
2.01 1 
1.04 4 

11.61 1 
2.98 8 
2.21 1 
1.53 3 
1.13 3 

12.48 8 

State e 
2s(2p 2 3P) ) 

(2s2p3P)3p p 

(2s2p3P)4p p 

(2s2p3P)5p p 

(2s2p3P)6p p 

(2s2p3P)7p p 

(2s2p3P)8p p 

Channel l 
l s2p 3P(p) ) 

l s3p 3P(p) ) 
l s4p 3P(p) ) 

l s5p 3P(p) ) 
l s4p 3P(p) ) 

l s6p 3P(p) ) 
l s4p 1P(p) ) 

l s7p 3P(p) ) 
ls8p3P{p) ) 

l s7p 3P(p) ) 
l s8p 3P(p) ) 

l s8p 3P(p) ) 
l s9p 3P(p) ) 
l s7p 3P(p) ) 

Width h 
15.41 1 

15.46 6 
8.02 2 
1.91 1 

10.44 4 
5.13 3 
3.88 8 

9.93 3 
6.93 3 
1.04 4 

9.70 0 
3.57 7 
0.92 2 

5.73 3 
2.58 8 
1.93 3 

5.58 8 
4.23 3 
2.96 6 
1.36 6 

9.50 0 

withh each Rk integral) determined by the coupling conditions in the Rydberg series but if we 
assumee that the Rydberg series is unperturbed, this factor is the same for all n values and the 
radiall integrals in the I factor determines the difference in decay rate between different Rydberg 
states.. Since the overlap between 2/ and nl' will decrease with increasing n while e increases so 
thatt also the wavefunction of the continuum electron will have a smaller and smaller overlap 
withh the bound electrons, we expect the decay rates to decrease with n (roughly as n - 3 , Cowan 
1981).. In practice, this behaviour can fairly easily be obscured for example if Rydberg series 
perturbb each other which will be more and more common when we consider higher excited states 
suchh as Zlnl. Nevertheless, the gradual reduction in the Auger decay rate with increasing n is 
aa well known property of doubly-excited Rydberg series (see for example the tabulations by 
Bachauu et al (1991)). 

Notee that possible non-orthogonalities between initial and final state orbitals automatically 
aree taken into account for these states in the calculation of the I factor and can modify, for 
example,, the expected n - 3 behaviour. Non-orthogonalities are not automatically included when 
wee consider triply-excited states and since orthogonality simplifies the analysis of the decay of 
triply-excitedd states we will first assume that initial and final state orbitals are orthogonal. In 
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Tablee 4.5 continued. Results for the 2D e and 4D e series. 

LSLS State 
*Dee 2s(2p : '1D) 

(2s21S)3d d 

(2s2p3P)3p p 

(2s21S)4d d 

(2s22 XS )5d 

(2s21S)6d d 

(2s2p3P)4p p 

Channel l 
ls2s3S(d) ) 
l s2p 3P(p) ) 
ls2s1S(d) ) 
ls3d3D(s) ) 
Totall  widt h 
ls3d3D(s) ) 
ls4d3D(s) ) 

lsSd'DJs) ) 
^ d ' D f s ) ) 
ls3p»P(p) ) 
Totall w id th 
ls4d3D{s) ) 

l ^ PP (P) 
ls2s3S(d) ) 
l s4d lD(s) ) 
ls2ss *S (d) 
Totall  widt h 
ls5d3D(s) ) 
IsSd'Dfs) ) 
ls3d3D(s) ) 
ls6d3D(s) ) 
ls4d3D(s) ) 
Totall  w id th 
ls6d3D(s) ) 
ls7d3D(s) ) 
ls6dd *D <s) 
ls7dd *D (s) 
ls4d3D(s) ) 
Totall  widt h 
ls8d3D(s) ) 
ls7d3D(s) ) 
l s S d ^ j s ) ) 
ls6d3D(s) ) 
l s T d ^ f s ) ) 
Totall w id th 
ls8d3D(s) ) 
l s S p ^ f p ) ) 
l s S d ^ s ) ) 
ls4p>P(p) ) 
ls2s3S(d) ) 
Totall  widt h 

Widthh LS State 
45.177 4 D e (2s2p3P)3p 
28.93 3 
19.62 2 
1.15 5 

97.10 0 
57.88 8 
44.52 2 
18.45 5 
14.34 4 
1.11 1 

138.11 1 
7.35 5 
6.24 4 
6.07 7 
2.41 1 
2.15 5 

35.60 0 
78.92 2 
25.40 0 
12.97 7 
11.50 0 
8.48 8 

148.40 0 
62.92 2 
36.00 0 
20.23 3 
11.55 5 
6.04 4 

148.64 4 
52.59 9 
28.96 6 
16.88 8 
12.36 6 
9.31 1 

137.58 8 
9.51 1 
4.06 6 
3.05 5 
2.63 3 
2.14 4 

33.90 0 

(2s2p3P)4p p 

(2s2p3P)4f f 

<2s2p3P)5p p 

(2s2p3P)5f f 

(2s2p3P)6p p 

(2s2p3P)6f f 

Channel l 
l s3p 3P(p) ) 
l s2p 3P(p) ) 

l s4p 3P(p) ) 
l s5p 3P(p) ) 

ls5ff 3F (p) 
ls6ff 3F (p) 
ls7f3F(p) ) 

l s6p 3 P(p) ) 
l s5p 3 P(p) ) 
l s4p 3 P(p) ) 

ls7f3F(p) ) 
ls8ff 3F (p) 
ls4ff 3F (p) 

l s7p 3P(p) ) 
l s8p 3P(p) ) 

ls9f3F(p) ) 
ls7ff 3 F (p) 

Width h 
8.03 3 
1.77 7 

10.67 7 
5.69 9 
3.69 3.69 

10.12 2 
5.03 3 
4.88 8 
1.10 0 

12.04 4 
6.38 8 
1.77 7 
1.11 1 

9.93 3 
4.51 1 
4.25 5 
1.38 8 

10.86 6 
6.67 7 
1.69 9 

9.84 4 
6.98 8 
1.34 4 

10.18 8 

practice,, as we will see, this will often be a rather bad approximation. However, the assumption 
doess not, it turns out, seriously invalidate the analysis, at least not for 2121'nl" series. 
Lett us start by considering a Rydberg series of the type (2s2p3P )nl 4L in Li I. The quartet series 
aree in general less perturbed than the doublet series and the analysis is therefore more realistic 
withh such a series in mind. This particular series can be thought of as being built on the 2s2p3P 
termm in Li II and it lies above the ionization limit of Li II. This means that there are an infinity 
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Tablee 4.5 continued. Results for the 2D° and 4D° series. 

LSLS State 
*D°° 2p3 

(2s2p3P)3d d 

(2s2p3P)4d d 

(2s2p3P)5d d 

(2s2p3P)6d d 

(2s2p3P)7d d 

(2s2p3P)8d d 

Channel l 
l s2p 3P(d) ) 
l82p*P(d) ) 
ls^Dfp) ) 
Totall  widt h 
ls4dd *D (p) 
l s S d ^ f p ) ) 
l s2p 3P(d) ) 
l s3d 3D(p) ) 
ls4d 3D(p) ) 
Totall  widt h 
l s S d ^ f p ) ) 
ls5d 3D(p) ) 
l s2p 3P(d) ) 
Totall  widt h 
lsöd^fp) ) 
ls7d3D{p) ) 
ls6d3D{p) ) 
Totall  widt h 
l s S d ^ p ) ) 
ls7dd XD (p) 
ls8d 3D(p) ) 
Totall  widt h 
l sSdM^p) ) 
l s7d 'D(p) ) 
ls9d 3D(p) ) 
ls8dd *D (p) 
Totall  widt h 
l s3p 3P(d) ) 
ls9dd JD (p) 
l s2p 3P(d) ) 
l s S d ^ j p ) ) 
Totall widt h 

Widthh LS 
64166 4D° 
20.78 8 

1.06 6 
87.28 8 
3.91 1 
3.53 3 
2.83 3 
2.51 1 
1.38 8 

15.77 7 
5.88 8 
2.29 9 
1.19 9 

13.51 1 
4.85 5 
2.29 9 
1.97 7 

12.67 7 
4.00 0 
2.39 9 
1.69 9 

12.36 6 
3.77 7 
1.83 3 
1.60 0 
1.35 5 

12.66 6 
2.11 1 
2.07 7 
1.76 6 
1.55 5 

12.09 9 

State e 
(2s2p3P)3d d 

(2s2p3P)4d d 

(2s2p3P)5d d 

(2s2p3P)6d d 

(2s2p3P)7d d 

(2s2p3P)8d d 

(2s2p3P)9d d 

Channel l 
l s3d 3D(p) ) 
l s4d 3D(p) ) 

l s5d 3D(p) ) 
l s4d 3D(p) ) 

l s6d 3D(p) ) 
l s7d 3D(p) ) 

l s8d 3D(p) ) 
l s7d 3D(p) ) 

l s9d 3D(p) ) 
l s8d 3D(p) ) 
l s7d 3D(p) ) 

l s8d 3D(p) ) 

l s8d 3D(p) ) 

Width h 
5.87 7 
3.24 4 

914 4 
6.21 1 
1.76 6 

9.27 7 
6.12 2 
2.00 0 

9.22 2 
3.87 7 
3.79 9 

9.16 6 
3.50 0 
2.61 1 
1.75 5 
8.69 9 
3.11 1 

5.00 0 
0.84 4 

2.90 0 

off limits of the form Isn't" 3L available for the Auger decay. However, the main conclusions of 
thiss section are based on that most of them are not accessible in the approximation we have 
chosen.. This follows from the explicit expression for the decay rate which has three parts 

I(2s2p,I(2s2p, ls«r£) < nl\n'l' > +1 (2pn/, lsci) < 2s|2s > +I{2snl, lsei) < 2p|2p > (4.3) 

off which the first contribution, due to the decay to the Isn't" limit, often will be the largest 
andd the essential point is that this part of the decay rate is zero unless n = n' and I = /'. 
Thereforee in the orthogonal approximation we are using, the Rydberg electron is a spectator 
electronn and the decay rate is roughly the same for all values of n, being determined by the 
samee /(2s2p,lse£) factor since c is roughly independent of n. The two other contributions to 
equationn 4.3 are decays in which one of the 2/ electrons is the spectator and the only limits that 
cann be reached in these decays are therefore ls2s 3S and ls2p 3 P . The I factors associated with 
thesee two decay routes do contain the Rydberg electron, being I(2pnl,lsei) and 7(2sn/,lse£), 
respectively,, in the case of the decay of the (2s2p 3P )nl series. For the same reason as for the 
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Tablee 4.5 continued. Results for the 2S e and 4S e series. 

LSLS State 
*See 2 s (2p ï l S) 

(2s21S)3s s 

(2s21S)4s s 

(2s2p3P)3p p 

(2s21S)5s s 

(2s21S)6s s 

(2s21S)7s s 

Channel l 
ls2s3S(s) ) 
l s2p 3P(p) ) 
ls2ss ! S (s) 
ls3s3S(s) ) 
l s S s ^ t s ) ) 
l s3p 1P(p) ) 
Totall  widt h 
ls3s3S(s) ) 
ls3sxS(s) ) 
ls4s3S(s) ) 
ls4s1S(s) ) 
Totall  widt h 
ls4s3S(s) ) 
ls5s3S(s) ) 
ls4s1S(s) ) 
ls5ss *S (s) 
ls2s1S(s) ) 
Totall  widt h 
ls5s3S(s) ) 

l&Pl&P 11?? (P) 
ls5ss *S (s) 
l s4p 1P(p) ) 
Totall  widt h 
ls2pp XP (p) 
l s S d ^ f d ) ) 
l s4d 1D(d) ) 
l s3p 3P(p) ) 
l s ö d ^ j d ) ) 
Totall  widt h 
l s5d !D(d) ) 
l s5p 3P(p) ) 
l s ö d ^ f d ) ) 
l s S d ^ f d ) ) 
l s6p 3P(p) ) 
Totall  widt h 
l s G d ^ f d ) ) 
l s6p 3P(p) ) 
ls7dd XD(d) 
ls3dd *D {d) 
l s7p 3P(p) ) 
Tota ll widt h 

Widthh LS State 
33.688 4S« (2s2p3P)3p 
22.86 6 
9.88 8 
7.09 9 
2.29 9 
1.32 2 

77.66 6 
80.24 4 
26.69 9 
9.53 3 
4.53 3 

131.62 2 
63.33 3 
27.44 4 
21.01 1 
9.17 7 
4.11 1 

130.59 9 
11.59 9 
5.52 2 
3.86 6 
3.02 2 

35.88 8 
66.28 8 
22.96 6 
22.10 0 
7.63 3 
2.74 4 

136.38 8 
75.04 4 
25.01 1 
13.96 6 
10.71 1 
4.64 4 

135.86 6 
66.05 5 
22.01 1 
18.92 2 
7.13 3 
6.30 0 

134.29 9 

(2s2p3P)4p p 

(2s2p3P)5p p 

(2s2p3P)6p p 

(2s2p3P)7p p 

(2s2p3P)8p p 

(2s2p3P)9p p 

Channel l 
l s3p 3P(p) ) 
l s4p 3P(p) ) 
l s3p 3P(p) ) 

l s5p 3P(p) ) 
l s4p 3P(p) ) 

l s6p 3P(p) ) 
l s4p 3P(p) ) 
l s5p 3P(p) ) 

l s7p 3P(p) ) 
l s8p 3P(p) ) 

l s8p 3P(p) ) 
l s9p 3P(p) ) 
l s7p 3 P(p) ) 

l s9p 3P(p) ) 
l s8p 3P(p) ) 

l s9p 3P(p) ) 
l s4p 3P(p) ) 

Width h 
9.66 6 
1.92 2 
1.50 0 

13.13 3 
5.79 9 
5.29 9 

12.26 6 
8.37 7 
1.36 6 
1.00 0 

12.04 4 
7.40 0 
2.93 3 

11.55 5 
5.76 6 
3.32 2 
1.37 7 

11.86 6 
6.11 1 
1.63 3 

9.67 7 
0.84 4 
0.44 4 

3.96 6 

decayy of doubly-excited 2lnl' states, these two contributions can be expected to be small when 
nn > 2. We note that one of these contributions is the only one present for the more well known 
(doubly-excited)) ls2/n/' AL series, an observation consistent with the analysis of the difference 
betweenn doubly- and triply-excited Rydberg series since these contributions do decrease with 
increasingg n. Thus if n > 2, we assume in the following that the decay rate for triply-excited 
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2s2pnZZ 4L series is determined primarily by the first term in equation 4.3, 

II (2s2p,(2s2p, lsc£) < nl\n'l' > . (4.4) 

Onee practical consequence of this result is that, if the total decay rate of the lowest member 
off a Rydberg series has been determined, this value can serve as a first estimate for the decay 
ratess of the higher members. A related so-called spectator model is well known (Heimann et 
alal 1987, Aksela et al 1988) for the decay of inner-shell resonances which have similarities to 
thee triply-excited states we are considering here. Alternatively, both models can be considered 
ass an elementary consequence of the Coulomb interaction being a two-electron operator. It has 
beenn found that the spectator model is in good accord with the observations unless the Rydberg 
electronn interacts strongly with the inner electrons (Meyer et al 1991) and the same can be 
expectedd here. Thus, while it usually is possible in an Auger decay to reach final bound states of 
eitherr parity because the parity of the overall state can be fixed by the I value of the continuum 
electron,, in this case only one lsnl final state is possible, in addition to ls2s and ls2p, in which 
bothh n and I are fixed. We recall that there is an infinity of ionization limits available and that 
onlyy one of these limits can be reached is linked to the fact that only one limit, Is, is available 
forr the decay of 2lnl'. Generalizing this result, we see, for example, that for the ZlZl'nl" Rydberg 
seriess more limits will be available, the number being determined by the number of final state 
limitss (Is, 2s and 2p) that can be reached from the doubly-excited 3/3/' series plus the number 
off final states which are available when either of the 3/ electrons is the spectator. 

Anotherr consequence of equation 4.4 can be exemplified by considering the (2s2p 3P )ns 4P° 
andd (2s2p3P )nd 4P° series assuming, as before, that the nl electron is the spectator. Since the 
radiall part of the I factor is the same for these two decays, a possible difference in decay rate 
mustt be due to the angular factors involved. Computation shows that the angular factor is the 
samee for the two series so that we predict that the decay rate should be independent of / in this 
case. . 

Thesee predictions are based on a number of approximations which cannot be expected to be 
fulfilledd very often in real atoms. Nevertheless, we have found that, at least for 2121'nl" series, 
somee of the predictions can be expected to be independent of the approximations and some 
exampless which do show fairly constant Auger rates are included in table 4.1. In tables 4.6 and 
4.7,, of which the former is a more detailed version of table 4.5 for the 4P° series, we show total 
andd partial decay rates for (2s2p3P)nZ 4P° series members where / can be s and d. There is 
considerablee mixing between the two series but the total widths of both series are found to be 
nearlyy equal as well as roughly independent of n, in agreement with equation 4.4. Purities as 
welll as total widths are shown in table 4.7. 

Inn table 4.6 we show decay rates to lsns3S and to lsnd 3D limits. In the following, we omit 
thee term labels which are shown in table 4.5. The order of the entries in the tables is determined 
byy the energy of the series members rather than by the size of the contribution. The table shows 
thatt the two series are intermixed. Results are given for the decay to lsnl limits with n up to 7. 
Alsoo results for the decay to the ls2p 3P limit are included. This decay is due to one of the two 
contributionss we are neglecting in equation 4.3, namely the contribution corresponding to the 
2pp electron being a spectator. The neglect is seen to be fully justified in this case. The decay 
too the ls2s 3S limit, in which 2s is a spectator, is seen to be somewhat more probable but still 
onlyy about 10 % of the contribution from equation 4.4 in the most favourable case, if we assume 
thatt the decay rate for (2s2p 3P )3s to ls2s is representing this effect. The decay rate decreases 
quicklyy with n as expected (table 4.6). The contribution of the ls2s limit to the total decay rate 
iss smaller than 10 % judging from table 4.7. 
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Tablee 4.6: Auger decay rates (in meV) for the lowest members of the triply-excited (2s2p3P)nf 
4P°° series in Li I to the limits lsnl with n < 7 and / = s and d as well as to the ls2p limit in 
Lii II. The terms are given in the order of the calculated energies with the lowest one first. The 
notationn a-b means a x 10b. 

(2s2p3P)nff 4P° limit decay rate limit decay rate 
n/=3ss ls2s3S TÏ7Ö ls2p3P 0.044 

3dd 0.002 0.015 
4ss 0.301 0.013 
4dd 2.9-4 0.008 
5ss 0.125 0.009 
5dd 1.3-4 0.004 
6ss 0.064 0.005 
3ss ls3s3S ÏM ls3d3D 0.180 
3dd 0.074 4.64 
4ss 0.208 0.188 
4dd 0.031 1.01 
5ss 0.037 0.077 
5dd 0.016 0.358 
6ss 0.013 0.042 
3ss ls4s3S Ö549 ls4d3D 0.004 
3dd 0.902 3.76 
4ss 5.33 0.834 
4dd 0.021 0.675 
5ss 0.871 0.009 
5dd 0.002 0.477 
6ss 0.301 2.1-4 
3ss ls5s3S ÖÖTÏ ls5d3D 2T5~ 
3dd 0.098 0.086 
4ss 2.63 0.105 
4dd 0.768 5.73 
5ss 1.98 0.734 
5dd 0.156 0.098 
6ss 0.814 0.148 
3ss ls6s3S ÖÖÖ3 ls6d3D 2.4-5 
3dd 6.6-5 1.7-5 
4ss 2.4-4 7.5-5 
4dd 0.363 0.836 
5ss 4.98 0.415 
5dd 0.352 4.55 
6ss 0.121 0.306 
3ss ls7s3S ÖTÖÖÏ ls7d3D O ^ T 
3dd 3.7-5 8.7-5 
4ss 0.002 3.0-4 
4dd 0.002 2.1-3 
5ss 0.188 3.6-3 
5dd 0.771 2.56 
6ss 5.66 0.844 
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Tablee 4.7 includes also total widths from a recent paper by Berrington and Nakazaki (1998). 
Itt is seen that there is agreement with our results only for the lowest term, (2s2p3P)3s. The 
reasonn is that Berrington and Nakazaki included only lsnl limits up to n — 3 and thus missed 
thee most important decay channels. It could be expected that their result for 3d should be 
thee same as ours but we will see shortly why this is not the case. Nevertheless, the results of 
Berringtonn and Nakazaki compare well with the data listed in the fifth column of table 4.7 which 
representss the total widths obtained when the same open-channels are included as in their work. 
Thiss comparison shows that the difference between the two results comes exclusively from the 
neglectt of important decay channels in the Berrington and Nakazaki calculation. 

Thee results confirm that equation 4.4 provides the main contribution to the decay rate in 
thiss case, which means that the nl series should decay preferentially to the lsnl limits and table 
4.66 shows that this is indeed followed quite well. Considering first the decay to the lsns limits, 
tablee 4.6 shows that the decay rates for the nd series members are small except for the decay 
off (2s2p 3 P )3d, which is large to the ls4s limit, while the (2s2p 3P )4d decay is large to the ls5s 
limitt and the same pattern is observed for (2s2p 3P )5d. This can be explained by mixing between 
(2s2p3PP )nd and (2s2p3P )(n + l)s. In all cases the decay rate for the term called (2s2p3P )nd 
iss smaller than for the (2s2p3P )(n + l)s partner in agreement with the choice of name for the 
seriess member. The opposite behaviour is found for the decay of the (2s2p3P)nd series to the 
lsndd limits. For the decay of the s series we expect, according to equation 4.4, a maximum for 
thee limit with an n value corresponding to the n value for the series member. It can be seen that 
thiss prediction is valid up to n = 4 while (2s2p3P )5s has its largest decay rate to the ls6s limit. 
Largerr deviations are shown by the (2s2p3P )nd series where the n value of the initial state even 
forr 3d does not unambiguously define the main final state. The reason is another effect we have 
neglectedd so far namely the lack of orthogonality between the orbitals in the initial and final 
states. . 

Itt has been known for some time (Meyer et al 1991, Whitfield et al 1991a, 1991b, Felfli and 
Mansonn 1992, Hansen et al 1996) that the existence of an inner hole can have profound influence 
onn the orthogonality between initial and final state orbitals. This is easily understood when it is 

Tablee 4.7: Total Auger decay rates (in meV) for the lowest members of the triply-excited 
(2s2p3PP )nl 4P° series in Li I (/ = s and d). The terms are given in the order of the calculated 
energiess with the lowest one first. Also the sum of the eigenvector components corresponding 
too the (2s2p3P)n/ series giving name to the term is shown (in %) in the column "purity". 
Thee column headed BN refers to values published by Berrington and Nakazaki (1998) obtained 
byy including lsnl limits with n < 3, see text, while the results reported under "Modified" is 
obtainedd by restricting the open-channels to those included in BN. 

(2s2p3P)n/4P°° purity decay rate 
Presentt BN Modified 

nf=3s s 
3d d 
4s s 
4d d 
5s s 
5d d 
6s s 

93.3 3 
85.8 8 
87.0 0 
85.4 4 
86.2 2 
84.2 2 
84.8 8 

9.95 5 
9.58 8 
9.62 2 
9.44 4 
9.44 4 
9.45 5 
9.44 4 

8.6 6 
4.7 7 
1.0 0 
1.1 1 
0.4 4 
0.4 4 
0.3 3 

9.1 1 
4.7 7 
1.1 1 
0.8 8 
0.3 3 
0.3 3 
0.3 3 
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Tablee 4.8: Expansion, in %, of the lowest "quasi-bound" orbitals (n&) in terms of continuum 
orbitalss (nc) for the lowest s, p and d orbitals used in the calculation of 2121'nl" states. For each 
II  value, the square of the overlap between the n& and nc orbitals are listed for contributions 
largerr than 1%. 

11 = 0 

//  =  1 

II  = 2 

nt t 
1 1 
2 2 
3 3 
4 4 
5 5 

nb nb 
2 2 
3 3 
4 4 
5 5 
6 6 

nnb b 

3 3 
4 4 
5 5 
6 6 
7 7 

1 1 
100 0 

2 2 
98 8 

3 3 
57 7 
13 3 
5 5 
3 3 
3 3 

2 2 

99 9 

3 3 

87 7 
6 6 
2 2 

4 4 
42 2 
8 8 
6 6 
4 4 
4 4 

3 3 

92 2 
4 4 

4 4 

12 2 
48 8 
12 2 
5 5 

5 5 

68 8 
1 1 
13 3 
4 4 

nnc c 

4 4 

7 7 
61 1 
11 1 

nnc c 
5 5 

45 5 
10 0 
7 7 

nnc c 

6 6 

10 0 
55 5 
25 5 
10 0 

5 5 

35 5 
21 1 

6 6 

69 9 
23 3 

7 7 

32 2 
53 3 
13 3 

6 6 

64 4 

7 7 

7 7 
63 3 

8 8 

2 2 
51 1 

7 7 

3 3 

8 8 

1 1 

9 9 

2 2 

realizedd that the 2s electron in the ls2s limits sees the nuclear charge screened by the Is electron 
whilee the 2s electron in the (2s2p 3P )nl states sees a basically unscreened nuclear charge. In 
thiss case, the screening changes by a factor of two and Felfli and Manson (1992) were the first 
too point out that the effects of non-orthogonality would always be large in such a case. Azuma 
etet al (1995) noticed the phenomenon in MCDF calculations of the excitation probabilities for 
thee triply-excited states in Li I from the ls22s ground state. Since the MCDF program (Dyall 
etet al 1989) requires orthogonal orbitals in the initial and final states, Azuma et al decided to 
usee the s orbitals determined in the final state to calculate the ground state wavefunction and 
foundd a large mixing of excited state orbitals in the ground state. In reality of course the ls22s 
groundd state is very pure and what the MCDF procedure reveals is the lack of orthogonality 
betweenn initial and final states. 

Thee screening depends on the particular case and for the cases shown in table 4.6, the 
orthogonalityy between the initial 2s and the final Is function is rather good. First for the initial 
4ss orbital there is a large mixing in the proportions 4:61:35 (cf. table 4.8) when expanded in terms 
off the orbitals associated with the limits 3s:4s:5s while the initial 5s has the expansion 11:21:64:3 
inn terms of the final 4s:5s:6s:7s orbitals. The expansion coefficients correspond very closely to 
thee decay rates. For example, (2s2p3P)5s decays to the limits 4s:5s:6s:7s in the proportions 
11:25:63:22 according to table 4.6. For the d series the lack of orthogonality is already important 
forr the initial 3d orbital which can be expressed as 57:42 in final 3d:4d orbitals. Berrington 
andd Nakazaki (1998) included only the ls3d limit in their calculation for 3d in table 4.7 and 
consequentlyy their calculated width is only half of the expected value. The initial 4d orbital has 
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thee expansion 13:8:68:10 in terms of 3d:4d:5d:6d. Thus, in this case, the two 4d orbitals are close 
too being orthogonal to each other as found in Ar I (Meyer et al 1991, Hansen et al 1996). These 
non-orthogonalitiess can also be observed in the calculated branching ratios where, in particular, 
thee (2s2p3P)4d decay shows the branching 13:9:74:11 to 3d:4d:5d:6d, confirming the lack of 
orthogonalityy between the 4d orbitals. 

Chungg and Gou (1996) noticed that "for resonances such as 2s2s7p, the ls7p + tl may be 
aa very important decay channel". For this reason Chung and Gou included, in addition to Isnl 
limitss up to n = 3, also the lsn'l" limit in calculations of the total width for 2121'n'l" terms. 
However,, except for the lowest n values we have shown that the presence of non-orthogonalities 
meanss that this is not enough since the ls(n -I- 1)/ limit, for example, may be more important 
thann the lsnl limit. The non-orthogonalities means that also other limits are possible than the 
oness allowed on the basis of the orthogonal theory. If we consider the (2s2p3P )nd series again we 
seee that the < 2s|ls > non-orthogonality for example will allow decays such as (2s2p3P)nd —• 
(lsn'l)et(lsn'l)et where / can be arbitrary except limited by the coupling and parity requirements in the 
I{2pnd,n'U£)I{2pnd,n'U£) factor. As mentioned already, in the present case the <2sjls> non-orthogonality is 
smalll (cf. table 4.8) so this particular decay is negligible. Also <2p|np> non-orthogonalities are 
smalll and therefore the main consequence of non-orthogonality is the behaviour of the Rydberg 
electrons,, ns and nd, which we have discussed above. 

Thee independence of the width on the angular momentum of the Rydberg electron, which 
waswas observed when comparing the decay rates of the (2s2p 3 P )ns and (2s2p 3P )nd states in the 
4P°° series, can be generalized to other symmetries. It can be shown that the radial and the 
angularr contributions to equation 4.4 are independent of the total angular momentum L. This 
iss confirmed by considering the widths of high Rydberg states in the 2P e , 4P°, 4D e and 4D° 
seriess for which the contributions from the decays to the ls2s and ls2p limits are negligible. 
Fromm equation 4.4, the decay of the <2s2p3P )8p 4 P e , 6p 4D e , 6d 4D°, 5d and 6s 4P° terms all 
involvess the same radial integrals while the angular part is the same to within a phase factor 
whichh does not influence the autoionization widths because the contributions are squared. That 
alll rates are close to 9.50 meV, with a variation of 0.35 meV, confirms the (near) independence 
off the width on the n and / values of the Rydberg electron and therefore of the total L value. 
Thee variation can be associated with slight differences in the wavefunction composition that can 
bee minimized by performing calculations including only the (sp 3 P) / coupling scheme. In that 
case,, by computing the decays to Isn't with n' > 2, it is found that nearly all Rydberg states 
withh n > 3 have a width of 9.1 meV within a deviation of 0.1 meV. The states which form an 
exceptionn are discussed later. 

Forr quartet states, the nature of the main perturbers means that interference effects are 
expectedd to be small. This is also illustrated by the 4P° series for which the mixing between 
thee (2s2p3P)ns and (2s2p3P)nd Rydberg series, introduced previously, do not affect the total 
Augerr rate because the two series differ only by the Rydberg electron. On the other hand, for 
doublett states, the two core electrons, if they are not equivalent, can be coupled to either a 
singlett or a triplet. This means that two series, for example (2s2p3P)n/ and (2s2p1P)n/, are 
allowedd and because the two series have different I factors, the value of the total Auger rates 
willl depend on the importance of the interactions between them. Nevertheless, if two Rydberg 
statess have similar wavefunction compositions, the widths can be expected to be similar too. 
Thiss is illustrated by the widths of the (2s2 lS )nl 2L states which are found to be close to 140 
meV.. Because of the strong interaction between the 2s2 and 2p2 1S e states, the series is expected 
too be perturbed by the (2p2 1S)nl terms. Looking at the wavefunction compositions, it is seen 
thatt the (2s2 1S )nl 2L states can be divided in two groups, A and B, which are characterized by 
differentt Auger rates. The states included in group A, such as (2s2 *S )3s 2S e , have a width close 
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too 134 meV with variations of, at most, 4 meV. For this group the ( 2 s 2 ^ Jn / and (2p21S)nl 
configurationss represent, respectively, 65 and 20 % of the wavefunctions while for the states 
belongingg to the B group, the percentages are increased to 72 and 25 %, respectively, and the 
widthss are slightly smaller than 150 meV. The increase of the width can, in this case, be related 
too the purity of the wavefunction. For both groups, A and B, the ratios of the widths divided 
byy the purity in the {2s2 *S )nl configuration composition is slightly larger than 2 (150/72 and 
134/65).. The deviations for the (2s2 *S )2p, 3p and 5p 2P° states are discussed later. Another 
examplee is provided by the widths of the (2s2p3P )np 2 P e and (2s2p3P )nd 2D° series members 
whichh are close while the good agreement with the widths of the (2s2p3P )np 4S e series is more 
surprising.. The latter agreement seems fortuitous and when calculations are performed including 
onlyy the (sp 3P)p coupling scheme, the widths of the 4S e states are found to be slightly larger 
thann 9 meV, in agreement with other quartet series. 

Off course, the predicted trend is not followed within every Rydberg series but the differences 
cann be related either to the angular part of the ƒ factor, to a sudden change in the wave-
functionn composition (via interference effect) or to the approximations included in the present 
calculations. . 

Differencess in the angular coefficients involved in the I factor are found when the widths 
off doublet and quartet states are compared. Because the members of the (2s2p3P)n/ 2 P e and 
2D°° Rydberg series are rather pure (although much less pure than the quartet states), their 
widthss can be compared to those of the (2s2p3P)n/ 4L series without taking the wavefunction 
compositionn into account. When the angular contributions to the I factor are compared, the 
ratioo between the decays to the lsn7 3L limits for the quartet and doublet states is expected to 
bee equal to four. Computations show that, restricting the decay to triplet limits, the two doublet 
seriess have a width of about 3 meV and the difference with the expected value, about 0.7 meV, 
cann be attributed to the contributions from the perturbers. The agreement for the total decay 
ratess of the (2s2p3P)np 2P e states with 3 < n < 7 to the lsn 'p 3P limits is very good, the 
ratess being, respectively, 3.18, 3.11, 3.15, 3.13 and 3.10 meV. Another case for which angular 
coefficientss play an important role is for equivalent electrons. For example, the first and the 
fourthh lowest states of the 2S e symmetry are both members of the 2s(2pnp 1S) series. The sums 
off the decays of the n = 2 state (with two equivalent electrons) to the lsn'p limits is expected 
too be a factor of two larger than the decay of the n = 3 state because of the Pauli principle. 
Thiss is verified in table 4.1 where it is seen that the ratio between the two widths is close to 
two.. The same behaviour is found for the 2De series in which the 2s(2p2 XD) and (2s2p3P)3p 
terms,, the latter equivalent to 2s(2p3p *D), have respectively a width of 29 and 13.5 meV when 
thee contributions to the lsn'p (n' > 2) limits are added up. 

Thee presence of a perturber in a Rydberg series can lead to severe interference effects as 
illustratedd for example by the (2s2p3P)6p and 7p states belonging to the 4P e series for which 
thee width is found to be twice as small as the expected value. This can be explained by the large 
mixingg in the two states with the (2p2 3P )3s level which represents respectively 46 and 42 % 
off the wavefunction (and has a different decay rate) while the other (2s2p 3P )np 4 P e states 
aree found to be at least 98 % pure in (2s2p 3P )np configurations. Similarly, the interactions 
betweenn the (2s21S )np 2P° states, with n = 2 and 3, and the 2p3 perturber and those between 
thee (2s2p3P )nd 4D° states, with n = 7, 8 and 9, and the (2p2 3P )3p perturber explain the lower 
decayy rates for the two (2s2 1S)np 2P° and the three (2s2p3P)nd 4D° states. Finally, the low 
ratee for the (2s2 lS )5p 2P° term is due to mixing with (2s2p 3P )3d 2P°. However, in some cases, 
thee interactions between two Rydberg series are term dependent and can explain the difference 
inn the autoionization width of two different symmetries. For example, the four (2s2p3P)nZ 2L 
statess which have a width close to 35 meV, (2s2p3P)3p 2S e , 3p 2D e , 4p 2D e and 3s 2P°, are 
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characterizedd by a wavefunction in which the (2s2p3P)n/ and (2s2p1P)n/ terms are mixed to 
aa large degree, representing respectively, 50 and 35 % of the wavefunction, while for the other 
(2s2pp 3 P )nl 2L states, which have a width close to 12 meV, the two configurations represent, 
respectively,, about 65 and 20 % of the wavefunction. The factor three difference between, for 
example,, the widths of the (2s2p3P)nd 2D e and the np 2 P e states is probably also a direct 
consequencee of the variation in the wavefunction composition. 

AA final, although artificial, reason for a deviation from the expected trend is the neglect, in 
thee present work, of the decay to lsn/ open-channels with n > 9 which involves that, because the 
non-orthogonalitiess are very large for high n orbitals, some important contributions are missing 
inn the present calculations. This is illustrated, for example, by the highest states of the 4S e 

seriess for which the width of the n = 9 state is lower than expected although the wavefunction 
iss similar to those of the lower Rydberg states. The same effect is also partially responsible for 
thee smaller width of the (2s2p3P )8p 4S e and 9d 4D° state. 

Finally,, we notice that Diehl et al (1997b) have pointed out that above 151.7 eV new path 
wayss become available because of the existence of states of the type 2121' in Li+ . Only the lowest 
off these states is available as exit channel in the case of the 2s2pnZ states we have discussed 
althoughh most of the states calculated here, for example all 2P° states, are below 151.7 eV. 
However,, for higher states these exit channels can be important and modify the picture we have 
paintedd in this section. Diehl et al (1997b) show that 2/2/' final states are important in the region 
betweenn 159 and 164 eV but identify the initial states to be of the type 2lZlrnl". 

4.4.22 Compar ison w i t h other  data 

Inn table 4.9, a comparison is made of partial and total autoionization widths obtained using the 
5-splinee method, the three sets of results obtained using the SP approach (Chung and Gou 1995, 
1996,, Zhang and Chung 1999) and the R-Matrix results reported by Berrington and Nakazaki 
(1998),, which were discussed in the previous section. The few experimental data available are 
alsoo listed in the table which is organized in such a way that only the largest partial widths are 
reportedd together with the total widths. In the present work, the total rates are computed as a 
summ over all calculated partial decays (i.e. not only those included in the table). In the table, 
ann asterisk indicates values for which no distinction is made in the relevant reference between 
differentt angular momenta of the Auger electron and only the total decay rate to a given limit 
iss reported. 

Thee main difference between the results presented here and the other theoretical data sets, 
listedd in table 4.9, lies in the number of open-channels included, which is larger in the present 
work.. Although our work does not include interaction between different continua, this neglect 
doess not appear to be important here. Chung and Gou found, in their work, that the coupling 
betweenn different continua had little influence on the total width. When the coupling was in
cluded,, the largest absolute change was found to be slightly more than 3 meV while, with regard 
too relative change, the largest effect was found for the width of the (2s2p3P )3p 2 P e term which 
wass reduced by about 15 % from 10.5 to 9.0 meV. Although not obvious at first glance, table 4.9 
showss in fact that the agreement between the S-splineand the SP method is very good. In this 
context,, it should be kept in mind that, in the present work, a single configuration wavefunction 
hass been used to describe the limits while Chung and Gou used two different expansions com
prising,, respectively, 20 and 40 terms for this purpose and, in addition, included the coupling 
betweenn the open-channels as just mentioned. Our approach is considerably simpler but in good 
agreementt with the SP results, as illustrated for example by the 2s22p 2P° term for which the 
totall width differs by less than 2 %. The (good) agreement for this term with the experimental 
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Tablee 4.9: Total widths and the largest partial widths (ordered according to size) obtained in 
thee B-spline approach compared with earlier theoretical and experimental data. All widths are 
inn meV. The values marked with a * correspond to total partial widths, see text. 

LSLS State 
'P°° (2s"S)2p 

2P3 3 

(2s2IS)3p p 

(2s2p3P)3s s 

(2s2IS)4p p 

(2s2p3P)3d d 

(2s21S)5p p 

2P ee 2s(2p23P) 

(2s2p3P)3p p 

Channel l 
ls2p*P(s) ) 
^ s ' S f p ) ) 
ls2p IP(s) ) 
U2p3P(d) ) 
ls2s3S(p) ) 
Totall width 
ls2p3P(d) ) 
ls2p3P(s) ) 
ls3p3P(s) ) 
ls2p'P(d) ) 
ls2p'P(s) ) 
Totall width 
ls3p3P(s) ) 
ls2p'P(s) ) 
ls4p3P(s) ) 
ls2p3P(d) ) 
l r tp 'Pfs) ) 
Totall width 
ls4p3P(s) ) 
ls3p1P(s) ) 
ls3sxS(p) ) 
Totall width 
ls4p3P(s) ) 
ls5p3P(s) ) 
ls4p'P(s) ) 
IsSp'Pfs) ) 
ls3p3P(s) ) 
Totall width 
ls6p3P(s) ) 
ls6p'P(s) ) 
ls5p3P(s) ) 
IsSp'Pts) ) 
ls4p3P(s) ) 
Totall width 
ls6p3P(s) ) 
ls6p !P(s) ) 
ls4p3P(s) ) 
ls5p3P(s) ) 
ls7p3P(s) ) 
Totall width 
ls2p3P(p) ) 
I s ïp 'P tp ) ) 
IsSd'Dtd) ) 
Totall width 
l ^ p ' P f p ) ) 
ls3p3P(p) ) 
ls2p3P(p) ) 
Totall width 

B-spline e 
60.40 0 
25.34 4 
17.76 6 
7.59 9 
2.61 1 

115.34 4 
24.54 4 
11.21 1 
8.25 5 
7.48 8 
3-51 1 

63.90 0 
75.82 2 
24.50 0 
12.31 1 
5.60 0 
3.96 6 

127.81 1 
7.55 5 
6.78 8 
4.89 9 

38.05 5 
51.90 0 
50.93 3 
16.69 9 
16.39 9 
5.71 1 

146.31 1 
28.46 6 
9.17 7 
8.81 1 

4.96 6 
68.64 4 
45.53 3 
14.68 8 
7.42 2 
6.73 3 
4.49 9 

92.42 2 
26.55 5 
22.95 5 
2.03 3 

53.18 8 
6.40 0 
3.00 0 
2.88 8 

13.30 0 

SP* * 
66.02 2 
22.41 1 
20.52 2 
6.76 6 
3.65 5 

117.47 7 
23.89 9 
7.33 3 
6.07 7 
7.60 0 
2.37 7 

52.14 4 
*78.43 3 
*27.09 9 

*5.85 5 

113.58 8 

*8.17 7 

}38.80 0 
*49.73 3 

*19.31 1 

*7.22 2 
83.24 4 

13.04 4 
6.34 4 

22.94 4 

5.11 1 
27.23 3 
21.62 2 

48.41 1 
5.36 6 
2.60 0 
2.36 6 
9.01 1 

R-Matrix** Experiment 
47.97 7 
20.91 1 
11.07 7 
9-84 4 

1233 150e 123 
15.40 0 
7.15 5 

3.30 0 
3.30 0 

55 5 

65 5 

199 37(3)c 

6.9 9 

52 2 

118(3)dd 130(20)' 

63(3) ) 60e e 

80' ' 
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Tablee 4.9 continued 

LSLS State 
a P ee (2p ï 3 P )3s 

2D ee 2s(2p2 1D) 

(2s 2 IS)3d d 

(2s2p3P)3p p 

2D°° 2p3 

2S ee 2s(2p21S) 

(2s21S)3s s 

(2s21S)4s s 

(2s2p3P)3p p 

4 P ee 2s{2p2 3 P ) 

(2s2p3P)3p p 

Channel l 
l s2p 1P(p) ) 
l s2p 3P(p) ) 

ltóp^fo) ) 
ls3p3P(p) ) 
Totall  widt h 
ls2s3S(d) ) 
l s2p 3P(p) ) 
l S ^ S f d ) ) 
ls3d3D(s) ) 
Totall  widt h 
ls3d3D(s) ) 
ls4d3D(s) ) 
l s S d ^ j s ) ) 
ls4d1D(s) ) 
l s3p I P(p ) ) 
Tota ll widt h 
ls4d3D(s) ) 
IsSp 'Pfp) ) 
ls2s3S(d) ) 
ls4d1D(s) ) 
ls2ss *S (d) 
Totall  widt h 
l s2p 3P(d) ) 
l s2p 1P(d) ) 
l s S d ^ j p ) ) 
Totall  widt h 
ls2s3S(s) ) 
l s2p 3P(p) ) 
ls2s1S(s) ) 
ls3s3S(s) ) 
l s S s ^ j s ) ) 
l s 3p l P(p ) ) 
Totall  widt h 
ls3s3S{s) ) 
ls3ss *S (s) 
ls4s3S(s) ) 
ls4ss *S (s) 
Totall  widt h 
ls4s3S(s) ) 
ls5s3S(s) ) 
ls4sxS(s) ) 
l s S s ^ j s ) ) 
ls2ss XS (s) 
Totall  widt h 
ls5s3S(s) ) 
l ^ PP (P) 
ls5ss *S (s) 
ls4pp lP (p) 
Totall  widt h 
l s2p 3 P(p) ) 
Totall  widt h 
l s3p 3 P(p) ) 
Totall  widt h 

5-spline e 
2.98 8 
2.21 1 
1.53 3 
1.13 3 

12.48 8 
45.17 7 
28.93 3 
19.62 2 
1.15 5 

97.10 0 
57.88 8 
44.52 2 
18.45 5 
14.34 4 
1.11 1 

138.11 1 
7.35 5 
6.24 4 
6.07 7 
2.41 1 
2.15 5 

35.60 0 
64.16 6 
20.78 8 

1.06 6 
87.28 8 
33.68 8 
22.86 6 
9.88 8 
7.09 9 
2.29 9 
1.32 2 

77.66 6 
80.24 4 
26.69 9 
9.53 3 
4.53 3 

131.62 2 
63.33 3 
27.44 4 
21.01 1 
9.17 7 
4.11 1 

130.59 9 
11.59 9 
5.52 2 
3.86 6 
3.02 2 

35.88 8 
15.41 1 
15.46 6 
8.02 2 

10.44 4 

SP° ° 

44.14 4 
29.94 4 
17.67 7 

89.99 9 

60.83 3 
19.84 4 

81.57 7 
29.73 3 
23.86 6 
9.77 7 

64.14 4 

6.89 9 
7.59 9 

S P ' ' 
3.43 3 
4.26 6 

8.37 7 

60.63 3 
44.40 0 
19.94 4 
14.76 6 
0.91 1 

141.57 7 
8.23 3 
5.43 3 

2.75 5 
2.12 2 

22.39 9 

87.77 7 
29.19 9 
11.97 7 
4.10 0 

134.03 3 
68.93 3 
32.47 7 
25.80 0 
7.57 7 
4.50 0 

141.96 6 
13.54 4 
5.00 0 
3.76 6 
2.14 4 

31.11 1 

R-Matrix* * 

49.98 8 
15.68 8 
18.62 2 

89 9 

87 7 

82 2 

141 1 

8.5 5 

29 9 

6.5 5 
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Tablee 4.9 continued 
aa Chung and Gou (1995, 1996), SP method. The total widths reported in the table include the 
couplingg between the different open-channels. 
tt The contribution from the ls4/ limits to the decay rate of the (2s2p 3 P )3s 2P° state has been 
includedd in the total width but not given explicitly by Chung and Gou (1996). 
bb Berrington and Nakazaki (1998), R-matrix theory. 
cc Azuma (1999), private communication. 
dd Diehl et al (1996, 2000b), EUV synchrotron radiation. 
ee Kiernan et al (1995), EUV synchrotron radiation. In a previous publication, Kiernan et 
alal (1994) reported a width of 200  40 meV for the lowest 2P° state. 
'' Zhang and Chung (1998), SP method. 
99 Wehlitz et al (1999), EUV synchrotron radiation. 

valuess included in the table is discussed later. 

Forr the 2p3 and 2s23p 2P° terms, it can be seen that, although the agreement between the 
partiall widths still is good, the difference between the total widths increases to respectively 
122 and 14 raeV. However, the differences are reduced to 3 and 2 meV, respectively, when the 
summ over the different channels is restricted to the contributions included in the work of Chung 
andd Gou (1996) and the difference is therefore due to the additional limits included in our 
calculations.. The disagreement between the two sets of data becomes larger for higher 2P° 
states.. The most obvious case concerns the 2s24p term for which the decay to the ls5p 1 ,3P 
limitt is as fast as the decay to ls4p 1 3P. That the omission by Chung and Gou of the ls5p 
limitss explains the factor of 2 difference in the total width is, as mentioned previously, due to 
non-orthogonalities. . 

Somee total autoionization widths have been measured and they are compared in table 4.9 
withh the values obtained by adding together all the calculated partial cross sections of which the 
largestt are included in the table. It should be kept in mind that the calculated total widths are 
lowerr limits since many decay channels have been neglected although it can be expected that 
theyy are weak. For the 2s22p 2P° term, the values reported by Diehl et al (1996) and Wehlitz 
etet al (1999), respectively 118  3 and 123  4 meV, are in very good agreement with the three 
theoreticall predictions while the value reported by Azuma (1999) slightly disagrees with the 
presentt result for the (2s21S)2p state but is in good agreement for the (2s2p3P)3s 2P° state. 
Forr the 2p3 2P° term the recent measurement by Diehl et al (2000b) have removed the large 
uncertaintyy in the previous measurement by Kiernan et al (1995) and there is perfect agreement 
withh the 5-spline result. It is stated that the observed widths reported by Kiernan et al (1995) 
mightt have errors up to 50 %, so despite the large disagreement, the width of the (2s2 lS )3p 2P° 
termm is still inside the experimental uncertainty. 

Too compare the partial widths in table 4.9 with experiment is difficult. Partial cross sections 
havee been reported in some cases but in photo-excitation, there is interference between direct 
photoionizationn and resonant excitation with subsequent electron decay which makes it difficult 
too extract the partial widths calculated here from the observed cross sections. However, the 
recentt angle-resolved electron spectra makes it possible to make some comparisons. 

Diehll et al (2000a) have reported an angle-resolved study of the decay of the lowest 2P° 
resonances.. Here the main direct excitation is ls22s 2S e -» (ls2s 1-3S)ep 2P° but this excitation 
hass an angular distribution which means that there is no intensity at a particular angle, in a 
planee perpendicular to the propagation direction of the photoelectrons. This is in fact observed 
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andd at this angle the direct photoionization contribution can therefore be neglected to a good 
approximation.. The ratio between the peaks corresponding to the autoionization limits ls2p 3P 
andd lP, which are not due to direct excitation since they disappear off resonance, can therefore 
bee compared to the partial widths reported in table 4.9. This shows ls2p 3 P being 3.8 times 
moree likely than ls2p 1P. The experimental ratio between the observed peak heights is roughly 
3.44 and this value is too low since the two peaks overlap. Thus the relative size of these two 
partiall widths seems confirmed. 

Diehll et al (2000b) have reported similar measurement for the 2p3 2P° state. However, pho-
toelectronn spectra were not published and interpretation of the published partial cross sections 
aree difficult, as mentioned, due to the presence of direct photoionization. However, Diehl et 
alal conclude that the cross sections into the ls2p 1 ,3P continuum channels are the most modified 
byy the resonance. Again the 3P continuum seems to correspond to the largest channel, roughly 
aa factor 3 stronger than the 1P. Both this ratio and the importance of the ls2p channels corre
spondd to the calculated values. Diehl et al (2000b) have also found a decay to the ls2s *S and 
ls3ss 3S channels which we find to be small while we do find a decay to ls3p 3P which seems 
too be observed although the spectrum does not have sufficient resolution to certain about which 
ls3ZZ channel is observed. Diehl et al find no evidence for decay to ls4J limits in agreement with 
thee calculations. 

Diehll et al (1996) have reported photoionization sections to the n = 2, 3 and 4 limits summed 
overr 1 ,3£ partial cross sections for the photon energy region 149-154 eV. For the resonance close 
too 150 eV, identified as (2s2p3P)3s 2P° there is contributions to all three channels with the 
nn = 4 strength being similar to the n = 3. This agrees with the partial widths reported in 
tablee 4.9 and also the total width is in good agreement with the observed value (Azuma 1999), 
ass just mentioned. 

Forr other symmetries, no experimental decay rates have been published yet, while calcula
tionss have been performed only for a few states. For the two lowest 2 P e states, which also were 
studiedd by Chung and Gou (1996), partial widths are found to be in good agreement and, once 
again,, the differences in the total widths are due to the extra limits included in the present 
work.. It should also be mentioned that, for the (2s2p3P)3p 2 P e term, the coupling between 
open-channelss is important, as mentioned already, reducing the width found by Chung and Gou 
fromm 10.5 to 9.0 meV, thereby actually increasing the difference with the present result. For the 
lowestt 2D° state, the agreement with the value computed using the R-Matrix approach (Berring-
tonn and Nakazaki 1998) is perfect while for the lowest 2D e term, the S-spline value is found to 
bee about 7 % larger than the widths reported by Chung and Gou (1995) and Berrington and 
Nakazakii (1998) that agree with each other. For the 2S e series, once again, the lower values found 
byy Chung and Gou for the autoionization widths are due to the omission of several channels 
whilee no explanation has been found for the larger total widths reported by Berrington and 
Nakazakii (1998) who give no partial widths. 

Inn a recent paper, Zhang and Chung (1998) reported autoionization rates for a few states 
withh even parity. A good agreement between the 5-splineand SP technique is found for the 
(2s21S)3dd 2D e , (2s21S)3s 2Se , (2s21S)4s 2S e and (2s2p3P)3p 2S e terms while for (2s2p3P)3p 
2De ,, the difference is somewhat larger and, in this case, the disagreement is not entirely coming 
fromm the neglect of open-channels. The contribution from the ls2s3S limit to the total decay 
iss found, in the present work, to be 6 meV for this term while Zhang and Chung found the 
contributionn to be negligible. This contribution represents about 50 % of the difference between 
thee two total widths 
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4.4.33 Auto ionizat ion of Zl3l'nl" s ta tes 

Ass mentioned previously, two different basis sets have been used for computing the Auger decays 
off SlZl'nl" states. In the calculations performed using basis A, i.e. using a common basis to 
describee the different target states, the width of the (3s2 *S )3p 2P° term, the only level for 
whichh experimental and theoretical values have been published, was found to be close to 0.6 eV. 
However,, Azuma et al (1997) and Diehl et al (1997a) reported an experimental width of 0.32 

 0.01 and 0.25  0.05 eV, respectively, which is about a factor of two smaller. Using basis A, 
thee largest contributions to the total width come from the 2s3s and 2s3p limits and these turn 
outt to be very sensitive to the description of the 2s orbital. This can be explained by noting the 
variationn in the mean radius of the 2s orbitals in different HF calculations. For the 2s2 and the 
2s2pp configurations, the mean radius of 2s is close to 2.20 au while optimizations on 2s3s and 2s3p 
givee a value close to 2 au. This suggest that basis B should give more accurate autoionization 
widths.. In fact, the use of this basis reduces the total width for the (3s2 ^ j S p 2P° state from 
0.611 to 0.35 eV, which is in good agreement with the measurement by Azuma et al (1997). The 
agreementt with the widths published by Diehl et al (1997a), who reported experimental and 
theoreticall (using the SP approach) values of, respectively, 0.25  0.05 and 0.282 eV, is slightly 
worse.. However, the better agreement with experimental data gives preference to the use of basis 
BB for computing the Auger rates of the 3131'nl" states. 

Forr 2121'nl" states, the autoionization width was found above to be constant within a Rydberg 
series.. The 3131'nl" states, although in principle similar, in practice show a much less regular 
behaviour.. However, the strong mixing between Rydberg series means that, since in the present 
workk only the two or three lowest series members are reported (cf. table 4.4), the observation 
off trends is difficult and extrapolation to higher levels hazardous. However, there are several 
importantt differences between 2121'nl" and 3131'nl" states mainly due to the increase in possible 
interferencee effects. The main difference is the increase in the possibilities for perturbations of 
thee 3/3/' core. For the 2121' core, the limitation of the / values in the n = 2 shells to 0 and 1 
restrictss the possibilities for configuration mixing, while for a 3/3/' core, the additional / value, 
2,, is responsible for more interferences. This can be illustrated by comparing a 2s2p3P and a 
3s3pp 3 P core for a quartet state. In the former case, the only perturber is 2p2 3P while the 3s3p 
coree can interact with 3p 2 3 P , 3d 2 3 P , 3s3d3D and 3p3d 3P, 3D and 3F, depending on the 
angularr momentum of the outer electron. 

Thee 4S e series is the only series for which the mixing coefficients of the different wavefunctions 
aree close. For the three lowest (3s3p3P )np 4S e states (n going from 4 to 6), the width, reported 
inn table 4.4, is found to vary with the mixing coefficient of the (3s3p 3P )rap state. The latter is 
respectivelyy 0.89, 0.85 and 0.83 for the three lowest states. A variation of 0.01 in the coefficient 
correspondss to a variation of 3 meV in the width. According to this prediction, the widths of the 
nn = 7, 8 and 9 terms are expected to be, respectively, 20, 41 and 37 meV. The deviation from 
thee predicted width by nearly 20 meV for the n — 7 state is explained by a difference in the 
wavefunctionn since this state is considerably perturbed by the (3s3d3D)4d state closeby. The 
contributionn to the wavefunction from the latter state increases from 5 % (for n = 4, 5, 6, 8 and 
9)) to 15 % for n = 7. The width of the n = 8 level is very close to the expected value, showing 
thatt the influence of open lsn'p channels with n' > 9 are small for this state. This, however, is 
nott the case for the n = 9 term. 

Thee independence of the Auger rate on the angular momentum of the Rydberg electron, 
whichh was found for 2121'nl" states, is also more difficult to observe for 3131'nl" states. If the 
Rydbergg series are unperturbed, (3s3p3P)n/ 4 I states are expected to have a similar width. 
Tablee 4.4 shows that the width associated with these states are oscillating between 40 and 70 
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meVV which can be seen as a consequence of the perturbation of the wavefunctions. In the present 
case,, the mixing found to be so large and so variable that the concept of Rydberg states begins 
too lose its meaning. The observation of Rydberg series of the type 3/3/'n/" is therefore unlikely 
exceptt for possible special cases. 

4.55 Conclusions 

Resultss for multiply core-excited states in Li have been reported. In the case of 2121'nl" states, 
thee ^-spline approach is found to give a very accurate description of the spectrum, especially for 
thee 2P° series which has been studied in some detail experimentally. Theoretically, the excellent 
accordd with the SP method confirms the high accuracy of the S-spline method for describing 
highly-excitedd states. The largest differences are found for the energies of the 2s2p2 levels. 
Autoionizationn widths are also found to be well described despite the use of a rather simple 
descriptionn of the target state. The small amount of correlation for lsnl ionization limits makes 
resultss for partial and total widths quite reliable while the error in the decay to 2snl limits is 
foundd to be larger. The autoionization behaviour of triply-excited Rydberg series has also been 
studied.. Instead of the n~3 behaviour which determines the decay of doubly-excited Rydberg 
series,, the decay rates for triply-excited series have been found to be fairly independent of n. The 
existencee of Rydberg series in triply-excited hollow atoms have in fact been questioned because 
off the strong correlation between nlnl' states in the He like systems. Experimentally such series 
havee now been identified (Diehl 1997b) and our work can be seen as providing some justification 
forr the existence of such series even in the presence of strong correlation. For the 2121'nl" series, 
wee find that CI has very little influence on the total decay rates for a series member. This is 
basicallyy because only one limit lsnl" is important and the possibilities for interference between 
thee different components of the wavefunction is therefore limited. This signature of a Rydberg 
seriess can therefore remain intact even in the presence of strong CI. There are of course other 
signaturess such as a regular quantum defect that is not explained by this argument. 

Forr 3131'nl" series, for example, interferences are important for the determination of the 
decayy rate since several limits are available and it is likely that the "existence" of Rydberg series 
iss limited to 2121'nl" configurations. Our results for ZlZl'nl" states point in this direction. We 
notee also that above 151.7 eV new exit channels becomes available for the 2121'nl" series which 
willl complicate the spectra of these series. 

Thee identification of lsnl" as the main decay channel for a 2121'nl" Rydbergg series has 
consequencess for the design of experiment. Firstly we note that Diehl et al (1997b) already have 
noticedd that the reason that Rydberg series had not been observed before is that the signal in 
thee ls2s exit channel is very weak. Our results suggest that a more sensitive approach would 
bee to look in the lsn/" exit channel. However, since the free electron energy will vary little 
withh n, a high energy resolution is required to distinguish between initial states. This would 
nott be so serious if the lsnl" exit channel could be used to identify the initial n value directly 
butt we have found that the lack of orthogonality between initial and final states can destroy 
thee equivalence between initial and final n values so that the exit channel does not give an 
unambiguouss identification of the initial n value. In fact, it appears that often the (n + 1) exit 
channell will correspond to the initial value n. The lack of orthogonality means that methods 
wheree the initial and final states can be optimized separately have advantages compared to 
methodss like MCDF (Azuma 1995, 1997) or R-matrix (Journel 1995) which require that a single 
sett of orbitals are used for both initial and final states. 
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5.11 Introductio n 

Inn light atoms, the excitation of a core-electron, belonging for example to the Is shell, brings the 
systemm into a highly-excited state often lying above one or several ionization limits and because 
decayy can occur via radiative as well as via Auger processes, such states have been observed 
experimentallyy using photon and electron detection techniques. The two techniques are to some 
degreee complementing each other since most states decay preferentially either radiatively or 
non-radiatively. . 

Thee first studies of ls2lnl' states with n > 2 were performed many years ago using these 
detectionn techniques. For example, Ederer et al (1970) and Mcllrath and Lucatorto (1977), who 
usedd respectively UV radiation and laser excitation combined with UV light sources, based their 
analysiss on photon absorption while Ziem et al (1975) and Rassi et al (1977) used electron 
spectroscopyy in collision experiments. For light atoms and ions, the decay of core-excited states 
iss dominated by Auger processes and, therefore, electron or photoion detection is usually more 
appropriate.. On the other hand, the analysis of the spectrum is simplified by the selectivity 
off photoabsorption experiments which restricts the excitations to fewer states with specific 
parityy and symmetry characteristics. Recently, the last generation of synchrotron radiation light 
sourcess has been combined with electron or photoion spectroscopy for studying the spectrum 
off 2121'nl" states with n > 2, such as 2s22p, with 2P° symmetry (see for example Azuma et 
alal 1995, Diehl et al 1996). 2P° is the only symmetry that can be reached from the ground state 
byy photon excitation and a very good agreement was found in particular with very accurate 
theoreticall predictions by Chung and Gou (1995, 1996). At the same time, Kiernan et al (1996) 
usedd synchrotron radiation combined with photoion detection to study the singly core-excited 
2P°° series in Li I and reported energies for (ls2s 1,3S)np and (ls2p 1,3P)ns terms, with n up to 
14,, with an experimental error estimated to 10 meV. This should be compared with the most 
accuratee beam-foil experiments for which the error reported is 10 times smaller (see for example 
Mannervikk et al 1984). 

Inn the present work, we consider three series for which experimental results exist. The 2P° 
seriess can be reached by photoabsorption directly from the ground state, ls22s 2S e , as just 
mentionedd while the 2S e and 2D e series have been studied by photoexcitation from the first 
excitedd state, ls22p 2P°, the later populated by laser excitation from the ground state. Recently, 
Chungg (1997) performed calculations for the lowest autoionizing states of the 2P° series using 
thee saddle-point (SP) method and confirmed the accuracy of both the synchrotron and the 
beam-foill experiments. The SP approach has also been applied for computing the lowest ls2/n/' 
statess of the 2Se and 2D e symmetries (Chung 1998) but, in that case, no recent experiment has 
beenn reported and Chung refer to Mcllrath and Lucatorto (1977) who studied the two series 
usingg absorption spectroscopy. 

Thee recent theoretical studies of singly core-excited states in Li I (Chung 1997, 1998) have 
revealedd several problems. It turns out that some states belonging to different series are lying 
closee to each other and therefore are difficult to distinguish from each other, especially in collision 
experimentss where both even and odd symmetries are populated. For example, because of the 
presencee of a 2D e state close to 63.56 eV, the position of the (ls2s1S)3s 2S e term remains 
ambiguous.. In their experiments, Ziem et al (1975) and Rassi et al (1977) reported an energy 
off 63.57 eV for this term, in agreement with the latest calculations by Chung (1998), but were 
unablee to assign the level with certainty while Mcllrath and Lucatorto identified the 2S e state 
withh a feature at 63.46 eV, an energy that has been confirmed theoretically by Wakid et al (1980). 
Anotherr problem is the difference between the measurement of the Auger rate of the (ls2s XS )2p 
2P°° term performed by Cederquist and Mannervik (1982) and the theoretical predictions which 



5.22 Theoretical approach 125 5 

axee about 15 % larger. 
Bothh the SP and the B-spline approaches have been found to give a very accurate description 

off highly-excited states in Li I (cf. chapter 4) but calculations on singly core-excited terms provide 
aa more decisive test on the quality of the methods because of the higher accuracy of existing 
experimentall data. In the introduction (cf. section 1.4.2, page 36), preliminary results for singly 
core-excitedd terms in Li I have been used to demonstrate the influence of the orbital basis 
onn the energies and, in particular, the advantages of a HF basis were noted. In this chapter, 
moree accurate results are reported for which the HF basis has been improved, more correlation 
includedd and several relativistic corrections have been added. 

Thee application of the B-spline method to Li I can, as mentioned, be used to study the 
accuracyy of the method and thereby provide confidence levels for similar calculations of the 
energyy spectrum and the Auger decay rates for the Be II and B II I  ions. For the two ions, few 
dataa exist and for which there often are large differences between the available data. The present 
workk was motivated in part by the desire to fill some of these gaps. 

5.22 Theoretical approach 

Inn the present work, a CI approach combined with a B-spline basis set is used for computing the 
energiess and the Auger widths of the lowest autoionizing states of the 2S e , 2P° and 2De symme
tries.. A detailed description of the theoretical approach has already been given in sections 1.2 
andd 1.3 and the parameters used in setting up the B-spline basis are the same as in section 4.2.1 
(pagee 93) i.e. 22 functions of order 7 are exponentially distributed over a box of 80 au. In this 
section,, we will mainly focus on the improvements in the approach with respect to the work 
reportedd in section 1.4.2 (page 36) in which preliminary results for the lowest ls2Z2Z' 2S e states 
weree reported and where we concluded that the use of a HF basis set improve the convergence 
off the B-spline approach. For the present calculations, the basis has been computed outside a 
frozenn Is core (while in section 1.4.2, a Is2 core was used) where the Is orbital comes from a 
HFF calculation for Is2. This choice of basis turns out to provide a faster convergence of the CI 
expansion,, thereby improving the precision and the reliability of the calculations. 

Furthermore,, in order to improve the accuracy of the present results, some relativistic cor
rectionss have been included. The Darwin terms 

^^  = - ^ £ v 2 ( i ) (5-D 
ii  1 

andd the mass correction term 

i i 

whichh are expected to be the largest relativistic effects in a LS approximation, are computed, 
afterr diagonalization of the hamiltonian, using a perturbative approach. This treatment is similar 
too that employed by Chung (1997, 1998). The relativistic corrections included here do not lead 
too a splitting of terms into J levels but the experimental resolution, particularly in the electron 
detectionn techniques, is so far in general not good enough to resolve the fine structure in these 
levels.. The omission of the spin-orbit interaction, which does not shift the centre-of-gravity 
off a term as long as the Coulomb repulsion is the dominant interaction, and other smaller J 
dependentt interactions is therefore not expected to be serious. 
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Thee last improvement compared to our earlier work concerns the quality of the wavefunctions 
whichh has been improved by increasing the amount of correlation from 15000 to 20000 csf's. 

5.33 Energies 

Thee energy levels (in eV) and the autoionization widths (in meV) of the lowest ls2/n/' 2S e , 
2P°° and 2D e states are listed in table 5.1 while in tables 5.2 and 5.3, the energies obtained are 
comparedd with experimental and other theoretical data, respectively. All energies are reported 
relativee to the ls22s 2S e term and the transformation coefficients from au to eV used, which 
includee the mass dependence of the Rydberg constant, are 27.20945, 27.20994 and 27.21022 for 
Lii I, Be II and B III, respectively. In several theoretical works, including the present one, the 
energyy of the ground state is not reported and, instead, the energy computed by Chung (1991) 
hass been used to fix the energy scale. 

5.3.11 Li I 

Inn this section we discuss the results for individual states included in tables 5.2 and 5.3 for each 
off the three series studied here, beginning with the 2S e series. We note that both 2S e and 2De 

cann be reached from the ls22p 2P° term and that a determination of the L value is difficult. One 
possibilityy is to use the polarization properties of the absorbed light (Azuma 1999) but detailed 
resultss have not been published yet. 

Forr the lowest core-excited state, ls(2s2 lS) 2S e , the disagreement between the three most 
accuratee experimental results, based on electron detection, is quite large (cf. table 5.2). The 
twoo measurements with the smallest error bars, performed by Ziem et al (1975) and Rassi et 
alal (1977), are not in agreement with each other (56.352  0.010 vs 56.395  0.015 eV) while the 
valuee reported by Rodbro et al (1979), 56.36  0.05 eV, has larger error bars and is in accord 
withh either of the other two measurements. Theoretically, the agreement between the different 
approachess is better (cf. table 5.3) and, with the exception of the energies computed by Bhatia 
andd Temkin (1976) and Bhatia (1978), they all agree within 20 meV. The 5-spline energy is in 
goodd agreement with the values reported by Wakid et al (1980) and Chung (1998) and all three 
energiess are lying inside the experimental error limits defined by Rassi et al (1977). 

Forr the (ls2s 3S )3s 2Se term, the agreement with the observed data is good. The B-spIine value 
iss lying inside the error limits of all experimental measurements and the accuracy is confirmed by 
comparingg with other theoretical data. The Mcllrath and Lucatorto photoabsorption experiment 
iss expected to be the most accurate with an estimated error of 0.01 eV or less. 

Thee 5-spline energy of the third and the fourth state of the 2S e series, (ls2s3S)4s and 
ls(2p22 r S) , is found to lie just within the error limits of the experiment performed by Mcllrath 
andd Lucatorto (1977) while being in excellent agreement with the energies computed by Chung 
(1998)) using the SP method. 

Forr higher members of the (ls2s3S )ns Rydberg series, n = 5 and 6, the disagreement with 
thee observed energies (Mcllrath and Lucatorto 1977) are respectively -0.02 and 0.02 eV but 
againn the S-splineresults are supported by the SP calculations (Chung 1998). 

Thee (ls2s *S )3s 2S e perturber has been observed by Mcllrath and Lucatorto (1977) at 63.462 
eVV while Ziem et al (1975) and Rassi et al (1977) reported an energy of about 63.57 eV but 
withh larger error bars than reported by Mcllrath and Lucatorto (respectively 0.03, 0.02 and 
lesss than 0.01 eV). In their work, Mcllrath and Lucatorto based the assignment on unpublished 
calculationss by Weiss (not reported here) and claimed the labeling to be unambiguous. The 
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Tablee 5.2: Comparison between the B-spline and experimental energies (in eV) for the lowest 
ls2/n/'' states of 2S e , 2P° and 2De series. All values are reported relative to the ls22s 2S e state. 
Thee theoretical energies are obtained with reference to the relativistic energy value reported by 
Chungg (1991) for this state. 

LSLS State 
*See 18(28* XS) 

(ls2s3S)3s s 

(ls2s3S)4s s 

ls(2p22 XS) 

(ls2ss !S )3s 

(ls2s3S)5s s 

(ls2s3S)6s s 
2P°° (ls2s1S)2p 

(ls2s3S)2p p 

(ls2s3S)3p p 

(ls2s3S)4p p 

B-spline e 
56.384 4 

61.989 9 

63.145 5 

63.326 6 

63.573 3 

63.718 8 

63.951 1 
58.908 8 

60.407 7 

62.421 1 

63.356 6 

Lii I 
Experiment t 
56.0(1)' ' 
56.31(3)9 9 
56.352(10)* * 
56.36(5)* * 
56.395(15)'' ' 
61.992/ / 
61.995(10)* * 
62.00(2)" " 
62.01(5)' ' 
63.135/ / 
63.16(2)" " 
63.17(3)-'' ' 
63.2(1)*' ' 
63.313/ / 
63.35(3)' ' 
63.4(1)' ' 
63.462/ / 
63.5(1)' ' 
63.58(3)* * 
63.57(2)" " 
63.735/ / 
63.8(1)' ' 
63.935/ / 
58.908(l)e e 

58.910(6)c c 

58.91(5)' ' 
58.91(3)9 9 
58.912(10)* * 
58.912(15)" " 
60.396(3)c c 

60.397(10)-' ' 
60.40(3)9 9 
60.40(5)' ' 
60.405(15)" " 
62.419(3)c c 

62.42(3)9 9 
62.421(15)'' ' 
62.422(10)* * 
62.424(l)e e 

62.425(10)' ' 
62.46(5)' ' 
63.3(1)9 9 
63.35(2)" " 
63.353(10)* * 
63.355(l)e e 

63.356(9)c c 

63.4(1)' ' 

B-spline e 
114.319 9 

128.963 3 

125.863 3 

131.222 2 

118.761 1 

120.996 6 

129.491 1 

Be l l l 
Experiment t 
114.0(1)' ' 
114.3(1)' ' 

128.8(1)* * 

125.8(1)* * 
125.80(2)d d 

131.2(1)* * 

118.7(1)' ' 
118.79(2)d d 

118.817(4)° ° 

120.9(1)' ' 
121.00(2)d d 

129.4(2)' ' 

B-spline e 
192.742 2 

209.088 8 

199.145 5 

202.024 4 

Bin n 
Experiment t 
192.4(1)' ' 
192.72(3)rf f 

209.3(7)' ' 
208.62(3)d d 

199.17(3)"" " 
199.3(3)' ' 

202.03(5)fc c 

202.09(3)d d 

202.2(5)* * 
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Tablee 5.2 continued. 

Lii I 
LSLS State ö-spline Experiment 

Bell l 
B-splinee Experiment 

Bi l l l 
B-splinee Experiment 

^P^P55 (ls2s3S)5p 63.753 63.752(10)* 
63.753(3)c c 

63.755(15)" " 
63.8(1)» » 
63.8(11 H 

(ls2s3S)6pp 63.953 63.951(3)c 

63.951(10)* * 
63.955(15)'' ' 

(ls2s3S)7pp 64.062 64.046(8)c 

64.050(10)* * 
>Dee ls(2p21D) 61.062 61.04(3)9 122.442 122.4(2)* 204.274 204.22(3)rf 

61.056(1)'' 122.47(2)d 204.4(5)' 
61.06(5)** 122.489(4)" 204.28(5)6 

61.062/ / 
61.065(15)* * 
61.065(10)' ' 

(ls2s3S)3dd 62.901 62.896(l)e 130.608 130.6(2)' 
62.899' ' 
62.93(5)J J 

62.93(2)ft t 

62.98(3)' ' 
(ls2s3S)4dd 63.560 63.556(l)e 

63.565' ' 
63.57(2)'1 1 

63.58(3)J J 

62.6(2)' ' 
(ls2s3S)5dd 63.867 63.865' 

63.9(3)' ' 
(ls2s1SS )3d 64.578t 64.545' 

tt The accuracy of the energy value reported for this state is expected to be lower than for the 
otherr 2D e states because of the higher density of states in the energy region close to 64.5 eV. 
°° Agentoft et al (1983), beam-foil spectroscopy, detection of photons. 

Baudinet-Robinett et al (1987), beam-foil spectroscopy, detection of photons. Energies are re
portedd relative to the (ls2s *S )2p 2P° state fixed at the experimental value reported by Kennedy 
andd Carroll (1978). 
cc Ederer et al (1970), absorption spectroscopy from the ground state, detection of photons. 

Kennedyy and Carroll (1978), emission and absorption spectra of a laser induced plasma. The 
ls22ss - ls22p energy has been taken from NIST compilation (http://www.nist.gov). 
cc Mannervik and coworkers (1984, 1985, 1986), beam-foil spectroscopy, detection of photons. 
ff Mcllrath and Lucatorto (1977), far-UV absorption spectrum from ls22p 2P°, detection of pho
tons.. Only even symmetries are observed. The error is estimated to be smaller than 0.01 eV. 
99 Pegg et al (1975), collision spectroscopy, detection of electrons. 
hh Rassi et al (1977), ejected electron spectroscopy, detection of electrons. 
** Rtfdbro et al (1979), projectile electron spectroscopy, detection of electrons. 
33 Ziem et al (1975), collision experiment, detection of electrons. 
** Kiernan et al (1996), synchrotron radiation, detection of photoions. 
11 Bruch et al (1975a), beam-foil spectroscopy, detection of photons. 

http://www.nist.gov
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assignmentt was later confirmed by the calculations of Wakid et al (1980) who used a quasi-
projectionn operator technique while the most recent SP calculation (Chung 1998), in agreement 
withh the present data, does not support this conclusion and located the (ls2s1S)3s 2S e state at 
63.577 eV. An important fact is that the (ls2s *S )3s 2S e and the (ls2s3S )4d 2De terms are found 
too have about the same energy (cf. table 5.1), respectively 63.57 and 63.56 eV. The possible 
blendingg of these two absorption features has already been mentioned by Rassi et al (1975) and 
Ziemm et al (1977) who could not determine the symmetry of the state with certainty (for these 
twoo works, the energy is therefore listed twice in table 5.2, under both the 2S e and the 2D e 

labels).. If the same apply to the work of Mcllrath and Lucatorto (1977), the level at 63.565 
eVV could perhaps be labeled (ls2s1S)3s 2S e as well as (ls2s3S)4d 2D e which would bring the 
experimentall energy of the 2S e state in agreement with the most recent theoretical predictions. 
Thiss would require that the line observed by Mcllrath and Lucatorto at 20.123 nm and associated 
too the decay of the 2S6 state at 63.46 eV should be reassigned. A possible candidate is the parity-
forbiddenn transition between the ls22s 2S e and the ls2p2 2P e state which is found, using the 
5-splineapproachh (the energy value is not reported in table 5.1), to occur at 20.118 nm. 

Continuingg the comparison with the 2P° series, we notice that, since this symmetry can be 
reachedd from the ground state by a dipole transition, there are more accurate measurements 
andd the interpretation of the spectrum is therefore less ambiguous than for the 2S e and 2De 

series.. For the lowest 2P° state, (ls2s1S)2p, the agreement between the experimental values 
iss much better than for the lowest 2S e term, ls(2s2 1S). All experiments agree with the value 
reportedd by Mannervik et al (1984), 58.908 1 eV, which has the smallest error limits. This 
valuee agrees perfectly with the energy computed in the present work, 58.908 eV, while all other 
theoreticall data are lying outside the very narrow experimental error limits, although Chen and 
Chungg (1994) and Chung (1997) are very close, 58.910 eV. 

Thee (ls2s1S)2p 2P° term is a perturber of the (ls2s3S)np series (cf. table 5.1). The B-
splinee energy for the lowest term of this Rydberg series, (ls2s3S)2p, is in agreement with the 
valuess observed by Ziem et al (1975) and Rassi et al (1977) but seems overestimated by about 
0.011 eV with respect to the measurement of Ederer et al (1970) that agrees with the theoretical 
predictionss of Chen and Chung (1994) and Chung (1997). The difficulty in obtaining an accurate 
descriptionn of the (ls2s3S )2p state is illustrated by the differences between the calculated values 
listedd in table 5.3 and, comparing with the experimental values in table 5.2, it can be seen that 
thee B-spline energy is the only accurate value which has not been obtained using the SP method. 

Inn a single configuration approximation, the ls2s 3S e state has a lower energy than the ls2s 
1S ee state and therefore it is at first sight surprising to see that the (ls2s 1S )2p term is the lowest 
core-excitedd state of the 2P° series. This inversion is a consequence of the strong interaction 
betweenn the 2s and 2p electrons. The two lowest 2P° states are in fact better represented by, 
respectively,, the ls(2s2p3P) and the ls(2s2p1P) label (Chung 1997) in agreement with the 
singlee configuration prediction. 

Forr the (ls2s3S)3p level, the two measurements having the smallest error bars, performed 
byy Ederer et al (1970) (62.419  0.003 eV) and Mannervik et al (1984) (62.424  0.001 eV) 
disagreee slightly. The theoretical work of Chen and Chung, 62.419 eV, Chung, 62.417 eV, and 
thee present, 62.421 eV, show a preference for the value reported by Ederer et al while Wakid et 
alal (1980) and Jaskölska and Woznicki (1989), who both reported an energy of 62.424 eV, are in 
betterr agreement with the work of Mannervik et al, the other theoretical data are lying outside 
thee error limits of these two measurements. 

Thee B-spline energy for the (ls2s3S )4p 2P° term is found to be in good agreement with the 
experimentall data which all agree with the measurement performed by Mannervik et al (1986). 
Thee B-spline result agrees with the result of the calculation performed by Jaskölska and Woznicki 
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whilee the energies reported by Chung and coworkers (Chen and Chung 1994, Chung 1997) are 
slightlyy lower. 

Forr the (ls2s3S )5p 2P° state, three of the four theoretical predictions, including the present 
one,, are lying within the error limits defined by Ederer et al who reported the smallest error 
bars. . 

Forr the (ls2s3S )6p state, the theoretical values computed using the B-spline (present work) 
andd the SP method (Chung 1997) are in good agreement with the energies measured by Ederer 
etet al (1970), Rassi et al (1977) and Kiernan et al (1996) while the energy computed by Jaskolska 
andd Woznicki (1989) is lying outside the error limits defined by Ederer et al. 

Forr the seventh lowest 2P° state, the B-spline energy is lying outside the error limits defined 
byy Ederer et al (1977) and Kiernan et al (1996) and the disagreement between the B-spline and 
thee SP method, the latter being in agreement with the experimental data, is quite large (12 
meV).. The two theoretical results also disagree with regard to the label. The wavefunction is 
foundd to be a mixing between (ls2s 3S )7p and (ls2s *S )3p. In the present work, the (ls2s3S )7p 
configurationn has the largest amplitude, the associated coupling scheme represents about 60% of 
thee wavefunction, but Chung, in agreement with the assignment made by Kiernan et al, preferred 
thee (ls2s1S)3p label. 

Finally,, we discuss the 2De series beginning again with the lowest term. While experiments 
agreee on the energy of the ls(2p2 1D) 2D e term, only the SP energy reported by Chen and 
Chungg (1994) is lying within the error limits of the measurement performed by Mannervik et 
alal (1986). Other theoretical data are in better agreement with the energies observed by Ziem et 
alal (1975), Mcllrath and Lucatorto (1977) and Rassi et al (1977) who reported energies close to 
61.0655 eV (with errors of about 10 meV), slightly higher than the observation of Mannervik et 
alal (61.056  0.001 eV). 

Thee values computed by Chen and Chung (1994) for the (ls2s3S)nd 2D e terms with n = 3 
andd 4 agree better with the experimental data than the calculations of Chung (1998) although 
thee differences between the two theoretical data sets are small (only a few meV). Those two 
setss of data bracket the B-spline energies which for n — 3, 4 and 5 are in good agreement with 
thee experimental results due to Mcllrath and Lucatorto (1977) while slightly larger than the 
valuess observed by Mannervik et al (1985) for n = 3 and 4. The good agreement of the B-
splinee method with the theoretical work of Chung (1998) becomes visibly worse when higher 
(ls2s3SS )nd Rydberg states are considered. The B-spline energy for the n = 5 term is lower than 
thatt computed by Chung and the n = 6 state is found to be lying slightly higher in the energy 
spectrum,, even if the difference still is very small (5 meV), but for the n = 7 and n = 8 states, for 
whichh no experimental values have been published, the disagreements between the two data sets 
increasee to respectively 65 and 200 meV. The error on the tenth lowest eigenvalue, corresponding 
too the (ls2s1S )3d 2De term and for which an experimental value exists, is about 30 meV, more 
thann a factor of 2 smaller than the difference with Chung for the highest (ls2s3S)nd Rydberg 
statess reported in table 5.3. This suggests that the difference is not due to lack of convergence in 
thee diagonalization scheme, based on Davidson's algorithm (Davidson 1978). The cause of the 
differencee has not been investigated further but is probably related to the parameters used in 
thee definition of the B-splines. 

Because,, as already mentioned in the introduction, the results on Li I are used to test 
thee accuracy of the B-spline method, it is worthwhile, in conclusion, to emphasize the good 
agreementt between the B-spline and the experimental energies. In general, the agreement with 
thee SP results is also very good except for the higher 2D e states mentioned above. We will 
commentt on the comparison with the SP method in some details later. 
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Tablee 5.3: Comparison between B-splineand other theoretical energies for the lowest ls2lnl' 
statess of 2Se, 2P° and 2De series. The values are reported relative to the ls22s 2Se state. In 
somee publications, the energy of the ls22s 2Se term was not reported and the relativistic value 
computedd by Chung (1991) has been used as reference, except for the work of Nicolaides and 
Aspromalliss (1983) as explained in the notes below. 

LSLS State 
*See ls(2s2 1S) 

(ls2s3S)3s s 

(ls2s3S)4s s 

ls (2p 2 1S) ) 

(ls2s1S)3s s 

(ls2s3S)5s s 

(ls2s3S)6s s 
2P°° (ls2s1S)2p 

(ls2s3S)2p p 

(ls2s3S)3p p 

B-spline e 
56.384 4 

61.989 9 

63.145 5 

63.326 6 

63.573 3 

63.718 8 

63.951 1 
58.908 8 

60.407 7 

62.421 1 

Lii I 
Other r 
56.368* * 
56.383" " 
56.389'' ' 
56.401* * 
56.424" " 
61.991* * 
61.995J J 
62.023* * 
62.043" " 
62.156" " 
63.144'' ' 
63.159" " 
63.305* * 
63.425" " 
63.322'' ' 
63.349" " 
63.485" " 
63.571'' ' 
63.720'' ' 
63.757" " 
63.951h h 

58.910' ' 
58.910» » 
58.914" " 
58.925' ' 
58.929* * 
58.927" " 
58.938* * 
58.976" " 
59.270m m 

60.394' ' 
60.398» » 
60.420* * 
60.438^ ^ 
60.438" " 
60.486" " 
60.496* * 
60.531" " 
62.417» » 
62.419' ' 
62.424" " 
62.424* * 
62.437' ' 
62.483" " 
60.488* * 

Bell l 
5-spline e 
114.319 9 

128.963 3 

125.863 3 

131.222 2 

118.761 1 

120.996 6 

129.491 1 

Other r 
114.332" " 
114.340* * 
115.2* * 

128.976J J 
129.121c c 

125.867' ' 
126.137" " 
131.273» » 

118.778^ ^ 
118.779' ' 
118.784" " 
118.829° ° 
118.855" " 

120.999» » 
120.999' ' 
121.036" " 
121.184" " 

129.496' ' 
129.504' ' 
129.655" " 

B U I I 
B-spline e 
192.742 2 

220.032 2 

209.088 8 

223.169 9 

199.145 5 

202.024 4 

220.826 6 

Other r 
192.723" " 
192.742" " 
192.768* * 
194.. F 

220.053' ' 
220.108" " 

209.097' ' 
209.355" " 
223.220° ° 
223.269» » 

199.153" " 
199.182' ' 
199.223" " 

202.042' ' 
202.102" " 
202.220" " 

220.853' ' 
220.909" " 
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Tablee 5.3 continued. 

LSLS State 
*P°° (ls2s3S)4p 

(ls2s3S)5p p 

(ls2s3S)6p p 

(ls2s3S)7p p 

(^s^jsp p 

( ^p^ JSs s 

(ls2pp lP )3s 
2D ee l s (2p 2 1D) 

(ls2s3S)3d d 

(ls2s3S)4d d 

(ls2s3S)5d d 

(ls2s3S)6d d 
(ls2s3S)7d d 
(ls2s3S)8d d 
( ls2s IS)3d d 

Lii I 
B-splinee Other 
63.356 6 

63.753 3 

63.953 3 

64.062 2 

61.062 2 

62.901 1 

63.560 0 

63.867 7 

64.042 2 
64.205 5 
64.412 2 
64.578+ + 

63.351» » 
63.35# # 
62.356* * 
63.373n n 

63.750» » 
63.755* * 
63.758n n 

63.950» » 
63.962* * 
64.050» » 

61.056e e 

61.060'' ' 
61.060" " 
61.065* * 
61.0711 / 
61.071' ' 
61.099d d 

61.177c c 

61.190° ° 
61.425"1 1 

62.897e e 

63.903h h 

62.904* * 
62.909° ° 
62.910* * 
62.914" " 
62.933d d 

63.008c c 

63.557e e 

63.562'' ' 
63.565* * 
63.567° ° 
63.578'' ' 
63.676" " 
63.869'' ' 
63.871° ° 
63.871* * 
64.037'' ' 
64.140fc c 

64.208" " 
64.552h h 

64.584° ° 

B e l l l 
B-spline e 
133.122 2 

132.014 4 

132.746 6 

133.916 6 
122.442 2 

130.608 8 

133.089 9 

Other r 
133.131' ' 

132.049* * 
132.051' ' 
132.784' ' 
132.787' ' 
133.931' ' 
122.443J J 
122.490° ° 
122.618° ° 
122.667c c 

130.622' ' 
130.829c c 

133.119? ? 
133.351c c 

B i l l l 
B-splinee Other 

224.4166 224.477' 
224.560c c 

225.4822 225.556' 

204.2744 204.287' 
204.497c c 

222.5711 222.582' 
222.891c c 

226.0366 226.104J 
226.292c c 
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Notess to table 5.3. 

tt The accuracy of the energy value reported for this state is expected to be lower than for the 
otherr 2D e states because of the high density of states in the energy region close to 64.5 eV. 
aa Agentoft et al (1983), MCHF calculations including mass correction, Darwin terms and spin-
spinn contact term. 
66 Bhatia and Temkin (1976), non-relativistic quasi-projection operator technique. 
cc Bhatia (1978), non-relativistic quasi-projection operator technique. Some of the energies were 
computedd relative to the Is2 limit. In these cases, the non-relativistic Is2 - Is22s energy difference 
hass been taken from Chung (1991). 
dd Brage et al (1993a), non-relativistic MCHF approach. 
ee Chen and Chung (1994), SP method including relativistic corrections. 
ff Chung (1981), SP method. 
99 Chung (1997), SP method including relativistic corrections. 
hh Chung (1998), SP method including relativistic corrections. 
11 Davis and Chung (1984a), SP method including relativistic corrections. 
33 Davis and Chung (1985), SP method including relativistic corrections. 
** Jaskölska and Woznicki (1989), SP method including relativistic corrections. 
'' Liu et al (1999), SP method including relativistic corrections. 
mm Nicolaides and Aspromallis (1983), non-relativistic MCHF approach. The energy reported in 
thee table is taken relative to the non-relativistic ground state energy reported by Chung (1991). 
nn Wakid et al (1980), non-relativistic quasi-projection operator technique. 
00 Wu and Xi (1991), SP method combined with R-Matrix in a non-relativistic approach. 
pp Crandall et al (1986), MCHF calculations. 

5.3.22 B e I I  and B I I I 

Onlyy a few data sets have been published for autoionizing ls2/n/' 2L states in Be II and B III. 
Forr the former ion, only four experimental studies are known to the authors. The observations 
madee by Rodbro et al (1979) form the most complete data set but the large error limits (0.1 eV 
orr more) do not allow a critical comparison with the present results. For the lowest 2P° and 2De 

states,, the measurements reported by Kennedy and Carroll (1978) and Agentoft et al (1983) are 
moree useful in this regard. For B III, the experimental errors reported by Kennedy and Carroll 
(1978),, 0.03 eV, R0dbro et al (1979), 0.3 eV or more, and Baudinet-Robinet et al (1986), 0.05 
eV,, are often larger than the differences between recent theoretical predictions which complicates 
thee interpretation of the latter. In their work, Baudinet-Robinet et al reported energies relative 
too the (ls2s1S)2p 2P° state and, in order to make meaningful comparisons, the experimental 
ls22ss 2S e - (ls2s *S )2p 2P° energy difference measured by Kennedy and Carroll has been added 
too their measurement but the error in the latter energy has not been added to the error reported 
byy Baudinet-Robinet et al. 

Comparingg with other theoretical data (cf. table 5.3), we note that, with exception of the 
ls(2s22 *S) 2S e state in B III, the energies computed using the ö-splineapproach are always lower 
thann when other techniques are used. In general, the difference between the B-spline and the SP 
calculationss of Davis and Chung (1984a, 1985), which provide the most complete theoretical 
dataa set to compare to, is close to 0.02 eV but for several states it increases to 0.06 eV. 

Forr the lowest 2SC state, the most accurate measurement for B III was reported by Kennedy 
andd Carroll (1978). Their value is in good agreement with the predictions of Bhatia (1978), Wu 
andd Xi (1991) and the present one while the energy published by Davis and Chung (1984a) is 
lyingg 0.02 eV above the error limits. Relatively accurate energies have also been reported by 
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Kennedyy and Carroll for the ls(2p21S) 2S e state. For the two ions, the experimental energy is 
foundd to be lower than the most accurate theoretical predictions. 

Thee problem caused by the low accuracy of experimental measurements is well exemplified by 
thee (ls2s *S )2p 2P° state in B II I  for which the three of the four energies reported in table 5.3 are 
lyingg within the experimental errors limits of the most accurate measurement despite an energy 
differencee of about 0.04 eV. In that particular case, it is encouraging to see that the most recent 
SPP calculation, performed by Wu and Xi (1991), is in good agreement with the B-spline energy. 

Tablee 5.2 shows that, for Be H, the 5-spIineenergy of the (ls2s1S )2p 2P° and ls(2p2 *D) 
2Dee states is lying below the energies reported by Kennedy and Carroll (1978) and Agentoft et 
alal (1983). Forr the two states, theoretical predictions disagree. The MCHF calculations performed 
byy Agentoft et al are in good agreement with the experimental data reported by the same group, 
whichh have very narrow error limits. On the other hand, the SP calculations of Davis and Chung 
(1985)) and Liu et al (1999), which are in agreement with the present data, are lying outside the 
errorr limits defined by Agentoft et al but within those reported by Kennedy and Carroll (1978). 
Forr both states, it is disturbing that neither the SP nor the B-spline calculations reproduce the 
veryy accurate measurements of Agentoft et al (1983) that, in addition, are within the error limits 
definedd by Kennedy and Carroll. 

Forr the (ls2s3S )2p 2P° and ls(2p2 *D) 2D e states in B III , the experimental measurements 
off Baudinet-Robinet et al (1986) and Kennedy and Carroll (1978) are quite far from each other 
althoughh the error limits overlap. In the two cases, the B-spline and the SP energy reported by 
Daviss and Chung (1985) show some preference for the most recent experiment while the energy 
reportedd by Wu and Xi (1991) for the 2P° state is closer to the observation of Kennedy and 
Carroll. . 

5.3.33 Compar ison w i t h the saddle-point me thod 

Tablee 5.3 shows, especially for Be II  and B III , that the B-spline energy often is lower than 
otherr theoretical data. Compared with the work of Davis and Chung (1984a, 1985) that has pro
videdd the most accurate data set extended to the three systems studied in the present work, the 
energyy difference is lying between a few and nearly hundred meV. This large variation is some
whatt disconcerting. If the variational principle holds, this would mean that the B-spline energy 
iss more accurate but the use of the truncated diagonalization method, TDM, and the inclu
sionn of relativistic corrections invalidate the variational principle as mentioned earlier. In the 
presentt work as well as in Davis and Chung, the energy shifts due to relativistic effects have 
beenn computed using perturbation theory and the good agreement with the SP relativistic cor
rectionss (not shown here) shows the reliability of the treatment. On the other hand, energy 
shiftss coming from the interaction between resonances and continuum states are expected to be 
basiss dependent and, in principle, only the comparison with experimental data can tell whether 
onee approach is more accurate than the other. Unfortunately, in some cases, the estimated error 
limitss on the experimental data seems questionable. 

Fromm table 5.3, it is seen that the differences between the B-spline and the SP energies for 
ls2snZZ 2L states is larger when the outer electron is coupled to a ls2s1S core. Considering the 
meann differences between the two data sets for the (ls2s1S)n/ and the (ls2s3S)nZ states, the 
agreementt between the theoretical approaches is found to be better for (ls2s3S)n/ states for 
whichh the mean difference is a factor of 3 (Be II  and B III)  and a factor of 1.5 (Li I) lower 
thann for (182s1 S )nl states. This could perhaps be related to the sensitivity to the energy shift 
inherentt to the TDM, which, as shown in the introduction (cf. section 1.4.2, page 36), is larger 
forr states where the Is and 2s electrons are coupled as a 1S. Therefore, some of the discrepancies 
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betweenn the two theoretical works could be linked to inaccuracies in the evaluation of the energy 
shift.. Davis and Chung (1984a) mentioned that the energy shift increases with Z for the three 
ionss considered here (which is confirmed by the present calculations) and, therefore, it could be 
thatt the accuracy of the perturbative treatment decreases with increasing Z. This assumption 
iss difficult to verify because no accurate experimental data has been published for (ls2s1S)n/ 
statess with exception of the lowest 2P° level in Li I and Be II and the controversial (ls2s *S )3s 
2S ee state in Li I. In addition, the choice of a more appropriate label for the lowest 2P° state, 
ls(2s2p3P),, illustrates the meaningless of such comparison in that case. 

5.44 Autoionization widths 

Comparedd to energies, the amount of experimental data published on autoionization widths 
iss very small (cf. table 5.4). Among the few states that have been observed experimentally, 
thee (ls2s1S)2p 2P° term in Li I has already been discussed in previous theoretical work, for 
examplee by Davis and Chung (1985) and by Chen and Chung (1994). For this state, there is 
aa large difference between the theoretical predictions and the measurement of Cederquist and 
Mannervikk (1982), who reported a very small experimental error (0.1 meV). The observation 
off Cederquist and Mannervik (2.6 1 meV) is in agreement with the value of 3.2  0.6 meV 
measuredd by Pedrotti (1987) but the large error on the latter value limits the interest of this 
comparison.. The present result, 3.78 meV, is in good agreement with the value reported by 
Daviss and Chung, 3.71 meV, but is still 1.2 meV larger than the value observed by Cederquist 
andd Mannervik and 0.50 meV larger than most other calculations. The latter discrepancy is due 
too a shortcoming in the wavefunction used to describe the Is2 ionization limit. The sensitivity 
off the width of the (ls2s1S)2p 2P° term to the description of the target state was mentioned 
byy Chen and Chung (1994) who reported that the difference between the width reported by 
Daviss and Chung and their own result, a reduction by about 12 %, was due mainly to a better 
representationn of the Is2 target state. The same is observed here. If the Is2 wavefunction is 
increasedd from 1 to 11 csf's (the details of the MCHF calculation are given in the book by 
Froesee Fischer (1977) on page 165), the width is reduced by about 10 %, decreasing from 3.78 
too 3.43 meV. This remains far from the observation reported by Cederquist and Mannervik 
(1982)) but is in better agreement with other theoretical data. As noted for the energies, the 
SPP data for the autoionization width show some variation with time, 3.71 (Davis and Chung 
1985),, 2.97 (Wu and Xi 1991), 3.28 (Chen and Chung 1994) and 3.33 meV (Chung 1997). Among 
thesee values, only the second one has not been computed by combining the saddle-point to the 
complex-rotationn approach but coupling the former with the R-Matrix method, which probably 
iss the reason that this width is slightly different. Combining all results, the width seems to 
convergee on a value of 3.3 meV, in disagreement with the experimental value from Cederquist 
andd Mannervik. Mannervik (1999) has kindly reconsidered the experimental data but without 
beingg able to explain the difference, 

Thee width of the (ls2s1S)2p 2P° state has also been observed in Be II. The experimental 
valuee observed by Cederquist et al (1984a), 4.58  0.13 meV, has later been reanalysed by 
Cederquistt et al (1984b) in an unpublished study (quoted in Andersen and Mannervik (1985) 
andd Mannervik (1989)) in which a modified value of 3 meV was obtained. The two values 
referr to the linewidths obtained with (4.08) and without (4.58) inclusion of the fine structure 
splitting,, computed by Davis and Chung (1984b), in the extraction of the experimental decay 
rate.. The B-spline width and particularly the SP width computed by Davis and Chung (1985) 
aree in agreement with the "reanalysed" experimental value in this case. The width computed 
usingg the SP method shows some variation with time as noticed above for Li I. Davis and 
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Tablee 5.4: Autoionization width (in meV) for the lowest members of the 2S e , 2P° and 2D* series 
inn Li I, Be III and B III. Both experimental and other theoretical results are included in columns 
4,, 6 and 8. Experimental values are in italics for easy classification. 

LSLS State 
2S ee l s ^ S ) 

ls(2p2 1S) ) 

(ls2s3S)3s s 

(ls2s3S)4s s 
(ls2s1S)3s s 
(ls2s3S)5s s 
(ls2s3S)6s s 

2P°° (ls2s1S)2p 

(ls2s3S)2p p 

(ls2s3S)3p p 

(ls2s3S)4p p 

(ls2s3S)5p p 
(ls2s3S)6p p 
(ls2s3S)7p p 

(Uts^Zv (Uts^Zv 

(ls2p3S)3s s 

(la3p(la3p11P)3a P)3a 
2D ee ls(2p2 J D) 

B-spline e 
37.34 4 

0.16 6 

7.94 4 

2.56 6 
3.03 3 
1.46 6 
0.73 3 
3.78 8 
3.35f f 

9.97 7 

0.20 0 

0.04 4 

0.04 4 
0.15 5 
0.50 0 

11.01 1 
10.64f f 

Lii I 
Other r 
36.76* * 
36.84' ' 
40.3" " 
0.03" " 
0.40* * 
7.75* * 
7.89' ' 
13" " 
2.05s s 

3.02* * 
1.63* * 
0.72* * 
2.97' ' 
3.28' ' 
3.33J J 
3.42" " 
3.71' ' 
7" " 
2.6(12.6(1 y 
3.2(6)" 3.2(6)" 
7.64' ' 
9.56J J 
9.61* * 
10.01' ' 
11" " 
0.02" " 
0.17' ' 
0.20i i 

0.2(P P 
0.04* * 
0.04J J 
0.04J J 
0.14J J 
0.39J J 

5" " 
9.97' ' 
10.0" " 
10.63*= = 
10.63* * 
10.72* * 
11.00* * 
10.5(3)10.5(3)f f 

B e l l l 
B-splinee Other 
52.95 5 

5.90 0 

10.10 0 

613 3 

4.26 6 

20.87 7 

0.32 2 

0.40 0 

5.01 1 

3.03 3 
28.09 9 

52.99* * 
53" " 

5.71' ' 
8" " 
8" " 
9.95' ' 

6.39' ' 

4.08' ' 
4.316 6 

4.38m m 

4.48' ' 
4-08(13)° 4-08(13)° 
4.58(14.58(1 S\p 

17" " 
20.04m m 

20.07» » 
21.00' ' 

0.02" " 
0.32' ' 
0.32m m 

0.41' ' 
0.45m m 

4.74' ' 
5.28m m 

3.24m m 

23" " 
26.63' ' 
27.56' ' 
31.3* * 
30.3(1.130.3(1.1 f 

B i l l l 
B-spline e 
63.16 6 

6.82 2 

14.98 8 

8.36 6 

4.29 9 

30.52 2 

0.46 6 

0.26 6 

11.39 9 

41.46 6 

Other r 
62.19* * 
68" " 

6.70' ' 
9" " 
13" " 
14.79' ' 

8.49' ' 

4.05' ' 
5.25' ' 
10" " 
10" " 

28" " 
29.83' ' 
30.60' ' 

0.05" " 
0.38' ' 

0.21' ' 

11.32' ' 

27" " 
42.04' ' 

uur uur 
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Tablee 5.4 continued. 

LS LS 
*De e 

State e 
(ls2s3S)3d d 

(ls2s3S)4d d 

(ls2s3S)5d d 
(ls2s3S)6d d 
(ls2s3S)7d d 
(ls2s3S)8d d 
(ls2s1S)3d d 

Lii I 
B-splinee Other 
0.99 9 
0.88* * 

0.30 0 

0.14 4 
0.08 8 
0.08 8 
0.06 6 

0.75" " 
1.00* * 
1.00* * 
1.03e e 

1.11' ' 
0.89(4)0.89(4)h h 

0.30' ' 
0.31*= = 
12.48' ' 
0.13* * 
0.06* * 
0.03* * 
0.02*= = 

B e l l l 
B-splinee Other 
1.666 1.67' 

2" " 

0.100 0.08' 
0.18rf f 

Bil l l 
B-splinee Other 
2.111 2.2' 

3 ' ' 

0.299 0.2' 
0.25* * 

tt Interpolation of the present results to a better description of the ls2limit, see text. 
aa Andersen and Mannervik (1985), interpretation of unpublished results of Cederquist et 
alal (1984b) 
66 Aspromallis and Nicolaides (1984), MCHF calculation. 
cc Baudinet et al (1986), beam foil spectroscopy. 
dd Bhatia (1978), small CI calculation. 
ee Brage et al (1993), MCHF approach. 
ff Cederquist and Mannervik (1982), beam foil spectroscopy. 
99 Cederquist et al (1984a), beam foil spectroscopy. 
hh Cederquist and Mannervik (1985), beam foil spectroscopy. 
ii Chen and Chung (1994), SP method. 
jj Chung (1997), SP method. 
kk Chung (1998), SP method. 
11 Davis and Chung (1985), SP method. 
mm Liu et al (1999), SP method. 
"" Mannervik et al (1984), beam foil spectroscopy. 
°° Nicolaides and Aspromallis (1983), MCHF approach. 
pp Pedrotti (1987), extinction spectroscopy. 
99 Wu and Xi (1991), SP method combined with R-Matrix. 

Chungg (1984) reported, as just mentioned, a value in very good agreement with Andersen and 
Mannervik,, but, in a later work, Wu and Xi (1991) obtained instead a good agreement with 
Cederquistt et al (1984a) while in a recent work, published by Liu et al (1999), the width is lying 
betweenn the two values, not so far from the present result. However, in contrast to the situation 
forr Li I, the agreement with experiment is satisfactory for this term in Be II. 

Severall 2De states have been observed. In the present work, the ls(2p21D) 2De term in 
Lii I has been found to have a width of 11.01 meV. This is in good agreement with Davis and 
Chungg (1985) and only slightly larger than the experimental value, 10.5  0.3 meV, reported 
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byy Cederquist and Mannervik (1982). The values calculated by Chen and Chung (1994), Chung 
(1998)) and Brage et al (1993) are in slightly better agreement with the experiment. For Be II, the 
widthh computed in the present work for the same state is slightly smaller than experiment. The 
onlyy result agreeing with the measurement of Cederquist and Mannervik has been computed by 
Aspromalliss and Nicolaides (1984) while all SP predictions are lower than the experimental value. 
Thee width of the ls(2p2 1D) 2D e state has also been reported in B II I  and a good agreement 
betweenn theory and experiment is found there but the experimental error is larger than in the 
otherr cases. 

Itt has already been mentioned, in the case of the (ls2s1S)2p 2P° state, that the width can 
bee very sensitive to the description of the target state. If, as mentioned by Chen and Chung, 
thee difference in the Auger widths between the results of Davis and Chung (1985) and Chen 
andd Chung (1994) is due to differences in the description of the Is2 state, the same variation 
couldd be expected for the 5-spline value which would then be reduced from 3.78 to 3.35 meV. 
Thee same interpolation would change the widths of the ls(2p2 1D) 2D e and the (ls2s3S)3d 
2Dee terms, respectively, from 11.01 to 10.64 meV and from 0.99 to 0.88 meV. The interpolated 
values,, marked with a Mn table 5.4, are in very good agreement with experiment. 

Inn general, it can be seen that the present data set is in good agreement with data obtained 
usingg the SP method even if the two methods disagree for several terms, such as ls(2p2 *S) 
2S ee and the (ls2s3S )nd 2D e , n = 6, 7 and 8 terms in Li I for which the difference goes up to 
aa factor of 3. The description of the Is2 limit might, as mentioned, be responsible for some of 
thesee problems. 

5.55 Conclusions 

Thee accuracy of the B-spline method for doubly and triply core-excited states has already been 
demonstratedd in chapter 4. Here, the accuracy for singly core-excited states has been studied. 
Thee accuracy of the energy for most Li I terms reach a few meV, thereby competing with the 
accuracyy of the SP method. Autoionization widths are also found to be in good agreement with 
publishedd values but the single configuration description of the Is2 ionization limit appears to 
restrictt the accuracy. For Li I, the disagreement between theory and experiment found by Chung 
(1998)) for the energy of the (ls2s XS )3s 2S e term as well as for the width of the (ls2s *S )2p 2P° 
statee is confirmed by the present work. For the Be II and B III ions, some differences are observed 
withh other theoretical results and accurate measurements as well as better calculations might 
bee necessary to sort out the differences. 
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6.11 Introductio n 

Holloww atoms, which are characterized by empty inner-shell(s), can be produced by collisions 
betweenn highly-charged ions (or bare nuclei) and either a solid surface (Briand 1990, Winter 
1991)) or a heavy gas target (see for example Benoit-Cattin et al 1988). In both cases, electrons 
fromm the target are transferred resonantly into high n orbitals of the projectile that subsequently 
decayy by successive Auger processes (Auger cascades). Benoit-Cattin et al performed collision 
experimentss by sending bare nitrogen nuclei through an Ar gas and from the analysis of the 
electronn spectrum, they concluded that two-electron capture was the dominant process although 
triplee and quadruple capture were observed also. Recently, Moretto-Capelle et al (1999) rein
vestigatedd the N 7 + + Ar experiment performed by Benoit-Cattin et al with better resolution 
andd showed that the dominant double capture was to Zlnl' and Alnl' states with 3 < n < 5. 
Moretto-Capellee et al pointed out that triple capture was also observed and that both ZlZl'nl" 
andd ZlAl'nl" levels with 3 < n < 5 were populated with a preference for the former states. 

Thee early work of Benoit-Cattin et al (1988) was part of the motivation for Vaeck and Hansen 
(1992a)) to perform calculations on the 3/3/'3/" states in N V and on ls23f3/'3/" states in N II I 
usingg the CIHFR approach developed by Cowan (1981). Vaeck and Hansen reported energies 
andd autoionization widths but pointed out that the error could be considerable, especially on 
Augerr rates for which the uncertainty was estimated to be 50 %. The limitation in accuracy was 
causedd by the large number of states belonging to the 3/3/'3/" configurations. Vaeck and Hansen 
(1992a)) included the spin-orbit interaction which increases the size of the matrices considerably 
comparedd to neglecting the spin-orbit interaction as is done here. 

Inn this chapter, calculations using a 5-spline basis are presented for singly, doubly and triply 
core-excitedd doublet states in N V. The study of ZlZl'Zl" and the lowest 3/3f'4/" states allows to 
checkk the accuracy of the CIHFR calculations but represents also a step forward in the study 
off the ZlZl'41" and 3l4l'4l" levels observed experimentally (Moretto-Capelle et al 1999). The 
energyy spectrum of the lowest singly core-excited states in N V has been studied by Mack and 
Niehauss (1987) using single- and double-electron capture experiment. For these states, Mack and 
Niehauss concluded that, at the time, the agreement between theory and experiment sometimes 
wass disappointing as for example for the (ls2s3S )3d 2D e term and we will see that the use of 
thee B-spline approach provides a solution to this problem. For 2121'nl" states, the first results 
forr individual terms are reported. 

Alsoo the influence of a Is2 core on the energy spectrum and the Auger rates is studied by 
meanss of a model-potential and it is estimated that the error on the calculated energies of the 
ls23/3/'n/"" states is improved by a factor of five compared to the accuracy obtained by Vaeck 
andd Hansen (1992a). 

Thee 5-spline approach was successfully applied to core-excited states in chapters 4 and 5 in 
whichh the accuracy of the method for computing ls2/nf', 2121'nl" and ZlZl'nl" states in lithium 
iss shown. The accuracy provided by the present approach for two-electron systems, which has 
beenn shown several years ago (see for example van der Hart and Hansen 1992a), comes from 
thee effective completeness of the basis set (see section 1.4.1, page 34) and from the ability to 
includee the full correlation in the hamiltonian matrix while when pseudo two-electron systems 
aree studied, the accuracy of the method is limited by the description of the core (cf. chapter 2). 
Thee present calculations concern three- and pseudo three-electron systems and, in this case, it is 
noo longer possible to include the full correlation (cf. section 1.3.3.4, page 29) and the accuracy 
off the method is determined by the truncation of the CI expansion as well as by the quality of 
thee model-potential used to describe the core. 

Thee combination of a model-potential with the B-spline method has already been used sue-
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cessfullyy for describing two or three valence electrons outside a closed core (see for example 
vann der Hart and Hansen 1992a, van der Hart et al 1993) as well as for describing an inner 
singlee Is electron in addition to two outer electrons (Chen 1996). In this method, the core-core 
andd core-valence interactions are modeled so that the valence correlation is the only part of 
thee correlation left to consider explicitly. The gain in computation time is not limited to the 
reductionn in the size of the hamiltonian matrix but follows also from the decrease in the number 
off integrals needed for computing each matrix element. The price to pay is the introduction 
andd determination of a number of semi-empirical parameters necessary to specify the potential. 
Thiss number increases with the complexity of the core. However, there are no other compli
cationss related to the number of electrons included in the core and it was shown in chapter 2 
thatt the model-potential method gives the most accurate results obtained so far for the energy 
levelss of neutral Ca. To achieve this, a fairly elaborate model potential was used to describe the 
ls22s22p63s23p66 core in Ca2+ and the polarization of the core by the valence electrons. Here, 
sincee the core consists of a closed Is shell, a simpler potential can be used while the polarization 
off the core has not been taken into account explicitly. 

6.22 Differences between doubly- and triply-excited states 

Theoreticall studies of systems with many open shells are difficult in the first place because the 
numberr of allowed quantum states increases very quickly which leads to very large calculations 
evenn in a single configuration approximation. This is illustrated for example by the large number 
off terms, more than hundred, that can be build from three non-equivalent f electrons. Further
more,, because of the near degeneracy in energy of configurations with the same distribution of 
nn values, there is a very strong interaction between terms having the same n distribution and 
thee same symmetry. This means that single configuration calculations are of limited validity and 
thee complex1 (Layzer 1959) is the lowest unit for which calculations can be expected to have a 
reasonablee degree of reliability. This increases the size of the calculations very much compared 
too "normal" closed shell systems, as mentioned by Vaeck and Hansen (1995). Vaeck and Hansen 
carriedd out the first calculations for triply-excited states with all electrons in the n = 3 shells 
(Vaeckk and Hansen 1991, 1992a) using an expansion basically limited to the complex although 
somee configurations with n = 4, particularly 4f, were included also. Calculations were carried 
outt for N III and N V, in the former case a Is2 core was included, with the purpose of ob
tainingg radiative and in particular, because they are more likely, non-radiative decay rates for 
suchh systems. To reduce the amount of data to manageable proportions, average values of decay 
ratess were reported and it was found that for three-electron systems, the influence of CI on the 
averagee value is small. A major result of the studies by Vaeck and Hansen (1995) was in fact 
thatt the variation between states in properties such as the decay rates is much smaller for three-
comparedd to two-electron systems. Two-electron systems have been studied for a long time and 
itt has been found that there is a wide variation, for example in autoionization decay rates, be
tweenn different states depending on, for example, whether the electrons can be understood to 
bee predominantly on different sides or on the same side of the nucleus. Vaeck and Hansen con
cludedd that the peculiarities of the Coulomb potential, in particular the degeneracy with I, are 
stilll important for two-electron systems while for three electrons the effects are much reduced. 
Thiss observation was based on large scale but still limited CI calculations and it is interesting 
too check its validity using a more accurate approach. 

Thee (Layzer) complex is defined as the set of alt configurations of a given parity that can be formed from a 
sett of electrons with a specified distribution of n values. 
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Thee present results support the conclusions of Vaeck and Hansen but, because the size of 
thee matrices involved for three-electron systems does not, at the moment, allow to include the 
wholee correlation, a comparison is less conclusive than for two-electron systems for which full 
CII calculations can be performed. In addition to including more correlation, the B-spline results 
aree expected to be more accurate for other reasons too. In particular for light systems, non-
orthogonalitiess between the initial and final states can have a considerable influence on, for 
example,, autoionization decay rates (Froese Fischer 1986) and the present results represent an 
improvementt over the CIHFR calculations in this respect. 

6.33 Theoretical approach 

Thee first extension of the B-spline method from two- to three-electron systems was reported by 
vann der Hart et al (1993) in order to compute the ground state energy of Ca~ using a model-
potentiall to describe the ls22s22p63s23p6 core. Later, Bachau (1996) used a similar approach to 
studyy the non-radiative decay of triply core-excited states in N V. The techniques used in these 
twoo works have been extended and improved here. 

AA detailed description of the theoretical approach can be found in the introduction to this 
thesiss (cf. sections 1.2 and 1.3) and, in the following, we will focus briefly on the definition of 
thee orbital basis and on the description of the model-potential. Basically, the parameters used 
heree to set up the B-spline basis are, with exception of the box size, identical to those used in 
chapterss 4 and 5 while relativistic corrections have been neglected in the present calculations. 

Inn the present chapter, Li- and B-like nitrogen are studied. For the former, N V, the orbital 
basiss is constructed in a way similar to that used for Li (cf. section 4.2.1, page 93, and section 5.2, 
pagee 125), the basis sets being computed by solving the HF equation for an electron with angular 
momentumm / outside a frozen core determined by HF calculations on N VI. For ls2/nf, 2121'nl" 
andd 3131'nl" states, the core is respectively Is (the Is orbital taken from a HF calculation on 
Is2),, 2s2 and 3s2. In this way, the screening of the outer electron(s) due to the inner electron(s) 
iss taken into account to some degree. For B-like nitrogen, N III, the presence of the Is2 core is 
simulatedd by using a model-potential. It was shown by van der Hart and Hansen (1993) that a 
model-potentiall can give a better representation of the Is2 core than a frozen HF description 
becausee it can be designed to include part of the core-valence correlation. The model-potential 
usedd in the present work was introduced by Bachau et al (1990) and is defined as 

vvMM = - (* -3-»( i+<»*- ~ 
r r 

Bachauu et al (1990) have shown that for a certain value of a, independent of /, the potential is 
equivalentt to the HF potential while if a is allowed to vary with /, a more accurate approximation 
iss possible. 

Thee combination of the potential described by equation 6.1 (with an a value independent 
off Z) and the B-spline approach gives accurate energies and autoionization widths for doubly-
excitedd four-electron systems (van der Hart and Hansen 1992b, 1993). Because, in the present 
case,, five-electron systems are studied, the a value has been allowed to vary with /, as explained 
inn a later section. The atomic orbitals are obtained by solving a single particle equation in the 
coree potential (equation 6.1) for each I value separately. The polarization of the core by the 
valencee electrons is neglected although its effects, to some degree, is taken into account by the 
// dependence of the model-potential. 

Ass the Is electrons to some extent are screening the nuclear charge and thereby reducing the 
nucleus-electronn interaction, orbitals are expected to be less contracted for N III than for N V. 
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Therefore,, the size of the box has been increased from 60 au for N V to 80 au for N II I  in order 
too avoid "squeezing" the bound orbitals for N III . 

Oncee atomic orbitals have been set up, a CI calculation is performed. In the case of (pseudo) 
two-electronn systems, it is possible to take full advantage of the effective completeness of the 
basiss since it generally is possible to diagonalize the hamiltonian without the necessity to restrict 
significantlyy the excitations included (van der Hart and Hansen 1992a). For (pseudo) three-
electronn systems, the amount of correlation that can be included in the hamiltonian is limited 
byy the memory of the computer used. With the Sun Ultra workstations used here, the size 
off the matrix is restricted to about 30000 when matrix elements are kept in memory. In the 
presentt calculations, energies and Auger widths were found to have converged "already" when 
150000 csf's were included in the CI expansion, allowing the use of smaller matrices and thereby 
speedingg up the calculations. 

Thee use of the truncated diagonalization method, TDM, in which all open-channels, as
sociatedd with ionization limits lying lower than the quasi-bound states are removed from the 
hamiltoniann matrix, is required to avoid any accidental degeneracy between the excited state 
andd a discretized continuum state. The contribution from the open-channels to the energy is 
computedd in a later step, using perturbation theory (cf. equation 1.86, page 33). 

Thee limitation of the correlation and the use of the TDM involve that calculations are 
basiss dependent. Therefore the use of a HF basis is expected to reduce the energy shift due to 
thee open-channels (cf. section 1.4.2, page 36) and thereby reduce the error introduced by the 
perturbativee treatment. In chapter 4, we mentioned the shortcomings of this approach in the 
casee of 3/3/'n/" states in Li. The unstability of the energies observed in Li did not occur in the 
presentt calculations and, therefore, we believe that the perturbative approach provides accurate 
resultss for nitrogen ions. However, a HF basis has been used only for the three-electron problem, 
althoughh an attempt has been made to improve the model-potential, as described in a next 
section,, to make it more suitable for the five-electron problem. 

6.44 Li-lik e nitrogen, N V 

6.4.11 ls2lnl' doub l e t s t a t e s 

Inn 1987, Mack and Niehaus (1987) reported charge exchange experiments involving several 
lithium-likee ions including nitrogen. Isnln'l' excited states were produced by single- and double-
electronn capture by allowing slow charge-selected beams of hydrogenic and He-like C, N or O 
ionss to pass through a thin gas target of He or H2. Mack and Niehaus compared their results 
withh the then available theoretical data (Gabriel 1972, Vainshtein and Safronova 1979, 1980 and 
Chenn 1986) and pointed out that the agreement was sometimes disappointing, mentioning the 
(ls2ss S )3d 2D e term as an example for which the disagreement was particularly large. 

Inn table 6.1, energies of singly core-excited states are listed for the lowest 2Le'° states with 
LL < 3. The energies, in eV, are reported relative to the Is2 ionization limit which corresponds, 
forr autoionizing states, to the energy of the Auger electron. The data presented in this section 
havee been computed relative to the non-relativistic ö-spline energy for the Is2 state, -44.78049 
au,, while the transformation coefficient from au to eV was taken to be 27.21053. In table 6.1, 
thee B-spline energies are listed together with other experimental and theoretical data. We note 
thatt the most recent experimental data (Hofman et al 1990) have large error bars and that 
somee early theoretical predictions also show very large disagreement with other work (Henry 
1979,, Jakubowicz and Moresi 1981). Therefore, we will focus on a comparison between the 
presentt results and the theoretical energies reported by Vainshtein and Safronova (1979, 1980) 
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Tablee 6.1: Energies of singly core-excited doublet states in N V (in eV), relative to the Is2 state. 
Thee present work is compared with experimental and theoretical data. 

LS LS 
*S' ' 

22 no 

2D' ' 

2pe e 

2 D o o 

State e 
ls(2szz 'S) 
ls(2p21S) ) 
(ls2s3S)3s s 
(ls2s1S)3s s 
ls(2P3p3P) ) 
l s^pSp 'P ) ) 
(ls2s3S)4s s 
ls(2s2p3P) ) 
l s ^ p ' P ) ) 
(ls2s3S)3p p 
(ls2s1S)3p p 
(ls2p3P)3s s 
(ls2p'P)3s s 
(ls2p3P)3d d 
ls{2p22 1D) 
(ls2s3S)3d d 
(ls2s1S)3d d 
(ls2p3P)3p p 
(ls2p1P)3p p 
(ls2s3S)4d d 
(ls2p3P)4p p 
ls(2p23P) ) 
ls(2p3p1P) ) 
ls(2p3p3P) ) 
ls(2p4p'P) ) 
ls(2p4p3P) ) 
ls(2p5p'P) ) 
ls(2p5p3P) ) 
(ls2p3P)3d d 
(ls2p1P)3d d 
(ls2p3P)4d d 
(ls2p1P)4d d 
(ls2p3P)5d d 
(ls2p3P)6d d 
( ^ p ' P J Ö d d 

B-spline" " 
312.969 9 
338.706 6 
376.911 1 
381.735 5 
388.247 7 
391.484 4 
396.627 7 
323.285 5 
327.386 6 
378.160 0 
383.803 3 
385.435 5 
387.679 9 
389.331 1 
331.213 3 
381.160 0 
386.544 4 
386.904 4 
390.022 2 
398.131 1 
404.246 6 
332.734 4 
384.686 6 
390.102 2 
403.573 3 
408.093 3 
411.908 8 
416.162 2 
386.605 5 
391.641 1 
404.216 6 
408.800 0 
412.202 2 
416.472 2 
416.704 4 

Experiments s 
ECA° ° 

312.888 (7) 
338.722 (10) 
376.800 (15) 

391.53(10)* * 

323.233 (8) 
327.177 (15)* 
378.188 (10) 

385.4(2) ) 
387.75(10)t t 

331.188 (15) 
381.233 (10) 
386.6(1)* * 

389.76(20) ) 
398.13(10)* * 

EICBMC C 

313(1) ) 

3233 (1) 
3288 (1) 

CIa a 

314.9 9 

325.2 2 
330.7 7 

MCDF' ' 
311.57 7 
339.58 8 
375.70 0 
380.24 4 
388.17 7 
391.69 9 

322.32 2 
327.41 1 
377.24 4 
382.64 4 
384.90 0 
386.97 7 

331.53 3 
380.43 3 
385.34 4 
386.28 8 
389.49 9 

Otherr theories 
CCM' ' 
313.2 2 
343.8 8 

326.1 1 
330.0 0 

Z-exp.9 9 

312.84 4 
338.95 5 
376.67 7 

389.28 8 
392.73 3 

323.25 5 
327.39 9 
378.24 4 

385.99 9 
387.86 6 
390.86 6 
331.40 0 
381.68 8 
387.27 7 
387.70 0 
390.57 7 

332.64 4 
384.54 4 
390.69 9 

387.74 4 
392.42 2 

Z-exp." " 

391.65 5 

384.88 8 
387.99 9 

386.76* * 

390.06 6 
397.88 8 

aa Present work. 
66 Electron capture experiment, Mack (1987) and Mack and Niehaus (1987). The energies have 
beenn normalized to Is2s2p 4P° and the error estimates are in parenthesis. The energies above 
3822 eV are taken from Mack (1987). Also the energy of the ls(2s2p lP) 2P° state (marked with 
aa *) was taken from the Ph.D. thesis by Mack (Mack 1987) and not from the earlier publication 
(Mackk and Niehaus 1987). The labels of the states marked with a t are discussed in the text. 
cc Electron-ion crossed-beams measurements, Hofmann et al (1990). The error estimates are in 
parenthesis. . 
dd CI calculations using Slater-type orbitals, Henry (1979). 
ee MCDF calculations, Chen (1986). QED-corrections were added. The energies listed in the table 
weree computed assuming a statistical distribution of the different LSJ levels. 
ƒƒ Close-coupling method, Jakubowicz and Moresi (1981). 
99 Z-expansion method, Vainshtein and Safronova (1979, 1980). Relativistic corrections for the 
Is2,, ls22s and ls22p states have not been included. 
hh Z-expansion method, Safronova (1987). Private communication to Mack (1987). The label of 
thee state marked with a * is discussed in the text. 
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andd Chen (1986) as well as the accurate experimental result from Mack (1987) and Mack and 
Niehauss (1987). 

Inn the seventh column, the Auger energies computed by Chen (1986), using the MCDF ap
proach,, are shown. Because Chen reported wavelengths for radiative transitions involving ls2/n/' 
statess with n = 2 and 3, the energies relative to the ionization limit have been computed by 
addingg the experimental Is2-Is2 2s energy difference taken from the compilation by Kelly (1987). 
Also,, when required, the experimental ls22s - ls2nZ energy, taken from the NIST compilation2, 
waswas added to the energies reported by Vainshtein and Safronova (1979, 1980) and by Chen 
(1986).. The errors on these energies were neglected. 

Comparingg their experimental energies, referred to as EC A energies in table 6.1, to other 
data,, Mack and Niehaus (1987) mentioned the inaccuracy of the MCDF calculations performed 
byy Chen (1986) and, in order to reduce the discrepancies with the MCDF results, Mack and 
Niehauss renormalized the MCDF energies to the theoretical (ls2s 3S )2p 4P° saddle-point energy 
reportedd by Bruch et al (1985). Because we are more interested in comparing theoretical data 
ass such, such a renormalization is not done in here. However, the energy of the (ls2s3S)2p 
4P°° state gives an idea of the accuracy of the different theoretical approaches. Using the B-
splinee method without including any relativistic corrections, the lowest 4P° state is found at 
315.966 eV (not shown in the table) which is very close to the value reported by Bruch et 
alal (315.93 eV) and Vainshtein and Safronova (316.07 eV) while the energy reported by Chen is 
lyingg considerably lower, at 314.98 eV. Renormalizing the energies, following Mack and Niehaus, 
too the (ls2s3S)2p 4P° state reported by Bruch et al thus shifts the MCDF values by about 1 
eV.. The resulting renormalization of the MCDF energies does not improve the description of all 
statess as already noted by Mack and Niehaus (1987). For example, the non-renormalized MCDF 
energyy for the (ls2p1P)3p 2D e state is lying just outside the error limits defined by Mack 
(1987).. From table 6.1, it is seen that a renormalization would improve the description of nearly 
alll ls2sn/ states while the representation of ls2pnp states is better without renormalization. 
Forr Is2p3s states, no real trend is seen. This could mean that the ls2s core is not accurately 
describedd in the MCDF calculations reported by Chen (1986) although the energy of the second 
lowestt 2P° state, labeled (ls2s3S)2p by Chen, is found to be fairly close to the experimental 
energyy reported by Mack and Niehaus. 

Fromm the energies reported for the (ls2s3S)2p 4P° state (not included in table 6.1), it is 
seenn that the B-spline energy is lying 0.03 eV higher than the value used for calibrating the 
experimentall spectrum while the disagreement between the latter energy and that reported by 
Vainshteinn and Safronova is larger, about 0.1 eV. These two numbers can be used as error 
estimatee for the theoretical approaches (the error limits of the B-spline method are discussed in 
moree detail in a later section). It should be mentioned that the results referred to as Vainshtein 
andd Safronova (1979, 1980) in table 6.1 differ slightly from those reported under that name by 
Mackk and Niehaus (1987). The differences, which are difficult to quantify because Mack and 
Niehauss only show the results graphically, have some influence on the interpretation of the data. 
Forr example, according to Mack and Niehaus, the Z-expansion energy reported by Vainshtein 
andd Safronova is not in agreement with the ECA energy for the lowest 2S e state but agrees well 
forr the lowest 2De state. From table 6.1, the opposite behaviour is found. 

Mackk and Niehaus (1987) reported experimental energies below 382 eV and concluded that, 
whilee the energies due to Chen (1986) did not agree very well with experiment even after 
renormalization,, there was good agreement with the Z-expansion results reported by Vainshtein 
andd Safronova (1979, 1980). From table 6.1, it is seen that the agreement between the B-splines, 

'Availablee from the internet at the following address: http://www.nist.gov. 

http://www.nist.gov
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thee Z-expansion and the ECA (Mack and Niehaus 1987) energies is reasonable for the 2 S e and 
2P°° series i.e. the energies are lying within the appropriate error limits. For the 2S e series, the 
lowestt S-spline and the second lowest Z-expansion energy lie outside the error limits reported 
byy Mack and Niehaus while for the ls(2s2p l P ) 2P° state, which is the only 2P° state for which 
theree is disagreement with the measurements of Mack and Niehaus, the B^spline and the Z-
expansionn energies are in good agreement with each other. It should also be mentioned that, 
forr the ls(2s2p *P) 2P° state, the experimental ECA energy listed in table 6.1 was taken from 
thee Ph.D. thesis of Mack (1987) and not from Mack and Niehaus (1987), which we believe to 
bee an earlier publication. In the later work, the energy reported was 327.00  0.15 eV while 
inn his Ph.D. thesis, Mack reported an energy of 327.17  0.15 eV which is in better agreement 
withh the calculations. Concerning the two lowest 2De states, Mack and Niehaus reported larger 
discrepanciess with theoretical predictions. From table 6.1, it is seen that the B-spline predictions 
forr the energies of the ls(2p2 1D) and (ls2s3S )3d states constitute an improvement of previous 
theoreticall descriptions and that, in the two cases, the present energies are the only theoretical 
dataa lying within the error limits established by Mack and Niehaus (1987). 

Mackk (1987) reported a number of states above 382 eV for which energies and tentative 
identificationss are given in his thesis. All except one have been included in table 6.1. The missing 
onee at 397.28 eV was identified as a 2P° term and our results for this symmetry does not extend to 
soo high energies. The present identifications have been made purely on the basis of agreement in 
energyy and we believe that the earlier identifications were made on the same basis. Two of the six 
identificationss reported in table 6.1 correspond to the earlier ones. Of the four other states, two, 
att respectively 387.75 and 391.53 eV, have been assigned by Mack (1987) as 2F° states (for the 
latter,, we assume that the label should be (ls2p lP )3d 2F°). The state at 387.75 eV is identified 
byy Mack as the lowest 2F° state but this energy corresponds to that of the ( ls2p lP)3s 2P° 
statee computed by Safronova (1987), which is confirmed by the present calculations. According 
too S-spline calculations, the lowest 2F° state is lying at 391.61 eV (the energy levels of the 2F° 
statess are not reported in the table). This value should be considered as an upper estimate of the 
exactt energy because the contribution of electrons with / > 4, which is neglected in the present 
work,, is expected to be larger for the 2F° states than for 2S e , 2P° or 2D e states. However, the 
valuee is accurate enough to exclude the identification of the 387.75 state as the lowest 2F° state. 
Thee B-spline energy for this state does, on the other hand, agree with the 391.53 level labeled 
byy Mack as (ls2p1P)3d 2F° although the labels differ. According to the present calculations, 
thee (ls2p3P )3d 2F° label is more appropriate but as the 2F° state is expected to lie close to the 
ls(2p3p1P)) 2S e state, the assignment is tentative. For the level at 398.13 eV, Mack gave two 
labels:: (ls2s3S )4d 2D e and (ls2s3S )4f 2F°. The former is in agreement with the label proposed 
byy Safronova (1987) and confirmed by the present work while, according to our calculations, the 
closestt 2F° state is lying slightly higher, at 398.55 eV, and corresponds to the (ls2p l P )3d state. 
Thee last state for which the labels disagree is the 2D e state lying at 386.6 eV. According to the 
#-splinee calculations, the state should be labeled (ls2s1S)3d while Safronova (1987) and Mack 
(1987)) agree on the assignment to (ls2p3P)3p. 

Despitee the considerable differences between the S-splineand the Z-expansion calculations 
off Safronova (1987) for some states above 382 eV, like for example (ls2p3P )3s 2P°, the latter 
workk represents an improvement of the previous Z-expansion results reported by Vainshtein 
andd Safronova (1979, 1980). However, the 5-splineresults are in better agreement with the 
observationss of Mack than the values reported by Safronova (1987). 

Inn table 6.2 autoionization widths are reported for the 2S e , 2P° and 2D e series that, in a non-
relativisticc approach, are the only series allowed to decay to the Is2 limit. The present results are 
comparedd with those reported by Vainshtein and Safronova (1979, 1980) and by Chen (1986). 
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Tablee 6.2: Comparison between the B-spline, the MCDF and the Z-expansion approaches for 
thee Auger rates for the lowest singly core-excited states in N V. The decay rates are given in 

LSLS State £-spline° MCDF" Z-expansion~ 
* S e e 

ls(2s22 lS) 
l s (2p 2 I S) ) 
(ls2s3S)3s s 
( l s ^ S ) * * 
l s (2 P 3p 3 P) ) 
l s (2p3p 1P) ) 
(ls2s3S)4s s 

2po o 

ls(2s2p 3P) ) 
ls(2s2pp *P) 
( ls2s3S)3p p 
( ls2s1S)3p p 
( l s2p 3P)3s s 
( ^ p ' P ^ s s 
( l s2p 3P)3d d 

2De e 

ls(2p22 *D) 
(ls2s3S)3d d 

(ltós^JM M 
( l s2p 3P)3p p 
( l s2p : P)3p p 
(ls2s3S)4d d 
( l s2p 3P)4p p 

1.13xl014 4 

1.38xl013 3 

3.06xl013 3 

1.67xl013 3 

3.744 xlO12 

7.30xl012 2 

8.533 xlO12 

5.37xl012 2 

6.37xl013 3 

9.75xlOn n 

6.64xl010 0 

2.07xl013 3 

2.711 xlO12 

1.49x10" " 

6.388 xlO13 

4.07xl012 2 

1.72xl012 2 

1.54xl013 3 

1.65xl013 3 

8.04xlOu u 

6.68xl012 2 

8.444 xlO13 

1.944 xlO13 

2.333 xlO13 

4.511 xlO12 

1.86X1012 2 

l.lOxlO13 3 

1.37xl013 3 

4.711 xlO13 

3.12x10" " 
1.45xl012 2 

2.63xl013 3 

3.87xl012 2 

l.lOxlO13 3 

1.055 xlO14 

1.12xl013 3 

2.87xl010 0 

2.25xl013 3 

2.48xl013 3 

2.37xl01 3 3 

1.56xl014 4 

4.87xl01 0 0 

1.94xl012 2 

3.88xl012 2 

5.011 xlO12 

1.16xl014 4 

2.01x10" " 

4.87xl01 0 0 

4.56xl01 2 2 

1.855 xlO14 

6.22xl09 9 

1.255 xlO12 

2.022 xlO12 

2.85xl013 3 

aa Present work. 
66 MCDF method, Chen (1986). 
cc Z-expansion method, Vainshtein and Safronova (1979, 1980). 

Comparingg the three sets of data, it is seen that the results obtained using the Z-expansion 
methodd (Vainshtein and Safronova 1979, 1980) in some cases show very large disagreements 
withh the two other sets of results. This is illustrated, for example, by the (ls2s3S)3s 2Se , the 
(ls2p3PP )3s 2P° and the (ls2s3S )3d 2De states. Therefore, we will mainly focus on a comparison 
betweenn the B-splineand the MCDF results, using the Z-expansion values only when there is 
disagreementt between the two other results. Already Mack and Niehaus commented that the 
lifetimess reported by Chen were more accurate than his energies. Of the 18 widths that have 
beenn computed using the B-splineand the MCDF method, 10 are found to be in reasonable 
agreement,, i.e. with a difference smaller than a factor of 2 (cf. table 6.2) and of the 8 remaining, 
55 are within a factor of 4. Table 6.2 shows that the Z-expansion values for these states sometimes 
aree in good agreement with the ö-spline method, for example for the ls(2s2p3P) 2P° state, and 
sometimess agree better with the MCDF values, for example in the case of the (ls2s3S )3p 2P° 
state.. For three states, (ls2s lS )3p 2P°, (ls2p3P )3d 2P° and (ls2s XS )3d 2De , the disagreement 
betweenn the B-splineand the MCDF width is much larger. For the (ls2s1S)3d 2De state, the 
Z-expansionn value agrees with the 5-spline width while for the (ls2p3P )3d 2P° state, the width 
reportedd by Vainshtein and Safronova (1980) is closer to the MCDF value, differing by a factor 
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off 2. We note that Mack and Niehaus used the MCDF lifetimes to extract the energies from the 
observedd features. These may be shifted due to post-collision interaction effects which depend 
onn the lifetime of the state. The size of the shift was reported to be at most 100 meV and we 
havee not tried to estimate the effect of the change in lifetime in our results. 

Itt has been mentioned in chapters 4 and 5 that the Auger rate of singly core-excited states 
iss expected to decrease within a Rydberg series. This behaviour is followed by the 2S e and 2De 

seriess for which the width of the (ls2s3S)ns, (ls2s3S)nd and ( ls2p 3P)np states are larger 
forr n = 3 than for n = 4. For the 2P° series, the labels chosen in tables 6.1 and 6.2 make 
suchh a comparison difficult but, because the ssp coupling scheme was used for performing the 
calculationss (cf. table 1.3, page 30), the computed wavefunctions can be used for comparison. 
Forr the two lowest 2P° terms, the wavefunctions are found to be a nearly 50-50 admixture in 
(ls2s lS)2pp and (ls2s3S)2p. For the lowest state, (ls2s1S)2p, the contributions to the width 
off the two csf's have different sign and are therefore partially cancelling each other while for 
thee second lowest state, they are not. This explains the factor of 10 difference between the two 
autoionizationn widths. The decrease of the width within a Rydberg series is not observed for the 
fifthfifth 2P° state, (ls3s1S)2p, for which no cancellation effect was found. 

Tablee 6.3: Energies (in au) and autoionization widths (in s_1) for the lowest 2121'nl" doublet 
statess in N V. 

State e 

(2p2IS)2s s 
(2s21S)3s s 
(2s2p3P)3p p 
(2s2p1P)3p p 
(2p22 *D)3d 
(2s21S)4s s 
(2p21S)3s s 

2s(2p23P) ) 
(2s2p1P)3p p 
(2p23P)3s s 
(2p23P)3d d 
(2s2p3P)3p p 
(2p21D)3d d 
(2s2p1P)4p p 

2s(2p21D) ) 
(2s2p1P)3p p 
(2s2lS)3d d 
(2p21D)3s s 
(2s2p3P)3p p 
(2p23P)3d d 
(2p21D)3d d 

Energy y 

-15.045300 0 
-13.108427 7 
-12.840553 3 
-12.610582 2 
-12.414345 5 
-12.305973 3 
-12.246031 1 

-15.015473 3 
-13.009265 5 
-12.737248 8 
-12.603449 9 
-12.573238 8 
-12.400238 8 
-12.220882 2 

-15.243619 9 
-12.906950 0 
-12.880446 6 
-12.687746 6 
-12.587033 3 
-12.503759 9 
-12.442865 5 

Width h 

2.06x10" " 
3.69x10" " 
6.855 xlO13 

2.08xl014 4 

2.54x10" " 
3.43xl014 4 

7.56xl013 3 

2.18xl014 4 

2.255 xlO13 

7.366 xlO13 

3.822 xlO13 

1.488 xlO14 

2.75xl014 4 

2.48xl013 3 

3.59xl014 4 

1.24xl014 4 

3.20xl014 4 

2.80x10" " 
2.56x10" " 
1.28xl013 3 

2.82x10" " 

LSLS State 
22 go 

(2p23P)3p p 
(2p23P)4p p 
(2P

23P)5p p 
(2p22 3P )6p 
(2p23P)7p p 
(2p23P)8p p 
(2p23P)9p p 

2po o 

(2s21S)2p p 
2p3 3 

(2s2lS)3p p 
(2s2pp lP )3s 
(2s2p3P)3d d 
(2p21D)3p p 
(2p23P)3p p 

2D° ° 
2p3 3 

(2s2p3P)3d d 
(2p23P)3p p 
(2p21D)3p p 
(2s2pp !p )3d 
(2s2p3P)4d d 
(2p23P)4p p 

Energy y 

-12.772394 4 
-12.013172 2 
-11.685031 1 
-11.512801 1 
-11.411118 8 
-11.346038 8 
-11.301652 2 

-15.535653 3 
-14.767864 4 
-13.050404 4 
-12.946615 5 
-12.734763 3 
-12.727974 4 
-12.624960 0 

-14.988556 6 
-12.860751 1 
-12.687216 6 
-12.573324 4 
-12.458946 6 
-12.160019 9 
-11.978215 5 

Width h 

3.75x10" " 
2.06x10" " 
2.52x10" " 
2.10x10" " 
7.333 xlO13 

2.27x10" " 
8.26x10" " 

3.71x10" " 
4.32xl013 3 

1.18x10" " 
2.61x10" " 
1.72x10" " 
2.211 xlO13 

5.03xl013 3 
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6.4.22 2121'nl" doublet s ta tes 

Soo far, the literature about doubly core-excited states in N V has been very limited. The only 
referencee we are aware of was published by Vaeck and Hansen (1992b) who performed calcula
tionss on double-autoionization rates for hollow nitrogen atoms using the CIHFR method (Cowan 
1981).. The purpose of their work was to investigate whether double-autoionization could com
petee with single-autoionization and thus provide a fast way of filling the inner-shells of the hollow 
atom.. This turned out not to be the case and, in the present work, only single-autoionization 
ratess are reported. In table 6.3, energies and total ionization widths are reported for the lowest 
2121''nl"2121''nl" doublet states with L < 2, keeping in mind that the 2S° states cannot autoionize in the 
LSLS coupling approximation. There are no previous results to compare with. 

Inn chapter 4, it is shown that, under some conditions, the autoionization width is independent 
off the n and the I value of the Rydberg electron. This prediction is well illustrated by the 
behaviourr of the six (2p2 *D )3/ 2L terms in table 6.3. The Auger rates of the (2p2 : D )3s 2De , 3p 
2D°° and 3d 2S e , 2 P e and 2D e states are respectively 2.80xl014, 2.61xl014, 2.54xl014, 2.75xl014 

andd 2.82 xlO14 s - 1 . These values are very close to each other and only the width of the (2p2 *D )3p 
2P°° term, 2.27xl014, is found to be slightly different, which can be explained by the composition 
off the wavefunctions. This state is the only (2p2 1D )3l state for which the wavefunction shows 
largee mixing and, because the main perturber, (2s2p lP )3s, has a lower decay rate, the Auger 
widthh of the (2p2 lD )3p 2P° state is smaller than for the other (2p2 lD )3/ states. 

Inn N V, the independence of n is less visible than in Li I because interference effects are more 
important.. Nevertheless, the widths of the (2s2 lS)ns 2S e terms are close for n = 3 and 4. Also, 
when,, as suggested in chapter 4, the contributions due to the decays to the ls2p *P and 3P 
limitss are removed, the Auger rates of the (2p2 *D )2s and (2p2 *D )3s 2De terms are found to be 
inn good agreement (2.91xl014 vs 2.78xl014 s_ 1) . 

6.4.33 3/3/'nZ" doublet s t a t e s 

Twoo theoretical papers have been published earlier concerning ZlZl'nl" states in N V. Vaeck and 
Hansenn (1992a) performed relativistic calculations on 3/3f'3/" terms using the CIHFR method 
(Cowann 1981) and, later, Bachau (1996) used a non-relativistic CI approach combined with a B-
splinee basis for computing the energies and the non-radiative decay rates of the lowest members 
off the 2Se and 2S° series and the energy of the lowest 2P° state in order to establish a relative 
energyy scale. The latter approach is similar to that used here with two major differences. Because 
Bachauu focused on the determination of Auger widths, a larger 5-spline basis was used in order 
too describe accurately continuum states while, on the other hand, the amount of correlation 
includedd in the present calculations is larger. Bachau included mono-excitations up to n = 
100 but no double-excitations. Vaeck and Hansen (1992a) included ZlZl'Zl" and some 3/3/'4/" 
statess but they partly compensated for the smaller CI expansion by using HF orbitals while 
Bachauu used hydrogenic functions. The justification for the choice of the correlation included 
byy Vaeck and Hansen is the strong interactions within a complex while the interactions between 
differentt complexes are expected to be less important -i.e. the 3/3/'3/" terms are strongly mixed 
togetherr while the interactions with 3/3/'4/" states are smaller. Nevertheless, the neglect of 
higherr configurations can lead to significant deviations in the description of the energy spectrum 
particularlyy for the higher terms as we will show. 

Thee lowest 3/3f'3/" term, 3s23p 2P°, was chosen as reference state by Vaeck and Hansen 
(1992a)) and for easy comparison the same is done here. Using a set of hydrogenic orbitals, 
Bachau,, who did not include the energy shift, found an energy of -7.0338 au which is lying 
betweenn the shifted and the unshifted values computed in the present work, respectively -7.0330 
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andd -7.0346 au while Vaeck and Hansen did not report the CIHFR energy for the 3s23p 2P° 
state. . 

Thee error in the present calculations for the 3/3/'n/" energy levels has been estimated by 
comparingg calculations on the 2P° series performed using two different basis sets (hydrogenic 
andd HF). The largest difference, 0.001 au, was found for the (3s21S)3p term for which the 
absolutee energy is -7.0330 and -7.0340 au when, respectively, a HF and a hydrogenic basis are 
used.. The disagreement between the two values is assumed to be indicative of the error of 
thee present approach, about 0.03 eV, which corresponds to a reduction of the error estimate 
reportedd by Vaeck and Hansen, 0.5 eV, by a factor of 17. As mentioned already, 0.03 eV is also 
thee difference between the B-splineand the SP energy reported by Bruch et al (1985) for the 
( l s2s 3P)2p 4P°° state. 

Fromm table 6.4, a comparison between B-splineand CIHFR energies can be made. All sym
metriess show a similar behaviour: the energies computed in the present work are smaller and the 
differencee between the data sets is increasing with increasing energy. The two effects are linked 
too the amount of correlation included in the three approaches which is clearly illustrated by the 
2S ee series. Judging from the amount of correlation included, the relative energies computed by 
Vaeckk and Hansen are expected to be above those reported by Bachau while the present energies 
shouldd be the lowest of the three. This statement is true for all symmetries listed in table 6.4, 
notingg that Bachau reports results for 2S e and 2S° only. The neglect by Vaeck and Hansen of the 
influencee of higher states, such as 3131'51", is important for the accuracy of the results. These 
higherr states are expected to push the 3J3/'3Z" levels down both directly and via the 3/3/'4f" con
figurations.figurations. This effect is well illustrated in table 6.4 by the differences between the B-spline and 
thee CIHFR energies for the 2D° series. The energy differences for the six lowest 3/3/'3Z" states, 
respectively,, 0.05, 0.12, 0.16, 0.43, 0.92 and 1.17 eV are increasing when the distance to the 
3/3/'4Z"" and higher terms decreases. This means also that the reference state is expected to be 
lesss affected by the inclusion of the additional correlation than the higher states with the result 
thatt the relative energies reported in the present work are lower than those reported by Vaeck 
andd Hansen (1992a) and Bachau (1996). If the variational principle holds, which is not guar
anteedd in the present case because of the use of the TDM, lower energies correspond to more 
accuratee energies. Of the results reported in table 6.4, only the (3s3p3P )3d 2P° state is found 
too be higher in energy when the S-spline method is used. This is perhaps because the energy 
shiftt due to the additional correlation is smaller for this state than for the reference state. 

Ass already mentioned in chapter 4, autoionization widths are expected to be less accurate 
forr 3131'nl" than for 2121'nl" terms because Auger rates are sensitive to the single configuration 
representationn of the target state and 2lnl' target states are more difficult to describe than lsnl 
limitss which are the only limits required when the widths of the 2121'nl" terms are calculated. 
Fromm table 6.4, it is seen that the autoionization widths computed using the B-spline method are 
inn good agreement with the CIHFR calculations of Vaeck and Hansen (1992a), within the fairly 
largee error limits of the latter, estimated to 50 %. In their work, Vaeck and Hansen computed 
thee decays to the ls3f and 2131' limits. Because more open-channels are included in the present 
calculations,, Auger rates are expected to be larger here, especially for states containing a 3d 
orbitall for which the non-orthogonality with the 4d is considerable. This effect is similar to that 
reportedd in chapter 4 in the case of Li. Also, the decay of higher 3l3l'3l" states to ls4Z and 2141' 
limitss is far from negligible because of the considerable admixture of 3/3/'4/" configurations. The 
twoo effects, which are not distinguished in the present case, are perhaps the reason why several 
widthss as for example these of the 3p(3d2 ^ S ^ P / D ) ) 2P° and the 3p(3d2 ( ' D , 3 P ) ) 2D° 
statess are larger than predicted by Vaeck and Hansen. However, this argument does not hold for 
everyy state as for example illustrated by the (3p2 3P )3d 2 P e term for which the width computed 
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Tablee 6.4: Energies (in eV) relative to the 3s23p 2P° state and autoionization widths (in s_1) 
forr the lowest 3/3/'n/" doublet states in N V. The present values are compared to the results ob
tainedd by Vaeck and Hansen (1992a) using the CIHFR approach and to the S-spline calculations 
reportedd by Bachau (1996) for some 2S e and 2S° states. 

LSLS State 

*P°° (3s* ^ p 
3p3 3 

(3s3p3P)3d d 
^ p ^ S d d 
3p(3d21D) ) 
3p(3d2 ,S) ) 
3p(3d23P) ) 

2Pee 3s(3p2 3P) 
(3p23P)3d d 
3s(3d23P) ) 
3d3 3 

(3p21D)3d d 
(3p3d3D)4p p 
(3p23P)4s s 

2See 3s(3p21S) 
(3p21D)3d d 
3s(3d22 *S) 
(3s21S)4s s 
(3s3p3P)4p p 
(3s3p1P)4p p 
(3p21D)4d d 

2S°° 3p(3d2 3P) 
(3p2 3P)4P P 

(3p3d3D)4d d 
(3p3dd XD )4d 
(3d23P)4p p 
(3d23F)4f f 
(3p2 3P)5p p 

2D°° (3s3p3P)3d 
{Zs$p{Zs$pllV)Z& V)Z& 
3p(3d23F) ) 
3p(3d2 3P) ) 
3p(3d21D) ) 
3p(3d2)* * 
(3s3p3P)4d d 

2Dee 3s(3p21D) 
(3s21S)3d d 
(3p2 lD)3d d 
(3p21S)3d d 
(3p23P)3d d 
3s(3d21D) ) 
3d3 3 

Presentt  work 
Energy y 

0 0 
4.807 7 
8.150 0 
9.436 6 

11.720 0 
14.938 8 
18.678 8 
3.526 6 
5.431 1 
9.135 5 

11.973 3 
17.514 4 
25.518 8 
27.871 1 
4.146 6 
9.419 9 

15.254 4 
25.107 7 
27.910 0 
29.442 2 
29.895 5 
8.729 9 

27.583 3 
30.955 5 
32.487 7 
34.069 9 
35.866 6 
38.274 4 

1.702 2 
4.637 7 
7.307 7 
9.504 4 

13.376 6 
16.197 7 
26.617 7 
1.267 7 
4.491 1 
6.951 1 
8.877 7 

10.983 3 
11.867 7 
15.032 2 

Widt h h 
6.54xl014 4 

9.588 xlO14 

1.06xl015 5 

5.566 xlO14 

7.36xlOu u 

6.844 xlO14 

7.52x10" " 
1.02xl015 5 

2.53xl014 4 

5.56x10" " 
5.811 xlO14 

5.88xl014 4 

2.77xl014 4 

4.47xl014 4 

6.80xl014 4 

1.13xl015 5 

4.94xl014 4 

4.38xl014 4 

4.36xl014 4 

4.511 xlO14 

5.011 xlO14 

3.922 xlO14 

6.08xl014 4 

1.500 xlO15 

2.73xl014 4 

5.65xl013 3 

3.10xl013 3 

5.04xl014 4 

5.26xl014 4 

6.13xl014 4 

6.18xl014 4 

6.90xl014 4 

8.50xl014 4 

9.25xl014 4 

3.86xl014 4 

7.36x10" " 
7.47x10" " 
9.37x10" " 
1.088 xlO15 

1.12xl015 5 

1.233 xlO15 

7.44x10" " 

CIHFR " " 
Energy y 

0 0 
4.98 8 
8.11 1 
9.96 6 

12.11 1 
15.54 4 
19.27 7 
3.55 5 
5.52 2 
9.59 9 

12.39 9 
18.75 5 

4.38 8 
10.00 0 
16.52 2 

8.98 8 

1.75 5 
4.76 6 
7.47 7 
9.93 3 

14.30 0 
17.37 7 

1.31 1 
4.61 1 
7.15 5 
9.19 9 

11.71 1 
12.46 6 
15.89 9 

Widt h h 
7.56xl014 4 

9.76x10" " 
1.04xl015 5 

6.50x10" " 
6.60x10" " 
4.48x10" " 
4.55x10" " 
l . l l x lO 1 5 5 

4.07x10" " 
5.17x10" " 
7.34x10" " 
3.30x10" " 

1.099 xlO15 

6.42x10" " 
3.80x10" " 

1.69x10" " 

4.01x10" " 
7.70x10" " 
6.50x10" " 
6.14x10" " 
5.31x10" " 
6.06x10" " 

6.98x10" " 
6.65x10" " 
6.42x10" " 
9.50x10" " 
7.51x10" " 
1.022 xlO15 

6.12x10" " 

.B-spline6 6 

Energyy Widt h 
0 0 

4.244 9.17x10" 
9.822 4.88x10" 

16.244 3.12x10" 

9.066 1.07x10" 

°° Vaeck and Hansen (1992a). 
bb Bachau (1996). The energy shifts of the 2S e states due to the 2/3/'3*" states were found to be 
respectivelyy 0.3, 0.2 and 0.2 eV but since the corresponding shift was not reported for the 3s23p 
2P°° term, the shifts have not been included in the data reported in the table. 
** The wavefunction composition for this particular state is found to be a admixture of 3p(3d2 3 P ) , 
3p(3d22 *D) and (SsSp^jSd but because all three labels have already been used, a more "neu
tral"" label is used in the present case. 
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usingg the CIHFR method is 60 % larger. 
Off the five series included in table 6.4, two, 2P° and 2P e , have a similar behaviour in the two 

calculations.. For example, the widths of the 2P° series are found to increase from 7 x 1014 to 
11 x 1015 s"1 and then to decrease again to 6 x 1014 s_ 1 . For other series like 2D e and 2S e , the 
trendss found in the two calculations are different. For 2Se , Vaeck and Hansen (1992a), whose 
resultss are in good agreement with those of Bachau (1996), predicted that the widths would go 
downn within the series while, in the present work, the width of the second state is much larger 
thann those of the other series members. However, if the width of the two lowest 2 S e states were 
interchanged,, the three data sets would agree very well. 

Itt was shown in chapter 4 that members of a Rydberg series are expected to have approx
imatelyy the same autoionization width. This behaviour, observed for the 2121'nl" states, is not 
evidentt in this case (cf. table 6.4) because, as already found for the ZlZl'nl" states in lithium, 
interferencee effects are destroying this regularity. 

6.55 Be-like nitrogen, N IV 

6.5.11 Opt imizat io n of th e potent ial 

Inn previous attempts to compute energies of four-electron systems using a model-potential de
scribingg the Is2 core, the a parameter in equation 6.1 was fixed at a value which reproduced the 
experimentall energy of the ls22s 2S e state (Bachau et al 1990, van der Hart and Hansen 1992b). 
Inn this case, the best value of a is easy to determine because it only requires the diagonalization 
off the single-electron hamiltonian for the s series in the potential of the Is2 core. In the present 
work,, the model-potential is used to compute N II I  states which means that not two but three 
electronss are present outside the core and, because the error of the method is expected to in
creasee with the number of valence electrons, optimization on the ls22s2 xSe term seems more 
appropriate. . 

Tablee 6.5: Optimization of the a coefficients on the ground state of N IV. In each cases, two 
numberss are given: the absolute energy (relative to Is2) and the energy relative to the ls22s2 

1S ee state. All energies are in au. 

Experiment" " 

xS ee State 

Abs.. energy 
Rel.. energy 

B-splinee + model-potential6 

oo = 4.3 

oo = 4.4 

QQ = 4.5 

Abs.. energy 
Rel.. energy 
Abs.. energy 
Rel.. energy 
Abs.. energy 
Rel.. energy 

ls*2s* * 

-6.44474 4 
0 0 

-6.45774 4 
0 0 

-6.44507 7 
0 0 

-6.43286 6 
0 0 

ls*2p2 2 

-5.37227 7 
1.07247 7 

-5.39147 7 
1.06627 7 

-5.37880 0 
1.06627 7 

-5.36901 1 
1.06638 8 

aa Hallin (1966). The error reported is 2 x 10"5 au. 
66 Present work. 

Inn table 6.5, the energies relative to the Is2 state, called absolute energies, the energies 
relativee to the ls22s2 level and the experimental values (Hallin 1966) are reported for the three 

-4.67290 0 
1.77184 4 

-4.68218 8 
1.77555 5 

-4.67386 6 
1.77121 1 

-4.66583 3 
1.76703 3 
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lowestt 1S e states. Results are presented for a = 4.3, 4.4 and 4.5. The errors on the three lowest 
2S ee states are rather large, even for the most accurate of the three descriptions, respectively, 
44 x 10~4, 7 x 10~3 and 1 x 10~3 au. Energies relative to the ls22s2 state are more stable 
againstt variations of a, changing by about 0.003 au each time the parameter is increased by 0.1 
(noticee that the ls22s2-ls22p2 energy difference is the same for a = 4.3 and 4.4). Table 6.5 shows 
thatt Q = 4.4, which corresponds closely to the value found when the coefficient is optimized on 
thee ls22s state (van der Hart and Hansen (1992b) reported a value of 4.402872), is the best 
valuee for absolute as well as for relative energies although the latter still are underestimated by, 
respectively,, 0.006 and 0.0006 au for the ls22p2 and ls22s3s l S e states. 

Thee large difference, a factor of 10, between the errors on the relative energies for these 
twoo states can be related to the mean radii of the different orbitals involved. Using the model-
potential,, the mean radius of the Is orbital is found to be close to that obtained from HF 
calculations.. The 2s mean radius is found to be close to the 2s in ls22s2 while the 2p is more 
contractedd than the 2p from a HF calculation for ls22p2. Therefore, a second a parameter, ap, 
hass been introduced in order to reduce the error on the ls22s2-ls22p2 energy difference. This is 
donee by varying ap while keeping a fixed on 4.4 for s, d and f orbitals. The best value of ap was 
determinedd by trial and error, limiting the search to the range from 4 to 5. The optimal value 
waswas found to be 4.45 which corresponds to a slight expansion of the 2p orbital for which the 
meann radius gets closer to the HF value. The absolute and relative energies for the three lowest 
1S ee terms computed using the two a parameters are listed in table 6.6. The inclusion of the ap 

parameterr considerably improves the relative energy of the ls22p2 1Se term for which the error 
iss reduced from 0.006 to 0.002 au while the error for the ls22s3s l S e term is increased by only 
0.00022 au. In addition, it gives an very good fit to the energy of the Is22s2 1S e ground state. 

Tablee 6.6: Comparison between the experimental and the optimized ö-spline energies for the 
threee lowest *Se states of N IV. In each case, two numbers are given: the absolute energy 
(relativee to Is2) and the energy relative to the ls22s2 1S e state. The last column gives the error 
inn the calculated absolute and relative energies. All energies are given in au. 

Experiment"" Present work" ~ 
1See state Abs. energy Rel, energy Abs. energy Rel, energy A E 

ls^s** -6.44474(2) Ö -6.44474 Ö Ö 
ls22p22 -5.37227(2) 1.07247 -5.37412 1.07062 1.8xl0~3 

ls22s3ss -4.67290(2) 1.77184 -4.67374 1.77100 8.4 xlO"4 

aa Hallin (1966). 
bb The value of a is set to 4.45 for the p electrons while for s, d and f electrons a is equal 4.40 
(cf.. text). 

6.5.22 Valence s t a t e s 

Thee term dependence of orbitals describing valence electrons has been mentioned a long time 
agoo for example by Hartree and Hartree (1936) who showed the large differences between the 
2pp orbitals of the ls22s2p states when HF calculations were performed on beryllium. Therefore, 
itt is interesting to investigate the behaviour of different symmetries when the ap parameter 
inn introduced in the model-potential. In table 6.7, the B-spUne calculations performed with a 
singlee parameter potential (column headed "Spl.c"), the S-splinecalculations obtained when 
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thee ap parameter is introduced (column headed "Spl.6") and the R-Matrix results reported by 
Ramsbottomm et al (1994) are compared for several symmetries, namely 1 ,3Se , 1 ,3P°, 3 P e and 
l D e .. Ramsbottom et al included the correlation associated with nl orbitals with n < 4 and 
// < 3 while the Is2 core was frozen. This approach is less accurate than calculations focused on 
specificc terms (see for example Zhu and Chung (1994), Fleming et at (1995)) but Ramsbottom et 
alal present results for several states of different symmetries and is, in that sense, more comparable 
too the present results. Furthermore, since the goal of the present study is to perform accurate 
calculationss on N III terms, we use the results for NIV primarily to study the differences between 
thee two potentials. The comparison with the R-Matrix calculations (Ramsbottom et al 1994) is 
usedd as an indication of the accuracy of the potentials. 

Forr states without 2p character, the two B-splinedata sets give nearly identical results, as for 
examplee for the ls22s3d 1D e state. Of the other states, the terms belonging to ls22p2 show the 
largestt changes. For all three terms (*Se, 3 P e and 1De), the error is reduced by 0.12 eV which 
representss a reduction in the error by respectively 70, 55 and 50 %. Also the energies of the 
ls22s2pp 3P°, ls22p3s 1P° and 3P° states are improved by the introduction of the ap coefficient 
whilee the energy of the ls22s2p 1P° term is slightly worse. 

Tablee 6.7: Energies of the lowest N IV levels for several symmetries. The experimental energies 
aree reported with respect to the Is2 2s2 state while, for the theoretical values, the difference 
withh the experiment measured relative to Is2 is reported. The ls2-ls22s2 energy difference is 
measuredd as 175.36 eV. All values are in eV. 

LS LS 
lge e 

l p o o 

l D e e 

State e 

ls22s2 2 

ls22p2 2 

ls22s3s s 

ls22s2p p 
ls22s3p p 
ls22p3s s 
ls22s4p p 

ls22p2 2 

ls22s3d d 

Exp.° ° 

0.00 0 
29.18 8 
48.21 1 

16.20 0 
50.15 5 
58.65 5 
62.86 6 

23.42 2 
53.21 1 

Spl." " 

0.00 0 
0.05 5 
0.02 2 

-0.04 4 
0.04 4 
0.08 8 
0.02 2 

0.10 0 
-0.02 2 

Spl.c c 

0.01 1 
0.17 7 
0.01 1 

0.02 2 
0.05 5 
0.14 4 
0.03 3 

0.23 3 
-0.03 3 

R-M" " 

0.27 7 
0.01 1 

0.16 6 
-0.04 4 

0.12 2 
0.11 1 

LS LS 
3Se e 

3po o 

3pe e 

State e 

ls22s3s s 
ls22p3p p 

ls22s2p p 
ls22s3p p 
ls22p3s s 
ls22s4p p 

ls22p2 2 

ls22p3p p 

Exp." " 

46.78 8 
60.46 6 

8.35 5 
50.34 4 
57.71 1 
62.45 5 

21.77 7 
61.29 9 

Spl.ft t 

0.04 4 
0.10 0 

0.08 8 
0.04 4 
0.11 1 
0.03 3 

0.10 0 
0.09 9 

Spl.e e 

0.04 4 
0.16 6 

0.14 4 
0.05 5 
0.18 8 
0.06 6 

0.22 2 
0.18 8 

R-Md d 

-0.05 5 

0.02 2 
-0.07 7 

0.11 1 

aa Experimental values, NIST compilation ( http://www.nist.gov). 
66 Present work, the a parameter is set to 4.40 for s, d and f electrons and to 4.45 for p electrons. 
cc Present work, the a parameter is set to 4.40 for s, p, d and f electrons. 
dd R-Matrix calculations (Ramsbottom et al 1994). 

Tablee 6.7 shows that the inclusion of the ap parameter reduces the largest errors in the 
energiess of the lowest states by a factor up to three. The errors reported in table 6.7 are of the 
samee order of magnitude as the ones obtained in the recent R-matrix calculations of Ramsbottom 
etet al (1994) for the triplet states but are smaller for the singlet states in general. The present 
errorss are, however, considerable compared to direct calculations of specific terms. For example 
Zhuu and Chung (1994) reported energies (not shown here) for the ls22snp 1 ,3P terms with n = 
22 and 3 in better agreement with experiment by at least an order of magnitude. 

http://www.nist.gov
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6.66 B-lik e nitrogen, N II I 

Thee use of two a parameters in the potential describing the Is2 core leads to a better description 
off the lowest part of the N IV spectrum. In the present section, a comparison between experi
mentall and theoretical energies is made for the lowest N II I  states. Since most of these states are 
known,, it is possible to obtain information about the accuracy of the model-potential approach 
forr the five-electron systems. It is important to know the accuracy when the method is applied 
too the multiply-excited states for which little is known experimentally. 

6.6.11 Valence s t a t e s 

Inn table 6.8, the energy of the ls22s22p 2P° ground state relative to Is2 is reported (in au) while 
forr higher doublet states, the energy difference with respect to the ls22s22p state (in eV) is 
listed. . 

Fromm table 6.8, it is seen that the inclusion of the ap parameter in the model-potential leads 
too a much better description of the ground state. With ap equal to 4.45 instead of 4.40, the error 
inn the ls22s22p 2P° term energy is reduced from 65 to 2 meV, which corresponds to a reduction 
off the error by a factor of 30. The good agreement with the experimental measurement is to some 
degreee fortuitous when it is recalled that relativistic corrections for the three valence electrons 
weree not explicitly included in the calculations although these are expected to be small. Also 
thee (lower) energy of the ground state computed using a single a parameter is a reminder that 
thee use of a model-potential breaks the variational principle. 

Becausee the second a parameter affects only p electrons, we will next consider states with a 
pronouncedd p character. For ls22p3 2P° and 2D°, the inclusion of the ap parameter reduces the 
errorr by a factor of 2 for the 2D° term (a decrease from 0.19 to 0.09 eV) and by a factor of 3 
forr the 2P° term (a decrease from 0.15 to 0.05 eV). In both cases, the two B-spline descriptions 
aree found to be more accurate than the R-Matrix calculations by Luo and Pradhan (1990) who 
reportedd energies for the 2P° and 2D° states which are too large by, respectively, 1.1 and 0.4 eV. 
Thee energies reported by Bell et al (1995) are discussed later. 

Thee changes for the ls22s2p2 2S e , 2 P e and 2D e terms are less substantial. In the three cases, 
thee introduction of a different a parameter for p electrons increases the relative energies by 
0.055 eV, bringing the 2Se and 2De states in better agreement with the experimental data (the 
errorss are reduced from 0.07 to 0.02 and from 0.08 to 0.03 eV) while the opposite behaviour 
iss found for the 2P e state for which the error increases from less than 0.01 to 0.05 eV. Since 
tablee 6.7 shows that the three ls22p2 terms in N IV (lSe, 3 P e and 1De) are improved by more 
thann 0.1 eV when the ap parameter is introduced, the differences in behaviour for the three 
ls22s2p22 terms must be due to differences in the 2s-2p interaction. This can be understood in 
aa simplified picture by considering the mean radius of the 2s and 2p orbitals for different single 
configurationn calculations. When HF calculations are performed on the ls22s2 and ls22p2 1S e 

levels,, the 2s-2p distance is close to those found for the ls22s2p2 2S e and 2D e states while the 
distancee is considerably larger for 2 P e for which the distance is close to those computed in the 
presentt work using a single parameter potential. When ap is introduced, the 2s-2p distance is 
reducedd and is closer to the distance found for ls22s2 1Se , ls22p2 xS e , ls22s2p2 2 S e and 2De . 
However,, the two B-sphne results for the ls22s2p2 2 P e term are nevertheless more accurate than 
thee R-matrix results due to Luo and Pradhan (1990). 

Thee energies of the ls2(2p2 3P )np 2S° states are also strongly influenced by the ap parameter. 
Inn this case, the relative energies of the single parameter calculation are all about 75 meV lower 
whichh is similar to the difference between the two B-splinecalculations for the ls2(2p2 3P )3p 2D° 



158 8 Studyy of multiply-excited s ta tes in N II I  and N V 

Tablee 6.8: Non-relativistic energies for the lowest members of the 2P°, 2P e , 2S e , 2S°, 2D e and 
2D°° series of N III . Energies (in eV) are reported relative to the ground state except for the 
groundd state for which the energy (in au) relative to Is2 is reported. 

LSLS State 

2P°° l s z (2s 2 lS)2p 
ls22p3 3 

ls2(2s2 1S)3p p 
ls2(2s2p3P)3s s 
ls2(2s2 1S)4p p 
l s 2 (2s 2 lS)5p p 
ls2(2s2p3P)3d d 

2 P ee l s 22s(2p 2 3P) 
ls2(2s2p3P)3p p 
ls2(2s2p3P)4p p 
ls2(2s2p1P)3p p 
ls2(2s2p3P)5p p 
l s 2 (2p 2 3P)3s s 
ls2(2s2p3P)5p p 

2 S ee ls22s(2p21S) 
ls2(2s21S)3s s 
ls2(2s21S)4s s 
ls2(2s2p3P)3p p 
ls2(2s21S)5s s 
ls2(2s21S)6s s 
ls2(2s21S)7s s 

2S°° l s 2 (2p 2 3P)3p 
l s 2 (2p 2 3P)4p p 
l s 2 (2p 2 3P)5p p 
l s 2 (2p 2 3P)6p p 
l s 2 (2p 2 3P)7p p 
l s 2 (2p 2 3P)8p p 
l s 2 (2p 2 3P)9p p 

2 D ee ls22s(2p2 1D) 
ls2(2s21S)3d d 
ls2(2s22 ËS)4d 
ls2(2s2p3P)3p p 
ls2(2s21S)5d d 
ls2(2s21S)6d d 
ls2(2s21S)7d d 

2D°° ls22p3 

ls2(2s2p3P)3d d 
ls2(2s2p3P)4d d 
ls2(2s2p1P)3d d 
ls2(2s2p3P)5d d 
ls2(2s2p3P)6d d 
l s 2 (2p 2 3P)3p p 

Experiment" " 

-8.188123 3 
28.57 7 
30.46 6 
36.85 5 
38.65 5 
41.93 3 
42.49 9 
18.09 9 
38.33 3 
46.47 7 
46.82 2 
49.93 3 
50.94 4 
52.09 9 
16.24 4 
27.44 4 
37.33 3 
40.55 5 
41.37 7 
43.37 7 
44.53 3 
54.68 8 

12.53 3 
33.13 3 
39.40 0 
39.80 0 
42.20 0 
43.96 6 
44.89 9 
25.18 8 
41.48 8 
47.75 5 
49.17 7 
50.37 7 
52.21 1 

tf-spline* tf-spline* 
aa = 4.4 
-8.190447 7 
28.42 2 
30.48 8 
36.77 7 
36.66 6 
41.95 5 

18.09 9 
38.21 1 
46.38 8 
46.77 7 

50.87 7 

16.17 16.17 
27.48 8 
37.37 7 
40.45 5 

51.33 3 
59.86 6 
63.41 1 
65.23 3 
66.29 9 
66.97 7 
67.43 3 
12.45 5 
33.21 1 
39.41 1 
39.75 5 
42.45 5 
44.00 0 
44.94 4 
24.99 9 
41.41 1 
47.67 7 
49.19 9 

52.39 9 

a pp = 4.45 
-8.188043 3 
28.52 2 
30.44 4 
36.77 7 
38.62 2 
41.91 1 
42.45 5 
18.14 4 
38.23 3 
46.40 0 
46.79 9 
49.83 3 
50.92 2 
52.00 0 
16.22 2 
27.42 2 
37.31 1 
40.47 7 
41.36 6 
43.36 6 
44.52 2 
51.41 1 
59.94 4 
63.48 8 
65.30 0 
66.36 6 
67.04 4 
67.50 0 
12.50 0 
33.15 5 
39.37 7 
39.74 4 
42.39 9 
43.95 5 
44.89 9 
25.09 9 
41.41 1 
47.68 8 
49.20 0 
50.69 9 
52.22 2 
52.47 7 

CICC R-Matrixd 

28.555 29.66 
30.45 5 

18.088 18.39 

16.233 16.61 
27.42 2 

12.511 12.63 
33.12 2 

25.166 25.57 

aa NIST compilation ( http://www.nist.gov). 
66 Present work. The energies not listed in the column "a = 4.40" are equal to the corresponding 
valuess reported in the column "ap = 4.45". 
cc CI calculation from Bell et al (1995). 
dd R-Matrix calculation from Luo and Pradhan (1990). 

http://www.nist.gov
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state.. Table 6.8 shows that the B-spline energy for the lowest 2S° state disagrees by about 3.5 eV 
withh the experimental identification. In order to check the present results, we have performed 
MCHFF calculations on the ground state and the lowest 2S° term including all configurations 
resultingg from the excitation of electrons from the n = 2 to the n = 3 shells. Using the MCHF 
approach,, the ls2(2p2 3P)3p 2S° term is found to lie 51.49 eV above the ground state, which 
comparess well with the B-spline result (51.41 eV) and suggests that the experimental value 
reportedd in table 6.8 is erroneous. 

Thee term dependence of the 2s and 2p orbitals was already mentioned by Bell et al (1995) 
whoo reported relativistic CI calculations for the ls22s22p, ls22s2p2, ls22p3 and ls22s23/ states. In 
orderr to reduce the errors introduced by the use of frozen 2s and 2p orbitals, that were optimized 
onn the ground state, six orbitals were defined to improve the description of the three ls22s2p2 

states.. The 4s, 4p and 5d orbitals were optimized on the 2S e state, the 4d and 5p on the 2P e state 
andd the 4f on the 2De state. A comparison between the two data sets (cf. table 6.8) shows that 
thee energies reported by Bell et al are in better agreement with the experimental values than 
thee B-spline energies (we consider only the Q P = 4.45 energies), especially when states with a 
pronouncedd p character are considered. This means that the much larger CI expansions, about a 
factorr of 20, used in the present work does not completely compensate for the term dependence 
off the 2s and 2p orbitals. 

Becausee the ls22s2 and ls22p2 1S e terms are perturbing each other, the ls22s2nd 2De , 
ls22s2npp 2P° and ls22s2ns 2S e terms are also expected to be influenced by the introduction 
off QP. For the 2S e series, the result is a reduction in the relative energies by about 0.05 eV and 
therebyy a reduction in the deviation from experiment. The relative energies of the 2P° states are 
alsoo shifted downwards, by 0.04 eV, but the accuracy of the results is unchanged for the n = 3 
andd 5 states while the description of the n = 4 term is slightly worse. For the 2De series, the 
nn = 3, 5, 6, 7 and 8 terms are shifted down, by 0.06 eV, by the introduction of the ap parameter, 
whichh results in a better agreement with the experiment. The energy of ls22s24d is also reduced, 
byy 0.04 eV, but the single parameter potential gives better agreement with the observed energy. 
Thee difference between the ls22s24d and the other members of the Rydberg series is due to the 
factt that the 4d state is more perturbed than 3d, say. In addition, the perturbers are different, 
respectively,, ls2(pp)d and ls2s(pp) and the perturbation of the 2p orbital by an outer d electron, 
especiallyy 3d, is better described when a is set to 4.40 for the p orbitals. 

6.6.22 Co re -exc i t ed s t a t e s 

Itt has been seen in the previous section that, in most cases, the energies are closer to the 
experimentall values when a different potential is used to set up p orbitals. Therefore, only the 
two-parameterr potential {at,dj = 4.40, ap = 4.45) has been used for the calculations reported 
inn the present section. The energies (in eV) reported in table 6.9 are given relative to the 
ls2(3s22 *S )3p 2P° state which is found, in the present work, to lie 3.5854 au below the Is2 limit. 

Thee error of the B-spline method combined with a model-potential description of the Is2 core 
iss estimated to 0.1 eV or less (cf. tables 6.7 and 6.8). This is large compared to experimental 
energiess for the ground state or for valence-excited terms but it is a factor of five lower than 
thee error reported by Vaeck and Hansen (1992a) who, as mentioned, have reported the only 
previouss calculation for these terms. 

Concerningg the energies, it is seen from table 6.9 that the agreement between the B-spline and 
thee CIHFR approach is fairly good even if the largest energy difference reaches 1.5 eV. By analogy 
too the ZlZl'nl" case in N V, the energy differences between the CIHFR and the present data 
aree expected to increase within a series and this behaviour is found for all symmetries listed in 
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Tablee 6.9: Energies relative to the Is2(3s2 lS )3p 2P° term (in eV) and total autoionization widths 
(inn s_1) for the lowest ls23/3/'n/" doublet states in N III . 

LSLS State 
*P°° l s ' ^ ' S ^ p 

ls2(3s3p3P)3d d 
ls 2(3s3p lP)3d d 
ls23p3 3 

ls2(3s2 1S)4p p 
ls 23p(3d 2 1D) ) 
ls2(3s3p3P)4s s 

2 P ee ls23s(3p2 3 P ) 
ls2(3p2 1D)3d d 
ls 2 (3p 2 3P)3d d 
ls23d3 3 

ls2(3s3p3P)4p p 
ls2(3p2 3P)4s* * 
ls2(3s3p1P)4p p 

2 S ee ls23s(3p2 1S) 
l s 2 (3p 2 ID)3d d 
ls2(3s2 1S)4s s 
ls23s(3d2 1S) ) 
ls2(3s3p3P)4p p 
ls2(3s21S)5s s 
ls 2(3s3p IP)4p p 

2S°° l s 23p(3d 2 3P) 
l s 2 (3p 2 3P)4p p 
ls2(3p3d3D)4d d 
ls2(3p3dxD)4d d 
l s 2 (3p 2 3P)5p p 
l s 2 (3d 2 3P)4p p 
ls2(3p3d3D)5d d 

2D°° ls2(3s3p3P)3d 
ls 2(3s3p lP)3d d 
ls23p3 3 

l s 23p(3d 2 3P) ) 
ls23p(3d22 XD) 
ls2(3s3p3P)3d d 
ls23p(3d22 3 F ) 

2D ee l s 2 (3p 2 1D)3d 
ls 2 (3s 2 ,S)3d d 
ls23s(3d22 lD) 
l s 2 (3p 2 ,S)3d d 
ls 2(3p 2 1D)3d d 
l s 2 (3p 2 3P)3d d 
ls 2 (3s 2 lS)4d d 

CIHFRR a 

Energy y 
0 0 

632 2 
8.99 9 
9.33 3 

13.01 1 

4.94 4 
7.67 7 

10.13 3 
12.97 7 

4.68 8 
10.79 9 

14.18 8 

3.73 3 
6.30 0 
9.11 1 

11.12 2 
14.44 4 
16.31 1 

2.02 2 
4.74 4 
8.55 5 

10.13 3 
12.02 2 
12.47 7 

Width h 
5.622 xlO14 

8.57xl014 4 

8.422 xlO14 

4.988 xlO14 

3.06x10" " 

8.97xl014 4 

4.53x10" " 
4.799 xlO14 

4.633 xlO14 

9.75xl014 4 

4.87xl014 4 

2.78xl014 4 

5.31xl014 4 

7.03xl014 4 

6.24x10" " 
3.18x10" " 
3.91x10" " 
3.19x10" " 

4 .87x10" " 
4 .56x10" " 
5.45x10" " 
6.54x10" " 
5.56x10" " 
7.60x10" " 

£-splinee + MP* 
Energy y 

0 0 
6.086 6 
8.811 1 
8.982 2 

12.224 4 
12.777 7 
13.474 4 
4.846 6 
7.725 5 
9.800 0 

12.709 9 
13.726 6 
16.182 2 
16.515 5 
4.432 2 

10.309 9 
11.211 1 
13.334 4 
15.238 8 
16.037 7 
16.927 7 
10.966 6 
17.285 5 
20.330 0 
21.269 9 
22.053 3 
22.934 4 
24.022 2 
3.813 3 
6.273 3 
8.942 2 

10.729 9 
13.775 5 
14.822 2 
15.320 0 
2.148 8 
4.643 3 
8.384 4 

10.010 0 
11.335 5 
11.994 4 
13.250 0 

Width h 
3 .72x10" " 
5 .96x10" " 
3 .04x10" " 
5.90x10" " 
1.88x10" " 
1.72x10" " 
2 .04x10" " 
6 .24x10" " 
1.59x10" " 
2 .56x10" " 
2 .38x10" " 
1.77x10" " 
3 .19x10" " 
3 .48x10" " 
3 .59x10" " 
4 .42x10" " 
1.74x10" " 
2 .14x10" " 
2 .24x10" " 
1.43x10" " 
3 .18x10" " 
2 .14x10" " 
3 .01x10" " 
4 .13x10" " 
2 .06x10" " 
1.80x10" " 
1.39x10" " 
1.66x10" " 
3.56x10" " 
3.52x10" " 
3 .18x10" " 
1.76x10" " 
2 .74x10" " 
1.18x10" " 
2 .41x10" " 
3 .69x10" " 
3 .24x10" " 
3 .51x10" " 
5 .62x10" " 
3 .86x10" " 
6 .74x10" " 
1.59x10" " 

aa Vaeck and Hansen (1992a). 
bb Present work. 
** The label of this state is discussed in the text and corresponds to the third largest mixing 
coefficientt of the wavefunction. 
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tablee 6.9. 

Forr three terms, ls2(3s3p3P)3d 2D°, ls2(3p21D)3d 2P« and 2D e , the energies computed 
usingg the CIHFR method are found to be lower than the 5-spline energies. These states are 
foundd to be strongly mixed with other configurations and, for example, the three largest con
tributionss to the wavefunction of the second lowest 2 P e term are coming from ls2(3p2 *D )3d 
(322 %), ls2(3p2 3P)3d (31 %) and ls23s(3d23P) (25 %), underlining the difficulty associated 
withh attempting to use a single configuration label for multiply-excited states. However, in the 
B-splinee approach, the labeling is facilitated by the fact that the configuration with the largest 
mixingg coefficient also belongs to the most important coupling scheme. Only for the two highest 
2 P ee states, the labeling is ambiguous. For the sixth state, seven different configurations are found 
too have a mixing coefficient larger than 0.2 in absolute value but the two leading configurations 
aree ls23d3 (representing 23 % of the wavefunction) and ls2(3s3p1P)4p (16 %). Because these 
twoo configurations belong to the two largest coupling scheme representing respectively 24 and 
222 % of the wavefunction, the ls23d3/ls2(3s3p1P)4p (double) label seems to be the most ap
propriatee especially if the fourth and seventh 2P e states are considered. For those two states, 
thee label is unambiguous as exemplified by the level at 12.7 eV for which the three largest con
tributionss to the wavefunction are ls23d3 (38 %), ls2(3p22D)3d (20 %) and ls23s(3p23P) (10 
%),, justifying the choice of label made here. For the highest 2 P e state reported in table 6.9, the 
ls2(3s3pp *P )4p/ls23d3 label would better describe the strong mixing between the configurations 
evenn if the coupling scheme of the former one represents 37 % of the wavefunction while the 
contributionn of the latter is smaller (28 %). Double labels are not used in table 6.9 but they do 
illustratee the composite character of the wavefunctions and exemplify also the strong interaction 
betweenn ls23/3/'3f' and ls23/3/'4/" states found with the present basis set. 

Comparingg the autoionization widths obtained using the CIHFR and the B^spline methods in 
NN III and N V (cf. tables 6.4 and 6.9), it is seen that, for both ions, about 85 % of the values agree 
too a factor of 2 or better. However, if only those cases are considered for which the difference 
betweenn the two approaches is less than 30 %, the two sets of data are in better agreement for 
NN III than for N V. For the two spectra, respectively 60 and 30 % of the values agree within 
thesee error limits. In addition, for N V, the Auger rates computed using the B-spline approach 
aree lower than the CIHFR results, with exception of the ls23p3 2P° state. 

Forr the calculation of the Auger rates, the ls22sn/ limits with n up to 7 have been included 
but,, with exception of the decay to n = 3 and 4, their contributions are found to be small. The 
reasonss are that, as expected, the wavefunctions show that the main mixings are between the 
ls23Z31'3f"" states although in some cases ls23/3/'4f" states have considerable mixing coefficient 
whilee non-orthogonalities between initial and final bound orbitals are small because the same 
model-potentiall was used to describe the resonance and the continuum states. 

Iff quantitatively the CIHFR and B-spline methods differ somewhat concerning the autoion
izationn widths, the two calculations do roughly show a same trend for the lower states as for 
examplee illustrated by the 2D e series. For the 2P° series, table 6.9 shows that, if the Auger 
ratess of the third and fourth terms are reversed, the 5-spline and the CIHFR values follow the 
samee trend. The inversion could be a consequence of the sensitivity of the fourth lowest state 
definedd by Vaeck and Hansen to the additional correlation included in the present work. The 
fourthh state could then be shifted below the third one and this inversion would bring the two 
descriptionss into qualitative agreement. 
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6.77 Conclusions 

Thee present results for core-excited states of Li-like and B-like nitrogen confirm the accuracy, 
alreadyy found in the case of Li I (cf. chapters 4 and 5) of the 5-spline approach for computing 
energiess and autoionization widths of core-excited states. In Li-like nitrogen, the energy spec
trumm of singly core-excited states obtained using the S-spline approach represents a considerable 
improvementt over previous theoretical descriptions and provides the only data set which shows 
quantitativee agreement with the measurements of Mack and Niehaus (1987) for the lowest 2D e 

states.. The energies reported for the ZlZl'nl" states show that the accuracy of the description 
off the highest 3/3/'3/" terms is dependent on the amount of correlation included and that a too 
largee truncation of the CI expansion can induce errors up to 1 eV. Results for 2121'nl" and the 
lowestt 3/3/'4/" terms represent the first study of individual states and, especially for the latter, 
itt is hoped that these results will stimulate both experimental and further theoretical works. 
AA complete study of 3/3/'4/" and 3lZl'5l" states would be useful for experimentalists (see for 
examplee Moretto-Capelle 1999). 

Apartt from N V, triply core-excited states have also been studied for N II I  in which the Is2 

coree is represented by a model-potential. The calculations have been performed in three steps. 
First,, the parameters of the potential have been optimized on the ls22s2 1S e state and it has been 
shownn that, in order to reproduce the ls22s2 - ls22p2 1S e energy difference, it was important 
too define a different parameter for the p series. Calculations on ls22/2/'nf" states represent the 
secondd step. The energy of the ls22s22p 2P° state is found to be very well described while for 
otherr states, the errors are smaller than those reported by Luo and Pradhan (1990) in R-matrix 
calculations.. The last step is the computation of energy levels and autoionization widths of 
ls23J3/'nr'' states. The present results compare reasonably well with earlier CIHFR calculations 
evenn if disagreements concerning autoionization widths sometimes are close to a factor of 2. 
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7.11 Introductio n 

Thee study of the interactions of Ar18+ and Ar17+ with metallic surfaces performed by Briand 
andd coworkers (1990, 1991) was an important step forward in the production and the study of 
highly-excitedd states. Briand et al showed that in a (very) fast first step, electrons were picked 
upp from the first monolayer of the surface and captured in the outermost shells of the ions, 
producingg hollow atoms. While for light atoms Auger decay is dominant, for Li-like argon the 
de-excitationn of hollow states occurs by a combination of radiative and Auger decays. In Ar15+, 
thee two decay rates are of the same order of magnitude because the radiative decay has a Z4 

dependencee while Auger decay has a much weaker Z dependence (Cowan 1981). Briand et al were 
thereforee able to use the X-ray spectrum as a signature of the filling of the inner shells in the 
holloww atom. More recently, Rosmej et al (2000) have observed hollow Ar in a plasma device, 
againn making use of the X-ray emission for detection. 

Complementaryy to the experiments of Briand et al (1990, 1991) and Zou et al (1995), Karim 
etet al (1996) performed calculations for several 2s"2pm terms, which have been observed experi
mentally,, and reported a good agreement between theory and experiment for the median values 
off X-ray photon energies. The results were based on a CI approach using HF basis functions 
andd including some relativistic corrections (Cowan 1981). These calculations will be referred to 
ass CIHFR in the following. 

Thee use of a B-spline basis combined with a CI expansion was found to provide an accurate 
descriptionn for energy spectra and decay mechanisms in the case of multiply core-excited states in 
lightt atoms and ions as for example shown in chapters 4 and 6 for Li I and N V, respectively. The 
applicationn of the 5-spline method to the computation of the X-ray spectrum of 2121'nl" states 
inn Ar15+ presents new problems mainly because of the larger nuclear charge which is responsible 
forr considerable relativistic corrections. In the present work, only part of the relativistic effects, 
namelyy the Darwin and the mass correction terms, are included using a perturbative treatment 
andd the accuracy of the present results depends on the reliability of this approximation. 

AA critical comparison with the results reported by Karim et al (1996) is not straightforward. 
Inn the present case, despite the fact that correlation effects are expected to be less important than 
forr lighter ions (as explained in the next section), the interaction between the different terms in 
thee complex are found to be important and because correlation is treated in a more extensive 
wayy in the present work, non-relativistic energies are expected to be more accurately described 
byy the 5-spline approach. On the other hand, relativistic effects are treated more rigorously by 
Karimm et al who included the spin-orbit interaction and the relativistic mass correction in the 
hamiltoniann matrix elements. In the present work, the neglect of the spin-orbit interaction is 
justifiedd by the fact that, in a LS approximation, the centre-of-gravity of a term is not shifted 
byy the spin-orbit interaction even in the presence of strong electrostatic CI effects. Furthermore, 
thee fine structure is not resolved in the experiment. 

Thee main conclusion of the present study is that the #-splineand the CIHFR results some
timess show large differences. The analysis of the experiments recently performed at Darmstadt 
willl provide information about the accuracy of the methods but preliminary results (Rosmej et 
alal 2000) show good agreement between the experimental and the 5-spline results with regards 
too the energies. 

7.22 Description of the method 

Thee results in chapters 4 and 6 show that the B-spline approach provides very accurate descrip
tionss of multiply core-excited states in light three-electron systems and, in this section, we will 
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focuss on the changes required to adapt the method to highly-charged ions. 
Withinn an iso-eiectronic sequence, the difference between light and heavy ions lies in the 

interelectronicc repulsion which, for large Z, is expected to be less important relative to the nu
clearr attraction, thereby reducing the importance of correlation effects. This can be understood 
inn a hydrogenic picture by the Z2 dependence of the one-electron integrals and the Z depen
dencee of the two-electron integrals (Cowan 1981). The former are the main component of the 
diagonall hamiltonian matrix elements while the latter are the only ones involved in the non-
diagonall elements. The relative influence of the non-diagonal elements, which are responsible for 
thee interactions between configurations, decreases when Z increases thus reducing the relative 
importancee of correlation effects in Ar15+ compared to Li I and N V. As a consequence, the 
sizee of the hamiltonian matrix was reduced from 20000 x 20000, which is the size used for the 
studyy of 2121'nl" states in Li (cf. chapter 4), to 10000 x 10000. A further difference with the 
calculationss for lithium is that the size of the box in which the basis functions are defined has 
beenn reduced from 80 au for Li to 20 au in Ar15+ , thereby improving the effective completeness 
off the B-spline basis (see section 1.2.3, page 16). This reduction is motivated by the contraction 
off the inner orbitals with Z as illustrated, for example, by the Z - 1 dependence of the mean 
radiuss for hydrogenic orbitals (cf. equation 1.7, page 15). 

Thee present calculations were performed to study the X-ray spectrum of 2121'nl" states in 
Ar15++ in which the 2p —¥ Is transitions are expected to be the dominant process. The different 
orbitall basis sets used to describe ls2/n/' and 2121'nl" states have been set up in a way similar to 
thee Li case (see sections 4.2.1, page 93, and 5.2, page 125). For ls2fn/' doublet states, the orbitals 
havee been computed from the HF equations for a nl electron in the lsnl configuration with Is 
frozenn to be the orbital obtained from a HF calculation for Is2 while a frozen 2s2 HF core has 
beenn chosen to set up the orbital basis describing the 2121'nl" terms. The effective completeness 
off the B-spline basis has been used in particular for computing the ls2/nf' 4Le'° states. Since 
thee most important Rydberg series are reasonably pure and the Feshbach formalism (Feshbach 
1958,, 1962) is not employed, singly core-excited quartet states are expected to show very little 
basiss dependence. Therefore, also these states are described using the u2l2l'nl"  basis" which 
makess the calculation of, for example, transition probabilities easier. 

Forr computing Auger widths, a larger basis, built on the same Is as the "ls2/n/' basis", is 
usedd to describe the target states. The definition of a new basis is important because it allows 
too represent the target state by a single configuration wavefunction in a more efficient way. This 
approximationn has been successful for Li (cf. chapiter 4). The total widths presented in this 
workk are computed as the sum of the partial widths over the different open-channels while the 
interactionss between the different decay channels were neglected. This has been found to be a 
goodd approximation in the case of Li and the influence on the total Auger rates is calculated to 
bee smaller than 10 % there (Chung and Gou 1996) and probably less in Ar. The Auger decay rate 
off an excited state (<f>)  to a particular continuum state ($c)i degenerate in energy, is computed 
usingg Fermi's golden rule 

TT = 2np(E) \< <j>{r)  \ H | * c ( £ ) >|2 (7.1) 

wheree p(E) represents the density of states for a discretized continuum (Macias et al 1987). 
Thee radiative rates have been computed from the length form of the oscillator strength 

AAtftf ~ AEtf ^ - ^ (7.2) 

inn which i and ƒ refer, respectively, to the initial and final states of the transition while AE{/ 
representss the energy difference between the two terms. The summation over j runs over all 
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electronss presents. The present calculations are the first application of the #-spline approach to 
computee radiative decay rates for three-electron systems. 

Sincee Auger and radiative processes are competing with each other, the branching ratio, 
definedd as 

BiBi>> = f^A- r
 (r3) 

iss an important quantity. In equation 7.3, Tj and Y.f Mf refer to the total autoionization width 
andd the total radiative rate of the initial state, respectively, the latter corresponding to a sum 
overr the states that can be reached by radiative transition from the initial state. 

Thee computation of equations 7.1 and 7.2 involves states built on different orbital basis 
setss and, therefore, non-orthogonalities must be included properly. Here we have multiplied the 
appropriatee one- and two-electron integrals by an overlap factor between spectator electrons 
(Hibbertt et al 1988). 

7.33 Results 

7.3.11 Singly core-exci ted states 

Inn table 7.1, energies (in au) and autoionization widths (in s"1) are presented for the lowest 
singlyy core-excited states with a total angular momentum of less than three. In a non-relativistic 
approximationn only the 2Se , 2P° and 2De series can decay to the Is2 limit, which is the only 
limitt that can be reached energetically from the states listed in table 7.1. In this table, the 
non-relativisticc (column headed "Non-rel.") and relativistic (column headed "Rel.") energies are 
reportedd for each states. The latter includes the Darwin and the mass corrections obtained using 
perturbationn theory. 

Becausee the Is electron, present in singly core-excited states, is very close to the nucleus, a 
largee relativistic shift is expected. In a hydrogenic approximation, the shifts of the Is, 2s and 2p 
electronss are 0.7, 0.2 and 0.1 au, respectively, which means that the total shift is expected to lie 
betweenn 0.8 and 1.1 au. The former estimate corresponds to ls2pn/ states with n > 2 and the 
latterr to the ls2s2 2S e term. It is seen from table 7.1 that this hydrogenic estimate is in quite 
goodd agreement with the present data. 

Forr singly core-excited states, the Auger width is expected to decrease within a Rydberg series 
butt interference effects are often obscuring this trend. Nevertheless, a decrease is observed for the 
lowestt Rydberg states of the 2S e and 2D e symmetries while the behaviour of the widths within 
thee 2P° series shows more variations. Both the (ls2s1S)np and (ls2s3S)np 2P° Rydberg series 
showw a very large decrease in width between n = 2 and 3, a factor of 30 and 60, respectively. 
Furthermore,, the widths of the Is2s2p and Is2s3p states are larger for (ls2s3S)np than for 
(ls2s1S)np,, while the opposite was expected. The latter is explained by cancellation effects. 
Thee widths of the (ls2s *S )2p and (ls2s 3S )2p 2P° states are found to follow the expected trend 
whenn a single configuration approximation is used but, when both states are included in a 2 
byy 2 calculation, cancellation occurs for the (ls2s1S)2p term and the opposite for (ls2s3S)2p. 
Forr the (ls2s1 '3S)3p states, the same behaviour is observed but, in this case, the mixing is less 
important,, therefore reducing the importance of cancellation effects. 

Whilee only the 2S e , 2P° and 2De states can decay non-radiatively in the LS approximation, 
mostt states can decay radiatively and some of these have been observed by Rosmej (1999) who 
kindlyy has put some experimental results at our disposal prior to publication. This allows a 
checkk of the quality of the present calculations. In table 7.2, non-relativistic and relativistic 
wavelengthss (in A) are listed for three different 2p -» Is transitions involving the decay of 
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Tablee 7.1: Non-relativistic and relativistic energies (in au) for the lowest ls2fn/' 2'4Le,° states 
(withh L < 2) in Ar15+. The columns headed "Non-rel." and "Rel." contain, respectively, the non-
relativisticc and the relativistic energies. The Auger widths are reported in s"1 and the notation 
a(b)a(b) stands for a x 10*. 

LS LS State e Non-rel. . Rel. . Widthh LS 
Jpë--

State e Non-rel. . Rel. . 

ls(2s2 1S) ) 
ls(2p2 1S) ) 
(ls2s3S)3s s 
(ls2sxS)3s s 
( ls2p3P)3p p 

(ls^PJSp p 
(ls2s3S)4s s 

2po o 

(ls2sxS)2p p 
(ls2s3S)2p p 
(ls2s3S)3p p 
(ls2s1S)3p p 
( ls2p3P)3s s 
(ls2p>P)3s s 
( ls2p3P)3d d 

2pe e 

ls(2p2 1D) ) 
(ls2s3S)3d d 
(ls2pp »P )3p 
(ls2s1S)3d d 
( ls2p3P)3p p 
(ls2s3S)4d d 
( ls2p3P)4p p 

4pe e 

ls(2p2 3P) ) 
( ls2p3P)3p p 
( ls2p3P)4p p 
( ls2p3P)5p p 
( ls2p3P)6p p 
( ls2p3P)7p p 
( ls2p3P)8p p 

4D e e 

(ls2s3S)3d d 
( ls2p3P)3p p 
(ls2s3S)4d d 
( ls2p3P)4p p 
(ls2p3P)4f f 
(ls2s3S)5d d 
( ls2p3P)3p p 

-233.6811 1 
-230.8506 6 
-213.9898 8 
-213.4685 5 
-212.7116 6 
-212.3270 0 
-207.3998 8 

-232.5028 8 
-232.1141 1 
-213.8551 1 
-213.2331 1 
-213.0522 2 
-212.8025 5 
-212.5985 5 

-231.6586 6 
-213.4912 2 
-212.8970 0 
-212.8842 2 
-212.5200 0 
-207.2054 4 
-206.5818 8 

-232.2339 9 
-213.0576 6 
-206.6505 5 
-203.7015 5 
-202.1064 4 
-201.1474 4 
-200.5261 1 

-2136463 3 
-213.2112 2 
-207.2551 1 
-206.7002 2 
-206.4890 0 
-204.3270 0 
-203.7241 1 

-234.7412 2 
-231.7386 6 
-214.9483 3 
-214.4082 2 
-213.5506 6 
-213.1654 4 
-208.3306 6 

-233.4695 5 
-233.0822 2 
-214.7809 9 
-214.1295 5 
-213.9313 3 
-213.6628 8 
-213.4171 1 

-232.5295 5 
-214.4074 4 
-213.7325 5 
-213.7709 9 
-213.3601 1 
-208.1226 6 
-207.3943 3 

-233.1075 5 
-213.8882 2 
-207.4659 9 
-204.5106 6 
-202.9124 4 
-201.9517 7 
-201.3295 5 

-214.5622 2 
-214.0509 9 
-208.1746 6 
-207.5171 1 
-207.2932 2 
-205.2452 2 
-204.5336 6 

1.377 7 
2.129 9 
4.297 7 
2.439 9 
3.156 6 
1.083 3 
1.498 8 

2.414 4 
4.6977 { 
7.688) ) 
7.7044 ( 
2.0900 j 
4.9011 < 
5.8199 ( 

9.7844 1 
5.2888 ( 
2.0944 ( 
3.7922 i 
3.5322 ( 
4.4788 ( 
7.4088 ( 

(14) ) 
(13) ) 
(13) ) 
(13) ) 
(12) ) 
(13) ) 
(13) ) 

2D o o 

12) ) 
,13) ) 
11) ) 
10) ) 
13) ) 
12) ) 
10) ) 

4ge e 

13) ) 12) ) 
13) ) 
12) ) 
13) ) 
12) ) 
12) ) 

4pe e 

4 D « « 

ls(2p2 3P) ) 
( ls2p3P)3p p 

(lsVP^p p 
( ls2p3P)4p p 
( ls2p1P)4p p 
( ls2p3P)5p p 
(lrïp'PJSp p 

( ls2p3P)3d d 
(ls2p1P)3d d 
(ls2p3P)4d d 
( ls2p1P)4d d 
(ls2p3P)5d d 
(ls2p1P)5d d 
(ls2p3P)6d d 

(ls2s3S)3s s 
( ls2p3P)3p p 
(ls2s3S)4s s 
( ls2p3P)4p p 
(ls2s3S)5s s 
( ls2p3P)5p p 
(ls2s3S)6s s 

(ls2s3S)2p p 
(ls2s3S)3p p 
( ls2p3P)3s s 
( ls2p3P)3d d 
(ls2s3S)4p p 
(ls2p3P)4s s 
( ls2p3P)4d d 

(ls2p3P)3d d 
(ls2p3P)4d d 
(ls2p3P)5d d 
(ls2p3P)6d d 
( ls2p3P)7d d 
( ls2p3P)8d d 
(ls2p3P)9d d 

-231.4680 0 
-213.1819 9 
-212.5155 5 
-206.6719 9 
-206.1192 2 
-203.7075 5 
-203.1697 7 

-212.9640 0 
-212.3349 9 
-206.5954 4 
-206.0353 3 
-203.6709 9 
-203.1258 8 
-202.0879 9 

-214.2692 2 
-213.0954 4 
-207.5045 5 
-206.6546 6 
-204.4489 9 
-203.7055 5 
-202.8112 2 

-233.4049 9 
-213.8908 8 
-213.4428 8 
-212.7641 1 
-207.3602 2 
-206.7950 0 
-206.5334 4 

-212.8342 2 
-206.5559 9 
-203.6534 4 
-202.0787 7 
-201.1300 0 
-200.5146 6 
-200.0925 5 

-232.3378 8 
-214.0134 4 
-213.3428 8 
-207.4874 4 
-206.9315 5 
-204.5165 5 
-203.9756 6 

-213.7745 5 
-213.1427 7 
-207.4025 5 
-206.8392 2 
-204.4757 7 
-203.9274 4 
-202.8914 4 

-215.2373 3 
-213.9361 1 
-208.4440 0 
-207.4736 6 
-205.3774 4 
-204.5160 0 
-203.7341 1 

-234.3912 2 
-214.8311 1 
-214.3048 8 
-213.5799 9 
-208.2878 8 
-207.6235 5 
-207.3421 1 

-213.6450 0 
-207.3629 9 
-204.4582 2 
-202.8822 2 
-201.9328 8 
-201.3169 9 
-200.8945 5 



168 8 Studyy of multiply-excited states in Ar 1 5+ 

Tablee 7.2: Comparison between experimental and theoretical wavelengths for three transitions 
involvingg the 2p -»• Is decay of singly core-excited states. For each transition, two theoretical 
wavelengthss (in A) are reported, a non-relativistic (N-R) and a relativistic (Rel.) calculated as 
thee average over the J values for the two terms. The radiative rates (A, in s - 1) reported in the 
lastt column are valid for the particular fine structure transition (see text). A value reported as 
a(b)a(b) means a x 106. 

Transitionn N-R wavel.a Rel, wavel.0 Exp" Att 

(ls2pp l P )3p *S*/2-(ls* *S )3p 2P°1/2 3i9646 JT948Ö 3.947 1.65 (13) 
( l s2p 1 P)3p 2 D| / 2 - ( l s 2 1 S)3p 2 P° / 22 3.9713 3.9547 3.957 8.29(13) 
l s (2p 2 1 D) 2 D| / 2 - ( l s 2 1 S)2p 2 P° / 22 4.0079 3.9908 3.993 5.02(13) 

°° Present work, differences between the centre-of-gravity of the two terms. 
bb Rosmej (1999). 

singlyy core-excited states. The calculated energies are differences between the centre-of-gravity 
off the two terms. In addition, the radiative rates (A) are reported and the 5-spline results are 
comparedd with the experimental data obtained by Rosmej (1999) for individual fine structure 
transition.. For the radiative rates reported in table 7.2, the theoretical branching ratio between 
thee different LSJ components has been used. This approximation assumes good LS coupling 
andd is therefore compatible with the non-relativistic approach used here. From the table, it is 
seenn that the relativistic corrections, which are found to reduce the wavelengths by about 0.02 
A,, bring the fl-spline results into good agreement with experimental data. 

Chenn and Reed (1992) performed MCDF calculations for the average energy of different 
configurationss and used the orbital basis set to calculate individual jj  coupled level energies 
butt because a different coupling has been used, a comparison with the present results is not 
straightforward.. However, for some transitions there is a one-to-one correspondence. For exam
ple,, the MCDF energy difference between the ls2s2 and Is2s3s states corresponding to J = 1/2 
iss found to be 19.816 au (not reported in table 7.2) which should be compared to the ls(2s2 *S) 
-- (ls2s3S )3s 2S e energy difference, 19.793 au, found in the present work. This energy difference 
correspondss to an increase of the S-spline wavelength, 4.99 A, compared to the MCDF value by 
0.055 A. 

7.3.22 Doubly and tr ip l y core-excited s ta tes 

Resultss for the lowest doubly and triply core-excited states are presented in table 7.3 where the 
non-relativisticc and relativistic energies (in au) are listed together with the total autoionization 
widthss (in s_1) for the lowest members of the 2'4Le'° series with L < 3. 

Inn chapter 4, it was shown that, under specific conditions, the widths of doubly and triply 
core-excitedd states are expected to be nearly constant within a Rydberg series. One of the condi
tionss is that the members of the Rydberg series should be unperturbed or at least perturbed in 
thee same way. This condition is less often fulfilled for doublet than for quartet states and there
foree we will focus principally on the latter. The (2s2p3P)np 4S e series illustrates the expected 
behaviour.. According to the discussion in chapter 4, only the contributions from the decays to 
thee ls2s 3S, ls2p 3P and Isnp 3P limits are important and, because of the non-orthogonalities 
betweenn initial and final states, the latter decay, corresponding to the main decay channel, cor
respondss to the sum over all lsmp limits with m > 3. As mentioned, non-orthogonalities are 
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Tablee 7.3: Non-relativistic and relativistic energies (in au) for the lowest multiply core-excited 
statess of the 2'4Le,° series with L < 2. Total autoionization decay rates are also reported and 
aree given in units of 1013 s •133 „ - 1 

LSLS State 

2s(2p21S) ) 
(2s21S)3s s 
(2s2pxP)3p p 
(2s2p3P)3p p 
(2p21D)3d d 
(2p21S)3s s 
(2s21S)4s s 

2pe e 

2s(2p2 3P) ) 
(2s2p3P)3p p 
(2p2 3P)3s s 
(2p2 3P)3d d 
( ^ p ^ J S p p 
(2p21D)3d d 
(2s2p3P)4p p 

2De e 

2s(2p22 XD) 
(2s2p3P)3p p 
(2s21S)3d d 
(2p21D)3s s 
(2s2p1P)3p p 
(2p2 3P)3d d 
(2p21D)3d d 

4ge e 

(2s2p3P)3p p 
(2s2p3P)4p p 
(2s2p3P)5p p 
(2s2p3P)6p p 
(2s2p3P)7p p 
(2s2p3P)8p p 
(2s2p3P)9p p 

4pe e 

2s(2p2 3P) ) 
(2s2p3P)3p p 
(2p22 3 P )3s 
(2p2 3P)3d d 
(2s2p3P)4p p 
(2p2 3P)4s s 
(2p2 3P)4d d 

4De e 

(2s2p3P)3p p 
(2p2 3P)3d d 
(2s2p3P)4p p 
(2s2p3P)4f f 
(2p2 3P)4d d 
(2s2p3P)5p p 
(2s2p3P)5f f 

Non-rel. . 

-112.5418 8 
-93.0324 4 
-93.2152 2 
-92.5474 4 
-92.0078 8 
-91.5583 3 
-87.1900 0 

-112.4516 6 
-93.7675 5 
-92.9921 1 
-92.6001 1 
-92.4659 9 
-91.9267 7 
-86.9553 3 

-113.0892 2 
-93.4290 0 
-93.3481 1 
-92.8132 2 
-92.5342 2 
-92.1916 6 
-92.0795 5 

-93.5673 3 
-86.9148 8 
-83.9007 7 
-82.2798 8 
-81.3084 4 
-80.6805 5 
-80.2508 8 

-113.9279 9 
-93.5015 5 
-93.1694 4 
-92.4580 0 
-86.9053 3 
-86.4309 9 
-86.1597 7 

-93.6853 3 
-92.6033 3 
-86.9559 9 
-86.6451 1 
-86.2028 8 
-83.9187 7 
-83.7706 6 

Rel. . 

-112.9201 1 
-93.4722 2 
-93.5538 8 
-92.8568 8 
-92.2344 4 
-91.8528 8 
-87.5916 6 

-112.8296 6 
-94.0917 7 
-93.2680 0 
-92.8076 6 
-92.7699 9 
-92.1437 7 
-87.2718 8 

-113.4697 7 
-93.7580 0 
-93.7301 1 
-93.0894 4 
-92.8320 0 
-92.4017 7 
-92.2922 2 

-93.9167 7 
-87.2473 3 
-84.2263 3 
-82.6021 1 
-81.6289 9 
-80.9999 9 
-80.5696 6 

-114.3184 4 
-93.8394 4 
-93.4292 2 
-92.6632 2 
-87.2322 2 
-86.6526 6 
-86.3588 8 

-94.0280 0 
-92.8084 4 
-87.2843 3 
-86.9617 7 
-86.4027 7 
-84.2411 1 
-84.0869 9 

Width h 

24.60 0 
38.47 7 
8.875 5 
22.64 4 
27.34 4 
12.04 4 
3.528 8 

27.24 4 
1.895 5 
9.564 4 
2.695 5 
19.85 5 
31.42 2 
2.052 2 

34.36 6 
11.92 2 
32.92 2 
26.92 2 
26.68 8 
5.673 3 
28.17 7 

1.752 2 
1.519 9 
1.440 0 
1.403 3 
1.381 1 
0.033 3 
0.021 1 

2.294 4 
1.877 7 
0.165 5 
0.033 3 
1.529 9 
0.067 7 
0.018 8 

1.706 6 
0.048 8 
1.896 6 
1.794 4 
0.034 4 
1.420 0 
1.348 8 

LSLS State 
•JJ go 

<2p2 3P)3p p 
(2p 2 3P)4p p 
(2p 2 3 P)5p p 
( 2p 2 3 P)6 P P 

(2p 2 3P)7p p 
(2p 2 3P)8p p 
(2p 2 3P)9p p 

2po o 

(2s21S)2p p 
2p3 3 

(2s21S)3p p 
(2s2p3P)3s s 
(2s2p1P)3s s 
<2s2p3P)3d d 
(2p 2 3P)3p p 

2D° ° 
2 P

3 3 

(2s2p3P)3d d 
(2p 2 3P)3p p 
(2p 2 1D)3p p 
(2s2p1P)3d d 
(2s2p3P)4d d 
(2p 2 3P)4p p 

44 go 

2p3 3 

(2p 2 3P)3p p 
{2p2 3P)4p p 
( 2 p 2 3 P )5 P P 

(2p 2 3P)6p p 
(2p 2 3P)7p p 
( 2 P

2 3 P)8p p 
4po o 

(2s2p3P)3s s 
(2s2p3P)3d d 
(2p 2 3P)3p p 
(2s2p3P)4s s 
(2s2p3P)4d d 
<2p23P)4p p 
(2s2p3P)5s s 

4D o o 

(2s2p3P)3d d 
(2p 2 3P)3p p 
(2s2p3P)4d d 
(2p 2 3P)4p p 
(2p22 3 P )4f 
(2s2p3P)5d d 
(2p 2 3P)5p p 

Non-rel. . 

-93.1257 7 
-86.3997 7 
-83.3602 2 
-81.7288 8 
-80.7524 4 
-80.1217 7 
-79.6904 4 

-113.8834 4 
-111.7338 8 
-93.8582 2 
-93.5155 5 
-92.9765 5 
-92.8905 5 
-92.5967 7 

-112.3520 0 
-93.2333 3 
-92.8361 1 
-92.4616 6 
-92.1145 5 
-86.7632 2 
-86.2799 9 

-112.8459 9 
-92.7628 8 
-86.2850 0 
-83.3084 4 
-81.7008 8 
-80.7354 4 
-80.1106 6 

-93.9156 6 
-93.1668 8 
-92.8988 8 
-87.0484 4 
-86.7620 0 
-86.3265 5 
-83.9671 1 

-93.2785 5 
-92.9480 0 
-86.7866 6 
-86.3571 1 
-86.1095 5 
-83.8357 7 
-83.3422 2 

Rel. . 

-93.3510 0 
-86.8073 3 
-83.5607 7 
-81.9260 0 
-80.9477 7 
-80.3159 9 
-79.8840 0 

-114.3522 2 
-112.0263 3 
-94.2486 6 
-93.8914 4 
-93.2991 1 
-93.1780 0 
-92.8700 0 

-112.6204 4 
-93.5326 6 
-93.0746 6 
-92.6914 4 
-92.4182 2 
-87.0739 9 
-86.4889 9 

-113.1172 2 
-92.9852 2 
-86.4917 7 
-83.5085 5 
-81.8977 7 
-80.9306 6 
-80.3048 8 

-94.2848 8 
-93.4830 0 
-93.1405 5 
-87.3883 3 
-87.0817 7 
-86.5379 9 
-84.2955 5 

-93.5732 2 
-93.2006 6 
-87.1038 8 
-86.5673 3 
-863043 3 
-84.1530 0 
-83.5432 2 

Width h 

37.10 0 
27.31 1 
24.51 1 
24.06 6 
24.30 0 
4.665 5 
7.576 6 

34.91 1 
4.447 7 
15.80 0 
32.61 1 
19.85 5 
1.275 5 
5.486 6 

1.011 1 
0.990 0 
0.238 8 
1.354 4 
1.421 1 
0.078 8 
1.040 0 

0.698 8 
0.382 2 
1.363 3 
0.087 7 
0.002 2 
1.046 6 
0.025 5 
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nott expected to perturb the decay to the lsnp limits which is found to be nearly independent of 
thee principal quantum number of the Rydberg electron (cf. chapters 4 and 6) while the decays 
too ls2s and ls2p decrease with increasing n. The total Auger widths are therefore expected to 
decreasee slightly with n until a value representing the decay to the lsnp limit. In the present 
example,, the latter value is found to be close to 1.35 x 1013 s - 1 , in good agreement with, for 
example,, the width of the (2s2p3P )7p 4S° term, 1.38 x 1013 s"1, for which the decays to ls2s 
andd ls2p are negligible. 

Fromm table 7.3, it is seen that the highest members of the (2s2p3P)np 4S° Rydberg series, 
correspondingg to n = 8 and 9, do not conform to the rule. For the present calculations, only the 
decayss to the Ism/ ionization limits with m < 9 were computed, neglecting the decay to higher 
channels.. This approximation combined with the large non-orthogonalities between initial and 
finalfinal state orbitals observed for high n involves that for n = 8 and 9, the major contributions to 
thee Auger decay rates are missing. This behaviour is similar to that observed for high Rydberg 
statess in Li I (cf. chapter 4). 

Thee independence of the width with respect to the n and the I values of the Rydberg electron 
meanss that, for example, all (2s2p 3P )nl 4L states are expected to have approximatively the same 
non-radiativee decay rate. If the total decay rates, i.e. the sum of the decays to all ionizations 
limitss included in the present calculations, are considered, the widths will show some fluctuations 
withinn the (2s2p3P )nl 4L series and, therefore, the Auger rates are estimated to lie between 1.3 
andd 1.9 x 1013 s - 1 . This prediction is obeyed very well in the present case (cf. table 7.3) where 
onlyy five (2s2p 3P )nl 4L states have a width lying outside the expected values. Of the "non
conforming"" states, four have a similar width, 1.0 x 1013 s - 1 , while the width of the fifth state, 
(2s2p3PP )3d 4D°, is found to be 40 % smaller. These differences are associated with interferences 
comingg from interactions between Rydberg series with different decay rates and are therefore 
associatedd with the wavefunction compositions. This is exemplified, in the present case, by 
consideringg the purity of all (2s2p3P )nl 4L states which can be classified in three groups. If the 
contributionn from the (2s2p3P )nl states to the wavefunctions is higher than 99 %, the width is 
lyingg between 1.3 and 1.9 x 1013 s _ 1 while if it is close to 97 %, the width is close to 1013 s_1 . 
Forr the (2s2p3P)3d 4D° term, the (2s2p3P)nd contribution is less than 80 %. 

7.3.33 Decay r a t e s 

Inn table 7.4, radiative transitions with a decay rate larger than 1013 s _ 1 are listed. In the four 
firstfirst columns, the labels of the initial and the final states are reported, in the fifth the relativistic 
wavelengthss {in A) while in the sixth and seventh columns, the radiative and Auger rates are 
listed.. Finally, the last column contains the branching ratios which are defined by equation 7.3. 

Mostt of the transitions included in table 7.4 involve the decay of a 2p electron to Is. Never
theless,, several other decays are also important. In hydrogen-like argon, the 4p -» Is, 3p -> Is 
andd 2p —• Is transitions have non-relativistic wavelengths of 3.00, 3.16 and 3.75 A, respectively. 
Thee presence of two additional electrons in the system and the relativistic corrections will shift 
thee wavelengths slightly as seen in table 7.4 where the (2p2 3P )4p 4S° - ls(2p2 3 P ) 4 P e transition 
occurss at 3.11 A while different 2/2/'3p - ls2/2/' transitions are predicted between 3.24 and 3.28 
A.. All other transitions are located between 3.74 and 3.82 A with exception of the (2p2 3P )3d 
4 P ee - 2p3 4S° line found at a wavelength close to the hydrogen-like 3d —> 2p 

However,, not all lines around 3.75 A involve a direct 2p -> Is transition. In some cases, 
non-orthogonalitiess and/or configuration mixing are responsible for indirect transitions. For 
example,, the two-electron transition from (2p23P)5p 4D° to ( ls2p3P)3p 4D e at 3.7659 A can 
bee explained by non-orthogonalities. The three main contributions to the radiative rate are, 
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Tablee 7.4: Wavelengths (in A), radiative transition rates (in s_ 1) , Auger rates (in s_1) and 
branchingg ratios for transitions between 2121'nl" and ls2/n'/' states. All transitions listed in the 
tablee have a radiative rate larger than 1013 s - 1 . a(b) means a x 10*. 

Initiall state Final state Wavel. Rad, rate Auger rate Ratio 
(2p*3P)4p p 
(2s2p3P)3p p 
(2s2p3P)3p p 
(2s2p3P)3p p 
(2p 2 3P)3p p 
(2p 2 3P)3p p 
(2s2p3P)3p p 
(2s2p3P)3p p 
(2s2p3P)3p p 
(2p 2 3P)3p p 
(2p 2 3P)3s s 
(2p2 1D)3d d 
(2p22 3 P )3d 
(2s2p1P)3d d 
(2s2p1P)3p p 
(2s2p3P)3p p 
(2s2p3P)3d d 
(2s2p3P)3p p 
(2s2p lP)3p p 
(2p 2 3P)3p p 
^ p ' P J S s s 
(2s2p3P)4d d 
(2s2p3P)5d d 
(2s2p3P)5s s 
(2p 2 1D)3p p 
(2s2p3P)3d d 
(2s2p3P)3p p 
(2s2p3P)4d d 
(2s2p3P)4s s 
(2s2p3P)4p p 
(2s2p3P)3s s 
(2s2p3P)4d d 
(2p 2 1D)3p p 
(2s2p3P)4p p 
(2p21D)3s s 
(2p 2 3P)8p p 
(2s2p3P)3p p 
(2p 2 3P)7p p 
(2p 2 3P)3d d 
(2p 2 3P)6p p 
(2s2p3P)4p p 
(2p2 3D)4d d 
(2p 2 3P)5p p 
(2p 2 3P)4p p 
(2p2 1D)3d d 
(2s2p3P)3p p 

4gO O 
4pe e 
4ge e 
4D e e 
4So o 
4po o 
2 S e e 

2D e e 
2pe e 
2go o 
2ge e 
2ge e 
2D e e 
2D o o 
2D e e 
2ge e 
2po o 
2ge e 
2pe e 
2po o 
2po o 
4po o 
4D° ° 
4po o 
2D o o 
4po o 
2 S e e 

4D o o 
4po o 
4pe e 
2po o 
2D o o 
2D o o 
4ge e 
2D e e 
4go o 
2D e e 
4So o 
2D e e 
44 go 

*D*D e e 

4pe e 
4S° ° 
2D° ° 
2pe e 
4pe e 

l s (2p 2 3 P) ) 
(ls2s3S)2p p 
(ls2s3S)2p p 
(ls2s3S)2p p 
l s (2p 2 3P) ) 
l s (2p 2 3P) ) 
(ls2s1S)2p p 
(ls2s1S)2p p 
;is2ss XS )2p 
l s (2p 2 3P) ) 
(ls2pp XP )3s 
(ls2pp XP )3s 
( ls2p3P)3d d 
(ls2s1S)3d d 
(ls2s1S)3p p 
(ls2s1S)3p p 
(ls2s3S)3d d 
(ls2s3S)3p p 
( ls2p3P)3s s 
( ls2p3P)3p p 
(ls2s1S)3s s 
(ls2s3S)4d d 
(ls2s3S)5d d 
(ls2s3S)3s s 
(ls2sËS)3d d 
(ls2s3S)3d d 
(ls2p3P)3s s 
(ls2s3S)4d d 
(ls2s3S)3s s 
(ls2s3S)4p p 
(ls2s3S)3s s 
(ls2sxS)4d d 
l s2p 1P)3p p 
ls2s3S)4p p 

(ls2s1S)3p p 
[ ls2p3P)8p p 
[ls2s3S)3p p 
[ls2p3P)7p p 
ls2p 3P)3d d 
' l s2p 3P)6p p 
' ls2s3S)4p p 
ls2p 3P)4d d 
l s2p 3P)5p p 
l s2p 3P)4p p 
ls2p 1P)3d d 
ls2s3S)3p p 

4pe e 
4po o 
4po o 
4po o 
4pe e 
4pe e 
2po o 
2po o 
2po o 
2pe e 
2po o 
2po o 
2D o o 
2D e e 
2po o 
2po o 
2D e e 
2po o 
2po o 
2pe e 
2ge e 
4D e e 
4D e e 
4ge e 
2De e 
4De e 
2po o 
4D e e 
4Se e 
4po o 
2ge e 
2D e e 
2D e e 
4po o 
2po o 
4pe e 
2po o 
4pe e 
2po o 
4pe e 
4po o 
4D o o 
4pe e 
2pe e 
2D o o 
4t>o o 

3.1077 7 
3.2418 8 
3.2436 6 
3.2462 2 
3.2517 7 
3.2553 3 
3.2565 5 
3.2613 3 
3.2691 1 
3.2783 3 
3.7406 6 
3.7523 3 
3.7541 1 
3.7547 7 
3.7564 4 
3.7572 2 
3.7585 5 
3.7586 6 
3.7606 6 
3.7612 2 
3.7622 2 
3.7627 7 
3.7628 8 
3.7631 1 
3.7631 1 
3.7632 2 
3.7633 3 
3.7634 4 
3.7639 9 
3.7639 9 
3.7639 9 
3.7641 1 
3.7643 3 
3.7644 4 
3.7644 4 
3.7649 9 
3.7649 9 
3.7650 0 
3.7651 1 
3.7652 2 
3.7655 5 
3.7655 5 
3.7656 6 
3.7657 7 
3.7657 7 
3.7659 9 

1.268 8 
1036 6 
1.498 8 
1.484 4 
3.733 3 
1.226 6 
1.043 3 
1.086 6 
1.400 0 
1.860 0 
3.848 8 
3.457 7 
1.075 5 
3.408 8 
1.888 8 
4.449 9 
4.854 4 
5.103 3 
5.696 6 
1.882 2 
5.743 3 
6.451 1 
6.965 5 
6.586 6 
2.373 3 
5.946 6 
2.601 1 
6.981 1 
6.487 7 
6.940 0 
3.753 3 
6.246 6 
1.248 8 
6.137 7 
2.1977 ( 
1.2577 ( 
5.4477 ( 
1.2577 ( 
5.308) ) 
1.2566 i 
6.5133 { 
8.8155 ( 
1.2566 ( 
3.0888 ( 
2.4833 l 
6.9477 I 

(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
,13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
14) ) 
13) ) 
14) ) 
13) ) 
14) ) 
13) ) 
13) ) 
14) ) 
13) ) 
13) ) 
13) ) 

--
1.877 7 
1.752 2 
1.706 6 

--
2.384 4 
8.875 5 
1.192 2 
1.895 5 

--
1.204 4 
2.734 4 
5.673 3 
1.985 5 
2.668 8 
2.264 4 
4.665 5 
8.875 5 
1.985 5 
7.576 6 
2.430 0 
1.421 1 
1.046 6 
1.040 0 
3.261 1 
9.901 1 
2.264 4 
1.363 3 
1.354 4 
1.529 9 
2.406 6 
1.275 5 
3.261 1 
1.519 9 
2.692 2 

. . 
1.192 2 

--
5.673 3 

--
1.896 6 
1.802 2 

--
5.486 6 
3.142 2 
1.877 7 

(13) ) 
(13) ) 
(13) ) 

(12) ) 
(13) ) 
(14) ) 
(13) ) 

(14) ) 
(14) ) 
(13) ) 
(14) ) 
(14) ) 
(14) ) 
(13) ) 
(13) ) 
(14) ) 
(13) ) 
(14) ) 
(13) ) 
(13) ) 
(13) ) 
(14) ) 
(12) ) 
(14) ) 
(13) ) 
(13) ) 
(13) ) 
(14) ) 
(13) ) 
(14) ) 
(13) ) 
(14) ) 

(14) ) 

(13) ) 

(13) ) 

(11) ) 

(13) ) 
(14) ) 
(13) ) 

0.0842 2 
0.0701 1 
0.1498 8 
0.1501 1 
0.2290 0 
0.1010 0 
0.0606 6 
0.0543 3 
0.1331 1 
0.1328 8 
0.2229 9 
0.1109 9 
0.0814 4 
0.1283 3 
0.0540 0 
0.1465 5 
0.3662 2 
0.2964 4 
0.1981 1 
0.1065 5 
0.1740 0 
0.7223 3 
0.7657 7 
0.6207 7 
0.0524 4 
0.7121 1 
0.0839 9 
0.7577 7 
0.6616 6 
0.6642 2 
0.1259 9 
0.8149 9 
0.0275 5 
0.6400 0 
0.0584 4 
0.9898 8 
0.2721 1 
0.9820 0 
0.4020 0 
0.9736 6 
0.6738 8 
0.7042 2 
0.9515 5 
0.1707 7 
0.0721 1 
0.4701 1 
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Tablee 7.4 continued. 

Initiall state 
( 2 p " P ) 5 p p 
(2s2p3P)3d d 
(2p23P)4f f 
(2p 2 3P)4d d 
(2p 2 3P)3d d 
(2p22 3 P )4p 
(2p 2 3P)4p p 
(2p 2 3P)4s s 
(2p 2 3P)5p p 
(2p 2 3P)3d d 
(2p 2 3P)5p p 
(2s2p3S)3s s 
(2p22 3 P )4p 
(2s2pxP)3d d 
(2p 2 3P)4d d 
(2p 2 3P)3p p 
(2p 2 3P)4p p 
(2p 2 3P)4p p 
(2p 2 3P)3d d 
(2s2p3P)3p p 
(2p 2 3P)3p p 
(2 P

2 3 P)3p p 
(2p 2 3P)4p p 
(2p 2 3P)4p p 
( ^ p ^ ^ p p 
(2p 2 3P)4p p 
(2p2 3P)3s s 
(2s2p3P)3d d 
(2p 2 3P)3s s 
(2p 2 3P)3p p 
(2p 2 3P)3p p 
(2p21D)3s s 
(2s2p3P)3d d 
(2s2pp *P )3p 
(2s2p3P)3p p 
(2 P

2 3 P)3p p 
(2p 2 3P)3d d 
(2p 2 3P)3p p 
(2p 2 3P)3d d 
(2s21S)3p p 
(2s2p3P)3p p 
(2p 2 3P)3p p 
<2p22 3 P )3p 
(2p2 1D)3p p 
(2p 2 3P)3s s 
(2p22 3 P )3p 
(2p 2 3P)3p p 
(2p2 1D)3p p 
2s(2p22 3 P ) 
(2p 2 3P)3d d 
(2p21D)3s s 
2s(2p21S) ) 

4 D 0 0 

4 D o o 

4D° ° 
4 pe e 

4 pe e 

4 po o 

4go o 

4 pe e 

*D° ° 
2 pe e 

2go o 

4 po o 

4 D o o 

2D° ° 
4 D e e 

2 D o o 

4 po o 

4 po o 

4 pe e 

4ge e 

4 po o 

44 go 
2 D o o 

4 D o o 

2 pe e 

2go o 

4 pe e 

2 D o o 

2 pe e 

2 po o 

4 D o o 

2 D e e 

2 po o 

2 D e e 

4 D e e 

4 po o 

4 D e e 

4 po o 

2De e 

2 po o 

2 pe e 

4 D o o 

2 po o 

2 D o o 

2 pe e 

2go o 

2D° ° 
2 D o o 

2 pe e 

2 pe e 

2 D e e 

2ge e 

?inall state 
( l s2p 3P)3p p 
(ls2s3S)3d d 
(ls2p3P)4f f 
( ls2p 3P)4d d 
( ls2p 3P)3d d 
; is2p 3P)4p p 
l s 2 p 3 P ) 4 p p 
l s 2p 3 P)4 s s 
( l s2p 3P)5p p 
( ls2p 3P)3d d 
( ls2p 3P)5p p 
(ls2s3S)3s s 
l s 2p 3 P )4p p 
; is2p3P)3p p 
( ls2p 3P)4d d 
( ls2p 3P)3p p 
( ls2p 3P)4p p 
; is2p3P)4p p 
; is2p3P)3d d 
;is2s3S)3p p 
l s2p 3P)3p p 

( ls2p 3P)3p p 
( ls2p 3P)4p p 
; is2p3P)4p p 
; is2p1P)3s s 
( l s2p 3P)4p p 
l s2p 3P)3s s 

(ls2s3S)3d d 
(ls&'SJSp p 
( ls2p xP)3p p 
( ls2p 3P)3p p 
( ls2p3P)3s s 
( ls2p 3P)3p p 
ls2p 1P)3s s 

(ls2s3S)3p p 
l s2p 3P)3p p 
l s2p 3P)3d d 

( ls2p3P)3p p 
( ls2p1P)3d d 
(ls2s3S)3s s 
(ls2s3S)3p p 
( ls2p3P)3p p 
Ls(2p21S) ) 
( ls2p3P)3p p 
[ ls2p3P)3s s 
( ls2p3P)3p p 
( ls2p1P)3p p 
(ls2pp *P )3p 
ls2ss XS )2p 

[ls2p3P)3d d 
[ls2p1P)3s s 
[ls2s1S)2p p 

4 D e e 

4 D e e 

4De e 

4 po o 

4 D o o 

4 D e e 

4 pe e 

4 po o 

4 pe e 

2 D o o 

2 pe e 

4ge e 

4 D e e 

2De e 

4 po o 

2 pe e 

4ge e 

4 pe e 

4 po o 

4 po o 

4 D e e 

4 pe e 

2 D e e 

4 pe e 

2 po o 

2 pe e 

4 po o 

2 D e e 

2 po o 

2 D e e 

4 D e e 

2 po o 

2 pe e 

2 po o 

4 po o 

4Se e 

4 po o 

4 pe e 

2 D o o 

2ge e 

2 po o 

4 pe e 

2ge e 

2 D e e 

2 po o 

2 pe e 

2 D e e 

2 pe e 

2 po o 

2 po o 

2 po o 

2 po o 

Wavel. . 
3.7659 9 
3.7660 0 
3.7660 0 
3.7661 1 
3.7662 2 
3.7663 3 
3.7664 4 
3.7665 5 
3.7666 6 
3.7667 7 
3.7670 0 
3.7671 1 
3.7672 2 
3.7674 4 
3.7675 5 
3.7675 5 
3.7676 6 
3.7679 9 
3.7682 2 
3.7683 3 
3.7684 4 
3.7686 6 
3.7686 6 
3.7688 8 
3.7690 0 
3.7693 3 
3.7695 5 
3.7695 5 
3.7699 9 
3.7699 9 
3.7703 3 
3.7705 5 
3.7707 7 
3.7709 9 
3.7718 8 
3.7720 0 
3.7727 7 
3.7735 5 
3.7737 7 
3.7750 0 
3.7753 3 
3.7754 4 
3.7756 6 
3.7760 0 
3.7761 1 
3.7761 1 
3.7763 3 
3.7765 5 
3.7769 9 
3.7778 8 
3.7789 9 
3.7797 7 

Rad.. rate 
9.224 4 
6.847 7 
4.229 9 
3.367 7 
8.583 3 
4.703 3 
1.256 6 
1.174 4 
2.886 6 
8.223 3 
1.238 8 
6.274 4 
9.051 1 
2.267 7 
5.486 6 
2.804 4 
4.192 2 
2.584 4 
3.455 5 
5.896 6 
4.871 1 
1.257 7 
8.725 5 
2.748 8 
1.037 7 
1.227 7 
1.114 4 
6.218 8 
7.712 2 
3.265 5 
7.900 0 
2.125 5 
1.052 2 
4.183 3 
6.276 6 
3.623 3 
5.508 8 
2.1033 < 
1.0800 < 
2.2788 { 
6.6111 ( 
1.7444 < 
2.4999 < 
1.6644 ( 
2.0055 ( 
1.1411 ( 
6.3777 ( 
6.4600 ( 
1.1033 ( 
2.8800 ( 
5.7500 ( 
1.071 1 

(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
(13) ) 
1< < 
14 4 

[13 3 
(13 3 
(14; ; 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
14) ) 
13) ) 
13) ) 
13) ) 
14) ) 
1< < 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
14) ) 
13) ) 
13; ; 
13) ) 
13; ; 
13) ) 
14; ; 

Auger r 
2.539 9 
6.975 5 
1.911 1 
1.802 2 
3.307 7 
7.823 3 

--
6.665 5 
2.539 9 
2.695 5 

--
1.011 1 
8.721 1 
1.985 5 
3.436 6 
1.580 0 
7.823 3 
7.823 3 
3.307 7 
1.752 2 
2.384 4 

--
5.486 6 
8.721 1 
1.985 5 

--
1.652 2 
4.447 7 
9.564 4 
7.576 6 
3.819 9 
2.692 2 
4.665 5 
2.668 8 
1.706 6 
2.384 4 
4.772 2 
2.384 4 
5.673 3 
2.451 1 
1.895 5 
3.819 9 
7.576 6 
3.261 1 
9.564 4 

--
1.580 0 
3.261 1 
2.724 4 
2.695 5 
2.6922 ( 
2.4600 ( 

ratee Ratio 

(11] ] 
(12; ; 
(10] ] 
i i ] ] 

i i i 
i i i 

(ii) ) 
i i i 
13] ] 

(13] ] 
i i ; ; 
14] ] 

n; ; 
K K 
(n; ; 
(ii! ! 
(ii! ! 
(13) ) 
(12) ) 

(13) ) 
(11) ) 
(14) ) 

'12) ) 
13) ) 
13) ) 
13; ; 
12; ; 
14) ) 
13) ) 
14) ) 
13) ) 
12) ) 

11) ) 
12; ; 
13; ; 
14; ; 
13; ; 
12; ; 
13) ) 
14) ) 
13; ; 

14) ) 
14; ; 
14) ) 
13) ) 
14; ; 
14) ) 

0.7424 4 
0.6516 6 
0.9929 9 
0.2690 0 
0.6486 6 
0.5515 5 
0.9101 1 
0.9649 9 
0.2323 3 
0.5558 8 
0.9672 2 
0.6856 6 
0.7248 8 
0.0854 4 
0.8408 8 
0.0991 1 
0.3442 2 
0.2122 2 
0.2611 1 
0.5895 5 
0.4013 3 
0.7711 1 
0.4824 4 
0.2200 0 
0.0361 1 
0.9366 6 
0.9348 8 
0.5183 3 
0.3769 9 
0.1847 7 
0.6941 1 
0.0565 5 
0.0794 4 
0.1197 7 
0.6348 8 
0.3038 8 
0.8336 6 
0.1764 4 
0.0818 8 
0.0770 0 
0.6287 7 
0.1177 7 
0.1414 4 
0.0367 7 
0.0980 0 
0.8149 9 
0.2253 3 
0.1426 6 
0.0281 1 
0.1947 7 
0.1528 8 
0.2950 0 
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Tablee 7.4 continued. 

Initiall state Final state Wavel. Rad, rate Auger rate Ratio 
2p3 3 

(2s2p3P)3d d 
<2s21S)2p p 
(2s2p3P)3d d 
(2s2p3P)3d d 
2p3 3 

(2p 2 3P)3p p 
2s(2p 2 3P) ) 
(2s2p3S)5s s 
(2s2p3S)5s s 
2s(2p21S) ) 
2s(2p2 3P) ) 
2s(2p21D) ) 
2p3 3 

2p3 3 

2p3 3 

2 P
3 3 

2s(2p21D) ) 
(2s21S)3d d 
(2s21S)3s s 
(2p 2 3P)3d d 

'Ipo 'Ipo 
4D o o 
2po o 
2po o 
44D° D° 
2po o 
2D° ° 
2pe e 
4po o 
4po o 
2Sc c 
4pe e 
2D e e 

4go o 
2Do o 
2Do o 
2po o 
2D e e 
2D e e 
2ge e 
4pe e 

l s (2p 2 1D) ) 
( l s2p 3P)3p p 
ls(2s2 1S) ) 
l s (2p 2 1S) ) 
( ls2p 3P)3p p 
l s (2p 2 3P) ) 
( l s ^ P ^ p p 
(ls2s3S)2p p 
( ls2p 3P)3p p 
( ls2p 3P)5p p 
(ls2s3S)2p p 
(ls2s3S)2p p 
(ls2s1S)2p p 
l s (2p 2 3P) ) 
l s (2p 2 1D) ) 
ls(2p22 3 P ) 
ls(2p2 1S) ) 
{ls2s3S)2p p 
( ^ p ' P j S d d 
( ls2p1P)3s s 
2p3 3 

2D e e 
4D e e 
2 S e e 

2Se e 
4pe e 
2pe e 
2pe e 
2po o 
4D e e 
4pe e 
2po o 
4po o 
2po o 
4pe e 
2 D e e 

2pe e 
2ge e 
2po o 
2D o o 
2po o 
4S0 0 

3.7811 1 
3.7819 9 
3.7847 7 
3.7852 2 
3.7871 1 
3.7872 2 
3.7885 5 
3.7890 0 
3.7895 5 
3.7902 2 
3.7919 9 
3.7947 7 
3.7970 0 
3.7973 3 
3.7999 9 
3.8060 0 
3.8061 1 
3.8093 3 
3.8157 7 
3.8228 8 
22.2763 3 

4.652 2 
1.044 4 
5.732 2 
1.575 5 
1.211 1 
8.131 1 
1.5611 | 
1.0855 1 
1.4700 < 
1.0400 ( 
1.0111 ( 
1.2911 ( 
1.0577 ( 
1.3955 ( 
9.0888 ( 
9.0255 ( 
4.1800 ( 
1.1477 ( 
1.0544 ( 
1.9766 ( 
1.1311 ( 

13) ) 
r13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
14) ) 
13) ) 
13) ) 
13) ) 
14) ) 
14) ) 
14) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 
13) ) 

2.7311 (14) 
6.9755 (12) 
3.7100 (14) 
4.6655 (13) 
6.9755 (12) 
2.7311 (14) 
1.5800 (14) 
2.7244 (14) 
1.0400 (13) 
1.0400 (13) 
2.4600 (14) 
2.2944 (13) 
3.4366 (14) 

--
3.4911 (14) 
3.4911 (14) 
2.7311 (14) 
3.4366 (14) 
3.2922 (14) 
3.8477 (14) 
3.3077 (11) 

0.1048 8 
0.0994 4 
0.1291 1 
0.1188 8 
0.1226 6 
0.1831 1 
0.0552 2 
0.2765 5 
0.1385 5 
0.0980 0 
0.0278 8 
0.8480 0 
0.2295 5 
0.9894 4 
0.1711 1 
0.1699 9 
0.0941 1 
0.0249 9 
0.0308 8 
0.0482 2 
0.0854 4 

respectively,, a 2p -» Is and a 5p -4 Is transition due to non-orthogonalities between 5p, 3p 
andd 2p and another 2p —• Is transition due to the non-zero overlap between the 5d and 3d 
orbitalss associated with the largest perturbers of the 4D° and 4De states, namely (2s2p3P)5d 
andd (ls2s3S )3d, respectively. The first effect is found to be the most important which explains 
whyy this transition occurs at a wavelength close to the Lyman a1. Another example is provided 
byy the transition from (2p2 *D )3d 2S e to (ls2p lP )3s 2P° at 3.7523 A which cannot be explained 
byy non-orthogonalities. The strong mixing between (2p21D)3d and (2p21S)3s is responsible 
forr the transition because the latter allows the decay to the two largest contributions to the 
(ls2p1P)3ss 2P° wavefunction, (ls2p1P)3s and (ls2p3P)3s. 

Fromm table 7.4, it can be seen that many transitions are possible, covering in particular the 
energyy range from 3.7 to 3.8 A, which complicates the analysis of the decay spectrum consid
erably.. Furthermore, in several cases, strong transitions are blended with others. For example, 
thee (2s2p3P )3d 4D° - (ls2s3S )3d 4D e and (2p2 3 P )4f 4D° - (ls2p3P )4f 4DC transitions are pre
dictedd to occur at the same wavelength, 3.7660 A, making an identification of the line difficult. 
Knowledgee about the population of the different 2121'nl" states would help to simplify the inter
pretationn of the X-ray spectrum. For example, depending on the population of the (2p2 3P )8p 
4S°° state, the (2s2p3P)3p 2De - (ls2s3S)3p 2P° transition, which has the same wavelength as 
thee (2p23P)8p 4S° - (ls2p3P )8p 4 P e transition, 3.7649 A, could be observed or not. 

Fromm table 7.4, it is seen that the transitions from (2p2 3P )np 4S° to (ls2p 3P )np 4 P e have, 
withh exception of the (2p2 3P )3p state, a branching ratio larger than 0.9 which means that, 
becausee no Auger decay is allowed in the LS approximation, those single transitions represent 
moree than 90 % of the decay rate of the initial state. This means that the p orbitals describing 

Thee Lyman a corresponds to the hydrogen-like 2p -t Is transition. 



174 4 Studyy of multiply-excited states in Ar 1 5+ 

Tablee 7.5: Comparison between B-spline and CIHFR results for the wavelengths (in A), the 
radiativee (column headed "Rad.") and Auger (column headed "Auger") rates and the branching 
ratioss associated to several transitions between 3.777 and 3.816 A. The theoretical wavelengths 
aree also compared with experimental results (see text). The decay rates are reported in units of 
10133 s-1 . 

Wavel. . 
3.7769 9 
3.7797 7 
3.7811 1 
3.7819 9 
3.7847 7 
3.7871 1 
3.7872 2 
3.7890 0 
3.7895 5 
3.7902 2 
3.7919 9 
3.7947 7 
3.7970 0 
3.7973 3 
3.7999 9 
3.8060 0 
3.8061 1 
3.8093 3 
3.8157 7 

B-splinee method 
Rad. . 
1.103 3 
10.71 1 
4.652 2 
1.044 4 
5.732 2 
1.211 1 
8.131 1 
10.85 5 
1.470 0 
1.040 0 
1.011 1 
12.90 0 
10.56 6 
13.94 4 
9.088 8 
9.025 5 
4.180 0 
1.147 7 
1.054 4 

Auger r 
27.24 4 
24.60 0 
27.31 1 
0.698 8 
37.10 0 
0.698 8 
27.31 1 
27.24 4 
1.040 0 
1.040 0 
24.60 0 
22.94 4 
34.36 6 

34.91 1 
34.91 1 
27.31 1 
34.36 6 
32.92 2 

i i 

Br.. ratio 
0.0281 1 
0.2950 0 
0.1049 9 
0.0994 4 
0.1291 1 
0.1226 6 
0.1831 1 
0.2765 5 
0.1385 5 
0.0980 0 
0.0278 8 
0.8480 0 
0.2295 5 
0.9894 4 
0.1711 1 
0.1699 9 
0.0941 1 
0.0249 9 
0.0308 8 

Wavel. . 
3.7748 8 
3.7808 8 
3.7875 5 

3.7870 0 

3.7932 2 
3.7882 2 

3.7948 8 
3.7951 1 
3.7962 2 
3.7979 9 
3.8005 5 
3.8065 5 
3.8050 0 
3.8120 0 

CIHFRR method6 

Rad. . 
1.92 2 
4.01 1 
4.75 5 

6.06 6 

6.90 0 
5.68 8 

2.24 4 
6.51 1 
9.97 7 
7.91 1 
6.79 9 
4.12 2 
4.09 9 
7.70 0 

Auger r 
27.03 3 
25.50 0 
35.70 0 

30.20 0 

35.70 0 
27.03 3 

25.50 0 
30.88 8 
43.34 4 

47.66 6 
47.66 6 
35.70 0 
43.34 4 

Br.. ratio 
0.0496 6 
0.1066 6 
0.0863 3 

0.1670 0 

0.1007 7 
0.1750 0 

0.0596 6 
0.3843 3 
0.1896 6 
0.3758 8 
0.0761 1 
0.1046 6 
0.0759 9 
0.0159 9 

Exp.c c 

Wavel. . 

3.782 2 

3.784 4 
3.787 7 

3.789 9 

3.793 3 
3.796 6 
3.799 9 

3.806 6 

3.811 1 
3.818 8 

aa Present work. 
bb Relativistic CIHFR calculations, Karim et al (1996). 
cc Experimental results, Rosmej et al (2000). 

thee two Rydberg series are close to orthogonality. Because in the present calculations the same 
orbitall basis has been used to describe the two types of states, the non-orthogonalities between 
physicall orbitals are represented by the perturbations in the wavefunctions and the high purity 
foundd for the two types of wavefunctions is therefore synonymous of small non-orthogonalities. 
Thatt the physical 2p describing the core electron of the 4S° and 4 P e states are very close is not 
thatt surprising and has already been mentioned in chapter 4, in the case of Li. Higher p orbitals 
showw a different behaviour than observed in lithium. In Ar15+, the large nuclear charge involves 
thatt the outer electron makes little difference between a Is and a 2p electron which means 
thatt non-orthogonalities are expected to be smaller for higher n orbitals because the Rydberg 
electronn is further away from the core electrons. This behaviour is exemplified in table 7.4 and 
inn figure 7.1. In the table, the branching ratio, which can be related to non-orthogonalities, is 
foundd to increase with n while in the figure, where the 8p functions of the 4S° and 4 P e states 
obtainedd from HF calculations are plotted, it is seen that the two orbitals agree well with each 
other. . 



7.33 Results 175 5 

Figuree 7.1: Comparison between the 8p orbitals from HF calculations for (2p23P)8p 4S° and 
(ls2p3P)8pp 4P e . The orbitals of these two states are represented respectively by a line and a 
seriess of crosses. The comparison has been restricted to the first 8 au because outside this region, 
thee two functions does not show any difference. 

8pp orbitals 

0.4 4 

0.2 2 

gg ° 

-0.2 2 

-0.4 4 

0 1 2 3 4 5 6 7 8 8 
x x 

Somee transitions involving 212Ï2Ï' states have been computed by Karim et al (1996) using the 
CIHFRR method. In table 7.5, the wavelengths, the radiative and Auger rates and the branching 
ratioss are reported for the two methods while experimental wavelengths reported by Rosmej et 
alal (2000) are listed also. The experimental data reported in table 7.5 have not yet been analyzed 
inn details and the classifications in the table are based solely on agreement between observed 
andd S-spline wavelength values. 

Focusingg on the wavelengths, it can be seen that the 5-splineand the CIHFR results agree 
quitee well with each other, especially in the region between 3.795 and 3.806 A, and that only 
twoo wavelengths are found to disagree by more than 30 x 10~4 A. These two transitions, 2p3 2P° 
-- ls(2p2 *D) 2De and 2p3 2P° - ls(2p2 3P ) 2P e , involve the same upper state which could mean 
thatt one of the two methods give an inaccurate description of the 2p3 2P° state. However, this 
conclusionn is not confirmed by the good agreement between the two methods for the wavelength 
off the 2p3 2P° - ls(2p2 lS) 2S e transition at 3.806 A. 

Tablee 7.5 allows also to compare the Auger rates obtained in the present work with the 
CIHFRR results reported by Karim et al (1996). For the 2s(2p2) 2S e , 2P° and 4P e states, the 
differencee is found to be less than 1 x 1013 s _ 1 while for the 2s(2p2 JD) 2De , (2s2 *S )2p 2P°, 2p3 

2P°° and 2D° states, the differences are much larger going up to 1.3 x 1014 s_ 1 . 

Thee main disagreement between the S-spline and the CIHFR approaches is found for radia
tivee rates. This is illustrated, for example, by the lines at 3.7797 and 3.7890 A for which the 
factorr of 2 difference between the radiative transition probabilities is reflected in the branching 
ratios.. Also the branching ratios for transitions involving quartet states show large discrepancies. 
Thiss is the case for example of the line at 3.7973 A for which the branching ratio computed 
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usingg the B-spline approach is larger than that reported by Karim et al (1996) by more than a 
factorr of 2. 

7.44 Conclusions 

Inn the present chapter, a theoretical study of the X-ray spectrum of Ar15+ has been presented and 
aa comparison with the data reported by Karim et al (1996), who performed CIHFR calculations, 
iss made. It is seen that the two approaches give somewhat different predictions of the spectrum 
andd that the disagreements mainly concern the radiative rates. In addition, the independence of 
thee Auger width of multiply core-excited states with respect to the Rydberg electron, already 
reportedd in chapters 4 and 6, is also found to be valid in the present case. 
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8.11 Appendix I : Numerical illustratio n of the SVD 

Let'ss consider the diagonalization of the following three 3 x 3 matrices 

BB = 1 -18 2 , (8.1) 

BBTTBB = 

and d 

// 417 - 30 6 \ 
- 300 329 10 (8.2) 

^^ 6 10 440.25 / 

C=\C=\ 1 22 2 . (8.3) 

Thee presence of positive and negative diagonal values of the same size is meant to "simulate" 
thee use of bound and discretized continuum states in our approach. Because the B matrix is 
symmetric,, the eigenvalues of BTB are equal to the squares of the eigenvalues of B. This follows 
fromm the generalized eigenvalues problem 

BDBD = ED, (8.4) 

wheree D is the eigenvector matrix. Then 

D~D~11BBTTBDBD = D~lBTDE = D~lBDE = E2. (8.5) 

Thee first and the third matrices are related by 

CC = B + d, (8.6) 

wheree c is a constant, 40 in the present example, and I is the identity matrix. Therefore, their 
eigenvaluess are also linked 

D-D-11CDCD = D-l(B + cI)D = D-1BD + cI. (8.7) 

Thesee relations are verified numerically and the eigenvalues of B and BTB are listed in table 
8.1. . 

Tablee 8.1: Eigenvalues (E) of the different matrices introduced in this appendix. 

EEB B 

21.4969 9 
-17.8562 2 
-20.6407 7 

Diagonalization n 
EEBBTTBB EATA 

462.11711 0 
318.84333 319.7459 
426.03955 426.2541 

VVEEssTTss ~ c 

0 0 
-17.3149 9 
-20.2165 5 

SVDD (A) 

VVEEATA ATA 
0 0 

 17.8814 
 20.6459 

Considerr now the SVD which concerns rectangular matrices. Let us remove the last row of 
thee B matrix. 

V II  -18 2 J (8.8) ) 
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Thee singular values are defined as the square roots of the eigenvalues of ATA which provides an 
approximationn to BTB. 

II  401 -38 -78 \ 
AATTA=A= - 3 8 325 -32 (8.9) 

\\ - 78 -32 20 J 

Fromm table 8.1, it is seen that the two positive eigenvalues of ATA compare well with two of 
thee eigenvalues of BTB but that the former are slightly larger. When the singular values are 
consideredd we notice that they are larger than the absolute values of the two negative eigenvalues 
off B. Thus the SVD leads to an approximation to the eigenvalues which are below the real 
eigenvaluess when the real eigenvalues are negative, just as observed in chapter 3 (cf. tables 3.2, 
3.33 and 3.4). 

However,, if the diagonal matrix elements are shifted by an arbitrary constant (set to 40 as 
before) ) 

SS = A + cl (8.10) 

soo that 

( 4011 42 82 \ 

422 485 48 (8.11) 
822 48 20 / 

andd the STS matrix is diagonalized, we notice (table 8.1) that the eigenvalues are not related to 
thosee of ATA in the same way as for square matrices where the difference between the two sets 
off eigenvalues is equal to the constant c. This is intuitively plausible because only the diagonal 
elementss in the square part are changed. However, table 8.1 shows that the singular values now 
aree smaller than (the absolute values of) the eigenvalues of B. Thus we surmise that the reason 
thatt the singular values for the application of the SVD to a hamiltonian matrix are below (more 
stronglyy bound) than the real eigenvalues is an artefact due to the inclusion in the hamiltonian 
off a discretized continuum. The error can be small if there is little interaction with states outside 
"thee square part" but large when this interaction is strong. 
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8.22 Appendix II: .B-splines distribution pat tern 

Whenn performing atomic structure calculations using a CI approach combined with a B-spline basis 
set,, the completeness of the basis plays an important role for the accuracy of the description. It 
hass been mentioned in section 1.2 that the completeness of the basis depends on several factors 
amongg which the number of functions and the distribution pattern, grid, are the most important. 
Inn this thesis, two different types of grids have been used, depending on whether an (quasi-) 
boundd or a continuum state was described. In the former case the basis functions are distributed 
exponentially.. This means that the knot points are computed using the following relations 

ti,k=i(x)ti,k=i(x)  = 

where e 

0 0 
e<" " 
R R 

i+(« « 

fl fl 

-l)x0)) _ e ( - l 

ln(i?? x e1 

iff 0 < i < k 
)) if k + 1 < i 

iff N + 1 < t 

++ D 

<N <N 
<N<N + k 

(8.12) ) 

13) ) Ni-1 Ni-1 
wheree R, iVj and N correspond, respectively, to the size of the box, the number of intervals 
andd the number of B-splines. The two later are related to the order of the functions, k, by the 
followingg relation: 

NiNi = N - k - 1. (8.14) 

Whenn computing atomic orbitals, the boundary conditions require that the function is equal to 
zeroo at the two ranges of the box. Therefore the first and the last 5-splines are removed and the 
relationn between the number of B-splines and the number of intervals is given by 

NiNi = N - k - 3. (8.15) ) 

Figuree 8.1: Graphic representation of the B-spline basis used in chapter 4 to perform calculations 
onn neutral lithium i.e. 22 B-splines of order 7 are exponentially distributed over a box of 80 au. 

Exponentiall B-spline basis 
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Whenn the so-called "continuum basis" is set up (cf. section 1.2.2.3, page 16), equations 8.12 
andd 8.13 are used to distribute 21 B-splines over the first 2 au. The remaining 120 functions are 
distributedd linearly. 
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10.11 Summary 

Onn basis of the Rutherford model in which negatively charged electrons are moving around a 
smalll positively charged nucleus, Bohr postulated that the orbits of the electrons were quantized 
andd that the emission of light can be explained by the "jump" of an electron from one orbit to 
anotherr of lower energy, providing a picture which we still use today although the Bohr model 
hass been replaced by quantum mechanics in which no definite orbits exist. 

Inn quantum mechanics, the simplest model of a many-electron atom is a product of single-
electronn wavefunctions and Hartree introduced the self-consistent-field model in which the radial 
partt of the single-electron wavefunctions is varied until the potential produced by the charge 
distributionn described by the product wavefunction would lead to the same product wavefunction 
whenn the Schrödinger equation is solved with this potential. 

Later,, Fock realized that the Pauli principle necessitates an antisymmetrized product wave-
functionn which leads to a quantum mechanical force, the exchange force, which is absent in the 
classicall charge distribution. The resulting Hartree-Fock (HF) model can be shown to be the 
bestt single-particle model possible for a particular state and forms therefore a natural starting 
pointt for atomic structure calculations. 

Beforee the development of modern computers, solutions to the Hartree and HF equations 
weree obtained with the aid of desk calculators and weeks or months of work. A breakthrough 
occurredd in the early sixties when F Herman and S Skillman1 used an IBM computer to solve 
aa simplified version of the HF equations. They reported average configuration energies and 
mentionedd that ... our theoretical energy level scheme agrees remarkably well with experiment ... 
andd that ... With the aid o f an electronic digital computer such as the IBM 7090, it is possible to 
obtainobtain a self-consistent solution of the non-relativistic Hartree-Fock-Slater equations (a simplified 
versionn of the HF equations) for any electronic configuration in roughly one minute. Since then, 
thee progress in atomic structure calculations is more closely linked to the evolution of computers 
thann to the development of new computational approaches and, for example, today most HF 
calculationss take only a few seconds of cpu time. The present work is not an exception to this 
rulee and the accuracy of the calculations presented in this thesis could be improved if a more 
powerfull computer was used. The limit on the computer power leads also, when heavy or highly-
excitedd systems are studied, to additional approximations, like for example the use of Feshbach 
formalismm or the description of the core electrons by a model-potential, and the accuracy of the 
theoreticall predictions is then limited by the accuracy of these approximations. 

Thee central-field approximation used for example in the HF model is based on the assumption 
thatt each electron is moving in a spherical potential and the resulting state is called csf. In this 
thesis,, we are studying systems for which the deviation to the central-field model is large i.e. the 
interactionss between different csf's are important. The real potential is then approximated by a 
superpositionn of spherical potentials and the exact wavefunction by a weighted sum of csf's. 

Becausee the real wavefunction is approximated by an expansion of csf's, the latter can be 
consideredd as a basis. The word basis should be used with care because three different basis sets 
aree used at different levels of the calculations. 

•• The orbitals are represented as a weighted sum of non-orthogonal basis functions, the 
B-splines. . 

•• The csf's are build on an orthogonal orbital basis. 

•• The real wavefunction is expanded in an (orthogonal) basis of csf's. 

' FF Herman and S Skillman 1963 Atomic Structure Calculations Prentice-Hall (Engleswood Cliffs). 
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Forr each basts, the most relevant property is the completeness. For the 5-spline basis func
tionss we are using, the completeness means that each orbital is accurately described in a region 
closee to the nucleus, where the lowest orbitals have a large amplitude. By adapting the distri
butionn of the functions to the atomic case, a very good description of low n orbitals (Is, 2s, 2p, 
...)) can be obtained while, with increasing n, orbitals start to lose the single-electron character 
andd represent an average over a set of Rydberg or continuum orbitals. 

Thee completeness of the orbital basis involves that spectroscopic orbitals can be described by 
ann expansion of hydrogen-like functions as well as by an expansion of, for example, HF orbitals. 
Consequently,, a spectroscopic multi-electronic state, $ , is described by a multiple sum of csf's, $ , 
builtt on one-electron functions, ip, i.e. * = Ylij,k fyrtjVk m t n e c a s e °̂  a three-electron system. 
Byy definition of the completeness, all possible csf's have to be included in the wavefunction 
expansionn but by giving a strong physical character to the orbitals, the expansion may have a 
fastt convergence and, therefore, a truncation of the expansion would have small influence. 

Onee of the major advantage of using a B-spline basis lies in the representation of high Rydberg 
andd continuum states. These completeness means that, for example, by including all discretized 
continuumm states in a calculation, the effect of the whole continuum, corresponding to an infinity 
off states, can be represented. Therefore, the B-spline approach is expected to provide an accurate 
descriptionn of states which are very sensitive to surrounding Rydberg or continuum states. 
Multiply-excitedd states provide a good example of such states. 

Multiply-excitedd systems can be found for example in stellar plasmas which can be seen as a 
mixturee of highly-charged ions and electrons and for which knowledge of ion-electron interactions 
iss required for a good understanding. When highly-charged ions are interacting with electrons, 
thee latter are attracted by the ions and captured in the outer shells, giving rise to highly-excited 
states.. The decay of such systems occurs by a combination of radiative and electron decays and, 
inn most cases, the latter processes are dominant. 

Highly-excitedd states can also be created in the laboratory. For example, in collision exper
iments,, a beam of highly-charged ions is sent through a electron reservoir, which can be for 
examplee a solid surface or a gas, and the electrons of the target are transferred to the projectile. 
Unfortunately,, in such experiments, there is no restriction on the symmetry of the states that 
aree formed and, therefore, the decay spectrum can be difficult to analyse. In the last few years, 
aa new generation of synchrotron radiation light sources has been developed and used to pop
ulatee highly-excited states. In these experiments, based on photon absorption, transition rules 
doo apply and only a selected number of highly-excited states are populated which facilitates 
thee interpretation of the data. By now, the two types of experiments rely on similar detection 
techniquess and therefore they have similar accuracies. 

Myy predecessor, Hugo van der Hart, developed programs for computing energies and decay 
ratess of (pseudo) two-electron systems and showed the high accuracy of the B-spHne approach. 
Pseudoo two-electron systems are systems with two valence electrons outside closed shells. There 
aree no restrictions on the size of the core which can represent a simple closed shell such as Is2, 
ass well as a much more complicated core such as for example ls22s22p63s23p6 in the case of 
neutrall Ca. In both cases, the use of a model-potential was found to give accurate results and 
aa similar approach has been used in the present thesis for describing electron cores. The goal 
off this thesis is to investigate whether the B-spline approach also provides accurate descriptions 
whenn (pseudo) three-electron systems are considered. 

Theree are several differences between two- and three-electron systems but only two are of 
majorr importance. For three-electron systems, the size of the hamiltonian matrix (i.e. the total 
numberr of csf's) is considerably increased, sometimes by more than a factor of hundred, and 
thee matrices become so large that the whole expansion cannot be included in the calculation. 
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Therefore,, a selection must be made. The selection procedure is of crucial importance for the 
accuracyy of the calculations and an inappropriate truncation would automatically reduce the 
precisionn of the theoretical descriptions. The second main difference between two- and three-
electronn systems is associated with the calculation of the decay of excited states. When an 
electronn from an inner-shell, Is for example, is excited, the atom is in an excited state which 
oftenn lies above one of several ionization limits. The interaction between the excited and the 
continuumm states leads to autoionization processes and also to an energy shift. If all continuum 
statess are included in the hamiltonian matrix, there could be an accidental (near) degeneracy 
betweenn a continuum state and the excited state under study, leading to an unphysical shift of 
bothh states. To avoid this, the series associated with the continuum states are first neglected and 
theirr influence on the energy and the wavefunction is computed later using perturbation theory. 
Forr three-electrons systems, the calculation of the energy shift involves approximations that are 
nott needed in two-electron systems and, in addition, in the former case the shift is found to be 
stronglyy basis dependent. Nevertheless, in most cases, an appropriate choice of the orbital set 
cann lead to stable energies. 

Inn this thesis, the 5-spline approach is first applied to valence states of Ca, for which the 
ls22s22p63s23p66 core is described by a angular-dependent model-potential. The present results 
representt an improvement of the calculations previously performed by Hugo van der Hart and 
reportedd in his thesis. The model-potential has been refined and the diagonalization procedure 
hass been adapted to larger matrices which allows to work with larger basis sets. The high accu
racyy of the model-potential approach is linked to the inclusion of polarization terms describing 
thee effect of an outer electron on the closed shells and, because there are two valence electrons, 
thee potential also includes two-electron polarization terms. The energy spectrum presented in 
chapterr 2 provides the most accurate data set obtained so far. 

Inn chapter 3, the same approach is coupled to a different diagonalization procedure. For a few 
symmetries,, the energies obtained using the iterative Davidson diagonalization procedure, used 
inn chapter 2, and the singular value decomposition are compared. The latter method is based 
onn the property that any rectangular matrix can be written as a product of three matrices, one 
beingg diagonal. If a rectangular part of the hamiltonian is considered, the non-zero elements of 
thee diagonal matrix are approximations to (the absolute value of) the eigenvalues of the full 
hamiltonian.. This method is found to be much faster than the Davidson diagonalization and 
itt also requires less computer memory because only a small part of the hamiltonian has to be 
computedd (and stored in memory). It is shown in this chapter that for systems that are not 
stronglyy correlated, the singular value decomposition gives as accurate results as the Davidson 
diagonalizationn but, when correlation effects become larger, the difference between the singular 
valuess and the eigenvalues are much larger. 

Thee first application to three-electron systems is made in chapter 4 in which the energy 
spectrumm and the Auger rates are computed for doubly and triply core-excited states in lithium. 
Thee energy of several 2121'nl" states, like for example 2s2 2p 2P°, has recently been measured 
withh high accuracy in synchrotron radiation experiments. For such states, accurate calculations 
aree difficult to perform because different Rydberg series are strongly mixed but, nevertheless, the 
energiess reported using the 5-spline approach are in very good agreement with the most accurate 
theoreticall data and, most importantly, with the latest experiments. We also report energies for 
ZlZl'nl"ZlZl'nl"  states for which the Is, 2s and 2p shells are empty. The mixing between the different 
seriess is larger than for 2121'nl" and for several states, the labeling is far from unambiguous. 
Also,, the use of perturbation theory to compute the energy shift is found to be of doubtful 
qualityy sometimes and some contributions had to be neglected. Experimentally, only the 3s23p 
2P°° state has been observed and the measured energy for this state is in good agreement with 
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thee present prediction. 
Thee most important results of chapter 4 concern autoionization widths. In the present work, 

thee total widths are computed as a sum of partial widths which are assumed to be independent 
andd the agreement with other theoretical studies shows that the approximations made in this 
workk are unimportant. Surprisingly, the total width, especially in the case of quartet states, is 
foundd to be nearly independent of both the n and the I value of the Rydberg electron. This 
behaviourr is completely different from that observed for two-electron systems but it can be 
explainedd on basis of a single-particle model and we have shown that the effect can survive in 
thee presence of CI. During the decay to the main channel, the Rydberg electron behaves as a 
spectatorr electron even when non-orthogonalities2 are taken into account. This behaviour is not 
observedd for every series because the interactions between the different Rydberg series, which 
couldd be term dependent, are sometimes responsible for interference effects. This is for example 
thee case for most of the 3131'nl" states. 

Inn chapter 5, energies and autoionization widths are computed for singly core-excited states 
inn lithium and lithium-like beryllium and boron. This provides a better test on the accuracy of 
thee B-spline approach in so far as, for lithium, very accurate beam-foil experiments have been 
performed.. The study is limited to the 2Se , 2P° and 2D e series which are the only symmetries 
withh L < 2 allowed, in a LS approximation, to decay to the Is2 limit. In recent theoretical pub
lications,, a disagreement with the most accurate measurement was found for the position of the 
(ls2ss *S)3s 2S e term and the Auger width of the (ls2s *S )2p 2P° term. The present calculations 
confirmm the earlier theoretical results and does not resolve the disagreement with experiment. 
Forr other states, the B-spline values are found to be in good agreement with experimental results 
ass well for energies as for autoionization widths even if, for the latter, the single-configuration 
descriptionn of the Is2 ionization limit in principle restricts the accuracy of the method. For the 
twoo other systems, Be II and B III, there are no accurate experimental data available and the 
presentt results provide therefore helpful information for future experiments. 

Inn chapter 6, different nitrogen ions are studied. The energy spectrum and the Auger rates 
aree computed for singly, doubly and triply core-excited doublet states in N V. For singly core-
excitedd states, the present data provide the first theoretical values that are in agreement with 
thee experimental data while for 2/2/'n/" states, the first study of individual states is reported. 
Forr 3131'nl" states, the comparison with other theoretical results shows the influence of 3/3/'41" 
andd higher states on the energy. The effect of a Is2 core is also studied by means of a model-
potential.. In a first step, several valence states of N IV are used to adjust the parameters used 
inn the potential and it is found that the definition of a slightly different potential for the p 
electronss improves considerably the accuracy of the calculations. The use of the same potential 
alsoo improves the description of the valence states in N III. Considering the lowest ls23!3/'n/" 
states,, the 5-spline predictions are expected to be the most accurate data published so far. 
Triply-excitedd states in N III have also been studied in some details using the CIHFR approach 
andd the comparison of the two data sets shows some disagreement between the Auger widths 
forr which the limitations in the CIHFR results probably is responsible. 

Inn chapter 7, the decay of doubly- and triply-excited states in Ar15+ is studied. A new aspect 
off these calculations is connected with the high charge of the nucleus which is responsible for 
significantt relativistic effects. In the present work, only LS energies are computed but the most 
importantt relativistic corrections which do not split the LS state in the different J components, 
aree included using perturbation theory. In this highly-charged ion, radiative and electron decay 
ratess are expected to be of the same order of magnitude and, in this chapter, we focus on the X-

Thee non-orthogonalities are coming from the use of different orbital basis for describing the resonances and 
thee continuum states. 
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rayy spectrum with the goal of providing data that can be useful for the interpretation of recent 
experiments.. The 5-spline results are rather different from a previous calculation, performed 
usingg the CIHFR approach, and the largest differences between the two theoretical data sets are 
foundd for the radiative transition probabilities. As in the case of Li I and N V, the total widths 
off the 2121'nl" states are found to be nearly independent of the Rydberg electron. 

Thee most important conclusion of this thesis is that the B-spline method provides a powerful 
methodd for describing (pseudo) two- as well as (pseudo) three-electron systems. In addition, sev
erall results such as the sensitivity of the energy shift to the orbitals basis and the independence, 
forr 2121'nl" states, of the autoionization width on the Rydberg electron are also important new 
observations. . 
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10.22 Samenvatting 

Opp basis van het model van Rutherford, waarin negatief geladen elektronen rond een kleine 
positieff geladen kern draaien, werd door Bohr een nieuwe model ontwikkeld. In dit model zijn 
dee elektronbanen gequantifiseerd en wordt licht uitgezonden als een elektron in een baan met 
lageree energie vervalt. Het model dat door Bohr werd ontwikkeld is later vervangen door de 
Quantumm Mechanica waarin de notie van banen verbeterd is. 

Inn de Quantum Mechanica wordt de eenvoudigste beschrijving van atomen met meer dan een 
elektronn gegeven door het product van de een-elektron-banen. Hartree heeft het zelfconsistent-
veldd model ingevoerd waarin het radiale deel van de banen verbeterd wordt totdat de oplossingen 
vann de Schrödinger vergelijking geconvergeerd zijn-

Laterr besefte Fock dat het Pauli principe impliceert dat atomaire golffuncties antisym-
metrischh moeten zijn met als gevolg dat een "niet-klassieke" kracht ingevoerd wordt, de zo
genaamdee "exchange force". Het samenbrengen van de modellen van Hartree en Fock leidt tot 
dee Hartree-Fock (HF) vergelijkingen die, in de een-configuratie benadering, voor de best oploss
ingg zorgt. 

Voorafgaandd aan de ontwikkeling van moderne computers werden de oplossingen van de 
Hartree-- of HF-vergelijkingen berekend met behulp van rekenmachines en vooral veel geduld. 
Eenn doorbraak kwam in 1963 toen Herman en Skillman voor het eerst gebruikt maakten van een 
computerr om vereenvoudigde HF-vergelijkingen op te lossen. Herman en Skillamn meldden dat 
dee uitslagen van de berekeningen goed overeenkwamen met de experimentele waarden en dat de 
berekeningstijdd van de computer ongeveer een minuut was. Sindsdien is de nauwkeurigheid van 
atomairee structuurberekeningen meer door de ontwikkeling van de computer zelf, dan door de 
ontwikkelingenn van theoretische modellen bepaald. Dit proefschrift is hierop geen uitzondering 
enn de uitslagen zouden verder verbeterd kunnen worden wanneer (nog) krachtiger computers 
gebruiktt worden. De beperking van de computerkracht maakt dat, wanneer bijvoorbeeld hoog-
aangeslagenn toestanden bestudeerd worden, er verschillende benaderingen, zoals het Feshbach 
formalism,, gebruikt moeten worden. De nauwkeurigheid van de berekeningen wordt dan vaak 
beperktt door de nauwkeurigheid van de benaderingen. 

Dee centraal-veld benadering die ook in de HF-methode gebruikt wordt, is gebaseerd op het 
gebruiktt van sferische potentialen waarin de elektronen zich verplaatsen. De oplossing van de 
Schrödingerr vergelijking is, in dat geval, een een-configuratie golffunctie die ook wel csf word 
genoemd. . 

Inn dit proefschrift worden systemen die veel van de centraal-veld-benadering afwijken be
studeerd.. Voor deze systemen zijn de wisselwerkingen tussen de verschillende csf's belangrijk. 
Dee absolute potentiaal wordt benaderd als een superpositie van sferische potentialen en daarvoor 
iss de echte golffunctie een lineaire combinatie van csf's. 

Omdatt csf's gebruikt worden om golffuncties te beschrijven, kan de set van csf's als een basis 
beschouwdd worden. Het woord basis moet zorgvuldig gebruikt worden omdat, in de theoretische 
methodee er verschillende bases zijn die op verschillende momenten van de berekening gebruikt 
worden. . 

•• De banen zijn een lineaire combinatie van (niet-orthogonale) basis functies, de S-splines. 

•• De csf's worden op de baan-basis gebouwd. 

•• De "echte golffunctie" is een expansie in termen van de csf basis. 

Voorr iedere basis is volledigheid de belangrijkste eigenschap. Voor B-spIines betekent volledigheid 
datt in de regio rond de kern, waar de wijdte van laagste banen het belangrijkste is, iedere baan 
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nauwkeurigg beschreven kan zijn. Door de verdeling van de 5-splinesop atomen toe te passen, 
kunnenn de laagste n banen heel nauwkeurig beschreven worden. Als n groter wordt beginnen de 
banenn hun mono-elektronische eigenschap kwijt te raken en beschrijven ze een set van Rydberg of 
continuümm banen. Omdat de baan-basis volledig is, hoeven de banen niet perse een diepe fysische 
betekeniss te hebben. De echte baan wordt dan beschreven als een som over alle basisfuncties met 
alss gevolg dat de fysische golffunctie, die een multi-electronische functie is, door een som over 
allee mogelijke csf's beschreven wordt. Het betekent dat de grootte van de expansie afhankelijk 
iss van het aantal basis functies maar ook dat, als functies met een diepere fysische betekenis 
gebruiktt worden, de expansie sneller gaat convergeren. 

Hett grootste voordeel van de B-spline basis is dat de effecten van oneindig veel Rydberg en 
continuümtoestandenn in de laagste toestanden gemakkelijk en nauwkeurig, met slechts een klein 
aantall splines, berekend kunnen worden. Dat betekent dat als alle discrete continuümtoestanden 
inn een berekening inbegrepen zijn, het effect van het hele continuüm beschreven wordt. Daarvoor 
wordtt aangenomen dat de B-spline methode heel nauwkeurig is om toestanden mee te beschrijven 
diee heel gevoelig op de wisselwerkingen met Rydberg en continuümtoestanden zijn. 

Mijnn voorganger, Hugo van der Hart, heeft programma's ontwikkeld om de energieën, de golf-
functiess en de vervalsnelheden van aangeslagen (pseudo) twee-elektronen systemen te berekenen. 
Inn meerdere publicaties toont hij aan dat de B-spline methode een van de nauwkeurigste bereken
ingsmethodenn is. Pseudo twee-elektronen systemen worden met behulp van een modelpotentiaal 
bestudeerd.. Er is geen limiet op het aantal elektronenschillen die door de potentiaal beschreven 
kunnenn worden. Het kan net zo goed een Is2 als een ls22s22p63s23p6 kern zijn. In beide gevallen 
geeftt de methode nauwkeurige resultaten en, in dit proefschrift zullen dezelfde methodes worden 
gebruiktt om de verschillende elektronische kernen te beschrijven. 

Err zijn meerdere verschillen tussen twee- en drie-elektronen systemen maar slecht twee daar
vann hebben een directe invloed op de nauwkeurigheid van de berekeningsmethode. Ten eerste, 
voorr systemen met drie elektronen, is de expansie van de golffunctie veel groter dan voor syste
menn met twee elektronen. Dat impliceert dat niet alle csf's in de berekening inbegrepen kunnen 
zijnn en dat de belangrijkste geselecteerd moeten worden, met als gevolg dat de nauwkeurigheid 
vann de resultaten afhankelijk wordt van de baan-basis die gebruikt is en daarom is de volledigheid 
vann de csf-basis niet meer gegarandeerd. Het tweede belangrijk verschil tussen systemen met twee 
enn drie elektronen betreft de stabiliteit van de energieën. Aangeslagen toestanden liggen vaak 
bovenn een of meer ionisatie-limieten. Door de wisselwerking tussen aangeslagen toestanden en 
continuümtoestandenn gebeuren er twee dingen: 

•• Het aangeslagen atoom kan door het middel van de uitwerping van een (of meer) elek
tronn (en) in een lagere toestand terechtkomen. 

•• De energieën van beide toestanden worden verschoven. 

Alss alle continuümtoestanden in de hamiltoniaan-matrix inbegrepen zijn, kan het gebeuren dat 
dee aangeslagen toestanden die bestudeerd worden met een discrete continuümtoestand (bijna) 
gedegenereerdd zijn. Als dat bij toeval gebeurt, worden de energieën van beide toestanden door 
eenn onfysich effect verschoven. Om dit te voorkomen, worden series die met de continuümtoes
tandenn verbonden zijn, in eerste benadering, verwaarloosd en zowel hun effect op de golffunctie 
(verantwoordelijkk voor autoionizatieprocessen) als hun effect op de energie wordt later berek
endd met behulp van de storingstheorie (= TDM methode). Voor systemen met drie elektronen 
vereistt de TDM benaderingen die in het geval van twee-elektronen systemen niet gedaan hoeven 
tee worden. De waarde van de shift hangt veel van de basis af maar in meest gevallen, leidt een 
geschiktt keuze van baan-basis desondanks tot energieën die stabiel zijn. 
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Inn dit proefschrift wordt de B-spline methode eerst op de laagste energieniveaus van Ca 
toegepast.. In deze berekeningen is de wisselwerking tussen de twee valence elektronen en de 
geslotenn schillen (i.e. de ls22s22p63s23p6 kern) heel belangrijk voor de nauwkeurigheid van de 
resultaten.. Door de buitenste elektronen raken deze schillen gepolariseerd en deze polarisatie 
zorgtt voor een extra binding. Wanneer twee elektronen beschouwd worden, moet ook een twee
elektronn polarisatieterm meegenomen worden, die beschrijft hoe de polarisatie van het ene elek
tronn zijn sporen nalaat op het andere elektron. De berekeningen zijn een verbetering van die 
gemaaktt door Hugo van der Hart gedurende zijn proefschrift. Twee aspecten werden verbeterd: 
dee potentiaal werd verfijnd en de diagonalizatie-procedure werd aangepast voor grotere matri
ces,, zodat bredere B-spline basis-sets gebruikt konden worden. Het energiespectrum dat in dit 
hoofdstukk gepresenteerd wordt geeft de nauwkeurigste resultaten die tot op heden gepubliceerd 
zijn. . 

Inn het derde hoofdstuk wordt de B-spline methode aan een andere diagonalizatie-procedure 
gekoppeld.. Voor enkele symmetrieën werden de energieën uit de Davidson en de "singular value 
decomposition"" (SVD) procedures vergeleken. Deze laatste methode is gebaseerd op de eigen
schapp dat iedere willekeurige rechthoekige matrices in een product van drie matrices gefac-
toriseerdd kunnen zijn. Een van de drie matrices is diagonaal. Als de rechthoekig matrix een deel 
vann de hamiltoniaan is dan worden de "non-zero" elementen van de diagonaal matrix een be
naderingg voor de (absolute waarde van de) eigenwaarden. Deze methode is veel sneller en heeft 
minderr computer geheugen nodig dan de Davidson procedure. Voor systemen met lichte wissel
werkingenn tussen Rydberg series, is de SVD even nauwkeurig als de Davidson procedure. Als de 
wisselwerkingenn belangrijker worden, zijn de verschillen tussen de SVD en de Davidson proce
duree groter. Het blijkt dus dat de SVD ongepast is voor de studie van meest hoog-aangeslagen 
toestandenn in drie-elektronen systemen waarvoor die wisselwerkingen heel belangrijk zijn. 

Dee eerste toepassing op systemen met drie elektronen worden in het vierde hoofdstuk gep
resenteerd.. Resultaten voor het energiespectrum en de Auger-snelheden van 2121'nl" en 3131'nl" 
toestandenn in Li worden met experimentele metingen en andere theoretische data vergeleken. 
Dee ontwikkelingen in de laatste jaren van nieuwe "synchrotron radiation light sources" heeft 
gezorgdd voor heel nauwkeurige metingen. De overeenkomst tussen de B-spline resultaten en de 
experimentelee waarden is indrukwekkend. 

Dee belangrijkste resultaten van hoofdstuk 4 betreffen Auger-breedten. In dit werk wordt 
hett elektronische verval met behulp van "Fermi's golden rule" berekend en de verschillende 
ionizatie-limietenn worden beschouwd als onafhankelijk van elkaar. De totaal breedte is dus de som 
overr alle partiele breedten. Omdat geen experimentele waarden bekend zijn, kunnen de partiele 
breedtenn alleen maar met theoretische waarden vergeleken worden. De vergelijking toont aan 
datt de resultaten die hier gepresenteerd zijn, ondanks alle benaderingen, in overeenkomst zijn 
mett de beste theoretische werken. De onenigheid tussen de verschillende theoretische resultaten 
betreftt de waarde van de totale autoionizatie breedte die, volgens de B-spline berekeningen, bijna 
onafhankelijkk van de n en / waarden van de Rydberg elektron is. Dit gedrag toont het grote 
verschill tussen systemen met twee en drie elektronen. In systemen met twee elektronen neemt de 
autoionizatiee breedte af als n toeneemt. In systemen met drie elektronen kan de onafhankelijkheid 
vann de autoionizatie (ten opzicht van n en /) op basis van een "single-partiele" model begrepen 
worden.. Gedurende het verval naar het belangrijkste kanaal, kan het Rydberg elektron als een 
"toeschouwer"-elektronn beschouwd worden, zelfs als de non-orthogonaliteiten tussen de banen 
diee gebruikt worden om de aangeslagen en de continuümtoestanden te beschrijven, inbegrepen 
zijn.. Dit gedrag is duidelijk te zien voor 2121'nl" quartet toestanden maar kan heel makkelijk 
verborgenn worden door de wisselwerkingen tussen Rydberg series, zoals het het geval is voor 
bijnaa alle ZlZl'nl" toestanden. 
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Inn het vijfde hoofdstuk zijn de energieën en autoionizatie breedten berekend voor ls2lnl" 
toestandenn van de 2S e , 2P° en 2D e symmetrieèn, hetgeen de enige toestanden met L < 2 zijn die 
naarr de Is2 limiet kunnen vervallen. De berekeningen worden gemaakt voor Li I, Be II en B III 
enn vormen in het geval van Li een heel strenge test voor de berekeningsmethode, omdat heel 
nauwkeurigee beam-foil experimentele waarden bekend zijn. In de laatste publicaties over Li I, 
werdd vermeld dat het verschil tussen de theoretische voorspellingen en de nauwkeurigste exper
imentelee waarnemingen belangrijk is voor de energie van de (ls2s 1S )3s 2S e toestand en voor de 
breedtee van de (ls2s1S)2p 2P° toestand. De S-spline berekeningen bevestigen beide verschillen. 
Voorr alle andere toestanden komen de B-spline berekeningen goed overeen met experiment en 
theorie,, zelfs als de een-configuratie beschrijving van de ionizatie-limiet de nauwkeurigheid van 
dee autoionizatie breedten verkleint. Van de twee andere systemen, Be II en B III, zijn er geen 
nauwkeurigg meting en de resultaten die hier voorgesteld zijn kunnen nuttig zijn voor toekomstige 
experimenten. . 

Inn hoofdstuk nummer zes worden verschillende stikstof-ionen bestudeerd. Het eerste deel van 
ditt hoofdstuk gaat over hoog-aangeslagen toestanden in N V. De resultaten voor \s2lnl' toes
tandenn zijn de eerste theoretische data die met de nauwkeurigste experimentele data overeen
komen.. Voor 2121'nl" toestanden zijn de B-spline resultaten de eerste die informatie over indi
viduelee toestanden geven. Voor ZlZl'nl" toestanden kan een vergelijking met andere theoretische 
resultatenn (waarvoor de CIHFR methode gebruikt werd) gemaakt worden. Het verschil tussen 
beidee data sets komt door de invloed van 3/3/'4Z" en hogere toestanden die niet inbegrepen 
zijnn in de CIHFR berekeningen. Daarna wordt het effect van een Is2 kern bestudeerd met be
hulpp van een modelpotentiaal, eerst op de laagste toestanden van N IV en dan op valentie en 
aangeslagenn toestanden in N III. In het eerste geval toont vergelijking met experiment dat de 
nauwkeurigheidd van de potentiaal verbeterd kan worden als de potentiaal voor p elektronen iets 
verschillendd is dan die voor s, d en f elektronen. Dit effect kan ook gezien worden als de laagste 
aangeslagenn toestanden van N III bestudeerd worden. Dezelfde potentiaal wordt gebruikt om de 
laagstee ls23J3f'nl" toestanden te berekenen. Een vergelijking met CIHFR data toont dat er wat 
verschillenn tussen beide data sets bestaan op het gebied van autoionizatie breedte. 

Inn het laatste hoofdstuk wordt het X-ray spectrum van 2121'nl" toestanden van Ar15+ 

bestudeerd.. Door de hoge lading van de kern, zijn relativistieke effecten heel belangrijk voor 
dee nauwkeurigheid van de berekeningen, vooral als er elektronen zijn in de laagste banen. In de 
berekeningenn die in hoofdstuk 7 gepresenteerd worden, wordt er alleen naar LS toestanden 
gekekenn en alleen de belangrijkste relativistische effecten die de LS toestand in LSJ toes
tandenn niet splitsen worden inbegrepen. De B-spline berekeningen verschillen veel van vroegere 
berekeningen,, die gemaakt werden met behulp van de CIHFR methode, vooral op het gebied 
vann overgangswaarschijnlijkheden voor stralend verval. Net zoals voor Li I en N V, kan men aan
tonenn dat de totaal breedte van de 2121'nl" toestanden bijna onafhankelijk zijn van de Rydberg 
elektron. . 

Dee belangrijkste conclusie van dit proefschrift betreft de nauwkeurigheid van de B-spline me
thodee om hoog-aangeslagen toestanden van drie-elektronen systemen te beschrijven. Een paar 
eigenschappenn zoals de basisafhankelijkheid van de energieshift en de onafhankelijkheid van de 
totaall breedte van 2121'nl" toestanden ten opzicht van de n en de / waarde van de Rydberg 
elektronn zijn ook belangrijk nieuwe resultaten. 
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0rgen,0rgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jorgen, Jorgen , J0rgen, J0rgen, J0RGEN, J0rgen, J-
Orgen,, Jorgen, Jprgen, Jorgen, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, J0rgen, Jorgen, J -
0rgen,, J0rgen, J0rgen, J0RGEN, J0rgen, Jorgen, J0rgen, Jprgen, J Or gen, J0rgen, Jorgen, J-
0RGEN,, J0rgen, Jorgen, J0rgen, Jprgen, Jprgen, Jorgen, J0rgen, J0RGEN, J0rgen, Jprge-
n,, J0rgen, Jprgen, J0rgen, J0rgen, J0rgen, J0RGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jprge-
n,, Jorgen, forgen, J0RGEN, J0rgen, Jorgen, J0rgen, Jprgen, Jprgen, Jorgen, J0rgen, J0RGE-
N,, J0rgen, Jorgen, J0rgen, Jprgen, Jprgen, J0rgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorge-
n,n, Jprgen, Jprgen, Jorgen, J0rgen, J0RGEN, J0rgen, Jprgen, J0rgen, Jorgen, Jprgen, J0rgen, J-
Orgen,Orgen, J0RGEN, J0rgen, Jprgen, Jorgen, Jprgen, J0rgen , J0rgen, Jprgen, J0RGEN, Jprgen, J-
Orgen,, J0rgen, Jprgen, Jprgen, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jprgen, J -
prgen,, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, J0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J-
0RGEN,, Jprgen, Jprgen, J0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprge-
n,, J0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, J0rgen, Jprgen, Jprge-
n,, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, J0rgen, Jprgen, Jprgen, Jprgen, Jprgen, J0RGE-
N,, Jprgen, Jorgen, j0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jorgen, Jorge-
n,n, Jprgen, Jprgen, J0rgen, Jorgen, J0RGEN, Jprgen, Jorgen, J0rgen, Jprgen, Jorgen, Jprgen, J-
Orgen,Orgen, J0RGEN, Jprgen, Jorgen, J0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, J-
prgen,, J0rgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, J0rgen, Jprgen, J0 -
rgen,, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, JOR
GEN,, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jo-
rgen,rgen, Jorgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jpr
gen,, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jp r 
gen,, Jorgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Sandrine, Jorgen, Jprgen, J -
Orgen,, Jprgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J-
0RGEN,, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jorge-
n,, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jorgen, Jorgen, Jprgen, Jprge-
n,, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jprgen, Jprgen, J0rgen, Jorgen, J0RGE-
N,, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, J0rgen, Jprgen, Jorge-
n,n, Jorgen, Jprgen, Jorgen, Jorgen, J0RGEN, Jprgen, Jorgen, Jorgen, Jprgen, Jprgen, Jorgen, J-
Orgen,Orgen, J0RGEN, Jprgen, Jorgen, Jorgen, Jprgen, Jorgen , J0rgen, Jorgen, J0RGEN, J0rgen, J-
Orgen,, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, J-
prgen,, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J-
0RGEN,, J0rgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, J0rgen, Jorge-
n,, Jorgen, Jprgen, Jprgen, J0rgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jprgen, Jprge-
n,, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorgen, Jprgen, Jorgen, Jprgen, Jorgen, J0RGE-
N,, Jprgen, Jorgen, Jorgen, Jprgen, Jorgen, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, Jorge-
n,n, Jorgen, Jprgen, Jorgen, Jorgen, J0RGEN, Jprgen, Jorgen, Jorgen, Jprgen, Jprgen, Jorgen, J-
Orgen,Orgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, Jprgen , Jprgen, Jorgen, J0RGEN, Jprgen, J-
Orgen,, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jprgen, Jorgen, Jprgen, J -
prgen,, Jprgen, Jorgen, J0RGEN, J0rgen, Jprgen, Jorgen, Jprgen, Jprgen, Jprgen, Jorgen, J-
0RGEN,, Jprgen, Jprgen, Jorgen, Jorgen, Jprgen, Jprgen, Jorgen, J0RGEN, Jprgen, Jorge-
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n,, tergen, Jorgen, Jorgen, J0rgen, Jorgen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorge-
n,, Jorgen, J0rgen, JORGEN, J0rgen, J0rgen, tergen, Jorgen, Jorgen, Jorgen, J0rgen, JORGE-
N,, J0rgen, Jorgen, J0rgen, J0rgen, Jorgen, J0rgen, J0rgen, JORGEN, J0rgen, Jorgen, terge-
n,n, Jorgen, J0rgen, J0rgen, Jprgen, J0RGEN, J0rgeu, Jorgen, J0rgen, Jorgen, Jorgen, J0rgen, J-
Orgen,, J0RGEN, J0rgen, Jorgen, J0rgen, Jorgen, J0rgen, Jorgen, tergen, JORGEN, J0rgen, J-
orgen,, tergen, Jorgen, J0rgen, Jorgen, Jorgen, J0RGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jor-
gen,, Jorgen, J0rgen, J0RGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, J0rgen, JORG-
EN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, J0rgen, J0RGEN, J0rgen, Jorgen, terg-
en,en, Jorgen, Jorgen, J0rgen, Jorgen, J0RGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorge-
n,, tergen, J0RGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, JOrgen, tergen, JORGEN, J0rgen. 
Jorgen,, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, J-
Orgen,, Jorgen, Michel, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, J-
ORGEN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, JOrgen, Jorge-
n,, tergen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorge-
n,, Jorgen, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGE-
N,, JOrgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, terge-
n,n, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, J-
Orgen,, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, J-
orgen,, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, J-
Orgen,, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, J-
ORGEN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorge-
n,, tergen, J0rgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorge-
n,, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGE-
N,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, terge-
n,n, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, J-
0rgen,0rgen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, JOrgen, J-
Orgen,, tergen, Jorgen, Jorgen, JOrgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jo-
rgen,, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JOR-
GEN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, ter-
gen,gen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, J0rg-
en,, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, AD , J0rgen, J-
orgen,, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jor-
gen,, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORG-
EN,, J0rgen, Jorgen, tergen, Jprgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, terge-
n,n, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, J-
0rgen,0rgen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, J0rgen, tergen, JORGEN, J0rgen, J-
orgen,, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jor-
gen,, Jorgen, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORG-
EN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, terge-
n,n, Jorgen, Jorgen, Jorgen, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, J0rgen, J-
Orgen,, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, J-
orgen,, tergen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jor-
gen,, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORG-
EN,, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, terge-
n ''  JPrgen> J0rgen, JOrgen, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, JOrgen, J-
ergen,ergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, JOrgen, J-
Orgen,, tergen, Jorgen, Jorgen, Jorgen, tergen, JORGEN, J0rgen, Jorgen, tergen, Jorgen, Jor-
gen,, Jorgen, tergen, JORGEN, JOrgen, Jorgen, tergen, Jorgen, Jorgen, Jorgen, tergen, JORG-
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EN,, Jprgen, J0rgen, forgen, Jorgen, J0rgen, J0rgen, J0rgen, JORGEN, Jprgen, Jorgen, forge-
n,, J0rgen, Jorgen, J0rgen, forgen, J0RGEN, J0rgen, J0rgen, J0rgen, Jorgen, J0rgen, J0rgen, J-
0rgen,0rgen, JORGEN, J0rgen, Jorgen, forgen, J0rgen, Jorgen, J0rgen, Jergen, JORGEN, J0rgen, J-
0rgen,, J0rgen, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jor
gen,, Jorgen, forgen, JORGEN, J0rgen, Jorgen, forgen, Jorgen, Jorgen, Jorgen, forgen, JORG
EN,, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, forg-
en,en, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jprge-
n,, J0rgen, JORGEN, J0rgen, Jorgen, forgen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen. 
Jorgen,, J0rgen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen, Jorgen, forgen, Jorgen, Jo 
rgen,, JOrgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen , Jorgen, J0rgen, JOR
GEN,, J0rgen, Jorgen, David, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, forge-
n,n, Jorgen, Jorgen, JOrgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, J0rgen, J-
0rgen,0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, JOrgen, forgen, JORGEN, J0rgen, J-
Orgen,, forgen, Jorgen, Jorgen, JOrgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jor 
gen,, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, forgen, Jorgen, Jorgen, J0rgen, J0rgen, JORG
EN,, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, J0rge-
n,n, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J-
0rgen,0rgen, JORGEN, JOrgen, Jorgen, forgen, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, J-
orgen,, forgen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, J-
Orgen,, JOrgen, forgen, JORGEN, J0rgen, Jorgen, forgen, Jorgen, Jorgen , Jorgen, forgen, J-
ORGEN,, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, J0rgen, Jerge-
n,, forgen, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, j0rgen, Jorgen, Jorge-
n,, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGE-
N,, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, JOrgen, Jorgen, forge-
n,n, Jorgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, J0rgen, Jeroen. Jorgen, Jorgen, J-
0Tgen,0Tgen, JORGEN,, J0rgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, JOrgen, J-
orgen,, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, JORGEN, J0rgen, Jorgen, J0rgen, Jorgen, J-
Orgen,, Jorgen, J0rgen, JORGEN, JOrgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, J0rgen, J-
ORGEN,, JOrgen, Jorgen, J0rgen, Jorgen, Jorgen, Jorgen, Jorgen, JORGEN, J0rgen, Jorge-
n,, J0rgen, Jorgen, Jorgen, J0rgen, forgen, JORGEN, J0rgen, Jorgen, forgen, Jprgen, Jorge-
n,, Jorgen, forgen, JORGEN, J0rgen, Jorgen, forgen, J0rgen, Jorgen, Jorgen, forgen, JORGE-
N,, JOrgen, Jorgen, forgen, Jprgen, Jorgen, J0rgen, forgen, JORGEN, J0rgen, Jorgen, forge-
n,n, Jorgen, Jorgen, Jorgen, forgen, JORGEN, JOrgen, Jorgen, forgen, Jprgen, Jorgen, Jorgen, J-
0rgen,0rgen, JORGEN, JOrgen, Jorgen, forgen, Jprgen, Jorgen, Jorgen, forgen, JORGEN, JOrgen, J-
prgen,, forgen, Jprgen, Jorgen, Jorgen, forgen, JORGEN, J0rgen, Jorgen, forgen, Jprgen, J-
Orgen,, Jprgen, forgen, JORGEN, J0rgen, Jprgen, forgen, Jprgen, Jorgen, Jprgen, forgen, J-
ORGEN,, Jprgen, Jorgen, forgen, Jprgen, Jorgen, Jprgen, forgen, JORGEN, Jprgen, Jorge-
n,, forgen, Jprgen, JOrgen, Jprgen, forgen, JORGEN, Jprgen, Jorgen, forgen, Jprgen, Jorge-
n,, Jprgen, forgen, JORGEN, J0rgen, Jorgen, forgen, Jprgen, Jorgen, JOrgen, forgen, JORGE-
N,, J0rgen, Jorgen, forgen, Jprgen, Jorgen, Jprgen, forgen, JORGEN, J0rgen, Jprgen, forge-
n,n, Jorgen, Jorgen, Jprgen, forgen, JORGEN, Jprgen, Jorgen, forgen, Jprgen, Jorgen, Jprge-
n,, forgen, JORGEN, Jprgen, Jorgen, forgen, Jorgen, Jorgen, J0rgen, forgen, JORGEN, Jprg
en,, Jorgen, forgen, Jprgen, Jorgen, Jorgen, forgen, JORGEN and Jprgen. 







Fesfea<j| | 


	Cover
	Titlepage
	Contents
	1 Introduction
	2 Study of valence states in neutral Ca
	3 Singular value decomposition
	4 Study of doubly and triply core-excited states in Li I
	5 Study of singly-core excited states in Li I, Be II and B III
	6 Study of multiply-excited states in N III and N V
	7 Study of multiply-excited states in Ar1??
	8 Appendix
	9 References
	10 Summary
	11 Thanks to
	Cover

