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1.11 General introductio n 

Thee understanding of atomic structure has its origin in the observation of discrete light spectra 
emittedd by excited gases. In 1885, J J Balmer showed that the four visible lines in the hydrogen 
spectrumm fitted a simple formula relating the wavenumber (u) to a integer variable (n) 

wheree k is set to 2 and R is the Rydberg constant1. Later, it was found that Balmer's formula 
couldd be extended to the UV spectrum and that other series of lines could be described by the 
samee formula, using different values for k. These observations were used by Bohr to develop an 
atomicc model in which two new basic assumptions were made: electrons are moving on stationary 
orbitss and light is emitted when an electron jumps from one stationary state to another of lower 
energy. . 

Aboutt hundred years later, the study of light emitted by excited atoms is still important for 
understandingg the structure and dynamics of excited systems (atoms or ions). During that time, 
thee evolution of atomic theory has lead to the development of mathematical approaches able to 
describee accurately complex spectra but the improvements in measurement techniques have at 
thee same time brought many new questions. In order to understand in details the behaviour of 
atomss and ions, experimentalists and theoreticians still have much work to do. The former must 
performm more and more accurate measurements while the latter have to develop better models. 
Onee of the main challenge for theoreticians remains the evaluation of the correlation energy. 

Thee correlation energy is defined as the difference between the exact non-relativistic and the 
Hartree-Fockk (HF) energy (Löwdin 1959). Depending on the system under investigation (atom, 
ionn or molecule), the correlation energy represents generally between 5 and 10 % of the total 
energyy while it often represents much more than 99 % of the computational effort. When atomic 
calculationss are performed, three sorts of correlation have to be considered. The excitation of 
valencee electrons, called valence correlation, is expected to represent the largest contribution 
too the correlation energy but the inclusion of core-valence and core-core correlations is needed 
forr performing accurate calculations. For heavy systems, the large number of electrons makes 
itt impossible to include the full correlation and a truncation must be used. In this thesis we 
showw that three electrons already is enough to lead to truncation problems and the thesis is 
concernedd with showing how closeby we can approach the goal of including 100 % of correlation 
forr three-electron systems. 

Thee above definition of the correlation energy includes a non-physical concept, the exact 
non-relativisticc energy and, therefore, it is more appropriate to define correlation energy as the 
differencee between the Dirac-Fock (DF) and the experimental energy. However, for light atoms 
thee difference is not large and it depends on the experimental accuracy whether relativistic 
effectss must be included or not. In this thesis we mainly consider highly-excited states where no 
Iss electrons, which have the largest relativistic energy corrections, are present. Thus the non-
relativisticc approximation is generally a good one. Nevertheless, in nearly all cases the largest 
relativisticc effects have been included via perturbation theory. 

Thee difference between the terms correlation energy and correlation as it wil l be used in 
thiss thesis is the following. The former is a number fixed by the definition of the HF (or DF) 
equationss while the latter corresponds to the correction to the single configuration wavefunction 
includedd to (try to) reproduce the exact energy. In this sense, the correlation is basis dependent 
andd the energy shift it involves is often different from the correlation energy. 

11 After J R Rydberg who generalized Balmer's formula to other elements. 
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Thee ability to estimate the correlation energy has been driven by the development of compu-
tationall  methods as well as, and in combination with, the evolution of computers and it is today 
nott unusual that theoretical predictions are more accurate than experimental measurements. 
Nevertheless,, in most cases involving more than a few electrons, correlation effects are difficult 
too reproduce and the differences between experimental and theoretical data are noticeable. 

Thee importance of correlation effects depends on several factors such as the number of 
electrons,, the orbitals involved, the density of states in the energy region considered or the 
numberr of open-shells. Experimentally, measurements on systems with open-shells are difficult, 
evenn for systems with few electrons. In lithium for example, the excitation of a Is electron quickly 
leadss to terms for which all three electrons are in different shells. The decay mechanism of such 
excitedd states is a combination of radiative and non-radiative processes, making the lifetime 
shortt and therefore experiments difficult. Theoretically, it is not feasible for such systems to 
dividee the correlation into types with different degree of importance and large scale calculations 
aree needed to give an accurate description of the atomic levels. 

Whenn higher energy ranges are considered, electron configurations become more and more 
exotic.. For example, atoms and ions without electrons in the Is or in the Is, 2s and 2p shells have 
beenn observed. Such systems are said to be hollow because at least one inner-shell is empty. The 
productionn of those multiply core-excited atoms and ions is a two step process. Electrons are 
firstfirst removed from the system and the resulting highly-charged ion is brought in contact with an 
electronn reservoir. The first step can be achieved using electron cyclotron resonance (ECR) ion 
sources,, producing bare ions up to Ne10+, or using electron beam ion sources (EBIS) or traps 
(EBIT)) which produce ions up to U82+ but deliver a low intensity. Most commonly, two types 
off  reservoirs are used, either a metallic surface or a thin multi-electron gas, like for example Ar. 
Inn the two cases, the approaches and the capture processes are different but, in both types of 
experiment,, hollow atoms (and ions) are produced and observed. 

Synchrotronn radiation light sources have also been used for producing hollow atoms. Con-
traryy to collision experiments, photon-excitation experiments provide the selectivity, sensitivity 
andd resolution required to measure hollow states with a high accuracy, allowing a critical com-
parisonn with theory. Also, using photoelectron spectroscopy, it is possible to observe separately 
thee different decay channels, thereby obtaining detailed information on the de-excitation mech-
anisms. . 

Thee decay of hollow atoms occurs by a combination of photon and electron emission. The 
ratioo between the two processes is dependent on the nuclear charge, the number of electrons 
capturedd and the states that have been populated but it is expected that, for low nuclear charges, 
electronn emission, also called Auger decay or autoionization, will dominate. In many cases, the 
systemm emits more than one electron and decays via a series of autoionization processes called 
ann Auger cascade. 

1.22 The B-spline basis 

Inn atomic structure calculations, the basis set employed has a large influence on the accu-
racyy of theoretical predictions. Among different approaches, it is convenient to make a dis-
tinctionn between methods like multi-configuration HF (MCHF, Froese Fischer 1991) in which 
atomicc orbitals are numerically optimized by minimizing the energy and approaches, like the 
5-splinee method, where atomic orbitals are built as expansions over a set of basis functions. In 
thee latter case, the differences between theoretical approaches are partly due to differences in 
thee completeness of the basis i.e. differences in the ability to represent the different orbitals. 
Off  course, no finite basis is complete but it can be shown that the ö-spline basis is "complete 
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enough""  (cf. section 1.2.3, page 16) even when a rather small number of basis functions is used 
(Landtmann 1993). 

Thee concept of S-splines, their properties, the proofs of the latter and some applications have 
beenn described in detail by de Boor (1978) who published an entire book on this subject. The 
goall  of the present section is not to repeat all mathematical developments but only to point out 
somee of the most interesting and useful properties for the present purpose without giving proper 
mathematicall  proofs. Aside from the mathematical exposition, de Boor published in his book 
aa collection of FORTRAN subroutines among which several have been used for performing the 
calculationss presented in this work. A brief historical introduction on the early use of B-splines in 
atomicc physics can be found in the Ph.D. thesis of Landtman (1993). 

1.2.11 Defini t io n and propert ies 

AA set of N 5-spline functions, Biikti= i„. N, is defined by the following recurrence relation 

Bi*(x)Bi*(x)  = *'*'  Bi^ix) + U+k~X 5 i H t - i d ) (1.2) 
TTi+k-li+k-l  — H H+k — rt+l 

basedd on the k = 1 functions which are given by 

Bi*=x{x)Bi*=x{x)  - | 0 o t h e r w. s e . (1.3) 

Thee definition of the B-splines, which are piecewise polynomials, is dependent of several pa-
rameterss which can be arbitrarily fixed by the user. The first one is the order (k) of the function 
whichh represents the degree (k — 1) of the piecewise polynomials but the most important ones 
aree the knot points, £,-, which represent the distribution pattern of the N basis functions over 
thee box in which the B-splines are defined. 

Thee way B-splines are built is illustrated in figures 1.1, 1.2 and 1.3 where the basis sets 
correspondingg to k = 1, 2 and 3 are plotted. The basis sets of order 1 and 2 are set up by the 
recurrencee relation as a pre-requisite to the construction of the k = 3 basis (cf. equations 1.2 
andd 1.3). The knot point sequence is 0,1,2,3,4,5 and both the initial and the final knots have a 
multiplicityy (defined below) of k. 

I tt has been shown by de Boor (1978) that, in order to define a basis of spline functions, only 
twoo conditions on the knot points have to be satisfied. 

 The knot points must be ordered in an increasing sequence - i.e. U < U+\ V i. 

 The multiplicity of the first and last knot must be equal to k -i.e. k splines respectively 
startt or end at these points. 

Thee latter condition is derived from the Curry-Schoenberg theorem (de Boor 1978). At a m-fold 
multiplee knot point, the (A: — m)th derivative of a function, say g, represented as a combination 
off  B-splines of order k is the first non-continuous2 derivative. The description of a function in a 
closedd space involves that g is arbitrarily set to zero outside the box and discontinuities at the 
borderss could occur. Therefore, the multiplicity of the first and the last point must be chosen 
ass k in order to be able to describe a function and the same number of its derivatives over the 

2AA function /(a) is continuous in x = a if f (a) is a finite number and if l im^, ,- f(x) = lim I_>a+ f{x) = f (a). 
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Figuree 1.1: Representation of the B-spline basis of order 1 associated with the [0,1,2,3,4,5] knot 
sequence.. In order to give a clear picture of the basis set, the function different from zero on the 
[2,3]]  interval has been colored in black. 
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Figuree 1.2: Representation of the B-spline basis of order 2 associated with the [0,0,1,2,3,4,5,5] 
knott sequence. 
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Figuree 1.3: Representation of the B-spline basis of order 3 associated with the [0,0,0,1,2,3,4,5,5,5] 
knott sequence. 
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wholee box. This is illustrated in figure 1.3. In the first interval, [0,1], the three first B-splines of 
orderr 3 (B,,3) are given by 

(1.4) ) 

(1.5) ) 

(1.6) ) 

Att x = 0, only the first spline is different from zero and thereby discontinuous. The first derivative 
off  the second basis function and the second derivative of the third one are also discontinuous at 
xx = 0. 

Fromm the definition, B-splines have several properties of which the most important are: 

 B-splines are positive and locally defined which means that all basis functions are different 
fromm zero and positive only in a subregion of the box. 

 At any point of the box 

1)) the k B-splines with values different from zero are non-orthogonal. 

2)) the sum over the amplitudes of the k B-splines is one. 

 The derivative of a B-splineof order k is a sum over B-splines of order k - 1 while the 
integrall  of the same B-splineis a sum over B-splines of order k + 1. 

Inn particular, the local and positive character of the functions are two important properties 
becausee it makes B-splines a very powerful tool for fitting curves (see for example Landtman 
(1993)) and Cormier (1994)). 
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Asidee from the completeness (cf. section 1.2.3, page 16), two other important properties 
havee to be mentioned. The first one is that, contrary to other basis sets such as for example 
Slater-typee orbitals3, the addition of a new function always improves the completeness of the 
basis.. This can be seen as a consequence of the introduction of an extra knot point, associated 
withh the additional spline, which leads to a redefinition of the basis. The second advantage is 
thee polynomial character of the B-splinesand thereby of the atomic orbitals which makes them 
easyy and accurate to handle, for example, when computing integrals and derivatives. 

1.2.22 Parameters 

Ass previously mentioned, the accuracy of atomic structure calculations is dependent on the 
qualityy of the orbital basis and consequently the final energies are dependent on the parameters 
introducedd in the definition of the B-splines. The optimization of the parameters is not straight-
forward.. For example, there is an infinite number of way to distribute the knot points and we 
aree not aware of a mathematical algorithm which allows to optimize the knot distribution. The 
onlyy helpful knowledge here is experience. 

1.2.2.11 Order 

Thee larger the order is, the more accurate the calculations wil l be. Unfortunately, for a given 
knott sequence, the larger the order is, the larger the basis is and the longer the computation time 
wil ll  be. Therefore, in the present work, the order has been set to 7 which is a good compromise 
betweenn the two trends. It has to be mentioned that, although there is no maximum order, 
theree is a minimum. Because the kinetic part of the hamiltonian involves the V2 operator, the 
atomicc orbitals and thereby the B-splines must be twice differentiable in every point of the box 
whichh involves that the order of the B-spline functions must be at least equal to three. In that 
case,, the kinetic energy operator is represented by a histogram and the lack of accuracy must 
bee compensated by a larger number of basis functions. 

1.2.2.22 Box size 

Thee definition of a closed space, box, in which the B-spline functions are confined means, physi-
cally,, that an infinite potential barrier has been placed at the beginning and the end of the box. 
Placingg a potential barrier at x = 0 involves that electrons are not allowed to penetrate into 
thee nucleus, approximated as a mass point, and, therefore, that the value of all orbitals at that 
pointt is equal to zero. The potential at the end of the box can, on the other hand, be responsible 
forr the squeezing of some orbitals and, therefore, the box has to be chosen large enough that the 
descriptionn of the lowest n orbitals, which are the most important for the calculations presented 
inn this thesis, is not affected by the unphyskal potential. The size of the box is fixed on basis of 
severall  factors among which the two most important are: 

 The charge of the nucleus: a large nucleus-electron interaction wil l involve a contraction of 
thee inner orbitals as illustrated for example by the mean value of the radius of hydrogenic 
orbitals,, which is given by 

<< r >„,,= ^ ( 3 n2 - / ( / + !)) . (1.7) 

3Slater-typee orbitals are defined mathematically by xmm = (2Q(n+^) >*  [r"~1 exp"<r Y t̂(6,(f>). 
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 The presence of a core partly screens the nuclear charge and thus, in this case, a larger 
boxx is required for the description of valence orbitals than implied by equation 1.7. 

AA consequence of these two statements is that the description of a neutral atom requires a larger 
boxx than is required for an ion. 

1.2.2.33 Knot sequence 

Thee distribution of the S-spline basis functions can be adapted to the system under study and 
thereforee influence the accuracy of the £-spline calculations. Bound, valence and quasi-bound 
statess often involve low n orbitals which have a large amplitude close to the nucleus and are 
goingg to zero fast. Therefore, a distribution with a larger density of functions close to the nucleus, 
correspondingg to the zero of the box, and only a few functions at the outer end of the box is 
expectedd to give a good description of the most important atomic orbitals. Based on this idea, an 
exponentiall  knot point distribution (described in more detail in appendix II , page 180) is used to 
describee the ground, valence-excited and core-excited states. This approach is close to that used 
inn the MCHF program developed by Froese Fischer (1991) in which the value of the orbitals 
iss known only at a finite number of points which are distributed according to an exponential 
gridd that is Z-dependent. Because the MCHF orbitals are not confined in a box, it is useful to 
scalee the grid-point with the charge of the nucleus. This is analogous to reducing the box when 
chargedd ions are considered but, in the present work, this reduction is not automatically done 
whichh allows for example to use different sizes of the box when, as in chapter 6, N II I and N V 
ionss are studied while in the MCHF program the same grid would be used. 

I tt is shown in section 1.3.3.4 (page 29) that the size of the matrix required to represent the 
fulll  correlation increases very fast with the number of 5-splines. Therefore, for three-electron 
systems,, the number of basis functions must be chosen as a compromise between a small num-
ber,, in order to limit the size of the matrix, and a large number required to give an accurate 
descriptionn of the orbitals. In the present work, three-electron systems are described using a 
basiss of 22 B-splines. 

Continuumm states involve both low n and continuum electrons. The wavefunctions for the 
latterr oscillate throughout the box and therefore, in our calculations, the box has been divided 
intoo two regions. Over the first 2 au, 21 splines are exponentially distributed and in the second 
region,, the rest of the box, 120 S-splines are linearly distributed which allows to describe the 
oscillatingg character of the function over the whole box. Such a distribution pattern is used in 
chapterss 4, 5, 6 and 7 and wil l be referred to as the "continuum basis". In the present work, the 
correlationn involved for describing continuum states is restricted to these associated with the 
outerr electron which means that much larger basis can be used. 

1.2.33 Comple teness of th e B-spl ine basis 

Thee level of completeness of a B-spline basis depends on the parameters involved in equations 1.2 
andd 1.3 and particularly on the number of functions and their distribution pattern. A small 
basis,, as for example these used to describe excited states, is far from being complete because 
thee exponential knot sequence does not allow to give a good description of extended functions 
overr the whole box. However, the high density of S-splines close to the nucleus allows to define 
aa subspace (from 0 to x) in the box in which the basis is effectively complete. The subspace 
mustt be large enough to give a good representation of the low n orbitals which are, just as 
mentioned,, the most important ones. If, retaining the exponential distribution, the number of 
basiss functions is increased, the effectively complete region of the box is increased to x + Ax 
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andd the influence of the Ax region on the energy levels can be estimated by the energy shift 
experiencedd by the different states. 

Tablee 1.1: Differences between the computed and the exact non-relativistic single-electron ener-
giess for the 15 lowest s orbitals in hydrogen. The first row gives the n value of the orbital. In 
thee row labeled < r >, the mean radius of the corresponding orbitals is listed while the first 
columnn shows the size of the B-spline basis. The B-splines have order 7 and are exponentially 
distributedd in a 500 au box. All differences are reported in au and the number given corresponds 
too the power of 10 i.e. — a corresponds to a difference of 10~° au. For the smallest basis, some 
resultss are left out because the orbitals concerned were found to belong to the continuum. 

n n 
<r> <r> 
15 5 
25 5 
35 5 
45 5 
50 0 
75 5 
100 0 
200 0 
300 0 

1 1 
1.5 5 
-5 5 
-8 8 
-11 1 
-12 2 
-13 3 
-16 6 
-14 4 
-14 4 
-14 4 

2 2 
6 6 
-3 3 
-8 8 
-11 1 
-12 2 
-13 3 
-15 5 
-15 5 
-15 5 
-14 4 

3 3 
13.5 5 
-3 3 
-7 7 
-10 0 
-11 1 
-12 2 
-15 5 
-15 5 
-15 5 
-15 5 

4 4 
24 4 
-3 3 
-6 6 
-9 9 
-11 1 
-11 1 
-14 4 
-16 6 
-16 6 
-15 5 

5 5 
37.5 5 
-3 3 
-5 5 
-8 8 
-11 1 
-11 1 
-13 3 
-14 4 
-14 4 
-14 4 

6 6 
54 4 
-3 3 
-5 5 
-7 7 
-9 9 
-10 0 
-13 3 
-14 4 
-14 4 
-14 4 

7 7 
73.5 5 
-3 3 
-4 4 
-7 7 
-9 9 
-10 0 
-12 2 
-14 4 
-15 5 
-14 4 

8 8 
96 6 
-3 3 
-5 5 
-6 6 
-8 8 
-9 9 
-12 2 
-14 4 
-13 3 
-13 3 

9 9 
121.5 5 

-3 3 
-5 5 
-6 6 
-8 8 
-9 9 
-11 1 
-13 3 
-13 3 
-13 3 

10 0 
150 0 
-3 3 
-4 4 
-5 5 
-7 7 
-8 8 
-11 1 
-13 3 
-13 3 
-13 3 

11 1 
181.5 5 

-3 3 
-5 5 
-7 7 
-8 8 
-11 1 
-12 2 
-13 3 
-12 2 

12 2 
216 6 

-3 3 
-5 5 
-6 6 
-7 7 
-10 0 
-12 2 
-12 2 
-12 2 

13 3 
253.5 5 

-3 3 
-4 4 
-6 6 
-7 7 
-9 9 
-9 9 
-9 9 
-9 9 

14 4 
294 4 

-3 3 
-4 4 
-6 6 
-6 6 
-7 7 
-7 7 
-7 7 
-7 7 

15 5 
337.5 5 

-3 3 
-4 4 
-5 5 
-5 5 
-5 5 
-5 5 
-5 5 
-5 5 

Thee completeness of the basis is illustrated in table 1.1 in which a comparison between 
thee computed and the exact non-relativistic single-electron energies is made for the s series in 
hydrogen.. This comparison allows to test the quality of the different orbitals and thereby obtain 
informationn about the completeness of the B-spline basis. The calculations reported in table 1.1 
havee been performed in a 500 au box in which the basis functions are exponentially distributed. 
Thee results for the Is orbital, which is located at the beginning of the box {the mean radius, 
<< r >, is 1.5 au), show that a minimum of 35 B-splines is needed to represent the function 
accurately.. Increasing the size of the basis further does improve the description of the Is but, 
moree importantly, increases the number of orbitals accurately described. If a good description 
iss defined, arbitrarily, as an error of less than or equal to 10- 8 au, only two functions are well 
describedd using a basis consisting of 25 splines while by adding 10 splines, the five lowest s 
orbitalss are well described, which means that the 10 additional functions not only improve the 
completenesss over the first au of the box but also improve the description of the orbitals in the 
regionn going from 10 to 40 au (cf. mean radius of the 3s and 5s orbitals). Nevertheless, it is seen 
thatt the differences between the largest basis sets are small. The accuracy of the lowest orbitals 
iss fairly constant while for the highest bound orbitals, the accuracy of the different basis sets 
doess not improve either although it remains much worse than for lower orbitals. The former 
effectt is explained by the machine accuracy while the latter is due to the restriction to a finite 
box.. Comparing the data obtained using 75 and 100 basis functions, it is seen that the 9, 10, 
111 and 12s orbitals are improved while for the three highest orbitals the errors remain constant, 
evenn when the number of splines is increased again. This means that the 13, 14 and 15s orbitals 
aree probably squeezed by the infinite potential barrier and that they cannot be improved further 
withoutt increasing the size of the box. Physically, these pseudo-states represent the contribution 
fromm a finite band of Rydberg states (Cormier 1994). 

Inn the present case, the use of small basis for describing quasi-bound states is possible because 
off  the (much) smaller size of the box which is required compared to the example above since the 
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reductionn of the box size increases the density of J5-splines close to the nucleus. The reduction of 
thee box is motivated by the higher nuclear charge and by the need to describe accurately only 
thee lowest n orbitals. 

Forr the "continuum basis", the large number of basis functions, 141, combined with the 
quasi-linearr distribution is expected to extend the effective completeness of the basis to the 
wholee box (also see section 1.3.2.4, page 24). 

1.33 Theoretical approach 

Inn this section, details are given on the theoretical approach used to perform the calculations 
reportedd in this thesis. The method is based on the central-field approximation (cf. section 1.3.1) 
whichh allows to write a multi-electron wavefunction, called configuration state function (csf), in 
termss of single-electron orbitals. The orbitals are solution of the single-electron Schrödinger equa-
tionn and, depending on the potential, different types of orbital basis can be set up (cf. sections 
1.3.2.1,, 1.3.2.2 and 1.3.2.3). Because the real potential does not have the spherical symmetry of 
thee central-field, the real wavefunctions do not correspond to single csf's but to expansions of 
csf'ss (cf. section 1.3.3.1). The determination of this expansion involves the computation of the 
hamiltoniann matrix (cf. section 1.3.3.2) and the subsequent diagonalization of this matrix (cf. 
sectionn 1.3.4). When core-excited states are considered, the truncated diagonalization method, 
TDM,, is used to avoid unphysical effects due to the use of a discretized continuum (cf. section 
1.3.3.3).. Finally, in order to refine the accuracy of the present calculations, some corrections are 
addedd perturbatively (cf. section 1.3.5). 

1.3.11 Conf igura t ion s t a te funct ions 

Thee hamiltonian, H, representing a iV-electron system can be written as a sum of two operators 
representingg the one-body and the two-body contributions to the energy 

## = £>*  +XX- (1.8) 
ii  i<j 

wheree i and j run over all electrons in the systems. In a non-relativistic approach, H{j represents 
thee Coulomb repulsion but it can be divided in two regions, a potential, Vi: which represents the 
meann effect of the JV-1 other electrons on the ith electron and the rest. The new potential is a 
one-bodyy operator and can then be added to Hi and subtracted from H{j, defining thereby a new 
one-bodyy hamiltonian, H[, known as the central-field hamiltonian. The Schrödinger equation, 

N N 

X)f l i l *>=^|*> ,, (1.9) 
i i 

cann be solved and, if electrons could be distinguished, the wavefunction, $, could be factorized 
inn a product of one-electron functions, V>«, also called orbitals: 

$$ = 1>kM)1>k2(ri)„.1> kN{r N). (1.10) 

Inn equation 1.10, ki and r, represent, respectively, the set of quantum numbers associated with 
thee ith electron and its position. Because of the spherical symmetry of the central-field, the tp 
functionss which are solution of the single-electron Schrödinger equation, 

H'ityiH'ityi  >=  e,#j >, (1.11) ) 
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cann be factorized as 

l/>n/n.im.(r,M,ff)) = ^ ( 0 < ( M ) X m » (1-12) 

wheree Y t̂(6,<p) is a spherical harmonic, Xmt{o) a spin function and Pni(r)  the radial orbital 
(discussedd in more details in section 1.3.2, pages 19 to 24). 

Becausee electrons are fermions, the wavefunction representing the multi-electron system must 
bee antisymmetric with respect to the interchange of two electrons. One way to build such a 
functionn is to write it as a determinant called a Slater determinant (see for example Slater 1960) 

^i(i )) ... Mi)  iMJV) 

$$ = ^ = Vi(l ) ... 1>i(i)  ... MN)  (1.13) 

iM l )) ... 1>s(i)  ^N(N) 

VN\ VN\ 

I tt can be shown that only a particular linear combination of Slater determinants are eigenfunc-
tionss of the CSCO4. This new function represents a fully antisymmetrized wavefunction for a 
multi-electronn term and will be used in the rest of this work under the name of configuration 
statee function (csf). However, the use of angular algebra (Racah 1942, 1949, Judd 1963) allows 
too work directly with the linear combination of Slater determinants, the csf, instead of working 
withh each determinant individually. This reduces the size of the wavefunction expansion (a csf 
correspondingg to one or more determinants) and, therefore, the time and the memory needed 
too perform a calculation. 

1.3.22 Th e single-part icle problem 

Thee B-spline basis functions can be directly used for computing the hamiltonian matrix of multi-
electronn systems but it has been found to be easier to work with atomic orbitals, defined as an 
expansionn of B-splines. The main advantage lies in the fact that the lowest orbitals have a 
physicall  meaning while B-splines do not and it is therefore much easier to give an interpretation 
off  a wavefunction in terms of atomic orbitals instead of B-splines. The second advantage is that, 
ass shown in section 1.4.1 (page 34), the orbital basis retains the completeness property while 
thee orbitals have the additional advantage of being orthonormal. In addition, the boundary 
conditions,, which require that orbitals go to 0 when x = 0 and x = oo (i.e. at the end of the 
box),, are easily accomplished by omitting the first and the last B-splines when the orbital basis 
iss set up. 

Inn the three procedures described below, which are used to set up the orbital basis, the 
transformationn of the B-spline basis must be done separately for each value of / because of the 
angularr momentum dependence of the single-particle hamiltonian. 

1.3.2.11 Hydrogenic orbita l basis 

Thee single-particle hamiltonian for a system with N electrons is given, in a hydrogenic approx-
imationn (i.e. neglecting the repulsion between electrons), by 

44 Complete Set of Commuting Observables. 
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Thee single-electron Schrödinger equation, written as 

H\ipjH\ipj  >=  €j\x})j >, (1.15) 

cann be combined with the B-spline expansion of the atomic orbitals, 

\^i\^i >=Y^Cjji\Bi>, (1.16) 
t t 

where,, for simplicity, the index corresponding to the order of the spline is omitted5. The multi-
plicationn by < Bi\ gives 

Y.Y. cJ,iHi,i  = J2 ci. ' €i  5'.« (1-17) 
ii  i 

wheree H  ̂ =< Bi\H\Bi > and S^ =< Bi\B{ >. In matrix notation, equation 1.17 becomes a 
generalizedd eigenvalue problem, 

HeHe = eSc, (1.18) 

wheree ê  is defined as e,-<$y. 

1.3.2.22 Hartree-Fock orbita l basis 

Thee use of a HF basis set allows to work with orbitals having more physical significance which 
iss expected to improve the stability of the calculations. We use a frozen core HF approximation 
inn which the calculation of the expansion coefficients of the S-splinesis based on an approach 
similarr to that used in the hydrogenic case (see previous section) but the fact that orbitals 
aree required to be orthogonal to a precomputed function6, determined for example by a HF 
calculation,, makes the computation slightly more difficult (Bentley 1994). The hamiltonian used 
inn the single-electron Schrödinger equation is derived from the HF equation for the radial part, 
Pnt(r),Pnt(r), of a nl orbital 

( ^^ + 1{Z ~ y ( n / ' r ) ) " €"'-«' " l^TL^P-M = -rX{nUr) + Y,*ni,n>iPnn{r) (1-19) 
n' ' 

where e 
v(v( . ^ 1+(W,' Yk(n'l',n'l,r) , v 

W -- £ ^ V ^ ^ ^ (1.21) 
n'V#a*n'V#a* 9 n' <n'V\n'V> 

YYkk(nl,(nl, n'l\ r) = r dr^Pm^PM^). (1.22) 
 0 7*̂ . 

Thee qnt, ani>nn>ik and 6n(,n'f,fc coefficients are, respectively, the coefficients of the single-electron, 
directt and exchange integrals (see section 1.3.3.2, page 27, for the definition of the different 
integrals)) while r*. and r£+1 are, respectively, the kth and the (it + l)th power of the smaller and 
thee larger of the radius vectors (n, r2). When nl # n'l', the non-diagonal Lagrange multiplier, 
Cnt.nT,, ensures the orthogonality between Pnl and Pn>v (Landtman et al 1993) while, when 

'Thiss convention will be used in the rest of the thesis. 
Inn this section, a single-electron core is considered but the method can easily be extended to multi-electron 

and d 

cores. . 
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nlnl — n'l', tnl,ni corresponds to the single-particle energy associated with the nl orbital. The 
integrationn of the Yk(nl, n'l', r) function, which is required when calculating the matrix elements 
off  the hamiltonian, is discussed in section 1.3.3.2. 

Too solve the HF equation (1.19) in the presence of a frozen core, it is convenient to introduce 
Feshbachh projection operators to take care of the orthogonality requirements. In an orthonormal 
basis,, ^i,i=i v..,jv, the unknown, IP, and the frozen core orbital, ip, are defined respectively by 

N N 

i i 

and d 
N N 

|tff  >= J>*|&> (1.24) 
i i 

where e 
<< 4H\4>J >= 6ij, < xp\xp >=  1, < ¥|tf >= 1 and < *|V >= 0. (1.25) 

Byy defining two projection operators, P and Q (Feshbach 1958, 1962), so that 

PP + Q = l a n dP = | ^ > < ^ |, (1.26) 

thee Schrödinger equation can be separated in two components acting respectively in the P and 
thee Q spaces, 

{PHP{PHP + PHQ)\V >= eP|tf > (1.27) 

and d 
(QHQ(QHQ + QHP)\^>=eQ\^f>. (1.28) 

Equationss 1.27 and 1.28 have been derived using the properties of idempotence 

PPPP = \i}>  ><  tfity ><  i/;\  = \ij;  ><  ijj\  = P (1.29) 

QQQQ = {\- P)(l - P ) = 1 - P - P + P P = 1 -P = Q (1.30) 

andd orthogonality 
QPP = ( 1 - P )P = P - PP = 0 (1.31) 

off  the projection operators. If we now assume that the search for the solutions is restricted to 
thee Q space -i.e. 

Q|tff  >= | * >, (1.32) 

equationss 1.27 and 1.28 become, respectively, 

PHQ\V>=0PHQ\V>=0 (1.33) 

and d 
QH\*>=e\V>.QH\*>=e\V>.  (1.34) 

Thee latter equation can be written as 

QH\VQH\V >=  (1 - |^ >< ^|)tf |*  >= QHQ\<H >=  e|tf > . (1.35) 

Fromm a general point of view, the QHQ matrix has the following properties (Bentley 1994) 
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 It is a JV x N hermitian matrix which has N real eigenvalues and N mutually orthogonal 
eigenvectors. . 

 The eigenvalues associated with the core electrons are equal to zero and the corresponding 
eigenvectorss are the B-splineexpansions of the different \ip >. 

 The remaining eigenvectors are lying in the Q space. 

 The non-zero eigenvalues and corresponding eigenpairs are the same as those of QH. 

Thee use of B-splines, Bt,j=i. ,jv, involves non-orthogonalities between the basis functions. In this 
basis,, the matrix elements of the overlap matrix, 5, are expressed as 

SijSij =< Bi\Bj > (1.36) 

whilee the unknown and the constraining orbitals are given by 

JV V 

\$>='£\$>='£ ffaaii\B\Bii>>  (1.37) 
i i 

and d 
JV V 

\ip>=Y,*\Bi>-\ip>=Y,*\Bi>-  (1-38) 
t t 

Thee matrix notation of the Schrödinger equation is then similar to equation 1.18 

# aa = c5a (1.39) 

wheree a is the coefficient vector, (a,i,a2,...,aN)T, defined in equation 1.37. In the B-splinebasis, 
thee P and Q matrices are given by 

PP = SccTS = SCS (1.40) 

and d 

QQ = S-SCS (1.41) 

wheree c is the coefficient vector introduced in equation 1.38 and C is defined as c cr . As the 
relationss of idempotence (cf. equations 1.29 and 1.30) and orthogonality (cf. equation 1.31) 
aree not satisfied anymore, P and Q are no longer projectors (Bentley 1994). This problem is 
circumventedd by defining two new (non-hermitian) operators 

UU = CS (1.42) 

and d 

WW = 1 - CS (1.43) 

whichh are idempotent 
UUUU = (CS)(CS) = (CSC)S = CS = U (1.44) 

WWWW = (1 - C5)(l -CS) = 1-U-U + U = 1-U = W (1.45) 

andd orthogonal 
UWUW = CS(1 - CS) = CS- CSCS = 0. (1.46) 
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Thesee equations are based on the relation 

CSCCSC = c cr 5 c cT = ccT = C (1.47) 

derivedd from the orthogonality of ip, 

<< V # >= cTSc = 1. (1.48) 

Havingg introduced new orthogonal projection operators, similar relations to those obtained in 
thee case of an orthogonal basis can be derived. In the B-spline basis, equations 1.27 and 1.28 
become e 

(U(UTTHUHU + UTHW)c = tSUc (1.49) 

and d 
[W[WTTHWHW + WTHU)& = eSWa (1.50) 

andd since the vector a is lying in the W space, equation 1.50 can be rewritten 

WWTTHWB.HWB. = eSa (1.51) 

whichh is analogous to equation 1.35. 

1.3.2.33 The model-potential 

Thee influence of an electron core on the outer electrons of an atom can be modeled by a potential. 
Thiss provides a simple way to extend the 5-spline method to systems with two or three electrons 
outsidee a core which can consist of closed or open shell(s) (see for example van der Hart and 
Hansenn 1993, Chen 1996 and Hansen et al 1999). This semi-empirical approach in which the 
parameterss of the potential are determined by one or several fitting procedures can be made 
moree accurate than a HF representation of the core because part of the core-valence interactions 
cann be included (van der Hart and Hansen 1993). 

Whenn systems with valence electrons outside a Is2 core are considered, as done in chapter 6, 
thee following potential, 

r r 
introducedd by Bachau et al (1990), can be used in the single-electron problem for describing the 
effectt of the core on the outer electrons. The multi-electron problem is solved in a later step 
byy performing a configuration interaction (CI, cf. section 1.3.3.1, page 26) calculation which 
correspondss in that case to the inclusion of valence correlation. Such a potential has already 
beenn used successfully in the case of four-electron systems, for example by Bachau et al (1990) 
andd van der Hart and Hansen (1993). 

Inn chapter 2, energy levels, wavefunctions and transition probabilities are reported for neutral 
calciumm for which the ls22s22p63s23p6 core is described by a model-potential developed by 
Laughlinn (1992) and Laughlin and Hansen (1996). The potential, discussed in more detail in 
chapterr 2, is given by 

V{r)V{r)  = Vp(r) + V„ F(r) + Ut(r) (1.53) 

where e 

WW = - | ^ > - ^ t V . < £ ) . (1.54) 

Equationss 1.53 and 1.54 involve the direct electrostatic repulsion of the outer electron by the core 
(VHF)>> the interaction between the valence electron and the dipole and quadrupole moments it 
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Figuree 1.4: Unnormalized continuum wavefunctions corresponding to the 10(/l lowest eigenvalue 
off  hydrogen. The function has been computed using two different basis sets. The small basis 
sett consists of 22 5-splines distributed exponentially while the large one contains 141 functions 
quasi-linearlyy distributed (cf. text). The size of the box is 60 au. 
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inducess in the core (V>) and an empirical angular momentum dependent potential (£//) which is 
determinedd by fitting to the observed energy spectrum of Ca2+. The cut-off radius (rc) represents 
thee distance at which the polarization terms are cut off by the Wn(r) functions, Wn(r) = l - e_ r " , 
too account for the decrease in polarization when the outer (polarizing) electron penetrates into 
thee core. 

1.3.2.44 Discretized continuum states 

Thee orbitals corresponding to negative single-particle energies can be associated to bound elec-
tronss however the higher ones, called pseudo-orbitals, have partly lost their physical meaning 
becausee of the restriction of the space to a closed box. The lower negative orbitals are "fully 
contained""  in the box while the functions corresponding to higher n values start to feel the 
infinitee potential barrier, thereby being modified. The importance of the modifications can be 
estimatedd by comparing the orbital energies with the expected values (cf. section 1.2.3, page 16). 

Orbitalss corresponding to a positive energy are describing continuum states and these func-
tions,, just like the highest bound orbitals, feel the potential barrier. These "states" can be seen 
ass representing the contribution of a region of the continuum of width AE (Macias et al 1987). 
Thiss means that by including one discretized continuum state in a CI calculation, the effect of 
thee whole band is taken into account so that integration over the continuum is reduced to a 
discretee finite summation (Landtman and Hansen 1993). Nevertheless, for computing proper-
tiess like Auger decay rates (cf. section 1.5.2, page 39), matrix elements involving a particular 
continuumm state are required and it is therefore convenient to work with a normalized function, 

TT 1 r 
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Figuree 1.5: Normalized continuum wavefunctions corresponding to the 10"*  lowest eigenvalue 
off  hydrogen. The function has been computed using two different basis sets. The small basis 
sett consists of 22 5-splines distributed exponentially while the large one contains 141 functions 
quasi-linearlyy distributed (cf. text). The size of the box is 60 au. 
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Thee normalization coefficient of the continuum orbital, *£;, obtained in the diagonalization 
andd associated with a band of energies can be derived from the procedure proposed by Landau 
andd Lifchitz (1960) and is given by 

dE'(x) dE'(x) 
dx dx 

(1.55) ) 

Inn equation 1.55, E'(x) represents a continuous function fitting the discretized energy spectrum 
inn x = i, i = 1,..., N (N being the size of the orbital basis). The derivative can be computed by 
makingg a Taylor expansion of order 3 in x = i — 1 and x = i + 1. 

Ei+iEi+i  = E{ + 

Ei-iEi-i  = Ei — 

dE'(x) dE'(x) 
dx dx 

dE'(x) dE'(x) 
dx dx + + 

11 d2E'(x) 
22 dx2 

11 d2E'{x) 
dxdx2 2 

11 d3E'(x) 
66 dx3 

11 d3E'{x) 
66 9a;3 

(1.56) ) 

(1.57) ) 

Thee expression for the derivative of the energy with respect to x is obtained by subtracting 
equationn 1.57 from equation 1.56. 

dE' dE' 
dx dx 

Ei+iEi+i  — Ei. 11 d3E'{x) 
66 dx3 

Ei+i Ei+i 
(1.58) ) 
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Inn figures 1.4 and 1.5, the unnormalized and normalized wavefunctions of the 10tA lowest 
hydrogenicc s orbital, labeled pseudo-10s and corresponding to a positive energy, are plotted for 
thee two B-spline basis used to describe quasi-bound and continuum states. The basis set labeled 
"small""  consists of 22 B-splines of order 7 distributed exponentially over a box of size 60 au while 
thee basis set labeled "large" contains 141 basis functions. 21 are exponentially distributed over 
thee first 2 au while the remaining 120 functions are linearly distributed over the rest of the box. 
Thee size of the box and the order of the functions are identical to those used in the definition 
off  the "small" basis. It is seen from picture 1.5 that the two normalized orbitals are very close 
overr the 15 first au and that the difference becomes larger further out in the box. This example 
illustratess the effective completeness of small 5-splinebasis (cf. section 1.2.3, page 16). In the 
presentt case, respectively, 100.00, 99.80 and 99.91 % of the Is, 2s and 2p orbitals are contained 
inn the 15 first au of the box which means that, for each of these three orbitals, the interactions 
withh the two different pseudo-10s are expected to be very close. For higher bound orbitals, for 
examplee n = 3, the percentage contained in the first 15 au is reduced to 63.15, 71.85 and 86.98 
forr I = 0, 1 and 2 respectively but if the first 20 au are considered instead, the two pseudo-10s 
functionss are still very similar between 15 and 20 au, the respective percentages go up to 91.75, 
94.333 and 97.87. 

Thee good agreement between the minima and the maxima of the two normalized wavefunc-
tions,, in the present example, illustrates that the normalization coefficient is well approximated 
byy equation 1.58. Figure 1.4 also shows the wavefunctions before normalization and it is seen 
thatt for the first maxima and minima, the differences are close to 50 %. This comes about be-
causee the two pseudo-10s represent continuum bands of different width, respectively, 0.06 and 
0.0255 au for the small and the large basis. The error in equation 1.58 is of course smaller for the 
largee basis with the smaller continuum width which explains our preference for this basis when 
continuumm properties are sought. 

1.3.33 Th e mult i -e lectron hami l ton ian matr i x 

1.3.3.11 Configuration interaction method 

Inn section 1.3.1 (page 18), the multi-electron wavefunction of an atom was introduced in the 
central-fieldd approximation. The actual field that the electrons feel does not have the spherical 
symmetryy of the central-field and therefore a csf only represents an approximation to the real 
wavefunction. . 

Inn the CI approach used in the present work, the "non-spherical" wavefunction, $, is ex-
pressedd as an expansion over csf's, <f>, 

**  = J>&. (1.59) 

Byy requiring $ to be normalized and the energy to be stationary with respect to small variations 
off  the expansion coefficients, the solution to the Schrodinger equation, 

tf|*>=£|*>,tf|*>=£|*>, (1.60) 

cann be found by solving the eigenvector problem for the hamiltonian matrix, 

(H-E)c(H-E)c = 0. (1.61) 

Thee eigenvalues, E, are the energies of the different atomic states for a given LS symmetry while 
thee eigenvectors represent the expansion coefficients defined in equation 1.59. H represents the 
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non-relativisticc hamiltonian of a iV-electron system, 

<3 <3 

Inn equation 1.62, Z is the charge of the nucleus, r*  the distance between the ith electron and the 
nucleuss and r^ the distance between the ith and j t h electron. This non-relativistic hamiltonian 
leadss to LS coupling which means that L and S are good quantum numbers. 

Inn equation 1.59, the csf's forms an orthonormal basis and, therefore, the accuracy of the 
wavefunctionss will depend on the completeness of the basis. The accuracy of CI calculations is 
thenn dependent on the number of csf's included in the expansion but it depends also on the nature 
off  the orbital basis which can have a large influence on the convergence of the wavefunctions. 

1.3.3.22 Calculation of hamiltonian matri x elements 

Thee calculation of hamiltonian matrix elements is simplified when the Coulomb repulsion is 
expandedd in terms of spherical harmonics 

11 °° ' 4TT r1 

-- = E E ^ x ï ^ F n 0 i ^ i ) * r * ( 0 2 > 2 ) . (1.63) 

Thee matrix element, i /^ , can then be written as a sum of integrals 

HHijij  = '52aa,cL(alc)+ £ Pa,b,c,d,kR\a,b,c,d) ( 1 6 4 ) 
o,cc a,b,c,d,k 

inn which the coefficients (a and /?) are determined by the integration of the angular part of 
thee orbitals, using Racah algebra (Racah 1942, 1949, Judd 1963), while Slater integrals (Rk) 
andd single-electron integrals (L) represent the contribution due to the radial part, P„i(r),  of 
thee atomic orbitals. In equation 1.64, the sums over a and b run over the electrons in the ith 

configuration,, the sum over c and d run over the electrons in the j t h configuration and the sum 
overr k runs from 0 to K where K is defined as the maximum of (la + /&, lc + l<t). 

Thee L and Rk integrals are defined as (Proese Fischer 1977) 

and d 
rooroo roc rk 

%P*)=// / drid^^Pn^P^MP^irOP^ri). (1.66) 
JQJQ JQ T^ 

Whenn i = p and j = g, the Slater integral is called a direct integral, 

whilee when i = q and p — j , the integral is called an exchange integral, 

Thee Fk integrals are present in the classical interaction between the two charge distributions 
whilee the Gk integrals are due to the indistinguishability of the electrons and is a quantum effect. 
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Becausee the Rk integrals involve a double integration, it is useful to redefine them as 

RRkM)kM) = J0 -Yk{njh,nqlq,r)Pnili (r)Pnplp(r)dr (1.69) 

wheree the Yk function, introduced in a previous section (see equation 1.22, page 20), can also 
bee written as 

YYkk((njnj lj,nlj,n qqll qq,r),r) = j f (^j  Pn.,.(t)Pnqlq(t)dt + ƒ°° ( 0 Pnjl.(t)Pnql9(t)dt. (1.70) 

1.3.3.33 Core-excited states 

Whenn highly-excited systems like for example ZlZVnl" terms with n > 3 are studied, it is con-
venientt to leave out all open-channels built on ionization limits located below the excited state. 
Suchh an approach, based on Feshbach theory (Feshbach 1958, 1962), prevents any acciden-
tall  (near-) degeneracy between excited (autoionizing) states and discretized continuum states 
whichh would lead to unphysical energy shifts. 

Inn the so-called Feshbach formalism, the wavefunction of an autoionizing state, \t, can be 
writtenn as a sum of two components Q^t and P^l representing respectively the closed and the 
open-channelss (Macias et al 1987), 

| * > = Q |$$ > + P | $ >. (1.71) 

QQ and P are two projection operators, the latter one having the property that Pty and ^ have 
thee same asymptotic behaviour i.e. l im,.-^ Ptf = \I>. In the example of the 3131'nl" states, Q, 
definedd by 1 — P, is given by 

QQ = qmqs (1-72) 

where e 

ftft  = 1 - IM« ) >< M O I ~ 1^2.(0 >< <hs(i)\ - Y, ltep«i(0 >< ^2Pmf(0l- (1-73) 
m(= - l , l l 

Equationss 1.72 and 1.73 mean that the Q operator projects the total hamiltonian onto a space 
wheree no Is, 2s and 2p electrons are present. Once the projection operators have been de-
fined,, a development similar to these presented in section 1.3.2.2 (page 20) can be applied to 
thee multi-electron case and the restriction of the problem to the Q space (i.e. the use of the 
QHQQHQ hamiltonian), in which all open-channels have been left out, is analogous to equation 1.35 
(pagee 21). 

Whenn three-electron systems are considered, the Q operator represents a zero-order approx-
imation.. This can for example be illustrated by the 2s3pe£ open-channel. The definition of the 
QQ and the P operators by equations 1.72 and 1.73 restricts the correlation in the P space to 
thee (lsn/)e ,̂ (2sn/)e£ and (2pnl)e£ series and, therefore, the additional contributions, coming for 
examplee from (3sn/)ĉ  terms with n > 3, are neglected. The neglect of first-order corrections in 
thee description of the target states is a complicating feature for three-electron systems while for 
two-electronn systems the target states are hydrogenic and, in that case, the P operator does not 
changee the asymptotic behaviour of the wavefunction. 

Itt is important to notice that the neglect of the interactions between the P and Q spaces, 
evenn if the interactions are included in a later step of the calculation, using perturbation theory 
(seee equation 1.86, page 33), involves that the calculations become basis dependent. 
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1.3.3.44 Going from 2 to 3 electrons 

Inn order to perform the calculations presented in this work, B-spline algorithms have been written 
too extend the B-spline method to three-electron systems. For this purpose, several subroutines 
off  the "two-electron" programs written by van der Hart during his Ph.D. thesis (van der Hart 
1994)) have been used either directly or as source of inspiration. The addition of a third electron 
involvess several complications in the calculations. Examples are the computation of angular 
coefficientss associated with the Rk and L integrals and the determination of the Q operator in 
thee Feshbach theory, as just mentioned. However, technically, the main problem lies in the size 
off  the hamiltonian matrix which increases so fast that the inclusion of full correlation, possible 
forr two-electron systems, is not possible anymore even when the number of basis functions is 
keptt to a minimum, 22 in the present case (cf. section 1.2.2.3, page 16). 

Tablee 1.2: Sizes of the hamiltonian matrix for different 5-spline basis using a full CI approach7. 
Thee first column refers to the different symmetries while the last one, headed "Nber", refers to 
thee number of coupling schemes (cf. table 1.3) included in the calculation of the different series. 

Numberr of basis functions 
LS LS 
Jge e 
ige e 

lpo o 

3po o 

3De e 

lDe e 

4go o 

2go o 

4ge e 

4pe e 

4po o 

2ge e 

4Do o 

4pe e 

2pe e 

2po o 

2Do o 

2De e 

15 5 
420 0 
480 0 
675 5 
675 5 
765 5 
810 0 
6080 0 
11245 5 
12160 0 
22500 0 
22950 0 
25865 5 
31250 0 
35770 0 
43875 5 
43875 5 
61855 5 
73130 0 

20 0 
760 0 
840 0 
1200 0 
1200 0 
1370 0 
1430 0 
14140 0 
26660 0 
29280 0 
53000 0 
54800 0 
61320 0 
73900 0 
85260 0 
104000 0 
104000 0 
146640 0 
173340 0 

22 2 
924 4 
1012 2 
1452 2 
1452 2 
1661 1 
1727 7 
18722 2 
35486 6 
39138 8 
70422 2 
73084 4 
81620 0 
98296 6 
113652 2 
138424 4 
138424 4 
195184 4 
230714 4 

25 5 
1200 0 
1300 0 
1875 5 
1875 5 
2150 0 
2225 5 
27300 0 
52075 5 
57725 5 
103125 5 
107500 0 
119775 5 
144125 5 
167075 5 
203125 5 
203125 5 
286425 5 
338550 0 

30 0 
1740 0 
1860 0 
2700 0 
2700 0 
3105 5 
3195 5 
46810 0 
89990 0 
100370 0 
177750 0 
186300 0 
206980 0 
248800 0 
289340 0 
351000 0 
351000 0 
494960 0 
585010 0 

Nber r 
4 4 
4 4 
3 3 
3 3 
5 5 
5 5 
5 5 
8 8 
8 8 
14 4 
16 6 
16 6 
21 1 
21 1 
27 7 
27 7 
43 3 
44 4 

Thee explosion of the matrix size is illustrated in table 1.2 where the number of csf's7 is listed 
forr different LS symmetries involving two or three electrons and including angular momenta up 
too / = 3. A detailed list of the coupling schemes involved in the the calculations for the different 
symmetriess reported in table 1.2 is given in table 1.3. 

Thee large difference between two and three-electron systems is exemplified by comparing the 
1P°° and 2P° symmetries. In the former case, 3 different coupling schemes with non-equivalent 
electronss are involved and therefore the size of the matrix is given by 3 x 22 x 22 = 1452. For the 
2P°° symmetry, the number of coupling schemes is increased by a factor of 9 while the addition 
off  the third electron adds another factor 22. The Pauli principle reduces the multiplying factor 

Inn this case, a full CI approach is considered which means that all states that can be constructed from the 
basiss states are included in the CI expansions. 
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slightlyy but, nevertheless, nearly 140000 csf's are involved in a full CI treatment, which is about 
aa factor of 100 larger than for the 1P° states. 

Becausee all non-zero matrix elements, which represent about 15 % of the total number of 
matrixx elements, are kept in memory, the maximal size of the hamiltonian matrix is limited 
too about 30000 when a Sun Ultra 1 workstation is used which means that, in the case of the 
2P°° series, at least 80 % of the csf's must be neglected. Therefore a selection, based on the 
diagonalizationn of a small hamiltonian, is made to insure that the most important configurations 
aree contained in the CI expansion. This selection process is an important difference between 
two-- and three-electron calculations because, similarly to the arbitrariness in the definition of 
thee P and Q spaces in the Feshbach formalism (cf. previous section), it makes final results basis 
dependent. . 

Thee selection procedure is based on the diagonalization of a hamiltonian built on a restricted 
orbitall  basis including the lowest n orbitals for each angular momentum. The 150 configurations 
withh the largest contributions to the wavefunctions associated with the 10 lowest eigenvalues 
aree selected as references. Then, the interactions between the references and all allowed csf's are 
computed.. For each csf, the largest absolute value is stored and these values are used to make 
thee selection. This means in practice that, in the case of  2P° states, for each of the 140000 csf's 
(cf.. table 1.2), the interactions with the 150 references are computed and the maximum absolute 
valuee is stored for each csf. The selection consists then in sorting the array (of size 140000) 
containingg the maximum values and picking up the csf's associated with the largest values, the 
totall  number of csf's being chosen by the user. 

1.3.44 Diagonal izat ion of t h e hami l ton ian 

Ass discussed in previous section, one of the major problems when computing properties of atoms 
andd ions using CI methods is the size of the hamiltonian matrix which grows very quickly with 
thee number of electrons. If the maximum size of the hamiltonian matrix that can be handled 
dependss on the storage capacity of the computer, the diagonalization of the matrix can be 
speededd up by appropriate procedures. 

1.3.4.11 Davidson diagonalization scheme 

Becausee most of the eigenvalues are unphysical i.e. corresponding to or strongly perturbed by 
discretizedd continuum states, we are only interested in computing the lowest eigenpairs of the 
QHQQHQ matrix. Therefore an algorithm like the iterative Davidson scheme (Davidson 1975) is 
usefull  since it provides a fast way for computing a few selected energies and wavefunctions of 
aa large matrix. The procedure used in the present work is a version (van der Hart 1994) of the 
"standard""  Davidson scheme for which the main steps are repeated here while a more complete 
descriptionn is given for example by Stathopoulos and Froese Fischer (1994) 

•• For computing the M lowest eigenpairs of the hamiltonian matrix8, JJN*N, an initial 
estimatee for the eigenvectors, VNxP, is first chosen and P is set equal to M. 

•• The following matrices are set up 

SS = VTHV and D = HV = dud2,...,dP, (1.74) 

wheree rfj stands for the iih column of the matrix D. 

Thee index of the matrix corresponds to its dimensions. 
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Thenn the following steps are repeated until convergence is achieved. 

1.. Solve the eigenproblem 

SCSC = CU (1.75) 

wheree C and U correspond, respectively, to the eigenvector and the eigenvalue matrix. 

2.. For the M eigenvectors, compute the residue | |F | | where 

FF = [H.vIpi I)vi  (1.76) 

andd Vi is the ith column of the V matrix. 

3.. Target the eigenvector, c, with the highest residue and check its convergence. 

4.. Compute 
RR = (H' -uI)-l{Dc-uVc) (1.77) 

wheree H' is a square matrix containing the diagonal elements of H, I is the identity matrix 
andd u is the eigenvalue associated with the eigenvector c. 

5.. Orthogonalize 

<ew<ew = R-Y.vivTR- (L78) 
i i 

6.. Normalize 

*~ - i f e i f .. (1.79, 
7.. Compute 

dnewdnew = Hvnew. (1-80) 

8.. Include vnew in V, dnew in D and increase P. 

9.. Evaluate the new column of S 

SiSiyypp = vfdP, i = l , . . . ,P. (1.81) 

Inn the version used for the present work, the M lowest vectors are improved at each iteration, 
makingg the convergence faster. 

Thee requirement, in the first step, of having a good initial guess for the eigenvectors is of 
cruciall importance when large matrices are diagonalized. In the case of two-electron systems, 
itt is easy to specify a good approximation to the initial V matrix by taking the unit vectors 
associatedd with the M lowest diagonal values of the hamiltonian. In the case of three-electron 
systemss and especially in the case of highly-excited states, such a choice can lead to convergence 
problems.. Therefore, the initial estimates are taken from the diagonalization of the hamiltonian 
usedd for the selection procedure (cf. section 1.3.3.4, page 29). 

Thee Davidson method allows to diagonalize matrices up to 30000x30000 but the computation 
timee is considerable (about 20 hours). Therefore, in the present work, the maximum size of the 
matrixx has been restricted to 20000 or less which allows to set up and diagonalize the matrix in 
lesss than 12 hours on a Sun Ultra 1 workstation. 



1.33 Theoretical approach 33 3 

1.3.4.22 Limitatio n of the Davidson scheme 

Inn full CI calculations, the exponential relation between the number of electrons and the size 
off the hamiltonian matrix involves that, even with today computers, this approach becomes 
unmanageablee for all but the smallest systems. Therefore approximations must be introduced. 
Onee possibility is to include only valence correlation (see for example Vaeck et al 1988, 1991). 
However,, when core-excited states are studied, this technique is of limited use and, for example, 
ann accurate description of the ls2/n/' 2S e states in Li often requires very large matrices when 
aa CI technique is used (cf. chapter 5). In section 1.3.4.1, the iterative Davidson diagonalization 
schemee (Davidson 1975) was introduced as a solution to this problem but this technique, which 
providess a limited number of eigenvalues and eigenvectors, is still time consuming although 
muchh faster than a full diagonalization. Therefore it is interesting to consider other methods 
thatt potentially could be as accurate but faster. In chapter 3, such a method, the singular value 
decomposition,, is introduced and a comparison with the Davidson method is made. 

1.3.55 Per turbat iv e correct ions 

1.3.5.11 Energy shift 

Thee neglect of the interactions between the P and Q subspaces defined in the Feshbach theory (cf. 
sectionn 1.3.3.3, page 28) involves that some interactions which may be important (as explained 
inn more detail in section 1.4.2, page 36) are neglected. From the definition of the projection 
operators,, the wavefunction of an autoionizing state, \I>, can be written as 

| ** > = Q|$ > + P | # > . (1.82) 

Therefore,, the restriction to a solution lying in the Q subspace means that the condition defined 
byy equation 1.32 (page 21) must be satisfied: 

Q\$>=Q\$>=  QQ\V> + Q P | t f > (1.83) 

== Q | * > + 0 (1.84) 

== | * > . (1.85) 

However,, in many cases, the two subspaces are interacting with each other which has some 
influencee on both the energy and the decay rate of the resonance state. The effect on the energy 
iss discussed in the present section while the effect on the decay mechanism is introduced later 
(cf.. section 1.5.2, page 39). 

Maciass and Riera (1988) have shown that, by manipulating equations 1.27 and 1.28 (page 21), 
thee energy shift of the resonance state, V, due to the interaction between the P and the Q 
subspacess can be approximated by 

A ££ . g i < *m>„>  p + p ^ ( g ) i < m^> i v (186) 

Thee first term in the correction is a sum of the individual contributions from all (iVj,) bound 
states,, ipM, belonging to the open-channels while the second part represents the interaction with 
thee discretized continuum states, ^c , associated with the same open-channels. The density of 
states,, p{E), has already been introduced in the normalization factor of the continuum orbitals 
(cf.. section 1.3.2.4, page 24) and is given by 

p(Ep(Enn)) = ?——. (1.87) 
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Inn equation 1.86, p stands for the Cauchy principal value9 of the integral while Er, EN and E are 
thee energies corresponding respectively to * , rpN and Vc- In the present work, the energy shift 
iss computed for each open-channel independently, neglecting the interactions between them. 

Sincee we are working with a discretized continuum, the value of the integral in equation 1.86 
iss approximated by a straight line between consecutive energies, starting at the highest pseudo-
boundd state and ending with the highest continuum state. On each interval, the contribution 
fromm the continuum states to the integral is evaluated analytically using this approximation. 

1.3.5.22 Relativistic corrections 

Inn order to perform accurate calculations, it is often necessary to include relativistic effects. 
Inn a LS approximation, the largest contributions are expected to be the Darwin and the mass 
correctionn terms which are defined by 

HH",", = -^-^nh (1.88) 
ii  ' 

HDHD 22 = -~Z^(^)  (1.89) 

and d 
aa2 2 

HHmassmass = --g-YlVi (1-90) 

wheree the summations run over the number of electrons (Glass and Hibbert 1976). Equations 1.88 
andd 1.89 represent a relativistic correction to the potential energy while equation 1.90 describes 
thee mass correction to the kinetic energy. Here, the relativistic corrections are computed after 
diagonalizationn of the hamiltonian matrix, using perturbation theory. This approach is similar 
too that used in other works as for example by Chung and coworkers (see for example Davis and 
Chungg 1984a and Chung 1998). 

1.44 Influence of the basis 

1.4.11 Comp l e t ene s s of t h e o r b i t a l bas is 

Inn section 1.2.3 (page 16), the concept of effective completeness has been introduced for the B-
splinee basis and it was mentioned that the B-spline functions were used to set up an orbital basis. 
Becausee it is the latter basis which is used to perform CI calculations, it is interesting to study 
itss completeness by investigating the basis dependence of the 5-spline method. For this purpose, 
threee sets of data have been computed using different orbital basis, all three built from a same 
S-splinee basis, containing 22 functions of order 7 exponentially distributed over a box of 80 au, 
andd linked together by unitary transformations. If the different basis sets are complete, the three 
calculationss should give exactly the same energies. In order to avoid errors other than those due 
too the eventual lack of completeness, the lowest lsns 1S e states of Be III10 were chosen for study 
becausee the use of a two-electron system allows to include the full correlation in the hamiltonian 

"Thee (Cauchy) principal value of the integral from a to b of a function ƒ, where ƒ is discontinuous only at 

cc (with a < c < 6) is deBned by: p ft f{x)dx = lim«_x,+[/0
<:~' f(x)dx + ft+f f(x)dx]. If a = -co and b = oo, 

thee principal value of the integral is given by p / ^ f{x)dx = lim„_„ lirn,-»o+[/!~' f(x)dx + J" f(x)dx]. This 

proceduree can be adapted to the case of several discontinuities. " 
Thee choice of the beryllium ion is purely arbitrary. 
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Tablee 1.4: Energies (in au) computed for the lowest members of the 1S e series in Be III. Data are 
reportedd for three different basis (2nd, 3 r d and 4th columns) which correspond respectively to a 
hydrogenicc and two different HF basis (cf. text). In addition, the values of several F° integrals 
aree listed together with the largest coefficients of the wavefunction associated with the lslOs 
term. . 

xS ee state 
l s a a 

ls2s s 
ls3s s 
ls4s s 
ls5s s 
ls6s s 
ls7s s 
ls8s s 
ls9s s 
lslOs s 

Hydrogenic c 
-13.6548528 8 
-9.1847824 4 
-8.5172854 4 
-8.2884810 0 
-8.1836764 4 
-8.1270935 5 
-8.0930802 2 
-8.0709608 8 
-8.0556270 0 
-8.0443086 6 

HF F 
Iss core 

-13.6548525 5 
-9.1847826 6 
-8.5172856 6 
-8.2884812 2 
-8.1836766 6 
-8.1270936 6 
-8.0930804 4 
-8.0709610 0 
-8.0556271 1 
-8.0443087 7 

Valuee of different F integrals 

F°(ls,ls) ) 
F°(2s,2s) ) 
F°(4s,4s) ) 

2.500000 0 
0.601562 2 
0.149069 9 

2.277068 8 
0.509855 5 
0.118355 5 

Wavefunctionn composition for the lslOs 

ls6s s 
ls7s s 
ls8s s 
ls9s s 
lslOs s 
l s l l s s 
lsl2s s 
lsl4s s 
2sl0s s 

-0.1019 9 
-0.1208 8 
-0.1222 2 

0.9525 5 
-0.1595 5 

0.9913 3 
-0.0565 5 

0.0562 2 

2s** core 
-13.6548528 8 
-9.1847824 4 
-8.5172854 4 
-8.2884810 0 
-8.1836764 4 
-8.1270935 5 
-8.0930802 2 
-8.0709608 8 
-8.0556270 0 
-8.0443086 6 

2.490552 2 
0.552727 7 
0.097719 9 

state e 

-0.1531 1 
0.8935 5 

-0.3205 5 
0.1952 2 

-0.1524 4 

matrixx while the restriction to the Rydberg series associated with the ground state avoids the 
approximationss coming from the truncated diagonalization method (cf. section 1.3.3.3, page 28). 

Resultss are listed in table 1.4, in which the energy levels obtained using a hydrogenic basis 
aree reported in the second column while in the third and fourth columns, the energies listed 
weree obtained using two different HF basis sets. In the first case, the orbital basis was computed 
outsidee a Is frozen core (the Is being optimized on Is2 1Se) while in the second case, atomic 
orbitalss have been set up on a frozen 2s2 core from a HF calculation, which involves that the Is 
iss a correlation orbital in this basis. 

Thee agreement between the three sets of energies is gratifying (the order of magnitude for the 
deviationss is 10 - 7 au) when the differences in the orbital basis are kept in mind. The differences 
betweenn the three basis sets are illustrated, for the lowest orbitals, by the differences in the 
valuesvalues of the F° integrals and, for the higher orbitals, by the differences in the composition of the 
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eigenvectorr of the lslOs state (cf. table 1.4). Considering the amplitude of the mixing coefficients 
reportedd in table 1.4, it is seen that the (most) physical 10s, optimized outside a Is core, 
correspondss to a hydrogenic l i s and to a mixing between the 9s and the l i s in the "2s2 basis" 
whichh illustrates the basis dependence of the labeling process. The perfect agreement between 
thee energies shows that all three orbital basis sets are complete enough even for describing high 
Rydbergg states. 

1.4.22 Basis dependence of the calculations 

Ass already mentioned, the introduction of the truncated diagonalization method, TDM, destroys 
onn its own the completeness of the basis. For example, in the case of the (ls2s 1,3S)ns 2S e series 
inn Li, the use of the TDM involves that the ls2ns/es open-channel is removed from the matrix, 
wheree ns/es indicates the bound/continuum states associated with the Is2 1S e limit in Li II. Of 
thee two different ls2sns series, the (ls2s lS )ns 2S e series has the largest interactions with ls2ns 
See and this difference between the two series is very important for the quality of the results. 

Inn a HF approximation, the interaction ls2ns 2S e <-> (ls2s1S)ns 2S e is zero due to Brillouin's 
theoremm (Brillouin 1932, Bauche and Klapisch 1972) but in a hydrogenic approximation, the 
interactionn is very large and it must be taken into account, for example by use of perturbation 
theory.. Table 1.5 shows the results for both hydrogenic and HF basis functions. The table gives 
thee result of the truncated diagonalization, column "TDM", the shift, column "Shift", due to 
thee Is ns/es 2Se bound and continuum states, as well as the corrected energy, column "Final", 
correspondingg to the sum of "TDM" and "Shift" for the two different basis sets. The most 
obviouss difference is clearly connected with the size of the shift which is much larger for the 
hydrogenicc than for the HF basis. Since the shift is obtained using perturbation theory, the 
valuee of the shift can be expected to be more reliable the smaller it is. In the present case, the 
sizee of the shift clearly indicates that second-order perturbation theory is of doubtful value in 
aa hydrogenic basis. For the lowest 2S e term, ls(2s21S), the shift, 0.29 eV, reflects the size of 
thee ls22s o ls2s2 matrix element in a hydrogenic basis. In the calculation using the HF basis, 
thee shift is much smaller although not zero as expected from the Brillouin theorem. The reason 
iss that the HF basis is built on a frozen Is2 core while Brillouin's theorem applies in the case 
off a relaxed core. However, the size of the shift clearly shows the improvement obtained by use 
off the HF basis. The disadvantage of the HF basis is that single-particle matrix elements of 

Tablee 1.5: Results for the lowest ls2/n/' 2S e terms in Li using hydrogenic and HF basis functions, 
thee latter built outside a Is2 core. For both basis sets, the size of the CI matrix has been fixed 
too 15000 x 15000. 

2See term 
ls2sz z 

(ls2s3S)3s s 
(ls2s3S)4s s 
ls(2p21S) ) 
(ls2s1S)3s s 
(ls2s3S)5s s 
(ls2s3S)6s s 

Hydrogenic c 
TDM M 
56.172 2 
61.962 2 
63.175 5 
63.366 6 
63.058 8 
63.727 7 
63.996 6 

Shift t 
0.288 8 
0.055 5 
0.027 7 
0.045 5 
0.578 8 
0.010 0 
0.005 5 

Final l 
56.460 0 
62.017 7 
63.194 4 
63.403 3 
63.670 0 
63.738 8 
64.004 4 

TDM M 
56.397 7 
62.007 7 
63.172 2 
63.355 5 
63.586 6 
63.738 8 
63.970 0 

HF F 
Shift t 
0.014 4 
0.004 4 
0.003 3 
0.000 0 
0.003 3 
0.000 0 
0.000 0 

Final l 
56.407 7 
62.010 0 
63.173 3 
63.355 5 
63.588 8 
63.739 9 
63.970 0 

Experiment0 0 

61.992 2 
63.135 5 
63.313 3 
63.462 2 
63.735 5 
63.935 5 

00 Mcllrath and Lucatorto (1977). The error is estimated to be lower than 10 meV. 
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thee hamiltonian axe not identically zero as for a hydrogenic basis and the calculation of the HF 
matrixx elements is therefore more time consuming than for the hydrogenic basis. 

Thee advantage of the HF basis is even more important for the higher terms which are located 
closerr together and therefore are more sensitive to small shifts in energy. In this case, the lowest 
termss going to the ls2s 1S e limit are embedded in the (ls2s3S)ns series going to the ls2s 3S e 

limit.. Also perturbers, such as ls(2p2 *S) 2S e , are mixed into the (ls2s3S )ns series. In fact, we 
findfind that, from the third term, these three components are mixed together very strongly and, 
inn particular, the naming of the third and fourth term is not unambiguous. In this situation, 
itt is particularly important that second order corrections are small. In the table, the terms are 
arrangedd in the order of the corrected energies. It is seen that the ordering of the hydrogenic 
"TDM"" energies deviates from the final one. The problem is observed for the state with the 
labell (ls2s1S)3s, i.e. the second state in the series going to the ls2s 1S e limit and interacting 
directlyy with ls2ns. In fact this interaction is so large that the term is moved from third to fifth 
placee in the series. In such a situation, if the state interacts with its neighbours, the effects of 
movingg it "across" others can lead to large errors in a calculation based on perturbation theory 
ass indeed is found in this case. The lowest term, ls2s2 2S e is also considerably perturbed but 
thiss term is located well below the next 2S e term and the wavefunction is only slightly modified 
soo the accuracy of the calculated energy is higher. 

Byy comparing with the experimental results reported by Mcllrath and Lucatorto (1977), 
itt is seen that the errors in the B-spline calculation are reduced when a HF basis is used but, 
nevertheless,, even in that case the errors are still large, especially for the (ls2s1S)3s 2S e state. 
Thee singly-core excited states of Li will be studied in more detail in chapter 5 where it will 
bee shown that the accuracy of the B-spline calculations can be improved by chosing a more 
appropriatee basis and that the assignment of the energy level at 63.462 eV used here, which is 
duee to Mcllrath and Lucatorto (1977), is doubtful. 

1.55 Decay processes 

1.5.11 Transi t io n probabil i t y 

Followingg Bohr's atomic model (introduced in section 1.1, page 10), emission of light (either 
spontaneouss or stimulated) takes place when there is a transition from a state of higher to a 
statee of lower energy while, likewise, absorption occurs by a transition in the opposite direction 
caused,, as stimulated emission, by the interaction between the atom and the radiation field. The 
transitionn is characterized by the energy of the absorbed (or emitted) light. 

Inn 1917, Einstein (1917) introduced a phenomenological explanation based on the argument 
off detailed balancing according to which, in statistical equilibrium, the rates of absorption and 
emissionn are equal. This argument can give the relation between the emission and absorption 
probabilitiess but the introduction of the vector potential representing the electromagnetic field 
iss needed to obtain further information. In first approximation, the probability of spontaneous 
emissionn (equation 1.91) from an excited to a lower state, respectively â and $6, depends on 
thee dipole moment matrix element (see for example Woodgate 1992), 

*-isji&x*!! ?-»'••>p' (191) 

whilee the probability of absorption can be derived from equation 1.91 using Einstein's relations. 
Inn that case, the dependence on the dipole matrix element is the same as for spontaneous 
emissionn but, in addition, the absorption probability also depends on the radiation field. 
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Thee nature of the single-particle operator describing dipole transitions, r, involves that the 
initiall and the final states must obey several conditions. 

•• A matrix element is different from zero only if the sum of the parities of the two states 
involvedd (o and b in the present case) and the operator is even. This means that, because r 
hass odd parity, the initial and the final states in the transition must have different parity. 

•• Because r  is a one-body operator of rank 1, the change in configuration occuring in dipole 
transitionss is limited to the nl value of only one electron and the change in / is restricted to 

 1. Nevertheless, the inclusion of correlation means that apparent two-electron transition 
cann occur via indirect interactions. 

•• Because r  only acts on the I, space, an electric dipole transition cannot connect states 
havingg different values of S. In addition, the application of Wigner-Eckart theorem (see 
forr example Condon and Shortley 1936) to equation 1.91 provides selection rules11 on L. 
Forr a transition from a 1 5 to a L'S' state, the conditions are 

S-S'S-S' = AS = 0, AL = . (1.92) 

Forr L, holds the additional constraint that L=0 -> L'=0 transitions are forbidden. 

Inn practice, transition probabilities are often characterized by their oscillator strength, ƒ, 
insteadd of equation 1.91. Here we use the so-called multiplet values which apply if LS coupling 
iss valid and individual transitions between J levels not resolved (or added together). For a 
n-electronn system, the oscillator strength is given by 

'si*-™'si*-™——-sfcrl-sfcrl—-—- <L 9 3> 
Becausee H does not commute with r and p (the momentum operator), equation 1.93 can also 
bee written as 

22 1 < ^ | ^ e V j | ^ > 2 

fvfv ~ 3 Ea - Eb 2ÜTI ( L 9 4> 

and d 

ff = I  X <*<*!£ ? ^ ^ 1 * 6 >2 

iaia 1{Ea-Ehf 2L6 + 1 ( L 9 5 J 

wheree V represents the central-field potential. The three forms, called respectively length (ƒ/), 
velocityvelocity (fv) and acceleration (fa), are equivalent when the exact wavefunctions are used but 
usuallyy give rather different results when approximate wavefunctions are used. The velocity and 
accelerationn forms (equations 1.94 and 1.95) are more sensitive to the description of the orbitals 
closee to the nucleus and are therefore expected to be less accurate than the length form (Cowan 
1981)) that will be used in the present work. It should be mentioned that equations 1.93, 1.94 
andd 1.95 holds for emission as well as for absorption and that, therefore, the oscillator strengths 
forr the two processes are linked, 

/p-Hff _ 2L9 + 1 
Jq-ypJq-yp 2Lp + 1 

"Conditionss for which a matrix element is different from zero. 
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1.5.22 Auto ionizat ion w id t h 

Ass mentioned previously (cf. section 1.3.5.1, page 33), the restriction to a wavefunction, \&, 
lyingg in the Q subspace involves that the influence of the interactions between the P and the 
QQ subspaces on the eigenvalues and eigenvectors of the QHQ hamiltonian must be computed 
inn a second step, after the diagonalization of the matrix. The effect of P|\& > on the energy 
wass discussed in section 1.3.5.1 and in the present section, the effect on the decay mechanism, 
autoionization,, of core-excited states is introduced. 

Inn the case of a multi-electron system, the Feshbach formalism has been introduced to de
scribee core-excited LS states (cf. section 1.3.3.3, page 28). These states, resonances, are often 
foundd to lie in one or several continua and the strength of the interaction between a resonance 
andd a continuum state, degenerate in energy, determines the probability for the resonance to 
autoionizee i.e. decay by emission of an electron. In an experiment based on electron detection, 
aa resonance state will be characterized by a peak in the electron energy spectrum. The posi
tionn and the width of the peak are related respectively to the energy and the decay rate of the 
core-excitedd state. 

Severall multiply core-excited states, like for example 2s2 2p 2P°, are lying above an infinity 
off ionization limits (lsnl in the present example) and therefore have an infinite number of decay 
channels.. In the present work, only the most important ionization limits have been included while 
neglectingg the interactions between them. This means that the total width is a sum over partial 
widths,, T, that are computed separately for each limit. The formula relating the autoionization 
widthh to the interaction between the resonance and a degenerate discretized continuum state 
hass been derived from Feshbach theory by Marias et al (1987), 

TT = 2xp(E)\ < *(r)\H\ME) > |2- (1.97) 

Thiss is a zero-order approximation in which p(E) represents the density of states in the contin
uumm (cf. equation 1.87, page 33), ^ is the wavefunction of the resonance state (of energy E) 
andd Vc that of the degenerate continuum state. Equation 1.97 is identical to Fermi's golden rule 
(Wentzell 1927). 

Ass the use of a discretized continuum does not ensure a continuum state lying at the reso
nancee energy, a fitting procedure is used to estimate the bound-continuum interaction at reso
nancee assuming that V varies linearly with energy between two consecutive discretized continuum 
statess (van der Hart 1994). This means that if the resonance state, of energy E, is lying between 
thee ith and the (i + l)th energies of the discretized spectrum, the Auger rate at resonance is 
givenn by 

TTEE = TEi +  T* i+1~TJ:i(E - Ei) (1.98) 

wheree TE corresponds to the width at energy E. This approximation emphasizes the need to 
workk with a large basis set because it reduces the energy difference between two continuum 
statess and therefore, improves the accuracy of equation 1.98. 

1.5.33 Non-orthogonal i t ies 

Thee two decay mechanisms introduced in sections 1.5.1 and 1.5.2 involve matrix elements be
tweenn states which often are built on different orbital basis. For example, it has been men
tionedd in section 1.2.2.3 (page 16) that resonance and continuum states were built on different 
B-splinee basis. Therefore, even when the two orbital basis have been obtained using similar po-
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tentials,, equation 1.97 involves non-orthogonalities which could be important, in particular for 
highh n orbitals. 

Inn the past, several studies have been published that has focused on the computation of ma
trixx elements between non-orthogonal basis sets. In 1955, Löwdin (1955) introduced a method 
basedd on the cofactor expansion of the overlap matrix between the two basis sets while, later, 
Kingg et al (1967) introduced the so-called corresponding orbitals method which has been suc
cessfullyy applied to the calculation of oscillator strengths by Nicolaides and Beck (1975). A 
breakthroughh occured when Olsen et al (1995) published an adaptation of Malmqvist's algo
rithmm (Malmqvist 1986) which allows to work with the wavefunction expansion in term of csf 's 
whilee previous methods applied to Slater determinants. This method has been used for exam
plee by Godefroid et al (1995) who computed resonance transitions in B II with high accuracy. 
Inn the present work, the direct approach, in which the two-electron Slater integrals (Rk) and 
single-electronn integrals (L) are multiplied by the appropriate overlap matrix element between 
spectatorr electrons, is used. This method, described by Hibbert et al (1988), is straightforward to 
applyy for few-electron systems although it requires the calculation of a large number of integrals, 
therebyy increasing the cpu time required. 

1.66 Integration procedures 

1.6.11 Gaussian integrat ion 

Becausee orbitals are defined in terms of 5-splines which are piecewise polynomials, it is possible to 
performm integrations with a high accuracy, basically machine accuracy, using gaussian quadrature 
(Stroudd 1971). If the function to be integrated, g(x), can be factorized into a non negative weight 
function,, p(x), and a function having a polynomial character, / (x) , the integration of g{x) can 
bee approximated by a weighted sum over ƒ (x), 

/

bb rb " 

g(x)dxg(x)dx = p(x)f(x)dx~YWjf(xj). (1.99) 
JaJa j=i 

Itt is possible to define a sequence of polynomials, p0(x),pi(x),..., which are orthogonal with 
respectt to p(x) and in which pq(x) is of degree q, so that 

// p{x)pq{x)pp{x)dx = 5pq. (1.100) 

Ja Ja 

Thee polynomial pn(x) is called an orthogonal polynomial and has several useful properties: 

•• pn(x) always exists and is unique. 
•• The zeros of pn(x) are real, distinct and are lying in the open interval [a, b]. 

•• If [a, b] = [-1, 1] and p(x) =1 , the orthogonal polynomial is the Legendre polynomial. 

•• If the gaussian points (XJ) and the gaussian weights {WJ) are treated as variables, it can be 
shownn that the integration is exact for all polynomials of degree lower than 2n+2, which 
iss the only restriction on n. 

Inn the present work, the use of the Gaussian integration requires the adaptation of the 
Gaussiann points (cf. table 1.6) to the box in which the J^splineare defined. The knot point 
sequencee is used to define a set of intervals ([*,-,*i+1],i = k,...,N, N and k corresponding 
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Tablee 1.6: Gaussian weights (WJ) and Gaussian points (XJ) associated with the Legendre poly
nomialss of order 8. The Gaussian points are the roots of the polynomial on the [-1,1] interval. 

3 3 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 

Gaussiann weights (WJ) 
0.101228536290371 1 
0.222381034453374 4 
0.313706645877887 7 
0.362683783378362 2 
0.362683783378362 2 
0.313706645877887 7 
0.222381034453374 4 
0.101228536290371 1 

Gaussiann points (x,) 
-0.960289856497536 6 
-0.796666477413627 7 
-0.525532409916329 9 
-0.183434642495650 0 
0.183434642495650 0 
0.525532409916329 9 
0.796666477413627 7 
0.960289856497536 6 

respectivelyy to the number and the order of the 5-splines) in which the integration is performed. 
Thiss means that the accuracy of this integration technique will depend on both the number and 
thee order of the basis functions. Using the knot sequences defined previously (cf. section 1.2.2.3, 
pagee 16), the Gauss-Legendre formula (equation 1.99) provides a very accurate way to compute 
LL and Rk integrals but the definition of Slater integrals in terms of Yk functions (cf. section 
1.3.3.2,, page 27) involves that the calculation of one Rk integral requires three integrations 
(Landtmann 1993). 

1.6.22 Fini t e difference me thod 

Thee evaluation of the Rk integrals using the finite difference method is based on solving a pair 
off differential equations to determine the Yk function and integrating it to obtain the value of 
thee Rk (Froese Fischer 1977). Based on the definition of the Yk function introduced previously 
(cf.. equation 1.70, page 28), we can define a new function, Zfc, so that 

ZZkk{b,d,r){b,d,r) = f'fy Pnbh(t)Pndld(t)dt. (1.101) 

Afterr differentiating with respect to r and changing the variable from r to p = ln(r), the 
differentiall equations for Zk and Yk are given by 

j-j- ppZZkk = rPl{p)P>,{p)-kZk (1.102) 

and d 

^-Y^-Ykk = (k + l)Yk-{2k + l)Zk (1.103) 

wheree P[ represents the radial part, Pniii,  of the orbital i in the new variable. The integration 
off equations 1.102 and 1.103, using respectively ekf> and e~(*+1)p as integrating factors, gives 

and d 

Zj+™Zj+™  = e'mhkZk + f J+m rP[Plek^-Ci^dp (1.104) 

ykyk = e - « f c ( t + i ) y ^ + (2fc + l) fi+m Zke^-k^f-^dp (1.105) 
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wheree mh is defined as pj+m - pj. From equations 1.104 and 1.105, it is seen that the approach 
reliess on approximating integrals instead of solving a system of differential equations. The inte
grationn can then be performed using standard procedures like the Simpson's rule (Froese Fischer 
1977). . 

1.6.33 Difference be tween th e two methods 

Landtmann (1993) has shown that, when the ö-spline basis is large enough, the gaussian integra
tionn is more accurate than the finite difference method. On the other hand, the error introduced 
byy the use of the finite difference method does not have a significant influence on the final results 
inn the present case. The influence is, at least, two orders of magnitude smaller than the accuracy 
off the 5-spline approach for multi-electron systems. Because the finite difference method is much 
faster,, Rk orbitals have here been computed using the latter approach while other integrals, like 
forr example the single-electron contributions to the matrix elements (£„/,„'<<), are calculated 
usingg gaussian quadrature. 


