
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Study of strongly correlated systems by means of B-splines

Verbockhaven, G.C.

Publication date
2000

Link to publication

Citation for published version (APA):
Verbockhaven, G. C. (2000). Study of strongly correlated systems by means of B-splines.
[Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/study-of-strongly-correlated-systems-by-means-of-bsplines(b456d425-8c0b-4688-ad02-2c956e3dd353).html


22 Study of valence states in neutral Ca 



44 4 Studyy of valence states in neutral Ca 

2.11 Introductio n 

Quasii  two-electron atoms are among the simpler systems available for theoretical investigations 
andd their study enables us to explore the limits of our knowledge of important interactions in 
higher-ZZ atoms and ions. Examples of these interactions are core polarization and relativistic 
effectss and they put severe restrictions on our ability to make accurate predictions for heavier 
systems.. One of the lightest examples of a "heavy" system is provided by the neutral calcium 
atom,, which is also of interest outside atomic physics since, for example, many Ca lines are 
prominentt in the spectra of solar-type stars (Smith 1988). From a theoretical point of view Ca 
appearss attractive because it has only two valence electrons and it therefore constitutes a test 
casee for new computational approaches. In addition, the spectrum is so heavily perturbed by 
low-lyingg doubly-excited states that identification of some levels is difficult from experimental 
evidencee alone and theoretical calculations of level compositions and transition probabilities are 
thereforee valuable for the interpretation of the spectrum. 

Manyy computational methods have already been employed in studies of the electronic struc-
turee of the Ca atom and these have contributed to progress in understanding the spectrum as 
welll  as fuelling a more general discussion about the merits of different approaches. When the 
semi-empiricall  Multichannel Quantum Defect Theory (MQDT) technique was introduced, it 
waswas hoped that this approach would make it possible to identify the perturbers in two-electron 
systemss unambiguously and a considerable amount of work was carried out with this in mind, 
forr the alkaline earths in general and Ca in particular (Armstrong et al 1977, Wynne and Arm-
strongg 1979). Then Proese Fischer and Hansen started a series of ab initio calculations (Froese 
Fischerr and Hansen 1981, 1985) which showed that, although MQDT could give a good descrip-
tionn of the energies of perturbed Ca series, the identification of a perturber is not unambiguous 
unlesss the perturber is an easily identifiable member of another series, which is not the case 
forr perturbers like 4p2 and 3d2. This prediction was confirmed by comparisons with observed 
isotopee shifts (Aspect et al 1984, 1991) and later ab initio calculations of MQDT parameters 
havee demonstrated that ab initio calculations are necessary to establish the character of the 
perturberr in such cases (Aymar et al 1987, Aymar and Telmini 1991, Osanai et al 1991). 

Att the same time, the ab initio calculations have also revealed that treating valence cor-
relationn only is not sufficient to obtain a good description of the Ca spectrum. This had been 
surmisedd some time ago, for example, by Seaton (1982) and was confirmed by Vaeck et al (1991). 
Thee latter authors, in extensive multi-configuration Hartree-Fock (MCHF) calculations which 
includedd only valence correlation, showed that the two lowest 1F° terms (3d4p and 4s4f) were not 
correctlyy ordered and this was traced to the difference in core polarization for a 3d as compared 
too a 4s or 4p electron. Later calculations including core polarization, both directly (Sundholm et 
alal 1993) and via model-potentials (Mitroy 1993, Brage and Froese Fischer 1994a), confirmed this 
observationn and obtained the correct ordering of the two terms. Thus it has become clear that 
abab initio calculations for Ca must take into account core-valence as well as valence correlation. 

Onee way to include core-valence correlation is to use a model-potential method which 
includess long-range polarization potentials explicitly. For Ca this approach was first used by 
Chisholmm and Öpik (1964) and later by Victor et al (1976) and Hafner and Schwarz (1978). Re-
cently,, Mitroy (1993) and Brage and Froese Fischer (1994a,b,c) have obtained very good results 
forr a number of Rydberg series in Ca, with a model-potential to describe core polarization, using 
aa Hartree-Fock (HF) and a B-spline basis, respectively, while Aymar and Telmini (1991) com-
binedd a model-potential with the .R-matrix method. A problem with a configuration-interaction 
(CI)) approach to solve the model Schrödinger equation is to be sure that the basis set employed 
iss large enough to describe the valence correlation adequately and this problem can be solved 
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elegantlyy by use of B-splines (van der Hart and Hansen 1992a, Chen et al 1993). 
Laughlinn and Hansen (1996) have previously shown how to modify the core—valence in-

teractionn potential in order to substantially improve the accuracy of predicted energy levels in 
model-potentiall  calculations for Ca. Recognizing that the interactions between a 3d electron and 
thee core in Ca and Ca+ were significantly different, a d potential was constructed for Ca+ which 
gavee the correct experimental centre-of-gravity position for the spectroscopically pure 3d2 3F 
termm in neutral Ca. In particular, the observed inversion of the 4s5g 1,3G levels (Geiler 1992), 
causedd by the 3d2 *G perturber, was accurately predicted, despite its minute size. 

Inn the current chapter we present more extensive calculations of energies and wavefunction 
compositionss for levels with angular momentum up to L = 4 using this approach and as a check 
onn the quality of the wavefunctions we report oscillator strengths for selected dipole transitions 
andd compare with available experimental and theoretical data. 

Inn an earlier publication, van der Hart et al (1993) considered the Ca~ ground state in a 
B-splinee basis with a model-potential description of the Ca2+ core. There it was found that 
thee introduction of a dielectronic polarization potential was essential to obtain accurate term 
energies.. Consequently, this potential, which takes into account the effect of one electron on the 
polarizationn caused by the other, is also employed in the Ca calculations reported here. A slightly 
improvedd and theoretically more consistent version (Laughlin 1995) of the model-potential used 
previouslyy (Laughlin 1992) is employed in the current work. 

Theree is a rich literature on the structure of the Ca atom and its spectrum. In the present 
chapterr we are particularly interested in studying the influence of core polarization. Comparisons 
withh the earlier literature can be found in Vaeck et al (1991) and Mitroy (1993), so here we shall 
comparee primarily with the more recent theoretical work. We also discuss some recent experi-
mentall  identifications of energy levels in Ca. For transition oscillator strengths and lifetimes we 
makee a fairly comprehensive comparison with the available experimental data. 

2.22 Calculational approach 

AA model-potential method, in which the Ca atom is treated as a two-electron system, forms 
thee basis for the present approach. Briefly, core—valence-electron interactions are modelled by 
locall  energy-independent, but angular-momentum dependent, effective potentials which include 
Ca2+-coree polarization terms to help describe core—valence correlation effects. The two-electron 
problemm is solved by a configuration interaction expansion using a basis of single-electron orbitals 
whichh are eigenfunctions of a model Schrödinger equation 

htf>ni(r)htf>ni(r)  = e„^n/ ( r ) , (2.1) 

wheree the Hamiltonian h is given by (in atomic units) 

11 20 
hh = - - V 2 - - + Vl{r).  (2.2) 

ZZ T 

Forr / / 2, the angular-momentum dependent potential V\{r) is determined so that the 
eigenvaluess €„/ of equation 2.1 reproduce the experimental values derived from observed centre-
of-gravityy term energies for Ca+. For / = 2, an additional constraint, discussed below, is imposed. 
Specifically,, each V}(r ) is expressed as 

Vi(r)Vi(r)  = VP(r) + VHF(r) + Ul(r), (2.3) ) 
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wheree VP(r) includes the dipole, ad, and quadrupole, aq, polarizabilities of the Ca2+ core, 

Heree ft is a first-order dynamical correction to the dipole polarizability ad (Eissa and Öpik 
1967)) and the cut-off functions Wn are given by 

Wn(r)) = l - e x p ( - r " ). (2.5) 

Thee analytical form 

Ut(r)Ut(r)  = (4° + c?V + c^r2) exp(-e^r) (2.6) 

iss used for the empirically determined term Ui(r), where c£'\ c(/} , cf and 9® are parameters 
determinedd by fitting to the observed Ca+ energies. 

Inn equation 2.3, VHF is the direct electrostatic repulsion of an outer electron by the core 
electronss calculated from a Hartree-Fock description of Ca2+ (Clementi 1965) and VP describes 
thee interaction between a valence electron and the dipole and quadrupole moments it induces in 
thee Ca2+ core. The polarization terms are effectively cut off at r = rc by the Wn(r/r c) functions 
too account for the decrease in the polarization interactions when the outer electron penetrates 
intoo the core. The accuracy of such potentials for the one-electron problem was demonstrated 
byy determining oscillator strengths for various transitions in Ca+ (Laughlin 1992). The model-
potentiall  includes in an approximate way (via Ui(r)) the effects of relativity on the Ca+ valence-
electronn energies while two-body relativistic effects involving the valence electrons, or a valence 
andd a core electron, are not explicitly included in the calculation. The largest splitting of a triplet 
termm observed in Ca I is about 100 cm- 1 of which the largest part is associated with the one-body 
spin-orbitt interaction that, to first order, has no effect on the energy of the centre of gravity 
off  a term. More specifically, Aymar and Telmini (1991) have found that the influence of the 
spin-orbitt interaction is negligible for *S and JD levels below the 4s threshold. Similarly, Froese 
Fischerr and Hansen (1985) found that the J-independent relativistic corrections, namely mass 
correction,, Darwin and spin-spin contact terms, are small for the lowest 1P° terms. However, 
spin-orbitt interaction is important for the description of the (higher) 3dnl series members as 
mentionedd later. 

Thee model Schrödinger equation employed for the two-valence-electron problem is 

h(l)+h(2)h(l)+h(2) + — + VbP(n,r2) 
r 12 2 

*sz,(ri,, r2) = £5L*s i ( r i , r2) (2.7) 

whichh contains, in addition to the electrostatic repulsion, l/r12, a dielectronic polarization po-
tentiall  VbP (Chisholm and Öpik 1964, Peach 1983): 

Thiss potential describes the electron correlation resulting from the interaction of each valence 
electronn with the dipole and quadrupole moments induced in the Ca2+ core by the other valence 
electron.. Note that the ft correction is not included here. In an earlier calculation (van der Hart 
etet al 1993) we found that Vbp contributed significantly to the ground-state energy of the Ca~ 
ion,, bringing the attachment energy of Ca into agreement with the most recent experimental 
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Tablee 2.1: Mean radii (in au) of 3p and 3d orbitals obtained in HF calculations for Ca. Underlined 
orbitalss corresponds to holes in the ls22s22p63s23p6 core. "Av." means a HF calculation for the 
averagee energy of a configuration. 

State e 
Coree + 3d4s 'D 

Coree + 3d4s 3D 
Coree + 3d2 Av. 
Coree + 3d2 *S 
Coree + 3d2 3P 
Coree + 3d2 *D 
Coree + 3d2 3F 
Coree + 3d2 *G 
Coree + 3d4p 1F° 
Coree + 3d4p 3F° 
Coree + 2p3d4s2 Av. 
Coree + 2p3d4s2 l P 
Coree + 2P3d4s2 3P 
Coree + 3p3d4s2 Av. 
Coree + 3d 

< r 3 pp > 
1.30 0 

1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.29 9 
1.30 0 
1.29 9 
1.20 0 
1.19 9 
1.20 0 
1.26 6 
1.29 9 

<rsd <rsd 
2.62 2 

3.18 8 
4.20 0 
4.98 8 
4.31 1 
4.26 6 
4.02 2 
4.39 9 
2.23 3 
3.08 8 
1.58 8 
1.81 1 
1.50 0 
1.83 3 
2.34 4 

valuess (Walter and Peterson 1992, Petrunin et al 1996). Although its effect is less significant 
inn Ca than in Ca- , it is nevertheless important to include VDP in order to obtain accurate 
descriptionss of lower-lying Ca terms. 

Froesee Fischer and Hansen (1985) have pointed out that the use of a model-potential can 
bee expected to pose problems when core relaxation is so different in the neutral atom and the 
positivee ion, as is the case for Ca, and the same concern was expressed by Mitroy (1993). It is 
knownn that the core-valence interaction is term dependent in Ca (Froese Fischer and Hansen 
1985),, in particular for states with 3d character. This core relaxation effect is distinct from core 
polarizationn and we do not expect that a single potential can take both core polarization and 
coree relaxation into account. For example, Froese Fischer and Hansen noted that the position 
off  the 3d4p l P° perturber in the 4snp 1P° series depends strongly on whether a frozen or a 
relaxedd core is used. In addition, the 3d orbital has appreciable overlap with the core, so it is not 
obviouss that the interaction between 3d and the core can be described as a polarization. Table 
2.11 illustrates some of the problems involved. The table gives the mean radii of the 3p and 3d 
orbitalss obtained in HF calculations for different terms of Ca and the 3d 2D term in Ca+ and 
somee results for configurations involving 2p and 3p holes in the core. The latter calculations show 
thee contraction of the 3d orbital when a core hole is present i.e. when core-valence correlation 
iss considered. The table also shows that this effect is term dependent, as was found many years 
agoo (Hansen 1972). We note that, even when the core is intact, the mean radius of the 3d 
orbitall  varies between 2.2 and 5.0 au. Because the mean radius of the 3p orbital is about 1.3 au, 
thee overlap of 3d and 3p is considerable for some states and this also makes the / = 2 model-
potentiall  sensitive to the cut-off radius rc. For comparison, the mean radius of 4s is more than 4 
auu although also term dependent (for example, 4.4 and 4.9 au for 3d4s 3D and 1D, respectively). 
However,, as already mentioned, we have shown that the description of configurations containing 
dd orbitals can be improved using a single I = 2 potential, labeled U^ir), designed (Laughlin and 
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Hansenn 1996) to reproduce not only the bound nd 2D spectrum of Ca+ but constrained so that 
thee calculated energy for the 3d2 3F term of Ca agrees with the experimental value. There is, 
off  course, a concurrent loss of accuracy in the Ca+ nd 2D eigenvalues when this constraint is 
imposed,, although it is less serious than perhaps might be expected i.e. the changes in the Ca 
energiess are much larger than the changes in the energies of the d series in Ca+ . The largest error 
inn Ca+ is found for the 5d level, 31.6 cm- 1, while the error in the 3d energy is only 0.9 cm- 1. 
I tt is fortunate that the error  for the 3d level is so small since this makes it possible to describe 
accuratelyy higher Mnl Rydberg states which are present as perturbers, for example, 3d5s 1D. 

Tablee 2.2: Model potential parameters (in au) for Ca+ . Both original and modified d potentials 
aree given (see text). arf=3.254, aq =6.936, aq - 6ft =0.1 and rc=2.70. 

s° ° 
p° ° 

ddaa>> b b 

ddc c 

f° ° 

g g 
h h 
i i 

Co o 
-2.409515 5 

-3.0989242 2 
10.908757 7 

-0.66418362 2 
-2.6972611 1 

-0.69603855 5 
-0.098047835 5 

0.0 0 

cc(l) (l) 

-2.4591591 1 
-0.46947472 2 
-19.917181 1 
-3.0025936 6 
1.0144071 1 

0.20751858 8 
0.085763075 5 

0.0 0 

ccW W 

0.76 6 
0.15 5 
-4.8 8 

0.454 4 
-0.09 9 

-0.015 5 
-0.01 1 

0.0 0 

0W 0W 
1.7 7 
1.7 7 
2.9 9 
1.7 7 
1.2 2 
0.9 9 
0.8 8 
0.0 0 

aa identical to that published by Laughlin (1995). 
bb original d potential (U2(*")). 
cc modified d potential (f/^r)) . 

Thee value of the effective core radius, rc, in the cut-off functions Wn(r/r c) was chosen to 
bee the radius of the sphere containing 99 % of the HF charge distribution of the outer M-
shelll  electrons in the Ca2+ ground state (Laughlin 1995). Therefore rc is angular-momentum 
independentt and, in contrast to most previous work (Aymar and Telmini 1991, Boutalib and 
Daudeyy 1992, Mitroy 1993, Brage and Froese Fischer 1994a,b,c), it is not treated as a variable 
parameterr in the fitting procedure described below. The value used here, rc - 2.7 au, is about 
11 au larger than the values used in other calculations. The Ca2+ polarizabilities ad and a, have 
beenn calculated by Johnson et al (1983) and the first-order non-adiabatic correction ft to the 
dipolee polarizability was estimated by Eissa and Öpik (1967). Thus the polarisation potential 
Vp,Vp, equation 2.4, is determined largely from ab initio calculations. The only part of the model-
potentiall  Vi(r) determined in an entirely empirical manner is the short-range correction U((r). 
Forr each angular momentum I, a least-squares fitting procedure was used to determine the 
variablee parameters in t//(r). In practice, the single-electron equation 

2.33 Convergence of the B-spline expansion 

Thee single-electron equation 2.1 was solved variational̂  by expanding the radial parts of the 
solutionss ^nf(r ) in terms of B-spline functions. Apart from the convergence tests, discussed 
presently,, all our calculations used basis sets constructed from 35 J5-splines of order 7 defined in 
aa cavity of radius 140 au with an exponential distribution of knot points. This allowed accurate 
descriptionss of states with principal quantum numbers less than approximately 8 (depending 
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slightlyy on the value of /) as discussed below. The resulting 35 orthogonal one-electron orbitals, 
calledd "basis states", were used as basis functions to construct two-electron trial functions for 
thee variational solution of the two-electron problem (equation 2.7), as described by van der Hart 
andd Hansen (1992a). The basis states corresponding to the Is, 2s, 3s, 2p and 3p core orbitals 
weree removed, so that 32 and 33 basis states are used for, respectively, 1 = 0 and I = 1. However, 
forr simplicity, we speak of the basis as consisting of 35 states in all cases. The configurations 
usedd for each angular symmetry are summarized in table 2.3. 

Tablee 2.3: Types of configuration included in the calculations for each LS term in Ca. Each 
J5-splinee basis set consists of 35 splines of order 7 in a spherical box of radius 140 au. 

LS LS 
llS S 
3S S 

l p o o 

3po o 
Jp p 
3p p 

*D D 
3D D 
l D o o 

3 D 0 0 

l po o 
3po o 
3F F 
»G G 
3G G 

Configurations s 
s2,P

2,d2,P,g2,h2,i2 2 

ss22,p,p22,d,d22f,gf,g22,h,h22,i,i2 2 

sp,pd,df,fg,gh,hi i 
sp,pd,df,fg,gh,hi i 

P
2,d2,fV,h2, i2 2 

p 2 ^ 2 , ^ 2 , ! ! 2 , ! 2 2 

sd,p22 ,pf,d2 .dg,!2 ,fh,g2 ,gi,h2 ,i2 

sd,p2,pf,d2,dg,f2,fh,g2,gi,h2,i2 2 

pd,df,fg,gh,hi i 
pd,df,fg,gh,hi i 
sf,pd,pg,df,dh,fg,fi,gh,hi i 
sf,pd,pg,df,dh,fg,fi,gh,hi i 
pf)d

2,dg,i2,fh,g2,gi,h2,i2 2 

sg,pf,ph,d2,dg,di,f2,fh,g2,gi,h2,i2 2 

sg,pf,ph,d22 4g,di,P ,m,g2 ,gi ,h2 ,i2 

Matrixx size 
4239 9 
3999 9 
7111 1 
7111 1 
3503 3 
3711 1 
9661 1 
9453 3 
6055 5 
6055 5 

10780 0 
10780 0 
7980 0 

11480 0 
11305 5 

AA B-spline basis spans both the bound and the continuum spectrum and, as we explain 
below,, it is generally necessary to include at least most of the basis states in the variational trial 
functionss to obtain accurate representations of the two-electron wave functions ^SL(ri, r2). 
Omissionn of "continuum" basis states (i.e. those with positive energy eigenvalues) can lead 
too serious errors, for example, when there is strong interaction between a perturber and a 
wholee series (Smid and Hansen 1983, Landtman and Hansen 1993). As well as presenting some 
illustrativee examples of the effect of the continuum in this section we also indicate the size of 
thee basis which is required for problems of the type considered in the current chapter. 

Beforee doing that, it is worth pointing out that the need to use all, or nearly all, basis 
statess in actual calculations is a drawback because it does lead to very large matrices. On the 
otherr hand, only a small number of eigenvalues of the large matrix are physically significant 
andd a scheme such as the one proposed by Davidson (1975) for obtaining a limited number of 
eigenstatess is therefore very well suited for handling the matrix diagonalization. This reduces 
thee CPU time required for the calculations significantly. 

2.3.11 Neglecting part of the basis 

First,, we present in table 2.4 results for the 4sns 3S series using different numbers of the 35 
basiss states. Although the 3S series has no prominent perturbers, correlation is nevertheless 
important,, since including only ss' configurations (resulting in a matrix of size 496x496) leads 
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too significant errors - more than 860 cm"1 in the lowest state. Thus in the main part of table 
4,, we include correlation through employing trial functions constructed from basis functions 
withh / < 6 (the main correlation is due to the p series). When compared to the calculation 
includingg only ss' configurations, it may be observed that use of 20 of the 35 basis states in each 
series,, corresponding to a matrix size of 1239x1239, leads to very large improvements in the 
bindingg energies. Adding another 5 leads to relatively small changes, while including a further 
55 or 10 states has a negligible effect. The results of a diagonalization which includes only basis 
statess with negative-energy eigenvalues for each values of / are also reported in table 2.4 and 
thesee show directly the errors involved in leaving out the continuum even for a case where its 
influencee could be expected to be small. We note that the results reported here for the 3S series 
aree slightly different from those presented earlier (Laughlin and Hansen 1996) due to an error 
inn the computer program which has been corrected in the present calculation. 

Thee limitations of a finite box, which does not allow Rydberg states with high n values to be 
approximatedd accurately with our choice of boundary conditions and an exponential knot point 
distribution,, are evident for 4sl0s and 4slls 3S. We have mentioned already that the solutions 
too the single-particle equation are describing "spectroscopic" orbitals up to about n = 8 (slightly 
higherr for low I values) and the result of this can be seen in table 2.4 where the error increases 
veryy sharply above n = 9. 

Tablee 2.4: Binding energies (in cm- 1) , relative to the Ca2+ ground state, of low-lying 3S terms 
inn neutral calcium. AE is the error (in cm- 1) in the calculated value (a positive error indicates 
thatt the term is higher than the observed position). Six calculations are shown, all employing 
basiss sets constructed from 35 splines of order 7. In five of the calculations, seven series, ss' + 
pp'' + dd' + ff + gg' + hh' + ii' , are included while in the other calculation (column 3), only 
thee ss' series is used. In the latter calculation all available basis states are used (Is, 2s and 3s are 
alwayss excluded, as discussed in the text). In one calculation (column 4) only the basis states 
representingg bound or quasi-bound states are included, while the others show results obtained 
byy including, respectively, 20, 25, 30 and all 35 basis states for each / value. The experimental 
energiess and the labels used are from Sugar and Corliss (1985). 

Numb b 
Label l 
4s5s s 
4s6s s 
4s7s s 
4s8s s 
4s9s s 
4sl0s s 
4s l ls s 

err of basis states used -> 
Bindingg energy" 

113518.34 4 
104583.59 9 
101077.06 6 
99319.15 5 
98309.55 5 
97675.78 8 
97251.66 6 

Matrixx size -» 

onlyy ss 
35 5 

AE AE 
865.2 2 
256.3 3 
111.9 9 
59.56 6 
32.72 2 
34.52 2 
159.2 2 
496 6 

boundd only 
AE AE 

22.71 1 
19.67 7 
12.63 3 
8.11 1 
5.42 2 
13.70 0 
136.7 7 
415 5 

77 series 
20 0 
AE AE 

-6.29 9 
1.92 2 
2.15 5 
1.70 0 
1.30 0 

10.71 1 
133.4 4 
1239 9 

355 splines 
25 5 
AE AE 

-17.71 1 
-5.09 9 
-1.95 5 
-0.82 2 
-0.34 4 
9.52 2 

132.1 1 
1984 4 

30 0 
AE AE 

-17.73 3 
-5.09 9 
-1.96 6 
-0.83 3 
-0.34 4 
9.52 2 

132.1 1 
2904 4 

35 5 
AE AE 

-17.73 3 
-5.09 9 
-1.96 6 
-0.83 3 
-0.34 4 
9.52 2 

132.1 1 
3999 9 

aa The error in the experimental energies is « 0.1 cm- 1. 
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2.3.22 Changing the size of th e basis 

Tablee 2.5 illustrates the convergence of our energy-level calculations for the *S series which is 
perturbedd to a much larger extent than the 3S series. In this case we show results obtained by 
usingg all available basis states but increasing the number of B-splines used in their construction 
fromm 20 to 40 in steps of 5. We see a substantial improvement between 20 and 25 splines while 
thereafterr the improvement is much smaller and between 35 and 40 splines it is marginal. It 
iss interesting that the fourth eigenvalue, which corresponds to the perturber, shows the most 
irregularr variation with the increase in the number of splines. This eigenvalue has a large 3d2 

componentt (see later) and we note that table 2.1 shows a large difference in the mean radius 
<< 7*3d > between 3d2 XS and 3F, so it is not too surprising that a d potential which has been 
optimizedd on the latter term does not give perfect agreement for the former. In this case, the 
termss up to 4s9s are well described and we note in particular that the use of more splines (with 
ann exponential knot distribution) does not allow higher states to be described, the error in the 
4sl0ss energy being practically unchanged as the number of splines increases. Instead a larger 
boxx is required. 

Thee 4snp 1P° series is a well-known example of a perturber, in this case 3d4p, mixed with a 
seriess to such a degree that no series member has a dominant component of the perturber. Sugar 
andd Corliss (1985) have chosen to designate the level that earlier was labeled 3d4p (Garton and 
Codlingg 1965, Risberg 1968) as 4snp (note that we reserve italic n for designating the 4snp 
series)series) for the following reason. Calculations including core polarization agree that this level 
hass the largest component of 3d4p in the series (see later) but the summed nsn'p contribution 
too the eigenvector is about 75%, so a designation as the perturber is rather misleading. On the 
otherr hand, in a MCHF calculation the node structure of the p orbital is the same for this level 
andd the next higher one so that it is misleading to continue the np numbering over this point 
i.e.. the node structure of the p orbital in the term labeled 4s7p corresponds to n = 7 and not to 
nn = 8 (also with this numbering the 1P° - 3P° separation is regular for the higher n values). 
Thatt the 3d4p term is mixed over a large number of levels puts particularly heavy demands 

Tablee 2.5: Binding energies (in cm- 1) , relative to the Ca2+ ground state, of low-lying *S terms in 
neutrall  calcium. AE is denned in table 2.4. Five calculations are shown, employing, respectively, 
20,, 25, 30, 35 and 40 splines of order 7 for each I value. All available basis states are used in each 
calculationn which includes seven series: ss' + pp' -I- dd' + ff + gg1 + hh' + ii' . The experimental 
energiess and the labels used are from Sugar and Corliss (1985). 

Num m 
Label l 
4s* * 
4s5s s 
4s6s s 
4p2 2 

4s7s s 
4s8s s 
4s9s s 
4sl0s s 

berr of splines ->
Bindingg energy 

145057.8 8 
111740.6 6 
104367.4 4 
103271.5 5 
100781.3 3 
99170.6 6 
98222.8 8 
97620.3 3 

Matrixx size -» 

20 0 
AE AE 
74.0 0 
55.8 8 

103.3 3 
-79.3 3 
18.6 6 
31.6 6 
39.3 3 
62.9 9 
1374 4 

25 5 
AE AE 
30.7 7 
24.3 3 
78.9 9 

-93.2 2 
-12.9 9 
-2.9 9 
0.0 0 

15.1 1 
2154 4 

77 series 
30 0 
AE AE 
27.8 8 
22.3 3 
78.5 5 

-90.1 1 
-14.6 6 
-4.7 7 
-1.8 8 
13.2 2 

3109 9 

35 5 
AE AE 
27.5 5 
22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

4239 9 

40 0 
AE AE 
27.5 5 
22.1 1 
79.4 4 

-86.6 6 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

5544 4 
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Tablee 2.6: Binding energies (in cm"1), relative to the Ca2+ ground state, of low-lying 1P° terms 
inn neutral calcium. AE is defined in table 2.4. Seven calculations are shown and, apart from the 
onee which includes only the bound and quasi-bound basis states (column 4), all available basis 
statess (constructed from splines of order 7 for each 0 are used. In one calculation (column 3) 
onlyy the sp series is used, otherwise six series are included: sp + pd + df + fg + gh + hi. The 
experimentall  energies and the labels used are from Sugar and Corliss (1985), where the meaning 
off  the label for the fourth level is explained (see text). 

Num m 
Label l 
4s4p p 
4s5p p 
4s6p p 
4snp p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 

>err of splines -
Bindingg energy 

121405.5 5 
108326.2 2 
103378.8 8 
101124.3 3 
99632.5 5 
98578.0 0 
97873.5 5 
97395.7 7 

Matrixx size —

onlyy sp 
35 5 

AE AE 
5738 8 
2386 6 
1541 1 
1355 5 
1039 9 
715 5 
549 9 
669 9 
1056 6 

boundd only 
AE AE 

441.8 8 
1783 3 
174.4 4 
215.5 5 
134.5 5 
67.1 1 
39.2 2 
83.1 1 
781 1 

20 0 
AE AE 

178.3 3 
67.3 3 
53.7 7 
64.0 0 
55.4 4 
46.7 7 
43.8 8 
93.0 0 
2266 6 

66 series 
25 5 
AE AE 

151.9 9 
42.6 6 
30.2 2 
39.6 6 
26.3 3 
14.7 7 
11.7 7 
63.4 4 
3581 1 

30 0 
AE AE 

150.1 1 
41.0 0 
28.7 7 
38.1 1 
24.5 5 
12.6 6 
9.2 2 

59.6 6 
5196 6 

35 5 
AE AE 

149.9 9 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
12.5 5 
9.0 0 

59.4 4 
7111 1 

40 0 
AE AE 

149.8 8 
40.9 9 
28.6 6 
37.9 9 
24.3 3 
12.5 5 
9.0 0 

59.4 4 
9326 6 

onn the quality of the basis and table 2.6 shows the results of increasing the size of the basis 
forr the lowest members of this series. Note that in this case also all available basis states are 
usedd in each calculation. The third column shows that large errors result when all basis states 
aree used but correlation is not included. It is also significant that the errors decrease regularly 
ass the size of the 5-spline basis is increased and do not very clearly reveal the position of the 
perturberr as the error pattern would do in case of a localized perturber. A similar conclusion 
followss from the fact that Smith and Raggett (1981) found that measured collisional damping 
parameterss for these levels show a smooth variation over the ! P° series. The fourth column in 
tablee 2.6 demonstrates the effect of the continuum by including only the bound basis states in 
thee CI expansions. In this case the error for the fifth term is 135 cm- 1, compared to 5 cm '1 for 
thee fifth  3S term. The table shows that, in contrast to the situation for the 3S series, for the 
1P°° series there is a (very slight) improvement in energy values between 30 and 35 splines while 

thee results for 40 splines seem to have converged. A comparison of the eigenvectors for 1P° and 
SS shows that the number of contributions from the 4snl basis states is nearly the same in the 

twoo cases but the contribution from higher nsn'l basis states is much more important for the 
1P°° series. For example, for the lowest states in the two series, the effect of all nsn'l states with 
bothh n and n' > 4 is only 0.5 cm- 1 for 3S but 193 cm- 1 for 1P°. 

Sincee transition probabilities are generally more sensitive than energies to the quality of a 
wavefunction,, we compared results for lS -> 1P° transitions using different basis sets. The differ-
encee between 35- and 40-spline basis sets was negligible, even for transitions between high-lying 
states,, providing further confirmation that 35 splines is entirely adequate for the calculations 
reportedd here. The largest effect was found for transitions involving the fourth *S term, 4p2, 
thee one whose energy is the most sensitive to the size of the basis as mentioned above (table 
2.5).. Calculated oscillator strengths are compared with experimental values in section 2.6. 
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2.44 Results and comparisons 

Bound-statee energies for some of the lowest singlet and triplet levels of Ca with angular mo-
mentumm L < 4 were calculated in two approximations: calculation A, in which the unmodified 
potentialss Ui(r), I = 0 — 6, were used to construct the one-electron basis states and calculation 
B,, in which the potential U'2{r),  modified to reproduce the 3d2 3F energy, replaced U^r). The 
reasonn for choosing 3d2 3F is that this term has the largest error in calculation A, 663 cm- 1. At 
thee same time, since 3d2 3F is nearly pure in the dd' label it is meaningful to obtain agreement 
withh experiment for this term by varying only the d potential. On the other hand, although 
thee 3d2 3F term consists almost entirely of dd' configurations, it does contain small admixtures 
off  configurations with higher angular-momentum orbitals. It is necessary to include the latter 
configurations,, specified in table 2.3, in the determination of the modified d potential U^r) 
becausee they make a contribution of more than 600 cm- 1 to the 3d2 3F energy. The differences 
betweenn calculations A and B are smaller for 3d4d terms, ranging from 2 cm- 1 ( l P) to 150 
cm"11 (3P). 

Ourr results are presented in table 2.7. For ease of comparison with experimental values we 
tabulatee the errors AE& and AEB in, respectively, calculations A and B. Note that we use the 
labelingg adopted in the most recent compilation of the results of the experimental analysis (Sugar 
andd Corliss 1985) even though this is not always in accord with the wavefunction compositions, 
ass discussed in section 2.5. 

Beforee discussing our results in comparison with experiment we first mention briefly the 
importancee of the dielectronic polarization term Vbp, given by equation 2.8. Classically, Vbp 
wouldd reduce the binding energy if the two electrons are, on average, on opposite sides of the core, 
andd would increase it if the two electrons act together i.e. are on the same side of the nucleus. 
Quantumm mechanically the situation is similar, the coupling between Vbp and the exchange 
interaction,, in particular between the dipole term and the G1^,^  1) integrals, means that, in 
aa single-configuration approximation, the effect of Vbp in an si series is to reduce the binding 
energyy for triplet terms while for singlets it should increase (for other types of configurations, such 
ass dp, the situation is different). Configuration interaction also obscures this simple dependence, 
ass already noted in model-potential calculations of low-lying states in Be (Norcross and Seaton 
1976).. In all the series we have considered we find that for the lowest states the effect of Vbp is to 
reducee the binding energy; for example, it is reduced by 844 cm- 1 for 4s4p 3P° and by 145 cm- 1 

forr 4s4p l P°. A similar situation was noticed for the 2s2p terms in Be by Norcross and Seaton 
(1976).. In the case of 4s4p 1P° the introduction of dielectronic polarisation degrades agreement 
withh experiment but in the majority of cases Vbp improves the accuracy of calculated energies. 
Ass examples, the lowest l S, 3P°, XD and 3F° terms are in error by, respectively, -614, -964, 
-4977 and -418 cm- 1 (a negative sign indicating too strong binding) when Vbp is omitted but 
thesee errors are reduced to 28, -120, 80 and 25 cm- 1 when dielectronic polarization is included. 

Thee effect of the quadrupole term in Vbp is small, particularly for the higher eigenvalues. 
I tt contributes about 45 cm- 1 to the energy of 4s4p 1P° and, in this case, the accuracy would 
actuallyy be improved by neglecting the aq term. The same holds for the 4s4p 3P° term, although 
thee contribution here is just 25 cm- 1, while for 4s5s 3S inclusion of aq improves the agreement 
withh experiment, although only by about 1 cm- 1. 

2.4.11 Comparison wi t h exper iment 

Thee agreement between experimental and model-potential energies is, in general, much better in 
calculationn B than in calculation A although, as may be observed from table 2.7, the improvement 
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Tablee 2.7: Experimental Ca binding energies, EexY> (in cm-1), relative to the Ca2+ ground state 
andd errors AE (in cm-1) in calculated model-potential values (a positive/negative sign indicates 
thatt the term is, respectively, higher/lower than the observed position). Subscripts A and B 
denote,, respectively, calculations A and B as described in the text. Center-of-gravity values are 
givenn for triplet terms. Calculated energies EA and EB axe tabulated for levels not identified 
experimentally. . 

LSLS Label0 

*SS 4s2 

4s5s s 
4s6s s 
4p2 2 

4s7s s 
4s8s s 
4s9s s 
4sl0s s 

1P°° 4s4p 
4s5p p 
4s6p p 
4snp p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 

'DD 3d4s 
4s4d d 
4p2 2 

4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
4s9d d 

^^ 3d4p 
4s4f f 
4s5f f 
4s6f f 
4s7f f 
4s8f f 

*GG 4s5g 
3d2 2 

4s6g g 
4s7g g 
4s8g g 

EELo Lo 
145057.8 8 

111740.6 6 
104367.4 4 
103271.5 5 
100781.3 3 
99170.6 6 
98222.8 8 
97620.3 3 

121405.5 5 
108326.2 2 
103378.8 8 
101124.3 3 
99632.5 5 
98578.0 0 
97873.5 5 
97395.7 7 

123208.2 2 
107759.5 5 
104338.0 0 
102138.8 8 
100068.0 0 
98857.7 7 
98108.8 8 
97608.7 7 
97245.4 4 

104519.9 9 
102714.2 2 
100252.9 9 
98875.4 4 
98042.7 7 
97502.6 6 

100183.4C C 

98826.. l c 

98008.9C C 

A £ A A 

38.2 2 

28.5 5 
182.2 2 
302.5 5 

-7.5 5 
-3.1 1 
-1.2 2 
13.2 2 

256.6 6 
81.1 1 
29.6 6 
14.5 5 
9.6 6 
6.2 2 
6.0 0 

57.3 3 

339.1 1 
77.2 2 

278.6 6 
112.6 6 
39.0 0 
20.5 5 
12.6 6 
20.6 6 

104.2 2 
61.8 8 
10.3 3 
1.2 2 
0.4 4 
0.5 5 

16.9 9 
1.0 0 

98982.5 5 
2.2 2 
0.7 7 

97466.0 0 

AEAEBB L 
27.55 3 

22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 
-1.9 9 
13.0 0 

SS Label* 
SS 4s5s 

4s6s s 
4s7s s 
4s8s s 
4s9s s 
4ss 10s 

149.99 3P° 4s4p 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
12.5 5 
9.0 0 

59.4 4 

79.55 3] 
129.8 8 
18.0 0 
22.4 4 
12.8 8 
2.6 6 
2.3 3 
9.1 1 

95.4 4 
42.44 3F 
18.0 0 
4.0 0 
1.8 8 
1.1 1 

17.4 4 

4s5p p 
3d4p p 
4s6p p 
4s7p p 
4s8p p 
4s9p p 
4sl0p p 
3d5p* * 

DD 3d4s 
4s4d d 
4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
4s9d d 

3d4d* * 
,00 3d4p 

4s4f f 
4s5f f 
4s6f f 
4s7f f 
4s8f f 

0.44 3G 4s5g 
99559.7 7 

0.3 3 
0.4 4 

97465.9 9 

4s6g g 
4s7g g 
4s8g g 

3d4d* * 

E" E" 
113518.3 3 

104583.6 6 
101077.1 1 
99319.1 1 
98309.5 5 
97675.8 8 

129794.7 7 
108492.5 5 
105720.1 1 
102535.2 2 
100098.1 1 
98771.4 4 
97971.4 4 

97453.. l f 

93149.8f f 

124701.2 2 
107304.1 1 
102312.2 2 
100006.8 8 
98753.4 4 
98016.1 1 
97589.1 1 
97297.5 5 
93679.4 4 

109226.6 6 
102887.1 1 
100294.9 9 
98893.0 0 
98051.5 5 
97507.5 5 

100183.0C C 

98826.8C C 

93472.2e e 

A £ A A 

-17.0 0 

-4.9 9 
-1.9 9 
-0.9 9 
-0.4 4 
9.6 6 

-99.3 3 
8.6 6 

196.1 1 
-2.9 9 
-2.7 7 
-1.5 5 
-0.2 2 
38.5 5 
63.3 3 

447.0 0 
42.6 6 
4.9 9 

-5.2 2 
-9.6 6 

-10.6 6 
-11.5 5 
83.9 9 
-9.4 4 

280.0 0 
0.2 2 
0.1 1 
0.1 1 
0.3 3 

16.3 3 
0.5 5 
0.4 4 

98008.7 7 
97466.0 0 

28.0 0 

A £ B B 

-17.7 7 

-5.1 1 
-2.0 0 
-0.8 8 
-0.3 3 
9.5 5 

-120.0 0 
-17.0 0 
100.2 2 

-2.4 4 
-2.5 5 
-1.5 5 
-0.5 5 
38.4 4 
18.2 2 

147.0 0 
86.5 5 
24.0 0 
2.8 8 

-8.8 8 
-18.7 7 
-7.8 8 
72.0 0 
-5.1 1 
25.2 2 
0.5 5 
0.5 5 
0.4 4 
0.5 5 

16.5 5 
0.5 5 
0.4 4 

98008.7 7 
97466.0 0 

37.5 5 
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Tablee 2.7 continued a 

LS LS 
! P P 

i D o o 

3p p 

Label" " 
3d4d* * 

3d5d* * 
3d6d* * 
3d7d* * 
3d8d* * 
4p5p* * 
3d9d* * 
3d4p p 
3d5p* * 
3d4f* * 
3d6p* * 
3d5f* * 
3d7p* * 
3d6f* * 

3d2 2 

3d4d* * 

EELLD D 
93591.11 ' 

109222.4 4 

101564.0 0 
91838.2e e 

A £ A A 

23.4 4 

88543.4 4 
86246.7 7 
84995.4 4 
84248.6 6 
83918.4 4 
83646.3 3 

348.0 0 
93571.3 3 
89117.4 4 
88565.6 6 
86611.0 0 
86257.8 8 
85246.0 0 

662.9 9 
793.4 4 

A £ B B 

25.3 3 

88542.3 3 
86246.9 9 
84996.3 3 
84249.2 2 
83904.4 4 
83642.4 4 

147.4 4 
93612.3 3 
89127.0 0 
88580.2 2 
86616.3 3 
86264.9 9 
85248.2 2 

0.1d d 

688.0 0 

LS LS 

sP P 

3 D 0 0 

Label0 0 

4p2 2 

3d2 2 

3d4d* * 
3d5d* * 
3d6d* * 
3d7d* * 
3d8d* * 
3d4p p 
3d5p* * 
3d4f* * 
3d6p* * 

3d5£* * 
3d7p* * 
3d6f* * 
3d8p* * 
3d7F F 
3d9p* * 

EEtxD txD 
106550.1 1 

96507.3 3 
90761.0 0 
87429.3 3 

85675.85 5 

106825.4 4 
93313.1 1 

89155.0* * 
88804.t t 

88525.2ff t t 

86626.5t t 

86258.9t t 

85255.6t t 

85011 l J t 
84425.6f f 

84250.5t t 

A £ A A 

302.1 1 

268.0 0 
204.1 1 
90.6 6 
37.1 1 

84644.7 7 
84009.9 9 

242.8 8 
67.8 8 
49.9 9 

336.6 6 
57.8 8 
32.9 9 
40.5 5 
32.5 5 
33.4 4 
30.2 2 
30.4 4 

AEAEB B 

49.1 1 

0.8 8 
54.1 1 
32.4 4 
8.8 8 

84660.5 5 
84019.6 6 

161.3 3 
33.8 8 
39.3 3 

323.5 5 
44.7 7 
26.0 0 
33.7 7 
28.1 1 
29.5 5 
28.5 5 
27.8 8 

°° The labels are from Sugar and Corliss (1985) (see this reference and the text for the meaning of the 
labell  4snp XP°). Terms marked with an * are located above the Ca+ 4s ionization limit. 
66 The experimental energy levels are taken from Sugar and Corliss (1985) - except as specified in 
footnotess c and ƒ. The term energy marked § is an average of the J = 1 and J = 2 level values, while 
termm energies marked * are the J = 1 level values. 
cc Geiler (1992). 
dd The model-potential U^r) is constructed to reproduce the 3d2 3F term energy (see text). 
ee The 3d4d 3F and 3G energies are given with a question mark in the compilation by Sugar and Corliss 
(1985).. The results indicate that the reported 3F term is spurious. 
ff McLaughlin et a/(1994). 
99 Identification from Newsom (1966), energy from Sugar and Corliss (1985). 

iss not uniform and, in a few cases, calculation A is more accurate than calculation B. The largest 
errorr in calculation A occurs for the 3d2 3F term and this error is reduced to zero in calculation B 
byy virtue of our choice of the modified d potential U'2{r).  The second largest error in calculation 
A,, namely 447 cm- 1 for 3d4s3D, is reduced to 147 cm- 1 in calculation B while the error for the 
3d4ss JD term is reduced from 339 to 80 cm- 1. We have already mentioned that the 4s orbital in 
HFF calculations for the 3d4s lD and 3D terms has a mean radius of 4.9 and 4.4 au, respectively, 
whichh could be one reason that a modified d potential cannot on its own reduce the errors to 
zero.. In fact, the error for the second XD term, 4s4d, increases from 77 cm- 1 in calculation 
AA to 130 cm- 1 in calculation B while the error for the 4s4d 3D term also increases - from 43 
too 87 cm- 1. We emphasize that the only Ca level employed in the determination of U'2{r)  is 
3d22 3F. Table 2.1 shows that the variation in the 3d orbital, even within the 3d2 configuration, 
iss considerable and although it should be possible to obtain somewhat better overall agreement 
withh experiment by including additional Ca level energies in the determination of the d potential 
wee have chosen not to do this for the sake of maintaining a simple and practical strategy. The only 
levell  of  3F symmetry currently known with certainty in calcium is 3d2 (see later) and considering 
otherr symmetries would make the calculation very difficult with our current procedures. It is, 
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nevertheless,, encouraging that the 3d2 3P term also is predicted with very high precision. In 
addition,, this term is mixed with 4p2 3P so the good agreement is not solely due to a good d 
potential. . 

Becausee we have replaced the full 20-electron Schrödinger equation for calcium by a model 
two-electronn equation, our variational solutions of equation 2.7 do not lead to upper bounds on 
thee experimental energies. Nevertheless, in many cases, particularly for relatively unperturbed 
series,, calculation B energies lie above the experimental positions and may therefore, in principle, 
bee improved by adding more S-splines as well as higher / values to the basis. However, in line 
withh the earlier discussion of the S and P series, we expect that the resulting improvement wil l 
bee negligible in the majority of cases. 

Tablee 2.7 includes for most LS terms the first state for which the limitations of the basis, 
duee in particular to the finite box size, are clearly visible. We have also included results for 
*D°° and 3D° for which there are two alternating series 3dnp and 3dnf. In these two cases, the 

deteriorationn in accuracy can be expected to occur after a larger total number of states since 
wee expect to be able to calculate accurately approximately the same number of states in each 
series. . 

Beloww the cut-off just mentioned, the agreement between theory and experiment usually is 
muchh better for the higher than for the lower states. This is reasonable since the model-potential 
iss expected to be more accurate for Rydberg levels than for low-lying levels involving strongly 
interactingg electrons. The agreement is generally better for the triplet symmetries than for 
thee singlets which on average are more perturbed by doubly-excited states. However, the larger 
disagreementss appear mainly in combinations of 3d with another inner orbital and, for the states 
underr consideration here, do not exceed 161 cm- 1. The conclusion is that the deviations from 
experimentt are due mainly to the description of the 3d orbital in the model-potential. Given the 
earlierr discussion, it might be possible to improve the present techniques slightly but basically 
wee believe that we are seeing the limitations of the approach for a system such as Ca. 

Resul tss for  individual series 

Inn this section we discuss some recent, as well as some revised, identifications of Ca levels. 
Bolovinoss et al (1992) have reported the observation of a 1S perturber at a binding energy of 
865233 cm- 1 which they labeled as 4p2 1S due to the good agreement in energy with a level 
predictedd by Aymar and Telmini (1991) with this name. Although this term, which has a mixed 
4p22 + 3d2 character, can be expected to be localized within the box, it is too high in the 
continuumm to be discernible in our results. However, we find another 1S term of dd' character 
att about 91500 cm"1. This term is mixed with the continuum so it is difficult to give a more 
accuratee position; it is located in the region where several 3d4d terms have been identified (Sugar 
andd Corliss 1985) but it is, unfortunately, not in the range observed experimentally by Bolovinos 
etet al (1992). If the 3d4d ! S term is located in this region it would be surprising to find a term 
withh a dominant 3d2 component higher in the spectrum. The observation of 3d4d terms (of 
symmetriess other than 1S) below 86500 cm- 1 was actually the main reason why Aymar and 
Telminii  (1991) suggested that the term should be labeled 4p2, although their own eigenvector 
compositionn corresponded to a pp' contribution of only 30%, compared to 70% dd' character. 
Moree work therefore seems worthwhile in order to confirm the assignment of the J = 0 level 
reportedd by Bolovinos et al (1992). We shall return to eigenvector compositions in section 2.5. 

Inn a recent photodetachment experiment (McLaughlin et al 1994), a resonance at 93591 cm- 1 

beloww the Ca2+ threshold was observed which was tentatively identified as the 3d4d lP state. 
Thiss state lies in the continuum but autoionization is not strong since there is no decay channel 
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associatedd with the lP symmetry. McLaughlin et al noted that there were no calculations avail-
ablee for even-parity levels with J = 1 in calcium. Prom a calculation using the basis shown in 
tablee 2.3, and reported in table 2.7, we find the lowest XP state at 93568 cm- 1 in calculation A 
andd 93566 cm- 1 in calculation B. The 3dnd configurations contribute 97% to the wavefunction 
andd the 4pnp configurations 3%. These results therefore support the identification of the reso-
nancee as the 3d4d l P state. The present data suggests that the lowest 4pnp *P state, 4p5p 1P, 
iss located between 3d8d and 3d9d in the 3dnd *P series. This agrees with calculations published 
byy Brage and Proese Fischer (1994b) who report a value of "about 61200 cm- 1" for this term, 
comparedd to our value of 61153 cm"1. 

Fromm a certain n value, the 3dn/ terms wil l be located above the 4s state of Ca+ , embedded 
inn a 4sf£ continuum. In table 2.7 we have included a number of 3dn/ series members of this type, 
suchh as 3d5p 3P°, 3d4d 3D and 3G. The B-spline approach gives a discretized description of the 
seriess continua and, in almost all cases, it gives results of high accuracy for these quasi-bound 
states;; for example, the 3d4d 3D energy is in error by only 5 cm- 1. The 3d4d 3F term, on the 
otherr hand, for which no Asti continuum exists would appear to be in error by almost 700 cm- 1. 
However,, we note that the reality of this term was questioned by Risberg (1968) and our results 
stronglyy support a mis-identification. Aymar and Telmini (1991) were also unable to reproduce 
thee energy of this term. Sugar and Corliss (1985) questioned in addition the identification of 
thee 3d4d 3G term in their compilation but the good agreement in energy with the prediction in 
tablee 2.7 does not contradict the experimental identification. 

Bragee and Froese Fischer (1994b,c) have reported Spline-Galerkin calculations for different 
LSLS symmetries between the 4s and 3d thresholds. Their calculations include magnetic interac-
tionss and a single-particle polarization potential, but not the dielectronic term (equation 2.8). 
Thee cut-off radius was chosen to reproduce the 3d~4p energy difference in Ca+. To avoid prob-
lemss of the interaction of series members with the associated 4se£ continuum, Brage and Froese 
Fischerr neglected these interactions (by omitting configurations containing 4s basis states). In 
onee paper (Brage and Froese Fischer 1994b), a number of even-parity series with J = 0,1 and 3 
aree investigated, primarily to identify possible perturbers. In a second paper (Brage and Froese 
Fischerr 1994c), energies of some odd-parity series with J = 1 are calculated and compared with 
observedd values, in particular with the observations of Brown et al (1973). We compare with the 
latterr results at this point (the results for levels below the 4s limi t published by Brage and Froese 
Fischerr (1994a) are discussed in the next section). We note that while there are 4sê  continua 
correspondingg to 1P°, 3P°, l F° and 3F° there are none having !D° and 3D° symmetry. This 
makess calculations for the latter symmetries more reliable but it should be kept in mind that 
LSLS coupling does not give a good description of the 3dn/ series, particularly for large n. In table 
2.77 we show our results for the 1D° and 3D° series and in table 2.8 we compare with the results 
publishedd by Brage and Froese Fischer (1994c). 

AA large discrepancy is evident for the 3d6p 3D° term in table 2.7. A 3d6p 3D° level was 
firstfirst identified by Garton and Codling (1965) but later revised by Newsom (1966). Brown et 
alal (1973) found, by comparing the characteristics of the feature observed by Newsom with the 
higherr members of the 3P° and 3D° series, the original identification more appropriate and 
Gartonn and Codling's identification has been accepted by Sugar and Corliss (1985). However, 
theree are difficulties with this interpretation. It is necessary to assume that the 3dnp 3D°, 
3P°° and 1P° series are perturbed by approximately the same amount in the region of n = 6 
byy the nearby 5s4p 3P° and 1P° terms, although the perturbation of the 3D° series would be 
expectedd to be weaker, since it only can take place via magnetic interactions, while the two other 
seriess can interact via the Coulomb interaction. In fact, if we accept Newsom's identification, 
thee 3D° series is not perturbed significantly. The calculations for the 3D° series by Brage and 
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Tablee 2.8: Deviations AE (in cm- 1) between observed and calculated 3dn/3D° binding energies. 
Resultss for both the average energy of the 3D° terms (Av.) (taken from table 2.7) and for the 
JJ = 1 levels are shown. The identification of Newsom (1966) is used for 3d6p, otherwise the 
experimentall  level energies are from Sugar and Corliss (1985). The present J = 1 level energies 
aree obtained from the term energies (Av.) by adding a correction for the spin-orbit splitting as 
discussedd in the text. The column headed BFF gives energies for the J = 1 levels published 
byy Brage and Froese Fischer (1994c) who included magnetic effects explicitly (note that the 
deviationss given in their paper have inadvertently been multiplied by a factor of two). 

Eexp.Eexp. Ai ? 
Label l 
J=J= 1 
3d5p p 
3d4f f 
3d6p p 
3d5f 3d5f 
3d7p p 
3d6f f 
3d8p p 
3d7f f 
3d9p p 

J = l l 
93348.3 3 
89155.0 0 
88525.2 2 
86626.5 5 
86258.9 9 
85255.6 6 
85011.7 7 
84425.6 6 
84250.5 5 

Present t 
Av. . 
69.0 0 
39.3 3 
44.7 7 
26.0 0 
33.7 7 
28.1 1 
29.5 5 
28.5 5 
27.8 8 

J=J= 1 
30 0 
21 1 
15 5 
7 7 
4 4 
5 5 

-8 8 
3 3 

-19 9 

BFF F 
77 = 1 

146 6 
-26 6 
64 4 

-23 3 
16 6 

-21 1 
11 1 

Froesee Fischer (1994b), which include the interactions with the 1P° and 3P° series, show no 
perturbationn of the 3D° series and Brage and Froese Fischer (1994c) interchanged the 3d6p 
3P?? and 3D? designations proposed by Brown et al (1973). The relabeling of the 3d6p 3Pf level 
ass 3D? is supported by our results (we have included the appropriate energy from Brown et 
alal (1973) in table 2.7) as well as by CI calculations including magnetic effects mentioned below. 

Thee above observations for the 3D° series concern the J = 1 levels, while the calculations 
reportedd here are for the centre of gravity of the 3D° terms. We have estimated 3D? level 
energies,, which are reported in table 2.8, as follows. Gaardsted et al (1991) have performed 
somee fairly large-scale CI calculations of Ca energy levels using HF basis functions and the suite 
off  programs due to Cowan (1981), including the spin-orbit interaction. Their results, incidentally, 
supportt the interchange of the 3d6p 3P? and 3D? levels proposed above. We used the results of 
thesee authors to determine the separations between the average term energies and the J = 1 
levell  energies which were then introduced as corrections to our calculated average energies. 
However,, it was pointed out by Gaardsted et al (1991) that, except for the lowest n values, the 
couplingg conditions in the 3dnl configurations are rather far from LS. This makes it difficult 
too determine the corrections accurately which is the reason why the trend in the calculated 
deviationss for J = 1 is somewhat uneven. Nevertheless, the sign of the correction is in all cases 
suchh that the difference between theory and experiment is decreased. When the strong term 
mixingg is kept in mind, the very good agreement obtained might partly be accidental. In fact, 
thee agreement is better than obtained by Brage and Froese Fischer (1994c), also reported in 
tablee 2.8, even though they included the magnetic interactions explicitly. 

Bragee and Froese Fischer (1994c) also proposed that the levels designated as 3d4f  3P? and 
3D?? by Sugar and Corliss (1985) should be interchanged. The calculations of Gaardsted et 
alal (1991) do not support this proposal but, since the uncertainty in this calculation is similar 
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too the term splittings in 3d4f, better calculations are needed to settle this point (the splittings 
betweenn the J = 1 levels of the terms of the 3dnf configurations are much smaller than the 
equivalentt splittings in 3dnp configurations). 

2.4.22 Compar ison w i t h other  theoret ical approaches 

Inn table 2.9 we compare our calculation-B results with those obtained recently by other workers 
whoo have used both ab initio methods and methods which, like ours, include some empirical 
information.. Most authors have reported binding energies relative to the Ca+ ground state while 
others,, like ourselves, have used the Ca2+ ground state as reference. To simplify the comparison 
wee again tabulate the errors in each calculation in table 2.9. The observed binding energies are 
takenn primarily from the compilation by Sugar and Corliss (1985) and tabulated relative to the 
Ca++ ionization limit . 

Thee difficulties involved in determining accurate ab initio energy values for calcium without 
includingg core-valence correlation are illustrated by the work of Vaeck et al (1991) whose energies, 
obtainedd in fairly extensive MCHF calculations using a relaxed core, are in error by 1660 cm- 1, 
25900 cm- 1 and 3330 cm- 1, for the ground, the lowest 1D and the lowest 1F° states, respectively. 
Onlyy valence correlation was included, although the orbitals were optimized separately for each 
state,, i.e. core relaxation was taken into account. The errors decrease for higher states, with the 
sixthh *S state being in error by 27 cm"1. The ü-matrix calculations by Osanai et al (1991) for 
llSS and lD states neglect core polarization. However, the errors in the 4s2 'S (1270 cm- 1) and 
3d4ss l D (1190 cm- 1) energies are considerably smaller than those reported by Vaeck et al (1991). 
Thee explanation for the differences is most likely the fact that Osanai et al used a frozen core 
obtainedd from a HF calculation for 3p63d 2D. The core wavefunctions are considerably different 
inn Ca II 3d 2D and in the Ca I states (see table 2.1). Thus the comparison illustrates the size 
off  the effect of the 3d orbital on the other electrons. In the work of both Vaeck et al (1991) and 
Osanaii  et al (1991) the 1D energies are less well determined than the 1S energies, particularly 
forr the higher members of the series. 

Onee of the most important observations by Vaeck et al (1991) was that, if only valence 
correlationn is considered, the order of the two lowest 1F° terms (3d4p and 4s4f) is inverted. 
Thee realization that inclusion of core-valence (and perhaps core-core) correlation is required to 
obtainn the correct ordering has stimulated a number of recent theoretical studies and the ability 
too obtain the correct ordering of these two levels has been established as a severe test of the 
qualityy of an approximation. Here we find that an even more stringent test is the ability to 
obtainn good results for both 1F° and 3F° terms. 

Nearlyy all attempts to include core polarization have been based on the use of model-
potentials.. Only the MCHF calculations by Brage et al (1993b) and Sundholm et al (1993) 
includee core-valence correlation explicitly and Boutalib and Daudey (1992) have included the 
interactionn with the core in second-order perturbation theory (both Brage et al (1993b) and 
Boutalibb and Daudey (1992) also report results using a model-potential approach). Thus the 
mainn differences between the calculations lie in the different model-potentials used and the ap-
proachess employed to solve the Schrödinger equation. Generally, only the dipole polarization 
termm has been included; we include the quadrupole term also but, as already observed, its effect 
iss small. The values used for the dipole polarizability of Ca2+ vary between 3.16 ajj (Mitroy 
1993)) and 3.5 al (Aymar and Telmini 1991). Brage and Froese Fischer (1994a,b,c) and Brage 
etet al (1993b) use the same value as we do, 3.254 a% (Johnson et al 1983), while Boutalib and 
Daudeyy (1992) used the value 3.17 OQ. For comparison, Laughlin (1992) has derived a value of 
3.300 OQ from the experimental spectrum. 
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Tablee 2.9: Errors (in cm-1) in Ca binding energies obtained in a number of recent calculations 
(aa positive/negative sign indicates that the term is, respectively, higher/lower than the observed 
position).. Experimental binding energies, relative to the Ca+ ionization limit, are tabulated; 
centre-of-gravityy values are given for triplet terms. If the experimental value is not known then 
predictedd binding energies are given. VC indicates valence correlation; CVC indicates valence 
pluss core-valence correlation. 

Label" " 
4s22 'S 
4s5s s 
4s6s s 

V V 
4s7s s 
4s8s s 
4s4pp 1P° 
4s5p p 
4s6p p 
4snp p 
4s7p p 
3d4ss ! D 
4s4d d 
4p2 2 

4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
3d4pp aD° 
3d4pp ' F0 

4s4f f 
4s5f f 
4s6f f 
4s5gg *G 
3d2 2 

4s6g g 
4s7g g 
4s8g g 
4s5ss 3S 
4s6s s 
4s7s s 
4s8s s 
4s4pp 3P° 
4s5p p 
3d4p p 
4s6p p 
4s7p p 
4p22 3P 
3d2 2 

^exp p 

49305.95 5 
15988.69 9 
8615.52 2 
7519.67 7 
5029.41 1 
3418.75 5 

25653.65 5 
12574.34 4 
7626.94 4 
5372.47 7 
3880.59 9 

27456.32 2 
12007.66 6 
8586.10 0 
6386.89 9 
4316.12 2 
3105.82 2 
2356.97 7 
1856.87 7 

13470.54 4 
8768.06 6 
6962.36 6 
4501.07 7 
3123.55 5 
4431.5* * 

3074.2* * 
2257.0* * 

17766.46 6 
8831.71 1 
5325.18 8 
3567.27 7 

34042.86 6 
12740.67 7 
9968.20 0 
6783.29 9 
4346.24 4 

10798.20 0 
755.44 4 

Present0 0 

27.5 5 
22.2 2 
79.4 4 

-86.7 7 
-14.6 6 
-4.7 7 

149.8 8 
40.9 9 
28.6 6 
37.9 9 
24.4 4 
79.5 5 

129.8 8 
18.0 0 
22.4 4 
12.8 8 
2.6 6 
2.3 3 
9.1 1 

147.4 4 
42.4 4 
18.0 0 
4.0 0 
1.8 8 
0.4 4 

3807.8 8 
0.3 3 
0.4 4 

1714.0 0 
-17.7 7 
-5.1 1 
-2.0 0 
0.8 8 

-120.0 0 
-17.0 0 
100.0 0 
-2.4 4 
-2.5 5 
49.1 1 
0.8 8 

Modell  potential 
CI" " 
270 0 
93 3 

158 8 
517 7 

-88 8 
7 7 

97 7 
123 3 

367 7 
303 3 
171 1 
107 7 
85 5 

-103 3 
202 2 
90 0 
44 4 
28 8 

33 3 
14 4 

232 2 
93 3 

338 8 
22 2 

-165 5 
402 2 

CI' ' 

11 1 

196 6 
-244 4 

-106 6 

530 0 

64 4 

37 7 
-241 1 

Var/ / 
375.6 6 
53.4 4 
16.1 1 

-367.5 5 
-19.1 1 
-4.1 1 

181.4 4 
-109.5 5 
-11.1 1 
103.9 9 
81.8 8 

-22.7 7 
11.9 9 

-216.7 7 
42.1 1 
32.1 1 
6.0 0 

-20.5 5 
-34.5 5 

-119.6 6 
-32.9 9 
-26.5 5 
-17.6 6 
-9.0 0 

3614.50 0 
-6.2 2 
-4.0 0 

1729.6 6 

-808.8 8 
-158.9 9 
101.7 7 
-8.3 3 

-10.2 2 

fl-mat.fl-mat.9 9 

68 8 

47 7 

2 2 

124 4 
292 2 

PT T 
CVC C 

-99 9 
-366 6 

896 6 
-284 4 

-466 6 

1160 0 

194 4 
-92 2 

87 7 
-511 1 

fi-mat. fi-mat. 
VCh h 

1269 9 
194 4 
227 7 

63.7 7 
11.7 7 
11.5 5 

1187 7 
292 2 
259 9 
196 6 
132 2 
111 1 

VC' ' 
1657 7 
259 9 
338 8 
810 0 
42» » 
27* * 
964 4 
414 4 

567* * 
764* * 
633* * 
2587 7 
971 1 

1183 3 

3332s s 

-437s s 

MCHF F 
CVCJ J 

-244*,, -60* 

438* * 

-90* * 
64* * 

567* * 
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Tablee 2.9 continued 

Label0 0 

3d4ss "D 
4s4d d 
4s5d d 
4s6d d 
4s7d d 
4s8d d 
3d5s s 
3d4pp 3D° 
3d4pp 3F° 
4s4f f 
4s5f f 
4s6f f 
3d22 3F 
4s5gg 3G 
4s6g g 

Exp* * 
28949.33 3 
11552.21 1 
6560.33 3 
4254.89 9 
3001.51 1 
2264.26 6 
1837.23 3 

11073.51 1 
13474.75 5 
7135.27 7 
4543.04 4 
3141.12 2 
5812.10 0 
4431.1* * 
3074.9* * 

a a 

Present* * 
147.0 0 
86.5 5 
24.0 0 
2.8 8 

-8.8 8 
-18.7 7 
-7.8 8 

161.3 3 
25.2 2 
0.5 5 
0.5 5 
0.4 4 

0.1* * 
0.5 5 
0.4 4 

Model-potential l 
CI""  CIe Var/ 
320 0 
225 5 
109 9 
67 7 

56 6 
98 8 
89 9 
42 2 
26 6 

174 4 

391 1 

775 5 

853.1 1 
19.8 8 
3.9 9 

-6.8 8 
-17.7 7 
-36.8 8 
-46.9 9 

-557.3 3 
-49.6 6 
-25.8 8 
-15.1 1 

fl-mat.fl-mat.9 9 

19 9 

225 5 

PT* * 
CVC C 

11 1 

935 5 

iï-mat. . 
VC* * 

MCHF F 
VC'' CVC 

-845* * 
285# # 

aa Sugar and Corliss (1985). 
bb Sugar and Corliss (1985) except entries marked *  which are from Geiler (1992). 
cc Calculation B; the 3d2 3F term energy, marked *, is used to determine the model-potential 

Ufa)-Ufa)-
dd Mitroy (1993): HF basis. 
ee Boutalib and Daudey (1992): the most extensive model-potential calculation (CI) is shown 
(seee text); PT denotes a second-order perturbation theory calculation. 
^^ Brage and Froese Fischer (1994a): variational method using S-splines. 
99 Aymar and Telmini (1991): the J = 2 level error is tabulated for triplet terms. 
hh Osanai et al (1991). 
**  Vaeck et al (1991) except entries marked * which are from Froese Fischer and Hansen (1985); 
thee 1F° terms marked § are assigned on the basis of eigenvector composition (see text). 
33 Sundholm et al (1993) (labeled^): core-core, core-valence and valence correlation; Brage et 
alal (1993b) (labeled8): core-valence and valence correlation. 

Mitroyy (1993) reported results obtained in a CI approach with a model-potential which 
includedd both monoelectronic and dielectronic polarization. His method is therefore very similar 
too ours but differs in that he used primarily HF basis states, 32 for the singlet and 32 different 
oness for the triplet terms. The model-potential used by Mitroy differs from our model potential, 
inn particular through the fact that he determined an /-dependent cut-off radius rc to reproduce 
thee energy of the lowest Ca+ term in each of the s,p,d and f series. The cut-off radius thus 
determinedd varies between 1.65 and 1.93 au, considerably smaller than the value 2.7 au which 
wee employ. An average value, 1.75 au, was used as cut-off in the dielectronic potential. Good 
agreementt with the experimental energy values was obtained, generally within 200 cm- 1. The 
largestt discrepancy is found for the fourth (perturbed) *S state, 517 cm- 1, while for 18 of the 
366 states reported by Mitroy the deviations are less than 100 cm- 1. In only 4 of these 36 cases, 
vizz the 2 lowest 1P° and the lowest 1D° and 3D° terms, are the results of Mitroy closer to 
thee experimental values than our predictions. As well as employing a different model-potential 
wee have used a larger basis in our work. The largest errors in Mitroy's calculations occur for 
low-lyingg levels involving 4p, 3d or 4d orbitals which could be influenced by the small cut-off 
radius.. We note that Mitroy has optimized his I = 2 potential on the Ca+ 3d energy and this 
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resultss in a relatively large error of 460 cm- 1 for the binding energy of the 4d orbital, where 
wee have an error of only 28.7 cm"1. We conclude that our results are somewhat more accurate 
thann Mitroy's but at a price: the difference in the size of the basis is considerable. The same 
conclusionn follows from comparisons of transition probabilities in section 2.6. 

Bragee and Proese Fischer (1994a) used B-splines, but not CI methods, and they were able 
too determine term energies up to n ~ 20. They included a monoelectronic polarization potential 
andd their cut-off radius, determined to reproduce the 4s - 3d separation in Ca+ , is rather small, 
1.422 au, so that the cut-off occurs well inside the core. Of the 42 energy values available for 
comparisonn with our work, seven are more accurately predicted by Brage and Froese Fischer 
(1994a)) (see table 2.9). The largest error in their work is 850 cm- 1 (for 3d4s 3D) and their errors 
aree also relatively large for 4s4p 3P° and 3d4p 3F°. Part of the explanation is probably due to 
theirr small cut-off radius which will have a greater effect on the more compact wavefunctions, 
althoughh the good agreement for the 3d4s lD term would appear to contradict this statement. 
However,, we find that dielectronic polarization, which is not included in Brage and Froese 
Fischer'ss calculations, has a much larger influence on the 3d4s XD (580 cm"1) than on the 3D 
term,, so their small error for 3d4s XD would appear to be fortuitous. In both the JD and the 3D 
seriess the errors in the Brage and Froese Fischer calculations increase towards the 3d5s perturber. 
Forr higher levels the errors decrease again. Our results in this region are better although our 
accuracyy deteriorates above 3d5s due to the finite box size, as discussed earlier. In general, the 
approachh used by Brage and Froese Fischer is geared towards higher n values and comparisons 
involvingg only the low levels are therefore somewhat misleading. However, the neglect of the 
dielectronicc polarization potential by Brage and Froese Fischer is clearly detrimental to the 
accuracyy of their calculations for the lower series members. 

Varyingg the cut-off radius to fit  the 4s 2S - 3d 2D energy separation gives rise to another 
sourcee of error in the approach used by Brage and Froese Fischer (1994a). Although the 4s 2S -
3d2DD energy separation is correct, the 4p2P° binding energy is in error by 1350 cm- 1 in their 
workk which, since 4p2 is a major contributor to some low-lying even-parity level wavefunctions, 
leadss to inaccuracies in energy predictions for the latter levels (in particular for 4p2 ! S and *D). 
Bragee and Froese Fischer report the results of a different calculation in which the cut-off radius 
iss determined so that the 3d 2D - 4p 2P° distance is correctly determined. The calculations using 
thiss potential do not include configurations of the type 4s(n/e)/ and this omission is a source 
off  error for most of the LS symmetries. For the 3d2 lG term, where the interaction with the 
4sngg series is weak, their calculated binding energy changes from 3614.5 cm"1 to 3141.7 cm- 1 

whenn the second cut-off radius is used. Our value is 3807.8 cm- 1 and the rather large scatter 
betweenn the results underlines the difficulties associated with obtaining a good description of 
thee 3d orbital. 

Onee reason for the recent interest in the Ca spectrum was, as mentioned, the observation 
byy Vaeck et al (1991) that the order of the 1F° terms is incorrect when only valence correlation 
iss taken into account. Table 2.9 shows that Brage and Froese Fischer have obtained the correct 
orderingg and also relatively small errors for the 1F° terms. The error for the 3d4p 3F° term is 
muchh larger but this is mainly accounted for by their neglect of dielectronic polarization. We 
findfind a contribution of more than 440 cm- 1 from this source while its contribution to the energies 
off  3d4p 1F°, 4s4f  1F° and 4s4f  3F° is much smaller. We have argued above that the low-lying 
levelss in Brage and Froese Fischer's work have larger error than higher ones because of the 
smalll  cut-off radius; that the 3d4p 1F° and 3F° terms apparently would be well represented 
iff  dielectronic polarization was included, is perhaps because the errors in 3d and 4p partially 
cancell  each other. 

Bragee et al (1993b) reported MCHF energies for the 4s2 1S, 4s4p 1P° and 3P° terms in Ca. 
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Twoo types of calculations were performed: one with core polarization included through explicit 
excitationn of one electron from the 3p shell (core-valence correlation) and a second with core 
polarizationn taken into account via a model-potential including the dielectronic term. Contrary 
too the calculations discussed above (Brage and Froese Fischer 1994a,b,c), the cut-off radius in 
thiss calculation was taken to be equal to the calculated mean radius of the 3p orbital, 1.26 
au,, much smaller than the value we employ. For the ground state, the discrepancy with the 
experimentall  energy was as small as -60 cm- 1 with the explicit MCHF method, when the ground 
statess of the atom and the ion were optimized separately, while the model-potential method led 
too an error close to 700 cm- 1 (only the results of the explicit calculation are included in table 
2.9).. For the excited states, the inclusion of core polarization through explicit excitation of a 
coree electron requires a much larger basis set and therefore some restrictions on the size of the 
basiss were necessary. Here their model-potential binding energy differed from experiment by 
aboutt 50 cm- 1 for 1P° and 80 cm"1 for 3P°, whereas the direct calculation had larger errors of 
4388 cm- 1 (1P°) and 567 cm- 1 (3P°). Core polarization in Ca is certainly not easy to include by 
directt calculation but it is difficult to understand why the error in the ground state energy is so 
largee in the model-potential approach of Brage et al (1993b), a result which is not reproduced in 
ourr calculation. The dielectronic term gives a contribution of more than 640 cm- 1 in our work, 
soo it may be that the different choice of cut-off radius is part of the reason for the disparity. 
Whenn core polarization is described by a model-potential, Brage et al (1993b) achieve higher 
accuracyy than we do for 4s4p ^ and 3P° but it is essential that the dielectronic term is 
includedd (the 3P° - 1P° splitting of 8389 cm- 1 is reduced by 952 cm- 1 by the dielectronic term 
inn the Brage et al calculation; we find a reduction of 699 cm- 1) . Thus inclusion of this term 
wouldd significantly reduce the large error in the result of Brage and Froese Fischer (1994a) for 
thee 4s4p XP° - 3P° separation (see in table 2.9) where the dielectronic term was omitted (as 
discussedd earlier). 

Sundholmm et al (1993) used a finite-element MCHF approach to study core-valence interac-
tionss explicitly for the ground state and the two lowest 1F° and 3F° terms. These calculations 
weree among the first to confirm that inclusion of core-polarization effects in the MCHF descrip-
tionn is necessary in order to obtain the correct ordering of the two lowest 1F° terms. In addition, 
core-coree correlation was estimated for the 3d4p terms and found to be more than twice as large 
forr the 1F° term as for the 3F° term. Relativistic effects were also estimated by adding correc-
tionss corresponding to the one-body Darwin and mass-velocity terms. The energies calculated by 
Sundholmm et al (1993) including core-core correlation are in much better accord with experiment 
forr the 1F° terms than for the 3F° terms. However, the present model-potential results, which 
doo not include core-core correlation explicitly and therefore cannot mimic a term-dependent 
correlationn of this type, show substantially better agreement with experiment, especially for 
thee F° terms, throwing doubt on the variation and the size of the core-core contributions re-
portedd by Sundholm et al (1993). A similar conclusion was reached by Brage and Froese Fischer 
(1994a).. Considering the results of Sundholm et al (1993) and Brage and Froese Fischer (1994a) 
wee conclude that obtaining good results for both lF and 3F terms poses a very severe test of a 
theoreticall  approach for Ca. 

Anotherr test of the quality of a calculation is its ability to predict the splittings between 
singlett and triplet terms in the 4sni configurations. In a single-particle approximation, this 
distancee is determined by the G'(4s,nJ) exchange integral with the lL term located above 3L. In 
practice,, perturbations can lead to an inversion of the singlet-triplet splitting and several such 
inversionss are known in Ca. In table 2.10 we show the intervals in the lowest members of the S, 
P,, D, F and G series obtained in a number of calculations. In most calculations only some of 
thee intervals are reported. The results of Mitroy (1993) are of the same quality as ours. If Brage 
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Tablee 2.10: Observed and calculated separations (in cm- 1) between lL and 3Z, terms energies 
forr the lowest members in the 4snl series with / = 0 - 4 in neutral Ca. The separation is positive 
whenn the singlet term is above the triplet. 

Exp. . 
Present t 
Mitroyy (1993) 
Bragee and Froese Fischer (1994a) 
Bragee et al (1993b) 
Sundholmm et ai(1993) 

4s5s s 
1777.8° ° 
1817.8 8 

1837 7 

4s4p p 
8389.2° ° 
8659.5 5 
8068.3 3 
9379.4 4 

8259 9 

4s4d d 
1493.0" " 
1425.5 5 

1540 0 
617.2 2 

4s4f f 
172.9° ° 
190.3 3 

175 5 
189.6 6 

-48 8 

4s5g g 
-0.4» » 
-0.5 5 

aa Sugar and Corliss (1985). 
66 Geiler (1992). 

andd Froese Fischer (1994a) had included the dielectronic polarization term, their results would 
probablyy have been equally accurate and we see that Brage et al (1993b), who concentrated 
theirr efforts on the 4s4p terms, have obtained the most accurate result for the 4s4p splitting. 

Thee combined i?-matrix and MQDT calculations by Aymar and Telmini (1991) for even 
levelss with J = 0 and 2 included spin-dependent interactions (via a jj/LS frame transformation) 
andd monoelectronic, but not dielectronic, polarization terms. Aymar and Telmini handled the 
monoelectronicc polarization term in a way which is closer to our approach than any of the 
otherr calculations but, in addition to a Ui(r)  term, they also used an / dependent dipole cut-off 
parameterr to fit  the Ca+ energies. The resulting values for the cut-off parameters are small 
comparedd to the size of the core. Their main concern was the location and composition of 
thee XS and 1D perturbers but they also reported calculated photoionization cross sections for 
excitationss from the 4s4p xPi level to J = 0 and 2 levels in the region above the 4s threshold. The 
calculatedd positions of the perturbers in the *S and lD series below the 4s threshold are in very 
goodd agreement with experiment, as table 2.9 shows. However, the agreement would be degraded 
somewhatt if Aymar and Telmini had included dielectronic polarization; in our calculations VDP 
raisess the energy of 4p2 *S by 274 cm- 1 and the energy of 4p2 *D by 253 cm- 1. We will return 
too their calculated eigenvector compositions in section 2.5. 

Finally,, Boutalib and Daudey (1992) reported results of two different approaches, both based 
onn a frozen-core approximation with Gaussian-type HF basis functions combined with a CI 
method,, to treat valence correlation. In one approach core-valence interactions were included 
viaa a model-potential and in the other by a second-order perturbation method. The model-
potentiall  was based on fitting the dipole cut-off parameter separately for each I value and no 
dielectronicc term was included. Two different calculations were reported which included either 
onee or two f functions. The results do not clearly show that one of the calculations is superior 
too the other and we therefore compare with the most extensive calculation using one f function. 
Thee largest errors are 775 cm"1 for 3d4p 3F° and 530 cm"1 for 3d4p 1D° while the smallest 
errorr is 11 cm- 1 for 4s5s 1S. In the second approach, Boutalib and Daudey (1992) calculated 
aa simplified second-order expression taking one- and two-electron excitations from the core into 
account.. The largest error is 1160 cm- 1 for 3d4p l D° and the errors are in general larger than 
inn their model-potential calculation. It is difficult to see any particular trend in the errors. 
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2.55 Wavefunction compositions 

Thee effects of core polarization can be studied in some detail by comparing our wavefunctions 
withh MCHF wavefunctions which include only valence correlation. Already Froese Fischer and 
Hansenn (1985) noticed that the 3d4p term in the 1P° series appeared to be too weakly bound 
whenn core polarization is neglected but much of the original impetus for studying the influence 
off  core polarization on the Rydberg series came, as mentioned, from the observation by Vaeck 
etet al (1991) of the same effect in the ! F° series where it is easier to recognize. It turns out that 
thee influence of core polarization on the 1F° series is more akin to what has been found for 
thee 1S and *D series than to the situation in the 1P° series. We therefore begin by discussing 
thee 1S, *D and 1F° series. Table 2.11 shows wavefunction compositions obtained here and in 
somee other calculations, including the MCHF calculations by Froese Fischer and Hansen (1985) 
andd Vaeck et al (1991) which do not include core polarization. Instead of comparing eigenvector 
components,, which are basis-set dependent, we sum the contributions from configurations of a 
givenn angular type (for example, sp, pd, df, etc. for the l P° series), except when other authors 
havee reported 4snd and 3dns percentages explicitly. 

Wee recall that very small admixtures of perturbing series can lead to energy displacements of 
hundredss of cm- 1, so that even fairly close agreement among the leading eigenvector components 
doess not guarantee close agreement in energy. 

Inn the 1S, *D and 1F° series, the perturbers are localized in the sense that the mixing 
iss primarily with nearby series members, as can be seen from table 2.11. An important conse-
quencee is that the position of the perturber can be established without recourse to very detailed 
calculations.. Nevertheless, the present identifications have not been established without some 
difficulties.. For example, the third *S term was labeled 4p2 until the work of Risberg (1968). In 
thee 1S and *D series, the main interest has centered on identification of the perturbers. This is 
duee to the fact that both the 4p2 and 3d2 configurations have XS and *D terms and, because 
off  the 'unstable' character of the 3d orbital in Ca, it is very difficult to predict which of the 
twoo configurations will be the lowest on the basis of, say, isoelectronic extrapolation. Another 
complicatingg factor in Ca is that of the two possible perturbers in each series only one has been 
establishedd with certainty. In contrast, in both Sr and Ba two perturbers are known, although 
onee is above the lowest ionization limit . At the present time, those calculations which include 
thee pp-dd interaction agree that there is a very strong mixing between the two configurations 
inn Ca so that a single-particle label has littl e significance. For this reason we have retained the 
labelingg used by Sugar and Corliss (1985) throughout the present work even if the label does not 
correspondd to the largest eigenvector component. In fact, the mixing is dependent on the details 
off  the calculation and changes significantly when core polarization is included, for example. 

Sugarr and Corliss (1985) followed Risberg (1968) and labeled the fourth lS state in Ca as 
4p2.. The MCHF investigations of Vaeck et al (1991) showed a slightly larger contribution from 
pp'' than from dd'. Since the most prominent effect of the introduction of core polarization is that 
thee 3d orbital is bound more strongly, it is not surprising that we find the largest eigenvector 
contributionn to the fourth XS state, 39 %, comes from the 3dnd series, although the 4pnp 
contribution,, 29 %, is large too. We note that the stronger binding of the 3d orbital in the work 
off  Osanai et al (1991), obtained by use of a frozen core from 3p63d, is already enough to make 
thee dd' component larger than the pp' without the explicit introduction of core polarization. 
Also,, Aymar and Telmini (1991) and Mitroy (1993) find that d2 makes the largest contribution 
too the eigenvector. There are some disagreements about the actual composition but, as pointed 
outt by Aymar and Telmini (1991), the calculation of wavefunction compositions in their MQDT 
approachh is not expected to be very accurate for the lower levels, so the rather large discrepancy 
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Tablee 2.11: Comparison of wavefunction compositions for selected states of calcium with the 
presentt (calculation B) results. For each state, components larger than 0.2 % are given (if 
reportedd in the appropriate reference). The coefficients represent sums over all configurations 
off  a given angular type if the label is //'; if a definite principal quantum number is stated then 
thee summation is restricted those configurations (see text). The labels in the first column are 
thosee adopted in the compilation by Sugar and Corliss (1985). The references (column 3) to the 
calculationss are given in the footnotes. MP denote a model-potential calculation, MCHFy is used 
forr MCHF calculations which include only valence correlation while MCHFycv indicates that 
core-valencee correlation is also included; the same notation is used for .R-matrix calculations. 

Label l 

45' ' 

4s5s s 

4s6s s 

4p2 2 

4s7s s 

4s8s s 

4s9s s 

3d4s s 

4s4d d 

4p22 ] 

lS S 

'S S 

ls s 

ls s 

's s 

*s s 
lls s 
'D D 

*D D 

D D 

Method d 
Type e 

MPP spline 
MPP spline 
MCHFv v 

fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MCHFv v 

fl-matrixv fl-matrixv 
MPP spline 
MPP spline 
MCHFv v 

fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MCHFv v 

ft-matrixv ft-matrixv 
MQDTT fl-matrixvcv 

MPP spline 
MPP spline 
fi-matrixv fi-matrixv 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MPP spline 
MCHFv v 

ft-matrixv ft-matrixv 

MPP spline 
MPP spline 
MCHFv v 

A-matrixv v 

MPP spline 
MPP spline 
MCHFv v 

Zt-matrixv v 

MQDTT fl-matrixvcv 

Ref f 
Present t 

B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 
D D 

Present t 
B B 
C* * 

Present t 
B B 

Present t 
B B 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

Present t 
B B 
A A 
C C 

D D 

Wavefunctionn Composition 

93.5%% ss'+ 6.0% pp' + 0.4% dd' 
92.0%% 4sns + 7.6% 4pnp + 0.3% 3dnd 
92.1%% ss' + 7.6% pp' + 0.3% dd' 
92.2%% 4sns + 7.5% 4pnp + 0.3% 3dnd 
96.9%% ss' + 2.8% pp' + 0.3% dd' 
96.3%% 4sns + 3.3% 4pnp + 0.2% 3dnd 
96.5%% ss' + 3.3% pp' 
96.4%% 4sns + 3.2% 4pnp 
71.6%% ss' + 14.0% pp' + 14.4% dd' 
52.8%% 4sns + 22.3% 4prcp + 24.4% 3dnd 
93.3%% ss' + 4.7% pp' + 2.0% dd' 
85.6%% 4sns + 7.9% 4pnp + 6.3% 3dnd 
31.8%% ss' + 29.2% pp' + 39.0% dd' 
49.8%% 4sns + 21.1% 4pnp + 28.7% 3dnd 
12.9%% ss' + 46.2% pp' + 40.9% dd' 
18.5%% 4sns + 37.3% 4pnp + 43.6% 3dnd 
39%% pp' + 54% dd' 
98.4%% ss' + 0.6% pp' + 0.9% dd' 
98.8%% 4sns + 0.6% 4pnp + 0.6% 3dnd 
96.9%% 4sns + 1.3% 4pnp +1.6% 3dnd 
99.5%% ss' + 0.2% pp' + 0.3% dd' 
99.5%% 4sns +0.2% 4pnp + 0.2% 3dnd 
99.7%% ss' 
99.7%% 4sns 
88.7%% sd + 9.9% pp' + 0.7% ff + 0.7% dd' 
79.5%% 4snd + 6.5% 3dns + 12.7% 4pnp + 0.4% 3dnd 
83.2%% sd + 15.6% pp' + 0.9% pf 
79.0%% 4snd + 13.5% 4pnp + 6.3% 3dns + 0.8% 4pnf 
++ 0.4% 3dnd 
88.9%% sd + 7.7% pp' + 0.5% pf + 0.3% dd' 
82.2%% 4snd + 4.5% 3dns + 9.1% 4pnp + 3.3% 3dnd 
96.3%% sd + 2.3% pp' + 0.7% pf + 0.6% dd' 
86.0%% 4snd + 6.8% 4pnp + 4.4% 3dns + 2.1% 3dnd 
++ 0.7% 4pnf 
35.0%% pp' + 28.3% sd + 36.5% dd' + 0.2% pf 
34.9%% 4pnp + 31.6% 4snd + 32.4% 3dnd + 0.5% 3dns 
40.0%% pp' + 38.4% sd + 21.2% dd' + 0.4% pf 
36.4%% 4pnp + 35.6% 4snd + +26.2% 3dnd + 1.2% 3dns 
++ 0.3% 4pnf 
30%% pp' + 41% dd' 
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Tablee 2.11 continued a 

Label l 

4s5dd 'D 

4s6dd *D 

4s7dd JD 

4s8dd *D 

3d5ss XD 

3d4pp 'F0 

4s4ff  ^ 

4s5ff  *F° 

3d4pp 3F° 

4s4ff  3F° 

4s5ff  3F° 

Method d Wavefunctionn Composition 
Type e Ref f 

MPP spline 
MPP spline 
R'matiixv R'matiixv 

MPP spline 
MPP spline 
.R-matrixv v 

MPP spline 
MPP spline 
R-matrixv R-matrixv 

MPP spline 
MPP spline 
fl-matrixv fl-matrixv 

MPP spline 
MPP spline 
fi-matrixv fi-matrixv 

MPP spline 
MPP spline 
MCHFv v 

MCHFvcv v 
MPP spline 
MPP spline 
MCHFv v 

MCHFvcv v 
MPP spline 

MPP spline 
MPP spline 
MCHFvcv v 
MPP spline 
MPP spline 
MCHFvcv v 
MPP spline 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
C* * 

Present t 
B B 
A* * 
F F 

Present t 
B B 
A* * 
F F 

Present t 

Present t 
B B 
F F 

Present t 
B B 
F F 

Present t 

86.5%% sd + 2.1% pp' + 11.1% dd' + 0.2% pf 
85.0%% 4snd + 9.8% 3dnd + 2.4% 3dns + 2.4% 4pnp 
83.2%% 4snd + 9.8% 3dnd + 5.7% 4pnp + 0.8% 3dns 
++ 0.4% 4pnf 
94.9%% sd + 4.8% dd' 
89.5%% 4snd + 5.4% 3dns + 4.9% 3dnd 
78.9%% 4snd + 10.8% 3dnd + 9.7% 3dns + 0.3% 4pnp 
++ 0.3% 4pnf 
95.6%% sd + 3.6% dd' + 0.7% pp' 
85.9%% 4snd 4- 9.8% 3dns + 3.8% 3dnd + 0.5% 4pnp 
78.9%% 4snd + 10.8% 3dnd + 9.7% 3dns + 0.3% 4pnp 
++ 0.3% 4pnf 
96.6%% sd + 2.5% dd' + 1.2% pp' 
81.9%% 4sred + 14.7% 3dns + 2.5% 3dnd + 0.9% 4pnp 
29.0%% 4snd + 62.3% 3dns + 4.7 3dnd + 3.6% 4pnp 
++ 0.3% 4pnf 
97.4%% sd + 1.3% dd' + 1.2% pp' 
83.5%% 4snd + 14.7% 3dns + 0.9% 3dnd + 0.8% 4pnp 
29.0%% 4snd + 62.3% 3dns + 4.7 3dnd + 3.6% 4pnp 
++ 0.3% 4pnf 
83.0%% dp + 16.5% sf + 0.4% df 
82.5%% 3dnp + 16.7% 4snf 
56.8%% dp + 42.7% sf + 0.4% df 
1.8%% sf + 96.0% dp 
88.0%% sf + 11.6% dp + 0.3% pg 
87.8%% 4snf + 11.0% 3dnp 
92.2%% sf + 7.3% dp + 0.4% pg 
97.8%% sf + 0.9% dp 
97.9%% sf + 1.9% dp 

98.8%% dp + 1.1% sf 
93.1%% 3dnp + 1.4% 4snf 
97.6%% dp + 0.3% sf 
98.7%% sf + 1.0% dp + 0.3% pg 
98.4%% 4snf + 0.6% 3dnp 
86.5%% sf + 12.3% dp 
99.3%% sf + 0.5% dp 

**  This eigenvector is approximate (see text). 
'' These two 1F° eigenvectors are assigned on the basis of eigenvector composition (see text). 

betweenn their results and the others in table 2.11 is not disturbing. More disturbing is the 
disagreementt with Brage and Froese Fischer (1994a). However, the composition of the perturber 
iss clearly very sensitive to the relative positions of 4p2 and 3d2 in the 4sns ^ Rydberg series and 
wee believe this to be the reason for the difference, as discussed in the next paragraph. Thus it is 
reasonablee to suppose that the dd' content of the lowest perturber is less than the 54 % reported 
byy Aymar and Telmini (1991), making a single-particle label for this level inappropriate. 

Inn general, the wavefunction compositions obtained by Brage and Froese Fischer (1994a) 
agreee with the present results to within a few percent, but the predicted compositions for the 
thirdd and fourth lS states are very different. The errors in the calculated energies are less than 
900 cm- 1 for both of these states in our calculation (table 2.7) whereas Brage and Froese Fischer 



68 8 Studyy of valence states in neutral Ca 

Tablee 2.11 continued b 

Label l 

4s4p p 

4s5p p 

4s6p p 

4snp p 

4s7p p 

4s8p p 

4s9p p 

lp O O 

lp O O 

lp O O 

lp O O 

Method d 
Type e 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 

MP P 
MCHFv v 

MPP spline 
MPP spline 
MCHFv v 

Ref f 
Present t 

B B 
G G 
A A 

Present t 
B B 
G G 
A A 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
G G 
E E 

Present t 
B B 
E E 

Wavefunctionn Composition 

84.2%% sp + 15.7% dp 
81.2%% 4snp + 14.8% 3dnp 
83.7%% sp + 16.3% dp 
84.3%% sp + 15.7% dp 
85.3%% sp + 14.6% dp 
81.5%% 4snp + 15.0% 3dnp 
87.3%% sp + 12.7% dp 
90.6%% sp + 9.4% dp 
75.4%% sp + 24.2% dp + 0.3% df 
77.1%% 4snp + 21.0% 3dnp 
81.4%% sp + 18.6% dp 
7.5%% dp 
73.4%% sp + 26.1% dp + 0.5% df 
76.8%% 4snp + 22.3% 3dnp 
77.0%% sp + 23.0% dp 
92.7%% sp + 7.2% dp 
87.6%% sp + 12.2% dp + 0.2% df 
86.7%% 4snp + 12.8% 3dnp 
84.7%% sp + 15.3% dp 
6.8%% dp 
94.8%% sp + 5.1% dp 
93.6%% 4snp + 6.1% 3dnp 
92.6%% sp + 7.4% dp 
6.0%% dp 
97.4%% sp + 2.6% dp 
96.5%% 4snp + 3.2% 3dnp 
5.0%% dp 

A:: Vaeck et al (1991). 
B:: Br age and Froese Fischer (1994a). 
C:: Osanai et al (1991). 
D:: Aymar and Telmini (1991). 
E:: Froese Fischer and Hansen (1985) (only the dp coefficient is given, except for the 4snp term). 
F:: Sundholm et al (1993). 
G:: Victor et al (1976). 

reportt energies which are in error by only 16 cm- 1 for the third *S state, 4s6s, but the fourth 
*SS state is 370 cm- 1 too low and lies close to 4s6s. The probable reason for this difference is 
thee error in the 4p energy of Brage and Froese (1994a), mentioned earlier, which, since the 
perturberr has a significant 4p2 component, changes its position within the 4sns series. As the 
perturberr lies close to 4s6s *S, the wavefunction compositions of levels in this neighbourhood 
aree very sensitive to energy differences between the perturber and 4sns levels. The eigenvector 
compositionss of Brage and Froese Fischer indicates a near-degeneracy of the non-interacting 
states,, whereas in our calculation the unperturbed energy separation between the perturber and 
4s6ss is much larger. 

AA similar situation is found for the perturber in the lT> series. The MCHF calculations 
includingg only valence correlation gave pp' as the largest component (Vaeck et al 1991) as did 
thee .R-matrix calculations of Osanai et al (1991). In fact, Brage and Froese Fischer (1994a) also 
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predictt a slightly larger pp' than dd' component, while we find the dd' component to be the 
largest.. Nevertheless, the two latter predictions are in good accord and we note that the energy 
separationn between perturber and neighbouring 4snd levels is larger than in the 1S series. The 
resultss show that a single-particle label is clearly meaningless for the *D perturber also. In the 
*DD series there is a further perturber in the shape of the 3d5s term which traditionally has 

beenn assigned to the eighth observed level. We note that the error in the energy for this term is 
slightlyy larger in our calculation than for the lower levels but, since 3d5s has the same angular 
behaviourr as 4snd, it is difficult in our calculation to separate the perturber from the Rydberg 
seriess and Brage and Froese Fischer (1994a) have suggested that 3d5s is mixed into a large 
numberr of levels. The eigenvector published by Osanai et al (1991) shows a prominent 3dns 
componentt but, as they point out, the higher eigenvectors in their calculation (marked with an 
**  in table 2.11) correspond to a type of average over the different eigenvectors within a region 
off  the spectrum and cannot be directly associated with a particular observed level. 

Att first sight, it is quite surprising that the wavefunction compositions for the lS and *D 
statess are similar in the present work and in the calculations of Osanai et al (1991), since we 
includee core polarization and the latter authors do not. In general, the energies calculated by 
Osanaii  et al (1991) lie between the present values and those obtained by Vaeck et al (1991). 
However,, we have already pointed out that by the use of a frozen core from 3p63d, Osanai et 
alal (1991) seems to have included part of the contraction of the 3d orbital which perhaps explains 
thiss behaviour. 

Thee 1F° series has only one perturber, 3d4p, which, in fact, is not mixed very strongly with 
thee 4snf series. When core polarization is neglected this perturber is predicted (incorrectly) to 
bee located above the 4s4f term (Vaeck et al 1991). That the inversion is due to the neglect of 
coree polarization was confirmed by Sundholm et al (1993). Their wavefunctions (shown in table 
2.11)) show very littl e mixing of 3d4p and the 4s7if series. This is rather different from our results 
whichh are in very good agreement with those reported by Brage and Froese Fischer (1994a). 
Notee that for the purposes of comparison in table 2.11 we have interchanged the order of the 
twoo lowest levels obtained in the MCHF calculations of Vaeck et al (1991). 

Tablee 2.11 shows a different picture for the 3F° states. In this case our wavefunction compo-
sitionn for the lowest term shows better agreement with Sundholm et al (1993) than with Brage 
andd Froese Fischer (1994a). There is considerable disagreement between the three energies for 
thiss term, with our value clearly the more accurate (see table 2.9). The disagreement with Brage 
andd Froese Fischer's result is perhaps due to their neglect of the dielectronic polarization in-
teractionn which, as mentioned already, is particularly large for this term. We note also that 
theree is a contribution of more than 5 % "missing" in the eigenvector reported by Brage and 
Froesee Fischer. For the first-excited 3F° term, the disagreement between the energies is much 
smaller,, although our value is again the most accurate. Here there is agreement between our 
wavefunctionn composition and Brage and Froese Fischer's but disagreement with Sundholm et 
alal (1993). In particular, we observe that the total amount of dp character in the two lowest 3F° 
termss is 110 % in the calculation of Sundholm et al (1993) but it is just less than 100 % in our 
calculation.. Therefore, while we find very littl e mixing between 3d4p 3F° and the 4snf series, the 
Sundholmm et al results indicate that the 4snf series is mixed with higher members of the 3dnp 
orr the 4pnd series. However, our energies for the higher members of the 4snf series are highly 
accuratee (see table 2.7) and, as table 2.11 shows, these levels do not mix significantly with other 
series.. Further investigation of the XF° and 3F° wavefunctions clearly would be worthwhile. 

Thee situation is different for the 1P° series. Here the position of the 3d4p perturber in the 
seriess is not obvious and several levels have been proposed as the perturber as reviewed by, for 
example,, Sugar and Corliss (1985). In fact, it is now known that no level in the bound region 
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hass more than about 25 % dp character, which has led to the unusual label 4snp for the fourth 
levell  in the series (Sugar and Corliss 1985), as discussed already. In the MCHF calculations by 
Froesee Fischer and Hansen (1985) it was found that, when core polarization is neglected, the 
largestt dp component occurred in the lowest eigenvalue. In contrast, the present calculation gives 
fairlyy good agreement with the eigenvectors reported by Victor et al (1976), although we do not 
reproducee the shape of their distribution of 3d4p character over the series; they find a fairly well 
definedd maximum at the fourth eigenvalue while we find a much broader maximum with nearly 
thee same amount of dp character in the third and the fourth eigenvalues. We note that Victor et 
alal (1976) surmised that the 3d4p character of the fourth eigenvalue was underestimated in their 
calculation.. A larger 3d4p component was believed to be required to reproduce the gf value 
distribution.. In contrast, Froese Fischer and Hansen (1985) argued that the mixing between the 
4snpp basis states caused by the presence of the 3d4p perturber was more important than the 
amountt of 3d4p for the gf values. Our results tend to confirm the latter view. Our transition 
probabilitiess (as well as energies) are more accurate than the values reported by Victor et al 
(1976),, as we shall see later, but the 3d4p contributions to the eigenvectors are only marginally 
larger.. The agreement with the eigenvectors reported by Brage and Froese Fischer (1994a) is 
good.. In the calculations by Froese Fischer and Hansen (1985) the sum over the dp amplitudes 
inn the lower states was less than 60 %. Our value for the sum is about 100 % which is satisfying 
becausee the 3d5p and higher 3dnp levels are observed above the 4s threshold, albeit as broad 
resonances,, indicating a localized character of the interaction between the 4snp and 3dnp series. 
Thiss would be difficult to reconcile with 3d4p being distributed over the high Rydberg states 
andd the continuum. 

2.66 Electric dipole transition probabilitie s 

Thee wavefunctions and energies obtained as described in previous sections were used to calculate 
(weighted)) transition oscillator strengths gf and radiative lifetimes for singlet and triplet terms 
withh principal quantum number less than n K 8. Most other oscillator strength calculations 
havee used the observed transition energies but, because of the high accuracy of our predicted 
energies,, we have employed calculated energies. 

2.6.11 Influence of core polarizat ion 

Followingg Bersuker (1957) a number of authors have noted that, in the model-potential approach 
too core polarization used here, the electric dipole operator needs to be modified to include a 
contributionn from the dipole moment induced in the core by the valence electrons (Hameed et 
alal 1968, Hafner and Schwarz 1978). Accordingly, we have used the following valence-electron 
dipolee operator 

wheree the cut-off function W$(x) is defined by equation 2.5 and the core cut-off radius, rc, has the 
samee value as used in the energy-level calculations (table 2.2). This equation specifies the 'length' 
formm of the electric dipole operator D. It is also possible to use the 'velocity' form. However, since 
ourr model incorporates the correct long-range asymptotic form of the potential and our large 
configuration-interactionn expansions should ensure accurate descriptions of the wavefunctions in 
thee region outside the Ca2+ core, the length form (equation 2.9) is more appropriate. This is 
truee particularly for weaker transitions which will be sensitive to the wavefunctions inside the 
coree where they are least accurate in our approach. In addition, the core-polarization correction 

DD = 
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forr the velocity operator is not well established and Mitroy (1993), for example, used the normal 
velocityy operator, V, without any corrections. 

Thee core-polarization contributions to the matrix elements of D were reported to be small 
forr neutral Ca by Hafner and Schwarz (1978). Mitroy (1993) confirmed this and mentioned, in 
particular,, that the effect on the resonance transition 4s2 1S -¥ 4s4p l P° was a reduction in 
thee oscillator strength from 1.901 to 1.820, considerably smaller than the effect on the resonance 
transitionn in Ca+ (1.11 -*  0.96). Laughlin (1992) noticed that the effect is smaller when a 
largerr rc is used and, since Mitroy's rc values are smaller than ours, we expected a fairly small 
contributionn from this correction. However, this did not always turn out to be the case; for 
example,, for the resonance transition we find a reduction from 1.865 to 1.745. The polarisation 
correctionn generally leads to a reduction in gf value of between 2 and 8 % when a low-lying 
orbitall  is involved in the transition, while for transitions between higher lying levels the effect 
iss smaller than 1 %, usually much smaller, except for some very weak transitions. For the 4s2 

11SS —> 4snp 1P° series, where there is a considerable amount of cancellation, the correction 
iss important and does improve the agreement with experiment; for example, for n = 5 the 
correctionn reduces the (small) gf value by 60 % and is instrumental in reproducing the observed 
minimumm in gf values at this point in the series. The core-polarisation correction to D reduces 
thee oscillator strength of the 4s4p 1P° — 4p2 *D transition by 6.4 % — but in this case the 
agreementt with experiment would be much better without the correction! In a few cases the 
polarisationn correction to the dipoie operator increases the gf value: by 8.3 % for 4s2 *S — 4s6p 
1P°,, by 3.4 % for 4s4p 1P° -*  4s4d : D and by 5.2 % for 3d2 3F -*  3d5p 3D°. 

2.6.22 gf values 

gfgf values for transitions between singlet levels are presented in table 2.12 while table 2.13 shows 
ourr results for transitions between triplet terms. When the term in the upper row is located 
beloww the term in the first column, the gf value is reported as negative (emission). Multiplet gf 
valuess are given for triplet transitions. In table 2.14 we compare calculated oscillator strengths 
forr some transition for which experimental values exist. For the majority of the stronger lines 
thee deviation between the current values and those reported by Mitroy (1993) is less than 10 %, 
withh our values generally smaller than Mitroy's. However, we mention that there are some large 
discrepanciess for transitions not included in table 2.14 where experimental data is not available. 
Inn particular, our results for the 4p2 XD -+ 4s5f and 4s6f  1F°, 4s4p 3P° -»> 4s6s 3S and 4s5p 3P° 
—  3d2 3P transitions are approximately a factor of 10 smaller than those reported by Mitroy 
(1993).. In fact, the disagreements are so close to a factor of 10 that it is tempting to assume they 
aree due to misprints in Mitroy's tables (although it is necessary to assume that both length and 
velocityy values are misprinted). Our values are in all cases closer to what would intuitively be 
expectedd although, as confirmed recently by Sarandaev et al (1997), series perturbations make 
itt difficult to ascertain trends in ƒ values in the Ca spectrum. 

Thee first part of table 2.14 shows gf values for transitions from the ground state to the 1P° 
series.. This series can be studied fairly easily in absorption and a number of measurements have 
beenn reported in which the series has been followed to very high n values (Ostrovskii and Penkin 
1961,, Shabanova 1963, Parkinson et al 1976, Wynne and Beigang 1981, Ahmad et al 1994). The 
valuess of Parkinson et al (1976) are in good agreement with earlier absorption measurements of 
Ostrovskiii  and Penkin (1961) and Shabanova (1963), not shown in table 2.14, while the later 
measurementss are concerned with higher n values (Wynne and Beigang 1981, Ahmad et al 1994). 
Too establish an absolute scale Parkinson et al (1976) normalized their relative measurements 
too the gf value of 1.75 deduced from the 4s4p *P° level lifetime measured by Smith and Liszt 
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Tablee 2.12: gf values for transitions between low-lying singlet states in Ca l. Absorption is 
indicatedd by a positive gf value, emission by a negative value. The labels used are from Sugar 
andd Corliss (1985). 

4sa a 

4s5 s s 
4s6 s s 
4p2 2 

4s7 s s 
4s8s s 

4s4 p p 
1.745 3 3 
0.385 3 3 
0.022 5 5 
0.346 7 7 
0.030 4 4 
0.011 2 2 

4s5 p p 
0.0019 5 5 
0.908 3 3 
0.431 0 0 
0.153 0 0 
0.087 9 9 
0.032 8 8 

l SS _ > lp o 

4s6 p p 
0.036 2 2 
0.148 6 6 
0.604 1 1 
0.004 7 7 
0.340 3 3 
0.070 4 4 

lp o o 

4sn p p 
0.064 6 6 
0.136 9 9 
0.359 9 9 
0.387 3 3 
0.554 5 5 
0.030 2 2 

- ++ X D 

4s7 p p 
0.033 7 7 
0.040 0 0 
0.112 7 7 
0.031 2 2 
1.717 0 0 
1.570 8 8 

4s8 p p 
0.013 5 5 
0.009 1 1 
0.030 7 7 
0.002 3 3 
0.143 8 8 
2.451 9 9 

4s9 p p 
0.006 3 3 
0.002 5 5 
0.010 9 9 
0.000 1 1 
0.030 5 5 
0.149 1 1 

4s4 p p 
4s5 p p 
4s6 p p 
4sn p p 
4s7 p p 
4s8 p p 

3d4s s 
0.007 3 3 
0.292 5 5 
0.328 4 4 
0.258 3 3 
0.090 5 5 
0.028 1 1 

4s4 d d 
0.618 8 8 
0.325 7 7 
0.371 0 0 
0.112 7 7 
0.029 0 0 
0.008 6 6 

4p2 2 

1.645 0 0 
0.578 6 6 
0.323 3 3 
0.024 4 4 
0.022 9 9 
0.012 5 5 

i Do o 

4s5 d d 
0.793 7 7 
0.753 9 9 
1.931 1 1 
1.421 9 9 
0.003 6 6 
0.000 8 8 

- ••  *D 

4s6 d d 
0.135 8 8 
0.405 6 6 
0.351 7 7 
2.923 3 3 
2.130 5 5 
0.001 3 3 

3d4ss 4s4d 4p*  4s5d 4s6d 4s7d 
3d4pp 1.8400 0.0172 0.1296 0.0124 0.0003 0.0013 

IDD -  I F 0 

3d4s s 
4s4 d d 
4p* * 
4s5 d d 
4s6 d d 
4s7 d d 

3d4 p p 
0.357 2 2 
0.973 3 3 
0.000 5 5 
0.013 6 6 
0.049 0 0 
0.138 9 9 

4s4 f f 
0.655 2 2 
3.274 7 7 
1.091 8 8 
0.849 2 2 
0.000 6 6 
0.000 2 2 

4s5 f f 
0.278 5 5 
0.274 6 6 
0.192 6 6 
5.468 6 6 
1.225 0 0 
0.104 3 3 

4s6 f f 
0.151 9 9 
0.052 2 2 
0.110 1 1 
0.442 8 8 
5.420 2 2 
0.303 8 8 

4s7 f f 
0.092 7 7 
0.015 1 1 
0.063 6 6 
0.099 1 1 
0.851 8 8 
3.999 2 2 

(1971).. The error introduced in the lifetime-^/ conversion by ignoring the branching decay of 
4s4pp 1P° to 3d4s l D is negligible because this transition is very weak (see table 2.12). Although 
tablee 2.14 demonstrates that a resonance transition oscillator strength in the region 1.78 to 1.79 
probablyy would be more appropriate we have retained the original gf values from Parkinson et 
alal (1976) here; such a revision of the resonance transition gf value would change the data of 
Parkinsonn et al (1976) by approximately 2 %. 

Thee other and larger part of table 2.14 presents gf values involving the excited configurations 
4s4p,, 4s5p and 3d4s. These configurations, which are located fairly high in the spectrum, are 
difficul tt to populate in absorption experiments but, due in particular to the work of the Oxford 
groupp using a carbon (King) furnace (Smith and O'Neill 1975, Smith and Raggett 1981, Smith 
1988),, an accurate set of gf values is known. Apart from the normalisation originally employed 
byy Smith and O'Neill (1975) (discussed later), the oscillator strength deduced from the lifetime 
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Tablee 2.13: Multiplet g ƒ values for transitions between low-lying triplet terms in Ca I. Absorption 
iss indicated by a positive gf value, emission by a negative value. The labels used are from Sugar 
andd Corliss (1985). 

3S->> 3P° 

4s5s s 
4s4p p 
1.3738 8 

4s5p p 
3.7357 7 

3d4pp 4s6p 
0.26111 0.0854 

4s7p p 
0.0122 2 

4s8p p 
0.0032 2 

4s6ss 0.1690 2.2540 0.3268 5.4046 0.1654 0.0340 
4s7ss 0.0586 0.2227 0.00003 3.9214 6.8050 0.2265 
4s8ss 0.0281 0.0739 MO"7 0.2915 5.1592 8.0830 
4s9ss 0.0158 0.0350 910- 8 0.0933 0.3772 6.3746 
4sl0ss 0.0105 0.0210 210- 5 0.0470 0.1264 0.4751 

4p̂  ^ 
3d2 2 

3d4d d 

3d4p p 

4s4p p 

4s4p p 
4.5274 4 
0.9629 9 
0.0408 8 

4pz z 

0.0062 2 

3d4s s 
0.7868 8 

4s5p p 
0.0005 5 
0.4357 7 
0.0696 6 

3d* * 
2.0264 4 

4s4d d 
3.4109 9 

3P-4 4 
3d4p p 
0.0013 3 
3.0412 2 
0.1094 4 

3 D o _^ ^ 

3d4d d 
0.0003 3 

3P°-+ + 
4s5d d 
1.0070 0 

3po o 

4s6p p 
0.0001 1 
0.0563 3 
0.0153 3 

3p p 

3D D 
4s6d d 
0.4440 0 

4s7p p 
7-10-5 5 

0.0057 7 
0.0059 9 

4s7d d 
0.2316 6 

4s8p p 
610"5 5 

0.0014 4 
0.0036 6 

4s5pp 0.7031 2.5441 2.7158 1.0292 0.5861 
3d4pp 2.8484 0.5150 1.1136 0.0340 0.0083 
4s6pp 0.0279 0.4819 2.2469 3.8280 1.1277 
4s7pp 0.0015 0.1027 0.9713 2.3891 4.6784 
4s8pp 0.0002 0.0408 0.1870 1.2840 0.9739 

off  the 3d4p ^ term measured by Brinkmann et al (1969) was used by these workers to put 
theirr relative measurements on an absolute scale. There is also a problem in this case due to 
thee fact that 3d4p lF° decays by two different branches, to 3d4s *D and 4s4d 1D. Smith and 
Raggettt (1981) assumed that, within the accuracy of the experiment (5%), the decay to 4s4d 
llDD can be neglected, a view later supported by the branching ratio measurements of Hunter 

andd Peck (1986). Smith (1988) consequently retained the normalization. 

Thee experimental gf values for the triplets are mainly from two sources. Köstlin (1964) 
measuredd ƒ values for unresolved multiplets which we have converted to gf values. In contrast, 
Smithh and O'Neill (1975) and Smith and Raggett (1981) reported gf values for individual 
transitionss and in those cases where the majority of the possible transitions were measured we 
havee added the appropriate gf values together and included the result in table 2.14. If only 
onee line in a multiplet was measured, we have converted the gf value from line to multiplet 
formm by use of the LS-coupling branching ratios but without giving an error estimate. Smith 
andd co-workers showed that the branching ratios within the multiplets follow LS coupling quite 
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Tablee 2.13 cont. a 

J D  -  3 D 
3d4ss 4s4d 4s5d 4s6d 4s7d 4s8d 

3d4pp 4.9797 0.0116 0.0673 0.1159 0.2116 0.4657 

3d4pp 4s4f 4s5f 4s6f 4s7f 
3d4ss 5.0663 1.0918 0.5750 0.3274 0.2029 
4s4dd 0.0721 15.7027 0.7196 0.1031 0.0230 
4s5dd 0.0630 -2.9066 18.8457 1.8649 0.4955 
4s6dd 0.1017 -0.0009 5.4693 20.0216 2.6390 
4s7dd 0.1935 -210"9 -0.0160 -6.5891 19.1635 
4s8 d d 

3d a a 

3d4 d d 

3d y y 

3d4 d d 

0.450 2 2 

3d4 p p 
2.384 0 0 
0.230 8 8 

3d4 p p 
2.940 6 6 
0.906 2 2 

-0.000 7 7 

4s4 f f 
0.000 3 3 
0.0000 6 6 

3d5 p p 
0.575 4 4 
7.249 5 5 

-0.031 2 2 

3 F - > > 
4s5 f f 
0.0000 9 9 
0.002 3 3 

3 F - >> : 

3d4 f f 
0.118 9 9 
0.005 9 9 

-0.355 4 4 

}p o o 

4s6f f 
0.000 1 1 
0.003 0 0 

t Do o 

3d6 p p 
0.032 3 3 
2.956 1 1 

-3.192 7 7 

4s7 f f 
0.000 1 1 
0.002 9 9 

3d5f f 
0.031 0 0 
0.132 6 6 

4s8 f f 
0.000 1 1 
0.002 9 9 

3d7 p p 
0.003 8 8 
0.307 6 6 

closely,, except for the 3d4p 3F° term where the J = 2 level is perturbed by 3d4p *D§ located 
closeby.. Since this mixing is due to the spin-orbit interaction it is neglected in our calculation. 
Inn the case of 3d4s 3D -> 3d4p 3F° a more appropriate experimental value to compare with 
thee theoretical data can be estimated from the 3d4s 3D3 ->  3d4p ZF% transition assuming LS 
couplingg and this results in a value of about 5.7 instead of the value 5.42 quoted in table 14. The 
differencess between the two sets of experimental values are rather large, even when the large 
errorr bars on Köstlin's results are taken into account. 

Tablee 2.14 contains four sets of theoretical data: MCHF values, including valence correlation 
only,, from Vaeck et al (1991) and Froese Fischer and Hansen (1985), and three sets based on 
model-potentialss combined with core polarization; the latter are the Victor et al (1976) data, 
thee results of Mitroy (1993) and the present ones. Comparison of the experimental and the 
MCHFF data shows a varying degree of agreement which can be attributed to the neglect of core 
polarization.. The MCHF approach does not predict correctly either the minimum or maximum in 
thee gf value distribution for the 4s2 1S -> 4snp 1P° transitions. The dipole matrix elements here 
sufferr from a large amount of cancellation (Froese Fischer and Hansen 1985) and are consequently 
difficul tt to calculate. On the other hand, the model-potential calculations by Victor et al (1976) 
weree able to predict both the minimum and the maximum correctly but they are otherwise 
inferiorr to the two later model-potential calculations 

Comparisonn of the present results with Mitroy's shows that both sets are of about the same 
quality.. In fact, for most transitions the difference between the two sets is too small to allow the 
measuredd values to discriminate between them. One case for which there is a large difference is 
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thee 4s4p XP° — 4s6s *S transition where our value is in good agreement with the experimental 
valuee (Smith 1988), while Mitroy's value is a factor of 10 too small. The MCHF value is even 
smaller.. The small gf value depends, in particular, on the proper mixing between 4s6s and the 
4p22 and 3d2 perturbers as discussed by Froese Fischer and Hansen (1985) and there are large 
differencess between length and velocity formulations in both model-potential (Mitroy 1993) and 
MCHFF calculations (Froese Fischer and Hansen 1985, Vaeck et al 1991). 

Inn contrast, our gf value for the 3d4s lD — 3d4p 1F° transition is about 30 % too low while 
thee MCHF and Mitroy's length values agree quite well with experiment. It is not surprising that 
ourr value is different from the MCHF result since the wavefunctions are very different (see 
tablee 2.11), but the large difference between our result and Mitroy's is unexpected. However, in 
bothh the MCHF and Mitroy calculations there are large differences between length and velocity 
predictionss for this transition. We note that the MCHF velocity value is close to our (length) 
valuee while Mitroy's velocity value is smaller still. This transition was, as already mentioned, 
usedd to normalize the measurements of Smith and Raggett (1981) and Smith (1988) and the 
experimentall  value is most likely in error by less than 10 %. The core-polarization correction to 
thee dipole operator and the inaccuracy in the transition energy are both too small to explain 
thee disagreement. 

Thee same disagreement is found for the 4s4d *D —> 3d4p 1F° transition, where this time our 
valuee is about 40 % too large compared to experiment, but here the agreement with Mitroy's 
resultt is good and the difference between length and velocity values in Mitroy's calculation is 
muchh smaller. In addition, the experimental value is much less accurate for this transition. On 
thee other hand, the MCHF value for the 3d4s lD -» 4s4f  1F° transition is too small, while 
thee present result, as well as the result due to Mitroy (1993), is in good agreement with the 
measurementt of Smith and Raggett (1981). There is also rather good agreement with Mitroy's 
valuess for 4s4d *D -> 4s4f  1F° (our value lies between his length and velocity results) while 
thee MCHF (length) result is nearly a factor of two larger (the MCHF velocity result is in good 
agreementt with our (length) value) despite the fact that the wavefunctions this time are rather 
similarr (table 2.11). Unfortunately there are no experimental results for this transition, so it is 
nott included in table 2.14. 

Thee present results and those of Mitroy (1993) for 4s4p 1P° -¥ 1D transitions are both in 
satisfactoryy accord with the measurement of Smith (1988), unlike the MCHF values of Vaeck 
etet al (1991). There is also reasonable agreement between the two model-potential predictions 
forr 4s5p l P° -> 4p2 and 4s5d *D transitions but they both deviate rather strongly from the 
experimentall  data of Hunter et al (1985). Whether this means that the wavefunction for the 
4s5pp 1P° term is in error is not clear since, for example, the gf value for the 3d4s XD —> 4s5p 
1P°° transition is in perfect agreement with the observed value reported by Smith and Raggett 
(1981),, and the same observation holds for the transitions to the next two 1P° terms, 4s6p and 
4snp. . 

Thee present model-potential results for transitions involving the 4s4p 3P° term are in good 
agreementt with those calculated by Mitroy (1993) and also by Victor et al (1976). There is also 
goodd agreement with experiment, within the rather large error limits for these measurements, 
whilee the agreement for the transitions involving 3d4s 3D is, in general, less good. The rather 
largee error bars (15 %) on the Smith and O'Neill values for the 4s4p 3P° -t 4s5s 3S and 4s4d 3D 
transitionss were caused by difficulties with the normalization as described in one of the following 
paragraphs.. The values in parentheses are based on a renormalization, described there, which 
iss expected to be more accurate. The renormalized lifetime for 3S is in perfect agreement with 
thee calculated one while the discrepancy in the 3D lifetime is reduced by 50%. 
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2.6.33 Lifet ime s 

Tablee 2.15 compares the lifetimes obtained in this work with those calculated by Mitroy (1993) 
andd by Vaeck et al (1991), as well as with most of the available experimental data (a few 
olderr measurements have been omitted). Transition energies have a larger influence on lifetimes 
thann on gf values so, in common with Mitroy (1993) and Vaeck et al (1991), we have used 
experimentall  energies to calculate the reported lifetimes, though the differences are very small. 
Unfortunately,, differences between alternative measurements are often larger than the stated 
uncertaintiess which lowers confidence in the accuracy of the experimental values. As for gf 
values,, the differences between the two model-potential lifetimes in table 2.15 are invariably too 
smalll  to allow the observations to discriminate between them. There are, however, two notable 
exceptions:: 4s6s *S, where our value is in much better accord with the observed values than are 
thee previous theoretical predictions, and 3d4p 1F°, where the opposite observation holds. 

Thee lifetimes derived by Smith (1988) from experimental gf values are probably more accu-
ratee than individual measured lifetimes, since the errors in the oscillator strength measurements 
aree estimated to be smaller than the errors in the lifetime measurements, and it is gratifying 
that,, with the exception of 4s6s *S, 4s7s *S, 3d4p 1F° and 4s4d 3D, our values are within 
0.88 ns of Smith's values. For the 4s6s and 4s7s lS terms, Smith combined his measured val-
uess for the transitions to 4s4p 1P° with probabilities calculated by Froese Fischer and Hansen 
(1985)) for transitions to the other 4snp 1P° terms. We have employed Smith's procedure to 
redeterminee these two lifetimes, replacing the MCHF transition probabilities with the current 
model-potentiall  values, and the revised values are reported in table 2.15. We have already com-
mentedd on the 3d4p 1F° term in the context of the comparison of measured and calculated gf 
values.. Our calculated lifetime for 4s4d 3D is 1.6 ns longer than Smith's estimate but we argue 
inn the following paragraph that this estimate is perhaps is a littl e too small. We also observe that 
Smith'ss lifetime estimates tend to favour the present predictions over those of Mitroy (1993), 
Vaeckk et al (1991) and Froese Fischer and Hansen (1985). 

Off  the three triplet lifetimes estimated by Smith (1988), two (4s5s 3S and 4s4d 3D) are based 
onn the work of Smith and O'Neill (1975) who measured relative gf values for the transitions from 
thesee two terms to 4s4p 3P°. The estimated error in the measurements was only 3% and they 
implyy that the lifetime of the 3D term is 1 % shorter than the lifetime of the 3S. However, the 
mostt accurate lifetime measurements at the time were due to Gornik et al (1973) who reported 
aa value for 3D 15 % longer than for 3S, although the error in the ratio was rather large. Smith 
andd O'Neill (1975) needed a known lifetime to normalize their relative measurements and they 
electedd to fix the 3D lifetime at 11.5 ns, as given in table 2.15. This resulted in a 3S lifetime of 
11.66 ns, within the error limits of the observed value of Gornik et al (1973). However, we notice 
thatt the later measurement of Major et al (1985) gives a 3S lifetime of 5 ns. Not only 
iss this in excellent accord with our calculated value but it also supports Smith and O'Neill's 
conclusionn that the 3S and 3D lifetimes are essentially equal. (We note that Smith and O'Neill 
(1975)) found the three 3Dj level lifetimes to be equal, to within 3%, so it is thus permissible to 
comparee calculated term values to the two measurements for the J = 1 level in table 2.15.) There 
aree therefore indications that Smith and O'Neill's observed lifetimes for 3S and 3D should be 
aboutt 1 ns longer, which would bring them into good agreement with our predicted values. Such 
ann increase would reduce the gf values reported by Smith and O'Neill by about 5 % which is 
welll  within their estimated uncertainty of 15%; the rescaled gf values are given in parentheses 
inn table 2.14 and were discussed previously. 

Onn the other hand, Smith and Raggett (1981) used their (different) normalisation on the 
relativee gf measurements for triplet transitions of Smith and O'Neill (1975) and proposed that 
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Tablee 2.15: Lifetimes (in ns) for some states in Ca l. AU theoretical results use experimental 
transitionn energies and the 'length' form of the dipole operator. 

Label l 
4s6ss 'S 
4p22 XS 
4s7ss lS 
4s8ss JS 
4s4pp 1P° 

4s5pp 1P° 
4s4dd lD 
4p22 *D 
4s5dd XD 
4s6dd *D 
3d4pp 1F° 
4s4ff  'F° 
4s5ff  'F° 
4s5ss 3S 
3d4pp 3P° 
4p22 3P 
3d22 3P 
4s4dd 3D 

Present t 
113.0 0 
12.5 5 
73.2 2 
149.0 0 
4.63 3 

57.6 6 
64.9 9 
15.2 2 
22.8 8 
76.3 3 
77.5 5 
28.8 8 
56.5 5 
12.4 4 
12.8 8 
5.56 6 
8.35 5 
13.1 1 

Mitroy0 0 

173.0 0 
12.5 5 

4.42 2 

59.2 2 
69.2 2 
15.5 5 
21.9 9 
73.1 1 
61.0 0 
28.6 6 

12.1 1 
12.3 3 
5.24 4 

13.3 3 

MCHF* * 
132.1* * 
10.16* * 
45.7* * 
78.5* * 
4.13 3 

42.21 1 
44.41 1 
18.09 9 

55.54 4 
34.30 0 

Smith' ' 
103' ' 
13.3 3 
61.5* * 

65.0 0 
14.6 6 
23.6 6 

59.0 0 

11.6 6 
12.1 1 

11.5 5 

Observed d 
° ° 
d,, r 

62.4*4.3"",, / 

,, ' 
9,, \ 4.62*0.15*, > 

,, , 4.7*0.5*, 4.49*0.07"*, ' 
,, n 

d,, ° 
ii,, \ e, ° 

a,, , ° 
/ / 

,, , r 

,, , * 
e,, * 

,, d, U 

P P 

e e 

* * 
\\ P, * 

**  (3Dj) , ' (3Di) 

aa Mitroy (1993). 
bb Vaeck et al (1991) (values obtained with a relaxed core, except those marked with a * obtained 
byy Froese Fischer and Hansen (1985) using a frozen core). 
cc Smith (1988) (derived from the experimental gf values except for the 4s6s and 4s7s *S 
lifetimes,, marked with a f , which incorporate theoretical gf values; these have been recalculated 
(seee text)). 
dd Havey et al (1977) (we assume that the "before Risberg (1968)" labeling of the third and 
fourthh 1S term is used). 
ee Jönsson et al (1984). 
'' Hansen (1983). 
99 Lurio et al (1964). 
hh Hulpke et al (1964). 
**  Smith and Gallagher (1966). 
jj Smith and Liszt (1971). 
**  Emmoth et al (1975). 
**  Gibbs and Hannaford (1976). 
mm Kelly and Mathur (1980a, b). 
""  Mathur and Kelly (1982). 
00 Hunter et al (1985). 
pp Osherovich and Pul'kin (1977). 
ii  Brinkmann et al (1969). 
rr Hunter and Peck (1986). 
**  Bhatia (1987). 
**  Gornik et al (1973). 
uu Major et al (1985). 
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thee absolute values of the latter authors should be increased by about 5%. Thus, although the 
magnitudee of this correction is in harmony with our estimate, it is in the wrong direction! We 
shouldd like to mention, however, that the adjustment proposed by Smith and Raggett (1981) 
reducess the 3S lifetime to 11 ns, taking it even further from the most recent experimental value 
off  12.4  0.5 {Major et al 1985). 

Thee disagreement between calculated and observed lifetimes for the 4s5p 1P° term, which has 
beenn commented upon by Froese Fischer and Hansen (1985), Smith (1988), Vaeck et al (1991) 
andd Mitroy (1993), remains and a remeasurement of this lifetime would be welcome. 

Inn principle, the calculated values should be considered as upper limits, since transitions 
whichh are forbidden in LS coupling are neglected, and it is gratifying that, for example, our 
4snss XS series lifetimes are longer than the observed values while the MCHF values are shorter. 
Ourr 4p2 ! D lifetime is 0.6 ns longer than that estimated by Smith (1988) but we note that 
Risbergg (1968) reported rather strong transitions from this level to 4s4p 3P° levels. These 
intercombinationn transitions are neglected here and undoubtedly form part of the explanation 
forr the difference. Also the high-lying 3d2 3P term has observable transitions to singlet terms 
whichh are neglected in the calculated lifetime. As only one lifetime measurement for this term is 
available,, a rather old beam-foil value, a remeasurement would be welcome. The two calculated 
lifetimess for 4p2 3P displayed in table 2.15 are both shorter than the observed value (Jönsson 
etet al 1984). Again only one measurement exists and it would be desirable to have at least one 
otherr experimental value available for comparison. 

2.77 Conclusions 

Resultss for the neutral calcium atom, obtained using a model-potential description of the Ca2+ 
coree in combination with flexible B-spline basis sets, have been reported. Comparisons with other 
theoreticall  energy-level calculations reveal that the present results are consistently the most ac-
curatee reported to date and confirm the accuracy of the model-potential method employed. One 
off  the most important reasons for the high accuracy is the inclusion of core-polarization effects. 
Bothh monoelectronic and dielectronic polarization contributions involving the dipole polarizabil-
ityy are important while, except for a few of the lowest states, the quadrupole polarization is a 
smalll  correction. 

AA major cause of the remaining inaccuracy in the model-potential technique is related to 
thee 3d orbital which, because the 3d electron-core interactions in Ca and Ca+ are significantly 
different,, is the most difficult one to describe. We have discussed one method of improving 
thee description of the 3d orbital by utilizing knowledge of the neutral Ca spectrum in the 
determinationn of the orbitals for Ca+. Core polarization effects on the wavefunction compositions 
aree similar to those reported by other workers*, although for the 1F° and 3F° states there are 
stilll  some discrepancies between the different approaches. 

Measuredd values for transition probabilities and lifetimes in Ca I are generally restricted to 
thee ground state and the terms up to about 3 eV above the ground state. From a theoretical 
pointt of view, these are the most difficult ones to describe. Nevertheless, many transition prob-
abilitiess are accurately predicted in our approach and many calculated lifetimes lie within the 
experimentall  uncertainties. In a large number of cases the discrepancies between the published 
measurementss are too large to make it possible to establish the quality of the theoretical models 
andd it would clearly be worthwhile to redetermine transition probabilities and lifetimes for this 
importantt spectrum. Using modern experimental techniques it should be possible to improve 
ourr knowledge of some gf values to the 1 % accuracy that the Oxford group was able to obtain 
forr Fe I quite some time ago (Blackwell 1990). Not only would such an effort pay off for the 
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astrophysicall  applications, where neutral calcium is such an important element, but more pre-
cisee information on the system is also required to allow further refinements of the theory and 
calculations!!  approaches to be tested. 



822 Study of valence states in neutral Ca 


