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178 8 Appendix x 

8.11 Appendix I: Numerical illustration of the SVD 

Let'ss consider the diagonalization of the following three 3 x 3 matrices 

BB = 1 -18 2 , (8.1) 

BBTTBB = 

and d 

// 417 -30 6 \ 
-300 329 10 (8.2) 

^^ 6 10 440.25 / 

C=\C=\ 1 22 2 . (8.3) 

Thee presence of positive and negative diagonal values of the same size is meant to "simulate" 
thee use of bound and discretized continuum states in our approach. Because the B matrix is 
symmetric,, the eigenvalues of BTB are equal to the squares of the eigenvalues of B. This follows 
fromm the generalized eigenvalues problem 

BDBD = ED, (8.4) 

wheree D is the eigenvector matrix. Then 

D~D~11BBTTBDBD = D~lBTDE = D~lBDE = E2. (8.5) 

Thee first and the third matrices are related by 

CC = B + d, (8.6) 

wheree c is a constant, 40 in the present example, and I is the identity matrix. Therefore, their 
eigenvaluess are also linked 

D-D-11CDCD = D-l(B + cI)D = D-1BD + cI. (8.7) 

Thesee relations are verified numerically and the eigenvalues of B and BTB are listed in table 
8.1. . 

Tablee 8.1: Eigenvalues (E) of the different matrices introduced in this appendix. 

EEB B 

21.4969 9 
-17.8562 2 
-20.6407 7 

Diagonalization n 
EEBBTTBB EATA 

462.11711 0 
318.84333 319.7459 
426.03955 426.2541 

VVEEssTTss ~ c 

0 0 
-17.3149 9 
-20.2165 5 

SVDD (A) 

VVEEATA ATA 
0 0 

 17.8814 
 20.6459 

Considerr now the SVD which concerns rectangular matrices. Let us remove the last row of 
thee B matrix. 

V II -18 2 J (8.8) ) 



8.11 Appendix I; Numerical illustration of the SVD 179 9 

Thee singular values are defined as the square roots of the eigenvalues of ATA which provides an 
approximationn to BTB. 

II 401 -38 -78 \ 
AATTA=A= - 38 325 -32 (8.9) 

\\ -78 -32 20 J 

Fromm table 8.1, it is seen that the two positive eigenvalues of ATA compare well with two of 
thee eigenvalues of BTB but that the former are slightly larger. When the singular values are 
consideredd we notice that they are larger than the absolute values of the two negative eigenvalues 
off  B. Thus the SVD leads to an approximation to the eigenvalues which are below the real 
eigenvaluess when the real eigenvalues are negative, just as observed in chapter 3 (cf. tables 3.2, 
3.33 and 3.4). 

However,, if the diagonal matrix elements are shifted by an arbitrary constant (set to 40 as 
before) ) 

SS = A + cl (8.10) 

soo that 

( 4011 42 82 \ 

422 485 48 (8.11) 
822 48 20 / 

andd the STS matrix is diagonalized, we notice (table 8.1) that the eigenvalues are not related to 
thosee of ATA in the same way as for square matrices where the difference between the two sets 
off  eigenvalues is equal to the constant c. This is intuitively plausible because only the diagonal 
elementss in the square part are changed. However, table 8.1 shows that the singular values now 
aree smaller than (the absolute values of) the eigenvalues of B. Thus we surmise that the reason 
thatt the singular values for the application of the SVD to a hamiltonian matrix are below (more 
stronglyy bound) than the real eigenvalues is an artefact due to the inclusion in the hamiltonian 
off  a discretized continuum. The error can be small if there is littl e interaction with states outside 
"thee square part" but large when this interaction is strong. 
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8.22 Appendix II : .B-splines distribution pat tern 

Whenn performing atomic structure calculations using a CI approach combined with a B-spline basis 
set,, the completeness of the basis plays an important role for the accuracy of the description. It 
hass been mentioned in section 1.2 that the completeness of the basis depends on several factors 
amongg which the number of functions and the distribution pattern, grid, are the most important. 
Inn this thesis, two different types of grids have been used, depending on whether an (quasi-) 
boundd or a continuum state was described. In the former case the basis functions are distributed 
exponentially.. This means that the knot points are computed using the following relations 

ti,k=i(x)ti,k=i(x) = 

where e 

0 0 
e<" " 
R R 

i+(« « 

fl fl 

-l)x0)) _ e ( - l 

ln(i?? x e1 

iff  0 < i < k 
)) if k + 1< i 

iff  N + 1 < t 

++ D 

<N <N 
<N<N + k 

(8.12) ) 

13) ) Ni-1 Ni-1 
wheree R, iVj and N correspond, respectively, to the size of the box, the number of intervals 
andd the number of B-splines. The two later are related to the order of the functions, k, by the 
followingg relation: 

NiNi = N - k - 1. (8.14) 

Whenn computing atomic orbitals, the boundary conditions require that the function is equal to 
zeroo at the two ranges of the box. Therefore the first and the last 5-splines are removed and the 
relationn between the number of B-splines and the number of intervals is given by 

NiNi = N - k - 3. (8.15) ) 

Figuree 8.1: Graphic representation of the B-spline basis used in chapter 4 to perform calculations 
onn neutral lithium i.e. 22 B-splines of order 7 are exponentially distributed over a box of 80 au. 

Exponentiall B-spline basis 
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Whenn the so-called "continuum basis" is set up (cf. section 1.2.2.3, page 16), equations 8.12 
andd 8.13 are used to distribute 21 B-splines over the first 2 au. The remaining 120 functions are 
distributedd linearly. 
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