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Chapterr  2 

Formall  Theory Buildin g Using 
Automatedd Reasoning Tools 

Thee merits of representing scientific theories in formal logic are well-known. Ex-
pressingg a scientific theory in formal logic explicates the theory as a whole, and 
thee logic provides formal criteria for evaluating the theory, such as soundness and 
consistency.. On the one hand, these criteria correspond to natural questions too be 
askedd about the theory: is the theory contradiction-free? (is the theory logically 
consistent?)) is the theoretical argumentation valid? (can a theorem be soundly 
derivedd from the premises?) and other such questions. On the other hand, test-
ingg for these criteria amounts to making many specific proof attempts or model 
searches:: respectively, does the theory have a model? can we find a proof of a 
particularr theorem? As a result, testing for these criteria quickly defies manual 
processing.. Fortunately, automated reasoning provides some valuable tools for 
thiss endeavor. This chapter discusses the use of first-order logic and existing 
automatedd reasoning tools for formal theory building, and illustrates this with a 
casee study of a social science theory, Hopkins' theory of the exercise of influence 
inn small groups. 

2.11 Introductio n 

Thee theory building methodology outlined in this chapter is by no means a new 
one.. The use of formal logic to represent scientific theories dates back, at least, to 
thee logical positivists (Ayer 1959). What is novel in our approach is the extensive 
usee of automated reasoning tools. One of the reasons for the demise of positivism 
wass the inability to put philosophy into practice. The formalization of scientific 
theoriess requires a huge amount of tedious calculations that exceed manual pro-
cessingg capabilities. The use of computational tools allows us to transcend these 
limitations,, and bring much of the positivist philosophy to life. 

11 1 
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Thiss research is part of the concerted effort to revive formal theory building 
inn the social sciences by using formal logics and by taking advantage of the avail-
ablee computational support. Social scientists usually agree that theories should 
bee logical, but they rarely address the issue, eschewing the difficulties of investi-
gatingg the logical structure of 'discursive theories' (theories expressed in natural 
language,, the standard representation in the social sciences). Rather than engag-
ingg ourselves in abstract, philosophical deliberations,1 we focus on applied case 
studies.. That is, we 'formalize' actual social science theories by rationally recon-
structingg them and expressing them in logical form. The resulting formalizations 
aree then tested using logical criteria, a task greatly facilitated by the availability 
off  computational tools. 

InIn section 2.2 we will explain the value of formalization in the explication of 
scientificc theories and the role tools from automated reasoning can play in this 
process.. In section 2.3 we present a case study that shows how this can be applied 
inn the social sciences, and we end in section 2.4 by summarizing our experiences 
andd drawing conclusions. 

2.22 Formal Theory Buildin g 

Thee principal reason for formalizing scientific theories is to clarify and explicate 
them.. Until a scientific theory is expressed in a formal and unambiguous manner, 
itit  remains open to many interpretations. Provided that readers can interpret the 
formalism,, a formal exposition of a scientific theory allows them to understand 
thee theory, to distinguish between alternative readings, to gauge its boundaries, 
andd to compare it with alternatives (see also Suppes 1968). 

Wee use the classical, axiomatic-deductive notion of a theory. The premises of a 
theoryy consist of universal statements (universal laws or empirical generalizations, 
possiblyy supplemented with definitions). The theory itself is the deductive closure 
off  the set of premises (Tarski 1956). Theoretical explanations and predictions 
correspondd to deductions from the set of premises (Popper 1959). 

Wee prefer to use this strict notion of a theory over more liberal ones.2 The 
reasonn for this is simple: our main interest is the justification of theories, and 
wee are therefore interested in strict criteria that can be objectively evaluated. 
Thiss position has clear limitations; many other aspects of theory building require 
creativityy and insight (activities with which logic is rarely associated). Especially 
thee discovery of theories requires different methods than formal logic and deduc-
tion.. Most of the research in the social sciences is directed at empirical surveys, 

^ eee for example (Adorno, Dahrendorf, Pilot, Albert, Habermas, and Popper 1969) for 
interestingg arguments in favor of, and against the use of formal logic in the social sciences. 

2Althoughh this conception of theory is mainly inspired by theories in mathematics and 
physics,, it is applicable to all empirical sciences, including the social sciences (Rudner 1966; 
Popperr 1969). 
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andd the main theme of all methodology textbooks is how to perform such empir-
icall  research. Our efforts do not replace, but rather complement this empirical 
research.. As soon as a (tentative version of) a theory is formulated, we have 
somee powerful tools for evaluating it. There are several logical criteria available 
forr evaluating a theory formalized in a logical language, such as the consistency 
off  the theory or soundness of a derivation. 

Manyy of these logical criteria correspond to natural questions which we would 
likee to ask about a scientific theory: 

I ss the argumentation of the theory valid? In logical terms, can a given 
conjectureconjecture be soundly derived from the premises? If we can prove a given theorem 
fromm the premises, the argumentation is sound. That is, if we consider cases in 
whichh the premises hold, then the theorem must also hold (i.e, the theorem is a 
prediction).. Conversely, if we consider cases in which the theorem holds, then the 
premisess give an explanation for the theorem (there may be other explanations, 
althoughh these must satisfy the same soundness criterion). 

Forr proving the fallaciousness of an argument we use a complementary ap-
proach:: looking for a counterexample. If we can construct a model in which the 
premisess hold but the conjecture does not hold, we have refuted the conjecture. 

Iss the theory contradiction-free? In logical terms, is the theory logically 
consistent?consistent? An inconsistent theory has an empty domain: empirically testing 
ann inconsistent theory is futile. If we can construct a model of the premise set 
thenn the theory is logically consistent. One may want to include the (spelled-
out)) theorems, but as long as these are soundly derivable from the premises they 
cannott make the theory inconsistent. 

Too establish that a theory is inconsistent, we use a complementary approach: 
showingg that it leads to an absurdity. An inconsistent theory is a trivial theory, 
inn the sense that any statement (and its negation) is derivable from it. If we can 
derivee a contradiction from some subset of the premises, the theory is inconsistent. 

I ss the theory falsifiable? Are the theorems logically contingent? If no state 
off  affairs can possibly falsify a theory, then it is a waste of time to empirically 
testt the theory. Falsifiability is an essential property of a scientific theory (Popper 
1959).. If we can construct a model (disregarding all premises) where a theorem 
off  the theory is false, then this theorem is falsifiable. If we can prove a theorem 
fromm an empty premise set, the theorem is not falsifiable. A theory that contains 
att least one falsifiable theorem (and therefore at least one falsifiable premise) is 
falsifiable. . 

Iff  we can also construct a model in which the theorem holds (which is always 
thee case for soundly derivable theorems in a consistent theory), then this theorem 
iss satisfiable too. A theorem that is both satisfiable and falsifiable, is contingent: 
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thee validity of the theorem is strictly determined by the premises—it is neither a 
tautologyy nor a contradiction. 

Doess the theory use redundant premises? Are the premises logically in-
dependent?dependent? If a premise can be derived from the other premises, it becomes a 
theoremm and can be removed from the premise set. If we can prove that neither 
aa premise nor its negation is derivable from the other premises, then this premise 
iss independent. 

Whatt is the explanatory and predictive power of the theory? What do 
thethe theorems of the theory look like? Investigating the set of theorems will give 
insightt in a theory's explanatory and predictive power, because the theorems are 
thee predictions of the theory, and their proofs give explanations for them. 

Whatt is the domain that the theory describes? What do the models of 
thethe theory look like? Investigating the models of a theory gives insight into the 
domainn which the theory describes. 

Inn practice, testing for logical criteria requires many derivations involving large 
setss of formulas. In this endeavor, automated reasoning provides some invaluable 
tools.. We use the following tools: 

 OTTER (McCune 1994b), a resolution-style automated theorem prover for 
first-orderr logic with equality. This theorem prover can find inconsistencies 
inn the set of input formulas. Its principal use is to construct refutation 
proofss of conjectures, by feeding it a (consistent) premise set together with 
thee negation of a conjecture. If the program derives an inconsistency, then 
wee have, in fact, proved the conjecture (because the conjecture must hold 
inn all models of the premises). 

 MACE (McCune 1994a), a model generator for first-order logic with equality, 
basedd on a Davis-Putnam procedure for propositional satisfiability testing. 
Thiss model generator can find small models of the set of input formulas (for 
examplee to prove the consistency of the theory). It can also be used in an 
attemptt to find counterexamples to a conjecture, by feeding it a premise set 
togetherr with the negation of the conjecture. 

Theree are many other automated theorem provers and model generators avail-
able.. We choose here to use OTTER and MACE because they are companion 
programss that can read the same input format. This is a great advantage for our 
work,, since we want to switch between theorem proving and model generation, 
dependingg on which type of tool is most suitable for the specific proof/disproof 
attemptt at hand. In the next section, we will explain the use of these tools for 
formall  theory building in detail. 
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2.33 A Social Science Case Study 
Severall  case studies of formalization using automated reasoning support tools 
havee been performed. These case studies include the following social science 
theories:: Mintzberg's Contingency Theory (Glorie, Masuch, and Marx 1990), 
Thompson'ss Organizations in Action (Polos 1991), and Hannan and Freeman's 
OrganizationalOrganizational Ecology including their theory of organizational inertia (Péli et al. 
1994),, life history strategies (Péli and Masuch 1997), niche width (Bruggeman 
1997;; Péli 1997), and age dependence fragment (Hannan 1998).3 The original 
theories,, as most other social science theories, were stated in natural language. 
Ass a result, the main obstacle for formalizing such a discursive theory is their 
rationall  reconstruction: interpreting the text, singling out important concepts, 
distinguishingg assumptions and theorems from other parts of the text, and re-
constructingg the argumentation. This motived our choice for the theory we want 
too formalize as a case study in this chapter: Hopkins (1964) 'The Exercise of 
InfluenceInfluence in Small Groups.' Although this is not a formal theory for it uses natu-
rall  language exclusively, it is an axiomatic theory in which axioms and theorems 
aree clearly outlined.4 This greatly facilitates the rational reconstruction of the 
theory,, and allows us to focus on the actual formalization of the theory and the 
rolee automated reasoning tools can play in this process. 

2.3.11 Hopkins' Theory of Small Groups 

Thiss section contains a logical formalization of Hopkins (1964) ' The Exercise of 
InfluenceInfluence in Small Groups.' Hopkins investigates the distribution of influence 
amongg members of a group, and attempts to explain differences in the amount 
off  influence that members exercise. He follows the standard usage of the concept 
off  a sociological group, which is 'defined' by the interactions of its members 
(Homanss 1950, pp.82-86). If certain persons interact frequently with one another 
inn accord with established patterns, they are viewed as a group (irrespective of 
thee particular activities in which they interact). Two further criteria of a group 
aree that "the interacting persons define themselves as 'members'," and that "the 
personss in interaction be defined by others as 'belonging to the group'" (Merton 
1968,, p.340). As is immediately clear, the concept of group is relative and the 
boundariess of groups are not necessarily fixed. 

Hopkinss develops his theory for certain kinds of groups, namely small groups. 
Thee concept of a 'small' group is characterized by "a rather high degree of visibil-
ity,""  "the absence of stable, well-defined subgroups," and "the interaction takes 

3Somee fragments of the resulting formalizations are included in the TPTP (Thousands of 
Problemss for Theorem Provers) Problem Library (Sutcliffe et al. 1994). 

4Notee that this is an exceptional case; only part of social science texts state carefully for-
mulatedd propositions, very few of those attempt to make their underlying assumptions explicit, 
andd even fewer indicate inferences between them. 
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placee when all or most members are present and participating in a common activ-
ity""  (Hopkins 1964, pp.14 17). Here, the degree of visibility refers to "the extent 
too which the norms and the role-performances with a group are readily open to 
observationn by others" (Merton 1968, p.373). Hopkins continues by discussing 
thee interaction system of a group, thereby identifying five relevant properties of 
groups:: its rank structure, the frequency of interaction, the level of visibility, 
thee degree of normative consensus, and the amount of influence exercised {pages 
21-25).. Each of these five group properties can also be interpreted for individual 
memberss of a group, and in this way we derive five corresponding properties of 
thee status of members in groups: rank, centrality, observability, conformity, and 
influencee (see Table 2.1). These five properties of the status of members form the 

Groupp Property Status Property 
Rankk structure Rank 
Frequencyy of interaction Centrality 
Levell  of visibility Observability 
Degreee of normative consensus (Subjective) Conformity 
Amountt of influence exercised Influence 
Note:: This table is reproduced from (Hopkins 1964, p.26). 

Tablee 2.1: Properties of groups and corresponding status properties. 

coree of Hopkins' theory (and are discussed in detail on pages 26-40 of his book): 

Rankk  is referring to the generally agreed upon worth or standing of a member 
relativee to the other members. A member's relative rank may derive from 
institutionalizedd evaluations of well-defined statuses (such as professor and 
studentt in a seminar), or from differential evaluations of qualities or perfor-
mancess (such as high- and low-ranking participants in a study group). 

Centralit yy designates how close a member is to the 'center' of the group's in-
teractionn network. This refers simultaneously to the frequency with which 
aa member participates in interaction with other members and the number 
orr range of other members with whom he or she interacts. 

Observabilityy is referring to a member's actual knowledge of group norms. Visi-
bilitybility  refers to a structural property of groups in virtue of which participants 
aree more or less likely to observe the actual norms of the group. Hopkins 
preferss to disregard a member's structurally given opportunity to know the 
groupp norms, but, instead, construes observability as the actual knowledge 
off  group norms. In this way, a member of a group has a greater observability 
iff  his or her estimates of group norms and opinions are more accurate. 
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Conformit yy is the condition (or degree) of congruence between a member's pro-
filee on the relevant norms and the profile of the group-held norm. Confor-
mityy refers to a member's innate feelings on group norms, and a member 
needd not necessarily act in accord with his own profile. Conformity should 
bee distinguished from compliance, which does refer to the congruence be-
tweenn a member's actual behavior and group norms. 

Influencee is the effects of action on the group's normative consensus, relative 
too the impact of the other members' actions. That is to say, a member 
hass a higher influence, over a given period of time, if the impact of his or 
herr actions on group consensus during that period is greater relative to the 
otherr members. 

Thee main theoretical part of Hopkins' book is in the fourth chapter (pages 
50-98).. Here, Hopkins lists 15 propositions (9 axioms and 6 derived statements). 
Thesee propositions are about five status properties in groups: rank, centrality, 
observability,, conformity, and influence. As Hopkins states: "The five status-
properties—rank,, centrality, observability, conformity, and influence—taken two 
att a time, can be combined to form twenty statements of simple implication" 
(pagee 50). Since Hopkins only regards fifteen of these as theoretically or empir-
icallyy interesting, only these fifteen are discussed. Table 2.2 lists these proposi-
tions.. Figure 2.1 depicts the nine axioms (Propositions 1, 2, 4, 6-9, 12, and 14) 
graphically. . 

(A.14) ) 
Rank k 

Influence e 

(A i i "(A.9) ) 

„(A.1) ) 
Centrality y 

„(A.12) ) 
Conformity y 

(A.6) ) 

(A.4) ) 

(A.7) ) 
Observability y 

(A.2) ) 

Figuree 2.1: Hopkins' axioms (based on page 52). 

2.3.22 Formalization 

Wee use first-order logic to formalize Hopkins' propositions. In the formalization 
wee use five unary functions to represent the status properties and the 'greater 
than'' relation (see Table 2.3). 
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Forr any member of a small group: 
1.. The higher his rank, the greater his centrality. 
2.. The greater his centrality, the greater his observability. 
3.. The higher his rank, the greater his observability (derivation). 
4.. The greater his centrality, the greater his conformity. 
5.. The higher his rank, the greater his conformity (derivation). 
6.. The greater his observability, the greater his conformity. 
7.. The greater his conformity, the greater his observability. 
8.. The greater his observability, the greater his influence. 
9.. The greater his conformity, the greater his influence. 
10.. The greater his centrality, the greater his influence (derivation). 
11.. The greater his influence, the greater his observability (derivation) 
12.. The greater his influence, the greater his conformity. 
13.. The higher his rank, the greater his influence (derivation). 
14.. The greater his influence, the higher his rank. 
15.. The greater his centrality, the higher his rank (derivation). 
Note:: All propositions are from (Hopkins 1964, p.51). 

Tablee 2.2: The propositions of Hopkins' Theory. 

rank(x)) the rank of x. 
cent(or)) the centrality of x. 
obse(x)) the observability of x. 
conff  (x) the conformity of x. 
infl(rr)) the influence of x. 
(x(x > y) x is greater/higher than y. 

Tablee 2.3: Functions and relations used in the formalization. 
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Usingg these functions and relations, a proposition like 1: 

Thee higher his rank, the greater his centrality. 

cann be formalized in first-order logic as 

Vx,, y [rank(x) > rank(y) —> cent(x) > cent(y)] 

Thiss translation is, arguably, a natural translation of such a ordinary language 
propositionn into first-order logic. 

Hopkinss regards Propositions 1, 2, 4, 6-9, 12, and 14 as axioms of his theory. 
Tablee 2.4 gives a formalization of these propositions as suggested above. 

A . ll Vx, y [rank(x) > rank(z/) 
A .22 Vx, y [cent(x) > cent(y) -
A.44 Vx, y [cent(a?) > cent(y) -
A.66 Vx, y [obse(x) > obse(y) 
A.77 Vx, y [conf(x) > conf(y) 
A.88 Vx, y [obse(x) > obse(t/) 
A.99 Vx, y [conf (x) > conf(y) 
A.122 Vx,?/ [infl(x) > infl(y) -> 
A.144 Vx,y jinfl(x) > infl(j/) -> 

->  cent(x) > cent(y)] 
->> obse(x) > obse(y)] 
->>> conf(x) > conf(y)] 
->> conf(x) > conf(y)] 
->  obse(x) > obse(y)] 
-¥-¥ infl(x) > infl(y)] 
->> infl(x) > inf%)j 
conf(x)) > conf(j/)] 
rank(x)) > rank(y)] 

Tablee 2.4: A formal version of Hopkins' axioms. 

2.3.33 Soundness of Argumentation 

Hopkinss claims that Propositions 3, 5, 10, 11, 13, and 15 are derivable from the 
axiomss of his theory. Table 2.5 gives a formalization of these propositions. Hop-

T.3 3 
T.5 5 
T.10 0 
T . l l l 
T.13 3 
T.15 5 

Vx,y y 
Vx,y y 
Vx,, y 
Vx,y y 
Vx,?/ / 
Vx,y y 

Tablee 2.5 

rank(x)) > rank(j/) -> obse(x) > obse(y)} 
rank(x)) > rank(y) —> conf(x) > conf(t/)] 
[cent(x)) > cent(y) -> infl(x) > infl(y)] 
[infl(x)) > infl(y) —¥ obse(x) > obse(y)] 
[rank(x)) > rank(y) —> infl(x) > infl(t/)] 
[cent(x)) > cent(y) -> rank(x) > rank(y)] 

AA formal version of Hopkins' theorems. 

kinss (1964, pp.97-98) also indicates which propositions are used in his derivations: 
Propositionn 3 is derived from 1 and 2; Proposition 5 from 1 and 4; Proposition 10 
fromm 2 and 8, or from 4 and 9; Proposition 11 from 12 and 7; Proposition 13 
fromm 1, 4 and 9; and Proposition 15 from 2, 9 and 14, or from 2, 8 and 14. 
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Thee first derived proposition is number 3. Hopkins claims that "This third 
propositionn derives from the preceding two and its rationale is essentially that 
off  its premises" (page 59). Unfortunately, Hopkins does not further specify his 
intuitivee notion of 'derivability.1 Of course, if this proposition is indeed derivable 
fromm the two other propositions or axioms, it is no great surprise that the empirical 
rationalee for it can be traced back to the two axioms. Formal logic comes with 
aa strict notion of inference that allows us to verify the derivations in our formal 
versionn of the theory. 

Wee can use OTTER to test whether the suggested theorems can be soundly 
derivedd from the axioms. We can test whether T.3 is derivable from the axioms 
usingg the input-file (without loss of generality, we use only A. l and A.2): 

set(auto). . 
fonnula_list(usable). . 

'/ ..  A. l 
al ll  x  y  (rank(x)>rank(y )  - > cent(x)>cent(y)) . 
*/ ..  A. 2 
al ll  x  y  (cent(x)>cent(y )  - > obse(x)>obse(y)) . 
*/ ..  negatio n o f  T. 3 
- ((  al l  x  y  (rank(x)>rank(y )  - > obse(x)>obse(y) )  ) . 

end_of_list . . 

OTTER'SS resolution-style proofs require the conjecture or theorem to be negated 
inn the input-file. If now the theorem (in its original form) is indeed derivable, 
wee will be able to derive a contradiction (proving the theorem by reductio ad 
absurdum).absurdum). As it turns out, OTTER can derive T.3 using A. l and A.2. 

Theoremm 3 The higher his rank, the greater his observability. 

Vx,Vx, y [rank(x) > rank(y) -»  obse(x) > obse(y)] 

Proof:: OTTER can derive T.3 from A. l and A.2.5 

Inn a similar way, we can try to derive the other theorems. 

55 O T T ER produces the following proof: 

11 0 -(rank(x)>rank(y))|cent(i)>cent(y). 

22 [] -(cent<JE)>cent(y))|obne(jt)>obse(y). 

33 [] -(obse{$c2)>obse($cl)). 

44 [] rank($c2)>rank($cl). 

55 [hyper,4,1] cent($c2)>cent($cl). 

66 [hyper,5,2] obse($c2)>obse($cl). 

77 [binary,6.1,3.1] $F. 

Byy two applications of hyper-resolution, and one final application of binary resolution, see (Wos 
ett al. 1992) for details on these inference rules. 
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Theoremm 5 The higher his rank, the greater his conformity. 

Vz,, y [rank(a-) > rank(y) -> conf(x) > conf(y)\ 

Proof:: OTTER can derive T.5 from A. l and A.4. 

Theoremm 10 The greater his centrality, the greater his influence. 

Vx,, y [cent(#) > cent(y) -*  infl(x) > infl(y)] 

Proof:: OTTER can derive T.10 from A.2 and A.8. 

Theoremm 11 The greater his influence, the greater his observability. 

Vx,yVx,y [infl(x) > infl(y) -> obse(x) > obse(y)] 

Proof:: OTTER can derive T . l l from A.12 and A.7. 

Theoremm 13 The higher his rank, the greater his influence. 

Va:,, y [rank(x) > rank(y) —y infl(x) > infl(t/)] 

Proof:: OTTER can derive T.13 from A. l , A.4, and A.9. 

Theoremm 15 The greater his centrality, the greater his rank. 

Vx,, y [cent(ar) > cent(y) -> rank(x) > rank(y)] 

Proof:: OTTER can derive T.15 from A.2, A.8, and A. 14. 

Thee theoretical argumentation of Hopkins theory is strictly intuitive. He just 
postulatess that propositions are derivable, without specifying the used rules of 
inference.66 We have presented a first-order logic rendition of his propositions and 
testedd whether the intuitive arguments would correspond to rigorous proofs in 
formall  logic. As it turns out, we can formally prove all the propositions of which 
thee derivability was claimed. Moreover, the proofs we find correspond exactly 
withh the suggested inferences—confirming his intuitive arguments. 

6Although,, on one occasion, he states that "Proposition 10 derives logically from Proposi-
tionn 2 and 8, or from 4 and 9" (page 74, emphasis added). 
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2.3.44 Consistency of the Theory 

Thee fact that we can prove all the suggested theorems provides us with some 
confidencee in our particular formalization of the axioms and theorems. We can 
furtherr investigate our theory by testing whether it is non-contradictory or consis-
tent.. Consistency is a crucial property of formal theories, because any statement 
iss derivable from an inconsistent axiom set.7 We can prove the consistency of the 
(formal)) theory by generating a model of it. 

Wee can use M A C E in an attempt to find models of the set of axioms. We can 
testt whether there are such models using the input-file: 

set(auto) . . 

formula_list(usable) . . 

al ll  x  y  (rank(x)>rank(y ) 

al ll  x  y  (cent(x)>cent(y ) 

al ll  x  y  (cent(x)>cent(y ) 

al ll  x  y  (obse(x)>obse(y ) 

al ll  x  y  (conf(x)>conf(y ) 

al ll  x  y  (obse(x)>obse(y ) 

al ll  x  y  (conf(x)>conf(y ) 

al ll  x  y  (infl(x)>infl(y ) 

al ll  x  y  (infl(x)>infl(y ) 

- >> cent(x)>cent(y) ) 

- >> obse(x)>obse(y) ) 

- >> conf(x)>conf(y) ) 

- >> conf(x)>conf(y) ) 

- >> obse(x)>obse(y) ) 

- >> infl(x)>infl(y) ) 

- >> infl(x)>infl(y) ) 

- >> conf(x)>conf(y) ) 

- >> rank(x)>rank(y) ) 

'/ ..  A. l 

'/ ..  A. 2 

'/ ..  A. 4 

'/ ..  A. 6 

'/ ..  A. 7 

'/ ..  A. 8 

*/ ..  A. 9 
'/ ..  A .  1 2 

'/ ..  A .  14 

end.off  l i s t . 

Theree exist many models of this axiom set, even models of small cardinalities. 
Iff  we use {0,1}  as the universe, then M A C E generates over a thousand models 
inn just 2 seconds.8 Table 2.6 shows one of these models. It is easy to verify 

rankk cent obse conf infl > > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.6: A model of Hopkins' axioms. 

thatt the axioms hold in this model, which represents a group with only two 
members.. Proposition 1, for example, is true because the member with the highest 
rank,, which is member 1, also has the highest centrality. In this model, we 

77 Classical logic has the principle ex f also sequitur quodlibet that says that everything can be 
concludedd from a contradiction. 

8Forr example, by invoking MACE with the options 4-n2 -p -m5000', see (McCune 1994a) 
forr details. MACE generates 1024 models on {0,1} , we present here one that gives a natural 
interpretationn of the '>' relation. A formal model consists of a universe (here {0,1} ) and a 
mappingg between the non-logical symbols (here a binary relation > and unary functions rank, 
cent,, obse, conf, and infl) and elements of the universe. For example, consider the model in 
Tablee 2.6: here, the relation symbol > is interpreted as (1 > 0) is true, and (0 > 0), (0 > 1), 
andd (1 > 1) are false and the function rank is interpreted as rank(0) = 0 and rank(l) = 1. 
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havee one member, 1, with higher rank, centrality, observability, conformity, and 
influencee than another member, 0,—a 'prototypical' model of this simple theory. 
Statementss that are derivable from the axioms are necessarily true in all their 
models.. In particular, the theorems we derived earlier are also true in the model 
off  Table 2.6. For example, T.3 is true because the member with the higher rank 
(i.e.,, member 1) has also the higher observability. 

Findingg an arbitrary model of the axiom set proves that it is consistent. That 
is,, even the single, simple model in Table 2.6 proves that the set of axioms, and 
thereforee the theory, is consistent. 

2.3.55 Satisfiability , Falsifiability , and Contingence 

Wee can also try to investigate whether the theorems are falsifiable, i.e., whether 
itt is (logically) possible that the theorem is false. For example, if a statement 
iss tautologically true, its truth is determined by logic and the statement does 
nott make an empirical claim. As a result, empirical testing can only reaffirm its 
triviall  validity. We can also check whether theorems are falsifiable by constructing 
aa model in which the theorem does not hold. Notice that such a model cannot 
bee model of the theory, since a theorem is necessarily true in all models of the 
premises—otherwisee it would not be a theorem. Therefore, we have to ignore the 
premisess of the theory. 

Considerr theorem 3 the higher his rank, the greater his observability. 

Vx,yy [rank(:r) > rank(y) -> obse(a:) > obse(t/)] 

Ass it turns out, we can find a model in which the theorem, T.3, is false. Even 
onn a small universe like {0,1} , MACE generates several of such models (one of 
whichh is shown in Table 2.7). Finding this model proves that T.3 is falsifiable. 
Noticee that this is a model does not respect, for example, the premise A. l . It is 
aa model of the language but not a model of the theory (otherwise it would be a 
counterexample). . 

rankk cent obse conf infl 

00 0 1 0 0 
1 00 0 0 0 

Tablee 2.7: A model in which T.3 is false. 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Inn a similar vein, we can also investigate whether the theorems are satisfiable, 
i.e.,, whether it is (logically) possible that the theorem is true. For example, if 
aa statement is a contradiction, its truth (or rather its falsity) is also determined 
byy logic. As a result, such a statement does also not make an empirical claim, 
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0 0 
1 1 

rank k 
0 0 
1 1 

cent t 
0 0 
0 0 

obse e 
0 0 
0 0 

conf f 
1 1 
0 0 

infl l 
0 0 
0 0 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.8: A model in which T.5 is false. 

0 0 
1 1 

rank k 
0 0 
0 0 

cent t 
0 0 
1 1 

obse e 
0 0 
0 0 

conf f 
0 0 
0 0 

infl l 
1 1 
0 0 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.9: A model in which T.10 is false. 

0 0 
1 1 

rank k 
0 0 
0 0 

cent t 
0 0 
0 0 

obse e 
1 1 
0 0 

conf f 
0 0 
0 0 

infl l 
0 0 
1 1 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.10: A model in which T . l l is false. 

0 0 
1 1 

rank k 
0 0 
1 1 

cent t 
0 0 
0 0 

obse e 
0 0 
0 0 

conf f 
0 0 
0 0 

infl l 
1 1 
0 0 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.11: A model in which T.13 is false. 

0 0 
1 1 

rank k 
1 1 
0 0 

cent t 
0 0 
1 1 

obse e 
0 0 
0 0 

conf f 
0 0 
0 0 

infl l 
0 0 
0 0 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.12: A model in which T.15 is false. 
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andd empirical testing can only reaffirm its trivial falsity. We can check whether 
aa statement is satisfiable by constructing a model in which it does hold. As 
notedd above, theorems are necessarily true in all models of the axiom set. That 
is,, theorem T.3 is true in the model of Table 2.6, proving that the theorem is 
satisfiable. . 

Thee two models of Tables 2.6 and 2.7 prove that T.3 is both satisfiable and 
falsifiable.. Theorem T.3 is a contingent statement—its truth or falsity is not 
predeterminedd by the logic, but depends on the validity of the axioms. 

Wee can repeat this for all other theorems (and for the axioms themselves). 
Off  course, all theorems hold in the model of Table 2.6, i.e., this model proves 
thatt all theorems are satisfiable. We also succeed in proving the falsifiability of 
alll  theorems: the models in Tables 2.8-2.12 prove the falsifiability of T.5, T.10, 
T . l l ,, T.13 and T.15 respectively. As a result, all theorems are satisfiable and 
falsifiable,, and therefore contingent. 

2.3.66 Examining the Theorems 

Hopkinss (1964, p.50) states: "The five status-properties—rank, centrality, ob-
servability,, conformity, and influence—taken two at a time, can be combined 
too form twenty statements of simple implication." However, the text only ex-
plicitlyy lists the fifteen statements reprinted in Table 2.2. These five missing 
pairss of status properties are: conformity-rank, observability-rank, influence-
centrality,, conformity-centrality, and observability-centrality. The corresponding 
'statementss of simple implication' are, presumably, those listed in Table 2.13. 

Forr any member of a small group: 
16.. The greater his conformity, the higher his rank. 
17.. The greater his observability, the higher his rank. 
18.. The greater his influence, the greater his centrality. 
19.. The greater his conformity, the greater his centrality. 
20.. The greater his observability, the greater his centrality. 

Tablee 2.13: The 'missing' propositions of Hopkins. 

Wee want to investigate the relation between the theory and the missing propo-
sitions.. Hopkins does not further discuss these propositions, although he states: 
"Sixx of the possible derivations from these basic propositions are discussed be-
causee of their theoretical or empirical interest, and the other five are not discussed 
becausee they are not particularly interesting" (page 52). This suggests that the 
missingg propositions are derivable from the set of axioms. As it turns out, they 
aree all derivable from the axioms. 
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Theoremm 16 The greater his conformity, the higher his rank. 

Va-,, y [conf (x) > conf (y) —> rank(;r) > rank(^)] 

Proof:: OTTER can derive T.16 from A.9 and A. 14. 

Theoremm 17 The greater his observability, the higher his rank. 

Vz,, y [obse(:r) > obse(y) —> rank(:r) > rank(y)] 

Proof:: OTTER can derive T.17 from A.8 and A. 14. 

Theoremm 18 The greater his influence, the greater his centrality. 

Vx,, y [infl(ar) > infl(y) -» cent(x) > cent{y)] 

Proof:: OTTER can derive T.18 from A. 14 and A. l . 

Theoremm 19 The greater his conformity, the greater his centrality. 

Mx,Mx, y [conf (x) > conf (y) —> cent(a;) > cent(y)] 

Proof:: OTTER can derive T.19 from A.9, A.14, and A. l . 

Theoremm 20 The greater his observability, the greater his centrality. 

Var,, y [obse(;r) > obse(y) —> cent(;r) > cent(y)] 

Proof:: OTTER can derive T.20 from A.8, A.14, and A. l . 

Thee five missing propositions are all derivable from the set of axioms. As a 
result,, the formulas in Table 2.14 are further theorems of the theory. A theory 

T.166 Vx,y [conf (a;) > conf(y) -¥ rank(ar) > rank(y)] 
T.177 Vx, y |obse(;r) > obse(j/) —>  rank(x) > rank(y)] 
T.188 Vx,y [infl(ar) > infl(y) -»  center) > cent(y)] 
T.199 Vx,y [conf(x) > conf(y) -> cent(x) > cent(j/)] 
T.200 Var, y [obse(:r) > obse(y) -» cent (a:) > cent(y)] 

Tablee 2.14: Further theorems. 

consistss of all the statements that are logical consequences of its set of axioms 
(includingg the axioms themselves, which are trivial consequences of themselves). 
Iff  we accept the axioms of a theory, then we must also accept all statements that 
aree derivable from the premises, i.e., all statements that are necessarily true if the 
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premisess are true. A theorizer is not allowed to include only some of the theorems 
inn the theory, and not to include other theorems (unless the premises are modified 
accordingly).. Of course, in any exposition of a theory, we wil l only explicitly spell 
outt those theorems that are the most salient consequences of our theory. Since 
Hopkinss assured us that "they are not particularly interesting," they need not be 
explicitlyy spelled out in the text.9 Nevertheless, they are theorems of the set of 
axioms,, and therefore part of Hopkins' theory. 

2.3.77 Examining the Axioms 

Thee theory uses the nine axioms of Table 2.4. Rather surprisingly, Hopkins states: 
"I tt has perhaps been noticed that there are nine basic propositions, whereas the 
numberr logically required to generate the statements is less" (pages 51-52). Ap-
parently,, the theory contains redundant axioms, that is, the same set of theorems 
cann be derived from a subset of axioms. We can distinguish between two ways in 
whichh axioms may be redundant: 1) an axiom may turn out to be unnecessary 
forr deriving a given set of theorems, or 2) an axiom may turn out to be derivable 
fromm the other axioms. In the second case, we make the axiom set more parsi-
moniouss by making the derivable axiom into a theorem.10 In the first case, we 
mayy even relax the axiom altogether, making the theory more general. Hopkins' 
explanationn for the use of redundant axioms is even more surprising: "This is be-
causee in the theory proper there are nine substantive important relations among 
thee properties" (page 52). It is unclear why he does not want to have theorems 
thatt are "substantive important relations among the properties." First, having 
substantivee important theorems is generally regarded as the very purpose of a 
theory.. Second, there wil l be substantive important theorems anyway, because 
thee axioms are, of course, also theorems themselves since each of them can be 
triviall yy derived from the set of axioms. 

Thee first type of superfluous axioms we want to consider are those axioms 
thatt are not used for deriving the singled-out theorems. We wil l first examine the 
proofss of the theorems as stated above: 

 Axiom A . l is used in derivation of theorems T .3, T.5, and T.13; 

 Axiom A.2 is used in derivation of theorems T .3, T.10, and T.15; 
9Off  course, if they were undesirable or unwanted consequences they should be spelled out. 

Notee that each of the 'missing1 propositions is the converse of one that is discussed in the text 
(T.166 is the converse of A.5; T.17 of T.3; T.18 of T.10; T.19 of A.4; and T.20 of A.2). 
Itt is unclear how the converse of a statement of "theoretical or empirical interest" can be "not 
particularlyy interesting." 

10Ass Tarski (1946, p.131) puts it: "Fundamentally, we strive to arrive at an axiom system 
whichh does not contain a single superfluous statement, that is, a statement that can be derived 
fromm the remaining axioms and which, therefore, might be counted among the theorems of the 
theoryy under construction." 
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 Axiom A.4 is used in derivation of theorem T.5; 

 Axiom A.7 is used in derivation of theorem T. l l ; 

 Axiom A.8 is used in derivation of theorems T.10 and T.15; 

 Axiom A.9 is used in derivation of theorem T.13; 

 Axiom A. 12 is used in derivation of theorem T. l l ; and 

 Axiom A. 14 is used in derivation of theorem T.15. 

Thee remaining axiom, A.6, is not used in any of the proofs.11 This is also the 
casee in the informal derivations in which Proposition 6 is never used (Hopkins 
1964,, pp.97-98)—Is this the redundancy that Hopkins is referring to? We can 
removee axiom A.6 from the axiom set and still have the same set of singled-out 
theorems.. It is important to note that changing the axiom set does, in general, 
changee the theory. Although the singled-out theorems remain derivable there 
mayy be other theorems that cease to belong to the theory. For example, if we 
decidee to remove A.6 from the axioms, then the statement of A.6—which was 
aa substantive important relation—may no longer belong to the theory. Unless of 
coursee A.6 is also a case of the second type of redundancy, i.e., that A.6 can be 
derivedd from the remaining set of axioms. This turns out to be the case. 

Axiomm 6 The greater his observability, the greater his conformity. 

Vx,, y [obse(x) > obse(y) —> conf(x) > conf(y)] 

Proof:: OTTER can derive A.6 from A.8 and A.12. A different proof uses A.8, 
A.14,, A. l , and A.4.12 

Wee can derive A.6 from the other axioms. As a result, if we decide to remove 
A.66 from the axioms set, then the theory does not change. That is to say the same 
sett of statements will be derivable from the smaller set of axioms, in particular, 
thee statement of A.6 will now become a theorem. This proves that axiom A.6 
iss not independent of the other axioms. The other axioms were used for deriving 
somee of the axioms, nevertheless, they might still be redundant if they can be 
derivedd from some of the other axioms. 

Wee can try to prove whether the other axioms are independent. Let us consider 
axiomm A. l . If we want to prove that A. l is independent of the other axioms, we 
havee to show that the other axioms do not imply the truth (nor the falsity) of 
A. l .. That is to say, we have to prove that both 

111 This does, of course, not prove that the other axioms are necessary, since there may be 
differentt proofs of the theorems that use even less of the axioms. 

122 We can instruct OTTER not to terminate after finding a first proof, but to continue searching 
forr other proofs by setting the 'max_proof s' parameter, see (McCune 1994b) for details. 
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1.. {A.2,A.4,A.6,A.7,A.8,A.9,A.12,A.14} \f A. 1 and that 

2.. {A.2,A.4,A.6,A.7,A.8,A.9,A.12,A.14} \f AX 13 

Provingg underivability is, in general, very hard. We will here try to find small 
counterexampless for these derivability relations. We can prove (2) by finding a 
modell  of the other axioms in which A. l is true. This amounts to finding a model 
off  the total set of axioms. We already did this in Table 2.6 when we proved 
consistency.. Similarly, we can prove (1) if we can find a model of the other 
axiomss in which A. l is false. MACE generated the model with universe {0,1} 
reprintedd in Table 2.15. Finding these two models proves that the axiom A. l is 

0 0 
1 1 

rank k 
0 0 
1 1 

cent t 
0 0 
0 0 

obse e 
0 0 
0 0 

conf f 
0 0 
0 0 

infl l 
0 0 
0 0 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.15: A model in which A. l is false, and the other axioms hold. 

independentt of the other axioms—neither its truth, nor its falsity is implied by 
thee other axioms. 

Next,, we consider A.2. Again, the model in Table 2.6 proves that the falsity 
off  A.2 is not implied by the other axioms. However, we do not manage to find 
aa small model of the other axioms in which A.2 is false. Maybe A.2 is not 
independentt of the other axioms? As it turns out, we can derive A.2 from the 
otherr axioms. 

Axiomm 2 The greater his centrality, the greater his observability. 

Va:,, y [cent(a;) > cent(y) -> obse(a?) > obse(y)] 

Proof:: OTTER can derive A.2 from A.4 and A.7. 

Thiss proves that axiom A.2 is not independent of the other axioms. We can 
alsoo prove that axioms A.4, A.7, A.8, A.9, and A.12 are not independent. 

Axiomm 4 The greater his centrality, the greater his conformity. 

Vx,, y [cent(a;) > cent(y) ->  conf(ar) > conf{y)] 

Proof:: OTTER can derive A.4 from A.2 and A.6. A different proof uses A.2, 
A.8,, and A.12. 

13Wee use here 7TT to indicate the negation of the formula, i.e., if A.l is a formula <p then A.l 
representss the formula ->(¥?)
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Axiomm 7 The greater his conformity, the greater his observability. 

Vx,, y [conf(x) > conf(y) ->  obse(x) > obse(y)] 

Proof:: OTTER can derive A.7 from A.9, A.14, A. l , and A.2. 

Axiomm 8 The greater his observability, the greater his influence. 

Vx,, y [obse(x) > obse(y) —> infl(x) > infl(y)] 

Proof:: OTTER can derive A.8 from A.6 and A.9. 

Axiomm 9 The greater his conformity, the greater his influence. 

Vx,, y [conf(x) > conf(y) -» infl(x) > infl(y)] 

Proof:: OTTER can derive A.9 from A.7 and A.8. 

Axiomm 12 The greater his influence, the greater his conformity. 

Vx,, y [infl(x) > infl(y) —> conf(x) > conf(y)] 

Proof:: OTTER can derive A. 12 from A.14, A. l , and A.4. A different proof uses 
A.14,, A. l , A.2, and A.6. 

Finally,, let us consider axiom A.14. The model in Table 2.6 still proves that 
thee falsity of A.14 is not implied by the other axioms. MACE generated the 
modell  in Table 2.16 (having universe {0,1}) . This model proves that the truth of 

rankk cent obse conf inft 

00 0 0 0 0 
00 0 1 1 1 

> > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.16: A model in which A.14 is false, and the other axioms hold. 

A.144 is not implied by the other axioms. Together with the model in Table 2.6, 
thiss proves that axiom A.14 is independent of the other axioms. 

Wee have proved that the axioms of the theory are not independent—several 
off  the axioms can be derived from the other axioms. We have proven that A. l 
andd A.14 are independent of the other axioms, that is, a smaller axiom set must 
includee these two axioms. 
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2.3.88 Minima l Sets of Axioms 
Inn the previous section, we proved that seven of the nine axioms are not indepen-
dentt of the other axioms. In this section, we will try to prune the axioms. That 
is,, we will try to make the axiom set more parsimonious by removing superfluous 
axioms.. Each of these seven axioms can be removed from the premise set, since 
eachh of them can be derived from the other axioms. Of course, this does not 
implyy that we can remove all seven axioms together, since the removal of one ax-
iomm may make another axioms independent relative to the smaller set of axioms. 
Thatt is, if we remove one of the derivable axioms, we have to test again whether 
theree are still non-independent axioms. If there are none, then the axiom set is 
minimal,, otherwise, we can further reduce the set of axioms and test again for 
non-independence. . 

AA minimal subset of these nine axioms is the set of five axioms A.l , A.4, 
A.7,, A.8, and A.14 (see Table 2.17). We can prove that this is an axiom set 

A. ll  Vr,y [rank(#) > rank(y) —>  center) > cent(y)] 
A.44 Vr, y [cent(x) > cent(y) -> conf (x) > conf (y)] 
A.77 Var, y [conf (a;) > conf(y) -> obse(x) > obse(y)] 
A.88 Var, y [obse(:r) > obse(y) -> infl(:r) > infl(y)] 
A.144 Vx, y [infl(x) > infl(y) —> rank(rr) > rank(y)] 

Tablee 2.17: A minimal axiom set for Hopkins' theory. 

thatt will generate all propositions (i.e., all the theorems and other axioms) by 
provingg the 'missing' axioms from this new, smaller, set of axioms. We can use 
thee proofs outlined in the previous section: 

{A.4,A.7}}  h A.2 

{A.l ,, A.4, A.8, A.14}  h A.6 

{A.7,A.8}}  h A.9 

{A.l ,, A.4, A.14}  h A.12 

Thesee four derivable axioms A.2, A.6, A.9, and A.12, which were all "substan-
tivee important relations among the properties" (page 52), thus become further 
theoremss of the theory. We can prove that the smaller axiom set, consisting of 
A. l ,, A.4, A.7, A.8, and A.14, is minimal by proving that all axioms in this 
smallerr set are independent of the other axioms in this set. We did this above for 
axiomss A. l and A.14. We now also succeed in proving the independence of the 
otherr three axioms (relative to this smaller set of five axioms, see the models in 
Tabless 2.18-2.20). 

Anotherr minimal subset of these nine axioms is the set of five axioms A. l , 
A.2,, A.6, A.9, and A.14 (see Table 2.21). Again, this is an axiom set of the 
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Tablee 2.18: 
A .. 14 hold. 

rankk cent obse conf infl > > 
0 0 
1 1 

00 1 
FF F 
TT F 

AA model in which A.4 is false, and the axioms A. l , A.7, A.8, and 

rankk cent obse conf infl > > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.19: A model in which A.7 is false, and the axioms A. l , A.4, A.8, and 
A.144 hold. 

rankk cent obse conf infl > > 
0 0 
1 1 

0 0 
F F 
T T 

1 1 
F F 
F F 

Tablee 2.20: A model in which A.8 is false, and the axioms A. l , A.4, A.7, and 
A.144 hold. 

A. ll  Va:, y [rank(ar) > rank(y) 
A.22 Vx, y [cent(x) > cent(y) 
A.66 Vx, y [obse(ar) > obse(y) 
A.99 Var, y [conf (a:) > conf (y) 
A.144 Var, y [infl(x) > infl(y) -

—>  cent(ar) > cent(y)] 
—>> obse(x) > obse(t/)] 
—¥¥ conf (a;) > conf (y)] 
->> infl(x) > infl(y)] 
rank(:r)) > rank(y)] 

Tablee 2.21: A second minimal axiom set for Hopkins' theory. 
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theoryy because: 

{A.2,A.6}}  h A.4 

{A.1,A.2,A.9,A.14}}  h A.7 

{A.6,A.9}}  h A.8 

{A.1,A.2,A.6,A.14}}  h A.12 

Itt is a minimal axiom set, because we can prove it is an independent set of axioms 
(modelss not reproduced here). 

Thesee two axiom sets 

{A.1,A.4,A.7,A.8,A.14} } 

{A.1,A.2,A.6,A.9,A.14} } 

havee cardinality five and all the other propositions (both theorems and the re-
movedd axioms) can be derived from them. There are other minimal axioms sets, 
butt these two are the smallest subsets of the listed axioms that generate all twenty 
propositions.14 4 

2.3.99 Recapitulating 

Inn this section, we presented a formal version Hopkins' theory of 'The Exercise 
off  Influence in Small Groups' by representing his propositions in first-order logic. 
Wee evaluated this first-order logic rendition using the logical criteria. In this 
way,, we could prove several properties of the theory. First, we proved that the 
informall  argumentation of Hopkins corresponds to rigorous proofs of theorems in 
thee formal rendition of the theory. Second, we proved that the (formal) theory 
iss non-trivial in the sense that it is consistent or contradiction-free. Third, we 
provedd that the theorems are logically contingent, that is, the claims they make 
aree are both logically falsifiable and satisfiable. Fourth, we proved that the five 
'missing'' propositions are also derivable from the same axiom set—i.e., they are 
alsoo theorems of Hopkins' theory. Fifth, we proved that the suggested axioms 
off  the theory are not independent. And sixth, we provided two subsets of the 
axiomss that are independent. Notice that, although we made various changes in 
thee exposition of the theory, the theory itself did not change. The initial formal 
versionn of the theory and the final axioms sets can be used to generate precisely 
thee same class of theorems and the same class of models. 

144 All propositions relate two different status properties, therefore, we need at least four axioms 
too make a coherent theory (if we use less than four axioms, the theoryy will consist of independent 
parts).. If we want to derive all twenty propositions, we need at least one further axiom that 
relatess the fifth status property back to the first. 
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2.44 Discussion and Conclusions 

Inn this chapter we discussed formal theory building based on the use of standard 
first-orderr logic, and of existing automated reasoning tools. The logic provides 
uss with a number of criteria that can be tested for using computational tools. In 
principle,, each criterion can be tested for by both theorem proving and model 
generationn strategies, for example, a theorem is also sound if it holds in all models 
off  the premise set, or a theory is consistent if the deductive closure of the premise 
sett does not contain a contradiction. In practice, the use of automated theorem 
proverss and model generators is complementary: generating all models or the 
completee deductive closure of a premise set is impossible. A theorem prover 
iss suitable for proving the inconsistency of the theory, or the soundness of a 
derivationn (requiring only a single proof), and a model generator can prove the 
consistencyy of the theory, or the unsoundness of a conjecture (requiring only a 
singlee model). In short, much is to be gained by using the right tool for the 
specificc pro of/disproof attempt at hand, and even more than just computational 
differences.. Consider, for example, a situation in which the prover fails to prove 
aa conjecture. Determining what caused this failure typically requires a thorough 
examinationn of the search-traces—an arduous, time-consuming activity. If the 
modell  generator can construct a counterexample to the conjecture, it will become 
apparentt immediately why the proof attempt failed. 

Ass always, there are principal and practical limitations to use of automated 
reasoningg tools: first-order logic is not decidable (although it is semi-decidable: 
itt may detect a consequent eventually); current automated model generators can 
onlyy find finite models (even only very small ones, cardinalities beyond a dozen 
seemm impractical); and the common practical limitations such as memory, CPU, 
time.155 However, none of the proofs and models searches for the case study in 
sectionn 2.3 requires more than five seconds. Admittedly, this case study con-
cernss a relatively simple theory fragment. Larger theories have been formalized 
inn some of the other case studies (for example [Péli and Masuch 1997] where 
proofss required up to 30 minutes). Current implementations of automated theo-
remm provers, including OTTER, are very powerful. Automated model generators 
aree of recent incarnation, and are yet far less sophisticated. MACE chokes on 
deeplyy nested terms or clauses with many literals (beyond 10 distinct terms). 
Wee might end up in a situation in which we cannot prove a conjecture, nor find 
smalll  counterexamples to it (for example, when all counterexamples have infinite 

15Thee input format of O T T ER and MAC E is, strictly speaking, only accepting sentences— 
formulass in which no variables occur freely. However, since freely occurring variables are in-
terpretedd as (new) constants, this amounts to precisely the same: the assignments of the free 
variabless are precisely the interpretations of the constants added to the vocabulary. Of course, 
thee internal procedures immediately translate the first-order sentences to clauses, which does 
preservee the satisfiability or unsatisfiability of the original sentences, but not necessarily the 
logicall  meaning (due to the skolemization of existential quantifiers). 
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cardinality).. Still, current automated model generators are powerful enough to 
havee solved several open problems in (finite) mathematics (Slaney 1994a). 




