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ABSTRACT. We consider a partial data Calderén problem for elliptic boundary
value problems with unbounded coefficients. In particular, we will show that
partial measurement of the Neumann-Dirichlet data for the operator A + ¢
can uniquely determine ¢ € L"/2 (©2). This requires that we construct an ex-
plicit Green’s function for the conjugated Laplacian with specified Neumann
boundary conditions. The explicit construction of the Green’s function allows
us to deduce LP type estimates which would otherwise be out of reach us-
ing the previous methods for constructing such Green’s functions for bounded
potentials.

1. Introduction. Let 2 C R" be a fixed, bounded, domain with smooth boundary
in R” with n > 3, let ¢ € L™?(2) be a potential. For T € 9Q and f € H~'/2(9Q)
with supp(f) C T, consider solutions u € H() to

(A+q@u=0inQ, and Julr=/f. (1.1)

It was shown in [8] that when Cauchy data is available on the entire boundary,
it uniquely determines the unbounded potential q. This effectively also solves
the full data inverse problem for the Neumann-Dirichlet map N, : H “1/2(0Q) —
HY2(09), f + ulaq for unbounded potentials in L"/2.

In the partial data case, however, knowledge of the Neumann-Dirichlet and the
Dirichlet-Neumann map is not equivalent, so that identifying ¢ € L™/2(Q) from
Neumann-Dirichlet data does not follow directly from the work of [7]. The partial
data Neumann-Dirichlet problem for ¢ € L* is solved in [6] for dimensions n > 3
under some restrictions on I'. In dimension 2, [12] establish the same uniqueness
for potentials ¢ € WP p > 2.

The problem is motivated by what is now called electrical impedance tomography
or the Calderén problem from the eponymous [4]. Here, one attempts to recover
the electrical conductivity of a medium by taking current and voltage measure-
ments only at the medium’s boundary. After a change of variables, the associated
conductivity equation becomes the Schrodinger equation as it is in (1.1). In this
setting, the boundary data u|sr and J,ulsr are interpreted as voltage and current

2020 Mathematics Subject Classification. Primary: 35R30; Secondary: 35J08, 35J10.

Key words and phrases. Schrédinger equation, calderén problem, inverse problems, pseudo-
differential operators, partial data, Green’s function.

The second author is partially supported by Australian Research Council DP190103451 and
DP220101808.

*Corresponding author: Leonard Busch.

174


http://dx.doi.org/10.3934/ipi.2024030
mailto:l.a.busch@uva.nl
mailto:l.l.tzou@uva.nl

INVERSE PROBLEM FOR PARTIAL NEUMANN DATA 175

flux multiplied by surface conductivity, respectively. See also a survey of recent
developments regarding electrical impedance tomography [25].

In comparison to the Neumann-Dirichlet version, the closely related Dirichlet-
Neumann formulation of the Calderén problem has been studied much more exten-
sively. In this formulation, relying on work from [17], [23] were the first to show
uniqueness of potentials in dimensions > 3 given full boundary data, and [21] gave
a reconstruction algorithm. As the problem is formally determined in dimension
n = 2, results in this dimension can be considered more challenging, but unique-
ness was shown for the Schrédinger equation in [2]. For a survey on the Calderén
problem see also [26].

In practical settings, measurements of the full data cannot be guaranteed, and
one may ask whether the potential is uniquely determined when I' # 0€2, possibly
with some restrictions upon I'. For the Dirichlet formulation in dimension 2 in the
case of partial data, uniqueness was shown in [13] and was generalized to Riemann
surfaces in [10]. In dimensions > 3, [3] proved uniqueness of potentials in L°°.
In partial data results, the restrictions upon the partial boundary are generally
non-mutually inclusive, for a survey regarding other partial data results with the
Dirichlet boundary formulation see [15] and the references therein.

Of particular interest to us is [7], which proved the uniqueness of potentials
q € L™%(Q) in the partial data case where n > 3. The motivation for the exponent
n/2 is due to its significance in the study of unique continuation property [14].
The goal of this paper is to prove the analogous result of [7] in the Neumann data
formulation.

The motivation for studying the Neumann data case instead of the Dirichlet
case is the following: in physical implementations of electrical impedance tomog-
raphy, a set of electrodes is attached to a medium. A subset of these electrodes
apply currents and the remaining ones measure voltages, see [1] for an overview.
This corresponds to prescribed data 0,u|sq and measured data u|sq, which is the
Neumann formulation of the inverse problem.

1.1. Statement of results. Let 2 C R™ be a fixed bounded smooth domain with
n >3, and let w € S"! be arbitrary and fixed throughout. Let {w1,...,w,_1,w}
be some basis of R” with w; L w for all j € {1,...,n — 1}, and let (y/,y,) =

((y1y---,Yn—1), yn) denote the coordinate system corresponding to writing elements
of R™ as Z;le yjwj + ynw. Define p’ = nQ—fQ and p = -2% which remain fixed

throughout this document and note that p’ < 2 < p.

Let 00F == {y € 9Q: + v,(y) > 0}, where v is the outward pointing normal
unit vector and v, its n-th component. Let the front and back faces F, B C 02
satisfy 0QT € F C 9Q and 0Q~ € B C 9. Assume that both 9Q\ B and 002\ F
are the union of open, positively separated sets I'; C 9€) so that for each j, there is
a neighbourhood of T'; in 99 that is the graph of a function g; € C°(R"™!) (see
(2.1) for a precise definition).

Following [15], for sets I'p, Ty C 9Q and q € L™/?(Q), define the partial Cauchy
data set to be

Crp TN {(u|pD L Avulon): (A+qu=0inQ, ue HA(Q), supp(doulon) C rN} ,

(1.2)
where

HA(Q) = {u eD':ue H(Q); Au e LP’(Q)}
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FIGURE 1. An example of a valid set {2 meant as the interior of the
drawn line of the top left figure. The arrows in the top right picture
are select points on which the outward pointing normal vector has
been sketched. Furthermore, the part of the boundary marked by
dotted lines is where v(y) - y, > 0, those marked by dashed lines
is where v(y) - yn, < 0, and the part marked by a full line is where
v(y) - yn = 0. Finally, the bottom sketch depicts 00\ F =Ty UTy
and 0Q \ B =T'; UT'3 where the T'; are positively separated from
each other. Note that the perfectly vertical part of the boundary
on the left side is contained in both F' and B.

is a Banach space with norm [Jul| ;: = [Jul| g1 + [[Aul| .
A

Theorem 1.1. If gx € L™?(Q), and
B,F _ ~B,F
CEI+ - qu ’
then qy = q—.

After a change of variables coming from [23], we will also be able to make a
deduction about the Calderén problem for partial Neumann data, see also [6, § 1].

Corollary 1.2. Let v+ € WQ’"/Q(Q) be strictly positive v+ > € > 0. Moreover,
assume Oy loa = Ouy—loa =0 and v4|oa = v—loq, and define
CoF = {(ulp, y20yulan): div(y£Vu) = 0 in Q, u € H'(Q), supp(dyulan) C F}
If
B,F _ AB,F
C’Y+ - C’Yf )
then vy = v_.

Note that in the case of the Dirichlet-to-Neumann formulation of the Calderén
problem, [18] also gives uniqueness results in dimensions > 3 for conductivities
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in low regularity. In dimension 2 with Dirichlet data, global uniqueness of v was
established for v € W2 in [20].

The main ingredient necessary to prove Theorem 1.1 comes from finding so-called
complex geometric optics (CGO) solutions.

Proposition 1.3. Let £ = 9Q\ B. For any o' € S"~! with w L &', and any
q € L"%(Q), there exists ap, € C°(R™), r € HuA(Q), and linear function ¥y, : @ — R
so that

w+7ﬂwl

u(y) = e n - VHRO(1 4y (y) +1(y)) € HA(Q)

is a solution to
(A+q@u=0, and Julz=0,

with ||ap|| o < C, limp_0an(y) = 0 pointwise for all y € Q, limp_o ||7||,2 = 0 and
7]l » < C for h small enough.

Obtaining these CGO solutions begins by conjugating the Laplacian and con-
structing a Green’s function for this conjugated Laplacian in a distributional sense.

Here, and from now onward, we will use the notation: for an operator A, an
integer k, and spaces X,Y we write A: X —p» Y if the operatornormof A : X — Y
is bounded by O(h¥).

Theorem 1.4. Let = 00N\ B, ¢(y) = yn and put h?>A, = e~ ?/Mh2Ae®/" . There
is a linear operator G= so that for small h > 0, allv € L?' () and all f € L?(Z),

(u, R*AyGz(v, f)) = (u,v), Yue€ CX(Q), (1.3)
and
(hdy +0,¢)G=(v, fllz = —f . (1.4)
Furthermore,
Gz: LP (Q) x LA(R"™1) =2 LP(Q) N HY(Q),
2 2 mn—1 1 (1.5)
Gz: L*() x L*(R"™) —,-1 H(Q),
with bounds
1G=(v, Al S H 2 vl +h7 1 e (1.6)
IG=(v, Allgr S A vl + If e (1.7)

where the constant implied in < is independent of h.

As we rely heavily on tools developed in [7], in Section 2 we recap the most
relevant results from [7] and introduce a change of variables. In Section 3 we
construct a parametrix that will be instrumental in showing Theorem 1.4, and
in Section 4 we prove Theorem 1.4. Section 5 is dedicated to finding the CGO
solution in Proposition 1.3 and Section 6 establishes the uniqueness of potentials
and conductivities, namely Theorem 1.1 and Corollary 1.2.

2. Setup. The strategy in our proofs will be to flatten out the boundary of €2 along
each of its boundary defining functions, proving results there and transforming back
to the original coordinates of €.
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2.1. Change of coordinates. Fix some open I' C 9Q and g € C2°(R" 1) so that
g defines the boundary of € in a neighborhood of I", by which we mean that
QNU ={yeU:y,—g') >0}, and 0QNU ={yeU:y,—g(y) =0}, (2.1)

for some open, bounded neighborhood U C R™ of I' with I' € 00 N U.
Note that, given the boundary defining function y,, — g, the outward unit normal
vector v is defined as

V(yn —9(y)) N 2y-1/2 (V’g(y’))
viy) = ——"—— "= =(1+|K , 2.2
) (o = 9] (L+ K@) 7 (2.2)
where we put
K(y') = V'gly'). (2.3)
In order to flatten out the boundary we define
v (y/a yn) = (xlvxn) = (ylvyn - g(y,))v (24)

so that Q = ~v(Q) C R?, and T' == y(T) C {x, = 0}, where R? = {(2/,,) €
R™: z,, > 0}.

From here on out, expressions marked with a tilde generally denote objects in
these transformed variables, and as a convention we will use x as a variable when
working on objects defined in the upper half space R’}.

In particular, we will now calculate the normal derivative in transformed coor-
dinates. Let v*, (y~1)* be pullbacks by 7,y ! respectively. If u(y) = u € C>(Q),
where ) is the closure of €2, then the transformed function is (y~1)*ou(z) = () =
u(@', o, + g(a') € C(RL), s0 that u(y) =y, yn — 9(5'))-

Using (2.2), we see that

du(y) = (1+ K[} V2K - (Vo) (v(y)) — 1+ K1) (00, @) (1(y) = (v 0D @) (y) .
where
By = (1+ |K(@)[*) V2 (K(2') - Vo — (1+ K (2')*)0s,) (2.5)
so that if ¢(y) = yn, then 0,6 = 0,6 = —(1+|K|*)~1/2, and
(hdy + (Bud))u = 7" o (hd, + (8,8)) o (v~ 1) *u

=yt o [(1 4 |K[?)1/? (hK Vo — h(1+ | K[}y, — 1) u}
(2.6)
Now if A is any operator, then

AU _ ’Y* o ('7_1)* OAO’y* o (,y—l)*u :'7* OAO (’y_l)*u — 'Y* OA@,
where A = (y"1)* 0 Ao~*, and v* o Au(y) = flﬂ(x)|z:7(y).
Thus, our strategy will be to construct an operator A that has the properties we

want on functions defined on R’ and transform this operator back to the original
coordinates.

2.2. Recap of [7]. As this paper uses the same strategies as [7], we will make
extensive use of some of their results. For the reader’s convenience, we will state
some of the most relevant ones here. Statements made in this section will not be
proven aside from Lemma 2.3.

Let us first introduce common notation regarding pseudo-differential operators.
When we write S§*, S7" we mean the Hérmander symbol classes of order m, see
[7, § 2.2] and [11, Def. 7.8.1]. Introduce also the notation for the Japanese bracket
(Y = (14 |-)*2, and Op,, for the semiclassical standard quantization operator
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which maps symbols to pseudo-differential operators, see [27, §. 4.1] for a definition.
Finally, for a symbol a(z,£) € S§* U S7", we use the short-hand a(z, hD) for the
operator Op,,(a). Every pseudo-differential operator in this paper is meant semi-
classically. For a general introduction to semiclassical pseudo-differential operators
we refer to [27] and [19]. For mapping properties of semiclassical pseudo-differential
operators on weighted H” spaces, we refer to [22, Prop. 2.2].

Recall now the definition of mized semiclassical Sobolev spaces,

WELT(RLRY) = WEET = {u € ' (R™): (RD')*(hD)'u € L"(R™)},  (2.7)

where k,l € R, 1 <r < oo, D' = (D1,...,D,_1) and h denotes the semiclassical
parameter.
Following [7], for r,s € R, j € {0, 1} introduce the mized symbol classes

S1.53 = {b(a’ & )elw,€): b € SR ) c € SHRM)}Y C 557,
which obey the calculus

Lemma 2.1 ([7, Prop. 2.2, Prop. 2.3]). There is k(n) € N depending only on the
dimension n so that the following holds.

For a € St g5 U Sk g kTt gng b e ghe gz y gk gk T2 0 page

b(a’,hD) o a(a’,hD) = ab(a',hD) +h Y _ (9¢bd%a)(a’,hD) + h*m(z’, hD)
|a]=1

for some m(z',hD): Wks7T — Wh—ki—hz,s=s1=s2,r

Furthermore, for c(x',¢') € SF(R™1),d(2',¢) € 55 (R™) U S5 "™ (R") we
have

cd(x',hD): WhT — Whokusmsir

with norm bounded in h > 0 uniformly.

Analogous statements hold for the weighted H* Sobolev spaces H§ by using
SkSs C SETS(R™) and the calculus for these symbols, see for example [22, Prop. 2.2].

Fix ¢(y) = yn, and let
h2A, = e~ ?/hp2 A/
be the conjugated Laplacian.
2
Let ¢ < 1 so that IJ‘FII(I‘{‘Q < ¢ for all 2/, where K is from (2.3). Define two cut-off
functions g, pp € C°(R"™1) so that

fo=1on{|¢) < ¢}, and supppy € {|§'|2 <1}, (2.8)
p =1 on supppo, and suppp E {|§’|2 <1}. (2.9)
Denoting by A¢ = (y"1)* o Ay o ~* the transformed conjugated Laplacian, we
may write
1 _ _ - -
————h?Ay = QJ + Ay — hE, + h?Ey. (2.10)
1+ KPP 7
In this decomposition we have
J = Opy, (i, —ia4 — thmyg) , Q = —Opy, (i&, — ta_ + ihmy) (2.11)
and

AQ = Oph,m’ (do) 5 El = Oph’a:/ (mod,) s EO = Oph’wl (éo) 5 (2.12)
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where eg € SR 1), 1), =1+ %7

ro=(1- ﬁo)\/(lh +HiK €2 — (1= €)1+ K" € SR, (2.13)
o = (1h +iK - 5/)2 — (1 — |£;|2)(1 + |K|2) _ T(2) c Sl—OO(Rnfl) , (214)
(1+[K[7)?
and

~ ,<1h+iK'§/i7"0
Gy =i| ——>—""

GSI Rnfl ,

(2.15)
mo=a;" »  (—i)0ga_0wiy € SR,
la|=1
Finally, we introduce
Fy = Opy, , (—iay —ihmg) , sothat J=ho,, + Fy. (2.16)

Lemma 2.2 ([7, Prop. 3.3]). For h > 0 small enough, there is a right-sided inverse
J~1 of J so that

JH LT(R™) — WET(R™), 1<r<oo,

and for all u € L"(R™) with suppu C R", suppJ tu C R" and 7Jlu =0, where
T 18 the trace onto x, = 0.

Furthermore,

Lemma 2.3. If a,b € SY(R"™!) are symbols with suppa N suppb = 0, then for
A =O0py,, (a) and B = Opy, ., (b) we have

AJT'B: L"(R™) =2 WH(R™), and AJ 'B: L3(R") =42 HF}(R™) (2.17)
foralll <r <oo,0 €R.

Proof. This argument follows the proof of [7, Lemm. 3.4], to which we refer for more
details. Throughout this proof we use the calculus given in Lemma 2.1 without
explicit reference.

According to [7, Prop. 3.3] we can write

J™V =742, hD)(1 4+ hmy (2', hD) + h*my(2’, hD)) ™!, (2.18)
where
my,me: L"(R™) — L"(R"), and mi,ma: L3(R") — L3(R™)
i '@ ,hD): L"(R™) - W' (R™),  and  j'(2/,hD): L3(R") — Hj(R")
the part about j~! coming from [7, Eq. (3.6)]. Additionally, from [7, Eq. (3.5)],
571 € span(SYS; ! + 708, HM 4 gls?)
and writing out part of the Neumann inversion in (2.18), we have
J =472/, hD)(1 + hmy (2, hD)) + h*M ,
where
M: L"(R") — W' (R"), and M: Li(R") — H}(R"),
so that Ah?M B satisfies the estimates Ah2M B: L"(R") —;, W17 (R") and also
Ah2MB: L2(R™) > HL(R"),5 € R.
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We now perform the explicit estimate for the S{.S;* term of j =1, where all other
terms (and those from j=1(z’,hD)my(z',hD)) can be dealt with similarly. Let
c1 € SYR™ 1) ey € S;7H(R™). Then
AOp,, (cic2) B = AOp,, (c1) Op,, (c2) B+hA > Op, (9 c1) Op,, (857c2) B + h*AmB,
la|=1
(2.19)

where m: L"(R") — W"(R") and m: L3(R") — H}(R").

According to the usual pseudo-differential disjoint support properties, the first
two terms in (2.19) satisfy (2.17), whereas the term h?AmB does so due to the
mapping properties of m. O

Lemma 2.4 ([7, Prop. 4.3]). There are operators Gy and Gy =y oGgoy* =
(Gy — G§) + G so that for all 0 <6 <1,
WA Gy =id, and h*AsGy=id,
and
Gy, Gy: L2(R™) —p—1 HY [(R"), Gy, Gg: LP (R™) —),—> LP(R").
Furthermore,
GS: L3(R™) —p-1 HE ((R™), GS: LV (R") =2 WHP(R") VkEN,
and G¢ — ~§, is a pseudo-differential operator with symbol in SfQ(R").
Finally, we will require
Lemma 2.5 ([7, Lem. 4.5]). For E; from (2.12) and Gy from Lemma 2.4, we have
EiGy = (E1Gy)° + Opy, (S1S72) + hOp,, (SY(R™)) Gy
where for all k € Ny,
(B\Gg)¢: LA(R™) —po H*(R™), and (E1Gg)®: LP (R™) —,—1 H*(R™).

3. Parametrices. The aim of this section is to construct a parametrix for the

operator 3
( 15h2A, >
7 (h0y + (0u9)) /)

As the parametrix will be based on those constructed in [7], we distinguish between
small and large frequencies: in Section 3.1 we construct a parametrix for small
frequencies, and in Section 3.2 for large frequencies. Finally, in Section 3.3 we will
combine these two into a global parametrix. Note that in frequency space, one also
speaks of low and high frequencies, but, in sticking to the diction of [7], we adopt
the language of small and large frequencies.

3.1. Small frequency parametrix. To invert hQACb, we would like to use the
small frequency parametrix defined in [7], but it will not have the boundary con-
ditions we desire. Nevertheless, our strategy will be to determine its boundary
properties (see Lemma 3.1) and define a new operator which can correct this to
what we want (see Proposition 3.2) in such a way that this new operator is, up to
lower order in h > 0, in the null-space of h2A¢.

Recall from [7, p. 117] that, with expressions K and 1; defined in Section 2, the
symbol p of h2A¢ is given by

p(a'€) = (1+ K[ = 2ik(1n +iK - &) — (1= [¢]), (3.1)
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and define ~
P, == Op, (Z) , (3.2)

where p is from (2.9). The operator P; is denoted by the same symbol and called
the small frequency parametriz in [7]. The functions K and 15, will throughout this
section — and entire document, in fact — always refer to how they are defined in
(2.3) and in Section 2.2 respectively.

We introduce the notation 7 for the trace onto x,, = 0, where if 7 is written with
a subset of R™ in the subscript, then the trace is meant onto that set instead.

Lemma 3.1. Ifv € L"(R") with 1 < r < oo is supported on the closure of R,
then
h?AgPow = p(hD') + hR,, and 7(hd, + (8,¢))Psw =0. (3.3)
where Rs : L™ (R™) —p0 L™ (R™) is bounded uniformly in h > 0.
Proof. Fix v € L"(R"), 1 < r < oo with suppv C RT}F. Note first that [7, Prop. 5.6]
gives the first part of (3.3), and by [7, Prop. 5.7] we have 7P;v = 0.
We will establish that 7hd,, Psv = 0. To see this, recall that by the proof of [7,
Prop. 5.7], for u € C°(R™) supported in R”,
Pou(2',x,) =0 on =z, <0, and so Thd,, Psu=0, (3.4)
because Psu € C°(R").
Furthermore, for every w € L"(R™), the trace theorem together with [7, Prop. 5.6]
give
hHThaanstLr(Rn—l) < ||h3answ||Ww(Rn) < ||Psw||w2m(Rn) S ||w||Lr(Rn) :
(3.5)
Thus, in the topology of L"(R™), approximating v by u,, € C°(R") supported in
R”, by (3.4) and (3.5) we see that
ThO, Psv = lim ThOy, Ps(v — wp) + lgn ThOy, Pyt = 0.

m— o0
Finally, using (2.6), we invoke the representation
(hdy + (8,0)) = (1 + |K|?) Y2 (hK - Vo — (1 + |K|*)h,, — 1),
where because 7 and V,/ commute when applied to an object with trace 0,
7(hdy, + (8,0))Psv = 0.

which concludes the proof. O

Lemma 3.1 states that while the operator P provides us with a parametrix in
the small frequency, it does not allow us to prescribe non-homogeneous boundary
conditions. In order to remedy this, we will construct an operator which acts as

a Poisson kernel which (up to first order) gets killed by h2A¢, but allows us to
prescribe non-homogeneous boundary condition:

Proposition 3.2. Denoting by I the indicator of R',. There is a smooth function
U(z,€") satisfying that (2',&') — (2!, 2,,€") is a symbol in S;°(R"~1) for every
fixed value of x,, > 0 such that

I h2Ayl(z’ x,, hD') = hRy (3.6)
for some Ry: L™(R™™1) —p0 C(Ry; LT (R 1)), 1 < r < o0, and
7(hd, + (8,9))Opp v () = —(L+ |K[*)'/?5(hD') + hRy, (3.7)
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for some Ry: L™(R"™1) —p0 L7 (R™1).
Furthermore, for every open, bounded set A C R,
140Dy, o (€) : L"(R™™1) - W?T(A), 1<r<oo. (3.8)
This section will be devoted to proving this proposition. First we begin with

some preliminary results on solving an initial value problem for an ODE.

3.1.1. ODE Setup. To motivate the discussion in this section, we wish to construct
approximate solutions to h?A,w = 0 which approximates the boundary condition

(héu + (éu¢))w = fa at x, = 0

for an arbitrary f € L2(R"1).

Following [7, p. 108], we will take Fourier transform in the a’ variable (which
we denote by F,/) and view this equation as an ODE in the xz,, variable. This
approach is fruitful because on the support of p(¢’), the symbol p from (3.1) is
elliptic. According to [7, p. 108], where Opy, v denotes the quantization operator
only in the z’ variable, we have

WAy = —(1+ |K[)h?02 —2(1y + K - hV 0 )hd,, — h* Ay — 1
= Opy e (—(U+ K202, = 2(1 + K -€)hds, — (1= [€1))) , (3.9)
which leads us to try finding a solution v of
[(1 K P)R20%, +2(1p, + iK - &)hd,, + (1 — |g'|2)] v=0. (3.10)

Viewing (z’,¢’) as fixed parameters for the ODE in the z, variable, (3.10) has
solutions of the form

V2 —dac N
0(2 T, &) = ke ke (3.11)

where
a(@', &) = 1+ |KP)h2, b, &) =201p+iK-)h, o, &)=1-|¢). (3.12)

and k1, ko depend on 2’ and & but not on x,,. To ease notation, taking the principal
square root, we introduce a new variable for a part of the exponent,

VP —da /(i€ - (- ) KP)
20 (1+]K]%)

which might at first seem problematic because it is not smooth, but will turn out to
be benign: the expression ¢ will only be present in the argument of the holomorphic,
even function cosh.

Now (3.11) gives us a solution ansatz but we must still choose k; and k2 in such
a way that we generate desirable boundary conditions. By (2.5) we have that the
(hd, + (d,¢)) operator can be written as

q = , (3.13)

(18, + (8,6)) = Opp o (14 [KP) V26K € = (14 [K D, = 1)) - (314)

And note that v as given in (3.11),

b b
Op, (2, 20) = e Tnza (—lﬁ (q + 2(1) e "l + ko (q - 2@) e$"q> . (3.15)
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For arbitrary f € L?(R™ ') we need to choose ki,ks so that v satisfies the
boundary condition (hd, + (9,¢))F,,'(v) = f at x, = 0. The expression (3.14)
motivates us to consider, on the level of symbols, the equation

(L+ K V26K € — (L4 KPRy, — Du(a) = —(1+ K]} V2F, f
Using (3.15) this condition is equivalent to
— 2 Fy f (3.16)

b
= ((1 + KD TGK € —1) + 2a> (k1e7 %9 + koe™9) + hq(kre™ "9 — kqoe™ 1),

" sznwe Sl.loose ky = —k1, then (3.16) can be rephrased as
2kihg=—-Fu [,
for which we will choose L
k= —ﬁq_l}-x'f
which leads to
o(x',2,) = h™ e " / " cosh(tq)dtF f . (3.17)
0

As we can only reasonably hope for this approach to work on small frequencies, we
will introduce the cutoff 5 € C2°(R™1) from (2.9), and motivated by the multiplier
of (3.17), we define

Uz, &) = h_lﬁe_w"%/ ’cosh(tq)dt (3.18)
0

= h715(Ne” * 1HIKP

e tprig [T iK€ — (1 - [P+ [KP)
/ cosh
0

For any s € [1,00] and k € Ny, we endow the space C (R, W53 (R"~1)) with the
norm
||UH = Sup ||u||Wk,s(]Rn71) . (3.19)

T, >0

3.1.2. The Symbol £. We now prove that ¢ defined in (3.18) is a symbol in the sense
that:

Proposition 3.3. Let h > 0 be small enough. The expression £ defined in (3.18)

is a symbol ¢ € ST °°(R"~1) for every fived value of z, > 0 and as a function, ¢

depends smoothly on x,. Furthermore,

K83, 0Dy, o (£) : L'(R" ™) =40 CR; WHT(R™Y), k€N, 1<r<oo, s€{0,1,2},
(3.20)

with the norm on C(Ry; WFT(R"™1)) defined by (3.19).

We will prove this proposition at the end of the subsection as a consequence of
the following technical Lemmas.

Lemma 3.4. There exists an €1 > 0 so that for h > 0 small and &' € suppp,

e [% ik - (- ¢+ K| >

€1

L (3.21)

where 1 1s independent of h,x and £’.
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Proof. Note that since we are taking the principal square root, we have Rev/d + is =

7“#252“1 for any s,d € R. We will show that there exists some €1 > 0 so that

the left-hand side of (3.21) is bounded below by 1 on suppp if we take h = 0. By
continuity of the real part of the principal square root, this means that the left-hand
side of (3.21) is uniformly greater than ;/2 for small A > 0. For the moment put
h =0 so that 1, = 1, where 1 is defined in Section 2.2. Taking

d=Re((ln +iK €)= (1 [¢)A+|K]*) =1 (K-€)* — (1 - [¢|HA+|K]*),
(3.22)

s =Tm((1p +iK - ) — (1 - |¢H1 + |K[}) = 2K - €, (3.23)

we see that

€1 < Re <1h — \/(1h +iK €02 — (1 &)1+ |K|2))
if and only if

Vd?+s24+d
1*51> f’

which is equivalent to
21 —e1)?—d >V +s2. (3.24)
Since for small enough 7 > 0 and all £ € suppp,
21 —e)? —d=—4e, + 22+ 1+ (K- &P+ (1 — €)1+ |K[*) >0,
(3.24) holds if and only if
(2(1 —&1)? —d)? > d® + 52,
which is equivalent to
4(1 —d) — O(g1) > s, (3.25)

where in introducing O we used the fact that both |K|* and |¢/| are bounded on
the support of p.
Finally, (3.25) is equivalent to
A1 = €F) A+ [K?) = Oler) > 0,
and since the support of § was chosen in such a way that suppp € {|¢'| < 1}, we

can be sure that such an ¢ exists. O

Lemma 3.5. Let h > 0 be small enough and &' € suppp. There exist some €5 > 0
and C., g > 0 independent of h,z,& so that

t lp—e2

97,05 cosh(tq)| < O, se HIKE max {1, (th*1)2|7|+2|6|} (3.26)
for all multi-indices v and B.
Proof. We introduce ¢'(2’,¢’) by

(Ln + K -€)? — (1= €)1 + |K*)

q (2, &) = (1+|K|2)2

€ Cp°(R™ ! x suppp)  (3.27)

SO al 1q = +vq . ere 1S € Space OI Iunctions whose derivative Ol every
that t¢ = £+/¢. Here Cy° is th f functi hose derivative of

order is bounded uniformly in A > 0 small. That every derivative of ¢’ is bounded
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follows from the definition K (z') = Vg(z') where g is the boundary defining function
introduced in Section 2.1.

We will find two formulas for 9], 8?, cosh(£+/¢’) and use each to give a slightly
different bound which we combine at the end of this proof.

Using Lemma 3.4, we see that for h > 0 small, ¢’ € suppp there is an €1 > 0 so
that

15 — 2
Rey/g < h=51/2 (3.28)
+ K|
Case 1: We have that ’Im\ﬁ‘ W in which case we see by (3.28) that
1 — 4
Ln=e1/4 (3.29)
1+|K?
Now we must do a calculation: for o,k € R,w € Ny,
_ k! (ov/E)? (k + w)!(2Kk)!
ov sh — q2w 2 Nkb—w NV 2w
< cosh(ov/k) = o k;(" QA AT T ;0 2R k(2 + 20)!
- - (3.30)

where we note that for all k,w € Ny, % <1.

For every multi-index o € N2"72 ] let
I1,, := {partitions of {1,...,|a|}}, (3.31)
and for every 7 € I, and every P € 7, let ap € Ng”fz be the multi-index with

j-1 i
Pﬂ{l—kZai,...,Zai}
=1

i=1

(ap); = (3.32)

Using (3.30) and Faa di Bruno’s formula (with notation introduced in (3.31)
and (3.32)), we calculate that

3;8?, cosh (2 ﬁ)

2] (3.33)
_ Z )2 Z (th='Vg)?* (k + |m1|)! H P
h (2K)! K2k +2 |7r1
m1€(y, 8) k>0
Now, by (3.33), we have that
t
3;,3?, cosh (h\/?>
Z (t)Qﬂ'll Z (thfl |\/(7|)2k (k + |m])!(2k)! H ’
< ' :
et @R KEE+2m)
2|y | 1
t (th= |\F|
<z ()
1€l (4, k>0 Piem
t 2""'1|
= (h) cosh(th™ " |\/¢'|) H
m1€ll(y,p) Pem
t 2|7T1‘ . ;
< Z Cr, (h) eth Vel (3.34)

m €l p)
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for some €7 > 0 independent of h,z and ¢ in view of (3.27). Using (3.29) and
(3.34) we see that

t t 2ml 1y —egya
6;//8?/ cosh (h\/y>‘ S Z C;TI (h) el 1+1K[2 | (335)

m €y, p)

We suspend working in this case until the end of the proof when we make statements
valid in both cases.
Case 2: We have that |Im\/(ﬂ > m.

Again, using Faa di Bruno’s formula, we can calculate that

7,00, cosh (2\/5) _
S ()™ cosh(mD (2@) I > {(q/)mm

1€l ) Premy m2€ll(y ) p,

|7T2‘71
.(—1)‘7"2|+1 H (;—i—s) H a((%ﬂ)Pl)qul].

s=0 Poemso

(3.36)

Now note that for any z € C
sinh(z)| < e®e*l | and |cosh(z)| < elRe?! (3.37)

and that |sinh(z)]|, |cosh(z)| are monotonously increasing in Rez > 0.
Using (3.37), we remark that if (v, 8) = 0, we may bound

cosh(th™'\/¢")| < eth™'Revd’ (3.38)

and thus the lemma is already proven by combining (3.38) and (3.28). Let us
therefore take (v, 5) # 0 from now on.
In view of (3.36), (3.37) and |v/¢'| > |[Im\/¢|, for (v,n) # 0, we have that

t
97,07, cosh (h \/(?> ‘

1] -
T o
m1 € (1) Prem 7"261—[(%")191
|ma|—1 1
. il ((vompy)py o
H<2+3)H‘8 qu]
s=0 Pyemy
172|ﬂ‘2‘

1]
< Z (2) etirlRe\/qi’ H Z Crr o Im\/(?‘ (3.39)

T €My, ) Prem 7T2€H(%n)p1

where Cr, , > 0 is independent of h,x,&’, and we used the fact that ¢’ and all of
its derivatives are bounded.
We continue the calculation (3.39) using (3.28) and the assumption of this case:

t
3;8?, cosh (h\/a> ’
|71 _
t t 1p—e1/2
< E (h) 6’2 IhHKl'Z H E Cmnrz

m1Ell(y,p) Premy ma€ll(y, 5y p,

1—2|7T2‘

__ 8
AL+ KT
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t |71 ¢ 1p—e1/2
< > (h> eh TR (3.40)

m€ll(y p)

At this point, we begin making statements about both cases simultaneously.
Combining (3.35) and (3.40), there exist some €3, C,, g > 0 independent of h, z, &’
with €5 also independent of ~, 8, so that

t t lp—e
07,0f, cosh <hﬁ)‘ <O, pel TR > max{(th )™ h 1)y

1€y, 5)
(3.41)
Finally, recalling from (3.27) that £+/¢’ = tq, we have
(tq)‘ < O P TRE max{1, (th~1)2h 28l (3.42)
for a possibly different C” ; > 0 independent of h,z and . O

Proof of Proposition 3.5. Checking that £(2/,z,,£') = h™'pe "2 fom” cosh(tq)dt
is a symbol in the (2/,¢’) variable begins by determining that it is smooth. Let
T, > 0 be fixed. Due to the fact that cosh is an even function, the square root
that is contained within ¢ is not an issue so that cosh(tg) is a smooth function
with respect to ¢,2’ and & (recall that the Taylor expansion of cosh only has even
exponents). All other parts of £ are clearly smooth and so £ € C*°(R" x R*~1).

Now, with notation from (3.31) and (3.32), by the Faa di Bruno formula and the
Leibniz rule, for multi-indices a, 8 € Ny~ 7,

.y "= E @\ (BY(P—9 _ITTVLIF\T\;, I I Zn\ Il
OOt = (7) <5> ( n )O T ( h )
v<a,6<B,n<B—8 Pem
7€ll(a—v,5-5)

ey B— 1 K- ¢
'a((gc/ g;ﬂ o) p _Lf ( /3 o— 77 / 878 CObh( )
’ 1+ |K]

(3.43)

Applying monotonicity of the right-hand side of (3.26) with respect to ¢ > 0, for
h > 0 small and &' € suppp,

h—l

Tn wop lp—c2 Tn
/ 8;/82, cosh(tq)dt‘ < h7LC, et THIRE max{l7 (xnh_l)m”‘”‘"‘}/ 1dt
0 0

zp lp—e2 T 2|y[+2[n]+1
< Cype ™ HEP? max 91, (7) . (3.44)

Now by (3.44), and the fact that (5‘?,757”;3) is supported on suppp,

ey i | o
‘(8@5"[7) ¢ TR (%’) h’l/ 97,04, cosh(tq)dt‘
0

PURCSIEEINE REET} W
") ¢ W THIRT | (3.45)

<Cyny ‘65/_5_”/3‘ max {1, (7

Furthermore, we find that

Tp\ 220041t an 2
sup max-< 1, (7) e M a+IKP?)

z,>0
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2|y|+2|n]|+1+| |
1+ |K|%)(2 2 1
~ max 1,<< + 1K)y + 2] + +|w>> e
Eg€
and so combining (3.43), (3.45) and (3.46),
sup (. E) (3.47)
z,>0
_ Spo )
< s (OO0 M ()
y<a,6<Bm<f—5 N el B 1+|K|
T€ll(a—v,5-5)
2[v|+2[n[+1+]|x|
1+ |K[%)(2 2 1
C, max 1,<( + 1K) (@] + 20l + +w|>>
Eg€
<C, max‘anf’, 3.48
’BWSIBI r ( )

where we used the fact that | K| is bounded above and we consumed the last depen-
dence in h (in the form of 15, see Section 2.2) by bounding it above. The constant
Co,p > 0in (3.47) is independent of h,z and £’. Because p is compactly supported,
for every fixed z,, > 0, (3.47) implies that £ € S;*°(R"~1).

We proceed to showing (3.20) for s = 0. Note that (3.47) proves that the set
{0(;2p,"): &, > 0} is a bounded subset of S; *°(R"™1) each element of which
satisfies (A.3). Here, bounded means that there exist constants C, g so that for all
multi-indices «, § we have

sup |05, 8 (2, 20, &) < Cop- (3.49)
x,>0
Using Lemma A.1, (3.49) directly implies that the operator norm of Opy, ,, (£) on
L"(R"1) — Wkr(R"~1) as a function of x,, > 0 is uniformly bounded with respect
to x, > 0, which proves (3.20) for s = 0.
We proceed to checking the first derivative of £. We calculate

oy ik 1, +iK-¢ [
hoy, l(z,&") = pe ™ THE] cosh(z,q) — h_lLf/ cosh(tq)dt | ,
1+ |K]| 0
(3.50)
where the second term of (3.50) can be rewritten as
1 K- £
- e, (3.51)
1+ K|

whose seminorms in S; °°(R™"~1) can be bounded by the seminorms of ¢ multiplied
by a constant independent of z,,.

Let us consider the first term of (3.50). So that we do not have to rewrite the
entire computation, note that for multi-indices «, 3,

zpy 1pHiK- ¢’

(‘91/88 (pe IR cosh(an)) (3.52)

is equal to the expression in (3.43) where we replace

h~ / 9,04, cosh(tq)dt by 9], cosh(w,q) .
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Using (3.26) we come to the same conclusion that for every «, 3, the expression
(3.52) is bounded uniformly in x,, > 0 by a constant Cy, g times a compactly sup-
ported function in &'

Together with the remark after (3.51), we thus find that {hd,, (-, 2n, ): , > 0}
is a bounded subset of S;°°(R""1) each element of which satisfies (A.3), which
implies (3.20) for s = 1 if we use Lemma A.1.

Finally, note that by direct computation on the symbol, (ad2 + bd,, +c)l =0,
see (3.12) for the definitions of a, b, c. We use this to write that

{h2837n£('7wn7 ) Tp = 0}
. ’ 712
_ 72(1h +iK - )hamne(,xna ')2+ (1 — |£ | )E('axnv ) cx, >0
1+ |K|

is a bounded subset of S;°°(R"1), so that we have fully shown (3.20) by a final
application of Lemma A.1. O

3.1.3. Proof of Proposition 3.2. By the definition of semiclassical Sobolev spaces,
(3.20) implies (3.8).
Defining
hRi = W28y Opy, 41 (£) = Opy (= 1€ 0), (3.53)
and

hRey = hK - VuOpy, v () = Opy o (iK -€'0), (3.54)

by the compositional calculus of semiclassical pseudo-differential operators and
(3.20) we have Ry1, Rpo: L™(R"™1) =0 C(Ry; LT (R™1)).
By direct calculation (ad2 + bd,, + ¢)¢ = 0, see (3.12), and so by (3.9),

h?A4O0py, o (£) = Opy, o ((ad2, + b0, + ) €) + h(Req + Re2) = h(Rey + Re2) = hRy

where Ry: L"(R"™1) —p0 C(Ry; Li(IR”’{)) is as desired.
Now, by (3.14) the symbol of (hd, + (9,¢)) is affine with respect to £, so that
the composition calculus gives
(B, + (8,6))0pp 1 (6) = Opp oo (1+ K1) 72 (iK€ = (14 [K[)h0L, — 1) €) + hR;
(3.55)
for the remainder R;, = Opy, ,/ ((1 + K"K - mef).
Taking s = 0 in (3.20) and using the explicit representation of R; implies

Ry: L"(R™™1) —p0 C(Ry; WHT(R™1)). Furthermore, by using (3.50) and directly
calculating on symbols,

T(L+ |K[?)TV26K € = (14 K)oy, — Dz, &) = —(1+ |K[)/25(¢)
and so using (3.55),

7(hdy + (9,0))Opp o (0) f = —(1 + |K[*)/25(hD") f + ThR} f ,

and taking R;, := 7R} concludes the proof. O
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3.2. Large frequency parametrix. Following [7], we define
P = (1 - p(hD")JTJIG,, (3.56)
where Gy is as in Lemma 2.4, j is from (2.9), J from (2.11) and
Jt=J7,, (3.57)

with J~! defined in Lemma 2.2.
This operator is exactly what is called the large frequency parametriz in [7], which
approximately solves
h?AgP ~1— p(hD’).
This operator is insufficient for our needs as it does not allow us to control the value
of 7(hd, + (9,¢))P, at x, = 0. Indeed, we will see at the end of this section that

Proposition 3.6. The operator P, satisfies the boundary condition
7(hd, + (8,9)) P, = —(1 4 |K|})Y2(1 = p(hD'))rJ Gy . (3.58)

The identity in Proposition 3.6 suggests that we should introduce a Poisson ker-
nel, which we will call B;, to correct this boundary term. Furthermore, in order
to achieve (1.4), we will need another Poisson kernel that allows us to introduce
arbitrary boundary data, which we will call B.. The Poisson kernels will be an-
nihilated (up to leading order) by h?A,. The operator 7(hd, + (8,¢))B; will be
roughly equal to the right hand side of (3.58) as to achieve the desired cancellation,
while 7(hd, + (8,¢)) B ~ (1+|K|*)!/2 which can be thought of as the identity map
(modulo multiplication by a uniformly positive function).

Recall the definition of Q C R™ defined in Section 2.1, denote by 1g the indicator
function of Q. For v € L"(Q) let 15v € L (R™) be its trivial extension.

Proposition 3.7. There exist bounded linear maps
By: LAR™) =, HY [(R"), 0<6<1,

. (3.59)
By: LP (R") —p-2 LP(RY) N (HY(RY) N Hipo(RM)) |
and
B.: L*(R™™Y) —,0 HY(R™) (3.60)
such that for allv € L (Q) and all f € L2(R"1),
15h2AyBilgv = (R + hR.,)v, (3.61)
150%AyB.f = hR.f, (3.62)
where
Ryn: L2(Q) =, L*(Q),  Rp: L () —po L2(Q),
R,:L"(Q) =po L"(Q), 1<7<o00, (3.63)
R.: LA(R™™Y) =40 L2(Q).
Furthermore,
7(hdy + (0,9))Bilgu = (1+|K[*)7/2(1 = p(hD"))TJGylgv + h(Riy + Ry
(3.64)
and

7(hd, + (0s9)Bef = (1+ |K[)"V2(1 = 5(hD"))f + hR. f (3.65)
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where p is from (2.9) and
Ry L2(9) —po L2 (R™1), 0<d< 1 and Ry: LY (Q) —po L2(R"1),

R L7(Q) —po L'(R™™Y), 1 <7 < o0, and Rpe: L*(R™™1) —p0 L2(R™ 1),
(3.66)

The proof of Proposition 3.7 will be delayed until Section 3.2.2. However, we are
already in position to prove Proposition 3.6.

Proof of Proposition 3.6. Let v € WHT(R™),1 < r < co. We begin by proving that
for p from (2.9), and J* from (3.57), we have

7(hdy + (0,0))(1 — p(hD"))J v = —(1 + |K[))/2(1 — p(hD'))Tv.  (3.67)
To show (3.67), we first observe that by (2.5)
(hd, + (0,0)) = (1 + |K[*)"Y2(hK - V' — (1 4 |K[*)hd,, —1).

As we would like the operator J to appear in (3.58), we will use (2.16) to substitute
h0yz, = J — F in the above expression:

(hdy + (Dy0)) = (14 |K[))/2T + (1 + [K|*) V2 (WK -V + Py — 1),
Now we may calculate that
7(hdy + (0,0))(1 — p(hD' )T v = 7(1 + |K[*)?J(1 — p(hD"))J v
+7(1+ |K)))"Y2(hK -V + Fy —1)(1 = p(hD"))J " v.
(3.68)

Now recall that by Lemma 2.2 and the definition of J* in (3.57),
TJtv =0. (3.69)

Since 7 and V' commute when applied to an object with trace 0, with (3.69) we
have

(14 |K[*)"Y?(hK - V' + Fy — 1)(1 — p(hD"))J v =0,

which takes care of the second term in (3.68).
We observe that

J(1=p(hD")) = (1=p(hD"))J +[p(hD"), ] = (1= p(hD"))J + [p(hD"), F] (3.70)

due to the fact that the first term of J = h0,, + F} commutes with the operator
p(hD’") which only depends on a’.
Therefore, continuing the calculation from (3.68),

7(hd, + (8,6))(1 = H(hD"))J "o
(1+ K21 = p(hD"))rJ T 0 + (14 |K|)Y2[3(hD"), FylrJ o
(14 |K%)?(1 = p(hD"))7v,

after invoking (3.69) and the fact that 7J" Jv = 71, v = Tv since we are taking the
trace from the z,, > 0 direction. Thus, (3.67) has been shown.

Finally, the result follows by directly computing 7(hd, + (0,¢))P; using the def-
inition of P, in (3.56) and applying (3.67). O
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3.2.1. Setup. This section is devoted to preparatory lemmas required to construct
the Poisson kernels B; and B.. The first objective we will pursue is to find an
operator with good boundary control. Thus we begin by inverting a part of the
operator (hd, + (d,9)).
Let us first introduce p; € C°(R"™1) with
p1 =1onsupppy, and suppp; € {p=1}, (3.71)

where fg, p are from (2.8) and (2.9).
Make use of (2.5) to write

(hDy + (0,9)) = (1 + |K[*) 2 (W - V' = (1 + |K[*)hd,, —1).

As we have good control over the operator J, we will use (2.16) to substitute
hdy, = J — F4 in the above expression:

(hy + (09)) = (1 + [K|") V2 (WK - V' = (1+ [K[*)(J = Fy) — 1)
= (L+|K[)7V2(Z = A+ K )T = (1+ K" (hD"),  (3.72)
where
Z = (1+|K[*)p1(hD') + hEK - V' + (1 +|K|*)Fy —1 € Op,, . (STH(R"1)) . (3.73)
Using the definition of F in (2.16), we can write Z = Opy, , (20) where
20= (14 |K[")p1 4+ 15 — 1+ 2K - & +ro — (14 |K[*)ihmo € SLR™)  (3.74)

is its symbol, rg is given in (2.13), and myg in (2.15), and 1}, is defined in Section 2.2.
We are now in position to invert the operator Z.
Lemma 3.8. Forany 1 <r < o00,§ € R and any s,k € Ny there is some hg > 0 so
that if 0 < h < hq, there are operators M and Z~' which satisfy
]\47 Z_li Ws,r(Rn—l) —po I/Vs—&-l,'r(Rn—l)7
) ) 1 ) (3.75)
M,Z7  Hy(R™™Y) =0 HITHR™Y).

Furthermore,
Z ' =0py, o (ST'®R™ 1) + hFM (3.76)
and Z~1 is the right-inverse of the operator Z from (5.73).
Proof. If, for simplicity, we put h = 0 in the expression for zo from (3.74), we see
that
Re(z0) = (14 |K|*)p1 + Rer,
and let us write

ro = (1 — po)vr1 +iry, where ri,7o are real. (3.77)
As ro = 2K - &', the branch cut of the square root is only met when K - & = 0
and r; < 0. Now when K - & = 0, we have r; = — |K|* + [¢/|> (1 + | K|?), which is

uniformly positively away from zero on the support of 1 — pg, see (2.8), which also
means that ¢ and so zy are smooth.

In particular, we have that on the support of 1 — pg we have Rerg > 0, and due
to the definition of p1, on the complement of the support of 1 — py, we have p; = 1.
This means that Rezp, and especially 2y, are uniformly bounded away from 0 for
small h.

We now perform some rough estimates to show that 22

) is bounded uniformly

away from 0 for large £ and small h > 0.
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Take again h = 0 for the moment, and note that by the Cauchy-Schwarz inequal-
ity, for r1, 79 from (3.77),
2 2
=1 (K€ = (=g + K = €] - K,
where we can choose |£’| large enough and C' > 0 so that
€7 — K > 2001+ [€). (3.78)

Since we are taking the principal square root in rg, we have that

2 2
Rev/ry 7r; = [ Y210

and so for large |¢'|* and h = 0, (3.78) gives us
(Rero)? > 11 > C(1+1€%). (3.79)

Taking square roots on both sides of (3.79) and using continuity in h, we have

(14+]K|?)p1+Rerg
(€

shown that for small A > 0 and large |¢’|, the expression is bounded

uniformly away from 0.

In particular, this means that the symbol of Z(hD’)~1 is of order 0 and uniformly
bounded away from 0 and has an inverse we denote by w € SP(R"~1).

Writing this out means that

Z(hD")~'Opy, . (w) =1+ hR, (3.80)

for some R € Opy, ., (S{(R"™1)), and thus the object Opy, .. (w) (14 hR)™! is an
inverse of Z(hD')~1.
Thus, defining
Z7 = (hD')"'Opy, o (w) (1 + hR) ™" (3.81)
we have by (3.80)
777t =Z(hD\"HrDYZ' =id.
Finally, for any fixed £ € N, we can write out part of the Neumann series of
(14 hR)~! to get (3.76), which concludes the proof. O
Corollary 3.9. Let x1, x2 € C(R"™1) be cut-offs so that suppyx1 Nsupp(l—yxz) =
(). For all s,k € Ng,1 <71 < 00, and § € R,
x1(hDYZ7 (1 = x2(hD")): WS (R™™1) = Wethr (R (352)
X1(hD")Z7 (1 — x2(hD')): L3(R™™Y) — 0 HF(R™). '

Proof. Let k € Ny be fixed. By (3.76), write
77" = Opy 0 (STHR™Y) + hF M,
where
M: W (R =0 WSTET(RY) | and M: L3(R"™1) —p0 Hy (R™1).

By disjoint supports, x1(hD’)Opy, . (Sg H(R"1)) (1 — x2(hD')) satisfies the esti-
mates in (3.82) and because y; € S; °(R"™1), the same is true of h*x 1 (hD")M (1 —
Xx2(hD")). O
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From now on we will also interpret operators acting only on n — 1 dimensions
as those that can act on all of z by acting only on the first n — 1 components: if
A is an operator acting on n — 1 dimensions and u: R™ — R, put Au: R” — R by
considering the last component x,, of (x1,...,2,) € R™ to be a parameter instead
of a variable.

As a common building block for the construction of B; and B., we will now
introduce the operator (id — J.J)Z %

Lemma 3.10. Let v e W (R?) U CH(R; L"(R"1)),1 < r < co. The operator

v (id—JTT)Z (3.83)
satisfies
7(hdy, + (9,0))(id — J*T)Z o = (1+ |K )72 (1 = (1 + |K[)pn (hD') 271 )ro.
(3.84)

Additionally, with WHLT defined as in (2.7),
(id—JtNZ7 1 WH(R™) —p0 WHT(RT) N WD
(id—JtN)Z7 1 CHR; L7 (R™ 1)) —p0 WHT(R™).
Proof. Throughout this proof fix
ve WH R UCHR; L"(R™™)), where 1 <7 <o0.
Note first that for this choice of v, by Lemma 3.8,
Z 7w e WhT(R™), (3.86)

which means that JZ 'v € L"(R"), meaning that (id — J*J)Z~! acting on v €
WLT(R™) U CHR; L™ (R™1)) is well-defined. We already see the second half of
(3.85) due to the fact that id — J*J: WL (R") — WL (R™).

To see the first part of (3.85), let us take v € W17 (R™). Note that by Lemma 3.8,
and the definition of mixed semiclassical Sobolev spaces in (2.7), Z=!1: WL r(R™) —
WhLrand id — J*J: Whir — WhL" where we use the fact that I, does not alter
regularity in the 2’ direction. Thus,

(id = JE) 27" = (id = JT )27 WHI(R?) — W

Furthermore, since by (2.16), hd,, = J — F4, and by direct calculation J(id —
JtJ) = (id — I,)J, we have that

ho,, (id—JtNZ v =(id-I)JZ v+ F.(id—J ")) Z 1. (3.87)

(3.85)

Here we note that the first term in (3.87) vanishes in the sense of distributions on
R’ and that for the second term we have

Fy(id— JtDz-t . whr(rr) 22 witr 9270, e Broprie gy (3 88)

In particular, (3.87) and (3.88) imply that
ho,, (id — Jt N Z v =F,(id—J"J)Z ' in the sense of D'(R7), (3.89)
where Fy (id — J*J)Z~'v € WLT(R"). Furthermore, since

(d— J* )2~ = (id — J* Nz~ whr(rr) 2= whtr M2I0, e

we have that h!®19%(id — J*J)Z"'v € L"(R") for all @ € NI, |a| < 2, a, <
1. Therefore, in order to show (id — J*J)Z 'v € W (R%), it suffices to show
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that 92 (id — J*J)Z 'v € L"(R"). This fact is a consequence of taking the 8,,
derivative of (3.89) to see that

K202 (id—JtJ)Z 'v=h0,, Fy(id—JtJ)Z 'v € L"(R"), in the sense of D'(R’}).

This completes (3.85).
To see (3.84), by (3.72), we calculate

(1+ K [*)27(hd, + (9,¢))(id — TF)Z 1w
=7(Z - (1 +|K)*)J — (1+|K|)p (D) (id — J*J)Z v
=722 = 1+ |K[*)p1 (hD)(id — Jt ) Z 1w
— ZJTIZ W+ (1 + |K ) (I —id)JZ ') (3.90)

All terms in the final two lines of (3.90) are well-defined by (3.86), and the third
term vanishes because 7 and Z~! commute and 7J7v = 0 (see also (3.69)). The
fourth term in (3.90) is zero because it is only supported on z,, < 0.

Thus, again using 7J v = 0,

1+ [K[*)/27(hd, + (9,¢))(id — JTT)Z 1w
=70 —7(1+ |K[*)p(hD")(id — J*J)Z v
= (1= (1+|K[*)p((hD)Z v,
which shows (3.84). O

3.2.2. Proof of Proposition 3.7. Before proceeding with the proof of Proposition
3.7, we have to address the concept of extending boundary conditions to all of R™.
Take n € C°(R) so that suppn C {|z,| <2} and n =1 on |z,| < 1, and define

E:WST(R™ ) = CXR; WHT(R™™Y)),  Et(x) = nx,)t(2)), (3.91)
for all s € Ng,1 < r < o0.

Proof of Proposition 3.7. We begin by setting

By = (id— J*J)Z ' (1 = p(hD'))J Gy (3.92)
and

B. = (id— Jt))Z (1 - p(hD"))E (3.93)

where (id — J*J)Z 1 is the operator in (3.83).
Let v € LP (Q) and f € L2(R™1). To check that B.f is well-defined, note that

by (3.85) and (3.91),
(id — Jt D) Z7 (1 — p(hD"))E:
_ = ’ id— + —1 (3.94)
(AZP(DNE, poo (g, 12(Rr-1)) LZLDZ

L*R"Y) H'(R"),

which, in fact, proves (3.60).
In order to see that B;lgv is well-defined we turn to showing (3.59). Observe
that by Lemma 2.4, splitting up Gy = (G — G§) + G and using (3.85),

' (R") ‘fy we(re) LD,y ey LATDZ i gy,

Goy—G5 WQ”’/(R”) (1=3(hD'))J (d—JtJ)z~!

v (R™) wte' (R™) w2 <Ri> 7
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and we know that W27 (R7) <1 H'(R") <3,-1 LP(R?). Omitting the last
Sobolev embedding and remarking that W' C HlloC7 we can also conclude that
B;: LY (R") — H'(R7) N HE (R™) so that the second half of (3.59) has been
shown.

Furthermore,
e s (1=p(hD"))J s (id=Jtnz? n
Li(R )h—i>H§—1(R ) —~ Hj (R") ——— H;_,(R"),
Gy—G© _5 ’ ideJt Nz
L3R = B[R S () SR (R,

which means that B;: L3(R™) —,-1 H} |(R™), proving the first half of (3.59).
We now begin showing (3.61) and (3.62). Recall again that by direct calculation
J(id = J*J) = (id — I;+)J and so due to (2.10),
R2A,Gd—JtT) = (1+|K ) (Ag—hEy+h2E)(id— JJ)+ (14| K)*)(QGd—I4)J),
(3.95)
where Ag, E1, Fy are defined in (2.12), and @ is defined in (2.11). Due to the

fact that Q* does not shift support downward because with respect to x, it is a
differential operator, for all w € CZ°(R™),u € C(R?),

(14 [K11)Q>d — 1) Jw,u) = ((id - L) Jw, (1 + |[K[)Q)"u) =0, (3.96)

because the term ((1+|K|*)Q)* also does not shift the support of u downward. We
now let

wy =271 = p(hD'))JGylgv € LP(RY), w.:=Z (1 - p(hD")Ef € H'(R")
(3.97)
so that recalling the definitions of By, B, in (3.92) and (3.93),

h?AyBilgv = h*A4(id — J T T)w;, and h*AgB.f = h2As(d — J T J)w. .
Replacing h2A¢ in the above equations by its factorization (2.10), we get
R*AyBilgv = (1+ |K1*)Q(id — I+)Jw, + (1 + |K|*) (Ao — hE1 + h*Ep)(id — J T J)wy
(3.98)
R AyB.f = (1 + |K|))Q(id — I+)Jwe + (1 4 |K|*) (Ao — hE1 + h*Eo)(id — J*J)(wc . |
3.99

Approximating w; and w. by functions in C2°(R™) in their respective Sobolev
space topology, a density argument together with (3.96) shows that the first terms
of (3.98) and (3.99) vanish as elements of D'(R’). So using (3.97), (3.98) and (3.99)
become

h2A4Bilgv = (1 + |K|*)(Ag — hEy + h2Eo)(id — J*J)Z 71 (1 — p(hD"))JGylav,
(3.100)

h2A4B.f = (1+ |K[*)(Ag — hEy + h2Ep)(id — JTJ)Z71(1 — p(hD'))Ef .
(3.101)

The operators Ay, F; and Ey are given collectively by (2.12). In order to prove
(3.61) and (3.62), we employ the following lemma to give estimates for the right
side of (3.100) and (3.101). We will prove the lemma at the end of the section.

Lemma 3.11. We may estimate the right-hand sides in (3.100) and (3.101) as
follows.
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1. We have
(1+ K[} Ao(id — JTI)Z7 (1 = (kD)) JGylav = (Ry + hRy)v,  (3.102)
(1+ K[} Ao(id — J*0)Z (1 — p(hD")E S =hR.1f. (3.103)

2. Additionally,
(1+ |K[))hEr(id — J*J)Z72(1 = p(hD"))JGylqv = (Rs + hRy)v,  (3.104)

(14 |K))hEy(d — JY ) Z7Y (1 — p(hD")ESf = hReaof . (3.105)
3. Finally,
(1+ |KYh2Eo(id — J*0)Z7 (1 — p(hD"))JGylgv = (Rs + hRg)v,  (3.106)
(14 |K|))h2Eo(id — JTJ)Z7 (1 — p(hD")Ef =hR.sf. (3.107)
Here
Ri,Rs: L*(Q) =), L*(R™), Ry, Rs: L¥' () —po LP(R™)
Rs: L*(€) —, L2(R™), Rs: L' () =0 L*(R™)
Ra, Ry, Rg: L"(Q) —po L7(R™), 1<7r<oo

Re1,Rep, Res: L*(R™Y) =0 L*(R™)
are the mapping properties of the remainders.

Since 2 is bounded and p > 2, we have that LP(Q) — Lz(Q). So applying the
estimates (3.102), (3.104), and (3.106) to the three terms involving Ao, Ey, and
E) in equation (3.100) we obtain (3.61) with the estimates (3.63). Similarly, by
applying (3.103), (3.105), and (3.107) to the terms on the right side of (3.101), we
get (3.62) with the estimates (3.63).

We move on to show (3.64), (3.65) and (3.66). Note that (3.84) gives

7(hdy + (0,9))Bilgv
= 7(hdy + (0,9))(id = JTT)Z7 (1 = G(hD"))JGylgv
= 1+ K71 = (1 + K1) (hD) Z7 )7 (1 = (hD)) TGy lgqu
= (1+|K))"Y2(1 = p(hD"))7JGslgv + hRyw,
where Ry = —h™' (14 |K[*)/2p1(hD") Z7 (1 = §(hD"))7.JGy1g. Observe that by

Lemma 2.4, splitting up é¢ = (G4 —GY) +C~¥‘j¢, and invoking Corollary 3.9, we have
for any 0 < < 1,

’ ~ S / éc T
L7 (Q) -2 L (R") — WA (R") T LR

T e .
L2() = L3(R") % H \(R") =5 L3, (R" )

and
14| K|)/2py (hD') 27 (1—p(hD"))
h2
R 1+ K[ 25y (hD')Z 7 (1—p(hD'))
h

p(mn—1 hil( p(men—1
LP(R™™7) LP(R"™),

L3 (R") Ly j(R™),
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so that we may take h=1(1 + |K|*)Y/25,(hD)Z~ (1 — p(hD")TJGS1g to be Ry,
Furthermore, for 1 < r < oo,

N GyGS ,
L7(Q) 22 L7 Ry 227 w2 Ry 24 Lr(ReY)

and
U1+ K2 Y250 (hD) 27 (1 = p(hD')): L (R™Y) = L (™)
so that we call Rjj == h='(1 + |K[*)'/25,(hD")Z~1(1 — p(hD"))7J(Gy — G4)15.
Now Ry = R;, + Ry, where R}, Ry, satisfy (3.66) proving (3.64).
Using (3.84) again, we get
7(hdy + (8,0))Bef = (1+ |K[*)"/2(1 = pr(hD') 2~ )7 (1 = G(hD'))E f
= (L+|K[*)7"2(1 = (hD")) f + hRyef -
with Rpe = —h~1p1(hD’)Z~1(1 — p(hD')). A final application of Corollary 3.9 on
Ry proves (3.65) and (3.66). O
Proof of Item 1 in Lemma 3.11. Let 1 < r < oo be arbitrary. By (2.16) we have
J = hd,, + F4 so that
Ag(id — J*)Z71(1 — p(hD"))
= Ao Z7 (1 — p(hD")) — AgJ 12711 — p(hD")) I, hd,, (3.108)
— AgJYF  Z7Y(1 = p(hD')) I,
where we used the fact that operators in the g:’ direction commute with I + and O, .
Now, taking a look at the definition of Ap in (2.12), the symbol of Ag is sup-
ported on supppo, which is disjoint from the set supp(1l — p). Thus we will want to
use disjoint support properties of pseudo-differential operators to get estimates in
suitable powers of h and regularity.

Repeating the proof of Corollary 3.9 with Ag in place of x1(hD') and p in place
of xo, using disjoint supports, we have that

Wl,r(Rnfl) —p2 Wl,r (Rnfl)

3.109
H}R"Y) =2 HY (R ( )

AgZ7Y(1 — p(hD")): {
For the two terms in (3.108) containing J~!, we want to make use of Lemma 2.3.
To do so, we use (3.76) to write
Z7t=(Z7Y +ht"M,
where (Z71)" € Opy, ,» (ST (R"1)) and
M:L"(R™™ ) = WE(R™Y), and M: LER™Y) =0 HE(R™ ).

Now we invoke Lemma 2.3 to see that

~ LT(R™ 5 1,r R™
AgJ N Z7YHY' (1 = p(hD")): 2( n) h Wl (n ) , (3.110)
L5(R™) —p2 Hs (R™)
. _ . L™(R™) —p,2 WHT(R™)
Ao ' F(Z7YY (1 = p(hD)): 3.111
: +<><p<»{%W%W%W) (3111)
Furthermore, by the usual YDO mapping properties and Lemma 2.2,
~ LT (R™ 5 1,r R™
h2AgJ'M(1 — p(hD")): 2( n) h Wl (n ) , (3.112)
L5(R™) —p2 Hg(R™)
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L7(R™) —p2 WHT(R?)

LR < HI(RY) (3.113)

h2AgJYF,M(1 — p(hD")): {
Note that the operators above appear in (3.108) with additional operators pre-

composed to them. We address this now. By (3.110) and (3.112),

14 hd,,, ApJ"rZ7Y(1—p(hD"))

W1,7"<Rn) d Lr(Rn) Wl,r(Rn> ,
h2
I+ ho Apg"1z=1(1-p(hD")) (3.114)
Hj (R") ==+ LI(R") = - < Hi(R™),
and
O ([R; LA(R™1)) L%, oo (R, L2(R™1)) € L2(R™) A”"_lz_;l”s(h’)"’ H'(R™).
(3.115)
Now by (3.111) and (3.113),
WLT(Rn) I_+>W1,O,r A0J71F+Z7:(1—l3(th)) Wlﬂ'(Rn)’
I AgJF Zjll 1—p(hD’ (3.116)
H}R") 5 L) 2O, ey,
and
A —1 —1q_ = ’
O (R; LA(R™Y)) =5 C2°(R; LX(R™™Y)) € LA R™) =27 F*th(l PP, YR .
(3.117)
Plugging (3.109), (3.114) and (3.116) into (3.108), we get that
Ao(id — J* N Z7Y(1 = p(RD")): WET(R™) —p,2 WHT(R™), (3.118)
Ao(id — JTD)Z71(1 — p(hD')): HE(R™) =42 HEH(R™), '
and using (3.109), (3.115) and (3.117) we have
Ag(id — JT)Z71(1 = p(hD")): C°(R; L2 (R" 1)) —p2 LE(R™). (3.119)

We will now define the remainders Ry and Ry in (3.102). Splitting up C~¥¢ as in
Lemma 2.4, by (3.118) we have

Ap(id—JTJ)Z~ (1—p(hD")) Ip

! n éi 2 ny J 1 n n
LV (R") %5 W2H(R") 5 WP (R") > "),
and
ny G o T oy Aoid—J* ) Z (1—p(hD")) N
LIR") %> HE,(R") 5 H},(R") 2 TR, L3R,
so that we put Ry = Ag(id — J*J)Z71(1 - p(hD’"))JG41g, and
r&y Lo r n é¢7G~C 2,7 ny J 1,r n AO(id*J_FJ)Z_l(l*ﬁ(hD/)) r n
L") = L"R") —= W>"(R") > W""(R") L"(R™),

h2
which we take to be Rs.
Furthermore, to take care of (3.103), notice that by (3.91) and (3.119),

Ag(id — JT)Z71(1 = p(hD")E: LA (R 1) =12 LA(R™),
which we define to be hR, ;. O
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Proof of Item 2 in Lemma 5.11. Let 1 < r < oo be arbitrary. For the estimate
(3.105) we recall E; from (2.12). Now using (3.91), and (3.85) we may deal with
hEy(id — JT)Z7 (1 — p(hD’))E by

(1—p(hD"))E (id—JtJ)z=1!
— _—

LR C(R; L (R™)) H(R") 24 [2(R™),

which we then call hR, ».
~ We turn to the estimate (3.104). Let us commute E; so that it is adjacent to
Gd,i
hEy(id — J*J)Z7Y(1 — p(hD"))JGy
=h(id — JTJ)Z7Y1 — p(hD"))JE1Gy
= (B, TN T + LB ) 271 = (kD) TGy

+h(d — JT ) ([El, Z7N(1 = p(hD'))J + Z~Y[Ey, (1 — ﬁ(hD’))J]>G¢ .
(3.120)

We first focus our attention on h(id — J+J)Z~'(1 — p(hD'))JE1G 4, and intend to
distribute this term into R3 and R4. We use Lemma 2.5 to write

E1Gy = (E1Gy)° + Opy(S157%) + hOp,, (SY(R™ 1)) Gy (3.121)
where
(B1Gy)¢: L2(R™) — H2(R™), and (E1Gy): LP (R™) =1 H*(R"). (3.122)
Now, by (3.85),

_5 ’ id— gt —1
hid—Jt N2 (1= p(hD’))J: W2 (R™) SOyt gy ROAITDZT e gy

(3.123)
so that by (3.122) and (3.123),
LY (R™) — H'(R")
L?(R") —, HY(R")

)

h(id — JT D) Z7H(1 = p(hD'))J(E1Gy)°: {
which then belongs to Rs.
We turn to the second term in (3.121). First note that by Lemma 2.1
(1= 5(hD'))JOp, (S1572) € Op, (S1577) |
so that with (3.75) and Lemma 2.1
Z71(1 = H(hD')JOp, (S1S72): L7(R™) = W (R™).
Therefore,

Z71(1—p(hD"))JOp, (S1S77) (id—J+J)

Wl,T(Rn) h

L"(R™) Whr(R™),  (3.124)

which means that h(id — J+*J)Z~1(1 — p(hD’"))JOp,, (S} Sy ?) falls into Ry.
Finally, we turn to the term corresponding to hOp,, (S?(R"~1))G, from (3.121).
Splitting up G4 with Lemma 2.4 we note that

LA(R") o, HE,(R7)

/ 3.125
LV(R") -, W2P(R") (8.125)

Gy—GS5: L'(R™) — W' (R™), G-
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. . (TN G¢—é§, 2,r (RN
Now using (3.123), we see L™ (R") ——— W="(R") and
hOpy, ./ (SY(R™™1)) h(id—J+ 1) Z= (1= p(hD"))J
h

WQ,T(Rn) W2,T(Rn) Wl,r (Rn) ,
and thus h(id — J*J)Z='(1 = p(hD"))JhOp, (SY(R™1))(Gy — GS) is part of Ry,
and

hOpy, ./ (SY@®™™1)) Wz’p(R") h(id—Jt )z~ Y(1—p(hD’))J

1,p n
; ; Wi (R,

! n éi 2 n
LY (R") =% WP(R™)
h—

h(id—Jt D) Zz=1(1—p(hD"))J
h

hOp, ./ (SY@®™™1))
_—

Hj(R") H; (R™),

éc
L3R") =25 HY(R")

so that h(id — J*J)Z~Y(1 — p(hD’))JhOp, (S?(R"~1)) ~f¢ is part of R3. This con-
cludes categorizing the first term in (3.120) into R3 and Ry.

Now let us consider the terms with commutators in (3.120). Recalling (3.75)
and (3.76), we have

Z7'=0py, 0 (STTR™1)) + hM (3.126)

where
M: W (R — Wb r (R M HIR™Y) = HEPYRY) s € {0,1,2},
(3.127)

so that (3.126), (3.127) and (2.12) imply

N 1,r R™ 1,7 R™
B,z " (R") = v (") (3.128)
Hs(R") —n Hg(R™)
Furthermore, by [7, p. 116],
~ L™ (R"” L™ (R"
By, J7Y: 2( ) =n 2( ) (3.129)
Ls(R™) —p Ls(R™)
and by the pseudo-differential calculus,
- B W2’T(R") —h Wl,r(Rn)
Ey, (1 —p(hD"))J]: , 3.130
[Ey, (1= p(hD"))J] {H?(R") L HYRY) (3.130)
- WLT(RM) =, L7 (R"
(B, J]: (n ) " (n ) (3.131)
H5(R") —n L5 (R™)

We perform the explicit estimate for the operator in (3.120) that corresponds to
the term in (3.130): by (3.125) and (3.85) we see that

Gy—C¢ By (1—5(hD’ id—Jgt )zt
I (@®") =G5 W2 (R [B1,(1 ,:hD NJ] Wi (R h(id—JTJ)Z WA (R
which can be sorted into the R4 bucket, and
ny G ny [E1,(1=p(hD"))J] ny h(id—Jt0)Z71 N
Li(R )ﬁHf_l(R ) ————== H}_;(R") Hi 1 (R"),
and
, Ge *1_ _ = ’ id—Jt —1
L (R™) =25 W2P(R™) [B1,(1=p(RDD)J], WLP(R™) hGd—JTNZT WLP(R"),

h—2

which we consider part of Rg.
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Proceeding in a similar fashion for (3.128), (3.129) and (3.131) we see that ap-
plying any of the terms containing a commutator in (3.120) to G4 — G, can be

sorted into the R4 bucket and applied to CZ’; land these operators in Rg. O

Proof of Item 3 in Lemma 3.11. Finally, we will turn to the h2Eq term in (3.106)

and (3.107). Recalling (2.12) and (3.85), and splitting up G as in Lemma 2.4, we
have

_5(hD’ d—Jtnz-1 25
(1-p(hD"))J Wl,r(Rn) (id—J"J)Z Wl,r(Rn) h*Eqo Wl’T(Rn),

so that we may take Rg = h?Eq(id — J*J)Z7 (1 — p(hD’))J(Gy — GS).
On the other hand, in a similar manner we see that

W Eo(id — J*J)Z7Y (1 — p(hD')JGS: LY (R™) — WIP(R™),

h?Eo(id — J*J)Z7 (1 — p(hD"))JGG: L3(R™) =4 Hs_{(R™),

which we call R5.
Furthermore, using reasoning similar to that of (3.94),

R2Eo(id — JTJ)Z7 (1 — p(hD"))E: LA (R™™1) —p2 HY(R™),
which becomes hRz, 3. O

3.3. Combined parametrix. Recall the definition of Q and T' C {z,, = 0} from
Section 2, P from (3.56), and Py from (3.2) and the notation that 1gv € LP (R™)
is the trivial extension of any v € L? (£2).

Proposition 3.12. Let v € L” (Q) and f € L*(T).
If we define the operator

Py(v,f) == (P P+ B)lgu + (Bo(1 + [K )% = Opy o (0) (14 [K]P)72) £,

(3.132)
then in the sense of distributions on € in the first component,
15027, ) . /
£ o P.(v,f) =(0d + R, + hR,.)(v, 3.133
(e ) Pron =1 w.f)  (3133)
where R, = (R,.1, R.2) and R, = (R, 1, R} ,), and
Ro1: LY (Q) x L*(T) —po L2(Q),  Rpa: LP(Q) x L2(T) —po LA(D),
er' 2(Q) x LA(T) =5 L*(QY), Rya: L2(Q) x LA(T) =, LA(T), (3.134)
12 L) x LA(D) =0 L3(Q), Ry L3(Q) x L*(D) —po LA(T) s € {9, 2}
Furthermore,

. LP' () x LA(T) —=p-2 LP(Q) N HY(Q)
) L2(Q) x LA(T) =1 LP(Q) N HY(Q)
with bounds
Ite (v, Al S A7 ol o +h 71 2 (3.135)
P (v Al ShH ol + (1l - (3.136)
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Proof. Fix v e L” (), and f € L*(T) where we interpret f € L2(R""!) by trivial
extension. We begin by proving (3.133) with the estimates stated in (3.134).
According to [7, Prop. 5.2], we have

L2(Q) —n L*(Q)

Ry: LP' () =40 L3(Q)
R:L"(Q) =0 L'(Q), 1<r< oo,
(3.137)

)

16h*AyPr = (1 — p(hD")) + Ri + hR; where R;: {

Furthermore, [7, Prop. 5.6] states that

15h%A4 P, = p(hD') + hRy, where Ry: L™(Q) —p0 L"(Q), 1<7<o0.
(3.138)
By (3.61) we have that

15h2AyB; = Ry, + bR, with R,,: L2(Q) =4 L3(Q), Rp: LP(Q) =4 L2(9),

R :L"(Q) =0 L'(Q), 1<r<oo.
~(3.139)
Adding (3.139), (3.138), and (3.137), we see that, as an element of D(2),

150%A4 [P+ P + B|1gv = (1 + R, + hR] + hRy + R, + hR, v,  (3.140)
and using (3.62) and (3.6),
16128 [ Bo(1+ [K[*)'/2 = Opy, oo (€) (1 + K )72

(3.141)
= h(Re(1+|K")? = 15Re(1+ |K[)) 7).
Now adding (3.140) and (3.141) we get
1thA¢PT(U7 f) =v+ Rr,l(va f) + hR;“,l(va f) . (3142)

where
RT,l(Ua f) = (Rl + Rm)'U y
R (v, f) = (R} + R}, + Ry)v+ (Re(1+ K )2 = 15 Ro(1 + |K[*)7V/2) £,

satisfy the estimates stated in (3.134).

Now we compute the action of Tf(héy+(5yq$)) on each of the five terms appearing
in P.. We observe that by (3.58), (3.64), and (3.3) respectively

72:(hd, + (8,0))Pv = —(1 + |K))Y2(1 — 5(hD")) 7. JGyv
71(hdy + (0,0)) B = (14 |K|*)/?(1 = p(hD"))71 I G v + h(Ryy + Ry
75(hd, 4 (8,¢))Psv =0,

where in the last line we used that suppv C R’}. Combining these equations, we
get, denoting by 1 the indicator of I',

71(hdy + (9,¢)) (P, + Py + By) v = h1p(Ry, + Rij)v. (3.143)

where R}, and R}, satsifies the estimates given in (3.66). Finally, we invoke (3.7)
and (3.65) so that

70.(hdy + (009)Be(1 + [K[*)"/? = 15(1 = p(hD')) + hlpRoe(1 + | K]*)'/2,
70(hdy + (058)Opy o (6) (L + |K[*) 712 = —1p5(hD") + h1pRe(1 + |K[*) /7
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for
Ry: L"(R™™1) =0 L"(R™™Y) for 1<7r<oo,
’ 2( 1) " 2( 1) (3.144)
Rpe: L2(R™1) =0 L2(R™Y)
Adding both of the above equations to (3.143) we obtain
75:(hdy + (0,0) Pr(v, £) = f + Bra(v, f) + B, (v, ). (3.145)

where
RT72(U7 f) = hlf‘Rg)l’U
r2(v, ) = 1pRipo + (1 Roe(1+ [K|H) V2 = 1Ry (1+ [K|*)H2) £

Using (3.66) to estimate 1z Rj;v and 1z Ryjv (where 1¢Ry,: L?(Q) — L*(T) since
I is bounded) and using (3.144) to estimate R, and Ry, we obtain the estimates
stated in (3.134). So combining (3.145) with (3.142) we arrive at (3.133) with the
appropriate remainder estimates for R, and R,.

We begin now with the proof of (3.135) and (3.136). According to [7, Prop. 5.1]
we have
16P: LP (R™) =2 LP(Q) N HY(Q), and 14P: L2(R™) —p—1 HY(Q) —,—1 LP(Q),

(3.146)

where these latter estimates are unweighted due to the fact they are only considered
on . Furthermore, [7, Prop. 5.6] gives

! (Tom 2.0 (¢ 1@ %
s {i;%i)): 13V2<s;)(i)ﬁh;<g) e (3147
Combining (3.146), (3.147), and (3.59),
lg (P + Ps + By) 1g: {fz(g);’lfﬁégi @
Now due to (3.60) and (3.8), we have
15B.: L2(R"™Y) — HY(Q) <1 LP(Q)

150p;, (0): LAR™1) = H' () =1 LP(Q),

which concludes the proof of (3.135) and (3.136). O

4. Green’s function. Recall the definitions of Q,T" and I" from Sections 1 and 2.1,
and let v* and (y~!)* denote the pull-backs by the change of variable vy from (2.4)
and its inverse. Let 7r and 71 be the traces onto I' and [ respectively.

In this section we will turn the parametrix constructed in Proposition 3.12 into
an exact Green’s function Gy for the boundary value problem

hQA(bGF(Ua f) =wv, and TF(au + 8u¢)GF(U7 f) =—f,
which is the content of the following proposition, the proof of which follows [7,
Prop. 6.1]. As a consequence we will also prove Theorem 1.4.
Proposition 4.1. There is a linear map Gp : L (Q) x L2(T) — L?(Q) N H'(Q)
satisfying,
(u, 2 Ay Gr (v, f)) = (u,v) Yu € C°(Q), (4.1)
and

T(0y + 0,9)Gr(v, f) = —f. (4.2)
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Furthermore,
Gr: LP (Q)xL2(T) —p—2 LP(ONH'(Q), and Gr: L*(Q)xL*(T) —,-1 HY(Q),
with bounds
IGr (@, Hllge S A 2 0l +h 7 1F ]l (4.3)
IGr (o, Dl SE 7 ol + (112 -
Finally,
(v o Gr(v, f) = Po(id + R)(3, — ), (4.5)
where P, is the operator defined in (3.132) and
| L2(Q) x L2(T) —p L*(Q) x L*(T)
LV (Q) x L2(T) —po L2(Q) x L(T)
Proof. Let v € g () and f € L2(T) be fixed. Put & = (y~1)*v € LP () and
[=1:(y"1*f € L*(D).
Note that according to (3.133) we have
1Qh2A¢ ) - . I~
2 ~ P.(v,f)=(@0d+ R, + hR,)(7, f), 4.7
(ol ) PP = @) @)
with R,., R.. satisfying the estimates given in (3.134), which in particular means that
R.: L (Q) x L2(T) —po L*(Q) x L2(T), Ry: L*(Q) x L*(I) =), L*(Q) x L*(T).

(4.8)
We begin by removing the remainder R, in (4.7). Let

S = (id4 hR.)™: L3(Q) x L2(T) —po L¥(Q) x L2(D), se{p,2}  (4.9)

so that 3 .
(id + R, + hR,)S(0, f) = (id + R.S)(0, f) (4.10)
and the right-hand side of (4.10) has the inverse

(id+ R.8)"' (5, f) = (0, f) = > (=R, S)*R,S(, f) € L (Q) x LA(T), (4.11)

k>0
which is well-defined because of (4.8). This means that
(id + R, + hR.)S(id + R,.S)~1(0, f) = (v, f) . (4.12)
and from (4.7) we have that
15h%A4 ) : 1
s £ P.S(id+ R.S)"" =1id. 4.13
(o o) P60+ RS )

Now by (4.9) and (4.8), we have the estimates
> (=R, S)FR,S: LP(Q) x LA(T) —po L*() x L*(T),

k>0
> (=R.S)*R,S: L*(Q) x L*(T') —), L*(Q) x L*(T).
k>0
Using (4.11) and (4.9) we see that
R:=S(d+R,S)™" —id=> (~hR,)* = S (~R,S)"R,S. (4.14)

k>1 k>0
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So
R: L*(Q) x L*(T) =1 L2(Q) x L3(T), and R: L¥ (Q) x L*(T) =0 L2(Q) x LX),
which proves (4.6). In view of (4.13), and (4.14), we have, for all @ € C2°(R"),

(WA, P,(id + R)(D, f), @) = (0,a), and 7(hd, + (D,¢))P-(id + R)(7, f) T f. |
4.15
Now we define

Gr(v, f) =" o P(id+R)((v™) "0, =1p(v" )" f) = 7" o Po(id+ R)(3, —f) , (4.16)

so that (4.5) is satisfied.
Furthermore, by (4.15), for all u € C°(9),

(u, W* Dy Gr(v, f))a = (u,7" 0 W* Ay P(id + R)((v" )", f))a
= (det |(y")'| (v 1) *u, Ay Po(id + R)((v )"0, f))g
= (det | (v (v 1w, (v ) 0)g
= (u,v)q,

which is to say that in the distributional calculus on €2, Gr is the inverse of h2A¢7
proving (4.1). Furthermore, by (2.6) and (4.15),

0(hdy + 0,0)Gr (v, ) = 7" 0 71(hDy + (0,0) Pr(5, =) = =" 0 (v7!)"f = =,
which shows (4.2).
Note that by (4.6),

, | L2(Q) x L2(T) —po L2(92) x L3(T)
ok {LP’ (Q) x LA(T) —spo L () x L*(T)

so that after the change of variables with -, the properties (3.135) and (3.136) from
P, are passed on verbatim to Gr via (4.16), proving (4.3) and (4.4). O

4.1. Proof of theorem 1.4. The only thing left is to glue together different parts
of the boundary and apply Proposition 4.1 to each part. This proof follows that of
[7, Thm. 1.3] but will be reproduced nevertheless.

Proof of Theorem 1.4. Take = = 9Q\ B. Refer to Fig. 2 for the following definitions.
Referring to Section 1, by assumption on Z, we have U;V:1 I'; = E where each T';
is defined by some function g; € C2°(R"™1), refer to (2.1), and the I'; are pairwise
positively separated.

Now fix 1 <[ < N and put I' =T, g = ¢g;- Without loss of generality we may
assume that there exists some open neighborhood IV with I' € IV C 99 so that
yn > g(y') for all y € I”, and I is positively separated from all T'; # I',1 < j < N.
Were this not the case, we could replace g by some function g’ € C2°(R"~1) so that
the boundary of € is also defined by ¢’ in a neighborhood of I" and this I'/ exists.

The existence of I implies there is some open neighborhood W C R" of T" so
that WNQ C{yeW:y,>g{)} and WNoQ =T".

Let x € C°(R™) so that x is identically one in a neighborhood of {y € W nN
0Q: y, = g(y')} and suppyx € W. These properties imply that there is some ¢ > 0
so that

supp(1oVx) C {yn > g(y') +¢}. (4.17)
In fact, we choose the support of x so that (4.17) holds and suppy is positively
separated from every I'; #I',1 < j < N.
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F1cURE 2. To simplify sketching it, we consider the boundary 02
to be flat, where €2 sits above the horizontal line. The sets I' and
IV are denoted by their endpoints. The interior of the inner-most
ellipse is the set in which y = 1, the area inside the next smallest
ellipse is the support of x. The set inside the ellipse marked by
the dashed line denotes W. Finally, the area above the thick line
is where y,, > g(y/).

Fix v € LP (Q) and f € L?(Z), and let 1pf € L*(') be the restriction of f onto
.
Let Gr be the Green’s function for € from Proposition 4.1, and define

Ur(v, f) = xla(Gplov — Gr(v,1rf)),

where G is the inverse of h2A¢ from Lemma 2.4.
Note that by Lemma 2.4, II; inherits the same mapping properties as Gr (see
(4.3) and (4.4)), namely that

Ip: LY (Q) x L2(T) —p—2 LP(Q), and IIp: L*(Q) x L3(D) —p—1 HY(Q),
with bounds
e (v, e S 572 ol +h 7 1F1l 2 (4.18)
e, Al S B ol + 0 1F1l 2 - (4.19)
Furthermore, by (4.2) and due to the fact that x =1 on T,
10 (hd, + 0,¢)Ir = v (h0, + 0,¢)Gy + 1rf .
At the end of this section we will show the following lemma.

Lemma 4.2. The operator

Ryr = h*Aglollr(-, f) (4.20)
satisfies the mapping property
Ryp: L7 (Q) =0 L2(Q), and Ryp: L*(Q) =, L2(Q). (4.21)

Recall that = = U;V:1 I';, and each T'; is defined by g; € C°(R"~!). Construct
IIr; as above for each I'; with y; that has disjoint support from every other y; for
j # s. Defining

N
H(’U,f) = G¢U - ZHFj(Uaf)a
j=1

we have

12(hd, + 0,0) (v, f) = —f, and h*A,laIl(v, f) = (id + Ry)v, (4.22)
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where for Ry p, from (4.20) and by (4.21),

N
Rp: L*(Q) =, L*(Q), and Ry: LP(Q) — L*(Q), and Ry = Ryr,.
j=1
Inverting by Neumann series similar to (4.11) we set
G=(v, f) = TH((id + )Mo, ). (4.23)
so that (4.18) and (4.19) imply (1.6) and (1.7). Furthermore, (4.22) and (4.23)
imply (1.3) and (1.4), and (1.5) is implied by (1.6) and (1.7). O

Proof of Lemma /.2. In this proof we will fix f and the mapping identities we state
will only be about the first variable v. This will result in us finding a remainder Ry
that depends on and may be considered a function of f.

Note that in the calculus of distributions on 2, 1o commutes with h?A, so that

Xh2A¢1QGF = XlQh2A¢GF =X

as distributions on © by (4.1). Additionally, by Lemma 2.4, G4 inverts h?A, so
that as distributions on €2, we have yh?AslqGy = x. Combining this yields,
distributionally on €2,

h2A¢HF(’U, f) = [h2A¢, X]lQ(G¢1QU — GF(U, 1Ff)) . (424)

Changing coordinates, and noting that [hQAd), Xx] and 15 commute in distribution,
(4.5) and (4.24) give us

B2 AGII (v, ) = 7" 0 15[h* Ay, X](GolaD = Pr(id + R)(0, - ) (4.25)
where P, is defined in (3.132), R satisfies (4.6), 9 = (y~")*vand f = 15(v~1)* (11 f),

and we remark that h=1[h2A, X] is a pseudo-differential operator of order 1 on R™.
Notice that

161028, 1P (id + R)(5, =) = 1128, %] (PoR(@, ) + Po(5,—f)) , (4.26)
where due to (4.6) the first term of (4.26) maps

/o~ L f ~ ~ ~ ~[h2A Y ~
£ () 2o 12(0) w LD Loy H(Q) M L3(S),

P, Jre (Q) 16[h*Ag,X]

L2(Q
p— - (),

L2(Q) % L2(Q) x L2(T)

which, after applying v*, can be sorted into Rr ;.
Thus, the only term in (4.25) we still have to estimate according to (4.21) is

16[h*Ag, X(Gglg0 — Pr(B, = f)) -
Note that
Po(6, ) = (P + Po+ B) 10+ (Bo(1 + K )2 = Opy o0 () (14 |KP)7/2) ],
(4.27)
where by [7, Prop. 5.6], for the second term in (4.27),
P,: L*(R") =0 HX(R"), and P,: LY (R") — WP (R") <, H'(R"),

and thus applying [th(z,, X] to this output grants another h and costs one regularity,
which fits the profile of Ry r.
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For the fifth term in (4.27) we argue that by (3.8),
160py0 (0) : LR ™) =0 HA(Q),

so that 15[h?Ay, X|Opy, v (£) (1 + |K|*)~Y2f € hL*(Q), which we consider part of
Ryr.

We consider the third term in (4.27). Since J~1J = id we have id — J*J =
J71(id — I.)J = J 1 1gn» J. Due to the fact that only terms containing derivatives
of X survive in [h?Ag, ] and (4.17), the support of IQ[hQ&ﬁ,f(] lies in x,, > ¢ > 0.
Now [7, Lem. 3.4] gives

1o[h2 Ay, X]J Hgn : L"(R™) =2 L"(R™),  1<7r < o0, (4.28)

and By = (id—J*+J)Z*(1—p(hD"))JGy = J Hgn JZ1(1—p(hD"))J Gy, so using
(4.28) and Lemma 2.4, we have

-~ JZ Y(1—p(hD"))JGS 15[R%A4,%)J tpn ~
12() 2R pa ey 2 (),
h—1 h2
and
© o~ JZTN(1-p(RD"))JGS 15[h? Ay, X)J " Hgn . _
(@) 2 :( D%, pr) ST (@) € 1),

which fits (4.21) for Ry p.
Note that [h2A, Y] does not shift support with respect to z,,, and that by (3.85),
(id — J+J)Z=1: W (R?) — W2 (R?), so

LPI(R”) ﬂwlp'(w) (1—p(hD"))J Wl’p/(R") (id—Jtyz-1 Wz”’/(Ri)
which we continue to estimate
W2 (®y) e HURY) D00, p2my),
and
2R %Hz(w) (=D prt gy (d—Jt)Z"" W22 (R
which we further estimate
W2ARL) e WRARE) Lo, 2Ry

which means we have taken care of the third term in (4.27) if we consider these
maps to be on Q by pre- and post-composing with 1.

In dealing with the fourth term in (4.27) we can carry on as above: by (2.16),
we have J = ho,,, + F4 so that

JZ7 ' A=p(hD')E = Z7 (1= p(hD'))hdy, E+F1 Z 7 (1=p(hD"))E: L*(R™ ') — L*(R™),
and then

—11_ =1y 15[h%A 4, %]J Hgn -
L2(R”_1) w) LQ(R”) ¢ ¢ = L2(Q),

h2

which yields that 15[h2A4, X|Be(1 + |K|*)/2f € hL*(), which we consider part
Of}%ﬂp.
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Finally, we turn to the first term of (4.27), which is to say that we want to
consider the expression 14[h%Ag4, X](Gy — P,)150. The identical estimate is handled
in [7, Lemm. 6.2], but for completeness, we perform the estimates here as well:

Gy — P = p(hD")Gy + (1 = p(hD"))(id — J*J)Gy , (4.29)
where the last term of (4.29) can be dealt with using (4.28) exactly as above.
For the term p(hD')Gy in (4.29), we use [7, Lemm. 4.4] so that p(hD")G =
(A(hD")GS)1 + (p(hD')GS), where
(A(hD")G5)1 € Opy (S (R™),  and  (5(hD)G5)2 = hOp, (S ™ (R™))G -
The first term maps L2(R") — H*(R") and L (R") — Wk (R?) <, 1 HF1(R™),
whereas the second term maps L2(R") — H¥(R™) and L¥' (R") =1 WFP(R?) —

H*(R™) for all k € N. Applying the commutator [h2A, X] provides an h and
removes one order of regularity. O

5. CGO solutions. Take w € S"~! and = = 90\ B as they are defined in Sec-
tion 1. The goal of this section is to prove Proposition 1.3 for which we will need a
preparatory lemma that comes from [16]. The only difference between the following
proof and its version in [7] lies in the boundary conditions, and thus the proof will
be kept short.

Lemma 5.1 ([7, Prop. 7.1]). For any f € L*(E) with ||f| ;. < Ch, any L € L*(2)
so that |L|| 2 < Ch?, any q € L™*(Q) and any a = aj, € L=(Q) with |lap|| -~ < C
there is a solution r € HﬁA(Q) of

h*(Ay+q)r = h*qa+ L, and 1=(ho, + 0,¢)r = —f,

and limp_o ||7]| ;2 = 0 and |||, < C for h small enough.

Proof. In this proof C' > 0 is a generic constant independent of A and may change
from one equation to the next. Let ¢ > 0 be arbitrary and write

b # b #
Vil =V Vil e [V <eaa VAT, <6 6
LOO

Ln/2
Furthermore, let #: Q — R be a measurable function so that e¥ |¢| = q.
We choose the ansatz

r=Gz(V]alw+L, f), where (1+h*"”\/|q|G=(V]al-0))w = he” \Q|(G*GE(L7(f)))-
5.2

Assuming such a w exists, we see from Theorem 1.4 that

W’ (Ap+q)r = /]al (1 +n2e’?/1q|G=( |q|~,0)> w+h*qG=(L, f)+ L =h*qa+ L,
(5.3)
and =(hd, + 0,¢)r = —f.
We first construct w in (5.2) and show that ||wl|| ;= < Ch?. This begins by proving
that the norm of h?e?\/|q|G=(~/]ql,0): L*(Q) — L?*(R2) can be made arbitrarily
small. Splitting v/]¢| as in (5.1) and using (1.6) and (1.7), we have

G=(-,0)
_—=

— L*(Q) ﬂ L*(Q)

() S0, 1) Y,

h—2 €

VI G=(VI - 0): 22@) YU 1)

/

Vidl'G=(/lal -, 0): L(@) v, L2(Q) — L L2(Q)
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VT G (/0 226 Y 1 @) S0, 1oy Y, 1) o, ey
\/mﬁ

L*(9).

\/WGE(\/W~,O): L*(Q) @ LPI(Q) G=(-,0) Q)

h—2
We see that each of the four terms is bounded either by Ch~! or Ch~2¢, which shows
that we may choose ¢, h > 0 small enough so that Hh%ie\/ lg|G=(+/]gl-, O)‘ Lo
N

1. Thus, an application of the Neumann inversion proves that there exists a w €
L?(Q) solving the right equation in (5.2). Due to the fact that ||L||,,» < ||L|;2 <
Ch? and ||f|;= < Ch, we may use (1.6) to see that |G=(L, f)|;, < C. Now

Vgl € L™ and ||a]| ;- < C so that Hh26i6\/|q|(a - G=(L, f))Hm < Ch2. Therefore,

this solution w admits ||wl||;. < Ch?.
The only thing left to prove is that r has the properties we stated. By (1.6)
and (1.7), the facts that ||L|| ;. < Ch?, ||f|l,. < Ch and ||w| ;. < Ch?, we have

17l < 1G=(L D)l +||G2(Vialw,0)|  + |[G=(VIdw,0)]|  <c+ctc..
Furthermore,
Irll2 < 1G=(L Dl + ||G=(VIdl w,0)| , + |G=(Vialw,0)| , < Ch+CohtCe,

which can be made arbitrarily small by first choosing ¢ > 0 appropriately and then
letting A — 0. Noting that r is independent of €, we thus get limy,_,q ||7]| ;- = 0.
Finally, from r € LP(Q) we get gr € LP' (Q) and due to (5.3) we have

h2Agr = h*qa + L — h?qr € L' (Q),

so that we may conclude r € HnA (€2), which concludes the proof. O

5.1. Proof of proposition 1.3. The next proof follows that of [7, Prop. 7.2] and
[6, Prop. 1.4], but we restate it here for convenience of the reader.

Proof of Proposition 1.3. Take 2 = 9Q\ B. Let ¢(y), ¥ (y) be linear functions with
V(¢ + i) - V(d+i) =0 and Vo - v(y) > e > 0 for some € > 0 and all y € E.
If instead = = 902\ F, the sign of ¢ would change, but the remainder of the proof
would stay the same.

Take £ € R™ orthogonal to V¢ and Vi, and put ¥, (y) = (§ —wy},) - y, where

L= 1= R (e vyl
h

which by the mean value theorem has length O(h).
By direct calculation we see that

Vi, (5.4)

wy, =

ivtihpy

V(¢ + i) +ihtpy) - V(¢ + it +ihpp) =0, andso h?Age” »  =0. (5.5)

The proof of the following lemma is standard and will thus be omitted, see for
example [11, Thm. 1.2.6] or [5, Prop. 9.2]. It is here that the fact that V¢ - v(y) >
€ > 0 is used.

Lemma 5.2.
1. There is a function t € C°(R"™) so that

Vt-Vt=d(y,2)>*, and tet=1=(¢p+ i), and 70,t =—720,(¢ +i)).
(5.6)
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In addition,
~ (Ret — ¢) = d(y, =) (5.7)

for all y in some neighborhood U C R™ of =.
2. There is a function b € C*°(R™) supported in U so that

e"/Mp2A (e Metnb) = d(y,E)° 4 O~ (h?), and T=b=1, (5.8)
and t720,b = Op(1).
The first part of (5.8) is equivalent to
h2Aet et = /M=) /R (d(y, 2)® + Ope (h?)). (5.9)

Due to (5.7) and the support property of b, if d(y,Z) < h'/? then the right hand
side of (5.9) is bounded by e?/"Op (h?), whereas if d(y,Z) > h'/?, then e < h2,
which results in the same bound. Thus we may rephrase (5.9) into

h2Agelt=®/hetvnp — [ € Ope (h?). (5.10)
Put
ap = e b e C*®(R™), sothat tzap=7=b=1, (5.11)
iptihyy

and because by (5.5), h?Agze— 7 1 =0,

iptihy), iptihi), t—¢+ihiy

R*Age™ 7 (1+ap) =h*Age™ * ap=h?Age n  b=1L. (5.12)
Furthermore, we may calculate
ree= RO, e T (1 4 ap) = Tee T 2k + hOLb) = £, (5.13)

for some f € L*(Z) C L3*(E) with norm Op(h), since 9,05 = Op=(1) and
a,,b = OLoo (1)

Note again that on the support of b and when d(y,Z) > h'/2, then |as| <
(’)(e%) < O(h?), which vanishes as h — 0, and lim,_,o{y € Q: d(y,=Z) > h'/?} =
Q. This is to say that limp_ ap = 0 pointwise in 2.

Using Lemma 5.1, find the rq € HﬁA (Q) so that

iptihay

h2(A¢ +q)ro = —h*qe= * ap—L, and 71=(hd, +0,8)ro=—f, (5.14)

and put

—iv—iht), btivtihyy

ri=e k19 €E HﬁA(Q), and wi=e = (I1+ap+mr1) € HﬁA(Q) (5.15)

Calculating with (5.12), (5.14) and (5.15), we see that
h2(A + q)u = (h2e?/ " Aye " + h2q)u =0,

and with (5.13),

p+itptihyy,

r=e~ " ho,u = r=e /" ho, e 2 (1+ap)+ r=e " ho, e My,
=f+71=(hd, + 0,¢)ro =0.

Taking ¢(y) =w -y =ep, -y = yn, and P(y) = w’ - y the proof is complete. O
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6. Uniqueness of coefficients. Let w be as in Section 1, and let w’ € S*~! with
w’ 1 w. This proof closely follows [7, Thm. 1.1], but is included for convenience.

Proof of Theorem 1.1. While Proposition 1.3 is stated only for & = 0Q \ B, ex-
changing w with —w, and thus also ¢ with —¢, it is not difficult to see that all
results leading up to and including Proposition 1.3 can be stated analogously where
E=0Q\F.
Thus, with the choice Z = 9Q \ B giving u_ and 2 = 9Q \ F' giving u,, we may
construct
fwtiv’ | o+
up = e T (1 4o 4ry) € HA(Q) (6.1)
so that
(A+gs)ur =0in Q,
Oyur =0o0n 0N\ F =
Opu_=0o0n 0N\ B =

(1]

+> (62)

(1]

and where 1 (y) = (£ Fw}) - y, with w), from (5.4).
We follow an argument in [15, Lem. 3.1].
By the assumptions on this theorem we have that there exists some u_ € HﬁA(Q)

with (A +¢_)a_ =0 in Q, supp(d,a_) C F, and
(ut|B, Ovust|r) = (i-|B, Ovii_|F)
which, by (6.2), means that
ut|lp =t-|p, and O, uilaq = 0vi—_|aq . (6.3)
Before we compute, let us state the following result, proved in the appendix.

Lemma 6.1. The map C>®(Q) 3 u > 0,ulaq € H-2(0Q) has an extension that
is continuous on HﬂA(Q)

Note that by Sobolev embedding u, i € LP(2) and so —Aui = gruy € )i (Q)
and gruiu_ € LY(Q). Using (6.2), we calculate that

/Q(Q+ —q-)ugu_dy = /QQ+U+U— —uqq-u—dy = */QAU#L— —uyAu_dy

and due to the fact that Au_ = —q_a_,
= —/ Aluy — a_)u_ — (ug — a—)Au_dy
Q

=— Oy(ug —a_)u_ — (up —a_)0pu_ds, (6.4)
Gi9)

where the penultimate line makes sense because A(uy — @), Au_ € LP (Q), and
u_, (uy —a_) € LP(Q), and the final line is meant as pairings between functions in
HY2(0Q) and H~1/2(0Q).

Now (6.4) vanishes because by (6.2) and (6.3), 0, (us — 4—) = 0 on 99, and
(ur —@-)=0o0n B and d,u_ =0 on 00\ B.

From here on, the proof follows [7, Thm 1.1].

Put ¢ = ¢+ — ¢—, and plugging in the expressions for u; and u_ from (6.1) into
the outcome of (6.4), we have that

0= / e Vq(1+a, af +a, +af +ayry +afr_ +r_+ry+ror)dy. (6.5)
o
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Note that by the construction from Proposition 1.3, limy_ af(y) = 0 pointwise
forally € Q, and Haf < C,and g € L?(Q) C L'(Q), so that by the dominated
convergence theorem,

[P

. 2i¢&- + - - _
ilLlL% Qe “Yg(afa;, +a;, +af)dy = /Q
which takes care of the second, third and fourth term in (6.5).
Since for small h, ||rL||,, < C and ¢ € L™?(Q), we have that gry € LP (Q) C
L(€), we may use dominated convergence again to see that

28Yq lim (e a;, +a; +a)dy =0
e thi%(ahah +a;, +a)dy )

li 2i8-y Fdy =0
hli% o € qrta, ay )
which deals with the fifth and sixth term in (6.5).
For the remaining terms, decompose ¢ = ¢* + ¢* with ¢” € L and HqﬁHLn/2 <e.
Remember also that limy,_,q ||r+| > = 0, which means that

lim
h—0

2i¢- - b
/Q et yqridy\ <lim (@] sl + 6] oo sl ) <C - (66)
for every € > 0, wherefore the LHS of (6.6) vanishes. Thus the seventh and eigth
term in (6.5) vanish.
Similarly,

lim
h—0

“arer-dy) < fim (| ez + |l
[ arer-as] < i (o], ls r-le + o

g lIrsln el ) < Ce,

which then must also be zero, taking care of the final term in (6.5).
Since the only term surviving in (6.5) is the first, we may conclude that

Fla)(=20) = [ evady =o.

This calculation is true for all £ with £ 1 w. If we perturb w by small amounts,
= will still be a subset of {y € 90: w-v(y) < 0}. This means perturbing w slightly,
we get an open set of £ in which F(q)(—2¢) = 0, which by the analyticity of F(q)
means that ¢ = ¢4 —qg_ = 0. O

As a direct consequence we are able to prove the uniqueness of conductivies as
well.

Proof of Corollary 1.2. This proof follows an argument in [23]. For the potentials
g+ = —7;1/2A('yi/2) € L2(Q) let ug satisfy
(A4qge)ur =0in Q, uy € HﬁA(Q) , supp(Qyu+lan) C F.

2 .
/ u4, a calculation shows

Defining w4 = fy;l
div(y:Vws) = 01in Q, we € H(Q), supp(d,w+|sn) C F.
Due to 9,7+ |90 = dvv—|aa = 0, we have
(uzlp, uslon) = (Vi *w| 5, 74 *wslon)
and defining the map M., : (v, v2) — (Wi/zvl,'y;lmvg), we see

chtcm, clr.

T+ v+
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Together with a Sobolev embedding, a similar argument will lead to the reverse
inclusion, so that given the assumptions C,]yi’F = C,]f_’F and vy |go = 7-|aq, we may
conclude

BF B,F _ B,F _ ~B,F
CPF =M, CBF = M, CPF =P,

and an application of Theorem 1.1 gives ¢ = q_.
Writing out the definitions of ¢, q_, we thus have

0=297"2 A% — 27 2A(?)
1
= A(logyy —logy-) + 5 V(log 74 +logy-) - V(log 74 —log7-).

Putting v := log vy —logy_ € W2"/2(Q) ¢ Wh2(Q), we have v|sq = 0 and we may
apply the weak maximum principle (see [9, Cor. 8.2]) to conclude that vy =~v_. O

Appendix

Appendix A. Properties of the partial cauchy data set. The proof here is
standard and follows [3].

Proof of Lemma 6.1. Fix v € H/?(982) and assume u € C>°(Q). By the standard
extension theorem there is some e, € H(2) so that e,|sn = v and

levll 1)y < C vl iz o0) - (A1)
Define
w(v) ::/ v0,udS ,
09

where S is the surface measure and remark that by partial integration,
w(v) = /QVuVév — ey,Audx
so that by Sobolev embedding H'(Q2) C LP(2) and Holder’s inequality,
[w()| < CIVull 2 [[Veul| 2 + llewll oo [[Aull o < Cllull gz [0ll12000) » (A-2)

where the second inequality in (A.2) used Poincaré’s inequality and (A.1). Note
also that the definition of w is independent of the choice of e,,.

Thus (A.2) lets us conclude that w € H~1/2(9Q) and C®(Q) > u — w €
H~1/2(99) is bounded in the HﬁA(Q) norm. Using the density of C*°(Q) in HﬁA(Q)
concludes the proof. O

A.1. Seminorm bound on symbols. Let j € S;7°°(R"~!) be a symbol satisfying
g,af,j(:c’,g’) <C,p, and suppj CR" ' x K, (A.3)
for some compact K C R"™! and some C,, 5 > 0.

Lemma A.1. Leta € S;*°(R"1) be as in (A.3). We have a(x’,hD): L™ (R"™1) —
WhET(R*1) for all k € Ny, 1 < r < oo with the bound

la(z', hD)ullyyr.» < CpCx max Copllull ..
[8|<2n

where Cy 5 are the seminorm bounds for the symbol (¢')ka(x',€"), C,, depends only
on the dimension n and Cx depends only on the measure of K.
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Proof. Assume that v € ./(R"!) and fix 1 < r < oo, k € Np.
Remark that by partial integration a(z’, hD’) has the integral kernel

ka(:c’,y’) _ (27r)7”+1 /K ei(l’/*y')'&'(l + Ag/)"a(x', hf’)df’(l + |{E/ . y/|2)7n (A4)

which satisfies the bounds
[ka(@', /)] < max CosCuCic(1+ ]2’ = y/[") ", (A5)

where Cf = | K| is the measure of K, and C,, = (27r)~ "1
Using (A.5), we find that

k d’ < C,C C
| halepld’ < €10k max Cos,

(A.6)
ko(z,y)| dy’ < CCkx max C
| ales)lay’ < CLCx max Cus
where C!) = Oy, [pu 1 (1+ |2/ — y/|*) " "da.
By [24, Prop. 5.1] and (A.6) we have
la(z’, hD"Yu(z")|| ;- < C;,Cx max Copg|lull L. - (A7)

|B1<2n

Finally, if we replace the symbol a by (¢/)*a(z’,¢'), then the same arguments
with different seminorm bounds C'('L 5 will give

la(z’, kD )u(@") e = [[(hD")*a(a’, hD Yu(z)| . < C,

— n

C ax C} .
K |g\1§§n 0,8 ||UHL

(A.8)
where we used the known fact that Bessel potential spaces correspond to Sobolev
spaces for integer regularity exponents. Using the density of . in L" concludes the
proof. O
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