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Abstract. We consider a partial data Calderón problem for elliptic boundary

value problems with unbounded coefficients. In particular, we will show that

partial measurement of the Neumann-Dirichlet data for the operator ∆ + q
can uniquely determine q ∈ Ln/2(Ω). This requires that we construct an ex-

plicit Green’s function for the conjugated Laplacian with specified Neumann
boundary conditions. The explicit construction of the Green’s function allows

us to deduce Lp type estimates which would otherwise be out of reach us-

ing the previous methods for constructing such Green’s functions for bounded
potentials.

1. Introduction. Let Ω ⊂ Rn be a fixed, bounded, domain with smooth boundary
in Rn with n ≥ 3, let q ∈ Ln/2(Ω) be a potential. For Γ ⊂ ∂Ω and f ∈ H−1/2(∂Ω)
with supp(f) ⊂ Γ, consider solutions u ∈ H1(Ω) to

(∆ + q)u = 0 in Ω , and ∂νu|Γ = f. (1.1)

It was shown in [8] that when Cauchy data is available on the entire boundary,
it uniquely determines the unbounded potential q. This effectively also solves
the full data inverse problem for the Neumann-Dirichlet map Nq : H−1/2(∂Ω) →
H1/2(∂Ω), f 7→ u|∂Ω for unbounded potentials in Ln/2.

In the partial data case, however, knowledge of the Neumann-Dirichlet and the
Dirichlet-Neumann map is not equivalent, so that identifying q ∈ Ln/2(Ω) from
Neumann-Dirichlet data does not follow directly from the work of [7]. The partial
data Neumann-Dirichlet problem for q ∈ L∞ is solved in [6] for dimensions n ≥ 3
under some restrictions on Γ. In dimension 2, [12] establish the same uniqueness
for potentials q ∈W 1,p, p > 2.

The problem is motivated by what is now called electrical impedance tomography
or the Calderón problem from the eponymous [4]. Here, one attempts to recover
the electrical conductivity of a medium by taking current and voltage measure-
ments only at the medium’s boundary. After a change of variables, the associated
conductivity equation becomes the Schrödinger equation as it is in (1.1). In this
setting, the boundary data u|∂Γ and ∂νu|∂Γ are interpreted as voltage and current
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flux multiplied by surface conductivity, respectively. See also a survey of recent
developments regarding electrical impedance tomography [25].

In comparison to the Neumann-Dirichlet version, the closely related Dirichlet-
Neumann formulation of the Calderón problem has been studied much more exten-
sively. In this formulation, relying on work from [17], [23] were the first to show
uniqueness of potentials in dimensions ≥ 3 given full boundary data, and [21] gave
a reconstruction algorithm. As the problem is formally determined in dimension
n = 2, results in this dimension can be considered more challenging, but unique-
ness was shown for the Schrödinger equation in [2]. For a survey on the Calderón
problem see also [26].

In practical settings, measurements of the full data cannot be guaranteed, and
one may ask whether the potential is uniquely determined when Γ 6= ∂Ω, possibly
with some restrictions upon Γ. For the Dirichlet formulation in dimension 2 in the
case of partial data, uniqueness was shown in [13] and was generalized to Riemann
surfaces in [10]. In dimensions ≥ 3, [3] proved uniqueness of potentials in L∞.
In partial data results, the restrictions upon the partial boundary are generally
non-mutually inclusive, for a survey regarding other partial data results with the
Dirichlet boundary formulation see [15] and the references therein.

Of particular interest to us is [7], which proved the uniqueness of potentials
q ∈ Ln/2(Ω) in the partial data case where n ≥ 3. The motivation for the exponent
n/2 is due to its significance in the study of unique continuation property [14].
The goal of this paper is to prove the analogous result of [7] in the Neumann data
formulation.

The motivation for studying the Neumann data case instead of the Dirichlet
case is the following: in physical implementations of electrical impedance tomog-
raphy, a set of electrodes is attached to a medium. A subset of these electrodes
apply currents and the remaining ones measure voltages, see [1] for an overview.
This corresponds to prescribed data ∂νu|∂Ω and measured data u|∂Ω, which is the
Neumann formulation of the inverse problem.

1.1. Statement of results. Let Ω ⊂ Rn be a fixed bounded smooth domain with
n ≥ 3, and let ω ∈ Sn−1 be arbitrary and fixed throughout. Let {ω1, . . . , ωn−1, ω}
be some basis of Rn with ωj ⊥ ω for all j ∈ {1, . . . , n − 1}, and let (y′, yn) =
((y1, . . . , yn−1), yn) denote the coordinate system corresponding to writing elements

of Rn as
∑n−1
j=1 yjωj + ynω. Define p′ = 2n

n+2 and p = 2n
n−2 , which remain fixed

throughout this document and note that p′ < 2 < p.
Let ∂Ω± := {y ∈ ∂Ω: ± νn(y) ≥ 0}, where ν is the outward pointing normal

unit vector and νn its n-th component. Let the front and back faces F,B ⊂ ∂Ω
satisfy ∂Ω+ b F ⊂ ∂Ω and ∂Ω− b B ⊂ ∂Ω. Assume that both ∂Ω \B and ∂Ω \ F
are the union of open, positively separated sets Γj ⊂ ∂Ω so that for each j, there is
a neighbourhood of Γj in ∂Ω that is the graph of a function gj ∈ C∞c (Rn−1) (see
(2.1) for a precise definition).

Following [15], for sets ΓD,ΓN ⊂ ∂Ω and q ∈ Ln/2(Ω), define the partial Cauchy
data set to be

CΓD,ΓN
q :=

{
(u|ΓD , ∂νu|∂Ω) : (∆ + q)u = 0 in Ω , u ∈ H]

∆(Ω) , supp(∂νu|∂Ω) ⊂ ΓN
}
,

(1.2)

where

H]
∆(Ω) =

{
u ∈ D′ : u ∈ H1(Ω); ∆u ∈ Lp

′
(Ω)
}
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Figure 1. An example of a valid set Ω meant as the interior of the
drawn line of the top left figure. The arrows in the top right picture
are select points on which the outward pointing normal vector has
been sketched. Furthermore, the part of the boundary marked by
dotted lines is where ν(y) · yn > 0, those marked by dashed lines
is where ν(y) · yn < 0, and the part marked by a full line is where
ν(y) · yn = 0. Finally, the bottom sketch depicts ∂Ω \ F = Γ2 ∪ Γ4

and ∂Ω \ B = Γ1 ∪ Γ3 where the Γj are positively separated from
each other. Note that the perfectly vertical part of the boundary
on the left side is contained in both F and B.

is a Banach space with norm ‖u‖H]∆ = ‖u‖H1 + ‖∆u‖Lp′ .

Theorem 1.1. If q± ∈ Ln/2(Ω), and

CB,Fq+ = CB,Fq− ,

then q+ = q−.

After a change of variables coming from [23], we will also be able to make a
deduction about the Calderón problem for partial Neumann data, see also [6, § 1].

Corollary 1.2. Let γ± ∈ W 2,n/2(Ω) be strictly positive γ± ≥ ε > 0. Moreover,
assume ∂νγ+|∂Ω = ∂νγ−|∂Ω = 0 and γ+|∂Ω = γ−|∂Ω, and define

CB,Fγ±
:=
{

(u|B , γ±∂νu|∂Ω) : div(γ±∇u) = 0 in Ω , u ∈ H1(Ω) , supp(∂νu|∂Ω) ⊂ F
}

If
CB,Fγ+

= CB,Fγ− ,

then γ+ = γ−.

Note that in the case of the Dirichlet-to-Neumann formulation of the Calderón
problem, [18] also gives uniqueness results in dimensions ≥ 3 for conductivities
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in low regularity. In dimension 2 with Dirichlet data, global uniqueness of γ was
established for γ ∈W 1,2 in [20].

The main ingredient necessary to prove Theorem 1.1 comes from finding so-called
complex geometric optics (CGO) solutions.

Proposition 1.3. Let Ξ = ∂Ω \ B. For any ω′ ∈ Sn−1 with ω ⊥ ω′, and any

q ∈ Ln/2(Ω), there exists ah ∈ C∞(Rn), r ∈ H]
∆(Ω), and linear function ψh : Ω→ R

so that

u(y) = e
ω+iω′
h ·y+iψh(y)(1 + ah(y) + r(y)) ∈ H]

∆(Ω)

is a solution to

(∆ + q)u = 0 , and ∂νu|Ξ = 0 ,

with ‖ah‖L∞ ≤ C, limh→0 ah(y) = 0 pointwise for all y ∈ Ω, limh→0 ‖r‖L2 = 0 and
‖r‖Lp ≤ C for h small enough.

Obtaining these CGO solutions begins by conjugating the Laplacian and con-
structing a Green’s function for this conjugated Laplacian in a distributional sense.

Here, and from now onward, we will use the notation: for an operator A, an
integer k, and spaces X,Y we write A : X →hk Y if the operator norm of A : X → Y
is bounded by O(hk).

Theorem 1.4. Let Ξ = ∂Ω \B, φ(y) = yn and put h2∆φ := e−φ/hh2∆eφ/h. There

is a linear operator GΞ so that for small h > 0, all v ∈ Lp′(Ω) and all f ∈ L2(Ξ),

〈u, h2∆φGΞ(v, f)〉 = 〈u, v〉 , ∀u ∈ C∞c (Ω) , (1.3)

and

(h∂ν + ∂νφ)GΞ(v, f)|Ξ = −f . (1.4)

Furthermore,

GΞ : Lp
′
(Ω)× L2(Rn−1)→h−2 Lp(Ω) ∩H1(Ω) ,

GΞ : L2(Ω)× L2(Rn−1)→h−1 H1(Ω) ,
(1.5)

with bounds

‖GΞ(v, f)‖Lp . h−2 ‖v‖Lp′+h
−1 ‖f‖L2 (1.6)

‖GΞ(v, f)‖H1 . h−1 ‖v‖L2 + ‖f‖L2 , (1.7)

where the constant implied in . is independent of h.

As we rely heavily on tools developed in [7], in Section 2 we recap the most
relevant results from [7] and introduce a change of variables. In Section 3 we
construct a parametrix that will be instrumental in showing Theorem 1.4, and
in Section 4 we prove Theorem 1.4. Section 5 is dedicated to finding the CGO
solution in Proposition 1.3 and Section 6 establishes the uniqueness of potentials
and conductivities, namely Theorem 1.1 and Corollary 1.2.

2. Setup. The strategy in our proofs will be to flatten out the boundary of Ω along
each of its boundary defining functions, proving results there and transforming back
to the original coordinates of Ω.



178 LEONARD BUSCH AND LEO TZOU

2.1. Change of coordinates. Fix some open Γ ⊂ ∂Ω and g ∈ C∞c (Rn−1) so that
g defines the boundary of Ω in a neighborhood of Γ, by which we mean that

Ω∩U = {y ∈ U : yn−g(y′) > 0} , and ∂Ω∩U = {y ∈ U : yn−g(y′) = 0} , (2.1)

for some open, bounded neighborhood U ⊂ Rn of Γ with Γ b ∂Ω ∩ U .
Note that, given the boundary defining function yn−g, the outward unit normal

vector ν is defined as

ν(y) = − ∇(yn − g(y′))

|∇(yn − g(y′))|
= (1 + |K(y′)|2)−1/2

(
∇′g(y′)
−1

)
, (2.2)

where we put
K(y′) := ∇′g(y′) . (2.3)

In order to flatten out the boundary we define

γ : (y′, yn) 7→ (x′, xn) = (y′, yn − g(y′)) , (2.4)

so that Ω̃ := γ(Ω) ⊂ Rn+, and Γ̃ := γ(Γ) ⊂ {xn = 0}, where Rn+ = {(x′, xn) ∈
Rn : xn > 0}.

From here on out, expressions marked with a tilde generally denote objects in
these transformed variables, and as a convention we will use x as a variable when
working on objects defined in the upper half space Rn+.

In particular, we will now calculate the normal derivative in transformed coor-
dinates. Let γ∗, (γ−1)∗ be pullbacks by γ, γ−1 respectively. If u(y) = u ∈ C∞(Ω̄),
where Ω̄ is the closure of Ω, then the transformed function is (γ−1)∗◦u(x) =: ũ(x) =
u(x′, xn + g(x′)) ∈ C∞(R̄n+), so that u(y) = ũ(y′, yn − g(y′)).

Using (2.2), we see that

∂νu(y) = (1+ |K|2)−1/2(K ·(∇x′ ũ)(γ(y))−(1+ |K|2)(∂xn ũ)(γ(y))) = (γ∗ ◦ ∂̃ν ũ)(y) ,

where
∂̃ν := (1 + |K(x′)|2)−1/2(K(x′) · ∇x′ − (1 + |K(x′)|2)∂xn) , (2.5)

so that if φ(y) = yn, then ∂̃νφ = ∂νφ = −(1 + |K|2)−1/2, and

(h∂ν + (∂νφ))u = γ∗ ◦ (h∂̃ν + (∂̃νφ)) ◦ (γ−1)∗u

= γ∗ ◦
[
(1 + |K|2)−1/2

(
hK · ∇x′ − h(1 + |K|2)∂xn − 1

)
ũ
]
.

(2.6)
Now if A is any operator, then

Au = γ∗ ◦ (γ−1)∗ ◦A ◦ γ∗ ◦ (γ−1)∗u = γ∗ ◦ Ã ◦ (γ−1)∗u = γ∗ ◦ Ãũ ,

where Ã = (γ−1)∗ ◦A ◦ γ∗, and γ∗ ◦ Ãũ(y) = Ãũ(x)|x=γ(y).

Thus, our strategy will be to construct an operator Ã that has the properties we
want on functions defined on Rn+ and transform this operator back to the original
coordinates.

2.2. Recap of [7]. As this paper uses the same strategies as [7], we will make
extensive use of some of their results. For the reader’s convenience, we will state
some of the most relevant ones here. Statements made in this section will not be
proven aside from Lemma 2.3.

Let us first introduce common notation regarding pseudo-differential operators.
When we write Sm0 , S

m
1 we mean the Hörmander symbol classes of order m, see

[7, § 2.2] and [11, Def. 7.8.1]. Introduce also the notation for the Japanese bracket

〈·〉 = (1 + |·|2)1/2, and Oph for the semiclassical standard quantization operator
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which maps symbols to pseudo-differential operators, see [27, §. 4.1] for a definition.
Finally, for a symbol a(x, ξ) ∈ Sm0 ∪ Sm1 , we use the short-hand a(x, hD) for the
operator Oph(a). Every pseudo-differential operator in this paper is meant semi-
classically. For a general introduction to semiclassical pseudo-differential operators
we refer to [27] and [19]. For mapping properties of semiclassical pseudo-differential
operators on weighted Hk spaces, we refer to [22, Prop. 2.2].

Recall now the definition of mixed semiclassical Sobolev spaces,

W k,l,r(Rn−1,Rn) := W k,l,r := {u ∈ S ′(Rn) : 〈hD′〉k〈hD〉lu ∈ Lr(Rn)} , (2.7)

where k, l ∈ R, 1 < r < ∞, D′ = (D1, . . . , Dn−1) and h denotes the semiclassical
parameter.

Following [7], for r, s ∈ R, j ∈ {0, 1} introduce the mixed symbol classes

Sr1S
s
j := {b(x′, ξ′)c(x, ξ) : b ∈ Sr1(Rn−1), c ∈ Ssj (Rn)} ⊂ Sr+s0 ,

which obey the calculus

Lemma 2.1 ([7, Prop. 2.2, Prop. 2.3]). There is k(n) ∈ N depending only on the
dimension n so that the following holds.

For a ∈ Sk1
1 Ss11 ∪ S

k1
1 S
−k(n)+s1
0 and b ∈ Sk2

1 Ss21 ∪ S
k2
1 S
−k(n)+s2
0 we have

b(x′, hD) ◦ a(x′, hD) = ab(x′, hD) + h
∑
|α|=1

(∂αξ b∂
α
x′a)(x′, hD) + h2m(x′, hD)

for some m(x′, hD) : W k,s,r →W k−k1−k2,s−s1−s2,r.

Furthermore, for c(x′, ξ′) ∈ Sk1
1 (Rn−1), d(x′, ξ) ∈ Ss11 (Rn) ∪ S−k(n)+s1

0 (Rn) we
have

cd(x′, hD) : W k,s,r →W k−k1,s−s1,r ,

with norm bounded in h > 0 uniformly.
Analogous statements hold for the weighted Hk Sobolev spaces Hk

δ by using

Sk1S
s
0 ⊂ Sk+s

0 (Rn) and the calculus for these symbols, see for example [22, Prop. 2.2].

Fix φ(y) = yn, and let

h2∆φ := e−φ/hh2∆eφ/h

be the conjugated Laplacian.

Let c < 1 so that |K|2

1+|K|2 < c for all x′, where K is from (2.3). Define two cut-off

functions ρ̃, ρ̃0 ∈ C∞c (Rn−1) so that

ρ̃0 ≡ 1 on {|ξ′|2 ≤ c} , and suppρ̃0 b {|ξ′|2 < 1} , (2.8)

ρ̃ ≡ 1 on suppρ̃0 , and suppρ̃ b {|ξ′|2 < 1} . (2.9)

Denoting by ∆̃φ := (γ−1)∗ ◦ ∆φ ◦ γ∗ the transformed conjugated Laplacian, we
may write

1

1 + |K|2
h2∆̃φ = QJ + Ã0 − hẼ1 + h2Ẽ0 . (2.10)

In this decomposition we have

J = Oph (iξn − iã+ − ihm0) , Q = −Oph (iξn − iã− + ihm0) (2.11)

and

Ã0 = Oph,x′ (ã0) , Ẽ1 = Oph,x′ (m0ã−) , Ẽ0 = Oph,x′ (ẽ0) , (2.12)
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where e0 ∈ S0
1(Rn−1), 1h = 1 + h∆x′g

2 ,

r0 = (1− ρ̃0)

√
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2) ∈ S1

1(Rn−1) , (2.13)

ã0 =
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)− r2

0

(1 + |K|2)2
∈ S−∞1 (Rn−1) , (2.14)

and

ã± = i

(
1h + iK · ξ′ ± r0

1 + |K|2

)
∈ S1

1(Rn−1) ,

m0 = ã−1
+

∑
|α|=1

(−i)∂αξ′ ã−∂x′ ã+ ∈ S0
1(Rn−1) .

(2.15)

Finally, we introduce

F+ := Oph,x′ (−iã+ − ihm0) , so that J = h∂xn + F+ . (2.16)

Lemma 2.2 ([7, Prop. 3.3]). For h > 0 small enough, there is a right-sided inverse
J−1 of J so that

J−1 : Lr(Rn)→W 1,r(Rn) , 1 < r <∞ ,

and for all u ∈ Lr(Rn) with suppu ⊂ Rn+, suppJ−1u ⊂ Rn+ and τJ−1u = 0, where
τ is the trace onto xn = 0.

Furthermore,

Lemma 2.3. If a, b ∈ S0
1(Rn−1) are symbols with suppa ∩ suppb = ∅, then for

A = Oph,x′ (a) and B = Oph,x′ (b) we have

AJ−1B : Lr(Rn)→h2 W 1,r(Rn) , and AJ−1B : L2
δ(Rn)→h2 H1

δ (Rn) (2.17)

for all 1 < r <∞, δ ∈ R.

Proof. This argument follows the proof of [7, Lemm. 3.4], to which we refer for more
details. Throughout this proof we use the calculus given in Lemma 2.1 without
explicit reference.

According to [7, Prop. 3.3] we can write

J−1 = j−1(x′, hD)(1 + hm1(x′, hD) + h2m2(x′, hD))−1 , (2.18)

where

m1,m2 : Lr(Rn)→ Lr(Rn) , and m1,m2 : L2
δ(Rn)→ L2

δ(Rn)

j−1(x′, hD) : Lr(Rn)→W 1,r(Rn) , and j−1(x′, hD) : L2
δ(Rn)→ H1

δ (Rn)

the part about j−1 coming from [7, Eq. (3.6)]. Additionally, from [7, Eq. (3.5)],

j−1 ∈ span(S0
1S
−1
1 + S−∞S

−1−k(n)
0 + S1

1S
−2
1 ) ,

and writing out part of the Neumann inversion in (2.18), we have

J−1 = j−1(x′, hD)(1 + hm1(x′, hD)) + h2M ,

where

M : Lr(Rn)→W 1,r(Rn) , and M : L2
δ(Rn)→ H1

δ (Rn) ,

so that Ah2MB satisfies the estimates Ah2MB : Lr(Rn) →h W 1,r(Rn) and also
Ah2MB : L2

δ(Rn)→h2 H1
δ (Rn), δ ∈ R.
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We now perform the explicit estimate for the S0
1S
−1
1 term of j−1, where all other

terms (and those from j−1(x′, hD)m1(x′, hD)) can be dealt with similarly. Let
c1 ∈ S0

1(Rn−1), c2 ∈ S−1
1 (Rn). Then

AOph (c1c2)B = AOph (c1) Oph (c2)B + hA
∑
|α|=1

Oph
(
∂αξ′c1

)
Oph (∂αx′c2)B + h2AmB ,

(2.19)

where m : Lr(Rn)→W 1,r(Rn) and m : L2
δ(Rn)→ H1

δ (Rn).
According to the usual pseudo-differential disjoint support properties, the first

two terms in (2.19) satisfy (2.17), whereas the term h2AmB does so due to the
mapping properties of m.

Lemma 2.4 ([7, Prop. 4.3]). There are operators Gφ and G̃φ := (γ−1)∗ ◦Gφ ◦γ∗ =

(G̃φ − G̃cφ) + G̃cφ so that for all 0 < δ < 1,

h2∆̃φG̃φ = id , and h2∆φGφ = id ,

and

Gφ, G̃φ : L2
δ(Rn)→h−1 H1

δ−1(Rn) , Gφ, G̃φ : Lp
′
(Rn)→h−2 Lp(Rn) .

Furthermore,

G̃cφ : L2
δ(Rn)→h−1 Hk

δ−1(Rn) , G̃cφ : Lp
′
(Rn)→h−2 W k,p(Rn) ∀k ∈ N ,

and G̃φ − G̃cφ is a pseudo-differential operator with symbol in S−2
1 (Rn).

Finally, we will require

Lemma 2.5 ([7, Lem. 4.5]). For Ẽ1 from (2.12) and G̃φ from Lemma 2.4, we have

Ẽ1G̃φ = (Ẽ1G̃φ)c + Oph
(
S1

1S
−2
1

)
+ hOph

(
S0

1(Rn)
)
G̃φ

where for all k ∈ N0,

(Ẽ1G̃φ)c : L2(Rn)→h0 Hk(Rn) , and (Ẽ1G̃φ)c : Lp
′
(Rn)→h−1 Hk(Rn) .

3. Parametrices. The aim of this section is to construct a parametrix for the
operator (

1Ω̃h
2∆̃φ

τΓ̃(h∂̃ν + (∂̃νφ))

)
.

As the parametrix will be based on those constructed in [7], we distinguish between
small and large frequencies: in Section 3.1 we construct a parametrix for small
frequencies, and in Section 3.2 for large frequencies. Finally, in Section 3.3 we will
combine these two into a global parametrix. Note that in frequency space, one also
speaks of low and high frequencies, but, in sticking to the diction of [7], we adopt
the language of small and large frequencies.

3.1. Small frequency parametrix. To invert h2∆̃φ, we would like to use the
small frequency parametrix defined in [7], but it will not have the boundary con-
ditions we desire. Nevertheless, our strategy will be to determine its boundary
properties (see Lemma 3.1) and define a new operator which can correct this to
what we want (see Proposition 3.2) in such a way that this new operator is, up to

lower order in h > 0, in the null-space of h2∆̃φ.
Recall from [7, p. 117] that, with expressions K and 1h defined in Section 2, the

symbol p of h2∆̃φ is given by

p(x′, ξ) := (1 + |K|2)ξ2
n − 2iξn(1h + iK · ξ′)− (1− |ξ′|) , (3.1)
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and define

Ps := Oph

(
ρ̃

p

)
, (3.2)

where ρ̃ is from (2.9). The operator Ps is denoted by the same symbol and called
the small frequency parametrix in [7]. The functions K and 1h will throughout this
section – and entire document, in fact – always refer to how they are defined in
(2.3) and in Section 2.2 respectively.

We introduce the notation τ for the trace onto xn = 0, where if τ is written with
a subset of Rn in the subscript, then the trace is meant onto that set instead.

Lemma 3.1. If v ∈ Lr(Rn) with 1 < r < ∞ is supported on the closure of Rn+,
then

h2∆̃φPsv = ρ̃(hD′) + hRs , and τ(h∂̃ν + (∂̃νφ))Psv = 0 . (3.3)

where Rs : Lr(Rn)→h0 Lr(Rn) is bounded uniformly in h > 0.

Proof. Fix v ∈ Lr(Rn), 1 < r <∞ with suppv ⊂ R̄n+. Note first that [7, Prop. 5.6]
gives the first part of (3.3), and by [7, Prop. 5.7] we have τPsv = 0.

We will establish that τh∂xnPsv = 0. To see this, recall that by the proof of [7,
Prop. 5.7], for u ∈ C∞c (Rn) supported in Rn+,

Psu(x′, xn) = 0 on xn ≤ 0 , and so τh∂xnPsu = 0 , (3.4)

because Psu ∈ C∞(Rn).
Furthermore, for every w ∈ Lr(Rn), the trace theorem together with [7, Prop. 5.6]

give

h ‖τh∂xnPsw‖Lr(Rn−1) ≤ ‖h∂xnPsw‖W 1,r(Rn) ≤ ‖Psw‖W 2,r(Rn) . ‖w‖Lr(Rn) .

(3.5)
Thus, in the topology of Lr(Rn), approximating v by um ∈ C∞c (Rn) supported in
Rn+, by (3.4) and (3.5) we see that

τh∂xnPsv = lim
m→∞

τh∂xnPs(v − um) + lim
m→∞

τh∂xnPsum = 0 .

Finally, using (2.6), we invoke the representation

(h∂̃ν + (∂̃νφ)) = (1 + |K|2)−1/2(hK · ∇x′ − (1 + |K|2)h∂xn − 1) ,

where because τ and ∇x′ commute when applied to an object with trace 0,

τ(h∂̃ν + (∂̃νφ))Psv = 0 .

which concludes the proof.

Lemma 3.1 states that while the operator Ps provides us with a parametrix in
the small frequency, it does not allow us to prescribe non-homogeneous boundary
conditions. In order to remedy this, we will construct an operator which acts as
a Poisson kernel which (up to first order) gets killed by h2∆̃φ but allows us to
prescribe non-homogeneous boundary condition:

Proposition 3.2. Denoting by I+ the indicator of Rn+. There is a smooth function

`(x, ξ′) satisfying that (x′, ξ′) 7→ `(x′, xn, ξ
′) is a symbol in S−∞1 (Rn−1) for every

fixed value of xn ≥ 0 such that

I+h
2∆̃φ`(x

′, xn, hD
′) = hR` (3.6)

for some R` : Lr(Rn−1)→h0 C(R+;Lr(Rn−1)), 1 < r <∞, and

τ(h∂̃ν + (∂̃νφ))Oph,x′ (`) = −(1 + |K|2)1/2ρ̃(hD′) + hRb , (3.7)
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for some Rb : Lr(Rn−1)→h0 Lr(Rn−1).
Furthermore, for every open, bounded set A ⊂ Rn+,

1AOph,x′ (`) : Lr(Rn−1)→W 2,r(A) , 1 < r <∞ . (3.8)

This section will be devoted to proving this proposition. First we begin with
some preliminary results on solving an initial value problem for an ODE.

3.1.1. ODE Setup. To motivate the discussion in this section, we wish to construct
approximate solutions to h2∆̃φw = 0 which approximates the boundary condition

(h∂̃ν + (∂̃νφ))w = f , at xn = 0

for an arbitrary f ∈ L2(Rn−1).
Following [7, p. 108], we will take Fourier transform in the x′ variable (which

we denote by Fx′) and view this equation as an ODE in the xn variable. This
approach is fruitful because on the support of ρ̃(ξ′), the symbol p from (3.1) is
elliptic. According to [7, p. 108], where Oph,x′ denotes the quantization operator
only in the x′ variable, we have

h2∆̃φ = −(1 + |K|2)h2∂2
xn − 2(1h +K · h∇x′)h∂xn − h2∆x′ − 1

= Oph,x′
(
−(1 + |K|2)h2∂2

xn − 2(1h + iK · ξ′)h∂xn − (1− |ξ′|2)
)
, (3.9)

which leads us to try finding a solution v of[
(1 + |K|2)h2∂2

xn + 2(1h + iK · ξ′)h∂xn + (1− |ξ′|2)
]
v = 0 . (3.10)

Viewing (x′, ξ′) as fixed parameters for the ODE in the xn variable, (3.10) has
solutions of the form

v(x′, xn, ξ
′) = k1e

−xn b+
√
b2−4ac
2a + k2e

−xn b−
√
b2−4ac
2a (3.11)

where

a(x′, ξ′) = (1+ |K|2)h2 , b(x′, ξ′) = 2(1h+ iK ·ξ′)h , c(x′, ξ′) = 1−|ξ′|2 . (3.12)

and k1, k2 depend on x′ and ξ′ but not on xn. To ease notation, taking the principal
square root, we introduce a new variable for a part of the exponent,

q :=

√
b2 − 4ac

2a
= h−1

√
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)

(1 + |K|2)
, (3.13)

which might at first seem problematic because it is not smooth, but will turn out to
be benign: the expression q will only be present in the argument of the holomorphic,
even function cosh.

Now (3.11) gives us a solution ansatz but we must still choose k1 and k2 in such
a way that we generate desirable boundary conditions. By (2.5) we have that the

(h∂̃ν + (∂̃νφ)) operator can be written as

(h∂̃ν + (∂̃νφ)) = Oph,x′
(

(1 + |K|2)−1/2(iK · ξ′ − (1 + |K|2)h∂xn − 1)
)
. (3.14)

And note that v as given in (3.11),

∂xnv(x′, xn) = e−xn
b

2a

(
−k1

(
q +

b

2a

)
e−xnq + k2

(
q − b

2a

)
exnq

)
. (3.15)



184 LEONARD BUSCH AND LEO TZOU

For arbitrary f ∈ L2(Rn−1) we need to choose k1, k2 so that v satisfies the

boundary condition (h∂̃ν + (∂̃νφ))F−1
x′ (v) = f at xn = 0. The expression (3.14)

motivates us to consider, on the level of symbols, the equation

(1 + |K|2)−1/2(iK · ξ′ − (1 + |K|2)h∂xn − 1)v(x) = −(1 + |K|2)1/2Fx′f .
Using (3.15) this condition is equivalent to

− exn b
2aFx′f (3.16)

=

(
(1 + |K|2)−1(iK · ξ′ − 1) +

b

2a

)
(k1e

−xnq + k2e
xnq) + hq(k1e

−xnq − k2e
xnq) ,

at xn = 0.
If we choose k2 = −k1, then (3.16) can be rephrased as

2k1hq = −Fx′f ,
for which we will choose

k1 := − 1

2h
q−1Fx′f

which leads to

v(x′, xn) = h−1e−xn
b

2a

∫ xn

0

cosh(tq)dtFx′f . (3.17)

As we can only reasonably hope for this approach to work on small frequencies, we
will introduce the cutoff ρ̃ ∈ C∞c (Rn−1) from (2.9), and motivated by the multiplier
of (3.17), we define

`(x, ξ′) := h−1ρ̃e−xn
b

2a

∫ xn

0

cosh(tq)dt (3.18)

= h−1ρ̃(ξ′)e
− xnh

1h+iK·ξ′

1+|K|2

∫ xn

0

cosh

 t

h

√
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)

1 + |K|2

dt

For any s ∈ [1,∞] and k ∈ N0, we endow the space C(R+,W
k,s(Rn−1)) with the

norm
‖u‖ = sup

xn≥0
‖u‖Wk,s(Rn−1) . (3.19)

3.1.2. The Symbol `. We now prove that ` defined in (3.18) is a symbol in the sense
that:

Proposition 3.3. Let h > 0 be small enough. The expression ` defined in (3.18)
is a symbol ` ∈ S−∞1 (Rn−1) for every fixed value of xn ≥ 0 and as a function, `
depends smoothly on xn. Furthermore,

hs∂sxnOph,x′ (`) : Lr(Rn−1)→h0 C(R+;W k,r(Rn−1)) , k ∈ N, 1 < r <∞, s ∈ {0, 1, 2} ,
(3.20)

with the norm on C(R+;W k,r(Rn−1)) defined by (3.19).

We will prove this proposition at the end of the subsection as a consequence of
the following technical Lemmas.

Lemma 3.4. There exists an ε1 > 0 so that for h > 0 small and ξ′ ∈ suppρ̃,

Re

[
1h −

√
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)

]
>
ε1

2
, (3.21)

where ε1 is independent of h, x and ξ′.
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Proof. Note that since we are taking the principal square root, we have Re
√
d+ is =√√

d2+s2+d
2 for any s, d ∈ R. We will show that there exists some ε1 > 0 so that

the left-hand side of (3.21) is bounded below by ε1 on suppρ̃ if we take h = 0. By
continuity of the real part of the principal square root, this means that the left-hand
side of (3.21) is uniformly greater than ε1/2 for small h > 0. For the moment put
h = 0 so that 1h = 1, where 1h is defined in Section 2.2. Taking

d = Re((1h + iK · ξ′)2 − (1−
∣∣ξ′∣∣2)(1 + |K|2)) = 1− (K · ξ′)2 − (1−

∣∣ξ′∣∣2)(1 + |K|2) ,
(3.22)

s = Im((1h + iK · ξ′)2 − (1−
∣∣ξ′∣∣2)(1 + |K|2)) = 2K · ξ′ , (3.23)

we see that

ε1 < Re

(
1h −

√
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)

)
if and only if

1− ε1 >

√√
d2 + s2 + d

2
,

which is equivalent to

2(1− ε1)2 − d >
√
d2 + s2 . (3.24)

Since for small enough ε1 > 0 and all ξ′ ∈ suppρ̃,

2(1− ε1)2 − d = −4ε1 + 2ε2
1 + 1 + (K · ξ′)2 + (1− |ξ′|2)(1 + |K|2) > 0 ,

(3.24) holds if and only if

(2(1− ε1)2 − d)2 > d2 + s2 ,

which is equivalent to

4(1− d)−O(ε1) > s2 , (3.25)

where in introducing O we used the fact that both |K|2 and |ξ′| are bounded on
the support of ρ̃.

Finally, (3.25) is equivalent to

4(1− |ξ′|2)(1 + |K|2)−O(ε1) > 0 ,

and since the support of ρ̃ was chosen in such a way that suppρ̃ b {|ξ′| < 1}, we
can be sure that such an ε1 exists.

Lemma 3.5. Let h > 0 be small enough and ξ′ ∈ suppρ̃. There exist some ε2 > 0
and Cγ,β > 0 independent of h, x, ξ′ so that∣∣∣∂γx′∂βξ′ cosh(tq)

∣∣∣ ≤ Cγ,βe th 1h−ε2
1+|K|2 max

{
1, (th−1)2|γ|+2|β|

}
(3.26)

for all multi-indices γ and β.

Proof. We introduce q′(x′, ξ′) by

q′(x′, ξ′) :=
(1h + iK · ξ′)2 − (1− |ξ′|2)(1 + |K|2)

(1 + |K|2)2
∈ C∞b (Rn−1 × suppρ̃) (3.27)

so that tq = t
h

√
q′. Here C∞b is the space of functions whose derivative of every

order is bounded uniformly in h > 0 small. That every derivative of q′ is bounded
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follows from the definitionK(x′) = ∇g(x′) where g is the boundary defining function
introduced in Section 2.1.

We will find two formulas for ∂γx′∂
β
ξ′ cosh( th

√
q′) and use each to give a slightly

different bound which we combine at the end of this proof.
Using Lemma 3.4, we see that for h > 0 small, ξ′ ∈ suppρ̃ there is an ε1 > 0 so

that

Re
√
q′ <

1h − ε1/2

1 + |K|2
. (3.28)

Case 1: We have that
∣∣Im√q′∣∣ < ε1

4(1+|K|2)
in which case we see by (3.28) that∣∣∣√q′∣∣∣ ≤ ∣∣∣Re

√
q′
∣∣∣+
∣∣∣Im√q′∣∣∣ < 1h − ε1/4

1 + |K|2
. (3.29)

Now we must do a calculation: for σ, κ ∈ R, ω ∈ N0,

∂ωκ cosh(σ
√
κ) = σ2ω

∑
k≥ω

(σ2κ)k−ω
k!

(2k)!(k − ω)!
= σ2ω

∑
k≥0

(σ
√
κ)2k

(2k)!

(k + ω)!(2k)!

k!(2k + 2ω)!
,

(3.30)

where we note that for all k, ω ∈ N0, (k+ω)!(2k)!
k!(2k+2ω)! ≤ 1.

For every multi-index α ∈ N2n−2
0 , let

Πα := {partitions of {1, . . . , |α|}} , (3.31)

and for every π ∈ Πα and every P ∈ π, let αP ∈ N2n−2
0 be the multi-index with

(αP )j =

∣∣∣∣∣P ∩
{

1 +

j−1∑
i=1

αi, . . . ,

j∑
i=1

αi

}∣∣∣∣∣ . (3.32)

Using (3.30) and Faà di Bruno’s formula (with notation introduced in (3.31)
and (3.32)), we calculate that

∂γx′∂
β
ξ′ cosh

(
t

h

√
q′
)

=
∑

π1∈Π(γ,β)

(
t

h

)2|π1|∑
k≥0

(th−1
√
q′)2k

(2k)!

(k + |π1|)!(2k)!

k!(2k + 2 |π1|)!
∏
P1∈π1

∂(γ,β)P1 q′
(3.33)

Now, by (3.33), we have that∣∣∣∣∂γx′∂βξ′ cosh

(
t

h

√
q′
)∣∣∣∣

≤
∑

π1∈Π(γ,β)

(
t

h

)2|π1|∑
k≥0

(th−1
∣∣√q′∣∣)2k

(2k)!

(k + |π1|)!(2k)!

k!(2k + 2 |π1|)!
∏
P1∈π1

∣∣∣∂(γ,β)P1 q′
∣∣∣

≤
∑

π1∈Π(γ,η)

(
t

h

)2|π1|∑
k≥0

(th−1
∣∣√q′∣∣)2k

(2k)!

∏
P1∈π1

∣∣∣∂(γ,β)P1 q′
∣∣∣

=
∑

π1∈Π(γ,β)

(
t

h

)2|π1|

cosh(th−1
∣∣∣√q′∣∣∣) ∏

P1∈π1

∣∣∣∂(γ,β)P1 q′
∣∣∣

≤
∑

π1∈Π(γ,β)

C ′π1

(
t

h

)2|π1|

eth
−1|√q′| (3.34)
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for some C ′π1
≥ 0 independent of h, x and ξ′ in view of (3.27). Using (3.29) and

(3.34) we see that∣∣∣∣∂γx′∂βξ′ cosh

(
t

h

√
q′
)∣∣∣∣ ≤ ∑

π1∈Π(γ,β)

C ′π1

(
t

h

)2|π1|

e
t
h

1h−ε1/4
1+|K|2 . (3.35)

We suspend working in this case until the end of the proof when we make statements
valid in both cases.
Case 2: We have that

∣∣Im√q′∣∣ ≥ ε1
4(1+|K|2)

.

Again, using Faà di Bruno’s formula, we can calculate that

∂γx′∂
β
ξ′ cosh

(
t

h

√
q′
)

=∑
π1∈Π(γ,β)

(th−1)|π1| cosh(|π1|)
(
t

h

√
q′
) ∏
P1∈π1

∑
π2∈Π(γ,β)P1

[
(q′)1/2−|π2|

· (−1)|π2|+1

|π2|−1∏
s=0

(
1

2
+ s

) ∏
P2∈π2

∂((γ,β)P1
)P2 q′

]
.

(3.36)

Now note that for any z ∈ C
|sinh(z)| ≤ e|Rez| , and |cosh(z)| ≤ e|Rez| , (3.37)

and that |sinh(z)| , |cosh(z)| are monotonously increasing in Rez ≥ 0.
Using (3.37), we remark that if (γ, β) = 0, we may bound∣∣∣cosh(th−1

√
q′)
∣∣∣ ≤ eth−1Re

√
q′ . (3.38)

and thus the lemma is already proven by combining (3.38) and (3.28). Let us
therefore take (γ, β) 6= 0 from now on.

In view of (3.36), (3.37) and
∣∣√q′∣∣ ≥ ∣∣Im√q′∣∣, for (γ, η) 6= 0, we have that∣∣∣∣∂γx′∂ηξ′ cosh

(
t

h

√
q′
)∣∣∣∣

≤
∑

π1∈Π(γ,η)

(
t

h

)|π1|

eth
−1Re

√
q′
∏
P1∈π1

∑
π2∈Π(γ,η)P1

[ ∣∣∣Im√q′∣∣∣1−2|π2|

·
|π2|−1∏
s=0

(
1

2
+ s

) ∏
P2∈π2

∣∣∣∂((γ,η)P1
)P2 q′

∣∣∣ ]

≤
∑

π1∈Π(γ,η)

(
t

h

)|π1|

eth
−1Re

√
q′
∏
P1∈π1

∑
π2∈Π(γ,η)P1

Cπ1,π2

∣∣∣Im√q′∣∣∣1−2|π2|
(3.39)

where Cπ1,π2 ≥ 0 is independent of h, x, ξ′, and we used the fact that q′ and all of
its derivatives are bounded.

We continue the calculation (3.39) using (3.28) and the assumption of this case:∣∣∣∣∂γx′∂βξ′ cosh

(
t

h

√
q′
)∣∣∣∣

≤
∑

π1∈Π(γ,β)

(
t

h

)|π1|

e
t
h

1h−ε1/2

1+|K|2
∏
P1∈π1

∑
π2∈Π(γ,β)P1

Cπ1,π2

∣∣∣∣∣ ε1

4(1 + |K|2)

∣∣∣∣∣
1−2|π2|
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≤
∑

π1∈Π(γ,β)

C ′′π1

(
t

h

)|π1|

e
t
h

1h−ε1/2

1+|K|2 . (3.40)

At this point, we begin making statements about both cases simultaneously.
Combining (3.35) and (3.40), there exist some ε2, Cγ,β > 0 independent of h, x, ξ′

with ε2 also independent of γ, β, so that∣∣∣∣∂γx′∂βξ′ cosh

(
t

h

√
q′
)∣∣∣∣ ≤ Cγ,βe th 1h−ε2

1+|K|2
∑

π1∈Π(γ,β)

max{(th−1)|π1|, (th−1)2|π1|} .

(3.41)
Finally, recalling from (3.27) that t

h

√
q′ = tq, we have∣∣∣∂γx′∂βξ′ cosh(tq)

∣∣∣ ≤ C ′γ,βe th 1h−ε2
1+|K|2 max{1, (th−1)2|γ|+2|β|} (3.42)

for a possibly different C ′γ,β ≥ 0 independent of h, x and ξ′.

Proof of Proposition 3.3. Checking that `(x′, xn, ξ
′) = h−1ρ̃e−xn

b
2a

∫ xn
0

cosh(tq)dt
is a symbol in the (x′, ξ′) variable begins by determining that it is smooth. Let
xn ≥ 0 be fixed. Due to the fact that cosh is an even function, the square root
that is contained within q is not an issue so that cosh(tq) is a smooth function
with respect to t, x′ and ξ′ (recall that the Taylor expansion of cosh only has even
exponents). All other parts of ` are clearly smooth and so ` ∈ C∞(Rn × Rn−1).

Now, with notation from (3.31) and (3.32), by the Faà di Bruno formula and the
Leibniz rule, for multi-indices α, β ∈ Nn−1

0 ,

∂αx′∂
β
ξ′`(x, ξ

′) =
∑

γ≤α,δ≤β,η≤β−δ
π∈Π(α−γ,β−δ)

(
α

γ

)(
β

δ

)(
β − δ
η

)
e
− xnh

1h+iK·ξ′

1+|K|2
∏
P∈π

(xn
h

)|π|

· ∂(α−γ,β−δ)P
(x′,ξ′)

(
−1h + iK · ξ′

1 + |K|2

)(
∂β−δ−ηξ′ ρ̃

)
h−1

∫ xn

0

∂γx′∂
η
ξ′ cosh(tq)dt .

(3.43)

Applying monotonicity of the right-hand side of (3.26) with respect to t ≥ 0, for
h > 0 small and ξ′ ∈ suppρ̃,

h−1

∣∣∣∣∫ xn

0

∂γx′∂
η
ξ′ cosh(tq)dt

∣∣∣∣ ≤ h−1Cγ,ηe
xn
h

1h−ε2
1+|K|2 max

{
1, (xnh

−1)2|γ|+2|η|
}∫ xn

0

1dt

≤ Cγ,ηe
xn
h

1h−ε2
1+|K|2 max

{
1,
(xn
h

)2|γ|+2|η|+1
}
. (3.44)

Now by (3.44), and the fact that
(
∂β−δ−ηξ′ ρ̃

)
is supported on suppρ̃,∣∣∣∣∣ (∂β−δ−ηξ′ ρ̃

)
e
− xnh

1h+iK·ξ′

1+|K|2
(xn
h

)|π|
h−1

∫ xn

0

∂γx′∂
δ
ξ′ cosh(tq)dt

∣∣∣∣
≤ Cγ,η

∣∣∣∂β−δ−ηξ′ ρ̃
∣∣∣max

{
1,
(xn
h

)2|γ|+2|η|+1+|π|
}
e
− xnh

ε2
(1+|K|2) . (3.45)

Furthermore, we find that

sup
xn≥0

max

{
1,
(xn
h

)2|γ|+2|η|+1+|π|
}
e
− xnh

ε2
(1+|K|2)
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= max

1,

(
(1 + |K|2)(2 |γ|+ 2 |η|+ 1 + |π|)

ε2e

)2|γ|+2|η|+1+|π|
 , (3.46)

and so combining (3.43), (3.45) and (3.46),

sup
xn≥0

∣∣∣∂αx′∂βξ′`(x, ξ′)∣∣∣ (3.47)

≤
∑

γ≤α,δ≤β,η≤β−δ
π∈Π(α−γ,β−δ)

(
α

γ

)(
β

δ

)(
β − δ
η

) ∏
P∈π

∣∣∣∣∣∂(α−γ,β−δ)P
(x′,ξ′)

(
−1h + iK · ξ′

1 + |K|2

)∣∣∣∣∣
· Cγ,η max

1,

(
(1 + |K|2)(2 |γ|+ 2 |η|+ 1 + |π|)

ε2e

)2|γ|+2|η|+1+|π|


≤ Cα,β max
η≤|β|

∣∣∣∂ηξ′ ρ̃∣∣∣ , (3.48)

where we used the fact that |K| is bounded above and we consumed the last depen-
dence in h (in the form of 1h, see Section 2.2) by bounding it above. The constant
Cα,β ≥ 0 in (3.47) is independent of h, x and ξ′. Because ρ̃ is compactly supported,
for every fixed xn ≥ 0, (3.47) implies that ` ∈ S−∞1 (Rn−1).

We proceed to showing (3.20) for s = 0. Note that (3.47) proves that the set
{`(·, xn, ·) : xn ≥ 0} is a bounded subset of S−∞1 (Rn−1) each element of which
satisfies (A.3). Here, bounded means that there exist constants Cα,β so that for all
multi-indices α, β we have

sup
xn≥0

∣∣∣∂αx′∂βξ′`(x′, xn, ξ′)∣∣∣ ≤ Cα,β . (3.49)

Using Lemma A.1, (3.49) directly implies that the operator norm of Oph,x′ (`) on

Lr(Rn−1)→W k,r(Rn−1) as a function of xn ≥ 0 is uniformly bounded with respect
to xn ≥ 0, which proves (3.20) for s = 0.

We proceed to checking the first derivative of `. We calculate

h∂xn`(x, ξ
′) = ρ̃e

− xnh
1h+iK·ξ′

1+|K|2

(
cosh(xnq)− h−1 1h + iK · ξ′

1 + |K|2
∫ xn

0

cosh(tq)dt

)
,

(3.50)
where the second term of (3.50) can be rewritten as

− 1h + iK · ξ′

1 + |K|2
`(x, ξ′) , (3.51)

whose seminorms in S−∞1 (Rn−1) can be bounded by the seminorms of ` multiplied
by a constant independent of xn.

Let us consider the first term of (3.50). So that we do not have to rewrite the
entire computation, note that for multi-indices α, β,

∂αx′∂
β
ξ′

(
ρ̃e
− xnh

1h+iK·ξ′

1+|K|2 cosh(xnq)

)
(3.52)

is equal to the expression in (3.43) where we replace

h−1

∫ xn

0

∂γx′∂
η
ξ′ cosh(tq)dt by ∂γx′∂

η
ξ′ cosh(xnq) .
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Using (3.26) we come to the same conclusion that for every α, β, the expression
(3.52) is bounded uniformly in xn ≥ 0 by a constant Cα,β times a compactly sup-
ported function in ξ′.

Together with the remark after (3.51), we thus find that {h∂xn`(·, xn, ·) : xn ≥ 0}
is a bounded subset of S−∞1 (Rn−1) each element of which satisfies (A.3), which
implies (3.20) for s = 1 if we use Lemma A.1.

Finally, note that by direct computation on the symbol, (a∂2
xn + b∂xn + c)` = 0,

see (3.12) for the definitions of a, b, c. We use this to write that

{h2∂2
xn`(·, xn, ·) : xn ≥ 0}

=

{
−2(1h + iK · ξ′)h∂xn`(·, xn, ·) + (1− |ξ′|2)`(·, xn, ·)

1 + |K|2
: xn ≥ 0

}

is a bounded subset of S−∞1 (Rn−1), so that we have fully shown (3.20) by a final
application of Lemma A.1.

3.1.3. Proof of Proposition 3.2. By the definition of semiclassical Sobolev spaces,
(3.20) implies (3.8).

Defining

hR`,1 := h2∆x′Oph,x′ (`)−Oph,x′(− |ξ′|
2
`) , (3.53)

and

hR`,2 := hK · ∇x′Oph,x′ (`)−Oph,x′(iK · ξ′`) , (3.54)

by the compositional calculus of semiclassical pseudo-differential operators and
(3.20) we have R`,1, R`,2 : Lr(Rn−1)→h0 C(R+;Lr(Rn−1)).

By direct calculation (a∂2
xn + b∂xn + c)` = 0, see (3.12), and so by (3.9),

h2∆̃φOph,x′ (`) = Oph,x′
((
a∂2
xn + b∂xn + c

)
`
)

+ h(R`,1 +R`,2) = h(R`,1 +R`,2) =: hR` ,

where R` : Lr(Rn−1)→h0 C(R+;Lr(Rn−1)) is as desired.

Now, by (3.14) the symbol of (h∂̃ν + (∂̃νφ)) is affine with respect to ξ′, so that
the composition calculus gives

(h∂̃ν + (∂̃νφ))Oph,x′ (`) = Oph,x′
(

(1 + |K|2)−1/2 (iK · ξ′ − (1 + |K|2)h∂xn − 1
)
`
)

+ hR′b

(3.55)

for the remainder R′b = Oph,x′
(

(1 + |K|2)−1/2K · ∇x′`
)

.

Taking s = 0 in (3.20) and using the explicit representation of R′b implies
R′b : Lr(Rn−1)→h0 C(R+;W 1,r(Rn−1)). Furthermore, by using (3.50) and directly
calculating on symbols,

τ(1 + |K|2)−1/2(iK · ξ′ − (1 + |K|2)h∂xn − 1)`(x, ξ′) = −(1 + |K|2)1/2ρ̃(ξ′)

and so using (3.55),

τ(h∂̃ν + (∂̃νφ))Oph,x′ (`) f = −(1 + |K|2)1/2ρ̃(hD′)f + τhR′bf ,

and taking Rb := τR′b concludes the proof.
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3.2. Large frequency parametrix. Following [7], we define

Pl := (1− ρ̃(hD′))J+JG̃φ , (3.56)

where G̃φ is as in Lemma 2.4, ρ̃ is from (2.9), J from (2.11) and

J+ := J−1I+ , (3.57)

with J−1 defined in Lemma 2.2.
This operator is exactly what is called the large frequency parametrix in [7], which

approximately solves

h2∆̃φPl ≈ 1− ρ̃(hD′) .

This operator is insufficient for our needs as it does not allow us to control the value
of τ(h∂̃ν + (∂̃νφ))Pl at xn = 0. Indeed, we will see at the end of this section that

Proposition 3.6. The operator Pl satisfies the boundary condition

τ(h∂̃ν + (∂̃νφ))Pl = −(1 + |K|2)1/2(1− ρ̃(hD′))τJG̃φ . (3.58)

The identity in Proposition 3.6 suggests that we should introduce a Poisson ker-
nel, which we will call Bl, to correct this boundary term. Furthermore, in order
to achieve (1.4), we will need another Poisson kernel that allows us to introduce
arbitrary boundary data, which we will call Bc. The Poisson kernels will be an-
nihilated (up to leading order) by h2∆̃φ. The operator τ(h∂̃ν + (∂̃νφ))Bl will be
roughly equal to the right hand side of (3.58) as to achieve the desired cancellation,

while τ(h∂̃ν +(∂̃νφ))Bc ≈ (1+ |K|2)1/2 which can be thought of as the identity map
(modulo multiplication by a uniformly positive function).

Recall the definition of Ω̃ ⊂ Rn defined in Section 2.1, denote by 1Ω̃ the indicator

function of Ω̃. For v ∈ Lr(Ω̃) let 1Ω̃v ∈ Lr(Rn) be its trivial extension.

Proposition 3.7. There exist bounded linear maps

Bl : L
2
δ(Rn)→h−1 H1

δ−1(Rn) , 0 < δ < 1 ,

Bl : L
p′(Rn)→h−2 Lp(Rn+) ∩

(
H1(Rn+) ∩H1

loc(Rn)
)
,

(3.59)

and

Bc : L2(Rn−1)→h0 H1(Rn) (3.60)

such that for all v ∈ Lp′(Ω̃) and all f ∈ L2(Rn−1),

1Ω̃h
2∆̃φBl1Ω̃v = (Rm + hR′m)v , (3.61)

1Ω̃h
2∆̃φBcf = hRcf , (3.62)

where

Rm : L2(Ω̃)→h L
2(Ω̃) , Rm : Lp

′
(Ω̃)→h0 L2(Ω̃) ,

R′m : Lr(Ω̃)→h0 Lr(Ω̃), 1 < r <∞ , (3.63)

Rc : L2(Rn−1)→h0 L2(Ω̃) .

Furthermore,

τ(h∂̃ν + (∂̃νφ))Bl1Ω̃v = (1 + |K|2)−1/2(1− ρ̃(hD′))τJG̃φ1Ω̃v + h(R′bl +R′′bl)v
(3.64)

and

τ(h∂̃ν + (∂̃νφ))Bcf = (1 + |K|2)−1/2(1− ρ̃(hD′))f + hRbcf (3.65)
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where ρ̃ is from (2.9) and

R′bl : L
2(Ω̃)→h0 L2

δ−1(Rn−1) , 0 < δ < 1 and R′bl : L
p′(Ω̃)→h0 L2(Rn−1) ,

R′′bl : L
r(Ω̃)→h0 Lr(Rn−1) , 1 < r <∞ , and Rbc : L2(Rn−1)→h0 L2(Rn−1) .

(3.66)

The proof of Proposition 3.7 will be delayed until Section 3.2.2. However, we are
already in position to prove Proposition 3.6.

Proof of Proposition 3.6. Let v ∈W 1,r(Rn), 1 < r <∞. We begin by proving that
for ρ̃ from (2.9), and J+ from (3.57), we have

τ(h∂̃ν + (∂̃νφ))(1− ρ̃(hD′))J+v = −(1 + |K|2)1/2(1− ρ̃(hD′))τv . (3.67)

To show (3.67), we first observe that by (2.5)

(h∂̃ν + (∂̃νφ)) = (1 + |K|2)−1/2(hK · ∇′ − (1 + |K|2)h∂xn − 1) .

As we would like the operator J to appear in (3.58), we will use (2.16) to substitute
h∂xn = J − F+ in the above expression:

(h∂̃ν + (∂̃νφ)) = (1 + |K|2)1/2J + (1 + |K|2)−1/2(hK · ∇′ + F+ − 1) .

Now we may calculate that

τ(h∂̃ν + (∂̃νφ))(1− ρ̃(hD′))J+v = τ(1 + |K|2)1/2J(1− ρ̃(hD′))J+v

+ τ(1 + |K|2)−1/2(hK · ∇′ + F+ − 1)(1− ρ̃(hD′))J+v .

(3.68)

Now recall that by Lemma 2.2 and the definition of J+ in (3.57),

τJ+v = 0 . (3.69)

Since τ and ∇′ commute when applied to an object with trace 0, with (3.69) we
have

τ(1 + |K|2)−1/2(hK · ∇′ + F+ − 1)(1− ρ̃(hD′))J+v = 0 ,

which takes care of the second term in (3.68).
We observe that

J(1− ρ̃(hD′)) = (1− ρ̃(hD′))J+[ρ̃(hD′), J ] = (1− ρ̃(hD′))J+[ρ̃(hD′), F+] (3.70)

due to the fact that the first term of J = h∂xn + F+ commutes with the operator
ρ̃(hD′) which only depends on x′.

Therefore, continuing the calculation from (3.68),

τ(h∂̃ν + (∂̃νφ))(1− ρ̃(hD′))J+v

= (1 + |K|2)1/2(1− ρ̃(hD′))τJJ+v + (1 + |K|2)1/2[ρ̃(hD′), F+]τJ+v

= (1 + |K|2)1/2(1− ρ̃(hD′))τv ,

after invoking (3.69) and the fact that τJ+Jv = τI+v = τv since we are taking the
trace from the xn > 0 direction. Thus, (3.67) has been shown.

Finally, the result follows by directly computing τ(h∂̃ν + (∂̃νφ))Pl using the def-
inition of Pl in (3.56) and applying (3.67).
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3.2.1. Setup. This section is devoted to preparatory lemmas required to construct
the Poisson kernels Bl and Bc. The first objective we will pursue is to find an
operator with good boundary control. Thus we begin by inverting a part of the
operator (h∂̃ν + (∂̃νφ)).

Let us first introduce ρ̃1 ∈ C∞c (Rn−1) with

ρ̃1 ≡ 1 on suppρ̃0 , and suppρ̃1 b {ρ̃ = 1} , (3.71)

where ρ̃0, ρ̃ are from (2.8) and (2.9).
Make use of (2.5) to write

(h∂̃ν + (∂̃νφ)) = (1 + |K|2)−1/2(hK · ∇′ − (1 + |K|2)h∂xn − 1) .

As we have good control over the operator J , we will use (2.16) to substitute
h∂xn = J − F+ in the above expression:

(h∂̃ν + (∂̃νφ)) = (1 + |K|2)−1/2(hK · ∇′ − (1 + |K|2)(J − F+)− 1)

= (1 + |K|2)−1/2(Z − (1 + |K|2)J − (1 + |K|2)ρ̃1(hD′)) , (3.72)

where

Z := (1 + |K|2)ρ̃1(hD′) +hK ·∇′+ (1 + |K|2)F+− 1 ∈ Oph,x′
(
S1

1(Rn−1)
)
. (3.73)

Using the definition of F+ in (2.16), we can write Z = Oph,x′ (z0) where

z0 := (1 + |K|2)ρ̃1 + 1h − 1 + 2iK · ξ′ + r0 − (1 + |K|2)ihm0 ∈ S1
1(Rn−1) (3.74)

is its symbol, r0 is given in (2.13), and m0 in (2.15), and 1h is defined in Section 2.2.
We are now in position to invert the operator Z.

Lemma 3.8. For any 1 < r <∞, δ ∈ R and any s, k ∈ N0 there is some h0 > 0 so
that if 0 < h < h0, there are operators M and Z−1 which satisfy

M,Z−1 : W s,r(Rn−1)→h0 W s+1,r(Rn−1) ,

M,Z−1 : Hs
δ (Rn−1)→h0 Hs+1

δ (Rn−1) .
(3.75)

Furthermore,
Z−1 = Oph,x′

(
S−1

1 (Rn−1)
)

+ hkM , (3.76)

and Z−1 is the right-inverse of the operator Z from (3.73).

Proof. If, for simplicity, we put h = 0 in the expression for z0 from (3.74), we see
that

Re(z0) = (1 + |K|2)ρ̃1 + Rer0 ,

and let us write

r0 = (1− ρ̃0)
√
r1 + ir2 , where r1, r2 are real . (3.77)

As r2 = 2K · ξ′, the branch cut of the square root is only met when K · ξ′ = 0

and r1 ≤ 0. Now when K · ξ′ = 0, we have r1 = − |K|2 + |ξ′|2 (1 + |K|2), which is
uniformly positively away from zero on the support of 1− ρ̃0, see (2.8), which also
means that r0 and so z0 are smooth.

In particular, we have that on the support of 1− ρ̃0 we have Rer0 > 0, and due
to the definition of ρ̃1, on the complement of the support of 1− ρ̃0, we have ρ̃1 = 1.
This means that Rez0, and especially z0, are uniformly bounded away from 0 for
small h.

We now perform some rough estimates to show that z0
〈ξ′〉 is bounded uniformly

away from 0 for large ξ′ and small h > 0.
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Take again h = 0 for the moment, and note that by the Cauchy-Schwarz inequal-
ity, for r1, r2 from (3.77),

r1 = 1− (K · ξ′)2 − (1− |ξ′|2)(1 + |K|2) ≥ |ξ′|2 − |K|2 ,

where we can choose |ξ′| large enough and C > 0 so that

|ξ′|2 − |K|2 > 2C(1 + |ξ′|2) . (3.78)

Since we are taking the principal square root in r0, we have that

Re
√
r1 + ir2 =

√√
r2
1 + r2

2 + r1

2
,

and so for large |ξ′|2 and h = 0, (3.78) gives us

(Rer0)2 ≥ r1 > C(1 + |ξ′|2) . (3.79)

Taking square roots on both sides of (3.79) and using continuity in h, we have

shown that for small h > 0 and large |ξ′|, the expression (1+|K|2)ρ̃1+Rer0
〈ξ′〉 is bounded

uniformly away from 0.
In particular, this means that the symbol of Z〈hD′〉−1 is of order 0 and uniformly

bounded away from 0 and has an inverse we denote by w ∈ S0
1(Rn−1).

Writing this out means that

Z〈hD′〉−1Oph,x′ (w) = 1 + hR , (3.80)

for some R ∈ Oph,x′
(
S0

1(Rn−1)
)
, and thus the object Oph,x′ (w) (1 + hR)−1 is an

inverse of Z〈hD′〉−1.
Thus, defining

Z−1 := 〈hD′〉−1Oph,x′ (w) (1 + hR)−1 (3.81)

we have by (3.80)

ZZ−1 = Z〈hD′〉−1〈hD′〉Z−1 = id .

Finally, for any fixed k ∈ N, we can write out part of the Neumann series of
(1 + hR)−1 to get (3.76), which concludes the proof.

Corollary 3.9. Let χ1, χ2 ∈ C∞c (Rn−1) be cut-offs so that suppχ1∩supp(1−χ2) =
∅. For all s, k ∈ N0, 1 < r <∞, and δ ∈ R,

χ1(hD′)Z−1(1− χ2(hD′)) : W s,r(Rn−1)→hk W
s+k,r(Rn−1) ,

χ1(hD′)Z−1(1− χ2(hD′)) : L2
δ(Rn−1)→hk H

k
δ (Rn−1) .

(3.82)

Proof. Let k ∈ N0 be fixed. By (3.76), write

Z−1 = Oph,x′
(
S−1

1 (Rn−1)
)

+ hkM ,

where

M : W s,r(Rn−1)→h0 W s+1,r(Rn−1) , and M : L2
δ(Rn−1)→h0 H1

δ (Rn−1) .

By disjoint supports, χ1(hD′)Oph,x′
(
S−1

0 (Rn−1)
)

(1 − χ2(hD′)) satisfies the esti-

mates in (3.82) and because χ1 ∈ S−∞1 (Rn−1), the same is true of hkχ1(hD′)M(1−
χ2(hD′)).
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From now on we will also interpret operators acting only on n − 1 dimensions
as those that can act on all of x by acting only on the first n − 1 components: if
A is an operator acting on n− 1 dimensions and u : Rn → R, put Au : Rn → R by
considering the last component xn of (x1, . . . , xn) ∈ Rn to be a parameter instead
of a variable.

As a common building block for the construction of Bl and Bc, we will now
introduce the operator (id− J+J)Z−1.

Lemma 3.10. Let v ∈W 1,r(Rn) ∪ C1
c (R;Lr(Rn−1)), 1 < r <∞. The operator

v 7→ (id− J+J)Z−1v (3.83)

satisfies

τ(h∂̃ν + (∂̃νφ))(id− J+J)Z−1v = (1 + |K|2)−1/2(1− (1 + |K|2)ρ̃1(hD′)Z−1)τv .
(3.84)

Additionally, with W 1,1,r defined as in (2.7),

(id− J+J)Z−1 : W 1,r(Rn)→h0 W 2,r(Rn+) ∩W 1,1,r ,

(id− J+J)Z−1 : C1
c (R;Lr(Rn−1))→h0 W 1,r(Rn) .

(3.85)

Proof. Throughout this proof fix

v ∈W 1,r(Rn) ∪ C1
c (R;Lr(Rn−1)) , where 1 < r <∞ .

Note first that for this choice of v, by Lemma 3.8,

Z−1v ∈W 1,r(Rn) , (3.86)

which means that JZ−1v ∈ Lr(Rn), meaning that (id − J+J)Z−1 acting on v ∈
W 1,r(Rn) ∪ C1

c (R;Lr(Rn−1)) is well-defined. We already see the second half of
(3.85) due to the fact that id− J+J : W 1,r(Rn)→W 1,r(Rn).

To see the first part of (3.85), let us take v ∈W 1,r(Rn). Note that by Lemma 3.8,
and the definition of mixed semiclassical Sobolev spaces in (2.7), Z−1 : W 1,r(Rn)→
W 1,1,r and id−J+J : W 1,1,r →W 1,1,r where we use the fact that I+ does not alter
regularity in the x′ direction. Thus,

(id− J+J)Z−1 = (id− J+J)Z−1 : W 1,r(Rn)→W 1,1,r.

Furthermore, since by (2.16), h∂xn = J − F+, and by direct calculation J(id −
J+J) = (id− I+)J , we have that

h∂xn(id− J+J)Z−1v = (id− I+)JZ−1v + F+(id− J+J)Z−1v . (3.87)

Here we note that the first term in (3.87) vanishes in the sense of distributions on
Rn+ and that for the second term we have

F+(id− J+J)Z−1 : W 1,r(Rn)
Z−1

−−−→W 1,1,r id−J+J−−−−−→W 1,1,r F+−−→W 1,r(Rn) . (3.88)

In particular, (3.87) and (3.88) imply that

h∂xn(id− J+J)Z−1v = F+(id− J+J)Z−1v in the sense of D′(Rn+) , (3.89)

where F+(id− J+J)Z−1v ∈W 1,r(Rn). Furthermore, since

(id− J+J)Z−1 = (id− J+J)Z−1 : W 1,r(Rn)
Z−1

−−−→W 1,1,r id−J+J−−−−−→W 1,1,r ,

we have that h|α|∂α(id − J+J)Z−1v ∈ Lr(Rn) for all α ∈ Nn0 , |α| ≤ 2, αn ≤
1. Therefore, in order to show (id − J+J)Z−1v ∈ W 2,r(Rn+), it suffices to show
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that ∂2
xn(id − J+J)Z−1v ∈ Lr(Rn+). This fact is a consequence of taking the ∂xn

derivative of (3.89) to see that

h2∂2
xn(id−J+J)Z−1v=h∂xnF+(id−J+J)Z−1v ∈ Lr(Rn+), in the sense of D′(Rn+) .

This completes (3.85).
To see (3.84), by (3.72), we calculate

(1 + |K|2)1/2τ(h∂̃ν + (∂̃νφ))(id− J+J)Z−1v

= τ(Z − (1 + |K|2)J − (1 + |K|2)ρ̃1(hD′))(id− J+J)Z−1v

= τ(ZZ−1v − (1 + |K|2)ρ̃1(hD′)(id− J+J)Z−1v

− ZJ+JZ−1v + (1 + |K|2)(I+ − id)JZ−1v) (3.90)

All terms in the final two lines of (3.90) are well-defined by (3.86), and the third
term vanishes because τ and Z−1 commute and τJ+v = 0 (see also (3.69)). The
fourth term in (3.90) is zero because it is only supported on xn ≤ 0.

Thus, again using τJ+v = 0,

(1 + |K|2)1/2τ(h∂̃ν + (∂̃νφ))(id− J+J)Z−1v

= τv − τ(1 + |K|2)ρ̃1(hD′)(id− J+J)Z−1v

= (1− (1 + |K|2)ρ̃1(hD′)Z−1)τv ,

which shows (3.84).

3.2.2. Proof of Proposition 3.7. Before proceeding with the proof of Proposition
3.7, we have to address the concept of extending boundary conditions to all of Rn.
Take η ∈ C∞c (R) so that suppη ⊂ {|xn| ≤ 2} and η ≡ 1 on |xn| ≤ 1, and define

E : W s,r(Rn−1)→ C∞c (R;W s,r(Rn−1)) , Et(x) = η(xn)t(x′) , (3.91)

for all s ∈ N0, 1 < r <∞.

Proof of Proposition 3.7. We begin by setting

Bl := (id− J+J)Z−1(1− ρ̃(hD′))JG̃φ (3.92)

and

Bc := (id− J+J)Z−1(1− ρ̃(hD′))E (3.93)

where (id− J+J)Z−1 is the operator in (3.83).

Let v ∈ Lp′(Ω̃) and f ∈ L2(Rn−1). To check that Bcf is well-defined, note that
by (3.85) and (3.91),

(id− J+J)Z−1(1− ρ̃(hD′))E :

L2(Rn−1)
(1−ρ̃(hD′))E−−−−−−−−→ C∞c (R;L2(Rn−1))

(id−J+J)Z−1

−−−−−−−−−→ H1(Rn) ,
(3.94)

which, in fact, proves (3.60).
In order to see that Bl1Ω̃v is well-defined we turn to showing (3.59). Observe

that by Lemma 2.4, splitting up G̃φ = (G̃φ − G̃cφ) + G̃cφ and using (3.85),

Lp
′
(Rn)

G̃cφ−−→
h−2

W 2,p(Rn)
(1−ρ̃(hD′))J−−−−−−−−→W 1,p(Rn)

(id−J+J)Z−1

−−−−−−−−−→W 1,p(Rn) ,

Lp
′
(Rn)

G̃φ−G̃cφ−−−−−→W 2,p′(Rn)
(1−ρ̃(hD′))J−−−−−−−−→W 1,p′(Rn)

(id−J+J)Z−1

−−−−−−−−−→W 2,p′(Rn+) ,
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and we know that W 2,p′(Rn+) ↪→h−1 H1(Rn+) ↪→h−1 Lp(Rn+). Omitting the last
Sobolev embedding and remarking that W 1,p ⊂ H1

loc, we can also conclude that

Bl : L
p′(Rn) → H1(Rn+) ∩ H1

loc(Rn) so that the second half of (3.59) has been
shown.

Furthermore,

L2
δ(Rn)

G̃cφ−−→
h−1

H2
δ−1(Rn)

(1−ρ̃(hD′))J−−−−−−−−→ H1
δ−1(Rn)

(id−J+J)Z−1

−−−−−−−−−→ H1
δ−1(Rn) ,

L2
δ(Rn)

G̃φ−G̃cφ−−−−−→ H2
δ (Rn)

(1−ρ̃(hD′))J−−−−−−−−→ H1
δ (Rn)

(id−J+J)Z−1

−−−−−−−−−→ H1
δ (Rn) ,

which means that Bl : L
2
δ(Rn)→h−1 H1

δ−1(Rn), proving the first half of (3.59).
We now begin showing (3.61) and (3.62). Recall again that by direct calculation

J(id− J+J) = (id− I+)J and so due to (2.10) ,

h2∆̃φ(id−J+J) = (1+|K|2)(Ã0−hẼ1 +h2Ẽ0)(id−J+J)+(1+|K|2)(Q(id−I+)J) ,
(3.95)

where Ã0, Ẽ1, Ẽ0 are defined in (2.12), and Q is defined in (2.11). Due to the
fact that Q∗ does not shift support downward because with respect to xn it is a
differential operator, for all w ∈ C∞c (Rn), u ∈ C∞c (Rn+),

〈(1 + |K|2)Q(id− I+)Jw, u〉 = 〈(id− I+)Jw, ((1 + |K|2)Q)∗u〉 = 0 , (3.96)

because the term ((1+ |K|2)Q)∗ also does not shift the support of u downward. We
now let

wl := Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v ∈ L
p(Rn+) , wc := Z−1(1− ρ̃(hD′))Ef ∈ H1(Rn)

(3.97)
so that recalling the definitions of Bl, Bc in (3.92) and (3.93),

h2∆̃φBl1Ω̃v = h2∆̃φ(id− J+J)wl , and h2∆̃φBcf = h2∆̃φ(id− J+J)wc .

Replacing h2∆̃φ in the above equations by its factorization (2.10), we get

h2∆̃φBl1Ω̃v = (1 + |K|2)Q(id− I+)Jwl + (1 + |K|2)(Ã0 − hẼ1 + h2Ẽ0)(id− J+J)wl ,
(3.98)

h2∆̃φBcf = (1 + |K|2)Q(id− I+)Jwc + (1 + |K|2)(Ã0 − hẼ1 + h2Ẽ0)(id− J+J)wc .
(3.99)

Approximating wl and wc by functions in C∞c (Rn) in their respective Sobolev
space topology, a density argument together with (3.96) shows that the first terms
of (3.98) and (3.99) vanish as elements of D′(Rn+). So using (3.97), (3.98) and (3.99)
become

h2∆̃φBl1Ω̃v = (1 + |K|2)(Ã0 − hẼ1 + h2Ẽ0)(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v ,
(3.100)

h2∆̃φBcf = (1 + |K|2)(Ã0 − hẼ1 + h2Ẽ0)(id− J+J)Z−1(1− ρ̃(hD′))Ef .
(3.101)

The operators Ã0, Ẽ1 and Ẽ0 are given collectively by (2.12). In order to prove
(3.61) and (3.62), we employ the following lemma to give estimates for the right
side of (3.100) and (3.101). We will prove the lemma at the end of the section.

Lemma 3.11. We may estimate the right-hand sides in (3.100) and (3.101) as
follows.
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1. We have

(1 + |K|2)Ã0(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v = (R1 + hR2)v , (3.102)

(1 + |K|2)Ã0(id− J+J)Z−1(1− ρ̃(hD′))Ef = hRc,1f . (3.103)

2. Additionally,

(1 + |K|2)hẼ1(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v = (R3 + hR4)v , (3.104)

(1 + |K|2)hẼ1(id− J+J)Z−1(1− ρ̃(hD′))Ef = hRc,2f . (3.105)

3. Finally,

(1 + |K|2)h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v = (R5 + hR6)v , (3.106)

(1 + |K|2)h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))Ef = hRc,3f . (3.107)

Here

R1, R5 : L2(Ω̃)→h L
2(Rn) , R1, R5 : Lp

′
(Ω̃)→h0 Lp(Rn)

R3 : L2(Ω̃)→h L
2(Rn) , R3 : Lp

′
(Ω̃)→h0 L2(Rn)

R2, R4, R6 : Lr(Ω̃)→h0 Lr(Rn) , 1 < r <∞
Rc,1, Rc,2, Rc,3 : L2(Rn−1)→h0 L2(Rn)

are the mapping properties of the remainders.

Since Ω̃ is bounded and p > 2, we have that Lp(Ω̃) ↪→ L2(Ω̃). So applying the

estimates (3.102), (3.104), and (3.106) to the three terms involving Ã0, Ẽ0, and

Ẽ1 in equation (3.100) we obtain (3.61) with the estimates (3.63). Similarly, by
applying (3.103), (3.105), and (3.107) to the terms on the right side of (3.101), we
get (3.62) with the estimates (3.63).

We move on to show (3.64), (3.65) and (3.66). Note that (3.84) gives

τ(h∂̃ν + (∂̃νφ))Bl1Ω̃v

= τ(h∂̃ν + (∂̃νφ))(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ1Ω̃v

= (1 + |K|2)−1/2(1− (1 + |K|2)ρ̃1(hD′)Z−1)τ(1− ρ̃(hD′))JG̃φ1Ω̃v

= (1 + |K|2)−1/2(1− ρ̃(hD′))τJG̃φ1Ω̃v + hRblv ,

where Rbl = −h−1(1 + |K|2)1/2ρ̃1(hD′)Z−1(1− ρ̃(hD′))τJG̃φ1Ω̃. Observe that by

Lemma 2.4, splitting up G̃φ = (G̃φ− G̃cφ)+ G̃cφ, and invoking Corollary 3.9, we have
for any 0 < δ < 1,

Lp
′
(Ω̃)

1Ω̃−−→ Lp
′
(Rn)

G̃cφ−−→
h−2

W 2,p(Rn)
τJ−−→ Lp(Rn−1)

L2(Ω̃)
1Ω̃−−→ L2

δ(Rn)
G̃cφ−−→
h−1

H2
δ−1(Rn)

τJ−−→ L2
δ−1(Rn−1)

and

Lp(Rn−1)
h−1(1+|K|2)1/2ρ̃1(hD′)Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−−−−−−−−−−→

h2
Lp(Rn−1) ,

L2
δ−1(Rn−1)

h−1(1+|K|2)1/2ρ̃1(hD′)Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−−−−−−−−−−→
h

L2
δ−1(Rn−1) ,
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so that we may take h−1(1 + |K|2)1/2ρ̃1(hD′)Z−1(1 − ρ̃(hD′))τJG̃cφ1Ω̃ to be R′bl.
Furthermore, for 1 < r <∞,

Lr(Ω̃)
1Ω̃−−→ Lr(Rn)

G̃φ−G̃cφ−−−−−→W 2,r(Rn)
τJ−−→ Lr(Rn−1)

and
h−1(1 + |K|2)1/2ρ̃1(hD′)Z−1(1− ρ̃(hD′)) : Lr(Rn−1)→ Lr(Rn−1)

so that we call R′′bl := h−1(1 + |K|2)1/2ρ̃1(hD′)Z−1(1 − ρ̃(hD′))τJ(G̃φ − G̃cφ)1Ω̃.

Now Rbl = R′bl +R′′bl where R′bl, R
′′
bl satisfy (3.66) proving (3.64).

Using (3.84) again, we get

τ(h∂̃ν + (∂̃νφ))Bcf = (1 + |K|2)−1/2(1− ρ̃1(hD′)Z−1)τ(1− ρ̃(hD′))Ef

= (1 + |K|2)−1/2(1− ρ̃(hD′))f + hRbcf .

with Rbc = −h−1ρ̃1(hD′)Z−1(1 − ρ̃(hD′)). A final application of Corollary 3.9 on
Rbc proves (3.65) and (3.66).

Proof of Item 1 in Lemma 3.11. Let 1 < r < ∞ be arbitrary. By (2.16) we have
J = h∂xn + F+ so that

Ã0(id− J+J)Z−1(1− ρ̃(hD′))

= Ã0Z
−1(1− ρ̃(hD′))− Ã0J

−1Z−1(1− ρ̃(hD′))I+h∂xn (3.108)

− Ã0J
−1F+Z

−1(1− ρ̃(hD′))I+

where we used the fact that operators in the x′ direction commute with I+ and ∂xn .

Now, taking a look at the definition of Ã0 in (2.12), the symbol of Ã0 is sup-
ported on suppρ̃0, which is disjoint from the set supp(1− ρ̃). Thus we will want to
use disjoint support properties of pseudo-differential operators to get estimates in
suitable powers of h and regularity.

Repeating the proof of Corollary 3.9 with Ã0 in place of χ1(hD′) and ρ̃ in place
of χ2, using disjoint supports, we have that

Ã0Z
−1(1− ρ̃(hD′)) :

{
W 1,r(Rn−1)→h2 W 1,r(Rn−1)

H1
δ (Rn−1)→h2 H1

δ (Rn−1)
. (3.109)

For the two terms in (3.108) containing J−1, we want to make use of Lemma 2.3.
To do so, we use (3.76) to write

Z−1 = (Z−1)′ + hkM ,

where (Z−1)′ ∈ Oph,x′
(
S−1

1 (Rn−1)
)

and

M : Lr(Rn−1)→h0 W 1,r(Rn−1) , and M : L2
δ(Rn−1)→h0 H1

δ (Rn−1) .

Now we invoke Lemma 2.3 to see that

Ã0J
−1(Z−1)′(1− ρ̃(hD′)) :

{
Lr(Rn)→h2 W 1,r(Rn)

L2
δ(Rn)→h2 H1

δ (Rn)
, (3.110)

Ã0J
−1F+(Z−1)′(1− ρ̃(hD′)) :

{
Lr(Rn)→h2 W 1,r(Rn)

L2
δ(Rn)→h2 H1

δ (Rn)
. (3.111)

Furthermore, by the usual ΨDO mapping properties and Lemma 2.2,

h2Ã0J
−1M(1− ρ̃(hD′)) :

{
Lr(Rn)→h2 W 1,r(Rn)

L2
δ(Rn)→h2 H1

δ (Rn)
, (3.112)
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h2Ã0J
−1F+M(1− ρ̃(hD′)) :

{
Lr(Rn)→h2 W 1,r(Rn)

L2
δ(Rn)→h2 H1

δ (Rn)
. (3.113)

Note that the operators above appear in (3.108) with additional operators pre-
composed to them. We address this now. By (3.110) and (3.112),

W 1,r(Rn)
I+h∂xn−−−−−→ Lr(Rn)

Ã0J
−1Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−→

h2
W 1,r(Rn) ,

H1
δ (Rn)

I+h∂xn−−−−−→ L2
δ(Rn)

Ã0J
−1Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−→

h2
H1
δ (Rn) ,

(3.114)

and

C∞c (R;L2(Rn−1))
I+h∂xn−−−−−→ C∞c (R;L2(Rn−1)) ⊂ L2(Rn)

Ã0J
−1Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−→

h2
H1(Rn) .

(3.115)

Now by (3.111) and (3.113),

W 1,r(Rn)
I+−−→W 1,0,r Ã0J

−1F+Z
−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−→
h2

W 1,r(Rn) ,

H1
δ (Rn)

I+−−→ L2
δ(Rn)

Ã0J
−1F+Z

−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−→
h2

H1
δ (Rn) ,

(3.116)

and

C∞c (R;L2(Rn−1))
I+−−→ C∞c (R;L2(Rn−1)) ⊂ L2(Rn)

Ã0J
−1F+Z

−1(1−ρ̃(hD′))
−−−−−−−−−−−−−−−−−→

h2
H1(Rn) .

(3.117)

Plugging (3.109), (3.114) and (3.116) into (3.108), we get that

Ã0(id− J+J)Z−1(1− ρ̃(hD′)) : W 1,r(Rn)→h2 W 1,r(Rn) ,

Ã0(id− J+J)Z−1(1− ρ̃(hD′)) : H1
δ (Rn)→h2 H1

δ (Rn) ,
(3.118)

and using (3.109), (3.115) and (3.117) we have

Ã0(id− J+J)Z−1(1− ρ̃(hD′)) : C∞c (R;L2(Rn−1))→h2 L2(Rn) . (3.119)

We will now define the remainders R1 and R2 in (3.102). Splitting up G̃φ as in
Lemma 2.4, by (3.118) we have

Lp
′
(Rn)

G̃cφ−−→
h−2

W 2,p(Rn)
J−→W 1,p(Rn)

A0(id−J+J)Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−−−→
h2

Lp(Rn) ,

and

L2
δ(Rn)

G̃cφ−−→
h−1

H2
δ−1(Rn)

J−→ H1
δ−1(Rn)

A0(id−J+J)Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−−−→
h2

L2
δ−1(Rn) ,

so that we put R1 := A0(id− J+J)Z−1(1− ρ̃(hD′))JG̃cφ1Ω̃, and

Lr(Ω̃)
1
Ω̃−−→ Lr(Rn)

G̃φ−G̃cφ−−−−−→W 2,r(Rn)
J−→W 1,r(Rn)

A0(id−J+J)Z−1(1−ρ̃(hD′))−−−−−−−−−−−−−−−−−−→
h2

Lr(Rn) ,

which we take to be R2.
Furthermore, to take care of (3.103), notice that by (3.91) and (3.119),

Ã0(id− J+J)Z−1(1− ρ̃(hD′))E : L2(Rn−1)→h2 L2(Rn) ,

which we define to be hRc,1.
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Proof of Item 2 in Lemma 3.11. Let 1 < r < ∞ be arbitrary. For the estimate
(3.105) we recall Ẽ1 from (2.12). Now using (3.91), and (3.85) we may deal with

hẼ1(id− J+J)Z−1(1− ρ̃(hD′))E by

L2(Rn−1)
(1−ρ̃(hD′))E−−−−−−−−→ C∞c (R;L2(Rn−1))

(id−J+J)Z−1

−−−−−−−−−→ H1(Rn)
hẼ1−−→
h

L2(Rn) ,

which we then call hRc,2.

We turn to the estimate (3.104). Let us commute Ẽ1 so that it is adjacent to

G̃φ:

hẼ1(id− J+J)Z−1(1− ρ̃(hD′))JG̃φ

= h(id− J+J)Z−1(1− ρ̃(hD′))JẼ1G̃φ

− h
(

[Ẽ1, J
−1]I+J + J−1I+[Ẽ1, J ]

)
Z−1(1− ρ̃(hD′))JG̃φ

+ h(id− J+J)
(

[Ẽ1, Z
−1](1− ρ̃(hD′))J + Z−1[Ẽ1, (1− ρ̃(hD′))J ]

)
G̃φ .

(3.120)

We first focus our attention on h(id− J+J)Z−1(1− ρ̃(hD′))JẼ1G̃φ, and intend to
distribute this term into R3 and R4. We use Lemma 2.5 to write

Ẽ1G̃φ = (Ẽ1G̃φ)c + Oph(S1
1S
−2
1 ) + hOph(S0

1(Rn−1))G̃φ , (3.121)

where

(Ẽ1G̃φ)c : L2(Rn)→ H2(Rn) , and (Ẽ1G̃φ)c : Lp
′
(Rn)→h−1 H2(Rn) . (3.122)

Now, by (3.85),

h(id−J+J)Z−1(1−ρ̃(hD′))J : W 2,r(Rn)
(1−ρ̃(hD′))J−−−−−−−−→W 1,r(Rn)

h(id−J+J)Z−1

−−−−−−−−−−→
h

W 1,r(Rn) ,

(3.123)

so that by (3.122) and (3.123),

h(id− J+J)Z−1(1− ρ̃(hD′))J(Ẽ1G̃φ)c :

{
Lp
′
(Rn)→ H1(Rn)

L2(Rn)→h H
1(Rn)

,

which then belongs to R3.
We turn to the second term in (3.121). First note that by Lemma 2.1

(1− ρ̃(hD′))JOph(S1
1S
−2
1 ) ∈ Oph

(
S1

1S
−1
1

)
,

so that with (3.75) and Lemma 2.1

Z−1(1− ρ̃(hD′))JOph(S1
1S
−2
1 ) : Lr(Rn)→W 1,r(Rn) .

Therefore,

Lr(Rn)
Z−1(1−ρ̃(hD′))JOph(S1

1S
−2
1 )

−−−−−−−−−−−−−−−−−−−→W 1,r(Rn)
h(id−J+J)−−−−−−−→

h
W 1,r(Rn) , (3.124)

which means that h(id− J+J)Z−1(1− ρ̃(hD′))JOph(S1
1S
−2
1 ) falls into R4.

Finally, we turn to the term corresponding to hOph(S0
1(Rn−1))G̃φ from (3.121).

Splitting up G̃φ with Lemma 2.4 we note that

G̃φ − G̃cφ : Lr(Rn)→W 2,r(Rn) , G̃cφ :

L
2
δ(Rn) →

h−1
H2
δ−1(Rn)

Lp
′
(Rn) →

h−2
W 2,p(Rn)

. (3.125)
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Now using (3.123), we see Lr(Rn)
G̃φ−G̃cφ−−−−−→W 2,r(Rn) and

W 2,r(Rn)
hOph,x′(S0

1(Rn−1))
−−−−−−−−−−−−−→

h
W 2,r(Rn)

h(id−J+J)Z−1(1−ρ̃(hD′))J−−−−−−−−−−−−−−−−−−→
h

W 1,r(Rn) ,

and thus h(id − J+J)Z−1(1 − ρ̃(hD′))JhOph(S0
1(Rn−1))(G̃φ − G̃cφ) is part of R4,

and

Lp
′
(Rn)

G̃cφ−−−→
h−2

W 2,p(Rn)
hOph,x′(S

0
1(Rn−1))

−−−−−−−−−−−−−→
h

W 2,p(Rn)
h(id−J+J)Z−1(1−ρ̃(hD′))J−−−−−−−−−−−−−−−−−−→

h
W 1,p(Rn) ,

L2
δ(Rn)

G̃cφ−−−→
h−1

H2
δ (Rn)

hOph,x′(S
0
1(Rn−1))

−−−−−−−−−−−−−→
h

H2
δ (Rn)

h(id−J+J)Z−1(1−ρ̃(hD′))J−−−−−−−−−−−−−−−−−−→
h

H1
δ (Rn) ,

so that h(id− J+J)Z−1(1− ρ̃(hD′))JhOph(S0
1(Rn−1))G̃cφ is part of R3. This con-

cludes categorizing the first term in (3.120) into R3 and R4.
Now let us consider the terms with commutators in (3.120). Recalling (3.75)

and (3.76), we have

Z−1 = Oph,x′
(
S−1

1 (Rn−1)
)

+ hM , (3.126)

where

M : W s,r(Rn−1)→W s+1,r(Rn−1) , M : Hs
δ (Rn−1)→ Hs+1

δ (Rn−1) , s ∈ {0, 1, 2} ,
(3.127)

so that (3.126), (3.127) and (2.12) imply

[Ẽ1, Z
−1] :

{
W 1,r(Rn)→h W

1,r(Rn)

H1
δ (Rn)→h H

1
δ (Rn)

. (3.128)

Furthermore, by [7, p. 116],

[Ẽ1, J
−1] :

{
Lr(Rn)→h L

r(Rn)

L2
δ(Rn)→h L

2
δ(Rn)

(3.129)

and by the pseudo-differential calculus,

[Ẽ1, (1− ρ̃(hD′))J ] :

{
W 2,r(Rn)→h W

1,r(Rn)

H2
δ (Rn)→h H

1
δ (Rn)

, (3.130)

[Ẽ1, J ] :

{
W 1,r(Rn)→h L

r(Rn)

H1
δ (Rn)→h L

2
δ(Rn)

. (3.131)

We perform the explicit estimate for the operator in (3.120) that corresponds to
the term in (3.130): by (3.125) and (3.85) we see that

Lr(Rn)
G̃φ−G̃cφ−−−−−→W 2,r(Rn)

[Ẽ1,(1−ρ̃(hD′))J]−−−−−−−−−−−→
h

W 1,r(Rn)
h(id−J+J)Z−1

−−−−−−−−−−→
h

W 1,r(Rn) ,

which can be sorted into the R4 bucket, and

L2
δ(Rn)

G̃cφ−−→
h−1

H2
δ−1(Rn)

[Ẽ1,(1−ρ̃(hD′))J]−−−−−−−−−−−→
h

H1
δ−1(Rn)

h(id−J+J)Z−1

−−−−−−−−−−→
h

H1
δ−1(Rn) ,

and

Lp
′
(Rn)

G̃cφ−−→
h−2

W 2,p(Rn)
[Ẽ1,(1−ρ̃(hD′))J]−−−−−−−−−−−→

h
W 1,p(Rn)

h(id−J+J)Z−1

−−−−−−−−−−→
h

W 1,p(Rn) ,

which we consider part of R3.
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Proceeding in a similar fashion for (3.128), (3.129) and (3.131) we see that ap-

plying any of the terms containing a commutator in (3.120) to G̃φ − G̃cφ can be

sorted into the R4 bucket and applied to G̃cφ land these operators in R3.

Proof of Item 3 in Lemma 3.11. Finally, we will turn to the h2Ẽ0 term in (3.106)

and (3.107). Recalling (2.12) and (3.85), and splitting up G̃φ as in Lemma 2.4, we
have

Lr(Rn)
G̃φ−G̃cφ−−−−−→W 2,r(Rn)

(1−ρ̃(hD′))J−−−−−−−−→W 1,r(Rn)
(id−J+J)Z−1

−−−−−−−−−→W 1,r(Rn)
h2Ẽ0−−−→
h2

W 1,r(Rn) ,

so that we may take R6 = h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))J(G̃φ − G̃cφ).
On the other hand, in a similar manner we see that

h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))JG̃cφ : Lp
′
(Rn)→W 1,p(Rn) ,

h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))JG̃cφ : L2
δ(Rn)→h H

1
δ−1(Rn) ,

which we call R5.
Furthermore, using reasoning similar to that of (3.94),

h2Ẽ0(id− J+J)Z−1(1− ρ̃(hD′))E : L2(Rn−1)→h2 H1(Rn) ,

which becomes hRc,3.

3.3. Combined parametrix. Recall the definition of Ω̃ and Γ̃ ⊂ {xn = 0} from

Section 2, Pl from (3.56), and Ps from (3.2) and the notation that 1Ω̃v ∈ Lp
′
(Rn)

is the trivial extension of any v ∈ Lp′(Ω̃).

Proposition 3.12. Let v ∈ Lp′(Ω̃) and f ∈ L2(Γ̃).
If we define the operator

Pr(v, f) := (Pl + Ps +Bl)1Ω̃v +
(
Bc(1 + |K|2)1/2 −Oph,x′ (`) (1 + |K|2)−1/2

)
f ,

(3.132)

then in the sense of distributions on Ω̃ in the first component,(
1Ω̃h

2∆̃φ

τΓ̃(h∂̃ν + (∂̃νφ))

)
Pr(v, f) = (id +Rr + hR′r)(v, f) (3.133)

where Rr = (Rr,1, Rr,2) and R′r = (R′r,1, R
′
r,2), and

Rr,1 : Lp
′
(Ω̃)× L2(Γ̃)→h0 L2(Ω̃) , Rr,2 : Lp

′
(Ω̃)× L2(Γ̃)→h0 L2(Γ̃) ,

Rr,1 : L2(Ω̃)× L2(Γ̃)→h L
2(Ω̃) , Rr,2 : L2(Ω̃)× L2(Γ̃)→h L

2(Γ̃) , (3.134)

R′r,1 : Ls(Ω̃)× L2(Γ̃)→h0 Ls(Ω̃) , R′r,2 : Ls(Ω̃)× L2(Γ̃)→h0 L2(Γ̃) , s ∈ {p′, 2} .

Furthermore,

1Ω̃Pr :

{
Lp
′
(Ω̃)× L2(Γ̃)→h−2 Lp(Ω̃) ∩H1(Ω̃)

L2(Ω̃)× L2(Γ̃)→h−1 Lp(Ω̃) ∩H1(Ω̃)

with bounds

‖1Ω̃Pr(v, f)‖
Lp

. h−2 ‖v‖Lp′+h
−1 ‖f‖L2 (3.135)

‖1Ω̃Pr(v, f)‖
H1 . h−1 ‖v‖L2 + ‖f‖L2 . (3.136)
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Proof. Fix v ∈ Lp′(Ω̃), and f ∈ L2(Γ̃) where we interpret f ∈ L2(Rn−1) by trivial
extension. We begin by proving (3.133) with the estimates stated in (3.134).

According to [7, Prop. 5.2], we have

1Ω̃h
2∆̃φPl = (1− ρ̃(hD′)) +Rl + hR′l where Rl :

{
L2(Ω̃)→h L

2(Ω̃)

Rl : L
p′(Ω̃)→h0 L2(Ω̃)

,

R′l : L
r(Ω̃)→h0 Lr(Ω̃) , 1 < r <∞ ,

(3.137)
Furthermore, [7, Prop. 5.6] states that

1Ω̃h
2∆̃φPs = ρ̃(hD′) + hRs , where Rs : Lr(Ω̃)→h0 Lr(Ω̃) , 1 < r <∞ .

(3.138)
By (3.61) we have that

1Ω̃h
2∆̃φBl = Rm + hR′m with Rm : L2(Ω̃)→h L

2(Ω̃) , Rm : Lp
′
(Ω̃)→h0 L2(Ω̃) ,

R′m : Lr(Ω̃)→h0 Lr(Ω̃), 1 < r <∞ .

(3.139)

Adding (3.139), (3.138), and (3.137), we see that, as an element of D(Ω̃),

1Ω̃h
2∆̃φ [Pl + Ps +Bl] 1Ω̃v = (1 +Rl + hR′l + hRs +Rm + hR′m)v , (3.140)

and using (3.62) and (3.6),

1Ω̃h
2∆̃φ

[
Bc(1 + |K|2)1/2 −Oph,x′ (`) (1 + |K|2)−1/2

]
f

= h(Rc(1 + |K|2)1/2 − 1Ω̃R`(1 + |K|2)−1)f .
(3.141)

Now adding (3.140) and (3.141) we get

1Ω̃h
2∆̃φPr(v, f) = v +Rr,1(v, f) + hR′r,1(v, f) . (3.142)

where

Rr,1(v, f) := (Rl +Rm)v ,

R′r,1(v, f) := (R′l +R′m +Rs)v + (Rc(1 + |K|2)1/2 − 1Ω̃R`(1 + |K|2)−1/2)f ,

satisfy the estimates stated in (3.134).

Now we compute the action of τΓ̃(h∂̃ν+(∂̃νφ)) on each of the five terms appearing
in Pr. We observe that by (3.58), (3.64), and (3.3) respectively

τΓ̃(h∂̃ν + (∂̃νφ))Plv = −(1 + |K|2)1/2(1− ρ̃(hD′))τΓ̃JG̃φv

τΓ̃(h∂̃ν + (∂̃νφ))Blv = (1 + |K|2)1/2(1− ρ̃(hD′))τΓ̃JG̃φv + h(R′bl +R′′bl)v

τΓ̃(h∂̃ν + (∂̃νφ))Psv = 0 ,

where in the last line we used that suppv ⊂ Rn+. Combining these equations, we

get, denoting by 1Γ̃ the indicator of Γ̃,

τΓ̃(h∂̃ν + (∂̃νφ)) (Pl + Ps +Bl) v = h1Γ̃(R′bl +R′′bl)v . (3.143)

where R′bl and R′′bl satsifies the estimates given in (3.66). Finally, we invoke (3.7)
and (3.65) so that

τΓ̃(h∂̃ν + (∂̃νφ))Bc(1 + |K|2)1/2 = 1Γ̃(1− ρ̃(hD′)) + h1Γ̃Rbc(1 + |K|2)1/2 ,

τΓ̃(h∂̃ν + (∂̃νφ))Oph,x′ (`) (1 + |K|2)−1/2 = −1Γ̃ρ̃(hD′) + h1Γ̃Rb(1 + |K|2)−1/2
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for
Rb : Lr(Rn−1)→h0 Lr(Rn−1) for 1 < r <∞ ,

Rbc : L2(Rn−1)→h0 L2(Rn−1) .
(3.144)

Adding both of the above equations to (3.143) we obtain

τΓ̃(h∂̃ν + (∂̃νφ))Pr(v, f) = f +Rr,2(v, f) + hR′r,2(v, f) . (3.145)

where

Rr,2(v, f) = h1Γ̃R
′
blv

R′r,2(v, f) = 1Γ̃R
′′
blv + (1Γ̃Rbc(1 + |K|2)1/2 − 1Γ̃Rb(1 + |K|2)−1/2)f .

Using (3.66) to estimate 1Γ̃R
′
blv and 1Γ̃R

′′
blv (where 1Γ̃R

′
bl : L

2(Ω̃)→ L2(Γ̃) since

Γ̃ is bounded) and using (3.144) to estimate Rb and Rbc we obtain the estimates
stated in (3.134). So combining (3.145) with (3.142) we arrive at (3.133) with the
appropriate remainder estimates for Rr and R′r.

We begin now with the proof of (3.135) and (3.136). According to [7, Prop. 5.1]
we have

1Ω̃Pl : L
p′(Rn)→h−2 L

p(Ω̃) ∩H1(Ω̃) , and 1Ω̃Pl : L
2(Rn)→h−1 H

1(Ω̃) ↪→h−1 L
p(Ω̃) ,

(3.146)

where these latter estimates are unweighted due to the fact they are only considered
on Ω̃. Furthermore, [7, Prop. 5.6] gives

1Ω̃Ps :

{
Lp
′
(Rn)→W 2,p′(Ω̃) ↪→h−1 H1(Ω̃) ↪→h−1 Lp(Ω̃)

L2(Rn)→ H2(Ω̃) ↪→h−1 Lp(Ω̃)
. (3.147)

Combining (3.146), (3.147), and (3.59),

1Ω̃ (Pl + Ps +Bl) 1Ω̃ :

{
Lp
′
(Ω̃)→h−2 Lp(Ω̃) ∩H1(Ω̃)

L2(Ω̃)→h−1 H1(Ω̃)
.

Now due to (3.60) and (3.8), we have

1Ω̃Bc : L2(Rn−1)→ H1(Ω̃) ↪→h−1 Lp(Ω̃)

1Ω̃Oph (`) : L2(Rn−1)→ H1(Ω̃) ↪→h−1 Lp(Ω̃) ,

which concludes the proof of (3.135) and (3.136).

4. Green’s function. Recall the definitions of Ω,Γ and Γ̃ from Sections 1 and 2.1,
and let γ∗ and (γ−1)∗ denote the pull-backs by the change of variable γ from (2.4)

and its inverse. Let τΓ and τΓ̃ be the traces onto Γ and Γ̃ respectively.
In this section we will turn the parametrix constructed in Proposition 3.12 into

an exact Green’s function GΓ for the boundary value problem

h2∆φGΓ(v, f) = v , and τΓ(∂ν + ∂νφ)GΓ(v, f) = −f ,
which is the content of the following proposition, the proof of which follows [7,
Prop. 6.1]. As a consequence we will also prove Theorem 1.4.

Proposition 4.1. There is a linear map GΓ : Lp
′
(Ω) × L2(Γ) → Lp(Ω) ∩ H1(Ω)

satisfying,

〈u, h2∆φGΓ(v, f)〉 = 〈u, v〉 ∀u ∈ C∞c (Ω) , (4.1)

and

τΓ(∂ν + ∂νφ)GΓ(v, f) = −f . (4.2)
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Furthermore,

GΓ : Lp
′
(Ω)×L2(Γ)→h−2 Lp(Ω)∩H1(Ω) , and GΓ : L2(Ω)×L2(Γ)→h−1 H1(Ω) ,

with bounds

‖GΓ(v, f)‖Lp . h−2 ‖v‖Lp′+h
−1 ‖f‖L2 (4.3)

‖GΓ(v, f)‖H1 . h−1 ‖v‖L2 + ‖f‖L2 . (4.4)

Finally,

(γ−1)∗ ◦GΓ(v, f) = Pr(id +R)(ṽ,−f̃) , (4.5)

where Pr is the operator defined in (3.132) and

R :

{
L2(Ω̃)× L2(Γ̃)→h L

2(Ω̃)× L2(Γ̃)

Lp
′
(Ω̃)× L2(Γ̃)→h0 L2(Ω̃)× L2(Γ̃)

. (4.6)

Proof. Let v ∈ Lp
′
(Ω) and f ∈ L2(Γ) be fixed. Put ṽ := (γ−1)∗v ∈ Lp

′
(Ω̃) and

f̃ := 1Γ̃(γ−1)∗f ∈ L2(Γ̃).
Note that according to (3.133) we have(

1Ω̃h
2∆̃φ

τΓ̃(h∂̃ν + (∂̃νφ))

)
Pr(ṽ, f̃) = (id +Rr + hR′r)(ṽ, f̃), (4.7)

with Rr, R
′
r satisfying the estimates given in (3.134), which in particular means that

Rr : Lp
′
(Ω̃)× L2(Γ̃)→h0 L2(Ω̃)× L2(Γ̃) , Rr : L2(Ω̃)× L2(Γ̃)→h L

2(Ω̃)× L2(Γ̃) .
(4.8)

We begin by removing the remainder R′r in (4.7). Let

S := (id + hR′r)
−1 : Ls(Ω̃)× L2(Γ̃)→h0 Ls(Ω̃)× L2(Γ̃) , s ∈ {p′, 2} (4.9)

so that

(id +Rr + hR′r)S(ṽ, f̃) = (id +RrS)(ṽ, f̃) (4.10)

and the right-hand side of (4.10) has the inverse

(id +RrS)−1(ṽ, f̃) = (ṽ, f̃)−
∑
k≥0

(−RrS)kRrS(ṽ, f̃) ∈ Lp
′
(Ω̃)× L2(Γ̃) , (4.11)

which is well-defined because of (4.8). This means that

(id +Rr + hR′r)S(id +RrS)−1(ṽ, f̃) = (ṽ, f̃) . (4.12)

and from (4.7) we have that(
1Ω̃h

2∆̃φ

τΓ̃(h∂̃ν + (∂̃νφ))

)
PrS(id +RrS)−1 = id . (4.13)

Now by (4.9) and (4.8), we have the estimates∑
k≥0

(−RrS)kRrS : Lp
′
(Ω̃)× L2(Γ̃)→h0 L2(Ω̃)× L2(Γ̃) ,

∑
k≥0

(−RrS)kRrS : L2(Ω̃)× L2(Γ̃)→h L
2(Ω̃)× L2(Γ̃) .

Using (4.11) and (4.9) we see that

R := S(id +RrS)−1 − id =
∑
k≥1

(−hRr)k − S
∑
k≥0

(−RrS)kRrS . (4.14)
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So

R : L2(Ω̃)× L2(Γ̃)→h L
2(Ω̃)× L2(Γ̃) , and R : Lp

′
(Ω̃)× L2(Γ̃)→h0 L2(Ω̃)× L2(Γ̃) ,

which proves (4.6). In view of (4.13), and (4.14), we have, for all ũ ∈ C∞c (Rn+),

〈h2∆̃φPr(id +R)(ṽ, f̃), ũ〉 = 〈ṽ, ũ〉 , and τ(h∂̃ν + (∂̃νφ))Pr(id +R)(ṽ, f̃) = f̃ .
(4.15)

Now we define

GΓ(v, f) := γ∗ ◦Pr(id+R)((γ−1)∗v,−1Γ̃(γ−1)∗f) = γ∗ ◦Pr(id+R)(ṽ,−f̃) , (4.16)

so that (4.5) is satisfied.
Furthermore, by (4.15), for all u ∈ C∞c (Ω),

〈u, h2∆φGΓ(v, f)〉Ω = 〈u, γ∗ ◦ h2∆̃φPr(id +R)((γ−1)∗v, f̃)〉Ω
= 〈det

∣∣(γ−1)′
∣∣ (γ−1)∗u, h2∆̃φPr(id +R)((γ−1)∗v, f̃)〉Ω̃

= 〈det
∣∣(γ−1)′

∣∣ (γ−1)∗u, (γ−1)∗v〉Ω̃
= 〈u, v〉Ω ,

which is to say that in the distributional calculus on Ω, GΓ is the inverse of h2∆φ,
proving (4.1). Furthermore, by (2.6) and (4.15),

τΓ(h∂ν + ∂νφ)GΓ(v, f) = γ∗ ◦ τΓ̃(h∂̃ν + (∂̃νφ))Pr(ṽ,−f̃) = −γ∗ ◦ (γ−1)∗f = −f ,
which shows (4.2).

Note that by (4.6),

id +R :

{
L2(Ω̃)× L2(Γ̃)→h0 L2(Ω̃)× L2(Γ̃)

Lp
′
(Ω̃)× L2(Γ̃)→h0 Lp

′
(Ω̃)× L2(Γ̃)

so that after the change of variables with γ, the properties (3.135) and (3.136) from
Pr are passed on verbatim to GΓ via (4.16), proving (4.3) and (4.4).

4.1. Proof of theorem 1.4. The only thing left is to glue together different parts
of the boundary and apply Proposition 4.1 to each part. This proof follows that of
[7, Thm. 1.3] but will be reproduced nevertheless.

Proof of Theorem 1.4. Take Ξ = ∂Ω\B. Refer to Fig. 2 for the following definitions.

Referring to Section 1, by assumption on Ξ, we have
⋃N
j=1 Γj = Ξ where each Γj

is defined by some function gj ∈ C∞c (Rn−1), refer to (2.1), and the Γj are pairwise
positively separated.

Now fix 1 ≤ l ≤ N and put Γ = Γl, g = gl. Without loss of generality we may
assume that there exists some open neighborhood Γ′ with Γ b Γ′ ⊂ ∂Ω so that
yn ≥ g(y′) for all y ∈ Γ′, and Γ′ is positively separated from all Γj 6= Γ, 1 ≤ j ≤ N .
Were this not the case, we could replace g by some function g′ ∈ C∞c (Rn−1) so that
the boundary of Ω is also defined by g′ in a neighborhood of Γ and this Γ′ exists.

The existence of Γ′ implies there is some open neighborhood W ⊂ Rn of Γ so
that W ∩ Ω ⊂ {y ∈W : yn > g(y′)} and W ∩ ∂Ω = Γ′.

Let χ ∈ C∞c (Rn) so that χ is identically one in a neighborhood of {y ∈ W ∩
∂Ω: yn = g(y′)} and suppχ b W . These properties imply that there is some ε > 0
so that

supp(1Ω∇χ) ⊂ {yn ≥ g(y′) + ε} . (4.17)

In fact, we choose the support of χ so that (4.17) holds and suppχ is positively
separated from every Γj 6= Γ, 1 ≤ j ≤ N .
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ΓΓΓ′ Γ′
×× × ×

yn > g(y′)

Ω

W

∂Ω

Figure 2. To simplify sketching it, we consider the boundary ∂Ω
to be flat, where Ω sits above the horizontal line. The sets Γ and
Γ′ are denoted by their endpoints. The interior of the inner-most
ellipse is the set in which χ = 1, the area inside the next smallest
ellipse is the support of χ. The set inside the ellipse marked by
the dashed line denotes W . Finally, the area above the thick line
is where yn > g(y′).

Fix v ∈ Lp′(Ω) and f ∈ L2(Ξ), and let 1Γf ∈ L2(Γ) be the restriction of f onto
Γ.

Let GΓ be the Green’s function for Ω from Proposition 4.1, and define

ΠΓ(v, f) := χ1Ω(Gφ1Ωv −GΓ(v, 1Γf)) ,

where Gφ is the inverse of h2∆φ from Lemma 2.4.
Note that by Lemma 2.4, ΠΓ inherits the same mapping properties as GΓ (see

(4.3) and (4.4)), namely that

ΠΓ : Lp
′
(Ω)× L2(Γ̃)→h−2 Lp(Ω) , and ΠΓ : L2(Ω)× L2(Γ̃)→h−1 H1(Ω) ,

with bounds

‖ΠΓ(v, f)‖Lp . h−2 ‖v‖Lp′+h
−1 ‖f‖L2 (4.18)

‖ΠΓ(v, f)‖H1 . h−1 ‖v‖L2 + ‖f‖L2 . (4.19)

Furthermore, by (4.2) and due to the fact that χ ≡ 1 on Γ,

τΓ(h∂ν + ∂νφ)ΠΓ = τΓ(h∂ν + ∂νφ)Gφ + 1Γf .

At the end of this section we will show the following lemma.

Lemma 4.2. The operator

Rf,Γ := h2∆φ1ΩΠΓ(·, f) (4.20)

satisfies the mapping property

Rf,Γ : Lp
′
(Ω)→h0 L2(Ω) , and Rf,Γ : L2(Ω)→h L

2(Ω) . (4.21)

Recall that Ξ =
⋃N
j=1 Γj , and each Γj is defined by gj ∈ C∞c (Rn−1). Construct

ΠΓj as above for each Γj with χj that has disjoint support from every other χs for
j 6= s. Defining

Π(v, f) := Gφv −
N∑
j=1

ΠΓj (v, f) ,

we have

τΞ(h∂ν + ∂νφ)Π(v, f) = −f , and h2∆φ1ΩΠ(v, f) = (id +Rf )v , (4.22)
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where for Rf,Γj from (4.20) and by (4.21),

Rf : L2(Ω)→h L
2(Ω) , and Rf : Lp

′
(Ω)→ L2(Ω) , and Rf =

N∑
j=1

Rf,Γj .

Inverting by Neumann series similar to (4.11) we set

GΞ(v, f) := Π((id +Rf )−1v, f) . (4.23)

so that (4.18) and (4.19) imply (1.6) and (1.7). Furthermore, (4.22) and (4.23)
imply (1.3) and (1.4), and (1.5) is implied by (1.6) and (1.7).

Proof of Lemma 4.2. In this proof we will fix f and the mapping identities we state
will only be about the first variable v. This will result in us finding a remainder Rf
that depends on and may be considered a function of f .

Note that in the calculus of distributions on Ω, 1Ω commutes with h2∆φ so that

χh2∆φ1ΩGΓ = χ1Ωh
2∆φGΓ = χ

as distributions on Ω by (4.1). Additionally, by Lemma 2.4, Gφ inverts h2∆φ so
that as distributions on Ω, we have χh2∆φ1ΩGφ = χ. Combining this yields,
distributionally on Ω,

h2∆φΠΓ(v, f) = [h2∆φ, χ]1Ω(Gφ1Ωv −GΓ(v, 1Γf)) . (4.24)

Changing coordinates, and noting that [h2∆̃φ, χ̃] and 1Ω̃ commute in distribution,
(4.5) and (4.24) give us

h2∆φΠΓ(v, f) = γ∗ ◦ 1Ω̃[h2∆̃φ, χ̃](G̃φ1Ω̃ṽ − Pr(id +R)(ṽ,−f̃)) (4.25)

where Pr is defined in (3.132), R satisfies (4.6), ṽ = (γ−1)∗v and f̃ = 1Γ̃(γ−1)∗(1Γf),

and we remark that h−1[h2∆̃φ, χ̃] is a pseudo-differential operator of order 1 on Rn.
Notice that

1Ω̃[h2∆̃φ, χ̃]Pr(id+R)(ṽ,−f̃) = 1Ω̃[h2∆̃φ, χ̃]
(
PrR(ṽ,−f̃) + Pr(ṽ,−f̃)

)
, (4.26)

where due to (4.6) the first term of (4.26) maps

Lp
′
(Ω̃)

R(·,−f̃)−−−−−→ L2(Ω̃)× L2(Γ̃)
Pr−−→
h−1

H1(Ω̃)
1Ω̃[h2∆̃φ,χ̃]
−−−−−−−→

h
L2(Ω̃) ,

L2(Ω̃)
R(·,−f̃)−−−−−→

h
L2(Ω̃)× L2(Γ̃)

Pr−−→
h−1

H1(Ω̃)
1Ω̃[h2∆̃φ,χ̃]
−−−−−−−→

h
L2(Ω̃) ,

which, after applying γ∗, can be sorted into RΓ,f .
Thus, the only term in (4.25) we still have to estimate according to (4.21) is

1Ω̃[h2∆̃φ, χ̃](G̃φ1Ω̃ṽ − Pr(ṽ,−f̃)) .

Note that

Pr(ṽ, f̃) = (Pl + Ps +Bl) 1Ω̃ṽ +
(
Bc(1 + |K|2)1/2 −Oph,x′ (`) (1 + |K|2)−1/2

)
f̃ ,

(4.27)

where by [7, Prop. 5.6], for the second term in (4.27),

Ps : L2(Rn)→h0 H2(Rn) , and Ps : Lp
′
(Rn)→W 2,p′(Rn) ↪→h−1 H1(Rn) ,

and thus applying [h2∆̃φ, χ̃] to this output grants another h and costs one regularity,
which fits the profile of Rf,Γ.
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For the fifth term in (4.27) we argue that by (3.8),

1Ω̃Oph,x′ (`) : L2(Rn−1)→h0 H2(Ω̃) ,

so that 1Ω̃[h2∆̃φ, χ̃]Oph,x′ (`) (1 + |K|2)−1/2f ∈ hL2(Ω̃), which we consider part of
Rf,Γ.

We consider the third term in (4.27). Since J−1J = id we have id − J+J =
J−1(id− I+)J = J−11Rn−J . Due to the fact that only terms containing derivatives

of χ̃ survive in [h2∆̃φ, χ̃] and (4.17), the support of 1Ω̃[h2∆̃φ, χ̃] lies in xn > ε > 0.
Now [7, Lem. 3.4] gives

1Ω̃[h2∆̃φ, χ̃]J−11Rn− : Lr(Rn)→h2 Lr(Rn) , 1 < r <∞ , (4.28)

and Bl = (id−J+J)Z−1(1−ρ̃(hD′))JG̃φ = J−11Rn−JZ
−1(1−ρ̃(hD′))JG̃φ, so using

(4.28) and Lemma 2.4, we have

L2(Ω̃)
JZ−1(1−ρ̃(hD′))JG̃cφ−−−−−−−−−−−−−−→

h−1
L2(Rn)

1Ω̃[h2∆̃φ,χ̃]J−11Rn−−−−−−−−−−−−−→
h2

L2(Ω̃) ,

and

Lp
′
(Ω̃)

JZ−1(1−ρ̃(hD′))JG̃cφ−−−−−−−−−−−−−−→
h−2

Lp(Rn)
1Ω̃[h2∆̃φ,χ̃]J−11Rn−−−−−−−−−−−−−→

h2
Lp(Ω̃) ⊂ L2(Ω̃) ,

which fits (4.21) for Rf,Γ.

Note that [h2∆̃φ, χ̃] does not shift support with respect to xn, and that by (3.85),
(id− J+J)Z−1 : W 1,r(Rn)→W 2,r(Rn+), so

Lp
′
(Rn)

G̃φ−G̃cφ−−−−−→W 2,p′(Rn)
(1−ρ̃(hD′))J−−−−−−−−→W 1,p′(Rn)

(id−J+J)Z−1

−−−−−−−−−→W 2,p′(Rn+)

which we continue to estimate

W 2,p′(Rn+) ↪→h−1 H1(Rn+)
[h2∆̃φ,χ̃]−−−−−−→

h
L2(Rn+) ,

and

L2(Rn)
G̃φ−G̃cφ−−−−−→ H2(Rn)

(1−ρ̃(hD′))J−−−−−−−−→ H1(Rn)
(id−J+J)Z−1

−−−−−−−−−→W 2,2(Rn+)

which we further estimate

W 2,2(Rn+) ↪→h−1 W 1,2(Rn+)
[h2∆̃φ,χ̃]−−−−−−→

h
L2(Rn+) ,

which means we have taken care of the third term in (4.27) if we consider these

maps to be on Ω̃ by pre- and post-composing with 1Ω̃.
In dealing with the fourth term in (4.27) we can carry on as above: by (2.16),

we have J = h∂xn + F+ so that

JZ−1(1−ρ̃(hD′))E = Z−1(1−ρ̃(hD′))h∂xnE+F+Z
−1(1−ρ̃(hD′))E : L2(Rn−1)→ L2(Rn) ,

and then

L2(Rn−1)
JZ−1(1−ρ̃(hD′))E−−−−−−−−−−−−→ L2(Rn)

1Ω̃[h2∆̃φ,χ̃]J−11Rn−−−−−−−−−−−−−→
h2

L2(Ω̃) ,

which yields that 1Ω̃[h2∆̃φ, χ̃]Bc(1 + |K|2)1/2f ∈ hL2(Ω̃), which we consider part
of Rf,Γ.
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Finally, we turn to the first term of (4.27), which is to say that we want to

consider the expression 1Ω̃[h2∆̃φ, χ̃](G̃φ−Pl)1Ω̃ṽ. The identical estimate is handled
in [7, Lemm. 6.2], but for completeness, we perform the estimates here as well:

G̃φ − Pl = ρ̃(hD′)G̃φ + (1− ρ̃(hD′))(id− J+J)G̃φ , (4.29)

where the last term of (4.29) can be dealt with using (4.28) exactly as above.

For the term ρ̃(hD′)G̃φ in (4.29), we use [7, Lemm. 4.4] so that ρ̃(hD′)G̃cφ =

(ρ̃(hD′)G̃cφ)1 + (ρ̃(hD′)G̃cφ)2 where

(ρ̃(hD′)G̃cφ)1 ∈ Oph(S−∞1 (Rn)) , and (ρ̃(hD′)G̃cφ)2 = hOph(S−∞1 (Rn))G̃φ .

The first term maps L2(Rn)→ Hk(Rn) and Lp
′
(Rn)→W k,p′(Rn) ↪→h−1 Hk−1(Rn),

whereas the second term maps L2(Rn)→ Hk(Rn) and Lp
′
(Rn)→h−1 W k,p(Rn) ↪→

Hk(Rn) for all k ∈ N. Applying the commutator [h2∆̃φ, χ̃] provides an h and
removes one order of regularity.

5. CGO solutions. Take ω ∈ Sn−1 and Ξ = ∂Ω \ B as they are defined in Sec-
tion 1. The goal of this section is to prove Proposition 1.3 for which we will need a
preparatory lemma that comes from [16]. The only difference between the following
proof and its version in [7] lies in the boundary conditions, and thus the proof will
be kept short.

Lemma 5.1 ([7, Prop. 7.1]). For any f ∈ L2(Ξ) with ‖f‖L2 ≤ Ch, any L ∈ L2(Ω)

so that ‖L‖L2 ≤ Ch2, any q ∈ Ln/2(Ω) and any a = ah ∈ L∞(Ω) with ‖ah‖L∞ ≤ C
there is a solution r ∈ H]

∆(Ω) of

h2(∆φ + q)r = h2qa+ L , and τΞ(h∂ν + ∂νφ)r = −f ,
and limh→0 ‖r‖L2 = 0 and ‖r‖Lp ≤ C for h small enough.

Proof. In this proof C > 0 is a generic constant independent of h and may change
from one equation to the next. Let ε > 0 be arbitrary and write√
|q| =

√
|q|
[
+
√
|q|
]

where

∥∥∥∥√|q|[∥∥∥∥
L∞
≤ Cε , and

∥∥∥√|q|]∥∥∥
Ln/2

≤ ε . (5.1)

Furthermore, let θ : Ω→ R be a measurable function so that eiθ |q| = q.
We choose the ansatz

r = GΞ(
√
|q|w+L, f) , where (1+h2eiθ

√
|q|GΞ(

√
|q|·, 0))w = h2eiθ

√
|q|(a−GΞ(L, f)) .

(5.2)

Assuming such a w exists, we see from Theorem 1.4 that

h2(∆φ + q)r =
√
|q|
(

1 + h2eiθ
√
|q|GΞ(

√
|q|·, 0)

)
w+h2qGΞ(L, f) +L = h2qa+L ,

(5.3)
and τΞ(h∂ν + ∂νφ)r = −f .

We first construct w in (5.2) and show that ‖w‖L2 ≤ Ch2. This begins by proving

that the norm of h2eiθ
√
|q|GΞ(

√
|q|·, 0) : L2(Ω) → L2(Ω) can be made arbitrarily

small. Splitting
√
|q| as in (5.1) and using (1.6) and (1.7), we have√

|q|
[
GΞ(

√
|q|
[
·, 0) : L2(Ω)

√
|q|
[

−−−−→ L2(Ω)
GΞ(·,0)−−−−−→
h−1

L2(Ω)

√
|q|
[

−−−−→ L2(Ω)

√
|q|
]
GΞ(

√
|q|
[
·, 0) : L2(Ω)

√
|q|
[

−−−−→ L2(Ω) ↪→ Lp
′
(Ω)

GΞ(·,0)−−−−−→
h−2

Lp(Ω)

√
|q|
]

−−−−→
ε

L2(Ω)
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√
|q|
[
GΞ(

√
|q|
]
·, 0) : L2(Ω)

√
|q|
]

−−−−→
ε

Lp
′
(Ω)

GΞ(·,0)−−−−−→
h−2

Lp(Ω)

√
|q|
[

−−−−→ Lp(Ω) ↪→ L2(Ω)

√
|q|
]
GΞ(

√
|q|
]
·, 0) : L2(Ω)

√
|q|
]

−−−−→
ε

Lp
′
(Ω)

GΞ(·,0)−−−−−→
h−2

Lp(Ω)

√
|q|
]

−−−−→
ε

L2(Ω) .

We see that each of the four terms is bounded either by Ch−1 or Ch−2ε, which shows

that we may choose ε, h > 0 small enough so that
∥∥∥h2eiθ

√
|q|GΞ(

√
|q|·, 0)

∥∥∥
L2→L2

<

1. Thus, an application of the Neumann inversion proves that there exists a w ∈
L2(Ω) solving the right equation in (5.2). Due to the fact that ‖L‖Lp′ ≤ ‖L‖L2 ≤
Ch2 and ‖f‖L2 ≤ Ch, we may use (1.6) to see that ‖GΞ(L, f)‖Lp ≤ C. Now√
|q| ∈ Ln and ‖a‖L∞ < C so that

∥∥∥h2eiθ
√
|q|(a−GΞ(L, f))

∥∥∥
L2
≤ Ch2. Therefore,

this solution w admits ‖w‖L2 ≤ Ch2.
The only thing left to prove is that r has the properties we stated. By (1.6)

and (1.7), the facts that ‖L‖L2 ≤ Ch2, ‖f‖L2 ≤ Ch and ‖w‖L2 ≤ Ch2, we have

‖r‖Lp ≤ ‖GΞ(L, f)‖Lp +
∥∥∥GΞ(

√
|q|
[
w, 0)

∥∥∥
Lp

+
∥∥∥GΞ(

√
|q|
]
w, 0)

∥∥∥
Lp
≤ C + C + Cε .

Furthermore,

‖r‖L2 ≤ ‖GΞ(L, f)‖L2 +
∥∥∥GΞ(

√
|q|
[
w, 0)

∥∥∥
L2

+
∥∥∥GΞ(

√
|q|
]
w, 0)

∥∥∥
L2
≤ Ch+ Cεh+ Cε ,

which can be made arbitrarily small by first choosing ε > 0 appropriately and then
letting h→ 0. Noting that r is independent of ε, we thus get limh→0 ‖r‖L2 = 0.

Finally, from r ∈ Lp(Ω) we get qr ∈ Lp′(Ω) and due to (5.3) we have

h2∆φr = h2qa+ L− h2qr ∈ Lp
′
(Ω) ,

so that we may conclude r ∈ H]
∆(Ω), which concludes the proof.

5.1. Proof of proposition 1.3. The next proof follows that of [7, Prop. 7.2] and
[6, Prop. 1.4], but we restate it here for convenience of the reader.

Proof of Proposition 1.3. Take Ξ = ∂Ω \B. Let φ(y), ψ(y) be linear functions with
∇(φ + iψ) · ∇(φ + iψ) = 0 and ∇φ · ν(y) ≥ ε > 0 for some ε > 0 and all y ∈ Ξ.
If instead Ξ = ∂Ω \ F , the sign of ε would change, but the remainder of the proof
would stay the same.

Take ξ ∈ Rn orthogonal to ∇φ and ∇ψ, and put ψh(y) = (ξ − ω′h) · y, where

ω′h =
1−

√
1− h2 |ξ|2 |∇ψ|−2

h
∇ψ , (5.4)

which by the mean value theorem has length O(h).
By direct calculation we see that

∇(φ+ iψ + ihψh) · ∇(φ+ iψ + ihψh) = 0 , and so h2∆φe
iψ+ihψh

h = 0 . (5.5)

The proof of the following lemma is standard and will thus be omitted, see for
example [11, Thm. 1.2.6] or [5, Prop. 9.2]. It is here that the fact that ∇φ · ν(y) >
ε > 0 is used.

Lemma 5.2.

1. There is a function t ∈ C∞(Rn) so that

∇t · ∇t = d(y,Ξ)∞ , and τΞt = τΞ(φ+ iψ) , and τΞ∂νt = −τΞ∂ν(φ+ iψ) .
(5.6)
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In addition,

− (Ret− φ) ' d(y,Ξ) (5.7)

for all y in some neighborhood U ⊂ Rn of Ξ.
2. There is a function b ∈ C∞(Rn) supported in U so that

e−t/hh2∆(et/heiψhb) = d(y,Ξ)∞ +OL∞(h2) , and τΞb = 1 , (5.8)

and τΞ∂νb = OL∞(1).

The first part of (5.8) is equivalent to

h2∆et/heiψhb = eφ/he(t−φ)/h(d(y,Ξ)∞ +OL∞(h2)) . (5.9)

Due to (5.7) and the support property of b, if d(y,Ξ) < h1/2 then the right hand

side of (5.9) is bounded by eφ/hOL∞(h2), whereas if d(y,Ξ) ≥ h1/2, then e
t−φ
h ≤ h2,

which results in the same bound. Thus we may rephrase (5.9) into

h2∆φe
(t−φ)/heiψhb =: L ∈ OL∞(h2) . (5.10)

Put

ah := e
t−φ−iψ

h b ∈ C∞(Rn) , so that τΞah = τΞb = 1 , (5.11)

and because by (5.5), h2∆φe
iψ+ihψh

h 1 = 0,

h2∆φe
iψ+ihψh

h (1 + ah) = h2∆φe
iψ+ihψh

h ah = h2∆φe
t−φ+ihψh

h b = L . (5.12)

Furthermore, we may calculate

τΞe
−φ/hh∂νe

φ+iψ+ihψh
h (1 + ah) = τΞe

iψ+ihψh
h (2ih∂νψh + h∂νb) =: f , (5.13)

for some f ∈ L∞(Ξ) ⊂ L2(Ξ) with norm OL∞(h), since ∂νψh = OL∞(1) and
∂νb = OL∞(1).

Note again that on the support of b and when d(y,Ξ) ≥ h1/2, then |ah| ≤
O(e

t−φ
h ) ≤ O(h2), which vanishes as h → 0, and limh→0{y ∈ Ω: d(y,Ξ) ≥ h1/2} =

Ω. This is to say that limh→0 ah = 0 pointwise in Ω.

Using Lemma 5.1, find the r0 ∈ H]
∆(Ω) so that

h2(∆φ + q)r0 = −h2qe
iψ+ihψh

h ah − L , and τΞ(h∂ν + ∂νφ)r0 = −f , (5.14)

and put

r1 := e
−iψ−ihψh

h r0 ∈ H]
∆(Ω) , and u := e

φ+iψ+ihψh
h (1+ah+r1) ∈ H]

∆(Ω) . (5.15)

Calculating with (5.12), (5.14) and (5.15), we see that

h2(∆ + q)u = (h2eφ/h∆φe
−φ/h + h2q)u = 0 ,

and with (5.13),

τΞe
−φ/hh∂νu = τΞe

−φ/hh∂νe
φ+iψ+ihψh

h (1 + ah) + τΞe
−φ/hh∂νe

φ/hr0

= f + τΞ(h∂ν + ∂νφ)r0 = 0 .

Taking φ(y) = ω · y = en · y = yn and ψ(y) = ω′ · y the proof is complete.
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6. Uniqueness of coefficients. Let ω be as in Section 1, and let ω′ ∈ Sn−1 with
ω′ ⊥ ω. This proof closely follows [7, Thm. 1.1], but is included for convenience.

Proof of Theorem 1.1. While Proposition 1.3 is stated only for Ξ = ∂Ω \ B, ex-
changing ω with −ω, and thus also φ with −φ, it is not difficult to see that all
results leading up to and including Proposition 1.3 can be stated analogously where
Ξ = ∂Ω \ F .

Thus, with the choice Ξ = ∂Ω \B giving u− and Ξ = ∂Ω \ F giving u+, we may
construct

u± = e
±ω±iω′

h +iψ±h (1 + a±h + r±) ∈ H]
∆(Ω) (6.1)

so that

(∆ + q±)u± = 0 in Ω ,

∂νu+ = 0 on ∂Ω \ F =: Ξ+ , (6.2)

∂νu− = 0 on ∂Ω \B =: Ξ− .

and where ψ±h (y) = (ξ ∓ ω′h) · y, with ω′h from (5.4).
We follow an argument in [15, Lem. 3.1].

By the assumptions on this theorem we have that there exists some ũ− ∈ H]
∆(Ω)

with (∆ + q−)ũ− = 0 in Ω, supp(∂ν ũ−) ⊂ F , and

(u+|B , ∂νu+|F ) = (ũ−|B , ∂ν ũ−|F )

which, by (6.2), means that

u+|B = ũ−|B , and ∂νu+|∂Ω = ∂ν ũ−|∂Ω . (6.3)

Before we compute, let us state the following result, proved in the appendix.

Lemma 6.1. The map C∞(Ω̄) 3 u 7→ ∂νu|∂Ω ∈ H−1/2(∂Ω) has an extension that

is continuous on H]
∆(Ω).

Note that by Sobolev embedding u±, ũ− ∈ Lp(Ω) and so−∆u± = q±u± ∈ Lp
′
(Ω)

and q±u+u− ∈ L1(Ω). Using (6.2), we calculate that∫
Ω

(q+ − q−)u+u−dy =

∫
Ω

q+u+u− − u+q−u−dy = −
∫

Ω

∆u+u− − u+∆u−dy

and due to the fact that ∆ũ− = −q−ũ−,

= −
∫

Ω

∆(u+ − ũ−)u− − (u+ − ũ−)∆u−dy

= −
∫
∂Ω

∂ν(u+ − ũ−)u− − (u+ − ũ−)∂νu−dS , (6.4)

where the penultimate line makes sense because ∆(u+ − ũ−),∆u− ∈ Lp
′
(Ω), and

u−, (u+− ũ−) ∈ Lp(Ω), and the final line is meant as pairings between functions in
H1/2(∂Ω) and H−1/2(∂Ω).

Now (6.4) vanishes because by (6.2) and (6.3), ∂ν(u+ − ũ−) = 0 on ∂Ω, and
(u+ − ũ−) = 0 on B and ∂νu− = 0 on ∂Ω \B.

From here on, the proof follows [7, Thm 1.1].
Put q = q+ − q−, and plugging in the expressions for u+ and u− from (6.1) into

the outcome of (6.4), we have that

0 =

∫
Ω

e2iξ·yq(1 + a−h a
+
h + a−h + a+

h + a−h r+ + a+
h r− + r− + r+ + r+r−)dy . (6.5)
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Note that by the construction from Proposition 1.3, limh→0 a
±
h (y) = 0 pointwise

for all y ∈ Ω, and
∥∥a±h ∥∥L∞ ≤ C, and q ∈ Ln/2(Ω) ⊂ L1(Ω), so that by the dominated

convergence theorem,

lim
h→0

∫
Ω

e2iξ·yq(a+
h a
−
h + a−h + a+

h )dy =

∫
Ω

e2iξ·yq lim
h→0

(a+
h a
−
h + a−h + a+

h )dy = 0 ,

which takes care of the second, third and fourth term in (6.5).

Since for small h, ‖r±‖Lp ≤ C and q ∈ Ln/2(Ω), we have that qr± ∈ Lp
′
(Ω) ⊂

L1(Ω), we may use dominated convergence again to see that

lim
h→0

∫
Ω

e2iξ·yqr±a
∓
h dy = 0 ,

which deals with the fifth and sixth term in (6.5).
For the remaining terms, decompose q = q[ + q] with q[ ∈ L∞ and

∥∥q]∥∥
Ln/2 < ε.

Remember also that limh→0 ‖r±‖L2 = 0, which means that

lim
h→0

∣∣∣∣∫
Ω

e2iξ·yqr±dy

∣∣∣∣ ≤ lim
h→0

(∥∥∥q[∥∥∥
L∞
‖r±‖L2 +

∥∥q]∥∥
Ln/2 ‖r±‖Lp

)
≤ Cε (6.6)

for every ε > 0, wherefore the LHS of (6.6) vanishes. Thus the seventh and eigth
term in (6.5) vanish.

Similarly,

lim
h→0

∣∣∣∣∫
Ω

e2iξ·yqr+r−dy

∣∣∣∣ ≤ lim
h→0

(∥∥∥q[∥∥∥
L∞
‖r+‖L2 ‖r−‖L2 +

∥∥∥q]∥∥∥
Ln/2

‖r+‖Lp ‖r−‖Lp
)
≤ Cε ,

which then must also be zero, taking care of the final term in (6.5).
Since the only term surviving in (6.5) is the first, we may conclude that

F(q)(−2ξ) =

∫
Ω

e2iξ·yqdy = 0 .

This calculation is true for all ξ with ξ ⊥ ω. If we perturb ω by small amounts,
Ξ+ will still be a subset of {y ∈ ∂Ω: ω ·ν(y) < 0}. This means perturbing ω slightly,
we get an open set of ξ in which F(q)(−2ξ) = 0, which by the analyticity of F(q)
means that q = q+ − q− = 0.

As a direct consequence we are able to prove the uniqueness of conductivies as
well.

Proof of Corollary 1.2. This proof follows an argument in [23]. For the potentials

q± := −γ−1/2
± ∆(γ

1/2
± ) ∈ Ln/2(Ω) let u± satisfy

(∆ + q±)u± = 0 in Ω , u± ∈ H]
∆(Ω) , supp(∂νu±|∂Ω) ⊂ F .

Defining w± := γ
−1/2
± u±, a calculation shows

div(γ±∇w±) = 0 in Ω , w± ∈ H1(Ω) , supp(∂νw±|∂Ω) ⊂ F .

Due to ∂νγ+|∂Ω = ∂νγ−|∂Ω = 0, we have

(u±|B , ∂νu±|∂Ω) = (γ
1/2
± w±|B , γ1/2

± ∂νw±|∂Ω) ,

and defining the map Mγ± : (v1, v2) 7→ (γ
1/2
± v1, γ

−1/2
± v2), we see

CB,Fq± ⊂Mγ±C
B,F
γ± .
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Together with a Sobolev embedding, a similar argument will lead to the reverse
inclusion, so that given the assumptions CB,Fγ+

= CB,Fγ− and γ+|∂Ω = γ−|∂Ω, we may
conclude

CB,Fq+ = Mγ+
CB,Fγ+

= Mγ−C
B,F
γ− = CB,Fq− ,

and an application of Theorem 1.1 gives q+ = q−.
Writing out the definitions of q+, q−, we thus have

0 = 2γ
−1/2
+ ∆(γ

1/2
+ )− 2γ

−1/2
− ∆(γ

1/2
− )

= ∆(log γ+ − log γ−) +
1

2
∇(log γ+ + log γ−) · ∇(log γ+ − log γ−) .

Putting γ := log γ+− log γ− ∈W 2,n/2(Ω) ⊂W 1,2(Ω), we have γ|∂Ω = 0 and we may
apply the weak maximum principle (see [9, Cor. 8.2]) to conclude that γ+ = γ−.

Appendix

Appendix A. Properties of the partial cauchy data set. The proof here is
standard and follows [3].

Proof of Lemma 6.1. Fix v ∈ H1/2(∂Ω) and assume u ∈ C∞(Ω̄). By the standard
extension theorem there is some ev ∈ H1(Ω) so that ev|∂Ω = v and

‖ev‖H1(Ω) ≤ C ‖v‖H1/2(∂Ω) . (A.1)

Define

w(v) :=

∫
∂Ω

v̄∂νudS ,

where S is the surface measure and remark that by partial integration,

w(v) =

∫
Ω

∇u∇ēv − ēv∆udx

so that by Sobolev embedding H1(Ω) ⊂ Lp(Ω) and Hölder’s inequality,

|w(v)| ≤ C ‖∇u‖L2 ‖∇ev‖L2 + ‖ev‖Lp ‖∆u‖Lp′ ≤ C ‖u‖H]∆ ‖v‖H1/2(∂Ω) , (A.2)

where the second inequality in (A.2) used Poincaré’s inequality and (A.1). Note
also that the definition of w is independent of the choice of ev.

Thus (A.2) lets us conclude that w ∈ H−1/2(∂Ω) and C∞(Ω̄) 3 u 7→ w ∈
H−1/2(∂Ω) is bounded in the H]

∆(Ω) norm. Using the density of C∞(Ω̄) in H]
∆(Ω)

concludes the proof.

A.1. Seminorm bound on symbols. Let j ∈ S−∞1 (Rn−1) be a symbol satisfying∣∣∣∂αx′∂βξ′j(x′, ξ′)∣∣∣ ≤ Cα,β , and suppj ⊂ Rn−1 ×K , (A.3)

for some compact K ⊂ Rn−1 and some Cα,β ≥ 0.

Lemma A.1. Let a ∈ S−∞1 (Rn−1) be as in (A.3). We have a(x′, hD) : Lr(Rn−1)→
W k,r(Rn−1) for all k ∈ N0, 1 < r <∞ with the bound

‖a(x′, hD)u‖Wk,r ≤ CnCK max
|β|≤2n

C0,β ‖u‖Lr

where Cα,β are the seminorm bounds for the symbol 〈ξ′〉ka(x′, ξ′), Cn depends only
on the dimension n and CK depends only on the measure of K.
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Proof. Assume that u ∈ S (Rn−1) and fix 1 < r <∞, k ∈ N0.
Remark that by partial integration a(x′, hD′) has the integral kernel

ka(x′, y′) = (2π)−n+1

∫
K

ei(x
′−y′)·ξ′(1 + ∆ξ′)

na(x′, hξ′)dξ′(1 + |x′ − y′|2)−n (A.4)

which satisfies the bounds

|ka(x′, y′)| ≤ max
|β|≤2n

C0,βCnCK(1 + |x′ − y′|2)−n , (A.5)

where CK = |K| is the measure of K, and Cn = (2π)−n+1.
Using (A.5), we find that∫

Rn−1

|ka(x, y)|dx′ ≤ C ′nCK max
|β|≤2n

C0,β ,∫
Rn−1

|ka(x, y)|dy′ ≤ C ′nCK max
|β|≤2n

C0,β

(A.6)

where C ′n = Cn
∫
Rn−1(1 + |x′ − y′|2)−ndx′.

By [24, Prop. 5.1] and (A.6) we have

‖a(x′, hD′)u(x′)‖Lr ≤ C
′
nCK max

|β|≤2n
C0,β ‖u‖Lr . (A.7)

Finally, if we replace the symbol a by 〈ξ′〉ka(x′, ξ′), then the same arguments
with different seminorm bounds C ′α,β will give

‖a(x′, hD′)u(x′)‖Wk,r =
∥∥〈hD′〉ka(x′, hD′)u(x′)

∥∥
Lr
≤ C ′nCK max

|β|≤2n
C ′0,β ‖u‖Lr .

(A.8)
where we used the known fact that Bessel potential spaces correspond to Sobolev
spaces for integer regularity exponents. Using the density of S in Lr concludes the
proof.
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