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1 Introduction and summary

At low energies and large distances gravitational scattering exhibits universal behavior in the
form of soft theorems and memory effects that can be traced to an underlying asymptotic
symmetry. The infrared (IR) triangle is an abstraction that encapsulates this universality
of infrared physics in classical and quantum scattering. Until recently, complete infrared
triangles — where all three corners and the connection between them is understood — have
only been established for tree-level scattering processes. Loop effects associated to the long-
range nature of gravitational interactions crucially modify these infrared relations through
novel soft theorems with logarithmic dependence on the energy together with late-time tails
in the gravitational field that give rise to so-called tail memory effects. In this work, building
on [1], we complete the first infrared triangle in gravity where these infrared effects must
be accounted for: the (classical) superrotation infrared triangle.

In gravity, the leading infrared triangle encapsulates the realization [3] that the grav-
itational displacement memory formula in classical gravity [4–14] is the classical limit of
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Weinberg’s soft factorisation theorem of gravitational amplitudes [15]. Both these infrared
effects are universal in the sense that they do not depend on the details of the interactions.
The leading soft graviton theorem and the gravitational displacement memory effect constitute
two corners of an infrared triangle. The third corner arises from the realisation [3] that
both of these infrared effects are nothing but the conservation law (Ward identity) of the
supertranslation charge [16, 17] of four-dimensional asymptotically flat spacetimes.

Upon reflection an apparent puzzle arises. In four spacetime dimensions the gravitational
S-matrix trivialises precisely because of infrared effects which lead to e−∞ suppression factors.
How can we then assert that supertranslations are a symmetry of the S-matrix which may
not even exist ?! This apparent paradox is resolved in the same spirit in which we interpret
Weinberg’s soft graviton theorem in four dimensions. Namely, any factorisation theorem
is really a statement about the ratio of two regularised amplitudes. Both the numerator
and denominator in this ratio are separately ill-defined, but we first regulate them and, in
the limit that the regulator is taken to zero, the ratio remains infrared-finite and equals
Weinberg’s soft factor.

The subtleties involving infrared effects become more pronounced for the subleading
infrared triangle which relates the subleading tree-level soft graviton theorem [18] to a
gravitational spin memory effect [19] both of which can be expressed as a consequence of
superrotation symmetry [20, 21]. The latter constitutes a local enhancement of Lorentz
transformations which act on the celestial sphere at the conformal boundary of asymptotically
flat space as local conformal transformations [22]. This has raised the prospect that a putative
holographic dual to four-dimensional quantum gravity in asymptotically flat spacetimes may
share features with a two-dimensional conformal field theory [3, 22–36]; over the past few
years this has been developed in the celestial holography program [37–41].

However, the long-range nature of gravitational interactions casts a veil of ambiguity
on the subleading infrared triangle. Loop-corrections introduce non-analytic terms in the
soft expansion in the form of logarithms [42]. These render the tree-level subleading soft
graviton theorem ambiguous, and thus also its interpretation as the Ward identity associated
to superrotation symmetry. Consequently, this will affect the conjectured infinite-dimensional
w1+∞ symmetry algebra of quantum gravity in four-dimensional asymptotically flat space-
times [43, 44] and any flat space holographic proposal.

In this work, building on [1], we will show that superrotation symmetry is, in fact, a
symmetry of classical gravitational scattering and that its associated Ward identity is the
classical logarithmic soft graviton theorem that was recently established by Saha, Sahoo and
Sen [2, 45]. For massive point particles it has been shown that the latter can be recast as a
tail to the displacement memory effect [2, 46–48]; here we generalize this tail memory result to
massive fields in a formula that is similar to the non-linear memory for massless fields [49, 50].
Thus, our work provides the missing symmetry corner of the subleading infrared triangle which
explains the universality of the logarithmic soft theorem and the tail memory in the form of
superrotation symmetry. We will refer to it as the classical superrotation infrared triangle.

In the remainder of this section we review salient features of soft theorems in the presence
of long-range interactions and present our key findings. In this paper we give detailed proofs
of the results first reported in [1] including a novel extension of our main result to all orders
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Figure 1. Classical superrotation infrared triangle.

in the gravitational coupling and we propose a formula for the gravitational memory and
its tail for massive fields.

In a companion paper [51] we carry out a similar analysis in scalar QED where we
complete the classical superphaserotation infrared triangle associated to the logarithmic
soft photon theorem.

Power-law soft theorems. Tree-level scattering processes involving a low energy, or soft,
graviton with momentum kµ = ωqµ and N particles with hard momenta pi with i = 1, . . . , N

exhibit tree-level factorization properties expressed as a power-law expansion in the soft
graviton energy ω → 0 [15, 18, 52, 53],

MN+1(p1, . . . , pN ; (ω, q, ℓ)) =
∞∑

n=−1
ωnSn(p1, . . . , pN ; (q, ℓ))MN (p1, . . . , pN ) + . . . . (1.1)

The leading [15] and subleading [18] soft graviton theorems are universal in that their soft
factors only depend on the momenta and angular momenta of the hard particles but not
the details of the interactions,

S−1 = κ

2

N∑
i=1

εµνpµ
i pν

i

q · pi
, S0 = −i

κ

2

N∑
i=1

εµνpµ
i qρJρν

i

q · pi
. (1.2)

While the leading soft theorem is tree-exact, the subleading soft theorem receives corrections
at one-loop [45, 54]. Further subleading soft theorems receive both loop corrections as well
as non-universal contributions which, beyond the sub-subleading soft theorem, spoil the
factorization property. A more severe issue, which affects all subleading soft theorems, arises
due to the long-range nature of gravitational interactions which lead to infrared divergences
that render the standard S-matrix in four spacetime dimensions ill-defined. The above
power series expansion breaks down and receives non-analytic contributions in the form
of logarithms [42].

Logarithmic soft theorems. Given the existence of a well-defined soft expansion to
all orders in the loop expansion, it was shown by Saha, Sahoo and Sen in a series of
papers [2, 45, 55] that the ratio between an (N + 1)-point amplitude with a soft graviton
and the N -point amplitude without that soft particle is infrared-finite with its soft expansion
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given by [45]

MN+1(p1, . . . , pN ; (ω, q, ℓ))
MN (p1, . . . , pN ) =

∞∑
n=−1

ωn(lnω)n+1S(ln ω)
n + . . . . (1.3)

The n = −1 term is the leading (Weinberg) soft factor S
(ln ω)
−1 ≡ S−1. For n ≥ 0 the soft

expansion differs from the tree-level one [18]. In seminal work by Sahoo and Sen [45] the
leading logarithmic soft factor S

(ln ω)
0 ̸= S0 was shown to be universal and uniquely fixed by

the momenta of the scattering states, and in [55] this was shown to be true also for S
(ln ω)
1 ̸= S1.

Moreover, it is conjectured [2] that the all-order soft expansion contains a universal tower of
soft factors S

(ln ω)
n (the . . . contain non-universal terms of the form ωn(lnω)m with m ̸= n+1).

This would mean that the logarithmic soft theorems are valid to all orders in perturbation
theory and independent of the details of the hard scattering! If this is indeed true, we
expect to uncover asymptotic symmetries whose associated conservation laws give rise to
the logarithmic soft graviton theorems.

Our focus in this work is the (leading) logarithmic soft theorem of Einstein gravity
coupled to matter. The log soft factor may be split as [45]

S
(ln ω)
0 = S

(ln ω)
0,classical +∆S

(ln ω)
0,quantum. (1.4)

The classical log soft factor S
(ln ω)
0,classical can be derived from purely classical scattering and

is valid universally, i.e. it is independent of the theory and the nature of the external
particles [2, 48]. Alternatively, it can be derived from a quantum amplitude computation
which comes with an additional contribution ∆S

(ln ω)
0,quantum. This quantum log soft factor is

also expected to be universal but has been obtained from direct one-loop computations in
Einstein gravity [45] (see also [54]). Neither of the contributions to (1.4) turns out to contain
factors of ℏ and so the split into classical and quantum is only possible thanks to the existence
of a classical scattering computation [2, 42, 45] which yields the classical log soft theorem.

In Einstein gravity the classical log soft graviton factor is [45]

S
(ln ω)
0,classical =

i(κ
2 )3

8π

N∑
i=1

εµνpν
i qρ

q · pi

∑
j ̸=i

ηiηj=1

(pi · pj)
[
pµ

i pρ
j − pµ

j pρ
i

] [
2(pj · pj)2 − 3p2

i p2
j

]
[
(pi · pj)2 − p2

i p2
j

]3/2

−
i(κ

2 )3

4π

N∑
i=1

εµνpµ
i pν

i

q · pi

∑
j,ηj=−1

(q · pj).

(1.5)

The first term results from the late time gravitational radiation due to the late time acceleration
of the particles via long range gravitational interaction. It arises in the quantum computation
from the region where the loop momentum is large compared to the soft energy ω but small
compared to the energies of the other particles. The second term represents the effect of
gravitational drag on the soft graviton due to the other finite energy particles in the final
state which results in a time delay for the soft graviton to travel to the detector. In the
quantum computation this term originates from loop momenta smaller than ω and larger
than the infrared cut-off given by the inverse distance to the detector.1

1The drag also contributes to the O(ω0) term in the soft expansion, with a term proportional to lnR where
R is the largest scale in the problem given by the distance to the detector.
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In the quantum computation there are additional terms

∆S
(ln ω)
0,quantum = −

(κ
2 )3

16π2

N∑
i=1

εµρpρ
i qν

q · pi

(
pµ

i ∂ν
pi
− pν

i ∂µ
pi

)

×
∑
j ̸=i

2(pi · pj)2 − p2
i p2

j√
(pi · pj)2 − p2

i p2
j )

ln

pi · pj +
√
(pi · pj)2 − p2

i p2
j

pi · pj −
√
(pi · pj)2 − p2

i p2
j


−

(κ
2 )3

8π2

N∑
i=1

εµνpµ
i pν

i

q · pi

∑
j,ηj=−1

(q̂ · pj) log
m2

j

(q · pj)2 ,

(1.6)

which originate again from different regions of loop momentum integration: the first arises
from the region where the loop momentum is large compared to the soft energy ω but small
compared to the energies of the other particles, while the second term originates from loop
momenta smaller than ω and larger than the infrared cut-off given by the inverse distance to
the detector. In this work we will focus on deriving a symmetry interpretation for the classical
log soft graviton factor (1.5) while quantum infrared effects will be discussed elsewhere [56].2

Conservation laws for superrotations. Our goal is to give a first-principles derivation
of the classical logarithmic soft graviton theorem from infrared-finite conservation laws in
Einstein gravity coupled to massive matter. We will show that these conservation laws
arise from superrotation symmetry. The starting point is the computation of the symplectic
structure at the asymptotic boundary

Ωi±∪I± = Ωmat
i± +Ωrad

I± , (1.7)

which consists of a matter contribution at i± and a radiative contribution at I±. In the
absence of long-range infrared effects it has been shown [58–61] that one can construct charges
from the symplectic structure

Ω i± ∪I± (δ, δY ) = δQ±, (1.8)

when one of the field variations, denoted here by δY , implements superrotation symmetry.
Their classical conservation law Q+ = Q−, elevated at the level of the S-matrix to the
commutator

⟨out|Q+S − SQ−|in⟩ = 0, (1.9)

is equivalent to the subleading tree-level soft graviton theorem [58–60]. In this work we revisit
this connection when classical infrared effects are accounted for.

2An earlier study of the symmetry underlying the loop-corrected subleading soft graviton theorem was
carried out in [57], but there is a discrepancy between their conservation law and the (classical and quantum)
log soft theorem of Sahoo-Sen [45] which was argued to be due to error in [45]. However, in our understanding
the results of [45] are correct: our first principles derivation of the conservation law for superrotation symmetry
is in perfect agreement with the (classical) log soft graviton theorem of [2, 45]; we expect this equivalence to
continue to hold in the quantum theory. Moreover, our analysis allows us to directly compute the tail to the
displacement memory (a classical observable) which is unclear how to extract from [57].

– 5 –
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Due to the long-range nature of gravitational interactions asymptotic matter fields are
not free but ‘dressed’ by a phase [62],

φ = eiΦφ+
free + e−iΦφ−

free, (1.10)

where φ±
free denotes the positive/negative frequency modes of the real massive scalar field φ.

As we will show in section 3, the dressing Φ comes in the form of logarithms at early and late
times and is tied, via the equations of motion, to the asymptotic conditions of the metric in
the form of so-called “tails”. These are weaker compared to the standard radiative fall-offs in
the absence of long-range infrared effects. In section 4 we will identify superrotations that
are consistent with these asymptotics and smoothly interpolate between i± and I±.

The asymptotic behavior of the matter and radiation fields together with the superrota-
tions defined on i± ∪ I± serve as input to computing the IR corrected symplectic structure
which differs from its free counterpart. The matter dressing and the radiation tails cause
the symplectic structure to diverge at early and late times, both on the time-like and null
boundaries, as we will show in section 5. To regulate these IR divergences we introduce a
late-time cutoff Λ−1 for both boundaries. We then show that for superrotations the symplectic
structure can be expressed as a total variation on field space. This allows us to construct
a regularized Noether charge

QΛ = lnΛ−1
(
Q

(ln)
H + Q

(ln)
S

)
+
(
Q

(0)
H + Q

(0)
S

)
+ . . . , (1.11)

where the subscripts H and S refer to the ‘hard’ and ‘soft’ contributions to the total charge
which originate from, respectively, the i± and the I± contributions to (1.7). In section 6 we
discuss how the conservation of this charge is connected to soft graviton theorems.

The finite charge

Q(0) ≡ Q
(0)
H + Q

(0)
S , (1.12)

whose explicit expression will be given in (5.15) and (5.35), in fact matches the one derived
in [60] where infrared effects were ignored. It obeys a classical conservation law which in an
S-matrix element becomes the subleading tree-level soft graviton theorem

Q
(0)
+ = Q

(0)
− ⇐⇒ lim

ω→0
(1 + ω∂ω)MN+1 = S0MN . (1.13)

However, this subleading soft theorem, which behaves as ω0 as ω → 0, becomes ambiguous due
to the presence of infrared effects. This is also visible at the level of the Noether charge (1.11)
where any rescaling of the IR cutoff Λ renders any Λ0 term ambiguous.

Instead, the log charge

Q(ln) ≡ Q
(ln)
H + Q

(ln)
S (1.14)

is unambiguous, and its explicit expression will be given in (5.14) and (5.34). Because it is
also conserved we can divide both sides by ln Λ−1 and subsequently take Λ → 0. In section 6.3
we will prove that the resulting conservation law yields the classical logarithmic soft theorem

Q
(ln)
+ = Q

(ln)
− ⇐⇒ lim

ω→0
∂ωω2∂ωMN+1 = S

(ln ω)
0,classicalMN . (1.15)

– 6 –
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In [1], and in much more detail here, we provide a first-principles covariant phase space
derivation of this charge. Moreover, we will extend our earlier results by proving that the
logarithmic superrotation charge (1.14) is exact to all orders in the gravitational coupling κ

which beautifully echoes the one-loop exactness of the logarithmic soft graviton theorem.
This paper is organized as follows. In section 2 we collect the basics for discussing the

physics near null and time-like infinity. To compute superrotation charges in the covariant
phase space formalism that account for infrared effects we need two main ingredients: 1) the
asymptotic data of the gravity and matter fields in the presence of long-range interactions
which we derive in section 3 and from which we extract the displacement memory and its tail;
and 2) the superrotation symmetry transformation which, as we show in section 4, smoothly
interpolates across the time-like and null boundaries. In section 5 we compute the symplectic
structure, regulate it and extract the infrared corrected superrotation charges. Finally we
proof in section 6 that the conservation law associated to our novel superrotation charge is in
fact the classical logarithmic soft graviton theorem. In appendices A, B and C we collect
various formulas necessary for this derivation, and in appendix D we show that our novel
superrotation charge conservation law is exact to all orders in the gravitational coupling κ.

2 Preliminaries

The symplectic structure Ω is defined on a Cauchy slice Σ and we have to take great care in
pushing it to the past and future boundary, which each contains a time-like component i±

and a null component I±. Starting from (asymptotically) Minkowski space

ds2 = ηµνdxµdxµ = −dt2 + dx⃗ · dx⃗, (2.1)

where xµ = (t, x⃗) = (t, rx̂) with r2 = x⃗ · x⃗, we briefly review the limits that land us on (1.7).
See also appendix A.

Radiation. Massless particles such as gravitons reach future null infinity, I+ ≃ S2 × R, in
the limit t + r → ∞ at t − r = fixed, and so we parametrize it by retarded Bondi coordinates
u = t − r in which the Minkowski metric takes the form

ds2 = −du2 − 2dudr + r2γABdxAdxB, (2.2)

with xA = (z, z̄) denoting the angles and γAB the round metric on the two-sphere. A
spacetime point in Bondi coordinates is then written as3

xµ = u tµ + r qµ with tµ = (1, 0⃗), qµ = (1, x̂) (2.3)

The radiative contribution to the symplectic structure (1.7) is then computed by taking the
t = constant time slice Σt, on which it is defined, to the future boundary

Ωrad
I+ = lim

Σt→I+
Ωrad

t . (2.4)

3We use the notation x̂ to denote a 3-vector restricted to the unit sphere. In a slight abuse of notation, we
also use x̂ to denote the angular variables: d2x̂ ≡ dzdz̄γzz̄ is the sphere volume element, and f(x̂) denotes a
function on the sphere.

– 7 –
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The corresponding contribution on the past boundary is computed in an analogous way in
terms of the advanced Bondi coordinate v = t + r which is held fixed as t − r → −∞. These
limits have to be taken carefully and we will discuss important subtleties below.

Matter. Massive particles originate from past time-like infinity i− and end up on future
time-like infinity i+ which are reached by taking t → ∓∞ while holding r/t = fixed. To
describe the neighbourhood of i± we use hyperbolic, or Euclidean AdS3, coordinates which
cover the interior of the past and future light cones with the vertex at an arbitrary point. The
one-parameter family of coordinates inside the future light cone of the point (u0, 0⃗) is defined by

τ =
√

t2 − r2 − u0, τρ = r. (2.5)

It can be checked that any fixed τ surface intersects I+ ≃ S2 × R at u = u0 in the limit
ρ → ∞. Throughout this paper we will fix u0 = 0 as in [63], which implies that the (τ, ρ, xA)
coordinates cover the (interior) of the future light cone with tip at (0, 0⃗). The Minkowski
metric can be written as

ds2 = −dτ2 + τ2kαβdyαdyβ , (2.6)

where yα = (ρ, xA) denote the coordinates on the three-dimensional space-like hyperboloid
Hτ at constant τ with metric

kαβdyαdyβ = dρ2

1 + ρ2 + ρ2γABdxAdxB. (2.7)

We will denote by

Yµ =
(√

1 + ρ2, ρx̂

)
(2.8)

a unit vector on Minkowski space parametrized by yα = (ρ, xA) and write a spacetime point
in hyperbolic coordinates as

xµ = τYµ. (2.9)

The ‘blow-up’ of future time-like infinity i+ is then given by Hτ as τ → ∞ at fixed ρ. The
matter contribution to the symplectic potential (1.7) on the future boundary is then4

Ωmat
i+ = lim

Hτ→i+
Ωmat

τ . (2.10)

In a similar way the matter contribution on the past boundary is computed, in coordinates
(τ, ρ) inside the past light cone of the origin, by taking the limit τ → −∞ at fixed ρ which
takes Hτ → i−.

4Note that the hyperboloid Hτ is actually not a Cauchy slice but describes only its t ≥ r portion. The
completion to a Cauchy slice requires the inclusion of the t < r portion of future null infinity I+ with which
Hτ intersects at t = r. Since ϕ(u, r, zA) r→∞= O(r−3/2) at fixed u = t − r this null infinity contribution to the
matter symplectic potential vanishes and (2.10) is the full answer. See [63] for more details.

– 8 –



J
H
E
P
0
4
(
2
0
2
5
)
1
3
8

Together the contributions (2.4) and (2.10) compute the symplectic structure on a
Cauchy slice spanned by the union of the entire future boundary i+ ∪ I+, for which we
will derive explicit expressions in section 5. The celestial sphere on I+ at u = +∞ can
be thought of as the ρ → ∞ boundary of the asymptotic hyperboloid at τ = +∞. This
will allow us to relate the asymptotic (late time) expansions of the matter and radiative
fields in section 3, and enables us to write down a superrotation vector field that smoothly
interpolates across time-like and null infinity in section 4. A similar analysis can be carried
out for the past boundary i− ∪ I−.

3 Asymptotic data in gravity

We now turn to the analysis of superrotation symmetries of gravitational scattering in four
spacetime dimensions focusing on Einstein gravity with a minimally coupled massive real
scalar field. We start by discussing the asymptotic phase space. The field content are a
massive real scalar field φ coupled minimally to a metric gµν with action

S =
∫

d4x
√
−g

( 2
κ2 R − 1

2gµν∂µφ∂νφ − 1
2m2φ2

)
. (3.1)

Our primary motivation is to analyse the asymptotic conservation laws for gravitational
scattering which uses a perturbative expansion in the coupling constant κ =

√
32πGN of

the metric

gµν = ηµν + κ hµν (3.2)

around a fixed Minkowski vacuum spacetime ηµν and perturbation hµν . The indices of hµν

are lowered and raised by the flat background metric ηµν and its inverse. We will adopt
this perturbative approach in the following, but we emphasize that our final result for the
charges, whose conservation law will turn out to be associated to the logarithmic soft graviton
theorem, are exact to all orders in the coupling κ as we will show in appendix D.

We work in de Donder (harmonic) gauge,

∇νhµν − 1
2∇µh = 0, (3.3)

where h = ηµνhµν denotes the trace, and ∇ denotes covariant derivative compatible with
the flat background η. The Einstein field equations are

Rµν − 1
2gµνR = κ2

4 Tµν , (3.4)

where the Einstein tensor Gµν = Rµν − 1
2gµνR, in de Donder gauge and to linear order

in κ, is given by

Gµν = −κ

2

(
∇µ∇νh −∇λ∇µhλ

ν −∇λ∇νhλ
µ +∇2hµν − 1

2gµν∇2h

)
. (3.5)

The stress-energy tensor

Tµν = T matt
µν + T h

µν (3.6)
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receives contributions from matter and gravitons. In de Donder gauge in a flat background
the graviton stress tensor is given by5

T h
µν = 2hσλ

(
2∇σ∇(µhν)λ −∇µ∇νhσλ −∇σ∇λhµν

)
− hµν∇2h + 4∇σhλ

µ∇[λhσ]ν

−∇µhσλ∇νhσλ + gµν

[
2hσλ∇2hσλ +∇κhσλ

(3
2∇κhσλ −∇σhλκ

)]
,

(3.7)

while the matter stress-energy tensor is

T matt
µν = ∇µφ∇νφ − 1

2ηµν(ηλσ∇λφ∇σφ + m2φ2). (3.8)

In de Donder gauge the scalar equation of motion to linear order in κ is given by[
∇2 − m2 − κhµν∇µ∇ν

]
φ = 0. (3.9)

In turn we will discuss the asymptotic fall-offs for the real massive scalar matter and
the metric. We will focus on the asymptotics at i+ ∪ I+, but a similar analysis can be
repeated at i− ∪ I−.

3.1 Matter

We start with the discussion of the late-time behavior of a real massive scalar field minimally
coupled to gravity. We use hyperbolic coordinates (τ, yα) = (τ, ρ, xA) in terms of which the
de Donder condition, Einstein equations and the equation of motion for the scalar field are
given in appendix A. In what follows we will derive the late-time expressions of the matter
and graviton fields to all orders in the coupling κ. We will see that the interaction of the
free matter field with the graviton field leads to a logarithmic dressing of the matter field
and a tail at late times of the gravitational field.

The asymptotics of a free real massive scalar field in Minkowski space,

φfree(x) =
∫

d3p⃗

(2π)32Ep

[
b(p⃗)eip·x + h.c.

]
(3.10)

with Ep =
√
|p⃗|2 + m2 and p · x = −Ept + p⃗ · x⃗, is described along time-like geodesics and its

late-time (τ → ∞) behavior can be extracted via a saddle point approximation with critical
point p⃗ = mρx̂. After absorbing various phases into the ‘free data’ given by b, the late-time
asymptotics of the free scalar field can be expressed as

φfree(τ, y) τ→∞=
√

m

2(2πτ) 3
2

b(y)e−imτ + c.c. . (3.11)

Via Einstein’s equations the free matter stress tensor (3.8) sources a ‘Coulombic’ potential.
The ττ component of Einstein’s equations (3.4) is of order O(1/τ3) and sources a 1/τ late
time ‘tail’ in the metric

hττ (τ, y) τ→∞= 1
τ

1
hττ (y) + . . . (3.12)

5The (anti)symmetrization of indices are defined with unit weight, i.e. t(µν) ≡ 1
2 (tµν + tνµ) and t[µν] ≡

1
2 (tµν − tνµ).
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where
(D2 − 3)

1
hττ = −κ

4
3
T matt

ττ . (3.13)

The de Donder gauge condition (A.11) then implies

hτα(τ, y) τ→∞=
0
hτα(y) + . . . ,

hαβ(τ, y) τ→∞= τ
−1
h αβ(y) + . . .

(3.14)

where
1
5

(
2Dα

0
hατ − kαβ

−1
h αβ

)
=

1
hττ ,

1
3

(
Dβ

−1
h βα − 1

2kβγDα

−1
h βγ + 1

2Dα

1
hττ

)
=

0
hτα.

(3.15)

These ‘Coulombic’ modes all arise from the interactions and come with one power of the
coupling constant,

1
hττ = O(κ),

1
hτα = O(κ) and

1
hαβ = O(κ). The scalar equation of

motion (A.12), with (∇2 − m2 − κ
1
hττ τ−1∂2

τ + . . . )φ = 0 the leading correction to the free
equation of motion, is solved at late times by6

φ(τ, y) τ→∞= e−imτ

τ3/2

(
ln τ

ln
b0(y) + b0(y) + . . .

)
+ c.c., (3.16)

where b0 ≡
√

m
4(2π)3 b is the free asymptotic data, and

ln
b0(y) =

iκ

2 m
1
hττ (y)b0(y). (3.17)

This expression is exact in the coupling κ.
The late-time behavior of the dressed matter field (3.16) at i+ determines, via Einstein’s

equations (A.13), the asymptotic form of the matter stress tensor

T matt
ττ (τ, y) τ→∞= 1

τ3

3
T matt

ττ + ln τ

τ4

4,ln
T matt

ττ + 1
τ4

4
T matt

ττ + O
( ln τ

τ5

)
T matt

τα (τ, y) τ→∞= ln τ

τ3

3,ln
T matt

τα + 1
τ3

3
T matt

τα + O
( ln τ

τ4

)
T matt

αβ (τ, y) τ→∞= O
( ln τ

τ3

)
.

(3.18)

While T matt
ττ at leading order is given by the free matter stress tensor, T matt

τα receives a
logarithmic corrections that dominates over the free expression.7 The explicit expressions
for the relevant stress tensor components are

3
T matt

ττ = 2m2b∗0b0,
3
T matt

τα = im(b∗0∂αb0 − b0∂αb∗0),
3,ln
T matt

τα = −κm2(∂α

1
hττ )b∗0b0. (3.19)

6In appendix D we show that higher powers of ln τ which would contribute to (3.16) at order O(κ3) are in
fact absent and the result (3.16)–(3.17) is thus exact to all orders in the coupling κ.

7Naively, also T matt
ττ receives a leading logarithmic correction but its coefficient vanishes. Higher powers of

ln τ are again absent - see appendix D.
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Meanwhile, the late-time behavior of gravitons at i+ determines the asymptotic form of
the graviton stress tensor,

T h
ττ = 1

τ4

4
T h

ττ + · · · , T h
τα = 1

τ3

3
T h

τα + · · · , T h
αβ = 1

τ2

2
T h

αβ + · · · . (3.20)

Notice that the ττ component of the graviton stress tensor is subleading compared to that of
the matter stress tensor, while the τα component is at the same order as the subleading matter
stress tensor component. We will see how this interplay enters the superrotation charges below.

3.2 Radiation

At future (past) null infinity I+ (I−) we use retarded (advanced) Bondi coordinates
(u (v), r, xA) in terms of which the de Donder condition and Einstein equations are given in
appendix A. We study the asymptotics of the radiative graviton field at early/late times
u → ±∞ (v → ±∞); we focus again on the future boundary.

The asymptotics of the free gravitational field in Minkowski space,

hfree
µν (x) =

∫
d3k

(2π)32ωk

[
aµν(k⃗)eik·x + aµν(k⃗)†e−ik·x

]
(3.21)

with ωk = k0 = |⃗k|, k · x = −ωkt + k⃗ · x⃗ and aµν(k⃗) =
∑

λ=± ελ∗
µνaλ(k⃗), can be obtained from

a saddle point analysis with saddle point k⃗ = ωkx̂. The r → ∞ limit (at fixed u) is

hfree
µν (x) = − i

8π2r

∫ ∞

0
dωk

[
aµν(ωk, x̂)e−iωku − aµν(ωk, x̂)†eiωku

]
+ O(1/r2). (3.22)

The free data is given by the two independent polarizations of the graviton. Without loss of
generality we write the polarization tensors as ε±µν = ε±µ ε±ν where

ε+
µ = 1√

2
(−z̄, 1,−i,−z̄), ε−µ = 1√

2
(−z, 1, i,−z). (3.23)

After mapping the Cartesian components to Bondi coordinates we have

ε+
u = − z̄√

2
, ε+

r = 0, ε+
z = 0, ε+

z̄ =
√
2r

1 + zz̄
, (3.24)

and similar expressions for the opposite helicity. This yields the large-r behavior of the
free graviton field

hfree
uu = O(r−1), hfree

uA = O(r0), hfree
ur = hfree

rr = hfree
rA = 0, hfree

AB = O(r). (3.25)

What about interactions? In four spacetime dimensions, generic gravitational scattering
leads to an asymptotic radiative gravitational field at I+ that violates the peeling property [64–
66]: in the large-r expansion it contains logarithmic terms that fall off as O( ln r

r ). The
resulting spacetimes are known as asymptotically logarithmically flat spacetimes, [67, 68].
Fortunately, it was shown in [68] that superrotations continue to be asymptotic symmetries
of asymptotically logarithmically flat spacetimes and the ln r terms in the Bondi expansion
do not affect the final superrotation charge at I+ derived in [1]. We can thus omit these
ln r terms for the purpose of our analysis.
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Nonetheless, as the matter stress tensor at i± have logarithmic tails in τ , it is pertinent
to analyse the effect of these tails on the outgoing radiation as u → ±∞. In [2, 42, 46] it was
shown that when the gravitational radiation is sourced by the stress tensor of massive point
particles, the asymptotic behaviour of the radiative field hµν(u, x̂) as u → ±∞ generates a
so-called tail to the memory. Our analysis in this section shows that the tail to the memory
persists even when the source is a smooth massive scalar field. The late-time fall-off at the
future boundary of I+ can be inferred from the analysis at i+.

We start with the linearized Einstein equations in de Donder gauge sourced by the matter
stress tensor, □h̄µν = −κ

2 Tµν , which we expressed in terms of the trace-reversed metric
h̄µν = hµν − 1

2h ηµν . In Cartesian coordinates, its retarded solution is given by

h̄µν(x) =
κ

4π

∫
d4x′Θ(t − t′)δ

(
(x − x′)2

)
T matt

µν (x′), (3.26)

which we evaluate at I+
+ by first taking r → ∞ at fixed u and then letting u → ∞ where the

graviton field is sourced by the late-time asymptotics of the matter stress tensor at i+. The
above equation is premised on the fact that at the co-dimension two boundary of spacetime,
i+ ∩ I+, the co-ordinate system in the neighbourhood of i+ can be smoothly glued with
the retarded Bondi co-ordinates at I+. This has been shown in [69].

To that end we express the spacetime point xµ in Bondi coordinates while we write x′µ

in hyperbolic coordinates using the expressions in section 2. At large r and fixed u we have

−(x − x′)2 = 2r(u + τ ′q · Y ′) + O(r0), (3.27)

where qµ = (1, x̂). Using d4x′ = d3y′dτ ′τ ′3 we have to evaluate

h̄µν(x) =
κ

8πr

∫
d3y′dτ ′τ ′3δ(u + τ ′q · Y ′)Tµν(x′). (3.28)

The Cartesian components of the stress-energy tensor are related to the hyperbolic ones by

Tµν = YµYνTττ − 1
τ
Dα(YµYν)Tτα + 1

τ2 (D
αYµ)(DβYν)Tαβ . (3.29)

Inserting the large-τ behavior of the matter and graviton stress-energy tensors (3.18) and (3.20)
at i+, we can extract the large-u behavior of the Cartesian components of the graviton field
at I+ as follows8

hµν(x) =
1
r

[
0
hµν(xA) + ln u

u

1,ln
hµν(xA) + 1

u

1
hµν(xA) + · · ·

]
, (3.30)

where we used the fact that the metric and its trace-reversed form only differ at subleading
order in r. Using energy-momentum conservation ∇µTµν = 0 one finds (see appendix B)
that the coefficient of the ln u/u term vanishes, while the constant term is sourced by the
free matter energy-momentum tensor

0
hµν(xA) = κ

8π

∫
d3y(−q · Y)−1

(
YµYν + 1

2ηµν

) 3
T matt

ττ , (3.31)

8We will show in appendix D that there are no higher powers of logarithms in the asymptotics of the
graviton field (3.30).
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and the 1/u term is determined by the leading correction to the matter energy-momentum
tensor due to long-range interactions and the graviton stress tensor

1
hµν(xA) = − κ

8π

∫
d3y

[(q · Y)Dα(YµYν)− (YµYν + 1
2ηµν)Dα(q · Y)

q · Y
3,ln
T matt

τα

−
(
(YµYν + 1

2ηµν)kαβ + (DαYµ)(DβYν)−
1
2ηµν(DαYσ)(DβYσ)

) 2
T h

αβ

]
.

(3.32)

The relevant Bondi components are rCAB = (∂Axµ)(∂Bxν)κhµν .
Let us summarize these results for the radiation field at null infinity. The free data of the

graviton field at I+ in retarded Bondi coordinates where it solves Einstein’s equations (A.15)–
(A.16) is given by

κhAB(u, r, xA) r→∞= rCAB(u, xA) + . . . , (3.33)

while the de Donder gauge condition (A.14) implies

huu = O(r−1), huA = O(r0), hur = hrr = hrA = O(r−2). (3.34)

At late times u → +∞ the free data behaves as

CAB(u, xA) u→+∞= C
(0),+
AB (xA) + 1

u
C

(1),+
AB (xA) + O

( 1
u1+#

)
, (3.35)

where # is (a priori) any positive number. The 1/τ tail of the Coulombic mode
1
hττ on

time-like infinity has a counterpart in the 1/u behavior of the radiative gravitational field
hAB on null infinity which we note violates the property of peeling.9

The shear mode C
(0),+
AB is sourced by the free matter stress tensor at i+

C
(0),+
AB = −κ2

8π

∫
i+

d3y
(∂Aq · Y)(∂Bq · Y) + 1

2γAB

q · Y
3
T matt

ττ (y). (3.36)

A similar expression can be obtained for the shear mode C
(0),−
AB sourced by the free matter

stress tensor at i−. We now argue that

∆C
(0)
AB = C

(0),+
AB − C

(0),−
AB (3.37)

is precisely the formula for linear displacement memory sourced by a massive scalar field.
Typically, the linear displacement memory formula is written in terms of asymptotic

momenta of massive particles [6]. Our expression (3.37) has the same functional form except
that the asymptotic momenta of the point particles are replaced with a linear momentum
flux of the scalar field. To see this, note that linear momentum density of a massive scalar
field at i+ is given by

Pα(y) =
3
T matt

ττ (y)Yα. (3.38)
9The peeling property of asymptotically flat spacetimes translates to asymptotic fall-offs at null infinity of

the Weyl scalars Ψk
r→∞= Ψ0

krk−5 +O(rk−6) where k = {1, . . . , 4}. Originally conjectured to be a characteristic
of the asymptotic radiation emitted by isolated self-gravitating systems [70–72], there is now growing evidence
that peeling is violated in generic gravitational scattering. See [64, 65, 67, 68] for details.
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We can use this to express (3.36) as

C
(0),+
AB = −κ2

8π

∫
i+

d3y
(∂Aq · P(y))(∂Bq · P(y)) + 1

2γAB (
3
T matt

ττ )2(y)
q · P(y) . (3.39)

This reveals that our formula (3.37) is indeed the linear displacement memory formula for a
massive field and thus generalises the earlier results for massive point particles.

Gravitational interactions at late times u → +∞ create a tail to this memory which is
encoded in the 1/u term in (3.35) sourced by the interacting matter stress tensor as well
as the graviton stress tensor,

C
(1),+
AB = −κ2

8π
(∂Aqµ)(∂Bqν)

∫
i+

d3y

[(q · Y)Dα(YµYν)− (YµYν + 1
2ηµν)Dα(q · Y)

q · Y
3,ln
T matt

τα

−
(
(YµYν + 1

2ηµν)kαβ + (DαYµ)(DβYν)−
1
2ηµν(DαYσ)(DβYσ)

) 2
T h

αβ

]
. (3.40)

A similar expression can be obtained for the tail term C
(1),−
AB sourced by matter and gravitons

at i−. We propose that

∆C
(1)
AB = C

(1),+
AB − C

(1),−
AB (3.41)

is the generalization of the tail memory formula for massive point particles to massive scalar
fields. We leave a detailed discussion about universal tail terms sourced by matter fields
to future work [73].

4 Superrotation symmetry

We are now ready to look for a symmetry transformation that is consistent with the logs
and tails in the asymptotic behavior of the graviton and matter field. Our starting point
is a diffeomorphism vector field ξ = ξµ∂µ which acts as a Lie derivative on the metric on
I+ and on the real massive scalar field φ on i+,

δgµν = L
ξI±gµν , δφ = ξi± · ∂φ. (4.1)

In de Donder gauge the vector field satisfies

∇2ξI
±

µ = ∇2ξi±
µ = 0. (4.2)

In the following we will also fix the residual gauge freedom by imposing the radial gauge
condition

Xµ∇(µξν) = 0. (4.3)

We will now identify diffeomorphisms ξi± and ξI
± on, respectively, time-like and null infinity,

consistent with long-range interactions, and show how to smoothly connect them. The leading
and subleading soft graviton theorems can be recast as Ward identities for supertranslations
and superrotations whose symmetry parameters on i± ∪ I± depend only on the angles xA on
the S2. While the associated supertranslation charges are exact, the superrotation charges
receive corrections from long-range infrared effects. We will focus on the future boundary,
but analogous expressions hold for the past boundary.
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Superrotation on I+. Our ansatz for the large-r limit of the diffeomorphism vector field
on I+ in de Donder and radial gauge is [32]

ξI
+(u, r, xA) r→∞=

[
u

2D · Y + O(1
r )
]

∂u −
[

r

2D · Y + u

2

(
D2

2 + 2
)

D · Y + O(1
r )
]

∂r

+
[
Y A + u

2r

(
(D2 + 1)Y A − DAD · Y

)
+ O( 1

r2 )
]

∂A,

(4.4)

with D · Y ≡ DAY A where Y A(x̂) is a vector field on the S2. The Lie derivative along (4.4)
on a metric of the form gAB = r2γAB + rCAB + . . . is given by a superrotation which acts
on the sphere metric as

δY γAB = 2D(AYB) − D · Y γAB, (4.5)

and on the gravitational shear as

δY CAB =
[
LY − 1

2D · Y (1− u∂u)
]

CAB

+ u

[
D(A(D2 + 1)YB) − DADBD · Y − 1

2γAB(D2 + 4)D · Y

]
.

(4.6)

Vector fields Y A = (Y z(z), Y z̄(z̄)) that are holomorphic (antiholomorphic) except for isolated
points generate Virasoro superrotations [20, 21], while smooth vector fields Y A = Y A(z, z̄)
generate Diff(S2) superrotations [59–61]. The enhancement by such superrotations of the
BMS group (which is itself an enhancement of the Poincaré group by supertranslations) are
referred to as extended BMS (for Virasoro) and generalized BMS (for Diff(S2)).

It is worth emphasizing that despite the fact that superrotations act non-trivially on the
celestial sphere (4.5), they nevertheless preserve asymptotic flatness as defined by the fall-offs
of the Weyl tensor (see footnote 9). Smooth Diff(S2) vector fields preserve the peeling property,
while meromorphic Virasoro vector fields satisfy a local notion of asymptotic flatness (with
topology change at isolated singular points [74]). The novel superrotation charge reported
in [1], and shown here to hold to all orders in the coupling κ, is agnostic about the nature of the
vector fields on the S2 and thus covers both classes of superrotations. For an incomplete list
of references discussing Virasoro and Diff(S2) superrotations, see [20–22, 32, 58, 59, 75, 76].

Superrotation on i+. Our ansatz for the large-τ limit of the diffeomorphism vector field
on i+ is [60]

ξi+(τ, y) τ→∞= Ȳ α∂α + O
(

1
τ

)
, (4.7)

where Ȳ α(y) is a vector field on hyperbolic space. In de Donder gauge it satisfies

DαȲ α = 0. (4.8)

It acts on the real matter field as a superrotation

δφ = Ȳ α∂αφ. (4.9)
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Superrotation on i+ ∪ I+. The last step is to identify a superrotation that smoothly
interpolates across the union of the future time-like and null boundaries i+ ∪ I+. To this
end, note that the vector field Ȳ α on i+ is given in terms of the vector field Y A on I+ [77],

Ȳ α(y) =
∫

S2
d2x Gα

A(y; x̂)Y A(x̂), (4.10)

where Gα
A(y; x̂) is the bulk-to-boundary vector Green’s function (see appendix C) which

satisfies
(D2 − 2)Gα

A(ρ, x̂; x̂′) = 0. (4.11)

In the large-ρ limit it behaves as

lim
ρ→∞

GA
B(ρ, x̂; x̂′) = δA

Bδ2(x̂ − x̂′). (4.12)

At the boundary of i+, using (2.5), we then find

ξi+(τ, ρ, x̂) ρ→∞,τ→∞= Y A∂A + . . . . (4.13)

Choosing the same vector field Y A(x̂) at the boundary of i+ we have at leading order

Ȳ A(ρ, x̂) ρ→∞= Y A(x̂). (4.14)

Thus we have identified a superrotation vector field that smoothly extends across the future
boundary i+ ∪ I+. Such a smooth extension is indeed expected as we consider the action of
asymptotic symmetry generators on an asymptotically flat metric with a smooth gluing of
the (neighbourhood) of i± with retarded Bondi co-ordinates as u → ∞.

5 Symplectic structure and charges in gravity

For the asymptotics of the matter and radiative fields discussed in section 3 which account
for the long-range nature of the interactions, we can now compute the symplectic structure

Ωi+∪I+(δ, δ′) = Ωmat
i+ (δ, δ′) + Ωrad

I+ (δ, δ′). (5.1)

The more relaxed fall-offs of the fields in the form of late-time logs and tails will lead to
infrared divergences in the symplectic structure which we will regularize. After taking one
of the variations to correspond to the superrotation identified in section 4, we will be able
to extract (regularized) charges from the symplectic structure

Ωi+∪I+(δ, δY ) = δQ+[Y ]. (5.2)

Again we focus on the future, but a similar analysis can be repeated in the past. Our final
goal is to extract conservation laws that account for the long-range nature of the interactions
and match onto the logarithmic soft graviton theorem. Moreover, we will show that our new
conservation laws are exact to all orders in the gravitational coupling κ.
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5.1 Matter symplectic structure and hard charge

In the following we derive the (asymptotic) symplectic structure on the space of solutions
of a massive real scalar field minimal coupled to Einstein gravity10

Ωτ =
∫

Στ

dSµωµ, ωµ = δφ∇µδ′φ − (δ ↔ δ′). (5.5)

On a τ = constant hyperbolic slice Hτ the symplectic structure of a free massive real scalar
field is given by

Ωmat,free
τ =

∫
Hτ

d3y τ3ωτ
free, ωτ

free = −δφfree∂τ δ′φfree − (δ ↔ δ′). (5.6)

The free-field symplectic structure defined in terms of the vector space of free-data at time-like
infinity is the well-known Fock space symplectic structure

Ωmat,free
i+ = lim

Hτ→i+
Ωmat,free

τ = 2im

∫
i+

d3y
[
δb∗0δ′b0 − (δ ↔ δ′)

]
. (5.7)

In four spacetime dimensions long-range interactions dress the asymptotic free fields by
‘Coulombic tails’ which will give rise to infrared divergences that we have to regularize. Our
starting point is thus the symplectic structure of a massive real scalar field

Ωmat
τ =

∫
Hτ

d3y τ3ωτ , ωτ (δ, δ′) = −δφ∂τ δ′φ − (δ ↔ δ′), (5.8)

whose τ → ∞ asymptotics accounts for long-range interactions. For the scalar field expan-
sion (3.16) with (3.17) accounting for these infrared effects, we find

ωτ (δ, δ′) = 2im
{
ln τ

[
δ

ln
b∗

0δ′b0 + δb∗0δ′
ln
b0
]
+
[
δb∗0δ′b0

]
+ . . .

}
− (δ ↔ δ′). (5.9)

Note that this expression is exact in the coupling κ.
We evaluate the symplectic structure on i+ by taking the late-time limit τ → ∞,

Ωmat
i+ (δ, δ′) = lim

Hτ→i+
Ωmat

τ (δ, δ′). (5.10)

10Note that we have omitted perturbative gravity corrections to the symplectic structure, Ωcorr
τ , since these

vanish as we approach the time-like boundaries i±, with fall-off conditions on the fields (and their variations)
given in (3.16). To see this, consider the leading gravitational correction to the symplectic structure of the
asymptotically free field

lim
τ→∞

Ωcorr
τ (δ, δ′) = lim

τ→∞
τ3δ

∫
Hτ

d3y hτµ∂µφ δ′φ − (δ ↔ δ′). (5.3)

As τ → ∞ we have hτµ∂µφ ∼ O(τ−5/2 ln τ) and as a result

lim
τ→∞

Ωcorr
τ (δ, δ′) = 0. (5.4)

This argument depends on the variation of the matter field falling off no slower than δφ ∼ ln τ/τ3/2 which
is true for the variation generated by superrotation symmetries considered in this work. In contrast, higher
spin symmetries such as those associated which the sub-subleading soft graviton theorem will in fact lead to
δφ = O(τ−1/2ln τ) and hence for such symmetries Ωcorr will contribute to the matter symplectic structure.
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To regulate the ln τ infrared divergence in (5.9) we introduce a late-time cutoff Λ−1. This
will allow us to extract observables that remain finite when we eventually remove the cutoff
Λ → 0 (corresponding to τ → ∞). When one variation is taken to be a superrotation with
vector field (4.7), we can extract from

Ωmat,reg
i+ (δ, δȲ ) = δQΛ

H,+[Ȳ ] (5.11)

the hard Noether charge

QΛ
H,+[Ȳ ] = im

∫
i+

d3y Ȳ α

{
2 lnΛ−1

[
b∗0∂α

ln
b0 − b0∂α

ln
b∗

0

]
+
[
b∗0∂αb0 − b0∂αb∗0 + O(κ2)

]}
,

(5.12)
where we used integration by parts and the property ∂αȲ α = 0. Expressing this as

QΛ
H,+[Ȳ ] = lnΛ−1Q

(ln)
H,+[Ȳ ] + Q

(0)
H,+[Ȳ ], (5.13)

we identify two contributions to the hard matter charge on the future time-like boundary.
The ‘hard log charge’ is given by

Q
(ln)
H,+[Ȳ ] = − κm3

4(2π)3

∫
i+

d3y Ȳ α(∂α

1
hττ )b∗b, (5.14)

which we stress is exact in the gravitational coupling κ, while the coefficient of the cutoff-
independent term is given by

Q
(0)
H,+[Ȳ ] = im2

4(2π)3

∫
i+

d3y Ȳ α(b∗∂αb − b∂αb∗) + O(κ2). (5.15)

Here we have used b0 =
√

m
4(2π)3 b to write the final expressions in terms of modes that

satisfy the standard Poisson bracket i{b(p⃗), b(p⃗′)}PB = (2π)3(2Ep)δ3(p⃗ − p⃗′), or in hyperbolic
coordinates p⃗ = mρx̂,

i{b(y), b(y′)}PB = (2π)3 2
m2 δ3(y − y′). (5.16)

Analogous expressions are obtained at the past time-like boundary i−.

5.2 Radiative symplectic structure and soft charge

The radiative symplectic structure is given by

Ω(δ, δ′) =
∫

Σ
dSµωµ(δ, δ′), (5.17)

with pre-symplectic form

ωµ(δ, δ′) = 1
κ2

[
− gσλδgσλ∇νδ′gµν − gσλδgσλ∇µ(gνκδ′gνκ)− δgµν∇ν(gσλδ′gσλ)

+ 2δgνσ∇νδ′gµσ − δgνσ∇µδ′gνσ − (δ ↔ δ′)
]
.

(5.18)
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On a Cauchy slice Σt of constant t with dSµ = d3x nµ and normal nµ = ∂µt the symplectic
structure is ΩΣt =

∫
Σt

d3x ωt. We can evaluate this on future null infinity by going to retarded
Bondi coordinates u = t − r and pushing r → ∞ while holding u fixed,

ΩI+ = lim
Σt→I+

ΩΣt = −
∫
I+

dud2x̂ r2ωu. (5.19)

For a graviton field with ‘standard’ large-r fall-offs (3.34) and (3.33), and for variations
that respect these fall-offs, the radiative symplectic structure is simply

Ωrad,AS
t =

∫
Σt

d3x ωt, ωt = − 1
κ2 δCAB∂tδ

′CAB − (δ ↔ δ′). (5.20)

Upon pushing the Cauchy slice Σt to future null infinity this becomes [78, 79]

Ωrad,AS
I+ = lim

Σt→I+
Ωrad,AS

t = − 1
κ2

∫
I+

dud2x̂
[
δCAB∂uδ′CAB − (δ ↔ δ′)

]
. (5.21)

This is the famous Ashtekar-Streubel (AS) radiative symplectic structure. It is finite provided
that the shear at early and late times falls off as

CAB(u, x̂) u→±∞= C
(0),±
AB (x̂) + O

( 1
|u|#

)
, (5.22)

where # is any positive number. While this includes the asymptotic behavior (3.35) involving
1/u tails, the Ashtekar-Streubel symplectic structure cannot account for superrotations which
change the metric on the celestial sphere as (4.5).

The superrotation action on the angular components of the metric at leading order turns
out to render the radiative symplectic structure linearly divergent in r,

Ωrad
I+ = −

∫
I+

dud2x̂ r2ωu, r2ωu = r
div
ωu + fin

ωu. (5.23)

This O(r) divergence is well-known in the literature [32, 61, 75] and can be removed via an
appropriate renormalization of ω. Expressing the pre-symplectic form as ω(δ, δ′) = δΘ(δ′)−
(δ ↔ δ′) exposes the freedom to perform a shift in the definition of the pre-symplectic
potential Θ 7→ Θ + dθ where θ is a spacetime co-dimension 2 form. After exploiting this
freedom to remove the linear in r divergence, our starting point is the radiative symplectic
structure [32]

Ωrad
I+ = − 1

κ2

∫
I+

dud2x̂

[
δCAB∂uδ′CAB + 1

2δγABD2δ′CAB − (δ ↔ δ′)
]

. (5.24)

If one of the variations is a superrotation (4.4) the radiative symplectic structure (5.24)
for a gravitational field with the long-range tails (3.35) turns out to be a total variation
in field space,

Ωrad
I+ (δ, δY ) = δQrad

S,+[Y ], (5.25)

which allows us to extract the charge

Qrad
S,+[Y ] = 1

κ2

∫
I+

dud2x̂
[
(1− u∂u)CAB (2DAYB + DADBD · Y ) + uNABD2DAYB

]
. (5.26)
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Acting with a superrotation results in the charge (5.26) being linearly divergent in u, which
we can remove by adding a suitable boundary term,

Q▷
S,+[Y ] = 1

κ2

∫
I+

dud2x̂ ∂u

[
−uCAB (2DAYB + DADBD · Y )

]
, (5.27)

which is a corner term on I+.11 This yields

Qrad+▷
S,+ [Y ] = Qrad

S,+[Y ] + Q▷
S,+[Y ]

= − 1
κ2

∫
I+

dud2x̂ uNAB
[
2DADBD · Y − (D2 − 4)DAYB

]
.

(5.28)

The u-integral in (5.28) along the null direction is logarithmically divergent but this is due
to the long-range nature of the interactions. We regulate this divergence at early and at
late times u → ±∞ via an infrared cutoff Λ−1: we pick a finite but large u0, and split the
u-integral into three segments (−Λ−1,−u0) ∪ (−u0, u0) ∪ (u0,Λ−1), so that the contribution
from the middle segment is finite.12 We may approximate the integrand of the upper and
lower segments using (3.35), with an error of order O(u−1

0 ) which is finite since u0 is finite
(and large). This implies that the integrals are logarithmically divergent in Λ−1,∫ +Λ−1

−Λ−1
du u∂uCAB = −

∫ +Λ−1

+u0
du
(1

u
C

(1)
AB

)
−
∫ −u0

−Λ−1
du
(1

u
C

(1)
AB

)
+ (finite)

= − ln Λ−1
(
C

(1),+
AB − C

(1),−
AB

)
+ O(Λ0).

(5.29)

One may readily check from (3.35) that the expression in parentheses correspond to the
integral of −∂u(u2∂uCAB),∫ +Λ−1

−Λ−1
du u∂uCAB = lnΛ−1

∫ ∞

−∞
du ∂u(u2∂uCAB) + O(Λ0). (5.30)

Long-range interactions now add a drag: due to the spacetime curvature caused by the
matter the soft graviton experiences a gravitational drag at late times. This effect can be
taken into account by solving Einstein’s equations at I+. The gravitational drag on photons
takes the form of a phase that is logarithmically divergent in r [80]. By the equivalence
principle gravitons undergo the same effect, which results in the shift

lim
u→Λ−1

CAB(u, x̂) → lim
u→Λ−1

[
CAB(u, x̂)− κ

2 lnΛ−1 0
hrr(x̂)∂uCAB(u, x̂)

]
. (5.31)

The shift in CAB amounts to an additional contribution to the charge

Qdrag,reg
S,+ [Y ] = 1

2κ
ln Λ−1

∫
I+

dud2x̂
0
hrr∂uCAB

[
2DADBD · Y − (D2 − 4)DAYB

]
, (5.32)

11Contributions to the symplectic structure which are localised on co-dimension two boundaries can be
interpreted as the inherent ambiguity in the definition of symplectic structure. Hence the removal of the
linearly divergent term Q▷

S,+[Y ] is equivalent to fixing such a corner term ambiguity.
12This is true as long as CAB(u, x̂) is analytic in (−∞,∞) and this is indeed true for smooth classical

asymptotic data at I±. If the asymptotic data is distributional (for example the data associated to shockwave
geometries) then the charge in (−Λ−1, Λ−1) will have a divergence, but we do not consider such a scenario in
this paper.
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where we have integrated by parts in u and used the fact that the resulting boundary term
vanishes since ∂uCAB falls off as O(u−2), as can be seen from (3.35).13

After this cutoff regularization we can then define the soft charge on the future null
boundary

QΛ
S,+[Y ] = Qrad+▷,reg

S,+ [Y ] + Qdrag,reg
S,+ [Y ]

= lnΛ−1Q
(ln)
S,+[Y ] + Q

(0)
S,+[Y ],

(5.33)

where we identify two distinct contributions. The ‘soft log charge’ is

Q
(ln)
S,+[Y ] = − 1

κ2

∫
I+

dud2x̂

[
∂u(u2∂uCAB)− κ

2
0
hrr∂uCAB

]
×
[
2DADBD · Y − (D2 − 4)DAYB

]
,

(5.34)

with CAB given in (3.35). The coefficient of the cutoff-independent term is

Q
(0)
S,+[Y ] = − 1

κ2

∫
I+

dud2x̂ u∂uCAB
[
2DADBD · Y − (D2 − 4)DAYB

]
, (5.35)

where, in slight abuse of notation, CAB now denotes the early/late time fall-offs (3.35) without
the Coulombic tail. Analogous expressions are obtained at the past null boundary I−.

6 From charge conservation laws to soft graviton theorems

We are now finally in a position to establish the connection between the conservation laws
for superrotation symmetry and the logarithmic soft graviton theorem. As a byproduct of
our analysis, we will see that superrotation symmetry continues to imply also the subleading
tree-level soft graviton theorem. For comparison we will also review the relation between
supertranslation symmetry and the leading soft graviton theorem.

It will be convenient to express the hard charges in terms of the energy-momentum
tensor. The charge that generates a diffeomorphism ξ on i+ can be written as [60]

QH,+[ξ] = −
∫

i+
dSµT µ

νξν . (6.1)

For supertranslations ξ = f̄∂τ and superrotations ξ = Ȳ α∂α, the expressions for their charges
at i+ are given, respectively, by

QH,+[f̄ ] = lim
τ→∞

∫
Hτ

d3y τ3Tττ f̄ , (6.2)

QH,+[Ȳ ] = lim
τ→∞

∫
Hτ

d3y τ3TταȲ α, (6.3)

and similar expressions at i−.

13The integration range I+ in (5.32) should be understood as being regularised by the cutoff Λ−1. However
as the integral is not divergent as Λ−1 → ∞, we simply replace (−Λ−1,Λ−1) with I+.
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6.1 Leading soft theorem

We start by briefly reviewing the symmetry interpretation of the leading soft graviton
theorem [3, 60]

lim
ω→0

ωMN+1 = S−1MN . (6.4)

For a supertranslation ξI
+ = f(x̂)∂u at null infinity such that the shear transforms as

δCAB(u, x̂) = −(2DADB − γABD2)f(x̂) we get the expression for the soft charge

Q
(−1)
S,± [f ] = − 1

κ2

∫
S2

d2x̂ (2DADB − γABD2)f(x̂)J (−1)
AB,± (6.5)

in terms of the leading soft graviton operator on I+,

J (−1)
AB,+ ≡

∫ +∞

−∞
du ∂uCAB(u, x̂) with CAB

u→±∞= C
(0),±
AB + O

( 1
|u|#

)
, (6.6)

where # is any positive number; a similar expression is obtained on I−. For A, B = z, z̄

we recover the expressions

Q
(−1)
S,± [Y ] = − 2

κ2

∫
S2

d2x̂
[
D2

zfJ (−1),zz
+ + D2

z̄fJ (−1),z̄z̄
+

]
, (6.7)

familiar from the literature [3, 81]. For a supertranslation ξi+ = f̄(y)∂τ at time-like infinity
such that δφ(τ, y) = f̄(y)∂τ φ, we get the expression for the hard charge [60]

Q
(−1)
H,± [f̄ ] =

∫
i±

d3y f̄(y)
3
T matt

ττ (y) (6.8)

in terms of the free matter stress tensor (3.19). Using b0 =
√

m
4(2π)3 b we have

3
T matt

ττ = m3

2(2π)3 b∗b, (6.9)

where b and b∗ are the scalar modes that satisfy the canonical bracket (5.16).
Both soft and hard charges are exact in the gravitational coupling κ. The superscripts

(−1) anticipate the connection of these soft and hard charges with the leading soft graviton
theorem which scales as ω−1 in the soft expansion. Indeed, upon antipodal identification of
the symmetry parameters f̄(y) and f(x̂) between i+ ∪ I+ and i− ∪ I−, we obtain charges

Q
(−1)
± = Q

(−1)
S,± + Q

(−1)
H,± (6.10)

on the future (+) and past (−) boundary that satisfy

Q
(−1)
+ = Q

(−1)
− . (6.11)

Upon quantization this charge conservation law for supertranslation symmetry corresponds
to the leading soft graviton theorem [60].14

14See [3] for the relation between supertranslations and the soft graviton theorem for massless particles.
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6.2 Subleading tree-level soft theorem

In [58, 60] it was shown that the subleading tree-level soft graviton theorem

lim
ω→0

(1 + ω∂ω)MN+1 = S0MN (6.12)

can also be understood from a conservation law of charges

Q
(0)
+ = Q

(0)
− (6.13)

associated to superrotations (4.4) and (4.7). The hard and soft contributions to the future (+)
and past (−) charges,

Q
(0)
± = Q

(0)
S,± + Q

(0)
H,±, (6.14)

are precisely (5.15) and (5.35). So, as a byproduct of our analysis which took into account
the long-range nature of gravitational interactions, we rediscover the result of [60].15

The soft charge is given by

Q
(0)
S,±[Y ] = − 1

κ2

∫
S2

d2x̂
[
2DADBD · Y − (D2 − 4)DAY B

]
J (0)

AB,± (6.15)

in terms of the subleading soft graviton operator on I+

J (0)
AB,+ ≡

∫ +∞

−∞
du u∂uCAB with CAB

u→±∞= C
(0),±
AB + O

( 1
|u|#

)
, (6.16)

where # is any positive number > 1; a similar expression is obtained on I−. For A, B = z, z̄

we recover the form

Q
(0)
S,±[Y ] = − 2

κ2

∫
S2

d2x̂
[
D3

zY zJ (0),zz
+ + D3

z̄Y z̄J (0),z̄z̄
+

]
, (6.17)

familiar from the literature [58, 60]. The hard charge can be written as

Q
(0)
H,±[Ȳ ] =

∫
i±

d3y Ȳ α(y)
3
T τα(y), (6.18)

where the energy-momentum tensor obtains contributions from matter and gravitons,
3
T τα =

3
T matt

τα +
3
T h

τα. (6.19)

The graviton contribution is at least of order O(κ2), while the matter contribution (3.19) has
a free part of order κ0 and no interacting part of order O(κ2) so that

3
T matt

τα = im2

4(2π)3 (b
∗∂αb − b∂αb∗) (6.20)

is actually exact. We have again used b0 =
√

m
4(2π)3 b to write the matter stress tensor (3.19)

in terms the modes b, b∗ that satisfy the canonical bracket (5.16).
15See [58] for the relation between superrotations and the subleading soft graviton theorem for massless

particles.
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6.3 Logarithmic soft theorem

Our goal in this work is to identify a conservation law of charges derived from a first
principles covariant phase space approach which is equivalent to the classical logarithmic
soft graviton theorem

lim
ω→0

∂ω

(
ω2∂ωMN+1

)
= S

(ln ω)
0,classicalMN . (6.21)

We expect the latter to be associated with the same diffeomorphism (4.4) and (4.7) as the
tree-level subleading soft graviton theorem corresponding to superrotations but with an
infrared-corrected Noether charge given by our soft and hard logarithmic charges (5.34)
and (5.14). The soft log charge is given by

Q
(ln)
S,+[Y ] = − 1

κ2

∫
S2

d2x̂
[
2DADBD · Y − (D2 − 4)DAY B

]
J (ln)

AB,+

+ 1
2κ

∫
S2

d2x̂
0
hrr

[
2DADBD · Y − (D2 − 4)DAY B

]
J (−1)

AB,+

(6.22)

in terms of the leading soft graviton operator (6.6) and the ‘log soft graviton operator’

J (ln)
AB,+ ≡

∫ +∞

−∞
du ∂u(u2∂uCAB) with CAB

u→±∞= C
(0),±
AB + 1

|u|
C

(1),±
AB + O( 1

|u|1+# ) (6.23)

and # any positive number. For A, B = z, z̄ we find16

Q
(ln)
S,±[Y ] = − 2

κ2

∫
S2

d2x̂
[
D3

zY zJ (ln),zz
+ + D3

z̄Y z̄J (ln),z̄z̄
+

]
+ 1

κ

∫
S2

d2x̂
0
hrr

[
D3

zY zJ (−1),zz
+ + D3

z̄Y z̄J (−1),z̄z̄
+

]
,

(6.24)

where d2x̂ = γzz̄dzdz̄. The hard log charge can be written as

Q
(ln)
H,+[Ȳ ] =

∫
i+

d3y Ȳ α
3,ln
T matt

τα , (6.25)

where the expression for the interacting stress energy tensor (3.19) using b0 =
√

m
4(2π)3 b

is given by

3,ln
T matt

τα = − κm3

4(2π)3 (∂α

1
hττ )b∗b, (6.26)

with the b and b∗ modes satisfying the canonical Poisson bracket (5.16). Both soft and hard
logarithmic charges are exact in the gravitational coupling κ.

One obtains soft and hard charges, Q
(ln)
S,− and Q

(ln)
H,−, on the past null and time-like

infinities, respectively, by a similar analysis. Upon antipodal identification of the symmetry
parameters Ȳ α(y) and Y A(x̂) between i+ ∪ I+ and i− ∪ I−, we obtain charges

Q
(ln)
± = Q

(ln)
S,± + Q

(ln)
H,± (6.27)

16Note that our expression for the soft charge agrees with the BRST cocycle analysis of [82]. We thank
Tom Wetzstein for pointing this out to us.
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on the future (+) and past (-) boundary satisfying

Q
(ln)
+ = Q

(ln)
− . (6.28)

In the following we will establish that this classical conservation law, when recast as a
symmetry of the S-matrix,

⟨out| (Q(ln)
+ S − SQ

(ln)
− ) |in⟩ = 0, (6.29)

corresponds indeed to the classical logarithmic soft graviton theorem. Before we proceed let
us clarify some points. It may appear surprising that we have to turn to quantisation of the
classical conservation law to show its equivalence with the classical logarithmic soft theorem.
However, this is simply because the classical soft theorems are written in terms of asymptotic
data of point particles as opposed to fields. Moreover, our classical charge derivation uses
retarded propagators and we therefore recover the classical but not the quantum log soft
theorem. To derive the latter the effect of quantum propagators would have to be taken
into account and we leave this for future work.17

To prove that our superrotation charge conservation law implies the classical logarithmic
soft graviton theorem we make use of the split into soft and hard charges. In turn we show that
the commutator of the soft charge with the S-matrix gives rise to the soft graviton insertion,
while the action of the hard charges on the matter fields lands us on the logarithmic soft
graviton factor. Since the superrotation charges are smeared over the celestial sphere, to make
contact with the soft theorem we make the following judicious choice for the superrotation
vector field18 on I+,

Y z = (z − w)2

(z̄ − w̄) , Y z̄ = 0. (6.30)

Using the identity D3
zY z = 4πδ(2)(z−w) this choice projects to negative-helicity gravitons; the

log soft theorem derived via the Ward identity of this superrotation charge shall correspond
to (1.5) with negative-helicity polarization tensor ε−µν .

Soft log charge insertion ⟨out|[Q(ln)
S , S]|in⟩. The soft log charge for the choice of vector

field (6.30) takes the form

Q
(ln)
S,+[Y ] = −8π

κ2 γww̄ J (ln)
w̄w̄,+ + 4π

κ
γww̄

0
hrr(w, w̄)J (−1)

w̄w̄,+. (6.31)

The sourced graviton, obtained from (3.31) via
0
hrr = (∂rxµ)(∂rxν)

0
hµν , is given by

0
hrr(w, w̄) = − κ

8π

∫
d3y (q(w, w̄) · Y(y))

3
T matt

ττ (y). (6.32)

17Note that for the leading soft theorem (and all subleading tree-level soft theorems) the distinction between
classical and quantum propagators do not matter.

18This is the same vector field as was considered in [59] in deriving the subleading tree-level soft theorem
from superrotation symmetry.
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The matter energy-momentum tensor
3
T matt

ττ is given by (6.9). Upon quantization, the Poisson
bracket (5.16) becomes the following equal-time commutator for the ladder operators b(y)
and b†(y),

[b(y), b†(y′)] = (2π)3 2
m2 δ3(y − y′). (6.33)

Thus the action of
0
hrr on an outgoing Fock state is simply

⟨out|
0
hrr(w, w̄) = − κ

8π

∑
i∈out

(q(w, w̄) · pi) ⟨out| . (6.34)

The insertion of the leading soft graviton operator J (−1)
w̄w̄,+ [3]

J (−1)
w̄w̄,+ = − κ

4π(1 + ww̄)2 lim
ω→0

[
ωa−(ωx̂w) + ωa†

+(ωx̂w)
]

(6.35)

yields the Weinberg soft graviton factor. Here a± is the annihilation operator of a graviton
with positive/negative helicity, and x̂w = 1

1+ww̄ (w̄ + w, i(w̄ − w), 1 − ww̄) is the unit 3-
vector that points in the direction defined by (w, w̄). The insertion of the logarithmic
soft graviton operator J (ln)

w̄w̄,+ corresponds to a negative-helicty graviton insertion with the
projector ω∂2

ωω = ∂ωω2∂ω,

J (ln)
w̄w̄,+ = iκ

4π(1 + ww̄)2 lim
ω→0

∂ωω2∂ω

[
a−(ωx̂w)− a†

+(ωx̂w)
]

. (6.36)

Following a similar analysis on the past boundary, we obtain the following expression for
the soft charge insertion to the scattering amplitude,

⟨out|(Q(ln)
S,+S − SQ

(ln)
S,−)|in⟩ = − i

κ
lim
ω→0

∂ωω2∂ω ⟨out| aout
− (ωx̂w)S − Sain

+(ωx̂w)† |in⟩

+ κ2

16π

∑
i∈out

q · pi

∑
j∈in,out

(pj · ε−)2

pj · q
⟨out|S|in⟩ ,

(6.37)

where ωqµ(w, w̄) is the momentum of the soft graviton, and in the second line we have
used momentum conservation ∑i∈in,out pi = 0 to replace the sum over incoming momenta
with the sum over outgoing ones.

Hard log charge insertion ⟨out|[Q(ln)
H , S]|in⟩. The hard logarithmic charge (6.25) con-

tains the ‘Coulombic’ graviton operator
1
hττ . It satisfies the differential equation (3.13), so

the inhomogeneous (sourced) solution can be written using the Green’s function derived
in appendix C,

1
hττ (y) =

κ

8π

∫
d3y′

(Y · Y ′)2 − 1
2√

(Y · Y ′)2 − 1
3
T matt

ττ (y′). (6.38)

Here Yµ and Y ′µ are the four-vectors parametrized by y and y′ respectively as (2.8). The
matter energy-momentum tensor is given by (6.9). Upon quantization, we obtain the
following expression for the hard log charge,

Q
(ln)
H [Ȳ ] = −κ2m4

4π

( m

4(2π)3

)2
:
∫

d3y b†(y)b(y)Ȳ α ∂

∂yα

∫
d3y′

(Y · Y ′)2 − 1
2√

(Y · Y ′)2 − 1
b†(y′)b(y′): .

(6.39)
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The colons denote normal ordering with respect to the ladder operators b0 and b†0. With the
choice (6.30) for the vector field, the map (4.10) from I+ to i+ implies that [60]

Ȳ α ∂

∂yα
= p · ε−

p · q
ε−µ qν

(
pµ ∂

∂pν
− pν ∂

∂pµ

)
, (6.40)

where pµ = mYµ and qµ = (1, x̂w). Using this and the commutator (6.33), we obtain the
action of the future hard charge on an outgoing Fock state to be

⟨out|Q(ln)
H,+ = − iκ2

16π

∑
i,j∈in
i ̸=j

ε− · pi

pi · q
ε−µ qν

(pµ
i

∂

∂piν
− pν

i

∂

∂piµ

)
(pi · pj)2 − 1

2p2
i p2

j√
(pi · pj)2 − p2

i p2
j

 ⟨out| .

(6.41)
The normal ordering of operators in (6.39) results in the sum in (6.41) being over distinct
pairs of outgoing scalars, in exact agreement with the soft factor (1.5) of Saha-Sahoo-Sen [2].
Applying the momentum derivative, we land on the following expression

⟨out|Q(ln)
H,+ = − κ2

32π

∑
i,j∈in
i ̸=j

ε−µσpσ
i qν

pi · q

(pi · pj)(pµ
i pν

j − pν
i pµ

j )
[(pi · pj)2 − p2

i p2
j ]3/2 [2(pi · pj)2 − 3p2

i p2
j ] ⟨out| . (6.42)

When we repeat this analysis on the past time-like infinity, the action of the past hard charge
Q

(ln)
H,− on the incoming state is analogous to (6.42) but with an overall minus sign. Thus,

the hard charge insertion amounts to

⟨out| (Q(ln)
H,+S − SQ

(ln)
H,−) |in⟩

= − κ2

32π

∑
ηiηj=1

i ̸=j

ε−µσpσ
i qν

pi · q

(pi · pj)(pµ
i pν

j − pν
i pµ

j )
[(pi · pj)2 − p2

i p2
j ]3/2 [2(pi · pj)2 − 3p2

i p2
j ] ⟨out|S|in⟩ , (6.43)

where ηi = +1 (−1) if the i-th particle is outgoing (incoming).

Log charge conservation implies log soft theorem. Collecting the two results (6.37)
and (6.43) for the soft and hard charge insertions, we find that the classical conservation
law (6.29) can be recast as the equation

lim
ω→0

∂ωω2∂ω ⟨out| (aout
− (ωx̂)S − Sain

+(ωx̂)†) |in⟩

=
i(κ

2 )3

4π

∑
ηiηj=1

i ̸=j

ε−µσpσ
i qν

pi · q

(pi · pj)(pµ
i pν

j − pν
i pµ

j )
[(pi · pj)2 − p2

i p2
j ]3/2 [2(pi · pj)2 − 3p2

i p2
j ] ⟨out|S|in⟩

−
i(κ

2 )3

2π

∑
i∈out

q · pi

∑
j∈in,out

(pj · ε−)2

pj · q
⟨out|S|in⟩ .

(6.44)

The operator limω→0 ∂ωω2∂ω projects to the coefficient of lnω in the soft expansion. One
recognizes the r.h.s. to be exactly the leading logarithmic soft factor (1.5) (times two, since
the l.h.s. is a sum of two insertions).

We have thus derived, from first principles, a classical conservation law for superrotation
symmetry that accounts for long-range infrared effects and established its equivalence with
the classical logarithmic soft graviton theorem.
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A Useful formulas

Hyperbolic and Bondi coordinates. We list the metric components and the Christoffel
symbols for the coordinates near the future time-like infinity i+ and the future null infinity
I+ that are used in the main text.

Time-like infinity. Near i+, we employ the hyperbolic coordinates (τ, ρ, x̂), where τ and
ρ are related to the Minkowski time t and radial coordinate r by

τ =
√

t2 − r2, ρ = r√
t2 − r2

, t = τ
√
1 + ρ2, r = τρ. (A.1)

The line element in these coordinates takes the form

ds2 = −dτ2 + τ2kαβdyαdyβ , (A.2)

kαβdyαdyβ = dρ2

1 + ρ2 + ρ2γABdxAdxB, (A.3)

where γAB is the unit sphere metric. The metric kαβ describes a three-dimensional hyperboloid
with unit negative curvature, and therefore the associated Ricci tensor is given by (3)Rαβ =
−2kαβ. As a consequence, we have the following identities for any covariant vector Xα

on the hyperboloid,

[Dα,Dβ ]Xβ = 2Xα, (A.4)
[Dα,D2]Xα = −DαXα, (A.5)

where Dα is the covariant derivative on the hyperboloid, compatible with kαβ , and D2 = DαDα.
The only non-vanishing Christoffel symbols for the metric (A.2) are

Γτ
αβ = τkαβ , Γα

τβ = 1
τ

δα
β , Γα

βγ = (3)Γα
βγ . (A.6)

Here (3)Γα
βγ denotes the Christoffel symbol for the metric (A.3) on the hyperboloid. Written

out explicitly, we have the following non-vanishing components:

Γτ
ρρ = τ

1 + ρ2 , Γτ
AB = ρ2τγAB, Γρ

τρ = 1
τ

, Γρ
ρρ = − ρ

1 + ρ2 ,

Γρ
AB = −ρ(1 + ρ2)γAB, ΓA

τB = 1
τ

δA
B, ΓA

ρB = 1
ρ

δA
B, ΓA

BC = (2)ΓA
BC ,

(A.7)

– 29 –



J
H
E
P
0
4
(
2
0
2
5
)
1
3
8

where (2)ΓA
BC is the Christoffel symbol for the sphere metric γAB.19 The Riemann tensor

is given by the simple form

(3)Rαβγδ = −kαγkβδ + kαδkβγ . (A.8)

Null infinity. Near I+, we employ the retarded time coordinate (u, r, x̂) where u = t − r.
In these coordinates, the Minkowski metric takes the form

ds2 = −du2 − 2dudr + r2γABdxAdxB, (A.9)

where γAB is the unit sphere metric. The only non-vanishing Christoffel symbols are

Γu
AB = rγAB, Γr

AB = −rγAB, ΓA
rB = 1

r
δA

B, ΓA
BC = (2)ΓA

BC , (A.10)

where (2)ΓA
BC is the Christoffel symbol for γAB.20

Equations of motion and gauge condition. We summarize here the equations of motion
for the real massive scalar field minimally coupled to gravity as well as the gauge conditions
in, respectively, hyperbolic and retarded Bondi coordinates.

Time-like infinity. The de Donder gauge condition (3.3) in hyperbolic coordinates takes
the form

0 = −1
2∂τ hττ + 1

τ2D
αhατ − 3

τ
hττ − 1

2τ2 kαβ∂τ hαβ ,

0 = −∂τ hτα − 3
τ

hτα + 1
τ2D

βhβα − 1
2Dαh,

(A.11)

with the trace in hyperbolic coordinates given by h = 1
τ2 kαβhαβ − hττ . The equation of

motion (3.9) for the real scalar field is given by

0 =
[
− ∂2

τ − 3
τ

∂τ + 1
τ2D

2 − m2
]
φ

+ κ

[
− hττ ∂2

τ + 2
τ2 hτα

(
∂τDα − 1

τ
Dα
)
− 1

τ4 hαβ

(
DαDβ − τkαβ∂τ

) ]
φ. (A.12)

19In the stereographic coordinates γzz̄ = 2
(1+zz̄)2 , we have (2)Γz

zz = −2z̄
1+zz̄

and (2)Γz̄
z̄z̄ = −2z

1+zz̄
.

20See footnote 19.
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There is no radiation at i± but the matter stress tensor T matt
µν sources a ‘Coulombic’ metric

field via Einstein’s equations which in hyperbolic coordinates take the form

−κ

2Tττ = 1
2∂2

τ

( 1
τ2 kαβhαβ + hττ

)
− 3

2τ
∂τ h + 1

2τ2D
2h

+ 3
τ

∂τ hττ + 1
τ2D

2hττ − 2
τ2 ∂τDαhτα − 4

τ4 kαβhαβ + 2
τ3 kαβ∂τ hαβ ,

−κ

2Tτα = ∂τ

[ 1
τ2

(
kβγDαhβγ −Dβhαβ

)]
+ 2

τ
Dαhττ + 1

τ2 (D
2 − 4)hτα − 1

τ2D
βDαhτβ ,

−κ

2Tαβ = DαDβh + 1
τ2

(
D2hαβ −DγDαhγβ −DγDβhγα − 4hαβ

)
+ kαβ

[
−1
2D

2h − 4hττ + 1
2τ2∂2

τ h + 2
τ
Dγhτγ + τ∂τ

(1
2h − 2hττ

)]
+ 1

τ
∂τ hαβ − ∂2

τ hαβ + 1
τ
Dαhτβ + 1

τ
Dβhτα + ∂τ (Dαhτβ +Dβhτα) . (A.13)

Null infinity. In retarded Bondi coordinates the de Donder condition (3.3) takes the form

0 =
(

∂u + ∂r +
2
r

)
hur −

(
∂r +

2
r

)
huu − ∂uhrr +

1
r2 DAhuA − 1

r2 γAB∂uhAB,

0 =
(

∂r −
2
r

)
hur +

(
−∂u + 2

r

)
hrr +

1
r2 DAhrA + 1

r2 γAB
(
−∂r +

1
r

)
hAB, (A.14)

0 =
(

∂r − ∂u + 2
r

)
hrA −

(
∂r +

2
r

)
huA + DA(2hur − hrr) +

1
r2 γBC (DBhAC − DAhBC) .

Einstein’s equations (3.4), expressed in terms of the trace-reversed metric,

h̄µν = hµν − 1
2ηµνh, (A.15)

are given by □h̄µν = −κ
2 Tµν whose components take the form

−κ

2Tuu =
[
∂2

r −2∂u∂r +
2
r
(∂r −∂u)+

1
r2 D2

]
h̄uu,

−κ

2Tur =
[
∂2

r −2∂u∂r +
2
r
(∂r −∂u)+

1
r2 D2

]
h̄ur +

2
r2 (h̄uu− h̄ur)−

2
r3 DAh̄uA,

−κ

2TuA =
[
∂2

r −2∂u∂r +
1
r2 (D

2−1)
]

h̄uA− 2
r

DA(h̄uu− h̄ur),

−κ

2Trr =
[
∂2

r −2∂u∂r +
2
r
(∂r −∂u)+

1
r2 D2

]
h̄rr +

4
r2 (h̄ur − h̄rr)−

4
r3 DAh̄rA+ 2

r4 γABh̄AB,

−κ

2TrA =
[
∂2

r −2∂u∂r +
1
r2 (D

2−5)
]

h̄rA+ 4
r2 h̄uA− 2

r
DA(h̄ur − h̄rr)−

2
r3 DBh̄AB,

−κ

2TAB =
[
∂2

r −2∂u∂r −
2
r
(∂r −∂u)+

1
r2 D2

]
h̄AB +2γAB(h̄uu+ h̄rr −2h̄ur)

+ 2
r

[
DA(h̄rB − h̄uB)+DB(h̄rA− h̄uA)

]
. (A.16)
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B Tails from time-like to null infinity

The u → ∞ behavior of the Cartesian components of the trace-reversed graviton field (3.28)
at I+ is

h̄µν(x) =
1
r

[
0
h̄µν(xA) + ln u

u

1,ln
h̄µν(xA) + 1

u

1
h̄µν(xA) + · · ·

]
, (B.1)

where the coefficients can be obtained using the expression (3.29) for the energy momen-
tum tensor,

0
h̄µν(xA) = κ

8π

∫
d3y(−q · Y)−1YµYν

3
T ττ ,

1,ln
h̄µν(xA) = κ

8π

∫
d3y

(
YµYν

4,ln
T ττ −Dα(YµYν)

3,ln
Tτα

)
, (B.2)

1
h̄µν(xA) = κ

8π

∫
d3y

[
YµYν

4
T ττ −Dα(YµYν)

3
T τα + (DαYµ)(DβYν)

2
T αβ (B.3)

− ln(−q · Y)
(
YµYν

4,ln
T ττ −Dα(YµYν)

3,ln
Tτα

)]
.

The graviton energy-momentum tensor fall-offs (3.20) imply that
0
hµν and

1,ln
hµν receive contri-

butions only from the matter energy-momentum tensor. Now we use energy conservation
∇µTµτ = 0, which in hyperbolic components translates to

−
(

∂τ + 3
τ

)
Tττ + 1

τ2D
αTτα − 1

τ3 kαβTαβ = 0. (B.4)

For the relevant terms in the 1/τ expansion we have
4,ln
Tττ + Dα

3,ln
Tτα = 0 and

4
T ττ −

4,ln
Tττ +

Dα
3
T τα − kαβ

2
T αβ = 0.21 As a consequence the ln u/u term takes the form of an integral

over a total derivative which vanishes,
1,ln
h̄µν(xA) = − κ

8π

∫
d3yDα

(
YµYν

3,ln
Tτα

)
= 0. (B.5)

Now we use momentum conservation ∇µTµα = 0, which in hyperbolic components translates to

−
(

∂τ + 3
τ

)
Tτα + 1

τ2D
βTαβ = 0. (B.6)

From the large-τ expansion we have
3,ln
Tτα −Dβ

2
T αβ = 0. The 1/u term simplifies to

1
h̄µν(xA) =

κ

8π

∫
d3y

[
−YµYνDα

3,ln
Tτα +ln(−q ·Y)Dα

(
YµYν

3,ln
Tτα

)
+
(
YµYνkαβ +(DαYµ)(DβYν)

) 2
T αβ

]

=
κ

8π

∫
d3y

 qσ

(
YσDα(YµYν)−YµYνDαYσ

)
(−q ·Y)

3,ln
Tτα +

(
YµYνkαβ +(DαYµ)(DβYν)

) 2
T αβ

 , (B.7)

21Note that while (B.4) together with the fall-offs (3.18), (3.20) imply
4,ln
Tττ +Dα

3,ln
Tτα = 0 at O(κ3), we will

show in appendix D that this actually holds to all orders.
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where we have integrated by parts. The graviton energy-momentum tensor (3.20) does not

contribute to
3,ln
Tτα, and the matter energy-momentum tensor (3.18) does not contribute to

2
T αβ. Finally, we use hµν = h̄µν − 1

2ηµν h̄ and Y · Y = −1 to obtain expressions for the
coefficients in the large-u expansion of hµν in (3.30),

0
hµν(xA) = κ

8π

∫
d3y(−q · Y)−1

(
YµYν + 1

2ηµν

) 3
T matt

ττ ,

1,ln
hµν(xA) = 0,

1
hµν(xA) = − κ

8π

∫
d3y

[
(q · Y)Dα(YµYν)− (YµYν + 1

2ηµν)Dα(q · Y)
q · Y

3,ln
T matt

τα

−
(
(YµYν + 1

2ηµν)kαβ + (DαYµ)(DβYν)−
1
2ηµν(DαYσ)(DβYσ)

) 2
T h

αβ

]
.

(B.8)

C Green’s functions and bulk-to-boundary propagators

Vector Green’s function Gα
A. The Green’s function Gα

A(y; x̂) used in (4.11) is defined
in terms of a scalar bulk-to-boundary propagator of the type D2G(n) = n(n − 2)G(n) with
n = 4, [77]

Gα
A(y; x̂)∂α = −G(4)(y; x̂)Lµν

A (x̂)Jµν(y), (C.1)

with Lµν
A = qµDAqν − qνDAqµ and Jµν = xµ∂ν − xν∂µ. Here qµ = (1, x̂) and

G(4)(ρ, x̂; x̂′) = 3
16π

1
(−Y · q)4 , (C.2)

which satisfies limρ→∞ ρ−2G(4)(ρ, x̂; x̂′) = δ2(x̂ − x̂′).

Green’s function G for sourced graviton. In this appendix we derive the Green’s
function satisfying the differential equation

(D2 − 3)G(y; y′) = −δ3(y − y′), (C.3)

where y and y′ are two points on a constant-τ hyperboloid. Parametrizing the hyperboloid
using the ρ, x̂ coordinates in (2.7), the delta function on the r.h.s. takes the form δ3(y − y′) =√

1+ρ2

ρ2 δ(ρ − ρ′)δ2(x̂ − x̂′). In these coordinates the Laplacian takes the form

D2 = (1 + ρ2)∂2
ρ + (2 + 3ρ2)

ρ
∂ρ +

1
ρ2 D2, (C.4)

where D2 is the Laplacian on the unit sphere. By symmetry, the solution to (C.3) only depends
on the proper distance between two points on the hyperboloid. The proper distance squared is

(x − x′)2 = (τY − τY ′)2 = 2τ2(1− Y · Y ′), (C.5)

– 33 –



J
H
E
P
0
4
(
2
0
2
5
)
1
3
8

so we take G to be a single-variable function of P ≡ −Y · Y ′. Note that P ≥ 1, and P = 1
corresponds to the contact point y = y′. Without loss of generality, arrange the coordinates
such that y′ sits at the origin. This drops all angular dependence of P , and the map from
ρ to P becomes simply P =

√
1 + ρ2.

Let us first solve the equation outside the source: P > 1. In this case the equation (C.3)
becomes

(P 2 − 1)G′′(P ) + 3PG′(P )− 3G(P ) = 0. (C.6)

This has the following solution,

G(P ) = A
(P 2 − 1

2)√
P 2 − 1

− BP, (C.7)

where A and B are integration constants. As this is a Green’s function, it should be singular
at the contact point P = 1, so we set B = 0. We fix A by going back to the differential
equation. Writing G in terms of ρ, we have

G(y) = A
(1 + ρ2)

2ρ
(C.8)

and the differential equation is

(D2 − 3)G(y) = − 1
4π

√
1 + ρ2

ρ2 δ(ρ). (C.9)

On the r.h.s. the angular delta function has been replaced by 1
4π since at ρ = 0 both angles θ,

ϕ are degenerate. The source is at the origin, so we can capture its contribution by integrating
over any small volume around the origin and using Stokes’ theorem. Integrating both sides
over an infinitesimal volume Σϵ around the origin bounded by the surface ρ = ϵ, we have

lim
ϵ→0

∫
Σϵ

d3y(D2 − 3)G(y) = −1. (C.10)

The integral of −3G can be done explicitly using the expression for G(y). One finds that
this contribution vanishes in the ϵ → 0 limit. What remains is a total derivative, so we
use Stokes’ theorem to write

−1 = lim
ϵ→0

∫
Σϵ

d3y DαDαG(y) =
∫

d2x̂ nαDαG(y)
∣∣∣∣
ρ=0

. (C.11)

The unit normal vector nα has only one non-vanishing component nρ = ρ2√1 + ρ2. Plugging
in the expression for G(y), we find that

−1 =
∫

d2x̂ nαDαG(y)
∣∣∣∣
ρ=0

= −2πA, =⇒ A = 1
2π

. (C.12)

Therefore, the Green’s function for the differential operator D2 − 3 is given by (C.7) with
A = 1

2π and B = 0, which with P = −Y · Y ′ reads

G(y; y′) = 1
2π

(Y · Y ′)2 − 1
2√

(Y · Y ′)2 − 1
. (C.13)
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D Logarithmic charge to all orders in the coupling

In this appendix, we show that the expressions (5.14) and (5.34) for the logarithmic hard
and soft charges in gravity are one-loop exact, in the sense that they do not receive further
corrections at higher orders in κ.

To incorporate terms of higher power in the coupling constant, we allow for terms with
higher powers of ln τ in the large-τ expansion of the real massive scalar φ.

φ(τ, y) = e−imτ
∞∑

k=0

∞∑
n=0

(ln τ)n

τ
3
2 +k

bk,n(y) + c.c. . (D.1)

Matching with the notation used in the main text, we shall also refer to the first few coefficients
as bk ≡ bk,0 and

ln
bk ≡ bk,1. The graviton has falloffs given by (3.12) and (3.14) with one

power of ln τ in the next-to-leading order,

hττ (τ, y) = 1
τ

1
hττ (y) +

ln τ

τ2

ln
hττ (y) +

1
τ2

2
hττ · · · ,

hτα(τ, y) =
0
hτα(y) +

ln τ

τ

ln
hτα(y) + · · · ,

hαβ(τ, y) = τ
−1
h αβ(y) + ln τ

ln
hαβ(y) + · · · .

(D.2)

It does not admit higher powers of log at this next-to-leading order in the large-τ expansion;

such modes with n factors of ln τ are sourced by the n-th logarithmic modes
4,n

Tττ ,
3,n

Tτα and
2,n

Tαβ of the energy-momentum tensor, but we shall see below that these vanish for all n ≥ 2.
Since the leading falloffs of the graviton remain unchanged by higher order coupling

corrections, the leading large-τ asymptotics of the graviton energy-momentum tensor (3.7)
also remain the same as the one-loop falloffs (3.20),

T h
ττ = 1

τ4

4
T h

ττ + · · · , T h
τα = 1

τ3

3
T h

τα + · · · , T h
αβ = 1

τ2

2
T h

αβ + · · · , (D.3)

to all orders in the coupling κ.
To find the large-τ behavior of the matter energy momentum tensor, we solve the scalar

equation of motion to all orders in the coupling. The scalar modes in (D.1) relevant for
our purposes are ones up to order τ− 5

2 (ln τ)n, and for these it is sufficient to solve the
equation (3.9) with just one κ2 correction,22[

(gµν − κhµν + κ2hµσhν
σ + · · · )∇µ∇ν − m2

]
φ = 0, (D.4)

which one may readily see by counting powers of τ ’s with the falloffs (D.1) and (D.2). Plugging
the expansions (D.1) and (D.2) into (D.4), we find that the scalar equation of motion has
the following large-τ expansion that is exact to all orders in κ:

0 = e−imτ
∞∑

n=0

(ln τ)n

τ5/2 Eq 5
2 ,n + e−imτ

∞∑
n=0

(ln τ)n

τ7/2 Eq 7
2 ,n + c.c. + · · · , (D.5)

22There are other corrections to the equation at this order in κ coming from corrections to the covariant
derivative, but they contribute to the equation only at order τ− 7

2 (ln τ)n and higher in the large-τ limit.
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where

Eq 5
2 ,n = m2κ

1
hττ b0,n + 2im(n + 1)b0,n+1, (D.6)

Eq 7
2 ,n =

(
D2 + 3

4 − 3imκ
1
hττ − 2imκ

0
hταDα − imκkαβ

−1
hαβ + m2κ2(

1
hττ )2 + m2κ

2
hττ

)
b0,n

− 2imb1,n + 2im(n + 1)b1,n+1 − (n + 2)(n + 1)b0,n+2 + (n + 1)b0,n+1

+ m2κ
1
hττ b1,n + 2imκ(n + 1)

1
hττ b0,n+1 + m2κ

ln
hττ b0,n−1. (D.7)

Solving Eq 5
2 ,n = 0 fixes all b0,n in terms of b0,

b0,n = 1
n!

(
i

2mκ
1
hττ

)n

b0, (D.8)

and b0 is the unconstrained free data. This implies that the leading (k = 0) set of terms
in (D.1) exponentiate to a phase,

φ(τ, y) = e−imτ

e
i
2 mκ

1
hττ

τ3/2 b0 +
∞∑

k=1

∞∑
n=0

(ln τ)n

τ
3
2 +k

bk,n(y) + c.c.

 . (D.9)

Using (D.8) to simplify expressions, we can write the equation Eq 7
2 ,n = 0 as

b1,n = −i

2m(1+ iH)

[(
D2+ 3

4−5iH+H2−2imκ
0
hταDα− imκkαβ

−1
hαβ +m2κ

2
hττ

)((iH)n

n! b0

)

+m2κ
ln
hττ b0,n−1

]
+ (n+1)

1+ iH
b1,n+1, (D.10)

where we define b0,−1 = 0 for the special case n = 0. We have employed the shorthand

H ≡ 1
2mκ

1
hττ (D.11)

to avoid notation clutter. The factor (1+iH)−1 is a formal expression that represents the series

1
1 + iH

≡
∞∑

l=0
(−iH)l. (D.12)

The equation (D.10) defines a recurrence relation, which allows us to write b1,n as

b1,n=
−i

2mn!

∞∑
k=n

1
(1+iH)k−n+1

(
D2+3

4−5iH+H2−2imκ
0
hταDα−imκkαβ

−1
hαβ+m2κ

2
hττ

)(
(iH)k

b0

)

+m2κ
ln
hττ b0

2imn!

∞∑
k=n

k(iH)k−1

(1+iH)k−n+1 . (D.13)
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After applying the derivatives D2 and Dα, we find that each series is a Taylor expansion
that reduces to a simple closed form:

b1,n = − 1
2imn! [n(n − 1)(iH)n−2 + 2n(iH)n−1 + 2(iH)n](DαH)(DαH)b0

+ 1
n! [(iH)n + n(iH)n−1]

(
1
m
(∂αH)Dα + 1

2m
(D2H)− iκ

0
hτα(DαH)− i

2mκ
ln
hττ

)
b0

+ (iH)n

2imn!

(
D2 + 3

4 − 5iH + H2 − imκkαβ
−1

hαβ + m2κ
2
hττ − 2imκ

0
hταDα

)
b0. (D.14)

Now we use this expression to derive the large-τ expansion of the relevant matter energy-
momentum tensor components that is valid to all orders in the coupling constant. The
matter energy-momentum tensor is given by

T matt
µν = ∂µφ∂νφ−1

2(gµν+κhµν)
[
(gσλ − κhσλ + κ2hσκhλ

κ + O(h3))∂σφ∂λφ + m2φ2
]

, (D.15)

where O(h3) represents terms with three or more graviton factors. Plugging the expan-
sions (D.1) and (D.2), we find that the energy-momentum tensor has the following large-τ
expansions

T matt
ττ =

∞∑
n=0

(ln τ)n

τ3

3,n

T matt
ττ +

∞∑
n=0

(ln τ)n

τ4

4,n

T matt
ττ + · · · ,

T matt
τα =

∞∑
n=0

(ln τ)n

τ3

3,n

T matt
τα + · · · ,

T matt
αβ =

∞∑
n=0

(ln τ)n

τ2

2,n

T matt
αβ + · · · .

(D.16)

The coefficients take the form
3,n

T matt
ττ = 2m2s(1)

n ,

2,n

T matt
αβ = mkαβ(2Hs(1)

n + s(3)
n ),

3,n

T matt
τα = ms(2)

n,α,

4,n

T matt
ττ = −2mHs(1)

n + ms(3)
n + 2m2s(4)

n ,

(D.17)

given in terms of the four finite series

s(1)
n =

n∑
k=0

b∗0,kb0,n−k,

s(3)
n = i

n+1∑
k=0

(n + 1− 2k)b∗0,kb0,n+1−k

s(2)
n,α = i

n∑
k=0

b∗0,n−k∂αb0,k + c.c., ,

s(4)
n =

n∑
k=0

b1,kb∗0,n−k + c.c.
(D.18)

Let us evaluate these one by one:

• s
(1)
n and s

(2)
n,α: we find using the expression (D.8) that both are simple binomial expan-

sions of the form (1− 1)n−l = δn,l, that reduce to either δn,0 or δn,1:

s(1)
n = |b0|2δn,0,

s(2)
n = −2(∂αH)|b0|2δn,1 + i(b∗0∂αb0 − b0∂αb∗0)δn,0.

(D.19)
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• s
(3)
n : with (D.8), the expression for s3 can be written as a sum of two binomial

expansions,

s(3)
n = i(iH)n+1|b0|2

n+1∑
k=0

(n + 1− 2k)(−1)k

k!(n + 1− k)!

= i

n! (iH)n+1|b0|2
[

n+1∑
k=0

(
n + 1

k

)
(−1)k + 2

n∑
k=0

(
n

k

)
(−1)k

]
.

(D.20)

The first term in square brackets is δn+1,0 which is identically zero since n is non-negative.
The second term is simply 2δn,0. Thus,

s(3)
n = −2H|b0|2δn,0. (D.21)

• s
(4)
n : this one involves both b1,n and b0,n. Using (D.10) and (D.8), we find that each

term that appear in the expression for s
(4)
n is a simple binomial expansion that is

proportional to either δn,2, δn,1 or δn,0, and that the terms proportional to δn,2 cancel
out. We end up with

s(4)
n = −δn,0

2m

[
ib∗0D2b0 + 5H|b0|2 + mκkαβ

−1
hαβ |b0|2 + 2mκ

0
hταb∗0Dαb0 + c.c.

]
+ 1

m
(δn,0 + δn,1)

[
(∂αH)(b∗0Dαb0 + b0Dαb∗0) + (D2H)|b0|2

]
. (D.22)

Putting the results together, we obtain

3,n

T matt
ττ = 2m2b∗0b0δn,0, (D.23)

3,n

T matt
τα = −m2κ(∂α

1
hττ )b∗0b0δn,1 + im(b∗0∂αb0 − b0∂αb∗0)δn,0, (D.24)

2,n

T matt
αβ = 0, (D.25)

and

4,n

T matt
ττ =−mδn,0

[
i(b∗0D2b0−b0D2b∗0)+mκ(7

1
hττ +2kαβ

−1
hαβ)|b0|2+2mκ

0
hτα(b∗0Dαb0+b0Dαb∗0)

]
+m2κ(δn,0+δn,1)

[
(∂α

1
hττ )(b∗0Dαb0+b0Dαb∗0)+(D2 1

hττ )|b0|2
]

. (D.26)

In particular, combining these with the falloffs (D.3) of the graviton energy-momentum tensor,
we find that the total energy-momentum tensor satisfies

0 =
4,n

T ττ =
3,n

T τα =
2,n

T αβ for all n ≥ 2. (D.27)

These are the modes that source the graviton modes
2,n≥2
hττ ,

1,n≥2
hτα ,

0,n≥2
hαβ with two or more

powers of ln τ at the next-to-leading order in 1/τ ; the fact that they vanish justifies the
graviton falloff condition (D.2).
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Therefore, to all orders in the coupling constant, the large-τ behavior of the energy-
momentum tensor components Tττ and Tτα is given by

T matt
ττ = 1

τ3

3
T matt

ττ + ln τ

τ4

4,ln
T matt

ττ + 1
τ4

4
T matt

ττ + · · · ,

T matt
τα = ln τ

τ3

3,ln
T matt

τα + 1
τ3

3
T matt

τα + · · · ,

T matt
αβ = 1

τ2

2
T matt

αβ + · · ·

(D.28)

where

3
T matt

ττ = 2m2b∗0b0δn,0, (D.29)
3,ln
T matt

τα = −m2κ(∂α

1
hττ )b∗0b0, (D.30)

3
T matt

τα = im(b∗0∂αb0 − b0∂αb∗0), (D.31)
2
T matt

αβ = 0. (D.32)

The subleading coefficients
4,ln
T matt

ττ ,
4
T matt

ττ are given by the coefficients of δn,1 and δn,0 in (D.26)
respectively. What is important for us is the fact that T matt

ττ does not develop higher powers
of logs of the form τ−4(ln τ)n with n ≥ 2, to all orders in the coupling; their explicit form
is not of interest in this paper.

Logarithmic hard charge. The logarithmic hard charge is given by

Q
(ln)
H,+[Ȳ ] =

∫
i+

d3y Ȳ α
3,ln
Tτα. (D.33)

The energy-momentum tensor has matter and graviton contributions,

Tτα = T matt
τα + T h

τα. (D.34)

The graviton part (3.20) is of order O(κ2), and goes as τ−3,

T h
τα = 1

τ3

3
T h

τα + · · · , (D.35)

so it does not contribute to the log hard charge. The matter part takes the form (D.30),
which implies that the log hard charge is given by

Q
(ln)
H,+[Ȳ ] = −m2κ

∫
i+

d3y Ȳ α(∂α

1
hττ )b∗0b0. (D.36)

This expression, which is exact to all orders in κ, is in agreement with (6.25) and (6.26),
which demonstrates that the hard log charge of gravity is one-loop exact.
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Subleading ‘tree-level’ hard charge. The ‘tree-level’ hard charge takes the form

Q
(0)
H,+[Ȳ ] =

∫
i+

d3y Ȳ α
3
T τα. (D.37)

The coefficient
3
T τα receives contributions from both matter and gravitons,

3
T τα =

3
T matt

τα +
3
T h

τα. (D.38)

The graviton contribution is of order O(κ2), while the matter term (D.31) is of order κ0; it
does not get corrections at higher order in κ. Thus

Q
(0)
H,+[Ȳ ] = im

∫
i+

d3y Ȳ α(b∗0∂αb0 − b0∂αb∗0) + O(κ2). (D.39)

The higher-order correction comes only from the graviton energy-momentum tensor.

Logarithmic soft charge. Higher powers of ln τ in the energy-momentum imply that we
should consider a generalization of the large-u expansion of the graviton field (3.30),

hµν(x) =
1
r

[
0
hµν(xA) +

∞∑
n=1

(ln u)n

u

1,n

hµν(xA) + 1
u

1
hµν(xA) + · · ·

]
. (D.40)

The coefficients in the expansion are related to those appearing in the generalization of (B.1)
for the trace-reversed field by hµν = h̄µν − 1

2ηµν h̄,

h̄µν(x) =
1
r

[
0
h̄µν(xA) +

∞∑
n=1

(ln u)n

u

1,n

h̄µν(xA) + 1
u

1
h̄µν(xA) + · · ·

]
, (D.41)

where
0
h̄µν = κ

8π

∫
d3y(−q · Y)−1YµYν

3
T ττ ,

1,n

h̄µν = κ

8π

∫
d3y

∞∑
r=n

(
r

n

)
[− ln(−q · Y)]r−n

×
(
YµYν

4,r

T ττ −Dα(YµYν)
3,r

Tτα + (DαYµ)(DβYν)
2,r

Tαβ

)
, (D.42)

and
1
h̄µν ≡

1,0
h̄µν . Since we saw in (D.28) and (D.2) that both

4,r

Tττ and
3,r

Tτα vanish for all r ≥ 2

and that
2,r

Tαβ vanish for all r except for
2,0

Tαβ =
2
T h

αβ, we have
1,n

h̄µν = 0 for all n ≥ 2,

1,1
h̄µν = κ

8π

∫
d3y

(
YµYν

4,1
T ττ −Dα(YµYν)

3,1
Tτα

)
, (D.43)

1
h̄µν = κ

8π

∫
d3y

[
YµYν

4
T ττ −Dα(YµYν)

3
Tτα + (DαYµ)(DβYν)

2
T αβ

− ln(−q · Y)
(
YµYν

4,1
T ττ −Dα(YµYν)

3,1
Tτα

)]
.
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For
1,1
h̄µν , we can integrate by parts and use the energy-momentum conservation ∇νTτν = 0

which reads
4,n

Tττ +Dα
3,n

Tτα = (n + 1)
4,n+1
Tττ + kαβ

2,n

Tαβ (D.44)

to write the integrand as
4,2
T ττ which is zero. Therefore the u−1 ln u mode vanishes as well:

1,1
h̄ µν = κ

8π

∫
d3yYµYν

(
4,1

T ττ +Dα
3,1

Tτα

)
= κ

8π

∫
d3yYµYν

(
2

4,2
T ττ + kαβ

2,1
Tαβ

)
= 0. (D.45)

This establishes
1,n

h̄µν = 0 for n ≥ 1, and therefore
1,n

hµν = 0 for all n ≥ 1, to all orders in the
coupling: the expansion (D.40) does not admit corrections of the form (ln u)n

u with n ≥ 1
even at higher powers in the coupling.
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