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Equivalence of 1-loop RG flows in 4d Chern-Simons and integrable 2d 

sigma-models
Nat Levine a,b, ,∗

a Laboratoire de Physique de l’École Normale Supérieure, Université PSL, CNRS, Sorbonne Université, Université Paris Cité, 24 rue Lhomond, F-75005 Paris, France
b Institute for Theoretical Physics, University of Amsterdam, PO Box 94485, 1090 GL Amsterdam, the Netherlands

A R T I C L E I N F O A B S T R A C T 

Editor: F. Bo We argue for the matching of 1-loop divergences between 4d Chern-Simons theory with Disorder defects and 
the corresponding integrable 2d 𝜎-models of non-ultralocal type. Starting from the 4d path integral, we show 
under general assumptions that the 1-loop divergences localise to the 2d defects. They match the ‘universal’ 
formulae developed in [arXiv:2209.05502] for the 1-loop RG flows of integrable 2d 𝜎-models. Our argument 
uses an alternate path integral representation for the 1-loop effective action and the known classical equivalence 
between the 4d and 2d theories.

1. Introduction

Integrability in the context of 2d 𝜎-models was first noted by 
Pohlmeyer, who discovered that the well-known sine-Gordon model, 
and generalisations of it, may be obtained by a certain ‘reduction’ 
from 𝜎-models [1]. More recently, in the context of string theory and 
AdS/CFT, such integrable 𝜎-models have found useful application as 
exactly solvable worldsheet theories for strings in curved backgrounds, 
most notably in the case of AdS5×S5. In that instance of the AdS/CFT 
correspondence, the integrability on the string worldsheet has been 
found to translate to a remarkable integrability for the scaling dimen
sions of the dual planar  = 4 super Yang-Mills theory (see the reviews 
[2,3]).

Naturally, many authors have asked whether this setup can be mod
ified while preserving the planar integrability: with less supersymmetry 
[4], in different dimensions [5], etc. On the string side, one may search 
for 𝜎-models that (i) are integrable and (ii) have supergravity solutions 
as their target spaces. Another approach is to consider integrable defor
mations of a known setup, such as the string 𝜎-model on AdS5×S5. A zoo 
of various integrable deformations, meeting some or all of these crite
ria, have been found, including the 𝛽-deformations [6], 𝜂-deformations 
[7,8], and 𝜆-deformations [9,10]. Overall, however, the general under
standing of the space of integrable 𝜎-models �- with supergravity target 
spaces or not �- remains challenging.

* Correspondence to: Institute for Theoretical Physics, University of Amsterdam, PO Box 94485, 1090 GL Amsterdam, the Netherlands.
E-mail address: n.j.levine@uva.nl.

1 On the other hand, for the ‘Order’ defects of [13], quantum aspects have been discussed in the talk of M. Yamazaki at the Strings 2018 conference and in the 
recent paper [33]. Quantum effects were also considered in the context of integrable lattice models [11,12,33].

Recently, a new framework was proposed to systematise the land
scape of integrable 2d theories: a 4d Chern-Simons theory that should 
act as a ‘parent’ to many integrable 2d models [11--13]. The two extra 
spacetime dimensions are parametrised by the complex spectral param
eter of the integrable 2d theories. The 4d action, previously introduced 
in [14,15], is

𝑆4𝑑 = 𝑖 
16𝜋2 ∫ 𝜙(𝑧) d𝑧 ∧ CS(𝐴) , (1)

CS(𝐴) = Tr[𝐴 ∧ d𝐴+ 2
3𝐴 ∧𝐴 ∧𝐴] ,

𝐴 = 𝐴𝜇(𝑥) d𝑥𝜇 ∈ Lie(𝐺) , 𝑥𝜇 = (𝑧, 𝑧̄ ; 𝜉+, 𝜉−) .

Here the ‘twist function’ 𝜙(𝑧) is a fixed meromorphic function, which, 
together with boundary conditions, will specify the 2d theory. We allow 
𝜙(𝑧) to have both zeros and poles: the zeros are ‘Disorder’ defects where 
the gauge field can become singular while leaving the action finite; the 
poles are 2d defects where appropriate boundary conditions must be 
imposed.

In the present context with Disorder defects, the correspondence 
between integrable 2d field theories and 4d Chern-Simons has been 
established only classically.1 It was shown in a broad class of cases 
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[16--18] that the 4d action localises to the defects, yielding integrable 
2d 𝜎-models of non-ultralocal2 type in the (𝜉+, 𝜉−) directions.3

It is therefore an important problem to clarify the extension of this 
correspondence to the quantum level. We will compute the 1-loop di
vergences in 4d Chern-Simons in a natural scheme, finding that they 
localise to the 2d defects and coincide with the 1-loop RG flow of the 
corresponding 2d field theory.

2. Review of classical equivalence

The classical derivation of integrable 2d field theories from 4d Chern
Simons theory with Disorder defects was introduced in [13] and elabo
rated in [16--19].

The 4d Chern-Simons action (1) does not depend on the component 
𝐴𝑧; equivalently, it has a gauge symmetry,

𝐴𝑧 → 𝐴𝑧 + 𝜆𝑧 , (2)

which can always be used to fix 𝐴𝑧 = 0. It also has the standard 4d vector 
gauge invariance,

𝐴𝜇 → ℎ−1𝐴𝜇ℎ+ ℎ−1𝜕𝜇ℎ , (3)

where the gauge parameter ℎ ∈ 𝐺 will eventually be constrained by the 
presence of the defects.

Varying the action (1) with respect to 𝐴𝜇 , we find the following bulk 
equations of motion

𝜙(𝑧)𝐹𝑧̄+(𝐴) = 0 ,
𝜙(𝑧)𝐹𝑧̄−(𝐴) = 0 ,
𝜙(𝑧)𝐹+−(𝐴) = 0 .

(4)

There is also a boundary term,

𝛿𝑆 ∝ ∫ d2𝑧 d2𝜉 𝜕𝑧̄𝜙(𝑧) Tr[𝐴+𝛿𝐴− −𝐴−𝛿𝐴+] , (5)

which is localised to the set 𝑃 = {poles of 𝜙(𝑧)d𝑧} (the support of 
𝜕𝑧̄𝜙(𝑧)). Hence, the poles of 𝜙 are naturally interpreted as 2d defects 
where one must fix boundary conditions to arrange the vanishing of 
(5). A general class of admissible boundary conditions was constructed 
in [16--18].

For our purposes, the key assumptions are that the boundary condi
tions: (i) kill the boundary term (5) in the variational problem, and (ii) 
satisfy a ‘Bianchi completeness’ assumption specfied below. For sim
plicity, we may assume that the action (1) converges at the poles of 
𝜙: this means that either the poles are simple or the boundary condi
tions render the integral finite. The general case should work similarly, 
upon replacing the action (1) with the regularised one of [17]. We also 
assume, as in [16], appropriate reality conditions on the group 𝐺 and 
the twist function 𝜙 so that the action is real; and that the 4d space is 
Σ2 ×ℂ𝑃 1 where Σ2 is a Euclidean or Lorentizan surface endowed with 
a flat metric.

The gauge field 𝐴𝜇 may be singular at the zeros of 𝜙; however, for a 
finite action, the singularity must be distributed among the components 
so that the combination ∫ d2𝑧 𝜙(𝑧) Tr

[
𝐴𝑧̄[𝐴+,𝐴−]

]
is finite. The zeros 

of 𝜙 are usually taken to be simple and partitioned into two equal sets, 
with 𝐴+ blowing up at one set and 𝐴− at the other [16] �- but we will 
not need to use this property directly.

Writing 𝐴𝑧̄ = −𝜕𝑧̄𝑔 𝑔−1, the first two bulk equations in (4) become

𝜙(𝑧) 𝜕𝑧̄𝐿± = 0 , 𝐿± ∶= 𝑔−1𝐴±𝑔 + 𝑔−1𝜕±𝑔 , (6)

2 ‘Non-ultralocality’ refers to the presence of derivatives of delta-functions 
in the classical Poisson brackets. This is a well-known obstruction to finding a 
direct integrable quantisation (see, e.g., [34--37]).

3 Our conventions are stated in Appendix A.

i.e. 𝐿± is meromorphic in 𝑧 with poles only at the zeros of 𝜙(𝑧), and of 
the same order4:

𝐿± =0
± +

𝑘 ∑
𝑖=1 

𝑚𝑖∑
𝑝=1 

𝑖,𝑝
±

(𝑧− 𝑎𝑖)𝑝
,

𝜙(𝑧) = 𝑅
(𝑧− 𝑎1)𝑚1 ⋯ (𝑧− 𝑎𝑘)𝑚𝑘

(𝑧− 𝑏1)𝑛1 ⋯ (𝑧− 𝑏𝑙)𝑛𝑙
.

(7)

We denote by 𝑖,𝑝
± (𝜉) the residues of the various poles; these are some 

2d currents independent of 𝑧.
Thus, on-shell, we may trade 𝐴± for a meromorphic 2d connection 

𝐿±. The remaining equation in (4) then imposes a zero-curvature equa
tion for 𝐿±,

𝐹+−(𝐿) ≡ 𝜕+𝐿− − 𝜕−𝐿+ + [𝐿+,𝐿−] = 0 , (8)

matching the equations of motion of a 2d integrable model with 𝐿± as 
its Lax connection.

The 4d gauge invariance can be used to set 𝑔 = 1 ‘away’ from the 
defects. At the defects, the boundary conditions considered in [16--18] 
fix the form of the currents  =(𝑔|

𝑃
) in terms of 𝑔 (and its derivatives) 

at the poles 𝑃 of 𝜙. Thus, after solving the first two equations in (4), the 
only remaining degrees of freedom are 𝑔|

𝑃
and the classical 4d action 

localises to a 2d action at the defects,

𝑆4𝑑 (𝐴)→ 𝑆2𝑑 (𝑔|𝑃 ) . (9)

The resulting 2d action generalises the known actions of many inte
grable 2d theories based on a˙ine Gaudin models [16--18,20,21].

3. Review of ‘universal’ 1-loop divergences

A new approach for the 1-loop renormalisation of integrable 2d 𝜎
models was recently introduced by the present author [22]. Firstly, we 
recall that the classical equations of motion of integrable 2d theories 
typically take a universal zero-curvature form (8) in terms of a Lax 
connection 𝐿±(𝑧,), which depends on the 2d fields through some cur
rents , and meromorphically on the complex spectral parameter 𝑧. 
Secondly, 1-loop divergences are generally determined by the classical 
equations of motion. Therefore, it is natural for the 1-loop divergences 
of integrable theories to take a universal form in terms of the Lax con
nection.

An important subtlety is that the zero-curvature equations (8) gen
erally comprise not only on-shell equations of motion, but also some 
Bianchi identities satified off-shell. (These will eventually correspond 
to the boundary conditions in the 4d theory.) It was explained [22] by 
a general path-integral argument that this distinction between on-shell 
and off-shell equations is invisible at the level of 1-loop (on-shell) diver
gences. This argument in 2d made a ‘Bianchi completeness’ assumption 
analogous to the one we will need to make for the boundary conditions 
in 4d.

The result can then be stated as follows. For different theories, the 
Lax connection can have different analytic structures, i.e. choices of 
poles in the 𝑧 plane. For each analytic structure, the 1-loop divergences 
take a universal form in terms of the 2d currents multiplying the poles of 
the Lax. Remarkably, the divergences are independent of the particular 
form of the currents in terms of the fundamental 2d fields.

For example, let us take a Lax connection with only simple poles,

𝐿+ =
∑

𝑖 
1 

𝑧− 𝑧𝑖

𝑖
+ , 𝐿− =

∑
𝑗

1 
𝑧−𝑤𝑗

𝑗
− , (10)

with all 𝑧𝑖 ≠ 𝑤𝑗 . Then the divergent terms in the 1-loop effective action 
take the universal form [22]

4 In (7) we give the expression for 𝐿± assuming ∞ is not a zero of 𝜙(𝑧), but 
its generalisation to include that case is very simple.
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d 
d𝑡

𝑆
(1)
2𝑑 =

c
𝐺

2𝜋
∑
𝑖,𝑗

1 
(𝑧𝑖 −𝑤𝑗 )2 ∫ d2𝜉 Tr[𝑖

+𝑗
−] , (11)

irregardless of the relation between  and the fundamental fields. Here, 
c

𝐺
denotes the dual Coxeter number of the algebra Lie(𝐺) in which the 

Lax is valued and 𝑡 = log𝜇 where 𝜇 is the renormalisation scale.
For a given analytic structure of the Lax connection, universal for

mulas like (11) are easily computed from the following path-integral 
representation for the 1-loop effective action [22]

𝑆
(1)
2𝑑

(̄)
= −𝑖 log∫ 𝑎± 𝑢𝐼

exp 𝑖∫ 𝑑2𝜉 𝑢𝐼 zc𝐼 (̄+ 𝑎) , 
(12)

where the 2d vector 𝑎± and scalars 𝑢𝐼 are valued in Lie(𝐺). We dfine 
{zc𝐼 () = 0}𝐼 as the finite set of 2d equations following from the zero
curvature equation (8):

𝐹+−(𝑧,) = 0 ∀𝑧 ⟺ zc𝐼 () = 0 ∀𝐼 . (13)

In other words, the 1-loop effective action (12) is the ‘volume’ of 
the space of flat connections with the prescribed choice of poles in the 
spectral variable. In light of the link to 4d Chern-Simons theory, it is 
tempting to rewrite this volume as a 4d path-integral:

𝑆
(1)
2𝑑

(̄)
∼ −𝑖 log∫ [𝓁±]fix poles 𝑢 (14)

exp 𝑖∫ d2𝜉 d2𝑧 Tr
[
𝑢 𝐹+−

(
𝐿̄+ 𝓁

)]
.

Here the integral is over fluctuations 𝓁± of a Lax connection with fixed 
meromorphic dependence on 𝑧. In what follows, we shall derive a for
mula like (14), and hence the universal 2d result (12), from 4d Chern
Simons theory.

4. Matching 1-loop RG flows

Let us use a background field expansion 𝐴𝑚 = 𝐴̄𝑚 +𝑎𝑚 to expand the 
4d action around a classical solution (here 𝑚 = (𝑧̄,+,−)),

𝑆4𝑑 [𝐴̄+ 𝑎] = 𝑆4𝑑 [𝐴̄] + ∫ Tr[𝑎𝑚 𝑚𝑛(𝐴̄) 𝑎𝑛] +… . (15)

Here 𝑚𝑛(𝐴̄) 𝑎𝑛 = 0 are the linearised equations of motion and the inte
gration symbol denotes integration against the 4-form 𝑑𝑧 ∧ 𝑑𝑧̄ ∧ 𝑑𝜉+ ∧
𝑑𝜉−. Then the 1-loop effective action is given by the determinant of ,

𝑆
(1)
4𝑑 [𝐴̄] = −𝑖 log ∫

B.C.s

𝑎𝑚

gauge
𝑒𝑖 ∫ Tr[𝑎𝑚 𝑚𝑛(𝐴̄) 𝑎𝑛] (16)

= 𝑖 
2 logdet′(𝐴̄) . (17)

Here ‘B.C.s’ denotes the imposition of the boundary conditions and det′

means the determinant is taken over gauge-invariant states. Since the 
4d action does not depend on 𝐴𝑧, we do not integrate over it.

4.1. Changing variables

To evaluate the 1-loop determinant (17), we will use an alternate 
path-integral representation:

𝑆
(1)
4𝑑 = − 𝑖 

2 log ∫
B.C.s

𝑎𝑚 𝑢𝑚

gauge 
exp 𝑖∫ Tr[𝑢𝑚 𝑚𝑛(𝐴̄) 𝑎𝑛] (18)

= − 𝑖 
2 log ∫

B.C.s

𝑎𝑚 𝑢𝑚

gauge 
exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄ 𝐹+−(𝐴) + 𝑢− 𝐹𝑧̄+(𝐴)

+ 𝑢+ 𝐹𝑧̄−(𝐴)] , (19)

where we have input the 4d Chern-Simons equations of motion (4) and 
are implicitly expanding 𝐴𝑚 = 𝐴̄𝑚 + 𝑎𝑚 to linear order. This is the same 
trick that was used to derive the ‘universal formulae’ (11), (12) in 2d 

[22]: to this 1-loop order, the equations of motion are effectively im
posed as Lagrange multiplier constraints. The Lagrange multipliers 𝑢𝑚

naturally take the same boundary conditions as the physical fluctuations 
𝑎𝑚.

Following the classical discussion above, it is convenient to change 
variables as (𝐴𝑧̄,𝐴±)→ (𝑔,𝐿±) with

𝐴𝑧̄ = −𝜕𝑧̄𝑔 𝑔−1 , 𝐴± = 𝑔𝐿±𝑔−1 − 𝜕±𝑔 𝑔−1. (20)

We note that this introduces an additional gauge freedom,

𝑔 → 𝑔 𝑞 , 𝐿± → 𝑞−1𝐿±𝑞 + 𝑞−1𝜕±𝑞 ,

𝑞 ∈ 𝐺 , 𝜕𝑧̄𝑞 = 0 ,
(21)

to which we will return later.
Instead of integrating over the fluctuations 𝑎 of 𝐴, we may equiva

lently integrate over the fluctuations (𝛾,𝓁±) of (𝑔,𝐿±), dfined as

𝑔 = 𝑔̄ 𝛾 , 𝐿± = 𝐿̄± + 𝓁± . (22)

Then, rotating the Lagrange multipliers 𝑢𝑚 → 𝑔 𝑢𝑚 𝑔−1, the path integral 
(19) becomes

𝑆
(1)
4𝑑 = − 𝑖 

2 log ∫
B.C.s

𝛾 𝓁± 𝑢𝑚

gauge 
exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄𝐹+−(𝐿) + 𝑢− 𝜕𝑧̄𝐿+

+ 𝑢+ 𝜕𝑧̄𝐿−] . (23)

4.2. Solving meromorphicity equations

First, let us integrate over 𝑢± in (23), imposing the equations 
𝜙(𝑧) 𝜕𝑧̄𝐿± = 0 as delta-functions. These equations force 𝐿± to take the 
form (7): meromorphic with poles only at the zeros of 𝜙(𝑧). The coeffi
cients ̃𝑖,𝑝

± (𝜉) of the poles are 2d fields (indicated hereafter by a tilde). 
We may thus trade the integral over 𝓁± for one over the fluctuations 
𝛼̃

𝑖,𝑝
± of ̃𝑖,𝑝

± (𝜉),

∫ 𝓁±𝑢± exp 𝑖∫ 𝜙(𝑧) Tr[𝑢− 𝜕𝑧̄𝐿+ + 𝑢+ 𝜕𝑧̄𝐿−] (24)

= ∫ 𝓁± 𝛿(4)(𝜙(𝑧)𝜕𝑧̄𝐿+) 𝛿(4)(𝜙(𝑧)𝜕𝑧̄𝐿−) = ∫ 𝛼̃
𝑖,𝑝
± ,

where

̃𝑖,𝑝 = ̄𝑖,𝑝 + 𝛼̃𝑖,𝑝 , 𝐿± = ̃0
± +

𝑘 ∑
𝑖=1 

𝑚𝑖∑
𝑝=1 

̃𝑖,𝑝
±

(𝑧− 𝑎𝑖)𝑝
. (25)

The identity (24) is correct up to quantum corrections, related to the 
Jacobian for the transformation

𝐿± →
(
𝜙(𝑧) 𝜕𝑧̄𝐿± , 𝑖,𝑝

± (𝐿)
)

,

𝑖,𝑝
± (𝐿) ∶= 𝐿±(𝑧− 𝑎𝑖)𝑝𝑖

|||𝑧=𝑎𝑖

.
(26)

This Jacobian is expected to be a power-law divergent constant (inde
pendent of fields). We shall neglect such constant terms in the effective 
action, corresponding only to an overall normalisation of the path in
tegral. While there is no standard dimensional regularisation scheme 
removing power divergences for this non-Lorentz-invariant 4d theory, 
these constant terms may eventually be interpreted as defining the ap
propriate measure in 4d. We will return to this issue in the Discussion
section.

As a result, the divergent (non-constant) terms in the effective action 
(23) are given by

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log ∫
B.C.s

𝛾 𝛼̃
𝑖,𝑝
± 𝑢𝑧̄

gauge 
(27)

exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄𝐹+−(𝐿(𝑧, ̃))] .
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4.3. Gauge fixing

While 𝑔 (or its fluctuation 𝛾) does not appear in the action in (27), it 
generally still appears in the boundary conditions, denoted ‘B.C.s’. The 
B.C.s are assumed to impose a particular form of the Lax currents,

̃ = ̃(𝑔̃|
𝑃
) , (28)

in terms of some ‘defect’ components 𝑔̃|
𝑃

of the field 𝑔 (certain com
binations of 𝑔 and its 𝑧-derivatives evaluated at 𝑃 ). We will split the 
integral over the fluctuation 𝛾 as

𝛾 =𝛾̃|𝑃 𝛾|bulk , (29)

where 𝛾|bulk denotes the rest of the field 𝛾 , constrained to match 𝛾̃ |
𝑃

at 
𝑃 . We are not being careful about possible constant measure factors in 
(29) �- see Discussion section and Appendix D.

The standard 4d gauge transformation (3) acts as 𝑔 → ℎ−1𝑔 but must 
be constrained to preserve the boundary conditions. A sufficient choice 
is to insist the gauge transformation acts trivially on the defect compo
nents 𝑔̃|

𝑃
(this is the choice made in [18] that successfully reproduces 

the classical actions of many integrable 2d models). Thus 𝑔|bulk can 
be fixed to any field cofiguration interpolating smoothly between 𝑔̃|

𝑃

(there are many). The result is to integrate over only 𝑔̃|
𝑃

(or rather its 
fluctuation 𝛾̃|

𝑃
),

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log ∫
B.C.s

𝛾̃|
𝑃
𝛼̃

𝑖,𝑝
± 𝑢𝑧̄

gauge 
(30)

exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄𝐹+−(𝐿(𝑧, ̃))] .

An additional gauge invariance (21) was introduced by the change 
of variables (20). This invariance can be fixed on some component of 
𝑔̃|

𝑃
(e.g. the value of 𝑔 at one of the defects). Conventionally [16--18], 

𝜙(𝑧) d𝑧 is assumed to have a double pole at 𝑧 =∞ with boundary con
dition 𝐴±|∞ = 0; then one may fix 𝑔̃|∞ = 1. If one were instead to keep 
this gauge symmetry, it would become the standard 2d gauge symmetry 
of the Lax connection’s zero-curvature equations.

4.4. Boundary conditions

Upon integrating over 𝛾̃|
𝑃

in (30), the boundary conditions (28) will 
impose some Bianchi identities on ,

∫
B.C.s

𝛼
𝑖,𝑝
± 𝛾̃|

𝑃
= ∫ 𝛼𝑖,𝑝 𝛾̃|

𝑃
𝛿
(̃− ̃(𝑔̃|

𝑃
)
)

(31)

= ∫ 𝛼
𝑖,𝑝
±

∏
𝑠 

𝛿(𝐵𝑠 ⋅ 𝛼) (32)

= ∫ 𝛼
𝑖,𝑝
± 𝑣̃𝑠 exp 𝑖∫ 𝑑2𝜉 𝑣̃𝑠 (𝐵𝑠 ⋅ 𝛼̃) . (33)

Here the linearised Bianchi identities 𝐵𝑠 ⋅ 𝛼̃ = 0 are indexed by 𝑠 and are 
being imposed by 2d Lagrange multipliers 𝑣̃𝑠.

Bianchi Completeness Assumption: Let us assume that the linearised 
Bianchi identities 𝐵𝑠 ⋅𝛼 = 0 following from the boundary conditions are 
a subset of the linearised zero-curvature equations 𝐹+−

(
𝐿(𝑧, ̄+ 𝛼̃)

)
=

0.

This assumption is apparently met by all of the boundary conditions 
considered in [16]; we conjecture that it is related to the 2d theory being 
a 𝜎-model. It is analogous to the assumption made when deriving the 
‘universal’ 2d RG flow [22] that we are matching.

Since the zero-curvature equations are already being imposed by La
grange multipliers in (30), then the exponential factor in (33) can be 
discarded and the effective action is given by

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log∫
𝑣̃𝑠 𝛼̃

𝑖,𝑝
± 𝑢𝑧̄

gauge 
(34)

exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄𝐹+−(𝐿(𝑧, ̃))] .

The ‘universality’ of the 2d RG flow appears here as the disappearance 
of the boundary conditions.

Discarding a constant measure factor ∫ 𝑣̃𝑠

gauge (see Appendix C), one 
obtains

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log∫
𝛼̃

𝑖,𝑝
± 𝑢𝑧̄

gauge 
(35)

exp 𝑖∫ 𝜙(𝑧) Tr[𝑢𝑧̄𝐹+−(𝐿(𝑧, ̃))] .

This is equivalent to the universal 2d result (12): it is the ‘volume’ of 
solutions to the same set of equations, now written in 4d language �- 
and precisely matches the prediction (14) from 2d. To see their formal 
equivalence, note that (35) still has a gauge invariance, as only certain 
modes of 𝑢𝑧̄ appear in the action. Gauge fixing all other modes to zero 
(see Appendix C for careful discussion) the 4d path integral (35) simply 
reduces to the universal 2d one (12),

𝑆
(1)
4𝑑 ∼ 𝑆

(1)
2𝑑 , (36)

where ∼ denotes equivalence of divergent non-constant terms.

5. Discussion

We have shown a formal identity between the 1-loop divergences of 
4d Chern-Simons theory with Disorder defects and the corresponding 
integrable 2d 𝜎-models, at the level of the effective action. We assumed 
a particular type of boundary conditions satisfying a ‘Bianchi complete
ness’ property.

We neglected field-independent measure factors, i.e. the overall nor
malisation of the path integral. Such normalisations depend on the 
choice of regularisation and we may expect to absorb them into the 
definition of the 4d path integral measure. In any case, even if one re
gards the measure as an extra divergence in the 4d theory compared to 
the 2d one, the link between the 4d and 2d RG flows is only minimally 
modfied and statements such as renormalisability unaffected.

We believe this to be the first quantum check of the 4d Chern-Simons 
proposal in the presence of Disorder defects. In principle, since 𝜙(𝑧) ap
pears in the combination 𝜙(𝑧)∕ℏ, one should worry that its zeros (cf. 
the ℏ →∞ limit) may lead to a breakdown of the semi-classical expan
sion [11]. However, we found that at least the 1-loop divergences are 
well-behaved. This could, of course, begin to fail at higher-loop orders.

Another possibility is that, even at higher loops, the 4d Chern-Simons 
formulation is the ‘correct’ setup, consistent with integrability, for quan
tising integrable 𝜎-models. The relation to the 2d models may then be 
subject to quantum corrections, yielding the 𝛼′ (i.e. ℏ) corrections that 
are understood to be ubiquitous in the target spaces of integrable 𝜎
models [23--28].

A useful application of the present work would be to replace the 
standard 2d computation of the 1-loop RG flow with a direct 4d compu
tation. This would be helpful since, at present, the 2d universal formula 
(12) still requires a 1-loop computation for each choice of poles of the 
Lax connection. On the other hand, a 4d computation might address all 
pole structures (i.e. all twist functions) at once. In future, we hope to 
attempt such a 4d computation and to establish equivalence of the uni
versal formula (12) with the RG flows posited elsewhere in the literature 
[29--32].
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Appendix A. Conventions

We use the 2d co-ordinates (𝜉+, 𝜉−), which may be regarded as 2d 
light-cone co-ordinates 𝜉± = 1

2 (𝜏 ± 𝜎) in Lorentzian signature or as a 
single complex co-ordinate (𝜉+, 𝜉−) = (𝑤, 𝑤̄) in Euclidean signature.

We denote by 𝑧 the complex spectral parameter of the 2d theory, 
which constitutes the 3rd and 4th dimensions in the 4d theory.

The 4d co-ordinates are denoted together as 𝑥𝜇 = (𝑧, 𝑧̄; 𝜉+, 𝜉−), with 
𝜇 = (𝑧, 𝑧̄,+,−). We also use a restricted index 𝑚 = (𝑧̄,+,−) omitting the 
𝑧 direction.

The 2d Lax connection 𝐿± and the 4d gauge field 𝐴𝜇 are valued 
in the Lie algebra Lie(𝐺) of some Lie group 𝐺, which is taken to be 
semisimple.

Classical actions are denoted as 𝑆 and 1-loop effective actions as 
𝑆(1).

In the Matching RG flows section, we indicate all 2d fields with a tilde 
to distinguish them from 4d fields.

Appendix B. Principal Chiral Model example

In this appendix, we illustrate the argument above for the simple 
example of the Principal Chiral Model (PCM). To build it from 4d Chern
Simons, one should start with the twist function

𝜙(𝑧) = ℎ (1 − 𝑧)(1 + 𝑧)
𝑧2

. (B.1)

We designate that 𝐴+ may blow up at 𝑧 = −1, and 𝐴− at 𝑧 = 1. To 
engineer the PCM, we should choose the boundary condition 𝐴±|0,∞ = 0
at the double poles 0 and ∞ of 𝜙(𝑧)d𝑧 [16] �- one can check that these 
conditions meet the criteria set out above.

Writing down the path integral (19) for the 1-loop divergences, 
changing variables 𝐴 → (𝑔,𝐿) as in (20) and solving the meromorphic
ity equations 𝜙(𝑧) 𝜕𝑧̄𝐿± = 0, we find that the Lax connection takes the 
meromorphic form

𝐿± = ̃0
± + 1 

1 ± 𝑧
̃± . (B.2)

Following the steps above with this Lax connection, the 1-loop effective 
action may be written as the path integral (27),

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log ∫
B.C.s

𝛾 𝛼̃0
± 𝛼̃± 𝑢𝑧̄

gauge 

exp 𝑖∫ 𝜙(𝑧) Tr
[
𝑢𝑧̄
(
𝐹+−(̃0) + 1 

1−𝑧2
𝐷0 ⋅ ̃

+ 𝑧 
1−𝑧2

𝐹 0
+−(̃)

)]
,

(B.3)

𝐷0 ∶= 𝜕 + ad̃0 ,

𝐹 0
+−(̃) ∶= 𝐷0

+̃− −𝐷0
−̃+ + [̃+, ̃−] .

We remind the reader that the tilde denotes that ̃ are 2d fields, and 
we use the split ̃ = ̄+ 𝛼̃ into a background field and a fluctuation.

The boundary conditions impose that

̃0
± = 𝑔̃−1∞ 𝜕±𝑔̃∞ , ̃± = 𝑔̃−10 𝜕±𝑔̃0 − 𝑔̃−1∞ 𝜕±𝑔̃∞ . (B.4)

where 𝑔̃0, 𝑔̃∞ ∈ 𝐺 are the values of 𝑔 at the defects. We split the integral 
over fluctuations 𝛾 of 𝑔 to the values at the defects 0 and ∞, and the 
values elsewhere,

𝛾 =𝛾̃0 𝛾̃∞ 𝛾|bulk . (B.5)

The 4d gauge symmetry is completely fixed on 𝛾|bulk , leaving only 
the values 𝑔̃0 and 𝑔̃∞ at the defects. Then fixing the additional gauge 
freedom (21) as 𝑔̃|∞ = 1, the boundary conditions (B.4) become

̃0
± = 0 , ̃± = 𝑔̃−10 𝜕±𝑔̃0 . (B.6)

Upon integrating over 𝑔̃0 in (B.3), the boundary condition (B.6) imposes 
a Bianchi identity 𝐹+−(̃) = 0:

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log∫
𝛼̃±𝑢𝑧̄

gauge 
𝛿
(
𝐹+−(̃)

)
(B.7)

exp 𝑖∫ 𝜙(𝑧) Tr
[
𝑢𝑧̄
( 1 
1−𝑧2

𝜕 ⋅ ̃+ 𝑧 
1−𝑧2

𝐹+−(̃)
)]

.

The Bianchi Completeness Assumption is indeed satified since the 
Bianchi identity is implied by the zero-curvature equations. Therefore, 
after stripping off a constant measure factor (this is just the result of 
overcounting in (19) equations of motion that are trivialised by the 
boundary conditions �- see Appendix C), we obtain

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log∫
𝛼̃±𝑢𝑧̄

gauge 
(B.8)

exp 𝑖∫ 𝜙(𝑧) Tr
[
𝑢𝑧̄
( 1 
1−𝑧2

𝜕 ⋅ ̃+ 𝑧 
1−𝑧2

𝐹+−(̃)
)]

.

Gauge fixing all but two modes of 𝑢𝑧̄ to zero as discussed in Appendix C, 
this 4d path integral reduces to a 2d one imposing the same equations:

𝑆
(1)
4𝑑 ∼ − 𝑖 

2 log∫ 𝛼̃±𝑉 𝑊̃ (B.9)

exp 𝑖∫ d2𝜉 Tr
[
𝑉
(
𝜕 ⋅ ̃)

+ 𝑊̃ 𝐹+−(̃)
]

.

The 2d Lagrange multipliers 𝑉 , 𝑊̃ ∈ Lie(𝐺) are the remaining modes of 
𝑢𝑧̄.

Eq. (B.9) is a special case of the 2d universal formula (12), and may 
be computed by a single 1-loop diagram, yielding a particular case of 
the result (11) above [22],

d 
d𝑡

𝑆(1)[̄] = −
c

𝐺

8𝜋 ∫ d2𝜉 Tr[̄+̄−] . (B.10)

Under the map (9) between classical actions, the 4d action with this 
twist function and boundary conditions becomes the PCM action,

𝑆[̄] = − ℎ 
8𝜋 ∫ d2𝜉 Tr[̄+̄−] . (B.11)

Hence the divergent 1-loop term (B.10) signals an RG flow of the cou
pling ℎ in (B.11) given by

d 
d𝑡

ℎ = c
𝐺

, (B.12)

which is indeed the well-known 1-loop beta-function of the PCM.

Appendix C. Other gauge symmetries

To rewrite (34) as (35), we stripped off a constant measure factor 
∫ 𝑣̃𝑠

gauge . More properly, this factor may be attributed to a gauge symme
try,

𝑣̃𝑠 → 𝑣̃𝑠 + 𝜆̃𝑠 , (C.1)
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originating from the boundary conditions killing some degrees of free
dom that were initially overcounted in (19). As a result, the Lagrange 
multipliers 𝑣̃𝑠 are completely decoupled in (34). Gauge fixing 𝑣̃𝑠 = 0
then yields eq. (35).

Now let us explain why the 4d path integral (35) is equivalent to 
the 2d ‘universal’ result (12). The exponent in (35) only depends on a 
few ‘modes’ of the Lagrange multiplier 𝑢𝑧̄ in the 𝑧 directions. Explicitly, 
supposing (with 𝐼 a finite index)

𝐹+−
(
𝐿(𝑧, ̃)

)
=
∑
𝐼

𝑓𝐼 (𝑧) zc𝐼 (̃) , (C.2)

then only the modes 𝑢̃𝐼 ∶= ∫ 𝑑2𝑧 𝜙(𝑧) 𝑢𝑧̄ 𝑓𝐼 of the field 𝑢𝑧̄ appear in 
(35), and it is invariant under the local 4d transformation (constrained 
by boundary-type conditions)

𝑢𝑧̄ → 𝑢𝑧̄ + 𝜆𝑧̄ , ∫ d2𝑧 𝜙(𝑧) 𝜆𝑧̄ 𝑓𝐼 = 0 . (C.3)

Picking some ‘bi-orthogonal’ functions 𝑔𝐼 (𝑧,𝑧̄) satisfying ∫𝑑2𝑧 𝜙(𝑧) 𝑓𝐼 𝑔𝐽

= 𝛿𝐼
𝐽 , then one may fix the gauge

𝑢𝑧̄ =
∑
𝐼

(
∫ 𝑑2𝑧 𝜙(𝑧) 𝑢𝑧̄ 𝑓𝐼

)
𝑔𝐼 =

∑
𝐼

𝑢̃𝐼 𝑔𝐼 . (C.4)

Finally, after gauge fixing, one should only integrate over this finite set 
of modes 𝑢̃𝐼 (𝜉), and (35) becomes precisely the ‘universal’ 2d result (12).

Our prescription has been to treat all local symmetries of the lin
earised theory (15) as gauge symmetries in 4d: let us explain why this 
is natural. This is immediate for the standard 4d gauge symmetry (3). 
While one may generally consider different choices of boundary condi
tions for this gauge transformation at the defect �- i.e. different choices 
of gaugings at the defect �- the present choice (trivial gauge action on 
𝑔|

𝑃
) is the standard one that was used to obtain the classical actions of 

many integrable 2d theories [18]. It is also natural to treat shifts (2) of 
𝐴𝑧 as a gauge symmetry, since the 4d action simply does not depend on 
𝐴𝑧.

Meanwhile, the redundancy (21) is an artefact our change of vari
ables (20), so should certainly be treated as a gauge symmetry, despite 
only depending on three of the co-ordinates. The two gauge symmetries 
discussed above in this appendix are artefacts of our overcounting of the 
equations of motion in the path integral (19) to compute the 1-loop de
terminant (17). We listed the linearised equations of motion, each being 
imposed by a Lagrange multiplier. After solving two bulk equations of 
motion, the third one localised to equations on the 2d defects; however, 
we naively overcounted it as a 4d equation, leading to the redundancy 
(C.3). Additionally, some of the degrees of freedom on the 2d defects 
were removed by the boundary conditions, but we had naively counted 
these equations, leading to the redundancy (C.1).

Appendix D. Measure factors

As explained in the Discussion section, we have not been careful about 
the overall normalisation of the path integral, i.e. a possibly divergent 
constant term in the effective action. On the other hand, we have been 
careful about any field-dependent divergences. In this appendix, we will 
clarify why certain steps in the above argument do not generate field
dependent divergences.

First, let us consider the choice of path integral measure for the fluc
tuation 𝛾 of the group-valued field 𝑔 in (29). In splitting the path integral 
into defect and bulk parts, there could in principle be an additional mea
sure factor, which may be divergent. Still, if the path integral is to be 
invariant under group rotations, it is natural that such a factor should 
not depend on the background field 𝑔̄.

For the Jacobian of the transformation (26), it is enough to note that 
the transformation is linear in fields.

Next, we turn to the manipulations of the path integral from eq. (31) 
to (33). Since those path integrals are purely 2d ones, it makes sense to 

dfine the path integral in the standard way for relativistic 2d theories 
(it is only in the 4d theory that there is not relativistic invariance). We 
may use dimensional regularisation, in which power law divergences are 
absent and we only need to deal with log-divergences. We then note that 
the Jacobians appearing in these manipulations will not produce log
divergences, since they are determinants of first-order chiral operators, 
so any log-divergence would not be Lorentz-invariant.

Finally, let us explain why the Faddeev-Popov determinants for all 
gauge fixings here are trivial. For the gauge fixings in the main text, and 
for (C.1), this is obvious because the gauge fixing conditions are of the 
form 𝑋 − const = 0, where the gauge transformation is 𝛿𝑋 = 𝜆. For the 
gauge symmetry (C.3), the gauge fixing condition (C.4) is

𝐺 ∶= 𝑢𝑧̄ −
∑
𝐼

(
∫ 𝑑2𝑧 𝜙(𝑧) 𝑢𝑧̄ 𝑓𝐼

)
𝑔𝐼 = 0 (D.1)

Since the gauge transformation acting as 𝛿𝑢𝑧̄ = 𝜆𝑧̄ is constrained by

∫ d2𝑧 𝜙(𝑧) 𝜆𝑧̄ 𝑓𝐼 = 0 , (D.2)

then the gauge variation of 𝐺 is trivial: 𝛿𝐺

𝛿𝜆𝑧̄ = 𝛿𝑢𝑧̄

𝛿𝜆𝑧̄ = 1.
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