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A B S T R A C T

Material nonlinearities such as hyperelasticity, viscoelasticity, and plasticity have recently
emerged as design paradigms for metamaterials based on buckling. These metamaterials exhibit
properties such as shape morphing, transition waves, and sequential deformation. In particular,
plasticity has been used in the design of sequential metamaterials which combine high stiffness,
strength, and dissipation at low density and produce superior shock absorbing performances.
However, the use of plasticity for tuning buckling sequences in metamaterials remains largely
unexplored. In this work, we introduce yield area, yield criterion, and loading history as
new design tools of plasticity in tuning the buckling load and sequence in metamaterials.
We numerically and experimentally demonstrate a controllable buckling sequence in different
metamaterial architectures with the above three strategies. Our findings enrich the toolbox of
plasticity in the design of metamaterials with more controllable sequential deformations and
leverage plasticity to broader applications in multifunctional metamaterials, high-performance
soft robotics, and mechanical self-assembly.

. Introduction

Mechanical metamaterials using Euler buckling or snap-through buckling exhibit striking properties such as negative Poisson’s
atio (Bertoldi et al., 2010; Overvelde and Bertoldi, 2014; Shim et al., 2012), nonreciprocity (Coulais et al., 2017), shape
orphing (Xia et al., 2019; Siéfert et al., 2019; Yang et al., 2023), and sequential deformations (Coulais et al., 2018; Meng et al.,
020; Florijn et al., 2014; Shan et al., 2015; Restrepo et al., 2015; Frenzel et al., 2016; Chen and Jin, 2021). Sequential deformations
ave emerged as a particularly promising mechanism for a wide range of applications, from shock absorption (Shan et al., 2015;
estrepo et al., 2015; Frenzel et al., 2016; Chen and Jin, 2021; Liu et al., 2024) and vibration damping (Dykstra et al., 2023;
iang et al., 2022) to soft robotics (Djellouli et al., 2024; Kamp et al., 2024; Janbaz and Coulais, 2024; Melancon et al., 2022)
nd mechanical computing (Guo et al., 2023; Kwakernaak and van Hecke, 2023; Bense and van Hecke, 2021; He et al., 2024).
he mechanism of the sequential deformations in metamaterials is two-fold. First, there is a weakening mechanism that leads to

ocalization of the deformation. In metamaterials, this mechanism is typically realized using buckling with a negative stiffness, such
hat the metamaterial locally buckles or snaps—since the stiffness is negative from the onset of instability, it is more energetically
avorable to increase further deformations locally. The negative stiffness can be caused by Euler buckling in combination with a
aterial’s nonlinearity (Coulais et al., 2015; Lubbers et al., 2017; Chen and Jin, 2021; Liu et al., 2024), a snap-through mechanism

hat in essence follows the snap-through buckling of a von Mises truss (Florijn et al., 2014; Shan et al., 2015; Restrepo et al., 2015;
renzel et al., 2016; Nadkarni et al., 2016), or the balloon instability (Overvelde et al., 2015). Second, once the localized deformation
as taken place, it is superseded by a stiffening mechanism. The stiffening mechanism can be contact interactions (Shan et al., 2015;
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Restrepo et al., 2015; Overvelde et al., 2015; Liu et al., 2024), stretching (Florijn et al., 2014; Rafsanjani et al., 2016; Frenzel et al.,
2016; Rafsanjani et al., 2019), fluid incompressiblity (Vasios et al., 2021; Martínez-Calvo et al., 2024; Djellouli et al., 2024), or
magnetic repulsion (Nadkarni et al., 2016; Veenstra et al., 2024). The repeated softening and stiffening behaviors lead to sequential
buckling in metamaterials. It is possible to tune the buckling sequence in these metamaterials by controlling either or both of these
softening and stiffening mechanisms (Florijn et al., 2014; Frenzel et al., 2016; Coulais et al., 2018), but the options to do so are
ypically limited to geometrical design. In this work, we show that plasticity offers additional design freedom to tune sequential
uckling.

Plasticity has been recently introduced as a new route to create metamaterials that can buckle in an arbitrary large sequence of
teps (Liu et al., 2024). Specifically, a regime of elastoplastic buckling, wherein the stress distribution across the buckling ligament

is highly asymmetric—one part is compressed into the plastic regime whereas the other is unloaded elastically—has been shown
to lead to a negative stiffness right at the onset of buckling. Such ‘‘yield buckling’’ leads to a well-defined sequence of buckling
teps. In contrast to the sequential metamaterials based on Euler buckling of hyperelastic materials or on snap-through buckling,
equential metamaterials based on yield buckling can combine low density, high stiffness, high strength, and high dissipation (Liu
t al., 2024). What we show here is that yield buckling also provides new ways of tuning the buckling sequence using the yield
rea, the yield criterion, and the loading history. By the strategic use of plasticity, our work hence opens up the design space for
equential metamaterials.

In this work, we analytically, numerically, and experimentally study the tunability of yield buckling and the buckling sequence
in metamaterials consisting of rigid parts connected by elastoplastic ligaments. We organize the manuscript into six sections. In
ection 2, we introduce the methods of designs and fabrications, experiments, and numerical simulations. In Section 3, we first

review the regime of yield buckling and explain how it differs from elastic and plastic buckling. We then introduce the yielding
area determined by the ligament thickness as the first design tool in tuning the yield buckling load and the yield buckling sequences
in metamaterials. In Section 4, we introduce the yield criterion adjusted by the ligament orientation as the second tool to tune the
yield buckling load and the buckling sequences. In Section 5, we explore the possibility of tuning the buckling sequence by loading
history. We introduce two work hardening rules—isotropic and kinematic—into buckling unit cells to tune the buckling behaviors
and enable multiple buckling orders with loading history. In Section 6, we discuss the potential challenges and opportunities that
rise when using plasticity in the design of sequential metamaterials and conclude the manuscript.

2. Methods

2.1. Design and fabrication methods

The sequential metamaterials designed in this work consist of a plurality of buckling unit cells arranged in a periodic pattern,
wherein the unit cells comprise rigid parts connected by ligaments that can act as hinges during buckling. Three types of
metamaterial architectures are explored here:

1. Metamaterials with pairs of rotating squares (Fig. 1a and d): The metamaterials of length 𝐿 = 76 mm, width 𝑊 = 46.4 mm,
and depth 𝑇 = 9 mm consist of four buckling layers of the same length 𝓁 = 18 mm and separated rigid plates. Each layer has
four independent unit cells and each unit cell comprises a pair of rotating squares connected by ligaments. The ligaments
have the same dimension in X and Y directions and the thickness 𝑡i (i = 1, 2, 3 and 4) of the four layers arithmetic increases
from the bottom 𝑡1 = 0.4 to the top 𝑡4 = 0.76 in the design of Fig. 1a and the ligament orientation angle 𝛼i (i = 1, 2, 3 and
4) of the layers arithmetic decreases from the bottom 𝛼1 = 90◦ to the top 𝛼1 = 30◦ in the design of Fig. 1d with the same
thickness 𝑡 = 0.4 mm.

2. Metamaterials with pairs of octahedrons (Fig. 1b and e): The metamaterials of length 𝐿 = 76 mm, width 𝑊 = 46.4 mm,
and depth 𝑇 = 19 mm comprise four buckling layers of the same length 𝓁 = 18 and separated rigid plates. Each layer has
four independently buckling unit cells and each unit cell consists of two pairs of octahedrons connected by ligaments. The
ligament diameter of the metamaterial in Fig. 1b arithmetic increases from the bottom 𝑑1 = 0.64 to the top 𝑑4 = 0.88 and the
ligament orientation angle of the metamaterial in Fig. 1e arithmetic decreases from the bottom 𝛼1 = 90◦ to the top 𝛼1 = 30◦
with the same diameter 𝑑 = 0.64 mm.

3. Metamaterials with line modes (Fig. 1c and f): The metamaterials of outer radius 𝑅 = 15 mm, thickness 𝑇 = 2.5 mm, and
length 𝐿 = 70.5 mm consist of six layers of line modes (Liu et al., 2024). The ligament thickness of the metamaterial in
Fig. 1c arithmetically increases from the bottom 𝑡1 = 0.43 to the top layer 𝑡6 = 0.64 and the ligament orientation angle of the
metamaterial in Fig. 1f arithmetic decreases from the bottom 𝛼1 = 90◦ to the top 𝛼1 = 30◦ with the same thickness 𝑡 = 0.5 mm.

The buckling unit cells in the above three designs are intrinsically identical and have only a single buckling mode before self-
contact under uniform compression. Compared to the first two designs, the unit cells in the buckling layers of the tubular design
are connected, allowing the unit cells to buckle only in the same direction, thereby preventing global shearing. We 3D printed such
metamaterials with selective laser melting (SLM) technology (GE additive GlabR) in 316L stainless steel. This printing material has
a small ratio 𝐸t∕𝐸 = 0.25% between tangent modulus (𝐸t ≈ 500 MPa) and elastic modulus (𝐸 ≈ 200 GPa), and a relatively high
yield stress 𝜎y = 500 MPa (Liu et al., 2024). All the metamaterial samples are printed along the Z direction and the metamaterials

ith a 2D pattern (Fig. 1a and d) can be directly printed on a platform without support structures and can be removed from the
platform with a wire-cutting machine after printing. For the metamaterials with octahedrons and line modes, support structures are
eeded during printing. we set supports at the overhang edges of the ligaments and blocks (Fig. 1b, c, e, and f). We then removed
he supports manually after printing.
2 
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Fig. 1. Geometry design of sequential metamaterials. a and d, Metamaterials with four layers of rotating-square unit cells. b and e, Metamaterials with
four layers of octahedron unit cells. c and f, Metamaterials with six layers of line modes. a–c, The ligament thickness of the metamaterials arithmetic increases
from the bottom layer to the top layer. d–f, The ligament orientation of the metamaterials arithmetic reduces from the bottom layer to the top layer.

2.2. Experimental methods

The static compression of the metamaterials was processed in a universal testing machine (Instron 5985) equipped with a 300
kN load cell and compression plates, which enabled to impose a compressive displacement with an accuracy of 0.01 mm and to
record the force with 0.5% of the reading accuracy. We performed a continuous compressing test in the displacement control with
a speed of 0.2 mm/s. For the four-layer metamaterials with separating plates, we performed the compression in a U-shape setup
where two rigid constraints of the setup are used to prevent the shearing movement, and six pairs of assembled bearings at each
side of the plates are used to guide the vertical movement and reduce the friction.

The quasi-static tests were recorded using a high-resolution camera (Nikon D780 with 105 mm lens, resolution 1080 px × 1280
px, and frame rate 30 fps). The white dots are manually drawn on the separating plates and squares to facilitate position tracking
(Figs. 3 and 6). We then used Image-J software to track the position of the white dots of each frame in the video. From the dot’s
position at each frame, we calculate the strain 𝑢∕𝓁 of each buckling layer.

2.3. Numerical methods

We use the ‘‘Standard’’ solver in the commercial software Abaqus (2020) for the finite-element simulation.
Model definition. We analyze the buckling behaviors of a unit cell and two lumped unit cells in the regimes of elastic, plastic, and

yield buckling. The unit cell of length 𝓁 consists of a pair of rotating squares connected by ligaments of thickness 𝑡 and orientation
𝛼 (Fig. 2a inset and Fig. 4a). To study the buckling sequence affected by the length 𝓁 and ligament thickness 𝑡 of the unit cell, we
model a structure with two lumped unit cells by varying the length ratio 𝓁1∕𝓁2 and the ligament thickness ratio 𝑡1∕𝑡2 at constraints
of 𝓁1+𝓁2 = 40 mm and 𝑡1+𝑡2 = 2 mm (Fig. 2c). We then study the effect of ligament orientation on the buckling behaviors by varying
ligament orientation from 90◦ to 5◦ in a unit cell of length 𝓁 = 20 mm and thickness 𝑡 = 1 mm (Fig. 5a–c) and then modeling the
buckling sequence in a two-layer structure by varying angle ratio 𝛼1∕𝛼2 and length ratio 𝓁1∕𝓁2 at constraints of 𝛼1 + 𝛼2 = 180◦ and
𝓁1 + 𝓁2 = 40 (Fig. 4b). To ensure the buckling unit cells always sit in the same buckling regime, we use a linear elastic model of
Young’s modulus 𝐸 = 200 GPa and Poisson’s ratio 𝜇 = 0.3 for the elastic buckling regime, a bilinear elastoplastic model of 𝐸𝑡∕𝐸 = 0.25
for the plastic buckling regime, and of 𝐸𝑡∕𝐸 = 0.005 for the yield buckling regime with the yield stress 𝜎y =500 MPa (see Figs. 2
and 5). Finally, we model the loading history effect in a unit cell of length 𝓁 = 20 mm and thickness 𝑡 = 1 mm (Fig. 7d) and in a
structure of the two lumped unit cells (Fig. 7ef). We apply isotropic and kinematic work hardening rules in a bilinear elastoplastic
model of 𝐸𝑡∕𝐸 = 0.1, where 𝜎y = 800 MPa for isotropic hardening and 𝜎y = 1750 MPa for kinematic hardening (Fig. 7def). We use
plane stress conditions with quadratic triangular elements (CPS6) and construct the mesh so that all the ligaments in the unit cells
are 10 elements across.

Boundary conditions. For the buckling unit cell, we fix the bottom boundary and only allow vertical displacement at the top
boundary. For the two-layer structure, we confine the sides of the separated plates and only allow vertical movement.
3 
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Fig. 2. Yield buckling and buckling sequences. a, Stress 𝜎 vs. strain 𝜀 for a bilinear elastoplastic model with Young modulus 𝐸, yield stress 𝜎y and tangent
modulus 𝐸𝑡. Insets: unit cell with a pair of rotating squares connected by ligaments buckles at a load 𝐹cr and enters contact at a load 𝐹𝑠𝑐 . The green (before
yielding), red (at yielding), and blue (after yielding) markers denote three stress states of the ligaments when the unit starts to buckle. b, Post-buckling stiffness
𝑆 vs. aspect ratio of the unit cell 𝛬 and ratio between yield stress and Young’s modulus 𝜎y∕𝐸. The red triangles denote the yield buckling regime defined by
𝑆 < 0 (Liu et al., 2024). c, A two-layer structure, consisting of two pairs of rotating squares of lengths 𝓁1, 𝓁2 and ligament thicknesses 𝑡1, 𝑡2. Three different
buckling sequences can be observed: starting from the top layer (circle), bottom layer (plus), or simultaneous(star). d–f, Buckling sequence of the structure in
the regimes of elastic (d), plastic (e) and yield buckling (f) vs. length ratio 𝓁1∕𝓁2 and thickness ratio 𝑡1∕𝑡2 of the two-layer structure. Solid lines are theoretical
predictions. Data points are from simulations. g–i, Buckling behaviors in a two-layer structure of 𝓁1∕𝓁2=0.175 and 𝑡1∕𝑡2=0.125 in the regime of elastic buckling
(g), plastic buckling (h), and yield buckling (i). The force 𝐹 is normalized by the critical buckling load of the top unit cell (top) 𝐹1. The critical buckling load
is determined by the bifurcation point of the deflection 𝑊 curves (bottom).

Analysis. We perform two types of analysis: linear eigenmode analysis, where we calculate the lowest eigenmodes; and nonlinear
bifurcation analysis, where a displacement imperfection from the linear analysis is introduced into the nonlinear compression (Static
step). We make the imperfection proportional to the length of the unit cell 𝓁 and fix it to 0.001 unless specified otherwise. We track
the deflection 𝑊 of the middle ligament of the unit cell and use the bifurcation point on the deflection curve to catch the onset of
buckling.

3. Tuning sequential buckling by yielding area

We first review the yield buckling behavior in a pair of squares connected by ligaments with an elastoplastic material model
(Fig. 2a). Three regimes of buckling—elastic buckling, plastic buckling, and yield buckling—can be observed depending on the
aspect ratio 𝛬 of the unit cell (here, 𝛬 = 𝑡∕(2𝓁)) and the yield strain 𝜎y∕𝐸 or the ratio between tangent modulus and Young’s
modulus 𝐸𝑡∕𝐸 of the base material (Fig. 2ab). When the aspect ratio 𝛬 is smaller than the yield strain 𝜎y∕𝐸, the unit cell buckles
in the elastic regime (Fig. 2a green) with a critical load 𝐹 e,
𝐹 e = 𝐸 𝐴𝛬, (1)

4 
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Fig. 3. Sequential yield buckling sequence in metamaterials tuned by the ligament size. The ligament thickness of each buckling layer in metamaterials
gradually increases from the bottom layer to the top layer and the compression speed is 0.2 mm s−1 unless indicated otherwise. a–d, Metamaterials with four-layer
buckling unit cells and separating plates where the sides of the plates are constrained to avoid shearing and six pairs of load bearings at two sides of the plates
are used to guide the movement and reduce friction. a and c, Snapshots of metamaterials with (a) two-square buckling unit cells and (c) with two-octahedron
buckling unit cells under uniaxial compression at different strokes 𝑢∕𝐿. e, Snapshots of a metamaterial with six-layer line modes under uniaxial compression at
different strokes 𝑢∕𝐿. b, d, and f, Corresponding force 𝐹 and compressing stroke in each buckling layer 𝑢buckled∕𝓁 vs. global compressing stroke 𝑢∕𝐿 curves.

Fig. 4. Structures with orientation angle of ligaments. a, A unit cell consisting of a pair of rotating rectangles and connecting ligaments of an angle 𝛼 (left).
Force and stress analysis of the ligament under compressing (right). b, A two-layer structure consists of two unit cells of lengths 𝓁1 ,𝓁2 and angles 𝛼1 , 𝛼2.

where 𝐴 is the cross-section area of the ligament (here 𝐴 = 𝑡 × 1 for a unit depth). When the aspect ratio 𝛬 is larger than the yield
strain 𝜎y∕𝐸 and the moduli ratio 𝐸t∕𝐸 is sufficiently large, the unit cell buckles in the plastic hardening regime (Fig. 2a blue). The
upper bound of plastic buckling is defined by the reduced modulus load

𝐹 p = 𝐸𝑟𝐴𝛬, (2)

where 𝐸r = 4𝐸 𝐸t∕(
√

𝐸t+
√

𝐸)2 is the reduced modulus (Cedolin et al., 2010). When the aspect ratio 𝛬 is larger than the yield strain
𝜎y∕𝐸 and when the moduli ratio 𝐸t∕𝐸 is sufficiently small, then buckling occurs precisely at the yield point (Fig. 2a red) with a
regime defined by

𝐸𝑟 𝜎y
𝐸
𝛬 <

𝐸
< 𝛬. (3)

5 
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Fig. 5. Yield buckling load and buckling sequence tuned by orientation angle of ligaments. a–c, Buckling load 𝐹𝛼∕𝐹90◦ vs. orientation angle of ligaments
𝛼 of a unit cell in the regime of (a) elastic buckling, (b) plastic buckling, and (c) yield buckling. The force 𝐹𝛼 is normalized by the critical buckling force of the
unit cell of 90◦ ligaments. The insets are the von Mises stress states of unit cells of 45◦ and 90◦ ligaments at the onset of buckling. d–f, The buckling sequence of
a two-layer structure in the regime of (d) elastic buckling, (e) plastic buckling, and (f) yield buckling with varying ratios of orientation angle 𝛼1∕𝛼2 and length
𝓁1∕𝓁2 between the two layers unit cells where 𝛼2 = 90◦. Circle, cross, and star markers indicate that buckling starts from the top layer, bottom layer, and both
layers simultaneously, respectively.

We verify such prediction in numerical simulations by varying the moduli ratio 𝐸𝑡∕𝐸 and the aspect ratio 𝛬 (Fig. 2b see also
varying the yield strain 𝜎y∕𝐸 and the aspect ratio 𝛬 in Fig. 7c). We find a good agreement by measuring the buckling stiffness and
the postbuckling load before self-contact (Fig. 2b and Fig. 7c red triangles). The results confirm that only yield buckling shows the
negative stiffness right at the onset of buckling (Liu et al., 2024).

Now we study the buckling sequence in a two-layer structure with two lumped buckling unit cells of lengths 𝓁1,𝓁2 and ligament
thicknesses 𝑡1, 𝑡2 (Fig. 2c). When the shearing movement of the structure is confined, three possible buckling sequences can be
observed in the structure: buckling starts from the top layer (circle), starts from the bottom layer (plus), or simultaneously (star).

We first study the buckling sequence of the structure in the elastic and plastic buckling regimes. We assume the two unit cells
of the structure both sit in the same buckling regime. From the critical buckling loads of the single unit cell (Eqs. (1) and (2)), we
can get the boundary between the two sequences (circle and plus) as:

𝐹 e
1

𝐹 e
2

=
𝐹 p
1

𝐹 p
2

=
(

𝑡1
𝑡2

)2 𝓁2
𝓁1

, (4)

where 𝐹 e
1 , 𝐹 e

2 and 𝐹 p
1 , 𝐹 p

2 are the elastic and plastic buckling loads of the two unit cells.
In the yield buckling regime, the buckling load depends on the yield area of the ligament cross-section 𝑡 and the yield stress 𝜎y.

For the same yield condition, the sequence boundary of the two-layer structure can be driven as:
𝐹 y
1

𝐹 y
2

=
𝑡1
𝑡2
, (5)

where 𝐹 y
1 , 𝐹 y

2 are the yield loads and 𝑡1, 𝑡2 are the ligament thicknesses of the two unit cells.
We numerically verify such predictions in the two-layer structure by varying the length ratio 𝓁1∕𝓁2 and the thickness ratio 𝑡1∕𝑡2

from 0.25 to 1.75. We find a good agreement between the simulations and theory (solid lines) in all the elastic, plastic, and yield
buckling regimes (Fig. 2d–f). In the regimes of elastic and plastic buckling, the buckling sequence of the structure depends on both
the ligament thickness ratio 𝑡1∕𝑡2 and the length ratio 𝓁1∕𝓁2 (Fig. 2de). By contrast, the buckling sequence in the yield buckling
regime is dominated by the ligament thickness ratio 𝑡1∕𝑡2 (Fig. 2f). Only when the two unit cells have the same ligament size, the
buckling sequence is controlled by the length ratio. Since the negative stiffness at the buckling moment, no simultaneous buckling
occurs in the yield buckling regime (Liu et al., 2024).

Interestingly, in some regimes of yield bucking, the structure shows an opposite buckling sequence compared to the structure in
elastic and plastic buckling regimes. We showcase such difference in a structure with the thickness ratio 𝑡 ∕𝑡 = 1.25 and the length
1 2
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ratio 𝓁1∕𝓁2 = 1.75 where the structure buckles from the top layer in elastic and plastic buckling regimes (Fig. 2gh) and buckles from
he bottom layer in yield buckling regime (Fig. 2i). The results indicate that the ligament size difference between the buckling layers
s more efficient compared to the length ratio in tuning the buckling sequence and can be used to design sequential metamaterials
ith a large number of programmable sequences.

Then we experimentally demonstrate programmable buckling sequences in three different types of metamaterials by varying the
igament thickness (Fig. 1a–c). For the three designs of metamaterials, we gradually increase the ligament thickness to program a

buckling sequence from the bottom layer to the top layer. In the first experiment, we perform the uniaxial static compression on the
metamaterial with pairs of rotating squares (Fig. 3a). The bottom layer of unit cells first buckles at a stroke of 𝑢∕𝐿 = 0.005 followed
by a large force drop in the postbuckling process. The metamaterial then gets stiffened from a self-contact mechanism at a stroke of
𝑢∕𝐿 = 0.065 and triggers the next step of buckling in the second layer with a higher buckling force. This process repeats until all the
layers buckle and enter into contact. As a result, the metamaterial shows four steps of sequential buckling with a sequence from the
ottom layer to the top layer (Fig. 3a) as designed. The yield buckling load gradually increases in each step (Fig. 3b top) and the

buckling layer starts to buckle only after the previous layer of squares enters into contact (Fig. 3b bottom). In this two-dimensional
etamaterial design, each layer only enables a single step of buckling and reaches self-contact and densification at a stroke of
∕𝐿 = 0.25 (Fig. 3b).

A larger compressive stroke and more steps of buckling can be achieved by introducing a three-dimensional buckling unit cell
hich consists of a pair of octahedrons and connected ligaments at the vertices (Fig. 1b). This 3D unit cell enables two steps of

buckling under compression. The idea is that the pair of octahedrons will start to rotate in the compressing plane due to the first
uckling stability and the two edges of the octahedrons enter into contact such that they make up a new sub-structure. These

two octahedrons in the sub-structure will start to rotate along the contacted edges due to the second buckling instability under
further compression until two faces of the octahedrons enter into contact. We prove this idea in a metamaterial by replacing the
2D rotating squares in the above design (Fig. 1a) with the 3D octahedrons (Fig. 1b). To prevent out-of-plane buckling and ensure
he edge contact after the first step of buckling, we connect two octahedron unit cells in the third dimension (Fig. 1b). Under
ompression, the metamaterial with octahedron unit cells shows two rounds of sequential buckling behaviors. In the first round of
uckling, the metamaterial shows the same sequential buckling as the 2D design (Fig. 3c) until all the layers get into edge contact
t a stroke of 𝑢∕𝐿 = 0.263 (Fig. 3d). As the compression increases, the reconfigured metamaterial buckles again from the bottom
ayer to the top layer until all the layers enter into face contact at a stroke of 𝑢∕𝐿 = 0.395. The metamaterial in the second round of
uckling has a much less force drop and a smaller compressible strokes in each step of buckling (Fig. 3d). The buckling behaviors

in the second round are more complex due to the contact, friction, and non-ideal hinges. Varying ligament thickness also enables
a larger difference in the yield buckling load between each buckling layer which can even overcome the global shearing without
extra constraints (Fig. A.1).

In the last design, we vary the ligament thickness in a cylindrical metamaterial with six line modes (Fig. 1c). The result of
ompression shows that the bottom line mode first buckles at a stroke of 𝑢∕𝓁 = 0.005 and enters into contact at a stroke of 𝑢∕𝓁 = 0.011.

As the compression increases, the rest of the line modes buckle sequentially until a stroke of 𝑢∕𝓁 = 0.048 (Fig. 3e). The effective
ardening process of the buckling force leads to a controllable buckling sequence from the bottom to the top line mode as designed
Fig. 3f).

In the above design strategy, the buckling sequence is dependent upon the ligament thickness; buckling proceeds from the
layer with the smallest ligament thickness to that with the largest ligament thickness. This increases the challenge to produce such
metamaterials with a larger number of buckling sequences especially at small scale. Can we tune the yield buckling sequence in
metamaterials without changing the size of the ligaments? To answer this question we introduce another design tool of plasticity:
the yield criterion.

4. Tuning sequential buckling by the yield criterion

The yield load of the buckling unit cell depends not only on the yield area but also on the yield criterion. When the ligaments
f the unit cell are under a uniaxial loading condition, the ligaments yield at a condition of 𝑓 (𝝈) = 𝜎y, where 𝜎y is the yield stress
f the based material from a uniaxial stretching test. For a general stress condition  (𝝈), a yield criterion 𝑓 (𝝈) can be described as:

𝑓 (𝝈) =  (𝝈) − 𝑘(𝜉), (6)

where 𝑘(𝜉) is the yield stress. We then introduce two main yield criteria for isotropic materials: the von Mises yield criterion and
he Tresca yield criterion (Lubliner, 2008).

The von Mises yield criterion suggests that the material yields when the square root of the second stress deviator
√

𝐽2 =
√

3
2𝑆ij𝑆ij

chieves a critical value 𝑘(𝜉):

𝑓 (𝜎) =
√

3
2
𝑆ij𝑆ij − 𝑘(𝜉), (7)

where 𝑆ij = 𝜎ij −
1
3𝜎kk𝛿ij. The second stress deviator 𝐽2 can be also described by the principle stress 𝐽2 = 1

6 [(𝜎1 − 𝜎2)2 + (𝜎1 − 𝜎3)2 +
(𝜎2 − 𝜎3)2] and the von Mises yield criterion is:

𝑓 (𝝈) =
√

1 [(𝜎 − 𝜎 )2 + (𝜎 − 𝜎 )2 + (𝜎 − 𝜎 )2] − 𝑘(𝜉). (8)

6 1 2 1 3 2 3
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Fig. 6. Sequential yield buckling sequence in metamaterials tuned by the ligament orientation. The ligament orientation angle of each buckling layer in
metamaterials gradually decreases from the bottom layer to the top layer and the compression speed is 0.2 mm s−1. a–d, Metamaterials with four-layer buckling
unit cells and separating plates where the sides of the plates are constrained to avoid shearing and six pairs of load bearings at two sides of the plates are used
to guide the movement and reduce friction. a and c, Snapshots of metamaterials with (a) two-square buckling unit cells and (c) with two-octahedra buckling
unit cells under uniaxial compression at different strokes 𝑢∕𝐿. e, Snapshots of a metamaterial with six-layer line modes under uniaxial compression at different
strokes 𝑢∕𝐿. b, d, and f, Corresponding force 𝐹 and compressing stroke in each buckling layer 𝑢𝑏𝑢𝑐 𝑘𝑙 𝑒𝑑∕𝓁 vs. global compressing stroke 𝑢∕𝐿 curves.

The Tresca yield criterion assumes that yielding occurs when the maximum shear stress over all planes attains a critical value,
namely, the value of the current yield stress in shear, denoted 𝑘(𝜉):

𝑓 (𝝈) = 1
2
𝑚𝑎𝑥{(𝜎1 − 𝜎2), (𝜎1 − 𝜎3), (𝜎2 − 𝜎3)} − 𝑘(𝜉). (9)

We use the general yield criteria in the yield buckling unit cell by introducing shearing stress to the ligaments. To do this, we
rotate the ligaments of the unit cell to an orientation angle 𝛼 where the pair of squares change to a pair of rectangles (Fig. 4a left).
The rotating angle of the rectangles in the postbuckling process is set to 45◦ to have a stable contact. We then do the force and
stress analysis for the ligament with an orientation angle 𝛼 (Fig. 4a right). The stress can decompose to a normal stress and a shear
stress:

𝜎𝑁 = 𝐹 cos 𝛼
𝑡

, 𝜏 = 𝐹 sin 𝛼
𝑡

. (10)

The principal stresses are:

𝜎1 =
1
2
𝜎𝑁 +

√

(
𝜎𝑁
2

)2 + 𝜏2,

𝜎2 = 0,

𝜎3 =
1
2
𝜎𝑁 −

√

(
𝜎𝑁
2

)2 + 𝜏2.

(11)

We use the von Mises criterion in a uniaxial stretching test (𝜎1 = 𝜎1, 𝜎2 = 𝜎3 = 0) to get 𝑘(𝜉) =
√

3
3 𝜎y, the von Mises criterion

under an orientation angle 𝛼 is:
√

2 2
𝜎𝑁 + 3𝜏 = 𝜎y. (12)
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The Tresca criterion in a uniaxial stretching test has 𝑘(𝜉) = 𝜎y. Then the Tresca criterion of the ligament of angle 𝛼 is:
√

(
𝜎𝑁
2

)2 + 𝜏2 = 𝜎y∕2. (13)

With the Eqs. (11)–(13), the von Mises criterion and the Tresca criterion can be simplified to 𝑓 (𝝈) = 𝑔von Mises(𝛼)𝜎y and 𝑓 (𝝈) =
Tresca(𝛼)𝜎y, where 𝑔von Mises = 1∕

√

(cos2 𝛼 + 3 sin2 𝛼) and 𝑔Tresca(𝛼) = 1∕
√

(cos2 𝛼 + 4 sin2 𝛼) are yield condition factors.
We then apply yield criteria to a unit cell with yield buckling and numerically verify it in the unit cell with an orientation angle

of the ligaments varying from 𝛼 = 90◦ to 𝛼 = 5◦. As a comparison, we first explore the angle effect on elastic and plastic buckling.
For the case of elastic buckling, the buckling load of the unit cell has a slight change in an angle change from 90◦ to 75◦. When the
orientation angle reduces from 75◦, the buckling load starts to decrease rapidly. The reason for the force decrease may be caused
by the shearing stress as the shear modulus is smaller than Young’s modulus (Fig. 5a). For the case of plastic buckling, interestingly,
the buckling load first increases as the angle reduces until 60◦ and decreases after that (Fig. 5b). In the case of yield buckling, the
uckling load monotonically decreases as the angle decreases. For a small angle change from 90◦ to 75◦, the von Mises criterion
ives a better prediction of the buckling load reduction, and for a larger angle change from 75◦ to 45◦, the load decrease fits better
o the Tresca criterion. After the orientation angle is below 45◦, the buckling load linearly decreases as the angle (Fig. 5c).

We then study the effect of ligament orientation angle on the buckling sequence of a two-layer structure that consists of two
lumped buckling unit cells with the same ligament size. We conduct numerical simulation in a two-layer structure by varying the
length ratio 𝓁1∕𝓁2 from 0.7 to 1.3 and the ligament angle ratio 𝛼1∕𝛼2 from 0.3 to 1.0. The result shows the buckling sequence in the
structure is most sensitive to the angle change in the regime of yield buckling compared to elastic and plastic buckling (Fig. 5def).

In the second experimental demonstration, we tune the yield buckling sequence in the same types of metamaterials by using
he ligament orientation. For the 2D and 3D metamaterials with four-layer buckling unit cells, the compressing results show the
ame buckling sequence from the bottom to the top with the force increase (Fig. 6a–d). Since the tunable space with the orientation

angle is limited in the range of 90◦, the difference in buckling force between each layer of buckling is much smaller than that of
the sequential metamaterials tuned by the ligament thickness (Fig. 3b and d). This makes the buckling sequence in metamaterials
tuned by the ligament orientation less controllable when the buckling sequence becomes large. In the cylindrical metamaterial with
six line-mode buckling layers, we set the orientation angle increasing from 30◦ at the bottom layer to 90◦ at the top. The first three
buckling steps follow the buckling sequence as designed, yet the fourth and fifth buckling steps do not follow the design (Fig. 6e
and f). This can be explained by the fact that the buckling loads between these two layers are very close to each other, hence the
buckling sequence becomes sensitive to imperfections. Both the strategies above use the combination of plasticity (yield area and
yield criterion) and geometry (ligament thickness and orientation) to tune the yield buckling load and sequence in metamaterials. In
the next section, we explore the possibility of tuning the yield buckling sequence with the work hardening rule and loading history.

5. Tuning sequential buckling by loading history

The yield behavior of elastoplastic materials depends not only on the initial yield criterion but also on the loading history:

𝑓 (𝝈,𝝆) =  (𝝈 − 𝝆) − 𝑘(𝜉), (14)

where 𝝆 is a parameter related to the loading history. The von Mises yield criterion can be described as:

𝑓 (𝜎ij, 𝜌ij) =
√

3
2
(𝑆ij − 𝜌ij)(𝑆ij − 𝜌ij) − 𝑘(𝜉), 𝑆ij = 𝜎ij −

1
3
𝜎kk𝛿ij. (15)

Two work hardening rules—isotropic and kinematic have been widely used in the plasticity theory (Lubliner, 2008). The isotropic
hardening is a special case of (Eqs. (14) and (15)) if 𝝆 ≡ 0 which states that the yield surface expands proportionally in all directions
which means the hardening behavior in one direction will strengthen the yielding in the other directions. Then the flow law of the
elastoplastic material with the linear isotropic hardening rule is:

𝑑 𝜀p
ij = 𝑑 ̄𝜀p 3

2
𝑆ij

𝑘(𝜉)
, (16)

where 𝜀̄p is the accumulated plastic strain.
The kinematic hardening states that the yield surface translates in one direction as the stress exceeds the initial yield stress which

means the stress hardening in one direction will lower the yield stress in the opposite direction (also known as the Bauschinger
effect) (Lubliner, 2008). For the linear kinematic hardening model, 𝑑 𝜌ij =

2
3𝐸t𝑑 𝜀p

ij, the kinematic hardening rule is:
𝑑 𝜀p

ij = 𝑑 ̄𝜀p 3
2
𝑆ij − 𝜌ij

𝑘(𝜉)
, (17)

Now we demonstrate simplified work hardening rules with a bilinear plastic model in a uniaxial loading condition (Fig. 7a) and
apply them to the unit cell in the regime of yield buckling (Fig. 7b). The idea is that we first stretch the unit cell and make the
igaments yield and strengthen at a stress 𝜎𝑡 (𝜎𝑡 > 𝜎y) and then compress it until buckling happens. For the isotropic model, when

the yield load of the unit cell strengthens in the stretching direction with a load −𝜎t𝑡, the buckling load of the unit cell will also
ncrease to 𝜎t𝑡 (Fig. 7b). In contrast, for the kinematic hardening, the yield buckling load of the unit cell can reduce to (2𝜎y − 𝜎𝑡)𝑡

after stretching to a load of −𝜎𝑡𝑡 (Fig. 7b). We can plot the three buckling regimes with respect to the length ratio 𝛬 and the yield
strain 𝜎 ∕𝐸 (Fig. 7c) (Liu et al., 2024). Interestingly, the work hardening rules in a buckling unit cell (Fig. 7b) not only allow tuning
𝑦
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Fig. 7. Yield buckling tuned by loading history. a and b, Isotropic and kinematic work hardening rules in (a) the elastoplastic material and (b) the yield
buckling unit cell. c, Stiffness 𝑆 at the buckling moment in the regimes of elastic, plastic, and yield buckling tuned by the yield stress 𝜎y∕𝐸 and aspect ratio
𝛬 (Liu et al., 2024). The arrows indicate the buckling transitions in a unit cell with 𝛬 = 0.025 tuned by the isotropic and kinematic hardening rules between
two yield stress values in the yield buckling regime (red circle) and plastic buckling regime (blue star) d, Force 𝐹∕𝐹T−0% and vs. stroke 𝑢∕𝓁 curves of a unit
cell with isotropic (top) and kinematic (bottom) work hardening rules under three different stretching and compressing loading histories. The initial state of a
unit cell with isotropic (red circle) and kinematic (blue star) hardening is shown in panel c. The force 𝐹 is normalized by the critical buckling force of the unit
cell without stretching 𝐹T−0%. The positive and negative signs indicate the stiffness at the buckling moment. e and f, Force 𝐹∕𝐹T−0% and lateral deflection 𝑊
vs. stroke 𝑢∕2𝓁 of the two-layer structure with (e) isotropic and (f) kinematic work hardening rules under two different loading histories. The insets are the
deflection states of the two unit cells at the onset of buckling under two different loading histories.

of the yield load but also enable transitions between buckling regimes. For instance, a unit cell initially in the yield buckling regime
(Fig. 7c red circle), can transition to the plastic buckling regime with the kinematic hardening rule, which reduces the yield load
under stretching (Fig. 7c blue star). Conversely, the isotropic hardening rule under loading history increases the yield load, shifting
the unit cell from plastic buckling to yield buckling.

We numerically validate such transitions in a buckling unit cell. We first apply the isotropic hardening rule in the unit cell with
properties in the plastic buckling regime (see the blue star in Fig. 7c). Initially, the unit cell exhibits a positive stiffness at the onset
of buckling under compression (Fig. 7d top blue curve). We then apply two different stretches (0.9% and 2.0%) to the unit cells
before compression. The buckling force of the unit cell gradually increases as the stretches and the stiffness at the buckling moment
transitions from the initial +120 to −122 (Fig. 7d top). We then apply the kinematic hardening rule and the same stretches to a
unit cell with an initial state in the yield buckling regime (see the red circle in Fig. 7c). The buckling force of the unit cell gradually
reduces as the stretch increases and the stiffness at the onset of buckling transitions from the initial −134 to +92 after a stretch
of 2.0% (Fig. 7d bottom). The stiffness transition at the onset of buckling in buckling unit cells is interesting in achieving multiple
buckling orders in metamaterials with loading history (Liu et al., 2024).

We demonstrate this idea in a two-layer structure consisting of two lumped unit cells with the same geometry and material
models as we used in Fig. 7d. We then apply a stretch of 2% to the structure and compare the buckling order with a structure
without stretching. For a structure with isotropic hardening, buckling occurs with positive stiffness (Fig. 7e top blue curve), and a
simultaneous buckling order is observed (Fig. 7e bottom blue curves and inset). After applying a 2% stretch, the structure exhibits
a sequential buckling order as the stiffness transitions from positive to negative (Fig. 7e red curves and inset). A similar transition
is observed in a structure with kinematic hardening, where the structure shows sequential buckling order without stretching and
simultaneous buckling order under a 2% stretch (Fig. 7f).

We experimentally demonstrate the effect of loading history on the buckling load and the transition of buckling stiffness in a
buckling unit cell of 𝛬 = 0.08. The unit cell is cut from a 2 mm thick 316 stainless steel plate, which offers higher elongation before
failure and greater resistance to fatigue compared to 3D-printed components (Fig. 8a). We first compress the unit cell until buckling
occurs and then stretch it to a 7.5% stroke. Afterward, we compress it again until buckling happens. Initially, the unit cell buckles
at a stroke of 0.85% with a stiffness of 55.6 kN/stroke. In the second compression, it buckles at a stroke of −0.41%, with a 12.5%
increase in buckling load and a negative stiffness of −6 kN/stroke (Fig. 8b). This stiffness transition induced by loading history
enables in principle the realization of multiple buckling orders in two-layer buckling structures and more complex metamaterials.
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Fig. 8. Experimental demonstration of tuning buckling load with loading history. a, Snapshots of a buckling unit cell at buckling and under stretching.
b, Force vs. stroke 𝑢∕𝓁 curve of a unit cell under compressing, stretching, and compressing. The buckling moment under compressing is detected from the
bifurcation of the rotating angle of the unit cell.

Fig. A.1. Sequential yield buckling in metamaterials without side constraints. Four-layer metamaterials of ligament thickness ratio 𝑡2∕𝑡1 = 𝑡3∕𝑡2 = 𝑡4∕𝑡3 = 1.8
between each buckling layer and without constraints at the sides and the compressive speed is 0.2 mm s−1 unless indicated otherwise. a and b, Snapshots of
metamaterials with two-square buckling unit cells at different compressive strokes 𝑢∕𝐿, (a) a metamaterial made from 316L stainless steel and (b) a metamaterial
made from elastic printing material. c and d, Snapshots of metamaterials with two-octahedron buckling unit cells at different compressive strokes 𝑢∕𝐿, (c) a
metamaterial made from 316L stainless steel and (d) a metamaterial made from elastic printing material.

However, in practice, achieving uniform deformation across all ligaments of metamaterials during stretching and preventing local
failure remains a significant challenge.

6. Discussion and conclusion

We have demonstrated that the yielding area (ligament thickness) and the yield criterion (ligament orientation) of the unit cell
can be used to tune the yield load and yield buckling sequence in metamaterials. The difference between these two strategies is
that the buckling sequence tuned by the yield criterion becomes less robust when the number of buckling sequences increases.
The yielding area is more robust in tuning sequential buckling over a large range of sequences and can lead to a tunable effective
hardening. Using yield area and criterion in combination can significantly broaden the design space for a larger buckling sequence in
large-scale sequential metamaterials. Last, we explored the multiple buckling sequences in metamaterials tuned with work hardening
11 
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and loading history. One thing worth mentioning is that when the unit cell is slender enough and made from an elastoplastic
material, it can also buckle before the ligaments yield. In this case, the work hardening rules are possible to switch the unit cell
in the three regimes of buckling (Fig. 7c). Fatigue is an important issue of elastoplastic materials in cyclic loading. How to reduce
fatigue in elastoplastic metamaterials (Fig. A.2)? More generally, the next question is how fatigue affects the buckling order of

etamaterials. Can fatigue of the material also be used as a design tool to tune the buckling behavior of metamaterials with loading
istory? While the steel-based metamaterials in this work are largely insensitive to a wide range of loading rates and temperatures,
he influence of temperature and loading rate on the buckling sequence in metamaterials made from strong viscoplastic materials,
uch as liquid metals, plastics, and polymers, presents an interesting avenue for future exploration. Disordered cellular materials,
hich enable isotropic mechanical properties for more general loading conditions, are once again becoming an important research
irection (Hooshmand-Ahoor et al., 2024, 2022). Can plasticity be utilized to tune the sequential deformation in such disordered

metamaterials?
Our work enriches the toolbox of plasticity in the design of controllable yield bucking and sequential metamaterials and we

anticipate such controllable yield bucking can lead to distinctive applications in controllable shock absorption (Yuan et al., 2023),
mechanical self-assembly (van Manen et al., 2020; Meng et al., 2022), multifunctional soft robotics (Hwang et al., 2022; Wang et al.,
2023), and physical learning in materials (Stern et al., 2020).
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Appendix

In the Main Text, we have shown that the yield area (ligament thickness) and yield criterion (ligament orientation) can be used
o tune the sequence of yield buckling in metamaterials. Compared to the ligament orientation, varying the ligament thickness in
etamaterials shows a more robust buckling sequence with a larger difference in the buckling load between buckling layers. Here
e further demonstrate that a larger difference in the ligament thickness between the buckling layers can overcome the global

hearing and have a robust sequential buckling in the metamaterials (Fig. A.1a and c) without side constraints. As a comparison,
we also conduct compression experiments in metamaterials with the same geometry printed from an elastic material (FlexaBlack,
Sinterit Lisa) that shows a global shearing mode (Fig. A.1b and d).

Reusability is one of the important features of hyperelastic and viscoelastic metamaterials. However, the applications of
such metamaterials are limited by their low stiffness, low strength, and low energy dissipation. The reusability of elastoplastic
metamaterials is becoming an important new research direction due to their superior mechanical performance. Here, we demonstrate
reusability in a buckling unit cell composed of elastoplastic ligaments. To avoid rapid fatigue and breakage of the elastoplastic
ligaments under cyclic loading, we laser-cut the ligaments from a steel sheet of 0.5 thickness and assembled them into 3D-printed
blocks as a buckling unit cell (Fig. A.2a). Under static compression, the two blocks rotate, and the metal ligaments bend and
lastically deform as the unit cell buckles, up to a stroke of 7.2%. The unit cell is then stretched back to its initial position, leaving
he ligaments slightly bent with residual stress. (Fig. A.2b). We manually push the middle ligament to reset the ligaments and
emove the residual stress. This process is repeated for up to ten cycles (Fig. A.2c). The results show a loss of buckling load in some
ycles due to plastic deformation. Interestingly, the buckling loads can return to the initial buckling load after many cycles and even
ncrease in some cycles compared to the initial buckling load. This cyclic loading test demonstrates that in principle metamaterials
ased on buckling and plastic deformation can be reused in practical applications.
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Fig. A.2. Buckling unit cell with assembled metal ligaments under cyclic load. a, Snapshots of a buckling unit cell at rest (left) and after buckling (right).
b, Force 𝐹 vs. stroke 𝑢∕𝓁 curve of the unit cell under the first cycle of compressing and stretching. c, Force 𝐹∕𝐹cycle-1 vs. loading cycles (time) of the unit cell.
The force 𝐹 is normalized by the buckling load of the first cycle 𝐹cycle-1.
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