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Renormalization group evolution equations describing the scale dependence of quantities in quantum
chromodynamics play a central role in the interpretation of experimental data. Arguably the most important
evolution equations for collider physics applications are the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) equations, which describe the evolution of a quark or gluon fragmenting into hadrons, with only
a single hadron identified at a time. In recent years, the study of the correlations of energy flow within jets
has come to play a central role at collider experiments, necessitating an understanding of correlations,
going beyond the standard DGLAP paradigm. In this paper we derive a general renormalization group
equation describing the collinear dynamics that account for correlations in the fragmentation. We compute
the kernel of this evolution equation at next-to-leading order, where it involves the 1 — 3 splitting
functions, and develop techniques to solve it numerically. We show that our equation encompasses all
previously known collinear evolution equations, namely DGLAP and the evolution of multihadron
fragmentation functions. As an application of our results, we consider the phenomenologically relevant
example of energy flow on charged particles, computing the energy fraction in charged particles in e e~ —
hadrons at next-to-next-to-leading order. Our results are an important step toward improving the
understanding of the collinear dynamics of jets, with broad applications in jet substructure, ranging from
the study of multihadron correlations, to the description of inclusive (sub)jet production, and the

advancement of modern parton showers.

DOI: 10.1103/PhysRevD.111.076021

I. INTRODUCTION

Jets and their substructure play a central role in modern
collider experiments, both in searches for beyond the
Standard Model physics, as well as for studying quantum
chromodynamics (QCD) [I-3]. Due to the confinement
process, jets are complicated multiscale objects, formed by
the fragmentation of an initial energetic quark or gluon at
short times, into a collimated spray of hadrons at long
times. Because of this multiscale nature, renormalization
group equations (RGEs) that describe the scale evolution of
jets play a crucial role in the interpretation of nearly all
experimental data.
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The most celebrated evolution equation is the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) [4-6] equation,
describing the evolution of a quark or gluon fragmenting
into hadrons, with a single hadron identified at a time and all
hadrons summed over. This equation plays a central role in
the description of all aspects of jets, from perturbative
calculations, to parton shower algorithms, to the evolution
of fragmentation functions. Because of this, it has received
significant theoretical attention and been computed to high
orders [7-9].

Driven by the high energies, and exceptional resolution
of the detectors at the Large Hadron Collider (LHC), there
has been significant recent interest in understanding the
correlations in energy flow within jets, a field known as jet
substructure [1-3]. The theoretical description of such
correlations requires an understanding of the scale evolu-
tion of correlations in the fragmentation process, giving
rise to nonlinear RGEs, and going beyond the standard
DGLAP evolution equations. While nonlinear evolution
equations for soft correlations have existed for quite some

Published by the American Physical Society


https://orcid.org/0000-0002-9448-1436
https://orcid.org/0000-0001-7698-0613
https://orcid.org/0000-0001-5739-4627
https://orcid.org/0000-0002-7129-6748
https://ror.org/00a2xv884
https://ror.org/00f9tz983
https://ror.org/01yx4wq53
https://ror.org/03v76x132
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.111.076021&domain=pdf&date_stamp=2025-04-21
https://doi.org/10.1103/PhysRevD.111.076021
https://doi.org/10.1103/PhysRevD.111.076021
https://doi.org/10.1103/PhysRevD.111.076021
https://doi.org/10.1103/PhysRevD.111.076021
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

CHEN, JAARSMA, LI, MOULT, WAALEWIIN, and ZHU

PHYS. REV. D 111, 076021 (2025)

time [10—15], similar nonlinear evolution equations incor-
porating correlations between collinear partons are not
known. Much like their soft analogs, such nonlinear
collinear evolution equations will also be essential for
testing higher-order collinear corrections to next-generation
parton showers [16-24].

In this paper we derive a general evolution equation for
the fragmentation of collinear partons at next-to-leading
order (NLO), accounting for all correlations, which
involves for the first time the complete structure of the
1 — 3 splitting functions. We also show that our evolution
equation can be reduced to the DGLAP equation, as well as
the N-hadron fragmentation functions.

There are many applications of our evolution equations
for jet substructure at the LHC. A key application is the
study of observables on tracks (charged particles) [25,26],
which will enable the measurement of more sophisticated
jet substructure observables. In particular, the use of tracks
has played an important role in the study of the collinear
limit of energy correlators [27-29] using CMS Open Data
[30,31]. This same equation can be used to describe (sub)jet
production for small values of the radius, e.g. to describe
the leading (sub)jet requires knowledge about the other
(sub)jets [32,33]. We therefore develop algorithms to
efficiently solve our equations numerically for phenom-
enological applications, and illustrate their use in a physical
observable, the energy fraction in charged hadrons in an
eTe™ collision.

II. THE MASTER EQUATION FOR COLLINEAR
EVOLUTION

We derive the general collinear evolution equation by
studying the renormalization of a universal object referred
to as a “track function” [25,26]. In light-cone gauge, it is
defined for quarks as [25,26]

. P
Tq(x) = /dy+dd_2yle’k y+/2z5<x —k—f>
X

uFimwthXQMNMWmmﬂ,<n

X
2N, |2
with a similar definition for gluons. Here P} is the large
light-cone component for the momentum of a subset R C X
of hadrons with well-defined quantum number such as
charge, as illustrated in Fig. 1. When R is restricted to a
single hadron such as pion, this reduces to the conventional
definition of parton-to-hadron fragmentation function. The
RGE of these universal nonperturbative quantities tracks
the energy fractions of all partons in a splitting, as is shown
schematically in Fig. 2, leading to a complicated nonlinear
evolution equation, whereas DGLAP considers the
momentum fraction of one parton produced in a splitting
at the time, summing over them. In [34,35], it was shown
how to derive RG equations for the first six moments of the

FIG. 1. A parton with momentum k fragments into an identified
set of hadrons with momentum Py, distinguished by a specified
quantum number (e.g. electric charge). The scale evolution of this
process is described by a nonlinear renormalization group
evolution.
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FIG. 2. Perturbative evolution is described by the splitting of a
single parton i into m partons, each of whose momentum
fractions are tracked.

track functions. In this paper, we will extend this to derive
the complete RGE at NLO.

Considering the perturbative splitting illustrated in
Fig. 2, at NLO, we can have a splitting into at most
three-partons. The general form of the evolution equation
for the track functions is therefore

d

_ (0) (0)
i T = KT 0+ (K2, ® T, T,](x)

=i 1

+a2(KN T () + KLY, L ®T, T, )(x)
(1) 3
+[Ki—>i1i2i3 ®TilTizTi3](x))+(9(a3), (2)

where a; = a,/(4rx) is the coupling. For N' =4 super-
Yang-Mills theory, this is written out in detail in Eq. (3),
including the form of the convolutions in the square
brackets above and the explicit evolution kernels.

Since track functions are scaleless in dimensional regu-
larization, to derive their evolution equations, we follow the
approach of [34,35] of computing an auxiliary observable
which introduces a scale. We take this to be a jet function
differential in both the energy fraction of charged particles
and the mass of all particles [36]. After renormalization in

076021-2
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the mass, the remaining poles are associated with the track
function renormalization.

To derive the evolution equations, one must integrate out
the angular variables appearing in the 1 — 3 splitting
function [37]. The derivation of IR finite evolution equa-
tions then requires the cancellation poles between the one-
loop 1 — 2 [38,39] and tree-level 1 — 3 [38,39] splitting
functions. This is nontrivial as they can be overlapping
so that standard plus distributions cannot be used. To

J

d
dlny?

overcome this, we use sector decomposition [40-42] and
identify a convenient set of variables which disentangle the
divergences.

We have computed the evolution kernels in both
N = 4 super-Yang-Mills (SYM) theory and for all partonic
channels in QCD. The QCD kernels are provided in an
attached notebook. We will use the simpler N =4
SYM kernels to illustrate the form of the track function
evolution,

I 1 1 1
T(x):—25C3a2T(x)—|—/ dxl/ dxz/ dzT(xl)T(xz)cS(x—xl——sz)
0 0 0 I+z I+z

x {4a H T 1642 <<:2 H . | An*(1+2) —Zlnzln(l +z)> }

1 1 1 1 1 1 z 2t
8a’ | d d dx d dtT(x1)T(x,)T(x3)0| x — - -
" a/o xl% xz[) 3/0 Z/o ()T (32)T(x3) <x Mera izt x31+z+zt>

L EL O]

N 10[In(1+z+1z)=In(1+2)] 7In(l +12)

71n(1 +t)> 2[In(1+1z) = In(1 +z +1z)]

t (I+0)(14+2)(1412)

In(1+7)—Int In(l+z)+In(1+¢) In(1+z)

1z 1z
zIn(1+z) In(1+1tz)

- (I+2)(1+12) +(1 +1)z(1 +Z)} +0(a?),

where a = g3\ N./(47)? is the ‘t Hooft coupling.
As expected, this is a nontrivial kernel describing the
mixing of a single track function into products of up to
three track functions at O(a?). It takes a relatively simple
form involving plus distributions and logarithms. Interest-
ingly, it exhibits a form of maximal transcendentality,'
which would be interesting to understand better.

Since the expressions for the QCD evolution kernels
are more lengthy, we illustrate our results by plotting
the evolution kernels for ¢ — gqq and ¢q — qqq
in Fig. 3 as a function of the momentum fractions (note
Z1 + 2o + z3 = 1). These kernels exhibit interesting features
describing correlations in the energy distribution of
fragmenting partons.

To our knowledge, these are the first complete set of
1 — 3 collinear evolution equations, and we believe that
they will play an important role in future studies of jet
substructure. It is interesting to note that there exist early
attempts at 1 — 3 evolution equations [44-47] in the
framework of the jet calculus [48,49]. However, we were
unable to relate those approaches to our results.

We have performed a number of highly nontrivial checks
on our results. First, we have checked that the first six
moments of the QCD result agree with our results computed

See Sec. 5.5 of Ref. [43] for a discussion of maximal
transcendentality.

(14+1)(1+12)

(I+1)(1+42) (141)z

(3)

|

previously [34,35]. Second, we have checked it against the
known DGLAP results by integrating out momentum
fractions, as will be described in the next section.

III. REDUCTION TO DGLAP AND N-HADRON
FRAGMENTATION

Since our evolution equation tracks the full momentum
dependence of the partons, it can be viewed as the most
general evolution equation for collinear dynamics. It is
therefore interesting to show how it encodes the standard
DGLAP evolution equation, as well as the evolution
of the N-hadron fragmentation functions [49-54] for all
values of N. Our results thus also yield the evolution
equations for N-hadron fragmentation functions at NLO,
which were not known yet. These objects are themselves of
interest in jet substructure or for studying modifications of the
hadronization process in heavy ion collisions [55,56].

A key difference between our evolution equation and that
of N-hadron fragmentation is that, by tracking the energy
fraction of each final state particle in the splitting, energy
conservation is manifest, while the standard DGLAP evo-
lution arises from radiative energy loss, since one tracks only
a finite number of the final state hadrons. However, this
suggests a simple way of deriving the kernels for N-hadron
fragmentation functions from our kernels, namely by “inte-
grating out” some subset of the particles.

076021-3
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0.8

FIG. 3. The evolution kernels Kf;lm and Kgllm as a function
of the energy fractions. We have multiplied by z;2,23 to remove
singularities at the phase space boundaries. The kernels exhibit
nontrivial kinematic features reflecting how energy is distributed

among correlated fragmenting partons.

The more precise relation is shown in Fig. 4. To reduce to
DGLAP (single hadron fragmentation), one must integrate
out all particles except one. This can be done by substituting
T(x;) = 6(x;) for the corresponding lines. Note that only
one representative diagram is shown and that the particle that
is singled out can correspond to any of the lines, and one
must sum over all possibilities. This procedure extends to
higher N-hadron fragmentation functions, as illustrated for
the dihadron case in Fig. 4, where one integrates out all
particles except subsets of 1 or 2. This illustrates that our
equation can be viewed as a repackaging of the infinite set of
N-hadron fragmentation functions into a single equation.

IV. NUMERICAL SOLUTIONS OF THE
EVOLUTION EQUATIONS

The collinear renormalization group equations
derived above are nontrivial coupled integro-differential

Track
Function

Dihadron DGLAP

Trihadron

N-hadron

FIG. 4. The single evolution equation for the track function can
be repackaged as an infinite set of evolution equations for the
N-hadron fragmentation functions, by integrating out energy
fractions. This is illustrated for single hadron, dihadron, and
trihadron, with a straightforward extension to N-hadron. Permu-
tations of diagrams are not shown.

equations. We will therefore show that they can be solved
numerically, extending the approaches used for the
leading-order evolution in Refs. [25,26]. We have devel-
oped several complementary algorithms to solve the
evolution equations, to ensure consistency. Due to the
presence of distributions in the evolution equations, it is
convenient to perform an integral transform. We have
performed the evolution by using Fourier series, moments,
and wavelets. We have also solved the evolution equations
by discretizing the distribution. All approaches result in
consistent results. The details of these algorithms will be
described in a longer companion paper.

In Fig. 5 we show the evolution of the track function
distribution at both leading order (LO) and NLO, consid-
ering the specific case of the track functions that measure
the fraction of energy in charged particles. The initial
condition at u = 100 GeV was extracted [25] from
Pythia [57]. The corrections from the NLO evolution are
moderate, illustrating convergence. Our numerical algo-
rithms, which are available on GitHub [58], allow the
efficient evolution of track functions for phenomenological
applications.

V. APPLICATIONS

As an application of the evolution equation, we
consider the calculation of the simplest physical observable
depending on the track function, namely the fraction w of
energy in tracks in ete™ — hadrons. At lowest order, this
object is essentially the convolution of track functions,

076021-4
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Gluon Track Function
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z
FIG. 5. The evolution of the track function at LO and NLO.

Initial conditions at 100 GeV are extracted at NLO from the Pythia
parton shower and hence can be negative as observed near x = 1.
Higher-order corrections are observed to be moderate in the peak
of the distribution.

JdxT,(x)T5(w —x), but it receives higher-order correc-
tions. This can be viewed as an analog of the Drell-Yan
process for illustrating the convergence of the DGLAP
evolution for parton distribution functions. Furthermore,
this observable, either at e™ e~ colliders or within jets at the

Charged Energy Fraction in e*e” - hadrons

3.0

0.5

0.0
0.15

0.10f
0.05¢
0.00
-0.05¢
-0.10¢
-0.15¢

uncertainty

0.0 0.2 0.4 0.6 0.8 1.0
w

FIG. 6. A plot of the distribution of the energy fraction w of
charged particles produced in e e™. In the bottom panel we show
the difference to NLO to show the convergence of the perturba-
tive series. A significant reduction in the uncertainty from scale
variation is observed at NNLO due to including the NLO
evolution of the track function.

LHC, can be used to extract the track functions from
experimental data.

The distribution w was first computed in [25] using the
leading-order evolution of the track functions. Here we are
able to extend this to incorporate the NLO track function
evolution, greatly reducing uncertainties from scale varia-
tion. In Fig. 6 we show the distribution of w at LO, NLO,
and next-to-next-to-leading order (NNLO), along with the
difference to the NLO result in the subpanel. At NNLO, we
have only included logarithmic terms, not constants, so that
the central value remains the same. We observe a large
reduction in the scale uncertainty with the inclusion of the
NLO evolution. We emphasize that this distribution
requires the knowledge of the evolution of the complete
track function, 7'(x), not just its moments. This can also be
applied to the measurement of the energy fraction of
charged particles at the LHC, which is of interest for jet
substructure.

VI. CONCLUSIONS

In this paper we have gone beyond the DGLAP
paradigm, by deriving nonlinear collinear evolution equa-
tions incorporating multiparton correlations. We derived
the explicit form of the evolution equations at NLO,
which involve the 1 — 3 splitting functions, and showed
how these equations can be solved numerically. As an
application of these evolution equations we computed
the distribution of energy in charged particles in ete™ —
hadrons.

The framework developed in this paper can be extended
to higher orders, and all the amplitudes required to
extend our approach to NNLO are available in the literature
[59-65]. This would extend the description of the sub-
structure of jets to the cutting edge of perturbative QCD.

With the central role that the DGLAP equations have
played in understanding the dynamics of jets, we believe
that our extension to include correlations in the fragmen-
tation process will have a significant impact on many areas
of jet physics, from the study of multihadron correlations,
to improving the description of the perturbative substruc-
ture of jets, to the development of new parton shower
algorithms. We look forward to their phenomenological
application at the LHC and future colliders.
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