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ABSTRACT: We present an operator algebraic perspective on the black hole information
problem. For a black hole after Page time that is entangled with the early radiation we
formulate a version of the information puzzle that is well-posed in the G — 0 limit. We then
give a description of the information recovery protocol in terms of von Neumann algebras
using elements of the Jones index theory of type 11y subfactors. The subsequent evaporation
and recovery steps are represented by Jones’s basic construction, and an operation called
the canonical shift. A central element in our description is the Jones projection, which
leads to an entanglement swap and implements an operator algebraic version of a quantum
teleportation protocol. These aspects are further elaborated on in a microscopic model based
on type I algebras. Finally, we argue that in the emergent type III algebra the canonical
shift may be interpreted as a spacetime translation and, hence, that at the microscopic
level “translation = teleportation”.
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1 Introduction

The study of operator algebras has gained considerable attention recently in the context
of black hole physics and the AdS/CFT correspondence. It was shown that the boundary
CFT associated to the eternal AdS black hole spacetime exhibits an emergent type I1I;
von Neumann algebra factor in the infinite N limit [1, 2]. Furthermore, it was argued
that, in this setting, by including 1/N corrections the algebra becomes a type Il von
Neumann algebra which is related to the type III; algebra via the so-called crossed product
construction [3]. Although the mathematical machinery is by no means new, what makes
their recent application stand out is the specific focus on the role of gravity and the emergence
of spacetime, see, for example [4-17].



In the present paper, we study the application of operator algebras to the problem of
black hole information. An important step towards resolving the information paradox was
made by the quantum extremal surface (QES) prescription [18] and the corresponding notion
of entanglement islands [19-21]. These semi-classical methods confirm essential features of
a unitary microscopic quantum description, in particular the fact that the entanglement
entropy of the radiation follows the Page curve. To fully resolve the information paradox,
however, it is necessary to derive this emergent spacetime description from the underlying
microscopic theory. For example, it is still not known how to describe the experience of the
in-falling observer in the same microscopic theory that explains the retrieval of the quantum
state of the in-falling matter. In addition, one would like to derive the QES prescription and
appearance of entanglement islands from this microscopic description.

Arguably, the origin of the information puzzle can be traced back to differences in the
type! of operator algebras that are required for the microscopic and emergent spacetime
descriptions. In the microscopic theory, an evaporating black hole is expected to behave as
an ordinary quantum system with a finite number of states given by the Bekenstein-Hawking
entropy. In such a theory, the evaporation process is unitary and hence, the quantum
information contained in the black hole states will eventually be transferred to the outside
radiation. Furthermore, starting with the work of Hayden and Preskill [24] it is by now
quite well understood how to think about the information recovery process and its relation
to the methods of quantum error correction [25-30]. On the level of operator algebras, the
microscopic description is in terms of finite-dimensional type I von Neumann algebra, for
which there is no information loss.

On the other hand, in the semi-classical description we have a good understanding of the
in-falling experience. In particular, spacetime near the horizon is smooth so that any observer
can simply fall through. A more algebraic perspective was recently provided by the work of
Leutheusser and Liu [1, 2], who relate the existence of a half-sided modular inclusion [31, 32]
to an emergent time coordinate for the in-falling observer, see also [7]. Notably, such half-sided
modular inclusions only exist in type III von Neumann algebras [32], so it seems that the
emergence of time in the interior, and the existence of a sharp horizon, is closely related to
the type III nature of the exterior algebra. Unfortunately, in this description the information
recovery is not manifest: during the evaporation process information seems to get lost in the
black hole interior. The tension between both descriptions, suited to either the type I or type
IIT von Neumann algebra but not both, is at the heart of the black hole information problem.

These observations can be made particularly precise in the context of the AdS/CFT
correspondence, where states associated to black holes in the bulk AdS space are related
through the correspondence to states in a finite ¢ boundary CFT. Because the CFT is
manifestly unitary, there is no information loss during the evaporation process. As pointed
out above, this observation by itself does not resolve the information problem. The puzzle
arises precisely when one tries to understand the information recovery process from a semi-
classical bulk perspective in the limit ¢ — oo.

The observation by Witten [3] that the coupling to semi-classical gravity leads to a
description in terms of a type II algebra provides a promising middle ground in which both

1For some background on the type classification of von Neumann algebras from a physical perspective we
refer to, e.g., [22, 23].



the features of the emergent spacetime picture, as well as the microscopic quantum mechanical
description can be reasonably well represented. For example, the fact that the operator
algebra represents a type II von Neumann algebra makes it possible to study entanglement
entropy in a well-defined way.? Our model for the black hole evaporation involves an inclusion
of type II; von Neumann algebras. This model is motivated from the microscopic perspective,
where one considers a Hilbert space consisting of black hole states up to a fixed energy. Our
type II; description arises in the limit where the number of maximally entangled degrees of
freedom goes to infinity in a controlled way. Importantly, our physical set-up is different from
the one considered in [6], where the algebra associated to a microcanonical energy window is
computed in the large N limit, which results in a type II, von Neumann algebra. We will
further comment on our main assumptions and the relation to other work in section 3.4.

In the G — 0 limit, there is no gravitational back reaction, so it may seem that there
is no content to the black hole information paradox. Indeed, by putting G to zero a black
hole with a given Schwarzschild radius formally carries infinite entropy and will never be
able to fully evaporate. Nevertheless, as we will explain, there is still a well-posed version
of the information paradox that remains to be resolved. Since in this limit one can still
associate a non-zero Hawking temperature to the black hole, it remains possible to extract
Hawking radiation from the black hole. This implies that, after a certain amount of radiation
with energy E has been collected, the entanglement entropy of the black hole has been
reduced by a finite amount. In other words, the black hole has lost a certain amount of its
quantum information. Therefore, the G — 0 version of the information paradox concerns the
problem of explaining how the microscopic information contained in the black hole can be
recovered from the radiation, while at the same time explaining why an in-falling observer
still experiences a smooth horizon. We will argue that the framework of operator algebras
is particularly well-suited to address this question.

1.1 Summary of results

In this paper, we will formulate a version of the information puzzle and the corresponding
recovery process in terms of type Iy algebras. There is a direct relation to the Hayden-Preskill
protocol as described by Yoshida and Kitaev [29], that we will carefully explain. We will make
use of operator algebraic concepts that have been developed for type II algebras, in particular
the index theory of Vaughan Jones [33]. The central idea will be to describe the evaporation
process in terms of the (sub-)algebras associated to the black hole and the radiation and study
how information is transferred from the black hole to the radiation algebra. We will find that
the recovery protocol amounts to an implementation of Jones’s basic construction [33, 34] and
an operation called the canonical shift [35]. As we will explain, the canonical shift consists
of the subsequent application of two modular conjugations, each associated to a different
(sub-)algebra. At the microscopic level, it will become clear that this procedure involves
an entanglement swap, that is implemented by so-called Jones projections. In this way, the
recovery protocol can be interpreted as an algebraic quantum teleportation scheme; see, for
example, [36, 37] where quantum teleportation in the context of operator algebras and its

2Type I1I von Neumann algebras do not have a trace or density matrices, so there is no meaningful definition
of von Neumann entropy associated to a state.



relation to the canonical shift is discussed. Hence, on a microscopic level the information
escapes from the black hole via a quantum teleportation step [38, 39].

A central ingredient in our description is the concept of a conditional expectation, which
one can think of as an operator algebraic analogue of the partial trace that allows one to
remove information from the algebra. Although the ingredients of the recovery protocol
play an important role in the subfactor theory of type II; algebras, the notions of modular
conjugation, conditional expectation and Jones index all have analogues in the type I, type
I, and type III von Neumann algebra.? For this reason, we expect the operator algebraic
way of phrasing the puzzle, and its solution, to be useful in understanding the information
recovery from a spacetime perspective.

The motivation and ultimate goal of this work is to connect the manifestly unitary
microscopic description in terms of type I algebras and the emergent type III description in
spacetime. The hope is that this will lead to a microscopic explanation of the QES prescription
and the appearance of entanglement islands, and more generally reveal the mechanisms that
are responsible for the resolution of the black hole information paradox within the spacetime
description. In the present paper, we will not be able to complete this entire program, and
will mostly focus on the description in terms of type I and type II algebras. The main
quantitative result of this paper is to present a version of the Yoshida-Kitaev protocol for type
II; von Neumann algebras. However, we will point out an interesting connection between
our recovery protocol and the recent discussion on the emergence of spacetime translations
in the theory of half-sided modular inclusions for type III algebras.

The outline of the paper is as follows. We begin in section 2 by describing the G — 0
limit of the information paradox in operator algebraic language, and give a first description
of the recovery protocol and its connection to the notion of the canonical shift. A more
detailed description of the recovery protocol for type II algebras is presented in section 3
where we will make use of the mathematical theory of the basic construction and Jones
projections. In section 4, we will present a microscopic model of the information recovery
protocol in terms of type I von Neumann algebras and make contact with the work of [29].
The spacetime interpretation of the canonical shift in the context of half-sided modular
inclusions is discussed in section 5. We close with some concluding remarks in section 6,
and an appendix on the Jones index.

2 Black hole information and operator algebras

In this paper, we are interested in the microscopic process that is responsible for the
information retrieval from an old black hole that is past the Page time. We will study this
problem in the G — 0 limit in which we simultaneously take the black hole mass M to infinity
so that the Schwarzschild radius and inverse Hawking temperature § remain fixed. For
concreteness, we will put our discussion in the framework of AdS/CFT, but by formulating
our arguments in the general language of operator algebras we hope to arrive at conclusions
that are also valid for more general spacetimes.

3In particular, the index theory of Jones has been generalized to type III von Neumann algebras by
Kosaki [40, 41], although the existence of conditional expectations (of finite index) for a given inclusion is by
no means guaranteed.



2.1 Black hole information in the G — 0 limit

The AdS/CFT setting we have in mind is as follows: we consider a generic state with high
conformal dimension M at very large ¢ with fixed ratio M/c >> 1. We identify the conformal
dimension M with the mass measured in terms of the AdS-scale. In the bulk this represents
a semi-classical black hole whose radius is much larger than the AdS-scale. Since we are
interested in the information content of the black hole it is appropriate to restrict the CFT
Hilbert space to states with conformal dimension below a given value M. In that case, we
are dealing with a finite-dimensional Hilbert space whose dimension can be expressed in
terms of the entropy of the black hole

dim Hyy = e5M) (2.1)

To model a black hole after the Page time we consider a CFT that is almost maximally
entangled with a radiation bath. After tracing over the radiation Hilbert space one ends up
with an almost maximally mixed state for the black hole with an invertible density matrix,
which to a good approximation can be represented by*

1

N — . 2.2
dimH s (2:2)

PBH

At this point we have entered the set-up considered by Hayden and Preskill. As was shown
by these authors in [24], by collecting a certain amount of late radiation an observer, who is
in possession of the entangled early radiation, can decode a part of the information that has
fallen into the black hole at a much earlier time. The only requirement for the Hayden-Preskill
protocol to work is that the in-falling information is sufficiently scrambled with respect to the
late radiation. The question we will address is how this version of the information paradox
can be formulated and possibly resolved in the language of operator algebras.

One of the main points of the present paper is that the Hayden-Preskill version of the
information paradox still persists in the G — 0 limit, or equivalently in the ¢ — oo limit from
the CFT perspective. In this limit, the dimension of the Hilbert H,; will become infinite.
Furthermore, the density of states diverges, and for this reason there is no sensible definition
of single pure black hole quantum state. But since the Hawking temperature stays fixed and
finite, we can still consider the ratio of the dimensions of the Hilbert space for two different
values of the mass M. In particular, if we consider a black hole of mass M and a somewhat
smaller black hole of mass M — E, the ratio of the dimensions of Hj;_g and Hj; is given by

difleM—E _ S(M-B)=S(M) _ ~BE (2.3)
dim H s
While both Hilbert spaces become infinite-dimensional in the G — 0 limit the relative size
of the spaces is kept finite. As we will explain, in the language of von Neumann algebras
the above quantity will be related to the index associated with the operator algebras of
the larger and smaller black hole respectively.

“The operators of the CFT will be identified with the algebra B(#s) of bounded operators on the Hilbert
space Has, and hence we will not be using any specific properties of CFT operators. We make the further
simplifying assumption that all operator algebras correspond to factors and that subalgebras may also be
identified with subfactors.



The interior degrees of freedom of the AdS black hole are described by a von Neumann
algebra M, which we identify with the operator algebra of the CFT restricted to the Hilbert
space Hps. At finite ¢ and M this algebra represents a type I von Neumann algebra, but
in the ¢ — oo limit M will become a type II von Neumann algebra. In fact, since we
restrict our Hilbert space to states below a given mass M the operator algebra M associated
to the black hole degrees of freedom corresponds to a type II; von Neuman algebra. To
see this, note that by appropriately rescaling the trace by the dimension of the Hilbert
space one obtains a normalized trace which obeys tr(1) = 1. This is one of the defining
properties of type II; algebra.

To describe the structure of the emergent type II; von Neumann algebra in the ¢ — oo
limit it is useful to purify the density matrix of the black hole (2.2) by making use of the
radiation degrees of freedom. Formally, this is achieved by applying the Gelfand-Naimark-
Segal (GNS) construction to the algebra, which produces a Hilbert space H}® whose states
are in one-to-one correspondence with the operators in the algebra M. This is most easily
understood by going back to the finite ¢ situation: in this case it is clear that the dimension
of the GNS Hilbert space is equal to the square of dimension of the corresponding CFT
Hibert spaces

dim H§Y® = (dim Hag)® . (2.4)

One can think about H§}® as the space of all possible Bell states that can be made from the
tensor product of two CF'T’s. The state that purifies the CFT density matrix corresponds to
the identity operator, and can be represented as a “generalized thermofield double state”.?
The second CFT that purifies the original CFT should be thought of as being embedded
in some complicated way inside the radiation Hilbert space. The GNS Hilbert space thus
contains both the black hole degrees of freedom as well as the part of the old radiation
that is entangled with it.

The size of the algebra M, and hence the dimension of the GNS Hilbert space depends
on the value of the mass M. We denote by N and H§** the algebra and GNS Hilbert space
associated to the smaller black hole with mass M — E. Since the Hilbert space Hy_g is

contained in Hps, we may regard N as a subalgebra of M
NcM. (2.5)

In the following, we will argue that the algebra N associated to the smaller black hole
is not just a subalgebra of M, but can be identified with a subfactor. This allows us to
make use of Jones’s index theory of type II; subfactors [33]. The index, which is denoted
by [M : N], is a measure of the relative size of the algebras M and N. It counts the
number of linearly independent operators that need to be added to A to obtain the algebra
M.5 Heuristically, the Jones index can be thought of as the ratio of the dimensions of the

°By this we mean a state of the form )" cn|n)|n) with coefficients p, = lcn|?. For p, = e PFn /Z it is the
usual thermofield double state.

5The algebra M is a finitely generated module over A provided that the index is finite, and the corresponding
orthonormal basis with dimension equal to the integer part of the index is the so-called Pimsner-Popa basis [42].



corresponding GNS Hilbert spaces

o dim HPE
M :N] = TmAHYS (2.6)
Strictly speaking, this definition only applies to the case when the algebras in question are
finite-dimensional matrix algebras. In the ¢ — oo limit, both dimensions are infinite, but
their ratio is still well-defined. For a more precise definition of the Jones index we refer the
reader to appendix A or some pedagogical references, see for example [43-46].

In the present context, the index [M : N] may be interpreted as a measure of the amount
of information that can be extracted after an evaporation step from a black hole of mass M to
M — E when an amount of energy E has been released. By using the analogous relation to (2.4)
for the algebra N, namely dimH§M = (dim# E)2, and by using (2.3) one finds that the

index may be expressed in terms of the inverse Hawking temperature § and the energy F via
[M: N]=exp28E . (2.7)

The fact that we can associate a finite index to an inclusion of infinite-dimensional
algebras is a central property of type II; von Neumann algebras, and will be an essential
ingredient in our discussion of the black hole information paradox and the recovery protocol.
We will find that the Hayden-Preskill protocol has a natural formulation in terms of type
II; operator algebras using Jones’s basic construction and a procedure called the canonical
shift. Before presenting the details of these constructions, we will first introduce the basic
idea at a more heuristic level.

2.2 The algebras of Alice and Bob: the diary and Hawking pairs

The operator algebraic version of the information paradox in the G — 0 limit can be stated
as follows. We imagine that an early observer, called Alice, has hidden some information
inside the black hole, which, following Hayden and Preskill, we will refer to as Alice’s diary.
The diary is small enough, so that its information content may be recovered after a relatively
small amount of radiation with energy F has been collected by another observer named
Bob. As before, we denote the operator algebra of the black hole with mass M — E after the
evaporation step by N, and will view it as a subalgebra of the algebra M. The fact that the
information is contained in M, and not in N, is formalized by saying that the information is
contained in the relative commutant M NA”.” Here, the commutant A’ is defined as the
part of the total algebra acting on the Hilbert space H{}* that commutes with /. To make
clear that this relative commutant contains Alice’s diary we will denote it by

A=N'"NnM. (2.8)

We think about the algebra M as acting on the combined Hilbert space of Alice’s diary and
a somewhat smaller black hole before Alice threw her diary in. Having access to the relative
commutant A is the algebraic equivalent of having access to the diary.

"There is a slight subtlety in the sense that the size of the relative commutant and the index are related,
but need not be equal (see, e.g., [47]). For now we will ignore this subtlety and assume that we are in a
situation where both coincide.



Let us now introduce Bob. Bob is in possession of the early radiation and, at first, has no
access to the operators in the algebra M, which contains A. In fact, the operators in Bob’s
possession all belong to the commutant M’. The problem that Bob is faced with is that the
radiation that he will receive after an evaporation step is not directly related to the operators
contained in A. Hence, he will not be able to simply read off the information contained in
the diary. Furthermore, according to the semi-classical description, the process by which
the Hawking radiation appears from the near-horizon region of the black hole amounts to
pair creation of virtual particles that are mutually entangled, which means that they do not
directly contain information about the black hole state.

According to Hawking the algebra of the black hole gets enlarged, since after the
evaporation step it also contains the partners of the emitted radiation. This means that
instead of reducing the algebra from M to a smaller algebra, we now obtain a larger algebra M/

that contains M as a subalgebra. In fact, we even obtain a sequence of inclusions of algebras
M C M C Ms, (2.9)

where the algebra My is defined by also including the emitted Hawking radiation itself.
Hence, both the in-falling as well as the outgoing particles of the Hawking pairs are contained
in the largest algebra. We are now ready to define the operator algebra B that contains
the emitted radiation with the help of which Bob plans to recover the information in the
diary. It is given by the relative commutant

B=M{NnMs,. (2.10)

It will also be useful to introduce the algebra associated with the in-falling partner of Hawking
pair, which will be denoted by

B=MnM. (2.11)

Comparing the earlier equations (2.5) and (2.8) to the equations (2.9), (2.10) and (2.11)
presents us with a simplified version of the black information problem. Indeed, the time
evolution in (2.9) seems to go from left to right: the Hawking process creates at each time
step a new particle pair that, when computed in effective field theory, leads to a larger algebra.
However, since we are after Page time, unitarity requires that the actual internal algebra
of the black hole becomes smaller, and hence the time evolution should actually go in the
opposite direction. How do we reconcile these two apparently contrasting statements?

Our goal will be to explain how the information in Alice’s diary represented by the algebra
A can eventually be recovered from the radiation, and reappear in the algebra 5. One key
observation is that the algebras M; and Mj are linked by the fact that after the evaporation
step they contain either the in-falling particle or both the in-falling and outgoing particles
of a Hawking pair. As we will now explain, this means that the inclusions of algebras (2.9)
represents an example of Jones’s basic construction [33, 34]. The original route towards the
basic construction involves the introduction of projections. We postpone the discussion of
these Jones projections to the next section and here present a different characterization of
the basic construction in terms of modular conjugation operators.



2.3 Information recovery via modular conjugation

Let us consider the GNS Hilbert space H§}” associated to the algebra M;. The commutant
algebra M is represented on the same Hilbert space; its action is related to that of My
by the so-called modular conjugation operator Ja,:

1= I M Ju, (2.12)

While we postpone a precise definition of the modular conjugation operator to the next
section, one can think about Ju,, physically, as mapping operators that act on one side
of a maximally entangled “vacuum” state onto so-called “mirror operators” that create the
same state by acting on the other side. These mirror operators have appeared before in the
context of black hole interior reconstruction [48-50] (see also [51, 52]), and we will think
about the modular conjugation in the same way. In other words, it exchanges the operators
associated to the outgoing and in-falling Hawking particles.
The relationship between the algebras M, M; and My may be now be expressed as
GNS

follows. The algebras M’ and Mz can both be represented on H§}"
each other by the modular conjugation Juq,. We have

and are mapped onto

My = JMlM,JMl . (2.13)

By combining the equations (2.12) and (2.13) it is easy to verify that the modular conjugate
of Bob’s algebra B in (2.10) is given by the algebra B, hence

B = Jan, B, (2.14)

This relation was to be expected since the algebra (2.11) was identified with the in-falling
Hawking particles.

The central idea behind the information recovery protocol is to create a new situation in
which we can repeat the basic construction once more, but now for the sequence of inclusions
N C M C Mj. By following identical arguments as those leading to (2.14) one would find
that Alice’s algebra A is mapped on the same relative commutant M’ N M that we identified
with the algebra B of the in-falling Hawking partners, but now via the modular conjugation

GNS

operator Jyq associated to the GNS Hilbert space H§{j”. In this situation, one thus finds that
B=JumAJ . (2.15)

The reconstruction map is then obtained by combining the two modular conjugation operators
Jm, and Jpq into one operation I' by setting

I'(a) = Jm, Imad Iy a€c A. (2.16)
As a consequence, Alice’s algebra A is related to Bob’s algebra B via
B=T(A) . (2.17)

The operation in (2.16), which plays an important role in the theory of type II von Neumann
algebras, is called the canonical shift [35], and leads to an isomorphism of algebras.



As we will explain in detail below, the canonical shift is directly related to the implemen-
tation of the Hayden-Preskill protocol described by Kitaev and Yoshida [29], and may be
interpreted as a quantum teleportation scheme [36, 37]. A key ingredient in their construction
is that Bob, by exploiting the operators associated to the late radiation can perform a
projection on the combined state that also contains the early radiation. This projection leads
to an entanglement swap and causes the algebra [577 which was initially entangled with B, to
become entangled with the algebra A containing the information about the diary. The role
of these projections will be further explained in the following section.

We close this section with two comments. The first one relates to the question: who or
what determines the algebra A that can be decoded from the outgoing radiation? It is an
important feature of the Hayden-Preskill protocol that Bob has a choice and can determine
which part of the quantum information inside the black hole is recovered. In the present
context, this means that the embedding N/ C M of the algebra associated with the remaining
black hole with mass M — FE is not uniquely fixed, but gets determined by a choice that can
be made by Bob. How can this fact be understood in terms of the operator algebras? The
decoding map I" in (2.16) consists of two parts. Let us first focus on the modular conjugation
Jm, . Given the embedding M C M; it uniquely determines the embedding of the algebras
My C Moy via the basic construction. The modular conjugation Juq, on the other hand,
whose action determines the embedding of algebras N/ C M, is not uniquely determined by
the embedding M C M;. In the math literature, this step is called the downward basic
construction [42] and is defined up to a unitary transformation inside M (see also [53, 54]).
To see this, consider the embedding M} C M’ viewed as algebras acting on the GNS Hilbert
space HSJ°. This embedding can be modified by acting with an appropriate unitary U’
inside the algebra M’, and hence this choice is controlled by Bob. Since A is obtained
from M’ via the modular conjugation,

N = JpMidm, (2.18)

we arrive at the conclusion that Bob can indeed determine which part of the algebra M is
recovered. This point will become more clear in section 4, when we discuss the connection
with the Hayden-Preskill protocol.

Our second comment concerns a possible spacetime interpretation. The notions of
modular conjugation and sub-algebras apply to all types of von Neumann algebras, in
particular to the emergent type III algebra that is discussed by Leutheusser and Liu. In the
latter context, modular conjugations play a central role, since for a given half-sided modular
inclusion M C M they define a positive operator P via the relation

Imy I = e 20 (2.19)

The operator P generates a family of unitaries U(t) = ¢f for t € R, which in the physical
setting of the eternal AdS black hole correspond to null translations when restricted to the
horizon. The similarity between the definition of the canonical shift I' and the translation
—2iP

operator e suggests that the recovery map is also associated with a translation in

spacetime. We will discuss this interpretation in more detail in section 5.
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3 Information recovery and Jones’s basic construction

In this section, we will discuss the recovery protocol in more detail. For this we will make use
of Jones’s basic construction formulated in terms of projection operators. In particular, we
will show that Bob can recover the interior information when he is in possession of a suitable
conditional expectation. This will allow him to perform the appropriate “Bell measurement”
that leads to the entanglement swap required to decode the in-falling information from the
outside Hawking radiation. In doing so, will make explicit use of the quantum state of the
combined system of the black hole and the radiation, which is obtained by applying the GNS
construction to the mixed state of the black hole. For finite ¢ the GNS Hilbert space simply
consists of the tensor product of the black hole Hilbert space with that of the entangled
radiation, and the purification of (2.2) is simply given by the maximally entangled state.
In the ¢ — oo limit, such a factorization does not exist, but the purification of the black
hole density matrix does have a well-defined limit which is called the tracial state. It is the
equivalent of the maximally entangled state for type II; algebras.

Recall that states in the GNS Hilbert space are labeled by operators a € M. Given a
separating® state |¥) for the algebra M, we can define states of the form

la) = a|V), aeM. (3.1)

The inner product on such states is defined by the relation (bla) = (¥|b'a|¥). The GNS
Hilbert space Ha” is now obtained as the closure of the space of states (3.1) with respect to
the above inner product. The algebra M acts on the GNS Hilbert space via left multiplication

alb) = |ab) . (3.2)

In general, the action of the algebra M on H is not irreducible, which means that there
exists a non-trivial commutant

M ={d € B(Hpm)|[d',a] =0 forall a € M}, (3.3)
which also acts on the same Hilbert space. Its action is defined via right-multiplication
a'|b) = |b(a’)T), (3.4)

where the Hermitian conjugate is there to make sure that the assignment defines a con-
sistent action.

As mentioned in the previous section, one can obtain the commutant from the original
algebra via an anti-unitary operation Ju called modular conjugation. To define it, we first
introduce the Tomita operator Sy : Har — Har as the anti-linear map that implements the
action of taking the Hermitian conjugate on the Hilbert space. In formulas, we have

Spmall) = af ) | (3.5)

8A state is called separating for M if the only operator in M which satisfies a|¥) = 0 is a = 0.
9Here and in the following, we will suppress the upper index and simply write Ha = HSNS.
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One can prove that the assignment (3.5) extends to a well-defined map on the full Hilbert
space, with a unique polar decomposition of the form

Sy = JmANE (3.6)

The positive-definite operator A, is called the modular operator, and gives rise to an
important automorphism a > AHSQA% of the algebra, the so-called modular flow that
maps the algebra M to itself. The map Juq is the anti-unitary modular conjugation. From
the definition, it immediately follows that

J=1,  Jy=Ju. (3.7)

Since we are dealing with several algebras, we have assigned a sublabel M to the above
maps to indicate that they are associated to the GNS Hilbert space of the algebra M.
The dependence on the state |¥) is left implicit. A main theorem of the Tomita-Takesaki
theory [55] (we refer to [56] for more details) now states that the commutant M’ can be
obtained from the original algebra M by conjugating with the modular conjugation map.
In our physical set-up, the commutant algebra M’ describes that part of the old Hawking
radiation that is entangled with the black hole. As a consequence, the mirror operator
a’ € M’ associated to the operator a € M can be obtained through the relation

a = Jypmadpm . (3.8)

The modular conjugation Ju4 is designed to find precisely these entangled degrees of freedom.
In the present work, we will be mostly working in a type II; (or type I) algebra, where
we may identify |¥) with the tracial (or maximally entangled) state, which satisfies

(V]a|¥) = tra(a), (3.9)

where trq is the unique normalized trace on M which satisfies trp(1) = 1. The existence of
such a trace is guaranteed for type II; algebras. In this situation, the modular operator is equal
to the identity, A = 1, (as can be seen, for example, from the KMS condition) and hence the
modular flow is trivial. Therefore, the modular conjugation operator itself is simply given by

I i Mt — Hag + a) = |al) . (3.10)

Let us return to the inclusion of algebras (2.9) that was obtained from M by adding the
in-falling and emitted Hawking partners to the algebra. Clearly, the GNS Hilbert space H.q
is contained as a linear subspace inside the larger GNS Hilbert space Haq,. This implies
that there exists a projector epq that maps Haq, onto the subspace Haq

em: Hym, = Hm - (3.11)

The operator ey, is called the Jones projection. The essential idea of Jones theory is that the
projector ey commutes with the algebra M, but is not a part of the algebra M. Hence,
by including the projector exq one obtains a larger algebra that contains both M and M.
This extended algebra turns out to be exactly given by the algebra My that contains the
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outgoing Hawking partner. Physically, the Jones projection ep, corresponds to putting the
Hawking pairs back into their entangled ground state. In other words, it is a Bell projection
onto the vacuum state near the black hole horizon.

From a microscopic perspective the Hawking process is unitary in the sense that the
actual algebra of the black hole, which has lost a bit of its mass in the evaporation step,
should have become smaller. As before, we denote the relevant algebra by N and its GNS
representation by Has. In order for the information in the relative commutant A = N’ N M
to be recoverable from the radiation, one has to arrange things so that the algebra M; is
obtained by applying the basic construction to the embedding N/ C M. This implies that
M must contain a projector e that takes the GNS Hilbert space Ha4 and projects it onto
the smaller subspace Hs. In the next subsection, we will describe how the information of the
diary that is contained in the algebra A can be retrieved from the outgoing radiation using
the Jones projections. We will again find that the embedding N” C M, and hence which part
of the black hole information is retrieved, is not uniquely fixed by the embedding M C Mj:
it is determined up to a unitary that can be controlled by Bob.

3.1 Conditional expectations and Jones’s basic construction

Since Bob is located outside of the black hole horizon, he does not have access to the operators
M that involve the interior degrees of freedom. In particular, he cannot use the operators
in A to access the diary state. We assume, however, that Bob has managed to capture
the Hawking radiation during the evaporation process, and that he can act with arbitrary
operators on this radiation using some powerful quantum computer. In other words, we
assume that he has access to the commutant algebra M’. What are the additional ingredients
that Bob needs to reconstruct the information of the diary?

We will now show that for Bob to be able to recover the information contained in the
algebra A, he needs to be able to apply a conditional expectation

EM—=N, (3.12)

that effectively projects out the information of the diary from the interior of the black hole.
This allows him to carry out the algebraic equivalent of a quantum teleportation protocol
that transfers the information to the radiation degrees of freedom.

One should think about the conditional expectation £ as the algebraic equivalent of
taking a partial trace over the degrees of freedom associated to the diary. An important
property of the conditional expectation is that it satisfies

E(blabg) = blg(a)bg for a€eM, b, by € N, (313)

which is called the bimodule property. Furthermore, it is compatible with the Hermitian
conjugate in the sense that £(a') = £(a)f, and it is normalized such that £(1) = 1. The
conditional expectation (3.12) can now be used to define the Jones projection ey via the
assignment

en :Hm — Hay enla) =1E(a)) . (3.14)

From the above properties of the conditional expectation it is easy to derive that e?\/ =en =
ej\f, so that en indeed defines a projector, which removes the diary Hilbert space from H 4.
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For Bob to be able to apply the projector, he first needs to extend his algebra of
observables. Because eps is not part of M, we define a somewhat larger algebra M that is
obtained from the algebra M by also including the projector exr. To be precise, we set

M= (M, epn), (3.15)

where the brackets indicate that we consider the smallest von Neumann algebra that contains
both M and epr. This can be achieved by taking the double commutant of the union,
(MU {en})”, within the Hilbert space H g, which is automatically a von Neumann algebra.
As a result, we obtain the following sequence of inclusions

N CMCepy My, (3.16)

where we have used the symbol C.,, to stress that M, is obtained from M by including the
projector exr. The algebra M is known as the basic extension [33], and was first introduced
by Jones to study subfactors of type II; algebras. An important property of the above
construction is that when N' C M is an inclusion of type II; factors the basic extension
is automatically a type II; factor as well. Furthermore, the Jones index associated to the
inclusion is preserved,

M:N|=[M;: M]. (3.17)

The proof of these statements can be found in [33] (see also appendix A or [42]). As a
consequence, one can repeat the basic construction for the inclusion M C M; to obtain an
even larger algebra, that we denote by Ms. Continuing in this fashion, one constructs an
infinite sequence of algebra inclusions that is called the Jones tower.

The above procedure for obtaining the algebra M; in terms of the Jones projector is
equivalent to the one we presented in section 2 in terms of the commutant of N within the
GNS Hilbert space of M, and the modular conjugation operator Jx. To be precise, we can
express the algebra in (3.15) also via the formula

My =N I . (3.18)

Let us check that this is indeed the case. We first introduce a useful characterization for
being an element of the subalgebra N. One can show that for b € M it holds that

beN — exb=bey . (3.19)

To show this, one has to prove both implications. Assume first that b € A. Then, it
follows for a € M that

enbla) = E(ba)| V) = bE(a)|¥) = bepr|a), (3.20)

where we have used the definition of the projector in terms of the conditional expectation (3.14)
and its bimodule property (3.13). Because the GNS Hilbert space is generated by states of
the form |a) with a € M, this proves that exrb = bey as required. Conversely, if exrb = beps
it follows that

E(B)| WY = exb|W) = bex|T) = b|T) . (3.21)
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Using that the state |¥) is separating we conclude that b € N. From (3.19) it immediately
follows that

N ={ex} "M = ({ex}uM) . (3.22)
By taking another commutant of the above expression we obtain the identity
N = (M ey) . (3.23)

Finally, to arrive at (3.18) one needs to conjugate both sides of equation (3.23) by Ja4.
Clearly, the left-hand side becomes the algebra JyN’Jpr. To simplify the right-hand side
we use the identity JaeaJar = en, which follows from

exJula) = E(aN)| ) = £(@)]9) = Jusenla) . (3.24)

Using this we conclude that Jy (M en)Ip = (JmM' I, ImenIym) = My, which
proves (3.18). At this point, we have gathered all the ingredients to discuss the recov-
ery protocol for type II; von Neumann algebras in the language of Jones projections.

3.2 Information recovery using the Jones projections

Alice’s action of creating her diary, and afterwards throwing it into the old black hole, can
be modeled by acting with some operator £ € A on the state |¥), where from now on we
denote by |¥) the tracial state in the GNS Hilbert space Haq, of the algebra M;. We define
the corresponding state of the black hole as

§) = &) . (3.25)

Our second observer Bob wants to retrieve the information of the diary from the black hole.
On the level of the algebras, this information is encoded in correlation functions of the form

(a)e = (€lalg), acA. (3.26)

However, as mentioned before Bob does not have direct access to the algebra A. Instead, we
assume hat Bob can apply the projection enr € M; to obtain the state

exl€) = len€) € Ha, - (3.27)

This projector becomes available to Bob after an evaporation step. Note that we can write
the projector ey inside the ket-state, because we are working in the GNS Hilbert space of
M. It is important to notice that ex has removed the diary information from all observers
that only have access to M1, but the information is still contained in the state |ear§) provided
that one can act with an operator that changes £ to a&. To achieve this, Bob needs to
transfer operators into the radiation algebra B.

As was mentioned in section 2, this information transfer goes in two steps and uses the
intermediate channel g, that represents the in-falling Hawking particle. First, we show how
to move operators from A = AN’/ N M into B = M’ N M. For a € A we define the map

mla) = Jpal I, (3.28)
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which, by virtue of the expression (3.18) for the basic extension, takes values in B. Using
the properties of the modular conjugation in (3.7) it is now easy to verify that for a,b € M
the map ~ypq satisfies

m(ab) = ym®)yma),  ymlal) =ym(a)' (3.29)

0

As a result, it defines an anti-homomorphism'® on the relative commutants

wm:A—=B. (3.30)

To ensure that the information transfer works we need the algebras A and B to be “entangled”
in a certain way. This entanglement is realized by the projection operator e which, in
physics language, represents a maximally entangled Bell pair between the algebras A and
B. Formally, this is expressed through the following two important identities

aen =ym(a)en,  exa=exymla) . (3.31)

The proof is straightforward. For a € A and b € M we indeed have

aex|b) = [a€(b)) = |E(b)a) = 1r(a)[E(b)) = ym(a)en]b) , (3.32)

which proves the first identity in (3.31). A similar argument can be used to derive the second
identity. The physical interpretation of (3.31) in terms of entanglement will become more
clear in the next section, when we discuss the microscopic model.

The second step in the recovery protocol is simply a repetition of the first step, but
now for the inclusion M C My, within the GNS Hilbert space of M7. For an operator
be B =M NM; we define the map

'7M1(b) = JM1bTJM1 ) (3'33)

where Jy, is the modular conjugation defined with respect to the tracial state on the GNS
Hilbert space H,. Let us now check in which part of the algebra the information can be
found. Via a similar argument as before, on can show that the map ya, takes values in the
commutant of My. To be precise, one needs to introduce the corresponding Jones projection
em : Hamy — Ham, and construct the extension algebra

My = (My,enm) . (3.34)

As was already pointed out in (2.13), it now follows that ¢, maps the operators B = MinM
acting on the in-falling Hawking particles to the operators B = My N M) that act on the
outgoing ones. This is the algebra that Bob has access to. Note that the map vyaq, has
similar properties as the map vy, in (3.29).

We can now combine both steps and arrive at the final result for our recovery map I’
as the composition of yr, and g,

T MAN 25 MM 2 Mo M, (3.35)

0An anti-homomorphism is a map that reverses the order of the product in the algebra.
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Figure 1. A pictorial representation of the information recovery protocol. We have indicated the
algebras N' C M C M; C M5 obtained from the basic construction by striped lines. The canonical
shift I" acts in two steps, first using the entanglement property (3.31) of the Jones projection e, and
afterwards the equivalent for eps. In this way, the canonical shift I" transfers operators from the Alice’s
algebra A = N" N M to Bob’s algebra B = M| N M; using the intermediate channel B =M nNM,.

When we write this out in terms of the modular conjugation operators, it can be expressed
explicitly as

I'(a) = vmy 0 ymla) = Jag Imadmdam, - (3.36)

Hence, the map I' is precisely the canonical shift that we already mentioned in the previous
section. To show that it defines a recovery map, we have to argue that Bob can reproduce
the correlation functions in (3.26) using operators in B. This follows from (3.31). In fact,
the information recovery amounts to the following identity

L(a)len€) = exlévm(a)) = exym(a)l€) = enalf) = |eaal), (3.37)

where we have used the fact that ya((a) € M’ commutes with £ € A. As a consequence,
after Bob has applied the projector ey to the state |€) of the black hole, he can then use the
canonically shifted operator I'(a) to compute an expectation value of the form

(en€Il(a)len€) = (Elenalé) = traq (enalé) = M N e (agél),  (3:38)
where at the last step we have used that
trad, (eava) = [M: N tepq(a), (3.39)

as follows from the uniqueness of the normalized trace on M.

After properly normalizing the state |exr&), Bob can therefore reproduce all correlation
functions in (3.26) using operators I'(a) € B. Moreover, it is clear from the properties of
the maps yao¢ and yuq, that the canonical shift preserves the algebraic relations between
the operators

['(ab) = T(a)T'(b), T(a')=T(a)'. (3.40)
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In that sense, it recovers the information of the diary from the radiation. It is useful to have
a pictorial representation of the map I' in mind, see figure 1.

It is worth pointing out that the language that we use here is very similar to the one used
in the approach of holographic quantum error correction in the context of infinite-dimensional
von Neumann algebras as initiated in [57] (see also [58-63]). In particular, it was argued in [64]
that one can view the holographic map between boundary and bulk degrees of freedom as a
conditional expectation. The Jones basic construction is also mentioned briefly in that context.
It would be interesting to see if one can think about our recovery protocol more generally in
terms of this algebraic version of the holographic map in the AdS/CFT correspondence.

3.3 Scrambling and Bob’s choice

One important issue that we have not discussed yet is the role of scrambling. A related
question is the following: how does Bob get access to the conditional expectation exs that
allows him to retrieve the information about Alice’s diary? Or phrased in a different way: how
does Bob control which part of the information contained in the black hole can be recovered
from the radiation? Clearly, the information in the diary does not simply get emitted by
the black hole, but at best is released in some scrambled form.

Scrambling can be modeled by applying a random unitary U on the state of the diary.
This unitary U is part of the algebra M and hence it changes the embedding ¢ : N' < M
of the algebra N as a subalgebra of M. This also changes the algebra A by the same
unitary conjugation: A — UAUT. Scrambling thus affects the state |¢) containing the
diary and changes it into

&) — Ul§) with UU' =1, UeM. (3.41)

In the following, we assume that Bob knows which unitary U has acted on the state |£).
His problem is to find a way to undo the scrambling. It will be useful to represent the
new scrambled state (3.41) in the GNS Hilbert space H .y, of the enlarged algebra M that
contains the Jones projection eys. If Bob would again apply this same projector and follow
the identical steps, he would not obtain the correct correlation functions as in (3.38). Ideally,
Bob would like to have access to a new projector e% = UenUT, which is the Jones projection
associated to the new embedding of the algebra A/. The problem is that Bob cannot make
use of the entire algebra M. Hence, he seems to be stuck with the same projector eps.
But Bob can construct a new projector by using a conjugate unitary U’ that is part of M’,

el = UltenU! with U = JpUJdy, UeM . (3.42)

By acting on the scrambled state (3.41) with the projector e; one finds that the original (3.27)
gets replaced by

len€) — e |UE) . (3.43)

The resulting state appears to be quite different, but it turns out that the recovery protocol
can still be made to work if U is indeed scrambling and £ is an operator of small rank

,18,



compared to the square root of the index [M : N]. To show this let us go through the
analogous steps as in (3.37). One obtains the following expression

(U€eT(a)er |UE) = (UE|elr U m(a)) = EUTU TexU'Urm(a)l€) . (3.44)

It is easy to see that the state |¥) obeys U'U|W) = UUT|¥) = |¥). Using the fact that
the right hand side also contains the projector exs one can argue that the following identity
holds to good approximation

EIUTU e U'Tym(a)l€) = (Elexrm(a)lé) - (3.45)

The rest of the recovery protocol then proceeds as before. In order to show that this
approximation holds, one uses that the matrix U is a scrambling unitary. The error in the
last expression will be explained in a bit more detail in the following section, when we discuss
the recovery protocol in the context of a microscopic model of type I von Neumann algebras.

3.4 Comments on algebra type and conditional expectations

Let us end this section with some brief comments on the main assumptions that go into
our construction, and its relation to other recent work on von Neumann algebras in the
context of black hole physics.

We have argued that the Jones construction for type II; von Neumann algebras provides
an interesting toy model for an evaporating black hole after the Page time.!! We would
like to stress, however, that the assumption of having a type II; algebra is not actually
essential for our construction, and it is possible to extend the recovery protocol to arbitrary
factors provided that some additional assumptions are satisfied. The extension of Jones’s
construction to arbitrary factors including a generalized definition of the Jones index was
first introduced by Kosaki in [40]. We decided to restrict to the setting of type II; von
Neumann algebras to keep the model as close as possible to Jones’s original work and avoid
unnecessary technicalities that might obscure the key mechanism that we think is responsible
for the information recovery. A more general version of the protocol can be formulated in
terms of so-called operator-valued weights [67, 68], which are a generalization of conditional
expectations. Apart from mentioning the possibility here, we have chosen not to include
these details in the present paper. Instead, we aim to discuss the type Il and type III
extensions of our protocol in follow-up work [69].

It would be interesting to study the extension of our protocol within the framework of the
crossed product construction that has been discussed recently in connection to semi-classical
gravity (see, e.g., [3, 6]). Concretely, one might start from an inclusion of type III; algebras
and use the crossed product with the modular flow to obtain two type Il algebras, that
can be embedded using the conditional expectation. It is worth studying whether the type
I1; algebra presented in the current work is related to this type Il crossed product algebra
after applying a suitable projection operator. Importantly, within the type II algebra there
is an unambiguous definition of renormalized entropy differences. An interesting aspect

'See also the recent work [65, 66] that discusses black hole evaporation in the context of type II; von
Neumann algebras.
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of the recent work is that the type Il entropy difference can be interpreted physically in
certain settings as a difference of two generalized entropies [6, 9-11]. In addition, it was
shown [16] that the type II entropy differences can also be given a relative state counting
interpretation. If the states in question are related by a conditional expectation, the entropy
difference is directly related to the index [70].

To summarize, the construction presented in this paper can, as we will show in forthcoming
work, be extended to other types of von Neumann algebras using the Jones-Kosaki index and
theory of operator valued weights. Our recovery protocol can be carried out for arbitrary
factors provided there exists a conditional expectation which projects out the information that
we want to extract. The existence of such a conditional expectations (with finite index) is by
no means guaranteed for an arbitrary von Neumann factor. For example, an important class of
von Neumann algebras which may not allow for finite conditional expectations are inclusions
of type III algebras that constitute a half-sided modular inclusion. These will be discussed in
more detail in section 5. Interestingly, it turns out that part of the recovery protocol, namely
the recovery map itself when written as a composition of modular conjugations, still makes
sense as an operation on the underlying algebra. It would be useful to have a set of criteria
for determining whether conditional expectations with finite index exist, and understand
their physical significance for the black hole information problem.

4 A type I operator algebraic microscopic model

To the uninitiated reader our algebraic approach to black hole information in terms of type
II; algebras might seem a bit abstract. To make the underlying physical ideas more manifest,
it is useful to work things out explicitly in a putative microscopic theory described by a finite
number of black hole microstates. In that case, the algebra of observables is a type I von
Neumann algebra, and we will argue that the procedure described above, in terms of the Jones
projectors and the canonical shift, can actually be thought of as an algebraic formulation of a
quantum teleportation protocol. In this language, the projectors that are used in constructing
the relevant algebras correspond to entangled Bell pairs that are shared between the inside
and the outside of the black hole, and are essential in making information transfer possible.

In this section, we will present such an explicit microscopic model in terms of Hilbert spaces
and unitary gates that model the evaporation step. We will write down an (approximate)
recovery map that can be used, after Page time, to decode the Hawking radiation, and we
will find that it can be neatly expressed in terms of the canonical shift. In terms of the
corresponding type I von Neumann algebras, the physical meaning of the recovery protocol
will become clear: it amounts to a teleportation step in the spirit of the Hayden-Preskill
protocol. In particular, this discussion illustrates the important role that entanglement and
scrambling play in recovering the quantum information.

4.1 A black hole after Page time

Our set-up involves an old black hole after Page time. In the microscopic theory, the resulting
state after creation of the black hole and its partial evaporation takes the form

1 .
Ix) = \/T—M XZ: l9)xi) 5 (4.1)
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where the black hole microstates are labeled by |i) € H s, and the states |y;) are radiation
states in an auxiliary Hilbert space Hr. The number of states is denoted by

dM = dlmHM . (4.2)

The precise form of the radiation states |y;) depends on the early history of the black hole
and the microscopic dynamics of the evaporation process. The assumption that the black
hole is old implies that the radiation Hilbert space Hp is much larger than the black hole
Hilbert space Hay,

dimHgr > dim Hy, . (4.3)
As a consequence, the radiation states are approximately orthogonal

(xilx;) = dij - (4.4)

To compute the density matrix of the black hole we need to trace over the radiation system,
and using the orthogonality relation (4.4) the resulting density matrix is approximately
proportional to the identity matrix

1
M

Hence, the state of the old black hole is maximally mixed. We stress that this is an approximate
statement that does not hold in the exact theory. However, for the purpose of information
recovery at late times this seems to be sufficient.

We define N to be the algebra of operators acting on the black hole Hilbert space H;.
Note that this convention is different from the one used in section 2 where the algebra N/
was defined on the Hilbert space Has—g. However, to avoid writing the subscript M — F
everywhere we have conveniently shifted the mass by E. The corresponding operators
constitute a type I;,, von Neumann algebra, so we can identify N with the matrix algebra
Mg,,(C) of dps x dps matrices that act on the black hole microstates. The GNS Hilbert space
associated to the algebra A is now simply given by a subspace

Hy =Hy @Hyy CHy @ Hi, (4.6)

where H'; is a copy of the Hilbert space Hjs, and the embedding H),, C Hp describes that
part of the old radiation that is entangled with the black hole. The orthogonality relation (4.4)
implies that |x) is to good approximation a maximally entangled state, and thus cyclic and
separating for the algebra A in the Hilbert space Hs.

4.2 Introducing Alice’s diary

Let us now include a Hilbert space H 4 that can be used to store the information of Alice’s
diary. Its dimension is denoted by d4 = dimH 4, and the states in the Hilbert space are
labeled by |a). We think about the combined system Hys ® H 4 as a somewhat larger black
hole, where we have identified part of the interior with the diary that has fallen in. Alice can
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Figure 2. A schematic depiction of the state |®) in the Hilbert space Haq = Hyr @ Ha @ Hiyy @ Hy.
We have indicated on which part of the Hilbert space the algebras A", M and M; act. In particular,
the indices corresponding to the basic extension algebra M; = JpN'Ju are enclosed by a colored
box. Note that M; has non-trivial overlap with the commutant M’.

act with arbitrary operators on this part of the Hilbert space, and we denote this algebra
by A. We also define the algebra

M=N®A, (4.7)

that acts on the combined system of the original black hole and the diary Hilbert space. The
corresponding GNS Hilbert space Hq takes the form

Hm=Hy @HaHy @MYy, (4.8)

where H', is an extra copy of the diary Hilbert space, that we can think of as a way to purify
mixed states on H 4. We distinguish between the states in H 4 and H’y by writing a primed
label for the states in H/y, i.e., |&/) € H';. When we define the commutant of the subalgebra
N with respect to the Hilbert space H 4, it is easy to see from the tensor product structure
in (4.7) that Alice’s operators are indeed given by the relative commutant

A=N'NM. (4.9)

Since we are dealing with finite-dimensional matrix algebras, we can write the index of the
inclusion N' C M in terms of the dimension of the diary Hilbert space. It is simply given
by the ratio of dimensions of the corresponding GNS Hilbert spaces

= =42, (4.10)

and therefore it provides a direct measure for the size of the diary Hilbert space.
We denote the maximally entangled state on the combined system of the black hole
and the Hilbert space of Alice’s diary by

I3 (4.11)

1 .
= Vs o)
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An operator a € M acts on the indices ¢ and «, so when represented on the GNS Hilbert
space H .y it should be identified with a ® 1. By the cyclic property of |®) a general state
in Haq can now be expressed as

o) =a®1|®) = ﬁ Y aiagsli: Blxia’), aeM, (4.12)

Z a7j /B
in terms of the matrix elements a;q j3 of the operator a. The smaller algebra N only acts on the
index 4, and does nothing to the index «. For this reason, the subspace Hs consists of states

b) = b 1|d) = beN . (4.13)

mzb,j‘.% |X’L7 >7

1,0,

From the above expressions it is clear how to define a projector exs that maps H g onto
Har. Given a general state (4.12), one simply has to identify the labels § and «. This can
be achieved by applying the projection

= [P)a(¥la, (4.14)

onto the state [1)) 4 that represents the maximally entangled Bell pair shared between H 4
and H/y,

PY)a = |y’ (4.15)
\/d A Z

In that sense, the projector ey entangles the subalgebras corresponding to H4 and H'4.

Using the expression (4.12) it is easy to verify that the above projection operator acts via

exla) = |E(a)), (4.16)

where the map £ : M — N is given by a partial trace over the diary subsystem

1 1
E(a —tra(a 1® (a])a(l ®|a)) . 4.17
(a) = 7 ()dAZa:( (a])a(l @ |a)) (4.17)
Equation (4.17) defines a conditional expectation that removes the algebra A from M.
It is important to observe that the projector ey is not part of the algebra M, as it
acts on the index /. Therefore, adding the projector to the algebra leads to a larger von
Neumann algebra that we denote by

M1 = (M,ep) . (4.18)

It is precisely the basic extension algebra that acts on the states in Hy ® H4 as well as
the states in H'y. It is useful to have a pictorial representation of the above definitions
in mind, see figure 2.

As was explained in section 2, there is an equivalent description of the algebra My
in terms of the modular conjugation operator. The action of Jys depends on the specific
entanglement structure that is present in the state |®). It follows by a standard computation
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that for a maximally entangled state Jxq acts as a “swap operator” on the basis elements, in
the sense that it swaps the labels of the unprimed and corresponding primed indices,

In i )|, B) = 14, B)xi, o) (4.19)
Using the explicit form of the modular conjugation it one can easily check that
My = N I, (4.20)

where N’ is the commutant of N within H . In figure 2 the modular conjugation Jug
acts via a reflection in the vertical axis.

The entanglement in the Bell state (4.15) can be used to transfer information. To be
precise, we have the well-known property

a@1P)a=10a [¥)4 . (4.21)

This is exactly the type I version of the identity (3.31) that was crucial to achieve information
transfer in the type II; setting. To see this, we define the map

Ym(a) = JIpmal I, (4.22)
as before. Recall that it maps Alice’s operator algebra to
aceA — ymla) e M NM; . (4.23)

Using the explicit form of the modular conjugation in (4.19), one can indeed show that

Tm(a ® 1)) a ZJM Dlay|a) = WZJM afalB)]))
rZaBaJM\/B o) anﬂam 8 =1@d" |[¥)a .  (4.24)

This is precisely the right-hand side of (4.21).

4.3 Bob and the entanglement swap

Importantly, the recovery protocol consists of an additional step. To this end, we introduce
the GNS Hilbert space Hq, associated to the algebra M in our microscopic model. This
adds another copy of the Hilbert space H 4 that we will denote by Hp, as it will be used
by Bob to extract the information. It has the same dimension dp = dim ‘Hp as the Hilbert
space H 4, and with slight abuse of notation we will use the same set of basis states |«) to
describe it. The GNS Hilbert space can now be represented as

Hat, =HM QHA@ Wy @ Hy @ Hp @ Hp (4.25)

Comparing this expression with (4.8), one has to keep in mind that within the Hilbert space
Ha the algebra My is part of the commutant M’, as it acts on the Hilbert space H:.
However, when representing the action of M; on the GNS representation of My we group
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Figure 3. A schematic depiction of the state |¥) in the Hilbert space Har, = Hy @ Ha @ H/y @
Hiyy @ Hy ® Hp. The modular conjugation map Jaq, acts by swapping the indices that are connected
by lines. The indices corresponding to the algebra Mo = Jpq, M’ Jpq, are enclosed by a colored box.
We have also indicated where the relative commutants B = M’ N M; and B = M N Ms act.

the Hilbert space Ha ® H/; to the left and the newly introduced Hilbert space Hz @ Hp,
that can be used to purify states in H4 ® H4, to the right.

Let us denote by |¥) the maximally entangled state on Hq,. In terms of basis states,
it can be written out explicitly as

w) > iy B)x o BY (4.26)

1
where the decomposition into left and right states is according to (4.25),
liyo, 1Y E Hu @ Ha @ HYy,  |xiro,B) € Hyy @ Hp @ Hp, (4.27)

We will now introduce the modular conjugation operator Ju,, and implement the basic
construction a second time. The map J,, is defined with respect to the state |¥) on Hay,.
Again, it swaps the labels of the basis states, but now with respect to the entanglement
structure of (4.26). To be precise, we have

JMl : ’7:7 a? /8,>|X]77I75> ’_> ’j? 77 5I>’X7/7al718> * (4'28)

As in section 2, the algebra My can now be obtained from the commutant of M within
the GNS Hilbert space of M; by

Mo = Iy M T, - (4.29)
Similarly, we define Bob’s radiation algebra as the relative commutant
B=M{NMa,, (4.30)

which corresponds to the operators that act on the Hilbert space Hp. The state |¥) and the
relevant algebras are depicted in figure 3. As before, defining the map

s (@) = I a Iy (4.31)
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the canonical shift T' : A — B can be expressed in terms of the composition

I'=vym, 0ovm ta—= I, JmadpmInm, - (4.32)

Looking at the tensor product structure of the Hilbert space (4.25) we see that the canonical
shift acts in two steps,

AR14 R@1pR 1 - 10 AR R 1y - 14014 QAR 15/, (4.33)

making use of the intermediate channel #/,.

The type I setting makes manifest that the entanglement structure of the global state
plays an important role in transferring an operator from A to B. The canonical shift amounts
to two consecutive swaps: in the first step the entanglement between the system A and
A’ in the state |®) is used to transfer the operator acting on the system A to A’, while in
the second step, we use the entanglement between A’ and B in the state |¥) to transfer
the operator into the algebra B. In particular, we see that an entanglement swap needs to
take place. In the first step, we are in a situation where A and A’ are entangled with each
other, while in the second step the entanglement with A has been transferred to B. This
entanglement swap is at the heart of the recovery protocol, and provides some explanation
for why the smooth horizon and unitarity can coexist, see also [71-73].

To see that the information got transferred correctly, one needs to do a similar computation
as in section 3. As before, the state of the system after Alice has thrown her diary into
the black hole is given by

&) = ¢w) = m > Lanliy, B xis o, B) (4.34)

1,008,y

where £ € A. Recall that Bob has recovered the information of the diary once he can
reproduce from his algebra B correlation functions of the form

(€lale) = tra(ace’), for acA. (4.35)

Associated to each a € A there is a canonical operator I'(a) € B that Bob can use, and the
information of the operator is indeed transferred once he has applied ey to the state |£). The
projector ey in (4.14) identifies the states in H 4 and H 4/ by projecting onto a maximally
entangled Bell pair, so the projected state exr|¢) can be represented as

> &apli, V)X L B) (4.36)

B 0,8,y

Let us now act with the operator I'(a) on the above state. It is clear that

ImIn 7YY xas o, B) = Imlis o, B G, ') = 1i, B, ") xa v, ) - (4.37)

Acting with a on the above state, and then applying Ja, Ja again we find that

F(CL)CN|§> \/W Z gaﬁa65|i5757/>|XhO/aé> . (438)

i,0,8,7,0
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Figure 4. A teleportation step. After applying the projector e to the state |€) Bob can teleport an
operator in Alice’s algebra to his own algebra using the canonical shift a € A+~ T'(a) € B.

This makes explicit that the canonically shifted operator I'(a) acts on the last tensor factor
in (4.27), which is precisely the Hilbert space Hp. Using the normalized state

&) = daen|§) , (4.39)

Bob therefore computes the following correlation function

(€8T (a)|§) B = dlA > & Eapapy = tra(agtl), (4.40)

B,y

which agrees with the expression in (4.35). Pictorially, the information transfer is given
in figure 4.

4.4 The dynamics of the black hole: a scrambling unitary

We have seen that Bob can reconstruct the information of Alice’s diary when he is in possession
of a suitable conditional expectation. This might seem like a very strong requirement: to be
able to project out the information of the diary he essentially needs to know in what part of
the black hole Hilbert space the information is contained. We will now argue that the situation
is actually much better and Bob can use the newly emitted Hawking radiation to define such
a conditional expectation provided that the black hole dynamics is sufficiently scrambling.

Up to this point we have somewhat oversimplified the set-up, and completely neglected
the dynamics of the black hole in our type I description. Of course, this is an essential
feature of the problem and should be included in a more complete model of the evaporation
process. We assume that the dynamics of the black hole in the time step between t4 and
tp is given by some unitary

U:Hy @Ha = Hy ® Head - (4.41)
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Figure 5. The role of scrambling in the teleportation protocol. If the unitary U is sufficiently
scrambling Bob can apply the operator V' = e,;aq(1 ® U*) (enclosed by the red box) to project out
the information in Alice’s Hilbert space. He can therefore use a projector e,,q constructed from the
outgoing Hawking quanta to obtain, to good approximation, the state on the right-hand side. This
retrieves the information.

This operation describes both the scrambling of the diary with the black hole degrees of
freedom and the subsequent emission of additional Hawking particles. We have introduced the
Hilbert space Hyaq and H 5 to describe the new Hawking quanta that have come out and the
remaining black hole degrees of freedom. At time ¢ = tp the state of the system is given by

U®1[¢) . (4.42)

We assume that Bob has access to the algebra M’ that acts on the old radiation entangled with
the original black hole and the auxiliary system A’. As he is familiar with the precise form of
the black hole dynamics he can construct a unitary U that undoes the action of U. Moreover,
having obtained the additional Hawking quanta he can construct the following projector,

1
€rad = ‘w>rad <¢’rad ) ‘w>rad = df Z ‘T>‘T> ’ (443>

rad

that corresponds to the purification of the state of the new Hawking particles. To retrieve

the information he needs to apply the following operator,
V = eraam(UT @ 1)J (4.44)
to the state U ® 1|£). Bob’s state after applying V' is given by
€)B = draqdV (U @ 1)[§) = draderaa(U @ UT)[§) (4.45)

The canonical shift a — T'(a) can now be used to retrieve the information provided
that the unitary U is sufficiently scrambling. This is exactly the reasoning that goes into
the Yoshida-Kitaev protocol [29]. In fact, they give necessary and sufficient conditions for
the information to be retrievable: it is shown there that (U ® U*)Te,q(U ® U*) is a good
approximation to ey, when the size of the radiation subspace d;,q is somewhat larger than
the dimension d4 of the subspace associated to the diary. The error can be expressed in
terms of the ratio d4/draq [29]. To summarize, Bob has to wait long enough so that enough
Hawking pairs have come out, but provided that the dynamics of the black hole is sufficiently
scrambling, he can to good approximation apply the projector eyr. What information Bob
can retrieve is precisely determined by what part of the Hilbert space is scrambled with
respect to the Hawking particles that Bob uses to construct the projector e;aq.
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5 Towards an emergent spacetime description

The ultimate goal of our work is to have a spacetime interpretation of the information recovery
protocol, and make a connection with the experience of the in-falling observer. Understanding
this would be an important step towards solving the black hole information problem as it
amounts to reconciling information recovery with the existence of a smooth horizon. In the
present paper, we will not solve this problem. We do believe, however, that the algebraic
approach makes manifest certain features of the recovery protocol that are amenable to an
emergent spacetime interpretation. We will now provide some evidence for this statement
by observing that the canonical shift is still well-defined in the context of type I11; algebras.
Furthermore, in the case of a half-sided modular inclusion, which is the relevant algebraic
set-up for describing the experience of the in-falling observer, the canonical shift has a clear
and rather interesting physical interpretation: it corresponds to a spacetime translation. We
plan to give a more detailed account of these ideas in upcoming work [69].

5.1 The canonical shift as a modular translation

Let us switch gears and consider an inclusion N' C M of type III; von Neumann algebras
with common cyclic and separating state |{2). Since we are considering type III von Neumann
algebras, there is no preferred state in the form of the tracial state that exists for type II; von
Neumann algebras. For this reason, the modular operator Axq associated to the state |Q2) is
generically non-trivial, and defines a modular time flow on the algebra M via the assignment

os(a) = AVFaly, . (5.1)

We can now consider a subalgebra N' C M such that the modular flow of the algebra M
maps N into itself for positive modular times,

osN)CN, for s>0. (5.2)

This situation is called a half-sided modular inclusion [32]. An important property of a
half-sided modular inclusion, which makes it a rather powerful, is the existence of a one-
parameter group of unitaries that can be used to translate the algebra M into N [32, 74].
To define such a translation operator, we first need to introduce the modular Hamiltonians
K, K by the relation

—27 K pm
)

Ay =ce Ay = e 2N (5.3)

where A, A are the modular operators associated to M and N respectively. Using
Borchers’s theorem [31], the half-sided modular inclusion property implies that there exists
a positive operator P with the following properties

P=Ky— Ky, [Kpm, Kn| =P . (5.4)
We now have a one-parameter group of unitaries

Ut) =€, teR, (5.5)
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that can be used to translate the algebra. The existence of a generator P with the above
properties in the case of a half-sided modular inclusion is a very powerful result. For example,
the operators in translated algebra do not necessarily commute with the commutant of the
original algebra. In particular, the subalgebra N can be mapped onto M by conjugating
with the unitary U(1). We have

M = UMNU(-1) . (5.6)

This was used in [1, 2] to argue that the translation operator provides a natural time coordinate
t for the in-falling observer in the context of an eternal AdS black hole.

The present goal is to find an expression for the canonical shift in the case of a half-
sided modular inclusion. To this end, we first derive the following useful relation for the
translation operator

ANEAG? = 2P (5.7)

which is a special case of the more general identity
e2mit K o= 2mit Knr _ ei(e%tq)P ' (5.8)
Although the statement in (5.8) is somewhat standard in the theory of half-sided modular

inclusions, we have included a short derivation for completeness. It relies on the Baker-
Campbell-Hausdorff formula. By differentiating the left-hand side of (5.8) we obtain

d

= (emeMe*Q’”'tKN) — ori <€2m‘tKM Peqm'tKN) . (5.9)

Here, we have used the product rule combined with the first equation in (5.4). The second
equation in (5.4) can now be used to derive the commutation relation of P with K, which
is given by

(K, P] = —iP . (5.10)

With the help of this commutator we can rewrite the right-hand side of (5.9) by moving
the operator P to the left of the exponential. It follows that

% (eQ’r”KMe_%”KN) — o™ p (e%“KMe_%“KN) . (5.11)

It is convenient to introduce the function
F(P,t) = e?™thme—2mitky (5.12)

so that (5.11) is given by the following differential equation:

d
$F(P7 t) = 2mie*™ PF(P,t) with F(P,0)=1. (5.13)
It is straightforward to check that the solution is given by

F(P,t) = (&) (5.14)
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This proves equation (5.8), and by analytic continuation to ¢t = i/2 we also obtain equa-
tion (5.7).

We now use this result to write the operator P in terms of the modular conjugation
operators. To this end, we decompose the Tomita operators associated to M and N in
the following way

1/2 —-1/2

Sm = JMAY Sy =Ay"Jdn . (5.15)

Using these decompositions and the fact that the modular conjugation squares to one,
see (3.7), we can rewrite the left-hand side of (5.7) as

AN = TuSpSa i - (5.16)

We want to evaluate this operator on states of the form |a) = a|Q) with a € N’. We can
use the previous equation to derive that

AVZA?1a) = TS mSarInalQ) = TS (Invada) Q) = Judyla) - (5.17)

Combining (5.7) and (5.17), we conclude that the translation over twice the distance between
N and M can be written as the composition of two modular conjugations. In formulas, we have

Iy = e 2P (5.18)

We note that this identity is well-known in the literature, see for example the original paper
by Wiesbrock [32, Corollary 4], and we have simply provided a derivation to be somewhat
self-contained.

In the setting where N' and M describe type III; von Neumann algebras associated to
nested Rindler wedges, the identity (5.18) takes a particularly intuitive form. The half-sided
modular inclusion property (5.2) is satisfied if the two wedges share a future null boundary,
as depicted in figure 6. It can be shown that in this case the modular conjugation acts
geometrically via a point reflection in the bifurcate horizon, so that (5.18) is easy to understand:
it is simply the statement that applying two consecutive reflections over different bifurcation
points leads to a translation over twice the distance between both bifurcation points.

Let us now use the previous result to interpret the canonical shift in a spacetime setting.
If we assume that the inclusion of algebras N' C M is a half-sided modular inclusion it follows
that the algebra M, is obtained from AN by conjugating with the operator U(—2). Using
that Jaq, = JmJInvJm one can show that the canonical shift can be expressed as

I = JryIm = Imdn o = Imdn (5.19)

so we see that it can also be represented via the right-hand side of (5.18) in terms of the
generator P. We conclude that the canonical shift in this case takes the form of a modular
translation operator

I =Ad(e72F), (5.20)

over twice the distance between N and M. We would therefore like to think about the
canonical shift as a discrete version of the translation operator.
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Figure 6. A geometric identity. We consider the algebras associated to two nested Rindler wedges
N C M. The subregion associated to the subalgebra N is depicted in gray. It is a simple geometric
argument to see that the composition of two modular conjugations Jx(Jar leads to a translation over
twice the distance between the algebras N and M.

Let us end this section with a two remarks. First, it is interesting to point out that one
can naturally iterate the above construction to obtain an infinite sequence of inclusions

NCMcCTWN)CcI(M)cT?*(N)C---, (5.21)

where at each step the algebra is shifted over a finite distance with the generator P according
to (5.18). For an inclusion of type II; factors the above sequence, that is obtained by either
adding projectors or using the consecutive modular conjugations, is known as the Jones tower.
It is suggestive to think about the above sequence of inclusions (5.21) as a discrete model
for spacetime, in the sense that the translation operator provides a continuous interpolation
of the Jones tower. There is, however, an important difference with the type II; setting,
namely that the type III algebras are represented on the same Hilbert space, and that the
state |2) is assumed to be cyclic and separating for both.

Our second remark is about the relation between the emergent translation operator and
certain ergodic properties of the underlying operator algebra. We would like to highlight some
interesting work in this direction [4, 12, 13], where the existence of spacetime symmetries
close to a bifurcate horizon, specifically the translation operators, are understood from
the perspective of an ergodic hierarchy for the von Neumann algebra. The reason that
the modular translation operators appear in this context is that they generate a maximal
Lyapunov coefficient with the modular Hamiltonian, in the sense of [4]. It is known that a
useful tool for studying these modular scrambling modes is provided by the modular Berry
phase [75, 76] that one can associate to a one-parameter family of modular Hamiltonians
(see also [77, 78]). Since this geometric phase can also be abstractly defined in terms of the
underlying von Neumann algebras [79], we expect that it will be useful in understanding
the emergent properties of spacetime, see also [80-82].

6 Discussion

In the present paper, we have presented a protocol for recovering black hole information in
terms of the underlying operator algebras. This allowed us to understand information recovery,
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not only in a simplified finite-dimensional model of the evaporating black hole, but also in
a setting where the observables constitute an infinite-dimensional type II; von Neumann
algebra. In the latter case, there is a notion of relative size between infinite-dimensional
subalgebras that stays finite as encoded by the index, and a corresponding version of the
information paradox that is solved by our protocol.

On the level of the algebras the information transfer is implemented by the canonical
shift. Microscopically, the canonical shift can be interpreted as a quantum teleportation
step. By performing an entanglement swap the information in the interior of the black
hole is transferred to the outgoing Hawking particles. In the type II; setting the canonical
shift also appears naturally in the Jones theory of subfactor inclusions where it acts as a
shift on the level of relative commutants. Importantly, we have shown that the algebraic
description allows us to make contact with a spacetime picture as well, since the composition
of modular conjugations that appears in the definition of the canonical shift still makes sense
for an inclusion of type III; algebras. In the specific case of a half-sided modular inclusion,
it exactly corresponds to a translation operator that shifts the horizon inwards, allowing
the information to escape from the black hole.

Let us now discuss some subtleties and directions for future research.

6.1 Translation = Teleportation

It is tempting to speculate that the above ideas provide a microscopic explanation for the
“island region” that covers part of the interior of the black hole and is used to purify the
outside radiation. From our perspective, information that enters the island is transferred to
the radiation system via a quantum teleportation step that is algebraically implemented by
the canonical shift.!'? In the spacetime description, we expect that the information transfer
leads to an actual shift of the QES in the sense that quantum extremal surfaces at different
times are related by a translation along the horizon, in the G — 0 limit. To motivate this,
we can take some inspiration from the proposed relation between traversable wormholes and
quantum teleportation [39, 84] (see also [51, 52]). We expect similar reasoning to hold in our
case, in the sense that Bob’s application of the conditional expectation, which should play
the role of the double trace deformation of Gao-Jafferis-Wall [84], gives rise to a negative
energy shockwave in spacetime that opens up a wormhole allowing Alice’s diary to enter into
the radiation system. We would also like to mention [85] where some related ideas on interior
reconstruction in the context of half-sided modular inclusions is discussed.

On a more fundamental level, the statement that the composition of consecutive modular
conjugations can be related to a translation operator in the case of a half-sided modular
inclusion, while it corresponds to a teleportation step in the microscopic model seems to be
quite deep. We take this as a hint that the microscopic origin of the translation operator,
that shifts the information into the radiation system, is intimately related to the teleportation
protocol. It is tempting to speculate that this is more generally true, and that the act of
movement within an emergent spacetime relies on an underlying mechanism of quantum
teleportation. We will refer to this proposal as “translation = teleportation”. This is very

2A similar mechanism for information transfer from the island into the radiation has been proposed in [83],
although in the context of a simple topological model.
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much in line with the expectation of ER = EPR [86, 87] which says that the connectedness
of spacetime relies on quantum entanglement in the underlying theory. It is precisely this
entanglement that is used in the teleportation step. See [88] for a somewhat related idea.

To make these statements more precise requires a better understanding of how our
information recovery protocol is to be interpreted in an emergent spacetime picture. We
would like to stress that this is by no means straightforward. In making contact with the
spacetime description it would be useful to have a more general version of the index that can
also be defined in the context of type III von Neumann algebras. There exists a generalization
of the index to arbitrary factors due to Kosaki [41, 89] that relies on Haagerup’s theory of
operator valued weights [67, 68] and the spatial theory of Connes [90]. However, even using
this more general definition it turns out that a half-sided modular inclusion does not allow
for conditional expectations with finite index.!® This mathematical obstruction therefore
seems to prevent a straightforward implementation of the recovery protocol, as presented
in this work, to the emergent spacetime description. We postpone further discussion of this
issue, and its possible resolution, to future work.

6.2 Double-scaled SYK and quantum groups

Arguably, the ideas that are presented in the paper are phrased rather abstractly in terms
of properties of the operator algebra in question. This is done on purpose to make certain
general features of the approach manifest. It would, however, be illuminating to apply our
formalism in an explicit physical model that exhibits a type II; von Neumann algebra. One
such model that seems particularly promising is the double-scaled SYK (DSSYK) model
(we refer to [91] for a discussion of the associated type II; algebra). Notably, it has been
solved exactly in terms of a diagrammatic procedure involving so-called chord diagrams [92].
The way the chords are contracted follows from the Wick contraction rules that arise in the
averaging over the random couplings. One can show that each intersection in the diagram
contributes a factor ¢ = e™*, where X is a parameter that defines the double-scaling limit
N,p — oo in the sense that the ratio A ~ p?/N is kept fixed. Importantly, the correlation
functions that one obtains can be reorganized into representations of a certain quantum
group with deformation parameter q.

It is interesting to point out that a similar structure also arises in the abstract theory of
type II; subfactors. Given an inclusion N' C M of type II; factors one can repeat the basic
construction indefinitely to obtain an infinite sequence of algebras that is called the Jones tower

NCMCMlCMQC’--, (6.1)

and a corresponding set of Jones projectors ey = enr, €1 = ea, €2 = ey, , ... Crucially, it was
shown that the projectors satisfy the following commutation relations

€i€i+1€; = ey, €;ej = €;¢;, |l — ]| >1. (62)

where the parameter « is related to the inverse of the index of the inclusion. The relations (6.2)
define the so-called Temperley-Lieb algebra, which have a diagrammatic representation that is

13We would like to thank Antony Speranza for illuminating discussions on this point.
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quite similar to the chord diagrams. In particular, one can simplify a complicated Temperley-
Lieb diagram using (6.2). The representations of the Temperley-Lieb algebra can be related
to representations of the braid group. As a consequence, there is also a natural quantum
group structure associated to the construction, where the deformation parameter g is related
to the index.

It would be interesting to see if the chord diagrams that appear in the solution of the
DSSYK model have a more intrinsic meaning in terms of the underlying type II; algebra. Is
there an interesting inclusion of subfactors in the operator algebra of DSSYK that one can
study? And how should we interpret the canonical shift in this case? Moreover, we would
like to investigate if there is a more direct relation between the quantum group structure that
arises in the DSSYK model, the corresponding chord diagrammatics and the Temperley-Lieb
algebra that arises in the Jones subfactor theory applied to the underlying type II; algebra.
This will hopefully provide a new perspective on how the quantum group structure and
associated quantum spacetime emerge in the DSSYK model.

6.3 Information in de Sitter space

One reason for taking a somewhat abstract approach in terms of operator algebras is that, a
priori, it does not rely on any assumptions about the spacetime geometry. For this reason,
the algebraic techniques seem particularly useful for studying the emergence of de Sitter
space, see, for example, [5, 11, 93-98]. It was recently argued that the observable algebra
of an observer in the static patch of de Sitter space is a type II; algebra [5], which is the
algebraic setting that we have focused on in this paper. For this reason, it would be very
interesting to come up with a natural inclusion of factors that arises in this context, perhaps
by putting a Schwarzschild black hole in de Sitter space, and understand the interpretation
of our algebraic recovery protocol in that case.
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A Subfactors and the Jones index

In this appendix, we have collected some results on subfactors and the Jones index for type
IT; von Neumann algebras. In particular, there is a precise definition of the Jones index. This
appendix follows the lecture notes [99], so the interested reader can find a more in-depth
discussion there that includes proofs of most of the statements.
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Let M C B(H) be a von Neumann algebra acting on some Hilbert space H with
commutant M’. We say that M is a factor if the center is trivial,

MAM =C1. (A1)

We will be mostly interested in type II; factors, which are characterized by being infinite-
dimensional and having a unique trace tr : M — C. Let M be such a type II; factor. Given
the trace on M, there is a canonical representation which is obtained from the algebra
through the Gelfand-Naimark-Segal (GNS) construction. The idea is to view M as a linear
space, and consider the action of the algebra M on itself by left multiplication. The trace
now induces an inner product on the algebra via the assignment

(a,b) = tr(b*a) . (A.2)

We will denote by H . the Hilbert space completion of M with respect to this inner product.
Definition A.1. The Hilbert space H ., is called the standard representation of M.

We represent the elements of H ¢ in terms of some distinguished vector |¥) by writing

la) = a|V), acM. (A.3)

We refer to |¥) as the tracial state, since the trace can now be expressed as the expec-

tation value
tr(x) = (U]z|T) . (A.4)

Note that the Hilbert space H . is bigger than the usual fundamental representation that
is used in the case of finite-dimensional matrix algebras. For concreteness, let M = M,,(C)
be the algebra of n x n matrices. The fundamental representation is now simply given by
the vector space H = C™. However, a better representation for our purposes is the standard

representation, which in this case is given by
Hy=C" =C"oC", (A.5)

which consists of two copies of the fundamental representation. The algebra of operators
that acts on the Hilbert space (A.5) now decomposes according to

Given that the algebra M acts by left-multiplication, one can identify M = M, (C) & 1.
On the other hand, the commutant algebra M’ that acts via right-multiplication can be
represented as M’ = 1 ® M, (C). Note that in the standard representation the algebras
M and M’ are the same size.

Definition A.2. A state |Q2) € H is called cyclic for the algebra M if one can generate the
whole Hilbert space by acting with operators on the state,

H=M|Q) . (A.7)
A state |Q) € H is called separating for the algebra M if for a € M we have
alf)=0 — a=0. (A.8)
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The existence of a cyclic and separating vector tells us something about the relative sizes
of the algebra M and its commutant M’. In particular, having a cyclic vector means that
M is large enough to generate the whole Hilbert space H, while the existence of a separating
vector for M shows that M’ is sufficiently large to generate . It is easy to check that the
tracial state |¥) € H .y is both cyclic and separating for M. This follows from the definition of
the GNS construction and the fact that tr is faithful. Therefore, in the standard representation
both M and its commutant M’ are large enough to generate the whole Hilbert space.

Besides the standard representation, one can construct other representations'® of the
algebra M as well. Let us give some examples. Starting from the standard representation
H ., one can make a smaller module by using a projector e € M’'. We define

H=Hme, (A.9)

which has a natural M-module structure. Note that we have written the projector on the
right, since M’ acts on the standard representation via right multiplication. The size of
the Hilbert space H is tr(e) times the size of H . Importantly, by reducing our standard
representation we have lost the separating vector. The state |¥e) € H is no longer separating
for the algebra M. To see this, we consider the projection operator

f=JImeJm e M, (A.10)

where Jj is the modular conjugation operator. It is not difficult to show that (1 — f)|We) = 0,
and hence the state is annihilated by a non-zero operator 1 — f € M, which contradicts
the separating property. Note that the commutant of the algebra M within the Hilbert
space H gets replaced by eM’e. This is still a type II; factor, but somewhat smaller than
the original algebra M’ by a factor of tr(e). This is the reason that the operators in the
commutant cannot generate the full Hilbert space H.

We can also make larger modules by taking direct summands of the standard repre-
sentation. We define

H=HmD - DHM, (A.11)

where we have taken n copies of the Hilbert space H 4. In this case, our state is no longer
cyclic. Indeed, the state |¥) @ --- @ |¥) when acted on with operators a € M only generates
the diagonal part of H. The commutant is now replaced by M, (C) ® M’ which is still a
type II; factor, but in some sense n times bigger.

There is also an infinite amplification of H 4 by taking an infinite number of copies in
the direct summand construction. To ensure that the result is a Hilbert space we define it in

terms of the square integrable sequences with values in the standard representation,
H=>F(N)@HM . (A.12)

Note that in this case the commutant is given by B(¢?(N)) ® M’, which is not a type IIy,
but a type Il algebra, since there is no finite trace on the algebra.

1By a representation of M we mean a M-module, that is, a Hilbert space H with an action of M via a
unital *-homomorphism M — B(H) that is continuous in an appropriate sense.
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Combining the above constructions, it is possible to define M-modules which are in
some sense « times as big as the standard representation with a € [0,00]. The precise
statement is that one can associate a number

dimp H € [0, o0] (A.13)

called the coupling constant or M-dimension to the representation H with the property that
the standard representation has dimension

dimpHm =1 (A.14)

The number (A.13) should be thought of as the relative size of H compared to the standard
representation H . It characterizes the representations in the sense that dima H = dimag K
if and only if H and K are unitarily equivalent as representations of M.

To define the coupling constant we will now make use of the following theorem:

Theorem A.l. Let M be a type 11 factor and H an M-module. Then, there exists an
1sometry

v:H = CPN)@HM, with va=(1®av, aeM. (A.15)

Moreover, the operator

w* € (1@ M) = B(E2(N) @ M’ (A.16)

defines a projector, and given the trace T = Tr @ tr on the commutant algebra, it turns out
that the number T(vv*) is independent of v.

A proof of this theorem can be found in [99, Theorem 3.16]. For now we will simply
use the existence of the projector vv* to give the following definition:

Definition A.3. We define the coupling constant of H by
dimap H = 7(vv*) € [0, 00] . (A.17)

Note that dimaq H is equal to the trace of a projection operator e = vv™* in a type Il
algebra, so 7(e) can take on all values in [0, co]. Intuitively, the coupling constant compares the
relative sizes of M and M’. From the above definition, one can derive the following properties:

(i) We have dimag H = dimpg K if and only if H = K.
(i) If dimag H = oo, the algebra M’ is a type Il factor. Otherwise, it is type II;.

(iii) For a countable set of modules H; labeled by some index set i € I we have
dim (EB H,;) =Y dimpH; - (A.18)
(iv) For a projection e € M’ we have

dimpa(He) = trap(e) dimp H . (A.19)
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(v) For a projection e € M we have

dlmeMe(eH) = m dlm_/\/[ H . (A20)
(vi) It holds that
. 1

We are now ready to define the Jones index.

Definition A.4. Let N' C M be an inclusion of type II; factors. The Jones index is
defined as
(M : N] = dimy Hag - (A.22)

Roughly speaking, the index measures the relative size of N in M. Note that the algebra
N acts on Hq as well, so we can consider Hr C Haq. We have the decomposition

Mg = Hy & HY™ (A.23)
in terms of the orthogonal complement of the Hilbert space Hys. As a consequence, we have
dimpr Haq = dimpy Har + dimp HEHC = 1 4 dimp HYH, (A.24)

so it follows that [M : N] > 1. Observe that we have equality if and only if Hrq = Hoy,

which implies that M = A. Therefore, [M : N] = 1 if and only if M = N. We can also
express the index in the following way:

Proposition A.2. Let N C M and H a representation with dimy H < co. Then, we have

dimpa H
dimyH -

M:N] = (A.25)

The proof is rather straightforward and can be found in [99, Proposition 4.3]. Using
the definition of the index (A.22) and the useful formula (A.25), one can derive some of the
properties of the basic construction that we used in the main text, for example, equation (3.17)
which expresses the fact that when the index is finite [M : N] < oo the basic extension
algebra M preservers the index,

M1 M]=[M:N]. (A.26)

First, note that since [M : N] < oo, the commutant N is a type II; factor. As a consequence,
the algebra M1 = JyN'Jp is also a type II; factor. One can now show that
CdimygHam 1 1 o
dimpg, Hag o dimag, Hay o dimgary Hag o dimas Hoag

My 2 M] (A.27)

which by virtue of (A.21) is equal to [M : N] = dimy H .

Another step in the recovery protocol that we did not derive in the main text is equa-
tion (3.39), which states that for a € M we have

trag, (ena) = [M: N ey (a), (A.28)
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where ey : Har — Ha is the Jones projector, and trag, is the unique normalized trace on
the type II; factor M7. To prove this statement, it is useful to first show that

trag, (en) = [M N7 (A.29)
This follows from (A.19). Indeed, since exr € N7 it holds that
1 = dimpy Hy = dimp ey Hag = trae (en) dimpy Hag = trae(en) - (M2 N . (A.30)

We can now use the fact that My = JyN' Iy and Jpen I = en, see (3.18) and (3.24)
in the main text, to derive that

tr g, (enr) = try sy (JamenIam) = teye(en) = (M NT7H (A.31)
This can be used to prove (A.28). Let us first take by,by € N and observe that, as exr € N7,
trag, (biboenr) = trag, (brearba) = trag, (b2bienr) - (A.32)

This shows that the assignment b — tra, (beyr) satisfies the tracial property on the algebra
N. By uniqueness of the trace on type II; factors, it follows that

trag, (ben) = a - trpr(b) = - traq (D), (A.33)

for some constant «, where we have used in the last step that the restriction of tras to
N is given trys. Evaluating the above expression for b = 1, we find that the constant
in (A.33) is given by

o =trag, (en) = (M : N7, (A.34)
as follows from (A.31). For operators a € M we now have
trat, (ae) = tran (enaen) = trag, (E(@)en) = a- tr(E(@) = - trar(a),  (A.35)

where we have used some properties of the conditional expectation £ associated to the
Jones projector exr, namely that it satisfies exraens = E(a)en and tryg o € = trag. We have
therefore established (A.28).
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