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ABSTRACT: We provide a one-to-one correspondence between line operators and states
in four-dimensional CFTs with continuous 1-form symmetries. In analogy with 0-form
symmetries in two dimensions, such CFTs have a free photon realisation and enjoy an infinite-
dimensional current algebra that generalises the familiar Kac-Moody algebras. We construct
the representation theory of this current algebra, which allows for a full description of the
space of states on an arbitrary closed spatial slice. On S? x S!, we rederive the spectrum by
performing a path integral on B3 x S! with insertions of line operators. This leads to a direct
and explicit correspondence between the line operators of the theory and the states on S? x S'.
Interestingly, we find that the vacuum state is not prepared by the empty path integral but by
a squeezing operator. Additionally, we generalise some of our results in two directions. Firstly,
we construct current algebras in (2p + 2)-dimensional CFTs, that are universal whenever
the theory has a p-form symmetry, and secondly we provide a non-invertible generalisation
of those higher-dimensional current algebras.
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1 Introduction

Conformal Field Theory (CFT) is a fundamental framework in theoretical physics. It plays

a crucial role in various distinct areas of theoretical physics. In statistical mechanics, it

characterises the universality classes of different systems at criticality [1, 2]. Additionally,

it describes the long-range behaviour of many quantum field theories (QFTs), and the

short-range behaviour of ultraviolet-complete (UV-complete) QFTs via the renormalisation



group [3-5]. Finally, it serves as a gateway to quantum gravity, most notably, through string
theory and the AdS/CFT correspondence [6-8]. These points alone highlight the fundamental
importance of a deep, non-perturbative understanding of CFT. In flat space a lot is known. In
any given CF'T, the complete set of scaling dimensions of local operators and operator product
expansion (OPE) coefficients suffices to reconstruct arbitrary correlation functions, effectively
solving the theory. Significant progress has been achieved using traditional methods like
conformal perturbation theory, as well as non-perturbative approaches such as the conformal
bootstrap [9-11].

However, this emphasis on local objects is not well suited for some physical situations
of interest. For instance, condensed matter theory has seen renewed interest in nonlocal
excitations, such as anyons [12] and fractons [13]. In quantum field theory, the question of
quark confinement is connected to the physics of line operators [14-18]. Finally, quantum
gravity is inherently linked with nonlocal operators, based on the simple argument that

I The physics of nonlocal operators is

diffeomorphism invariance forbids local operators.
most effectively probed by placing the corresponding physical system on a space with
interesting topology.

Reconciling this with the theme of the first paragraph, necessitates an understanding
of conformal field theory on topologically non-trivial spacetimes. This understanding is
effectively complete for two-dimensional CFTs, where Moore and Seiberg [20] showed that in
the rational case, modular covariance of torus one-point functions ensures that the CFT can
be defined and solved on arbitrary Riemann surfaces. Central to this are (i) the geometry
of Riemann surfaces [21], and (ii) the state-operator correspondence. The idea can be
summarised as follows. Any Riemann surface can be viewed as a collection of discs and pair-
of-pants geometries sewn together along circles. Alternatively, one can insert a resolution of
the identity operator along a given circle, expressed in terms of states on that circle. Using the
state-operator correspondence these states are mapped to local operators at the centre of a disc
bounding that circle. Thus, the computation of an arbitrary correlation function is reduced
to the two- and three-point functions on the sphere and one-point functions on the torus.

In higher dimensions, significantly less is known.? While the main ideas are the same,
technical difficulties arise. More explicitly, locality suggests that QFT observables should be
reconstructable from basic building blocks via cutting and sewing. However, this process is
much more involved than its two-dimensional counterpart. Therefore, while local operators
still completely determine the spectrum of states on a spatial (d — 1)-sphere, this is insufficient
for reconstructing the entire CFT. A natural question to ask is, then: how feasible is a state-
operator correspondence that relates nonlocal operators to states on other spatial manifolds?
Belin, de Boer, and Kruthoff [26] attempt to answer this question for the three-torus and
argue that such a correspondence is not straightforward for a generic CFT.

What is the situation when additional symmetries are available? Recent years have seen
an incredible surge of interest in the study of symmetries in quantum field theory. Starting
with higher-form symmetries [17], and generalising onwards to higher-group, non-invertible

!Topological local operators, corresponding to (d — 1)-form symmetries, are an exception. However,
arguments about the absence of (higher-form) global symmetries suggest their nonexistence [19].
2See, however, [22-29] for some of what is known.



symmetries and other generalisations,® these notions of symmetry provide powerful organising
principles for quantum field theories. Thus, one may reformulate the question as follows: is
there a state-operator correspondence for nonlocal operators, in higher-dimensional CFTs
with generalised global symmetries? In this paper, we provide an affirmative answer to
this question.

More precisely we consider unitary CFTs in d = 2p 4+ 2 dimensions with continuous
p-form symmetries (invertible or non-invertible). It turns out that this is a very powerful
combination. The photonisation argument [31] relates them to circle or orbifold branches
of theories of free p-forms. This further implies an infinite collection of codimension-one
topological operators, labelled by chiral and anti-chiral p-forms. This is in complete analogy
with two-dimensional CFTs, where holomorphic conserved currents can be dressed with
arbitrary holomorphic functions, remaining conserved. This analogy goes further: the
spectrum of states of such theories is organised by current algebras, generalising the Kac-
Moody algebras of two-dimensional CFTs. We focus on the four-dimensional case, enjoying
one-form symmetries, and realised by free Maxwell theory. We explicitly construct the
representation theory of these algebras on generic closed spatial slices, ¥. A major result
is the complete characterisation of the space of states on a generic spatial topology and
geometry. This Hilbert space consists of Kac-Moody descendants built on top of primary
states, charged under the one-form symmetries. As a non-trivial check, the extended character
of those representations matches exactly the partition function of Maxwell theory on Sk X X,
as obtained via path integral methods, and is given by strikingly simple formulas that are
very reminiscent of two-dimensional rational CFTs:

?12(((2’)?» g=e". (1.1)

In the above, Ox(q), defined in eq. (4.47), generalises the Siegel-Narain Theta function
and ny(q), defined in eq. (4.45), generalises the Dedekind eta function, while t is the
complexified coupling constant of Maxwell theory.* On ¥ = S? x S!, we match this spectrum

Z\Maxwell [Sé X Z,t] =

to states prepared by path integrals with insertions of line operators. This has two important
consequences. Firstly, a classification of line operators in four-dimensional CF'Ts with global
symmetries. There are primary operators, carrying charge under the one-form symmetry and
preparing the highest-weight states of our current algebra. In the case of Maxwell theory
these operators are given by Wilson-'t Hooft lines. Similarly to local operators, these primary
line operators have a definite scaling weight, as defined in [33] and discussed in [34]. Then,
there are descendant line operators, obtained by dressing the Wilson-’t Hooft lines with
photon modes. Relatedly, the second consequence, and our main result is a state-operator
correspondence stating the following:

In four-dimensional CFTs with a continuous one-form symmetry,

states on S? x S' are in one-to-one correspondence with line operators on R? x ST.

Interestingly, we find that the lack of Weyl transformation from R? x S! to the Lorentzian
cylinder, R x S? x S!, coupled with the two polarisations of the photon, implies that radial

3See, e.g. [30] for a more complete list of references.
“See also [32] for a related story in generic dimensions.



evolution is equivalent to a squeezing transformation of the photon states. This implies, in
turn, that the vacuum state is not prepared by a path integral with no operator insertions,
but rather, by a path integral with insertions of photon modes of all frequencies.

An organising summary is as follows. In section 2 we explain the photonisation argument,
and its implications. We show that invertible continuous p-form symmetries in (2p + 2)-
dimensional CFTs lead to a higher-dimensional generalisation of Kac-Moody algebras. We
supplement this with a discussion on non-invertible continuous p-form symmetry, where we
construct a non-invertible generalisation of these current algebras. In section 3 we focus on
the case (p = 0) of two-dimensional CFTs, where we review the well-known state-operator
correspondence for the free compact scalar, in terms of its organising Kac-Moody algebra.
We then jump, in section 4, to the case of p = 1 and free Maxwell theory, detailing the path
integral on generic closed manfiolds. We then quantise the theory using our current algebras,
matching it to the path integral expressions. This allows us to reach section 5, where we set up
our state-operator correspondence on S? x S!, by performing a path integral on B? x S! with
line operator insertions. To that end, we first classify the line operators of the theory in terms
of our current algebra. We then perform the radial evolution on B? x S!, and explain how it
leads to squeezing the photon states, to finally land directly onto the nonlocal state-operator
correspondence. We finish, in section 6 with a discussion on our results and interesting future
directions. In appendices A—C we collect details regarding the spectral analysis of the Hodge
Laplacian, the current algebra on a generic manifold, and the radial evolution, respectively.

2 Photonisation and higher-dimensional current algebras

In this section we explore the photonisation argument of [31] and its various incarnations.
We first show that a unitary conformal field theory in 2p + 2 dimensions with a continuous
p-form symmetry (when p = 0, we restrict to abelian 0-form symmetries) has a realisation
as a theory of free p-forms. We go on to show that this gives rise to a current algebra, akin
to the two-dimensional Kac-Moody algebras. We comment on non-abelian versions of the
arguments for the p = 0 case. Finally, we derive non-invertible current algebras, for theories
enjoying continuous non-invertible symmetries and comment on their applications.

2.1 Photonisation

Our starting point is a unitary conformal field theory in d = 2p + 2 dimensions, with a
continuous, invertible p-form symmetry.> We focus on the case of a single U(l)[p ] symmetry.’
Higher-form symmetries are abelian, so for p > 1, this is all we can have.” For p = 0 we can also
have non-abelian symmetries; we comment on those in section 2.3. The continuous symmetry
induces a conserved (p + 1)-form current, Jy, 1) == Jyy .y (2) d2#t A - A datett ) satisfying

d Jjpiq) = 0. (2.1)

5We assume, throughout the paper, that associated with this symmetry there is a current operator. This is,
primarily, to exclude the cases discussed in [35] that expose a loophole in Noether’s theorem. Moreover, we
assume that the current operator acts faithfully. This takes care of the cases where the continuous symmetry
acts by fractionalisation. See, for instance, [36—40].

5We denote a p-form symmetry group as U(l)[p I,

[p]

"We can also have a product of decoupled U(1)P's; the generalisation is trivial.



This current leads to a conserved charge, supported on a codimension-(p + 1) manifold

QXa—p-1] = / *lp1]s (2.2)

Ya-p-1

or equivalently a codimension-(p + 1) topological operator

Us,_,_,(a) =exp <ia/ *J[pﬂ]). (2.3)
Ed—p—l

Since this is a compact U(1) symmetry — as opposed to non-compact U(1), i.e. R —, the
parameter « is circle-valued: a ~ o + 2.

Let us now see the implications of conformality, reviewing the argument of [31]. We start
by discussing the theory on Euclidean flat space, R%, with metric Guv = 0. The (p+ 1)-form
currents are primary operators of scaling dimension p + 1, so their two-point function® is
completely fixed by conformal symmetry, up to a constant, k [41]:

k

(o) pr(e2)) = g Gloa) (2.4)

where z19 := 1 — 22 and G(x12) is a uniquely determined tensor structure:

p+l pe oy
e o shprl v Vpt1 (212)™ (212)
GHT IV Vo (1) _5[[)11 "'5;),:1]5[011 ...5of;+1]£1_[1 <gpeaz_2 HleHQ , (2.5)

where g, is the flat Euclidean metric and g7 its inverse. From here on, it is easy to show that

(1)) Tpia)(22)) =0, (26)

which immediately implies

<dJ[p+1](x1) dJppy1 (x2)> = 0. (2.7)

Using the standard state-operator correspondence, this represents the norm of a state on
Hga-1, created by the local operator dJj,, ;. Since this is a unitary CFT, this norm can
be zero only if the operator d.Jp,, 1 is zero itself. Said differently, conformal invariance and
unitarity implies that there is a dual conserved current, xJ, 1), i.e.:

dJjp1) = 0. (2.8)

An equivalent, implicit argument, follows the reasoning of [42]. All the states in a
conformal field theory are organised in representations of the Cartan subalgebra of the
Euclidean conformal algebra, so(d + 1,1). This results in each state, |O) € Hga1, being
labelled by its scaling dimension, A, and a set of highest weights, {hl, has ... gy }O, of
the so(d) irreducible representation. Let us focus on the primary states; the descendants
can be obtained by acting with the ladder operators of the conformal algebra. Unitarity, i.e.

8Here and in the following we write the correlation functions of products of currents in differential form
languange to suppress indices. This is not a wedge product of forms, it should rather be seen as a form-valued
form, or in other words a section of /\' T*R? ® /\' T*RY,



(0]0) = 0 for all primary states O, imposes that Ap > f({hi},), for some function f, that
depends on the dimension, d, and the so(d) representation [43].

Now, consider the state ]J[p H]), corresponding to a conserved current. Its scaling
dimension is Aj = d — p — 1. Moreover, the conservation equation d x .Jj,, 1) = 0, implies that
this state belongs in a short conformal multiplet, since its first descendant is null. As such,
the above unitarity bound, A; > f({h;};), must be saturated on this state. In dimensions
d = 2p + 2, the conserved currents lie in reducible representations of so(d): they can be
decomposed into self-dual and anti-self-dual currents, J[i 1) T %(J[pﬂ] +iP~ 1 x J[p+1]), each
of which is in an irreducible representation. To saturate the unitarity bound for |[J,41)),
the unitarity bound for both |J§f +1}> must be saturated. Therefore both |J§: ]
multiplets, which in turn implies that d x Jf; ) = 0, or in other words, one has d.Jj,;1) =0,

) lie in short

on top of d x Jy4q = 0.

To summarise, what both of the above arguments show is that a unitary (2p + 2)-
dimensional CFT with a continuous p-form symmetry, must also have a dual p-form symmetry.
In other words, it has:

d ‘][p-‘rl] =0 and d‘][p+1} = 0. (2.9)

This is nothing but the equations of motion of a p-form abelian gauge field, ajy,

identifying Jj, 11 with the field strength, fi,, 1), of a,). In other words, unitary (2p + 1)-

|, upon

dimensional CFTs with a U(l)[p ] p-form symmetry can always be realised by p-form Maxwell
theories. In the words of [31] we say that the CFT photonises.

2.2 Abelian current CFTs

We will now show that the symmetry is actually enhanced even more, into a current algebra
— a higher-dimensional version of the two-dimensional Kac-Moody algebras. This algebra will
turn out to be spectrum-generating (up to decoupled neutral dressing) and it will eventually
be key to reaching the main result of this paper in section 5. We will call CFTs with such a
current algebra current CFTs. We will mainly analyse abelian current CFTs, but we will
comment on non-abelian and non-invertible generalisations in sections 2.3 and 2.4.

We go temporarily to a more general setup and relax conformality. Consider a (d = 2p+2)-
dimensional Euclidean quantum field theory, with two, dual, U(l)[p | p-form symmetries, i.e.
two conserved currents Ji, 1), *Jp 1)

d*J[p—‘rl] =0 and dJ[p-i—l} =0. (2.10)

The space of (p + 1)-forms, QPT1(X), admits a Zy grading, QPT1(X) = QIJ’FH(X) o QPHH(X),
graded by the Hodge-star operator, or more precisely, by the operator i'~P«. Namely, there
exist projectors’

Pri= (14177 4), (2.11)
that allow us to write any (p+ 1)-form, Wip1]s a8 Pywppy1) + Powp, 1), where Prwy, q) satisty

il=P % Piw[erl] = :I:]P’iw[erl]. (2.12)

9Recall that we are in Fuclidean signature; in Lorentzian signature there would be an extra i.



We will call equation eq. (2.12), self-duality equation and will refer to Prwy,, ) as (anti-
)self-dual forms, in all dimensions, even though, technically, they are (anti-)self-dual only
when p is odd, or equivalently in dimensions d = 4k. In d = 4k + 2, corresponding to even
p, they are just the eigenforms of the operator ix.

An important property of the projectors eq. (2.11) is that the can pass through wedge
products of (p + 1)-forms:

(Piw[p+1]> Ap+1] = Wip41] A (Pin[p-‘rl])' (2.13)

To see that, it suffices to note that xwp,;1] A1) is @ (2p + 2)-form and hence is proportional
to the volume form. The simultaneous conservation, eq. (2.10), of Jy, 1) and *Jp,q) is
equivalent to the conservation of

Tibva) = P dppia)s (2.14)
i.e.
dJp =0 (2.15)

Once we have these two conserved currents, we can construct an infinite number of
conserved charges. In particular, note that the family of currents

+._ _ =+ F
T == (JE, nA) (2.16)
is conserved for any (anti)chiral p-form, i.e. for any Af’;] such that

PrdAf, =0. (2.17)

These can be thought of as p-form analogues of (anti)holomorphic functions.!? Indeed,

+ _ £ _ —
dxJy = J[p—l-l] A dA?;] = J[p+1} /\Pid/\?;} =0. (2.18)

Integrating on a codimension-one closed manifold, Y41 = ¥g,41, gives us two families of
conserved charges:

+ o +
QE[Sg_1] ._/E Tt A AT (2.19)

d—1

or equivalently topological operators,

U;fd_l (A) :=exp (1/2 J§+1] A A?; ) . (2.20)
-1

Here we mention two important points. First, note that these are zero-form symmetries,
regardless of p. As such, they can a priori, have non-trivial commutators. They stem, however
from an abelian symmetry, therefore their commutation relations, if non-trivial, indicate
a central extension. We will indeed find such a central extention in the next paragraphs.
Second, note that there is a gauge redundancy in defining the conserved charges. Namely,

YEquation eq. (2.17) is a local definition, like the defining equations of (anti)holomorphic functions.



we must identify AF’;] ~ AF’;] + )\E;], where d)‘FzF)] = 0, since the shift by a closed p-form
leaves the charges invariant.

Now we reinstate conformality. In section 2.1 we saw that a CF'T with these two conserved
currents obeys the dynamics of p-form Maxwell theory. We can therefore, locally, realise the
currents as the curvature of a p-form gauge field Jj, ;1) = day,, whose equation of motion is a
free wave equation dea[p} = 0. We then recognise af,] and xJ[, 1], restricted to a codimension-
one slice, as conjugate phase-space variables, giving rise to a (pre-)symplectic form:

sy, :/2 Sp g, (2.21)
d—1

identifying

q = ap) (2.22)

and p =2k (*Jf;+1])

Sa1 Ya-1
In the above, the factor 2k is conventional, and is related to the strength of the interaction,
i.e. the electric charge of the p-form Maxwell theory realising the CFT. In fact, we should
identify as the canonical position, q, a conjugacy class, or a specific representative thereof,
of the equivalence relation ap, ~ ap + Ay, for Ay flat. This is what takes care of the
degeneracy of the symplectic form, corresponding to gauge transformations. We will proceed
with eq. (2.22), keeping this issue in mind.

We can then compute the commutation relations between the charges, simply by plugging
the vector fields they generate on the phase space in the definition of the symplectic form.

First we compute

5Qy 1.4 8Q% _ L apy a7t

With this, we immediately get the algebra:

o a’ ilipk —0 —a’
[QAI,QAQ]Ed_l = — (0 + (—=1)Po") /zd 1A1 AdAS (2.24)

where o and ¢’ are signs, 0,0’ € {4, —}. Here and in the following, we drop the subscript [p]
indicating the form-degree of A to declutter the notation. This algebra is a higher-dimensional
generalistion of the familiar two-dimensional Kac-Moody algebra, and it will be one of the
protagonists of the story that follows. To better illustrate eq. (2.24) let us elaborate further
on two specific values of p.

p = 0. This case corresponds to the case of a two-dimensinal CFT, with a (zero-form) U(1)
symmetry. There, Agt are just scalar functions and the above commutators become,

05,08, =2 A7 o oz
Q% Qn,), =0.

This is just the familiar 1(1) x u(1) Kac-Moody algebra. Tracing back the logical tower that
led us here, and running the arguments again, in language familiar from two-dimensional



CFTs, we recover the following familiar statement. A conserved current, in a unitary two-
dimensional CFT, can always be split into a holomorphic and an antiholomorphic piece,
which are separately conserved. These can, in turn, be dressed with arbitrary holomorphic
and antiholomorphic functions to give rise to a holomorphic and an antiholomorphic current
algebra. Quantising on the theory on a spatial circle and expanding the currents in Fourier
modes, gives rise to the usual abelian affine Kac-Moody algebra. Indeed, taking 3 to
+in6

be S! and expanding in Fourier modes, e*"?, gives the familiar form of the 1(1) x u(1)

Kac-Moody algebras:

[JE, JE] = kndnimo,

[J,T, J,;} =0, n,m € Z. (2.26)

Finally, recall that all these CFTs have a free-field realisation as a free compact scalar,
¢ ~ ¢+ 2w R. The level, k, of the algebra is related to the radius of the scalar.

p = 1. This is the case of a four-dimensional CFT with two, dual, one-form symmetries. As
we have argued before, this is realised by regular Maxwell theory. Here AZ-i are one-forms,
and the charges are defined on a three-dimensional manifold. The commutation relations
become, in this case,

{QXNQXQ}Z:S =0= [QXN QK2:|E3

+ -1 _ - +
QX Q) =k [ A7 naag.

(2.27)

We recognise again the structure of a 1(1) x u(1) current algebra, with the important difference
that here the central extension mixes the two factors, instead of acting on each of them
separately. Observing the pattern set by eq. (2.24) it is clear that in 4n + 2 dimensions
the chiral and antichiral components will go their own, centrally extended, way separately,
whereas in 4n dimesions, they mix. This has to do with the existence of real self- and
anti-self-dual forms, as noted earlier. Let us note that, just like the two-dimensional case,
we can expand the currents in “modes,” to obtain an algebra of the individual modes. We
will do so in section 4.3. Moreover, the level, k, of the algebra is now related to the coupling
of the Maxwell theory that realises the CFT, i.e. the electric charge. Finally, in this case,
the algebra eq. (2.27) was constructed in [31], where it was also arrived at through a twistor
formalism, without appealing to the phase space structure of Maxwell theory.

Going back to the general case, let us mention yet another presentation of the current
algebra, eq. (2.27), that will be useful to obtain a non-invertible version thereof in section 2.4.
This presentation is in terms of the topological operators, that act on the Hilbert space. A
generic topological operator in a current CFT takes the form

U(AI,A;) ‘= exp <1/E J[;+1] ANAT + i/E J[;JFH A A;), (2.28)

d—1 d—1
where we supperss the (topological) dependence on ¥;_1. The fusion of two such operators is
U(A7AY) 0 U (A7, AF) = 9 (AT, AL A7, AY) U(AT + A5, A8 +A7),  (2:29)



where

(AT A A AT ) = exp<ip+21 k /E N { peven (A7 A dA7 +Af AdAT)

~ Opoaa (A7 AdA} +AF AdA7)} ) . (2.30)

This is a simple abelian fusion rule, with a central extension, proportional to k, specified
by the function f,Sk) (Al_, A A7, AI). As before, we will illustrate eq. (2.29) in the cases
p=0and p = 1.

At p = 0, there is a central term when fusing topological operators with the same chirality:

_ _ ik _ _ _ _
U(A7,0) @ U(A5,0) = exp<2 /E A /\dA3> U(A; +43,0) (2.31)
and similarly for AJ and AJ. Operators with opposite chirality do not see each other:
U(A7,0) @ U(0,A7) = U(A7,AF) (2.32)

and similarly for A; and Aj . This is, of course, a reflection of the fact we mentioned above,
that in two dimensional CFTs the hoolomorphic and antiholomorphic sectors do not see
each other in the central extension.

Coming to p = 1, we see the central extension in the fusion of operators of opposite
chirality:

k
— +) _ £ — + — At
U(A7.0) 2 U(0.A7) = exp<2 [ A7 nang >U(A1 A7), (2.33)
while those with the same chirality have a simple abelian fusion:
U(A7,0) ©U(A7,0) = U(AT +A7,0), (2.34)

and similar equations involving the rest of the operators.

Let us also comment on the relation of eq. (2.24), with other appearances of higher-
dimensional generalisations of Kac-Moody algebras in the literature. As explained above,
eq. (2.24) is the natural generalisation of the four-dimensional Kac-Moody algebra of [31].
Moreover, it complements (and coincides with, in some cases) the current algebras that
organise the edge-modes of topological field theories [32]. However, it is not the same
as Mickelsson-Faddeev algebra [44-46], and by extension also not the same as the higher-
dimensional loop algebras of [47]. Moreover it is also different from the higher Kac-Moody
algebras of [48, 49].

2.3 Non-abelian current CFTs

We only comment very briefly on non-abelian current CE'Ts, as we have nothing to add besides
what is already well-known. This case can only occur at p = 0, since (p > 1)-form symmetries
are abelian. So, consider a two-dimensional CFT with a conserved one-form current Jj,
valued in the Lie algebra, g, of a semi-simple Lie group G. The argument of section 2.1
goes through, and shows that %.J[;) must also be conserved. The consequence is that this
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time instead of photonisation, it corresponds to non-abelian bosonisation [50]. Namely, the
conservation of the currents corresponds to the equations of motion of a Wess-Zumino-Witten
(WZW) model. We can locally write the current Jp as g 'dg, for g a G-valued scalar and
the conservation of the current is

d« (g7dg) =0. (2.35)

From here on, it is a standard exercise in two-dimensional CFT (see e.g. [51]) to derive the
associated current algebra, which will naturally be the affine Kac-Moody algebra gi ® gy.

2.4 Non-invertible current CFTs

A different option is to consider current CF'Ts whose underlying symmetry is non-invertible.
The simplest way to obtain a continuous non-invertible symmetry is to begin with the
setup of section 2.1 and impose the equivalence relation Ji,; 1) ~ —J[p41). From the point
of view of the photonised theory, this corresponds to gauging the Z, charge-conjugation
symmetry Ap, — —Ap,. This corresponds to the orbifold branch of p-form Maxwell theory,
or equivalently, an O(2) = U(1) x Zg p-form gauge theory. Variants of this theory (mostly
for p = 0 and p = 1), and its (non-invertible) symmetries have been subject of intense
study in recent years [52-58].

Let us first review the non-invertible symmetries of O(2) p-form gauge theory. It is
clear that the operator

U(a) = exp (ia/ *J[p+1]> , (2.36)
Zd—p—l

albeit still topological, is no longer gauge-invariant, for generic values of «. Note that « is no
longer circle-valued, but rather it is valued in the segment oo ~ —a ~ o+ 27. In what follows,
it will be implictly assumed that we take a representative of the equivalence classes defined
by the above equivalence relations in [0, 7]. The operator U(0) = 14_,_1, is the identity
(d — p — 1)-dimensional operator and is, naturally, gauge-invariant. Moreover,

U(r) = exp(iﬂ /Ed_ ) *J[pﬂ]) =: (=1)g—p—1 (2.37)

is also gauge-invariant and gnerates a Z[Qp ] p-form symmetry. For the rest we can construct
topological and gauge-invariant operators by taking a direct sum of the original topological
operators. Explicitly, the operators

D(a) :=U(a) ® U(a) ", (2.38)

for o € (0, 7), pass all the tests of being a symmetry of the theory.!’ What was sacrificed,
is obviously invertibility. This is reflected on the fusion rules:

D(a) ® D(8) = D(a + 8) @ D(a — B), (2.39)

1Provided that there are states on which they act non-trivially. In this case there are: e.g. gauge invariant
sums of the original U(1) Wilson operators [54].
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for « # 8 # m— 3 € (0,m). Moreover, these operators have quantum dimension two,
namely, (D(a))gp+1 = 2, in contrast to the invertible topological operators, which have
quantum dimension one.

Furthermore, as was explained in [54], since charge-conjugation is a zero-form symmetry,
after gauging there is a Pontryagin-dual (or quantum) Z[22p ] 2p-form symmetry (d—0—2 = 2p),
generated by the Zo }charge—conjugation Wilson lines: 1; and (—1);. While their fusion

rules are simply Z[sz fusion rules:
(1)1 ® (=1)1 =1y, (2.40)

they can also dress the (d — p — 1)-dimensional operators we discussed above, and appear in
their fusion rules. The operator (—1); is known as a “determinant line”.

Therefore, the full set of codimension-(p — 1) topological operators in O(2) p-form
gauge theory is

{1d—p—1a (_l)d—]?—la 151:1))jlv (_1)51:;)jlv D(O‘)’ D(a)(_l)l

where the superscript (—1); indicates dressing with the determinant line. The rest of the
fusion rules follow by reconciling eq. (2.39) with the allowed dressings [54, 56]. These are:

(_1)d—p—1®(_1)d—p—1 = 1d—p—17

D(@)@(=1)4—p-1=D(r—a),

ae(0,m}, (2.41)

D(Oé)@D(Oé):1d7p71@1£l__:2l,)_11@D(206), a;ég (242)
D(@)@D(r—a)=(~1)q_p-1®(~1)'\ " ®D(2a—), oz

D(r/2)®D(r/2) =14_p 1B &(~1)ap (-1

Now, seeing this from the lens of conformal field theory, we can easily repeat the argument
of section 2.2. If the theory before gauging was a CFT, we have that de; ] = 0. After

gauging, the operators

DE(a) i=U%(a) & U%(a)”", with (2.43)

U*(a) :=exp <io¢/E Ji[pﬂ}), a e (0,m) (2.44)
d—p—1

are topological operators of the O(2) p-form gauge theory. Their fusion rules follow from
egs. (2.39) and (2.42). Moreover, there are non-invertible analogues of egs. (2.20) and (2.28).
These are

D(A7, A7) = U(AT.A5) 2 U(AT.AF) (2.45)

with AfQ (anti-)chiral p-forms, taking values in the open interval (0, 7). Their fusion rules
define a non-invertible current algebra:
D(A7,AF) @ D(Az,AT) = £ D(AT + A7, Af + AY)
(2.46)

o (£09) 7 D(AT - A7, A5 —AF).
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where flgk) = f;(,k) (AI,A; A3, AI), given by eq. (2.30). Note that this fusion rule is valid on
generic chiral forms, Az?t. At special points, i.e. when the Aii coincide at a point, or differ by ,
eq. (2.46) should be understood with the operators dressed appropriately, as in eq. (2.42). Let
us now illustrate and interpret this non-invertible current algebra in the cases p =0 and p = 1.

p = 0. At p = 0 we find ourselves on the orbifold branch of the two-dimensional compact
boson CFT. The fusion ring eq. (2.46) splits, again, into holomorphic and antiholomorphic
and we have, for example:

D(A7.0) @ D(A;,0) :exp<i2k/2 AlAdAg)D(A1+A3,o)
1
@exp(—i2k/Zl AT /\dA3>D<A1 ~ A3,0), (2.47)

and similarly for AJ, AJ. In complete analogy with the circle branch, where the (1) Kac-
Moody algebra contains all the information to construct the full spectrum of the theory,
here too, eq. (2.47) is, in principle, sufficient to reconstruct the full orbifold branch.'? To do
so, one has to study the representation theory of eq. (2.47). The representation theory of
non-invertible symmetries was recently studied in [60-64]. In order to study the representation
theory of our non-invertible current algebra it is necessary to extend these results to continuous
and centrally extended non-invertible symmetries. We will not attempt to do that in this
paper, but we will return to it in future work.

p = 1. In this case we land on the orbifold branch of four-dimensional Maxwell theory, i.e.
O(2) gauge theory. The central extension appears when one fuses chiral with anti-chiral
operators:

D(A7.0) @ D(0,AF) = exp(g/z AT A dAj[)D(Al, A7)
3
® eXp<—1; /23 AT A dAjj)D(Al, -A}), (2.48)

and similarly for AJ with A3 . The chiral-chiral and anti-chiral-anti-chiral channels do not
see the central extension:

D(A7,0) ® D(A;,0) = D(A] +A3,0) © D(A] — A3,0), (2.49)

and similarly for AJ and A]. We will see later, in section 5, that the current algebra
eq. (2.24) is spectrum-generating, i.e. we can solve the underlying theory by considering its
representations (up to contributions from a decoupled neutral sector). In analogy with the
comments on the p = 0 case, egs. (2.48) and (2.49), contains in principle all the information
to solve O(2) gauge theory. Again, we will come back to doing so in the future.

12Together with its special points, coming from eq. (2.42). The special points will be important to obtain
the twisted sectors (cf. also [59]).
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3 Two-dimensional CFTs and the local state-operator correspondence

In this section we will review the usual state-operator correspondence for local operators.
We will therefore consider a two-dimensional CFT with a zero-form U(1) symmetry. This
corresponds to the case p = 0 in the notation of section 2 and the corresponding Kac-Moody
algebra can be represented as a compact free scalar [65-68]. We will therefore be rederiving
the standard state-operator correspondence for the compact free scalar, in order to build
some muscle towards section 5. Along the way we will remind the reader of some standard
facts in two-dimensional conformal field theories, in order to simplify and compare with the
discussion of the four-dimensional case, in section 5.

3.1 Partition function and the spectrum

The view from the path integral

Consider a compact free boson, ¢ ~ ¢ + 27, on a closed Riemann surface, X. Let us first
review the path integral of the compact scalar. Its action reads

1
S[g] = ZgQ/XﬁMﬁ, (3.1)

where f¢ := fff’arm + d¢ is the curvature of the free scalar, with fffarm € Harm!(X). In this
notation, ¢ is a well-defined, single-valued function (a zero-form), subject to the compactness
condition, and all the winding has been passed on to the harmonic piece of its curvature,
fg’arm. The coupling constant, g, is related to the radius of the compact scalar as R? = ‘é—g,
as can be easily seen by rescaling ¢ to ® = R¢, so that ® ~ & + 27R.'? The harmonic
form, fﬁ)arm can always be chosen uniquely to be orthogonal to d¢, so the action splits into

a harmonic piece and an oscillator piece:
1 P p 1
Slo] = 247 /X Fiarm A *Fonem T 242 /quﬁ/\*d¢. (3.2)
Let us evaluate the partition function of the compact scalar, i.e. the path integral
Z(X] = [ Dffy DO = B [ X] Zuse [X]. (3.3)

We begin by analysing the harmonic piece. In our notation, integrality of the winding
of the compact scalar is expressed as

[ Fome2nZ. (3.4)
31
: . (1) P1(X) .
on any one-cycle 37 of X. We can choose a convenient basis, {Ti } of harmonic
i=

by (X
one-forms of X such that, given a basis {Ci(l)}_ 120 of one-cycles, it obeys

i=

/ ) = . (3-5)
Cin)

'3We use conventions in which the action for ® is normalised as S[®] = = f d?2090%.
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Such a basis will be called hereafter the topological basis. In the above, by(X) := dim H!(X)
is the first Betti number of X. In this basis we can expand

¢ _ onpird) n ez 3.6
fharm i )

where a sum over the repeated index, i, from 1 to by(X) is implied. The harmonic piece
of the action eq. (3.2) can therefore be written

1/2m\2 . ,
_ (=" @] i
Sharm[¢] - 2( g ) n {G ]ijn7 (37>
where
[G(l)]_ ::/ Ti(l) A*Tj(l) (3.8)
ij X

is the Gram matrix of the above topological basis. The harmonic piece of the path integral
then reads

1 27T 2 (1)
ZumlX] = ¥ exp(—3(T) -6 ). (3.9)
nezb1(X) &

where we combined n' into a b (X)-dimensional vector, n. The oscillator contribution is
a straightforward Gaussian integral, yielding

1
Z [X] VOIO det (%G(O)> ’ (3 10)
VdetAg det’ A ’ ‘

where G(© is defined similarly as G, but with respect to the zero-form topological basis
and /¢ = dfd is the Laplacian acting on zero-forms. In total, the full partition function reads

1
det (22G®)? 1/2m\2
Z[X] = (dEzf’Ao) Z exp <_2<g) n-GW n> (3.11)

nezb1(X)

In the next paragraph we will take a canonical approach and we will view the partition
function as a thermal trace. In order to compare, let us write the answer for the torus
partition function from the path integral. To that end, we now take X to be a torus
X =T2:=C/(Z®tZ), with T in the upper-half plane, T € H. Using the standard homology
basis of one-cycles of the torus in terms of the A- and B-cycles, we have that

1
G(l):< ! Re;). (3.12)

Imt\Ret |T|

The harmonic zero-forms are simply the constant functions, so GO =Imr. Finally, on the
torus it is straightforward to calculate, using zeta-function regularisation that

det’Ag = (Im )2 (1) %, (3.13)
where 1(T) is the Dedekind eta function. Altogether the torus partition function reads

7T2n m2
2] = o = ew(—3(2) ) e

n,me”Z
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Finally, we can use the Poisson summation formula on the n sum to obtain

0(q,g)
Z|T2| = 3.15
™ - 319
where , ,

Olgg) = 3 fE+3) g3 (5-5) (3.16)

n,mezZ

is the Siegel-Narain theta function, with ¢ := e*™'* being the nome, 7 its complex conjugate,
and we wrote the eta function as a function of the nome, instead of the complex structure.

The view from the algebra

Let us now match eq. (3.15), starting from the Kac-Moody algebra, eq. (2.26) and considering
its representations. For simplicity we will discuss the quantisation on a rectangular torus,
with complex structure, T = i. We will reinstate the generic complex structure at the end of
the section. The Hamiltonian of the free scalar, on the spatial S', takes the Sugawara form

H=L{+Ef+Ly +E;, (3.17)

with . )

L = - N JEJE and By = S =—o; (3.18)

n>0
where ((s) is the Riemann zeta function, regularising the zero-point energy, and k, the
2

Kac-Moody level, is &. With this Hamiltonian, the non-zero-modes of the Kac-Moody
algebra, Jni?éo are just ladder operators, as can be seen by computing their commutation
relations with the Hamiltonian. The negative modes are creation operators, while the positive

modes annihilation operators:

(H, 5] = gt >0 (3.19)
[H,Jf]=-nJf n>o. (3.20)

The zero-modes, Joi, commute among themselves and with the Hamiltonian, and they
label the various fixed momenutm and winding sectors. Their eigenstates,

+ . - 4. -
TEitam)y =i ita), (3.21)
are primary states, or in other words, the ground state on each sector:

J:i:

j+,j—> =0, n>0. (3.22)

To obtain the charges, j*, we simply have to invoke momentum and winding flux quantisation
on the spatial S!, i.e.

/ 1 f¢ e 2nZ and / 1 f¢ e on, (3.23)
S S
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where f? is the widning, or magnetic dual of f¢, defined as f¢ = % x f.14 With this, we
immediately get, with a convenient overall normalisation of the current:

1
4 2
= —(2rm £ g™n), n,m € 7Z. 3.24
J = ( g ) (3.24)

The ground states are, then, labelled by two integers, n and m, and we will denote them as
‘j+7j_> =: ’n7m> . (325>

Over each of the two families of ground states sits a Verma module, V,jf’m,

generated by
acting with the creation operators an. To each Verma module corresponds a character,

chyz [a] = tryx g (3.26)

n,m

Having the explicit form of the Hamiltonian, and the algebra in our disposal, it is trivial
task to compute the characters. They read:

o0 o
+_ 1 q
Cth,,L [q] = D H Z ARALI 7( , (3.27)
’ n=1 Np=0 n(a)

where we recognise the form of the Dedekind eta function, upon performing the geometric
sum. In the above, h* = (ji)Q, is the eigenvalue of Lg acting on the ground states.

On each sector we have left- and right-moving states, i.e. a generic state on top of
|n, m) lives in V;ﬁ m @ V- The full Hilbert space of the theory is, then, a direct sum

over all possible sectors:

Hoo= P Vi, @V, (3.28)

n,meL

A generic state of this Hilbert space is

‘n,m; {Nrf, N5, }> = (Jirn)Nn+ (J:n)Nr; <o |n,m) . (3.29)

As such, we see that taking a trace, i.e. computing an extended character of all the Verma
modules, lands us on the torus partition function, eq. (3.15) (with T = if):

1

chlg)i= > chyy oo lol=—5 > ¢, (3.30)
nmeZ ' ' m(q)| n,me”Z
with 5 5 )
4 __gmn mem
Apm=h"+h" = . + ? (3.31)

Reinstating the generic complex structure, T € H, we obtain the well-appreciated, yet
remarkable result:

Z|T2| = chlg] with g= e, (3.32)

YT he factor of i is so that the action, written in the dual frame is positive semidefinite in Euclidean signature.
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3.2 The state-operator correspondence

As a preparatory exercise for the four-dimensional story of the later sections, we will review
here the well-established state-operator correspondence for local operators. In particular
we will show that the states in Hg1, as in eq. (3.28), can be prepared by a path integral,
with insertions of local operators, on the disc, D?, whose boundary is the spatial S'. We will
do so for the compact scalar, where both sides of the state operator correspondence can be
explicitly identified and checked. Moreover, a crucial role is played by the Kac-Moody algebra
of the compact scalar, organising the local operators into primaries and descendants. This
will serve as an analogy for the later sections, where, as we will see, the ideas will be similar.

The general strategy towards a state-operator map for local operators (illustrated in
figure 1), common to all CFTs is the following. We take a spherical slice (here S!), of the
Euclidean cylinder (here R x S!) at t = 0. Each state on this slice is prepared by a choice of
boundary conditions at ¢ = —oco. Mapping the Euclidean cylinder to the disc (rather, d-ball
in higher dimensions) with a Weyl transformation, this choice gets mapped to a boundary
condition at the centre of the disc.!® This boundary condition can be satisfied by the insertion
of a local operator. Then the path integral on the disc, with this operator insertion prepares
the state that we are after. More precisely, the path integral on the disc, with boundary
conditions ®(0D?) = &5 (where ® denotes all dynamical fields) and an insertion O[®(0)]
at the centre of the disc produces a wavefunctional:

T [Py] = /C o D& e5® 0[(0)], (3.33)

where C[®j] denotes an appropriate functional space over the disc, with boundary conditions
®5. We will write the state produced by O as

0) = - D® e 0[®(0)], (3.34)
to indicate that we need to provide a boundary condition to get out a number.

Here we note that it would be much easier to work in complex coordinates, and exploit
the power of Cauchy’s theorem, as is commonly done in two-dimensional conformal field
theories. We will not do so, however, as a preparatory exercise for the four-dimensional
case where we cannot afford that luxury. For a discussion in a very similar vein, written
in complex variables see e.g. [69].

Before discussing the states and the operators, it will be useful to obtain an integral
expression for the ladder operators, in terms of the currents, that we can insert at an
intermediate point in the path integral. To that end, let gy : S} < D? be the map embedding
a circle of radius r into the disc. The ladder operators can be expressed as:

m+1

JE = Fir
™ Vor St

where %, J* is the pullback of J* € Q%(D?) along the map isi. This is arrived at by
expanding J* in Fourier modes, solving the closedness condition, dJ* = 0 and then inverting

et ity JE, (3.35)

'5We will parametrise the disc by a radial coordinate, r € [0,1], and an angle 6 € [0,27), i.e. ds2s = dr® +
2 392
r“do=.
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Figure 1. The state-operator correspondence. Any state on S?~! can be prepared by a path integral
on B? with a local operator inserted in the centre. The state then evolves in time on the Lorentzian
cylinder R x S4-1,

the Fourier transform. As a sanity check, we can verify that J, given by eq. (3.35), obey
the Kac-Moody algebra, eq. (2.26):

[Jr?:a Jn:ﬂ =kn 5n+m,07 (3.36)

while the mixed commutators are zero.
Let us start by discussing the ground states, |n,m). They are prepared by inserting a
vertex operator, V, ,,, of momentum n and winding m:

Vom(z) == exp(ingzﬁ(x) +im gg(a:)), (3.37)

where x is a point on the disc and qz is the winding dual of ¢, i.e. the field whose curvature is
f¢’, as defined around eq. (3.23). The states are then obtained as:

In,m) = Dge ¢ Vv, ,.(0). (3.38)

Cl]
In this case, C[-] is the space of smooth functions on the disc. To verify that these are
indeed the ground states, it suffices to show that they are indeed annihilated by the lowering
operators, Jﬁ;o. To illustrate the argument, let us first focus on the state |0, 0), which is the

zero-momentum, zero-winding state, corresponding to the identity operator. There we have

+ T —5[¢] n+1,£ind -+ 7+
J10,0) }13(1] c[']D¢e </S%r e ig1J >, (3.39)

r
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where the twiddle indicates that we are ignoring purely numerical factors. Since we are
integrating over smooth functions, and J* = P4 f?, the integrand is smooth inside the disc,
for n > 0. Therefore, we have that

JE10,00=0, "n>0. (3.40)

In this case, we also have that Ji|0,0) = 0, as |0,0) is a state of zero momentum and
winding. To show that the states |n, m) are annihilated by all positive modes the argument
is essentially the same, save for the fact that before assessing the integrand one needs to
look at the operator product between iéi J* and Vim- Since J + is a current and Vium is a
primary operator, their OPE goes like % Therefore, |n,m) are annihilated by all positive
modes, but not by the zero-modes, as expected.

We have, so far, argued, that eq. (3.38) produces all the highest-weight states, of
our Verma module discussion in section 3.1. To complete the picture, what remains is a
construction of the descendants. It suffices to consider the states [n, m; {1F}); a generic state is
straightforward to arrive at, afterwards. The claim is, then, that these states are prepared by:

|n,m;{1ni}>:/c[.}D¢e_S[¢] MOVum(0),  n>0, (3.41)

where 9y is the “(anti-)self-dual derivative”!6 and 81.¢V,,m(0) denotes the operator obtained
upon performing the OPE of 0% ¢ with V,, ,,, and placing it at 0. To verify the claim eq. (3.41),
observe what happens if we act with a lowering operator. As before, we treat the descendants
of the state dual to the identity operator, |0,0), first.

J5 10,0, {15}) ~ lim /C [_]D¢e*5[¢1 ( Ao rm e MmN 5, o (1, ) a;¢(0)>, (3.42)

Sy

where we have also used the fact that, for all that matters here, zgllJi is proportional to

et99, ¢ df. We recognise the insertion as the (n—1)-th (anti-)self-dual derivative of a current.
So we can invoke the current-current OPE [51], to get

! .
0:0(r,0) DL6(0) ~ 1y T (3.43)

This, in turn, implies:

2w i
JE10,0; {1£}) ~ lim/ Dge 9 (/ derm“eil(m"W) ~kOmnl0,0).  (3.44)
r—0 cl-] 0
The factor of n in the Kac-Moody algebra eq. (2.26) is absorbed into the proportionality
symbol, and is related to a rescaling of the operator insertion by (n%l), However, we kept
track of the Kac-Moody level, since it stems from the OPE of the currents.

YTntuitively 94 is just the holomorphic derivative and d_ the antiholomorphic derivative. If we insist on
avoiding complex analysis language we can also define them as follows. First define bases of the (anti-)self-dual
one-forms, dz¥ := e'(dr + ir df). Then dualise these to vectors fields, as (dz®)* and take an interior product

with the exterior derivative, so 0+ := (dazi)m ad.
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Inserting back V,, ,,, it is now a matter of Wick contractions and restating the above
arguments to show that

JE n,m; {15} =km b |n,m). (3.45)

This concludes the proof that the operator V,, ,,[¢] 016 prepares the state |n,m; {1F}). We
therefore have all the ingredients to write down the generic state. It is given by:

o (N N} = [ Do {(@20) (@00 Vo 0)) (340

4 Four-dimensional Maxwell theory

Having dealt with the two-dimensional case in sufficient detail we now turn to the main focus
of this paper: 4d and the nonlocal state operator correspondence. We will illustrate this in
four dimensions, although the results extend to generic even dimensions easily. We therefore,
consider a unitary four-dimensional CFT, with a U(l)[l] symmetry. As we have explained
in section 2, this theory has necessarily a free photon description. We will, therefore focus
on free Maxwell theory. We will mimick the structure of section 3: we will first discuss the
path integral on arbitrary compact manifolds; then we will use the p = 1 form of the current
algebra eq. (2.24), study its representations and show that they explicitly reproduce the path
integral expressions. This will then lead us to the nonlocal state-operator correspondence.

4.1 The Maxwell path integral

We consider Maxwell theory on a closed, compact four-dimensional manifold X.!” Since we
are interested in topologically non-trivial manifolds we must also allow for a theta angle.
The action is:

1 i0
S[al ::2g2/Xf/\*f—16lﬂ_2/Xf/\f, (4.1)

where the closed two-form f is the curvature of a U(1) gauge field, a € Q1(X). We will
often abbreviate the first term as || f||?, where the norm is with respect to the usual Hodge
inner-product. Hodge decomposition instructs us to write f = fharm + da, where fharm
is a harmonic representative of the second cohomology class of X, chosen uniquely to be
orthogonal to da in the Hodge inner product. Moreover, the theta term does not see the
topologically trivial piece, so the action reads, with this decomposition

1 i0 1
S[a] = ng||fharm”2 - 167 2 /X fharm A fharm + 7g2||da”2 (42)
I I
SINST [fllz\nn] SO8¢ [(l]

With a theta angle turned on, it is useful to introduce the complexified coupling constant:

0 27
ti=— 4+ —. 4.3
A7 + g2 (4.3)

1"We will take X to be torsion-free, throughout. All results can be generalised to manifolds with torsion,
following, for example, the arguments in [70].
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We refrain from using the more common T for the complexified coupling constant to avoid
confusion with the two dimensional case, where T represents the complex structure of the
base space. Sometimes we will use

t¥ := Ret+ilmt, (4.4)

to write some of our formulas more compactly.
Passing to the path integral, the partition function of Maxwell theory splits into an
instanton contribution and an oscillator contribution

D D .
2050 = [ PI D e ST fra] — 57a]) = 22O, (45)
VO
where G is the group of gauge transformations; shifts of a by a flat connection. We will
compute each piece separately and discuss the respective integration measures in detail.
Let us first focus on the oscillator part. By Hodge decomposition, and upon employing
the Faddeev-Popov procedure, we can gauge-fix a to be coclosed. The Faddeev-Popov
ghosts are, in this case, zero-forms with fermionic coefficients. The oscillator part of the
action becomes then
1
S9a) = — (a,0 ) 4.6
la] = 3 " (a,00; a) (4.6)
where [, := Ap|, . 4+ is the transversal Laplacian, i.e. the Hodge Laplacian, A, = dfd + ddf,
restricted to coclosed forms. Here we can expand the action in terms of eigen-one-forms
of the transversal Laplacian,

a= Z CAQ). (4.7)

Aéespecy (O1)

In the above, A = 0, and ag collects all the zero-mode spectrum of the Laplacian, (Jyag = 0. We
can shift all the g-dependence on the zero-mode path integral by normalising the measure as

dey,
Da:= [] : (4.8)
A€specy (1) 2m g

Both the gauge field and the ghost path integrals are Gaussian and can be evaluated
directly to give

(4.9)

205 ] — vol(HY(X; Z)) (det’[]0>1/2
T vol(HO(X;Z)) \det’0Dy)

Using the specrtral properties of the Hodge Laplacian, we can rewrite this in terms of the

full Laplacian as

© 1(HY(X;Z)) det’A
zoex, o] = VAL (X:2)) det' Ao (4.10)
vol(HY(X;Z)) v/det’/A\q
In the above, vol(H!(X;Z)), and vol(H(X;Z)) is the zero-mode volume of the gauge fields
and the ghosts, respectively, computed with the measure eq. (4.8). To see that, note that
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the zero-modes of /\; are precisely flat connections, or in other words elements of H!(X).
Since we identify two connections under large gauge transformations (these are packaged in
the instanton sum), we must look at H'(X;Z). We have assumed that the manifold, X, is

torsion-free and thus H'(X;7Z) = ZP1(X), We can therefore use the topological basis of the
b1(X)

harmonic one-forms, {Ti(l)}_ , defined similarly as in eq. (3.5) to write

{G(l)} ::/ T(I)A*Tj(l). (4.11)
X

With that we can integrate over H!(X;Z) with the measure eq. (4.8), to get
2 1/2
vol (H!(X;2)) = det( ilelt >> . (4.12)
g2
For the ghosts we have similarly
2 1/2
vol (H(X;Z)) = det( g” GO >) , (4.13)

where G is defined analogously by the topological basis of HO(X;Z). If bi(X) = 0, the
Laplacian [J; has no zero-modes and hence we compute the full determinant det ;.

It is convenient to disentangle base-space and target-space quantities to keep track of
the modular properties and of electromagnetic duality separately. The only place where g
appears is in the zero-mode volumes and therefore we have that

Ly _ 1/2
(b1(X)—bo(X)) 1) /
205X ¢] = (27r ) 2 det G det'Ag ' (4.14)
g2 det G(O) Vdet’Aq

For the rest, we are only interested connected manifolds, therefore bg(X) = 1 and det G(¥) =
vol(X). Furthermore, note that the prefactor is just Imt. So, all in all, the oscillator
piece reads, finally

vol(X) ) JaetA; (4.15)

We now turn to the instanton contribution. Similarly as in section 3, fharm is integrally

1/2
ZOSC[X,t] _ (Imt)%(bl(X)_l) (det G(l)) det’Ag

quantised on two-cycles,

/ fharm € 27TZ7 (416)
P

&) (21 P2(X)
so we can expand fharm = 271 7,7 with n' € Z, and{T } is the topological basis of

hamronic two-forms. The first term of the instanton piece Of the action becomes, then:

1 o2 . . .
2ngH.]charrﬂHQ = ?n' |:G(2):| nJ, n' € Z, (417)

U]

where G, is defined similarly as in eq. (4.11). For the theta term we make use of the
intersection bilinear on X:

2 2
Q;j = /XT;( )ATJ-( ) (4.18)
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to write
i0 i . :
W /X Jharm A fharm = Zn Qij n. (419)
Finally, the measure, D fjarm, becomes a sum over (vectors of) integers, n € 7>2(X)  Putting

it all together, the instanton contribution reads

ZNTX5tl = Y exp(rin-B(t) - n), (4.20)

nezb2(X)
where we have defined, for conciseness, the matrix

c?+ Lo (4.21)

(2) _ 2mi
g? 47

B(t) := Ret Q +iImt G2

Combining the oscillator and the instanton contributions we have in total the partition
function of free Maxwell theory on a general, torsion-free, connected, closed four-manifold X:

Z exp(min-B(t) -n). (4.22)

nezb2(X)

1 det GM\? det’A
ZXt — I t z(bl(X)*l) 0
X5t = (Imt) vol(X) Vdet’Aq

SL(2,Z) duality

Before moving on, we briefly comment on some of the duality properties of this theory. It is
well-known, that Maxwell theory enjoys an SL(2,7Z) duality group, generated by S-duality,
t — —1/t and T-duality, t — t+ 1. It is, however, also known that the SL(2,Z) duality group
is afflicted with an anomaly [71-73]. On a generic manifold, one then either needs to sacrifice
one of the two generators, or couple the system to a five-dimensional SPT phase, carrying
the duality anomaly (as is done, e.g. in [73]). In this section we calculate an instantiation
of the duality anomaly using the form eq. (4.22), and discuss ways to guarantee that either
S- or T-duality holds on the nose. We also show that, in fact, the manifolds required to
obtain our state-operator map, are free from the duality anomaly.
Key to the duality properties, will be a version of the Poisson summation formula:

Z e AN _ 7WN/2 Z e~ mmATIn (4.23)
nezZN Vdet A ezZN

The form eq. (4.22) is particularly handy to perform Poisson resummation. In particular,
we can check that —Q'B(—1/t)Q" is the inverse of B(t), and the partition function can
be expressed as:

(tm )OO\ /4ot g\ 2 det’ A
det(—iB(t)) vol(X) Vdet’Aq

Z exp(mrin-B(—-1/t) -n).

nEZbQ(X)

Z[X;t]z(

(4.24)
Let us now make some simplifying assumptions for the rest of the calculation. Since
H2(X) is a middle cohomology group for a four-dimensional manifold its elements can
be decomposed into self-dual and anti-self-dual pieces. The dimensions of the (anti)-self-
dual parts of the cohomology group are bi (X), such that by (X) + b, (X) = by(X) and
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b3 (X) — by (X) = o, with o being the Hirzebruch signature of X. For all the manifolds
that we are interested in (namely products of spheres of different dimensions), ¢ = 0,
therefore by (X) = by (X) = 4ba(X). We will assume this for the following, although it is
straightforward to generalise the discussion to manifolds with o # 0.

The determinant of B(t) can be calculated to be det(—iB(t)) = \t]bQ(X). This follows
immediately from the fact that the eigenvalues of GVQ™! are +1, with multiplicity %bg (X).
Furthermore using Im(—1/t) = [t|~> Im(t), we get the S-dual form of the partition function:

1
z {X; —J = [¢}2X0 2 [ x; 1, (4.25)
where x(X) is the Euler characteristic of X. Moreover, we can immediately see that if Q is even

ZIX;t+ 1] = Z[X;t], (4.26)

since its effect on eq. (4.22) is to shift the exponent by 27 X integer, whereas if Q is odd,
Z[X;t +2] = Z[X;t].1® eq. (4.25) and eq. (4.26), correspond to the action of the S and
T generators of the SL(2,7Z) duality group. In its current form, the partition function of
Maxwell theory favours T-duality, while the S-duality transformation, seemingly suffers from
the aforementioned anomaly.

However, this is deceiving. Namely, we can add to the action a counterterm of the form

Se= 5z /X F(8) € Ray & Reg = £(6) x(X), (4.27)

where the last equation is only true if f(t) does not depend on X. Choosing f(t)= —%log Imt,
the partition function gets modified to

Z1X;t] o= (Im ) XX Z[X; 4] (4.28)
It is straightforward to check that indeed, both transformations are healthy, and

Z[X;y-t] = Z[X;t], Y eSL(2,7). (4.29)

Written in terms of eq. (4.22), the duality-corrected version of the partition function reads

- b2X) /det Gy \ /2 det’A i
ZIX:t] = (I — n-B(t) - . 4.
i) = () (S55) S ez§b2:<x>exp(2 neB(-n).  (430)

Finally, we mention for completeness, that for manifolds of non-vanishing Hirzebruch
signature, absorbing the S-duality non-invariance into a counterterm is not for free. Instead
it is now the T-transformation that acts non-trivially [72]:

Z[X;t+1] = e 3™ Z[X;t]. (4.31)

Thus in those cases the SL(2,Z) duality group indeed suffers from an anomaly. In what
follows we will drop the tilde from the partition function, to simplify the notation. In most
cases it will not even make a difference, since we will be mainly interested in manifolds with
a circle factor where the tilded and the untilded partition functions coincide.

18This can be corrected for, by adding an extra, topological term, to the action, as in [72].
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4.2 Partition functions on S x ¥

Of special importance to our discussion are manifolds of the form X = S! x X, where ¥
is some connected, closed, torsion-free, orientable three-manifold. These are the types of
manifolds on which the partition function admits a trace interpretation and the radius 5 of
the circle is the inverse temperature. We will therefore specialise the above discussion to
those manifolds and obtain more explicit formulas for the partition functions.

We will make frequent use of various topological characteristics of such manifolds, so
we outline those here. First of all, note that for these manifolds, the Kiinneth formula
and Poincaré duality, imply that all their Betti numbers are determined by just one of
them. Namely:

bo(S! x 3) = by(8! x B) =1
b1 (S'x ) =by(S' x T) =14 b1(T) = 1+ by(X) (4.32)
by(S! x 31) = 2b1 (%) = 2by(%),

The topological basis of harmonic one-forms and two-forms on S! x 3 will then be induced

by the respective basis on Y. For the one-forms, a basis is given by the unique normalised

harmonic one-form on the circle, 2%3 (in local coordinates), and the topological basis of

harmonic one-forms on . As such, the Gram matrix of this basis becomes:

(2
G = diag(vg ( ﬁ),Qwﬁ GQ), (4.33)
T

where G(El ) is the Gram matrix associated with the topological basis on X. For the two-forms,
we have similarly

G® = diag(BE, (BE) ), (4.34)

where E = 27r(G(E2 ) and we have also used Poincaré duality to bring it in this, symmetric,

form. As indicative from the choice of notation, the matrix E will bear the interpretation
of an energy, namely that carried by Wilson and ’t Hooft loops placed on various spatial
one-cycles. Finally, the intersection matrix is given by

Q= < ]lbl(z)). (4.35)
Iy, (x)

With this in mind, we now go to compute the partition function on X = Sk X Y, starting
from eq. (4.31). First, the instanton contribution, eq. (4.20), is

. . ilmt SE Ret 1 n
ZinsT[gly vt ] — Tm) (! 4.36
S Zp<(” ) (et ) (1)) 09

which becomes

_bi(®) bi(®)

ZTISt ) Sit] = (Imt) 7 7 (detE)2 Y. ghem, (4.37)

n,mezP1(¥)
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after a Poisson resummation. In the above we have defined, ¢ := e~?, and

A __l(n—l—tm)TE(n—i—tm)

4.38
’ 2 Imt ( )

-1
Adding to that the oscillator contribution, eq. (4.10), and using that G(El ) = [Gg )] , by
Poincaré duality, we get in total

det’'A
ZIS x Oit| = -1 22 20 Anm. 4.39
RIS T (4

As far as the determinants are of concern, we have the following;:

(27)% k2
32

s.pec(Ao,S1 x ) = { + Angs K€ Z,ng € Jl{)}, (4.40)

where \,, are the eigenvalues of the scalar laplacian on ¥ and .4j is a countable index set. It
is then straightforward to calculate, upon zeta-function regularising the determinants and
employing Euler’s product formula for the hyperbolic sine:

1
det§ 500 = A7) ] sinh2<2ﬂ )\no), (4.41)
n0€</1/0*

where A5 := A5\ {no | An, = 0}. Similarly, the spectrum of the one-form Laplacian is

2 2,2
spec(Ap,S! x 2) = {( 72271 + Ay, NEZyNy € JH}U
[ ——
[ 27)2k?
Anyng U {(72 + Ay, K E€Z,ng € J%} (4.42)
—_——
Il
)‘k,no

with An, being the eigenvalues of A; on ¥ and .47 a countable index set, counting the
eignevalues of the one-form Hodge Laplacian on ¥X. The determinant of /A; is then:

n1€/V*

1
det &1, 5y Ay = 210 { 11 s1nh2< )\m)] [ 11 sinh2<2ﬁ /\no)], (4.43)
no€Ag*

with .4/* defined analogously as .4;*. Therefore (recall by(X) = 1)

detBo g sinh (36,
VAt A weie sinh(36y/A0, )
n1€/V
-1
— gl-hi(®) [ I1 q—%\/x(l — q\/ﬂ)] , (4.44)
neA
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where A\, are the eigenvalues of the transversal Laplacian on one-forms on 3., indexed by
ne€ A4, and 4" collects the non-zero modes. To reach the last equality we have used the
spectral properties of the Hodge Laplacian. We will give this quantity a special name:
1/2
_1
ns(@) = | [T a2 (1=¢"™)| (4.45)

neA

as it serves as a four-dimensional generalisation of the Dedekind eta function. Putting
everything together, the partition function takes the very simple form:

Ox(q,t)
Z|S! x Bt = =22, 4.46
{ } Nx(q)? (4.46)
where
Os(q,t) = > ¢, (4.47)
n,mezb1(®)

is a generalisation of the Siegel-Narain theta function (that depends on the topology of
Y}). Observe that this form of the partition function exhibits a remarkable similarity with
the two-dimensional formulas of section 3 (in particular with eq. (3.30))! We will see, in
the following section, that this partition function can, too, be interpreted as an extended
character; an extended character of the higher-dimensional current algebras of section 2.

4.3 Current algebra and the spectrum

We now shift gears from the path integral and turn to the current algebras of section 2. In
keeping with the previous section, we will focus on the p = 1 incarnation of the current
algebra eq. (2.24) and expand it in modes, to obtain the algebra of the individual modes. This
will allow us to construct representations of the current algebra, and will lead, eventually,
to identifying the exact Hilbert space of Maxwell theory on any compact spatial slice in
terms of the representations of eq. (2.24). Finally, we will compute the characters of the
aforementioned representations and show that they reproduce exactly the path integral
expressions for the partition functions of Maxwell theory.

The starting point is the current algebra eq. (2.27):'

(@%.QL,], = +k / AT A dAE, (4.48)
X
where we remind the reader the definition of the codimension-one charges:
QS = / JEAAT, (4.49)
by

with J* being the self- and anti-self-dual conserved two-form currents, eq. (2.14), and AT
the chiral and anti-chiral one-forms, eq. (2.17), while the (not necessarily integer) level k
is related to the coupling constant of Maxwell theory as

2
g T

k = — = —, 4.50
2 Imt ( )

YHaving allowed for a topological theta term, the phase space variables that led to this algebra are slightly

different. It is straightforward, however, to repeat the calculation with a theta term to show that the algebra
is unchanged.
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The strategy to obtain a mode algebra is to expand the (pullbacks on X of) the forms
J* and AT in terms of a suitable basis. Such a basis is given by the eigenforms of the
Hodge Laplacian, A,. However, since J* is closed, it will only have overlap with the
longitudinal eigenform components of the two-form Hodge Laplacian. Relatedly, due to the
gauge invariance in defining the charges, up to a shift of AT by a closed form, AT has overlap
only with the transversal eigenforms of the one-form Hodge Laplacian. As such, we consider
the (orthonormalised) basis of transversal one-forms on ¥, given as

B (D) = {gn € QD) | Dign = At} (4.51)

nGJVL’

with U; and .4 defined like in section 4.1. It is easy to see, that a basis for the longitudinal
two-forms is given in terms of *xon:

2 o 2 _
B(E) 1= {xupn € QXD | Digpn = )\nd)n}ne/iﬁ_' (4.52)
Therefore we expand:
AT = D" Ao, (4.53)
neAN|
HJE = Y JE s on. (4.54)
neA|

In this basis, the current modes define individually conserved currents. In other words:

Qf=Qt. =Jt (4.55)

" ATe, TN

These current, or charge modes obey the following algebra, folowing from eq. (4.48):

[Qn, Q] = £k (¢n, *dom)y - (4.56)

There exists a basis which diagonalises the above mode algebra. Let us focus, momentarily,
on the non-zero part of the spectrum. On a three-dimensional closed manifold, [J; is the
square of another self-adjoint operator, the Beltrami operator: xd. The spectrum of xd
consists of +v/A\,. The eigen-one-forms of xd, and their Hodge stars provide bases for
coclosed one-, and closed two-forms respectively, which simultanesously diagonalise [1; and
O := Aglyerq- These two bases and can be used to diagonalise eq. (4.56). While, generically,
the spectrum of [J; is simple, meaning that there are no degeneracies of eigenvalues [74], for
many of the physical applications we have in mind, and more importantly, in the case of this
paper, for the state-operator correspondence of section 5, we are interested in products of
spheres. In such cases the spectrum of [J; is actually twofold degenerate (cf. appendix A).
Equivalently, both signs of +1/)\, appear in the spectrum of xd. We proceed in the main
text with this assumption, in order to connect smoothly with section 5, and we treat the
generic case in appendix B, where we show that the results of this section remain unchanged.
With this disclaimer, we proceed with the basis:
o=%

nEK/VL*7 (457)

”Vj(Z) = {QbOi, ¢na € QI<Z) ‘ *d¢na = U\/xqsna}
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and its Hodge dual. In the above we have also included all the zero-modes of [, ¢g;, induced
by those of A1. The number of zero-modes is dimker Ay = by (X) = by(3). Moreover, we
have taken this basis to be orthonormalised. In this basis, i%J* and i&AT read

ba(¥)
BT =D Jirs doit+ Y. T *s bnos (4.58)
i=1 neA
o=%
b1(¥)
AT =Y Afigoi+ Y AL *x dno, (4.59)
i=1 ncA
o=+

where .#* denotes the non-zero part of the spectrum. As before:
+._ _ 7*
Qu = QAéﬁm = Jy, and (4.60)
Qo= Qg = (451
The algebra of the modes Q- is

[ nim Qi‘r] =+ko m5nm607- (4.62)

This is a direct four-dimensional analogue of the two-dimensional (1) x u(1) Kac-Moody

algebra eq. (2.26). Before moving on, let us note that we can redefine the modes as*’

Ant = Quy, and Al = QF,. (4.63)
This redefinition reduces the current algebra to a collection of harmonic oscillators:

[Ane, Al | = kv AaGambor, (4.64)

and makes the quantisation of Maxwell theory on arbitrary spatial topology an exercise
in quantum mechanics.
We now proceed with quantisation. The Hamiltonian on ¥ is simply

. 1 2 2
ts = 5 5 (IBIE + 1BIE). (4.65)

where the electric and magnetic fields, E and B, are defined in terms of pullbacks on 3,
of xf and f, respectively, in the usual fashion. The underlying current algebra of Maxwell
theory allows us to write the Hamiltonian in a Sugawara form. In particular, expressing
E and B in terms of the modes A,(L), we have

1 72 1
Hy =1 > QGQu+3 > AloAn + Eo, (4.66)
i=1 neAs
o=+

2ONote that in Lorentzian signature, the projectors take the form P = %(]1 + ix). Demanding that the field
strength, f, be real implies that J* = JT, where the overline denotes complex conjugation. Therefore, QF, is
indeed the Hermitian conjugate Q.
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where Ey = %Znﬁ VAn, is the (potentially infinite) vacuum energy. The Hamiltonian is,
then, that of a countably infinite collection of harmonic oscillators, with creation (resp.
annihilation) operators -Azi (Ans), raising (lowering) the energy by v/A,. From here on,
the story follows closely its two dimensional analogue of section 3, with slight differences
that can all be traced back to the different self-duality properties of middle forms on 4n-
versus (4n + 2)-dimensional manifolds.

The zero-modes, Qa[i, commute with the Hamiltonian and their eigenstates have a
distinguished role. Let |j), be such a state, with

Gl =il ie{l (D)) (4.67)
that is of highest-weight. Namely, all lowering operators should annihilate the state:
Ant i) =0,  ner (4.68)

These states are, then, the primary states of the current algebra eq. (4.62). Similarly to
the two-dimensional case, flux quantisation determines the eigenvalues j,i For any 2-cycle
Cuyi € Hy(X), the magnetic and electric fluxes are quantised:

Prag = fe2rz, (4.69)

Pelec = feornz. (4.70)

In the above, f is the magnetic dual field strength, which, in the presence of a theta term,
is given by [75]:

f:=Ret f+ilmt *f. (4.71)

At the quantum level, we demand that the flux quantisation holds inside expectation values,
ie. (j|Pmaglj) € 2nZ and (j|Pelec|j) € 2nZ. It is clear that only the zero-modes contribute
to that expectation value. This fixes exactly the charges, ]Ii A few lines of linear algebra,
to switch from the orthonormal basis with which Jgi[ were obtained to the topological basis,
which is the natural basis for harmonic forms, show that

J(n +tTm)

.+ .
=+
J m Imt

(4.72)
In the above we combined j& into a by(X)-dimensional vector j=. Moreover, n and m
are bo(X)-dimensional vectors of integers, t* := Ret £ ilmt, and the matrix J satisfies
2 = Gg) = %E, in terms of the “energy” matrix, defined below eq. (4.34).2! Since the
eignevalues of the zero-modes are determined in terms of the vectors of integers, n and m, we

21Gince J is a square root of the energy matrix, the reader might worry about the sign of the square
root of each diagonal entry. This is immaterial, however, since the sign can be absorbed in a sign-flip of
the components of n and m, which simply results in a reshuffling/relabelling of the different sectors of the
Hilbert space.
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will henceforth denote the primary states, |j), as |n, m). These states have an energy, above
the vacuum energy, that can simply be determined by acting with the Hamiltonian to be

Hs |n,m) = Ap |0, m), (4.73)

with

1(n+tm)' E (n+tm)
2 Imt '

Note that this is the exact same formula as eq. (4.38). This is not a coincidence. We will

Apn = (4.74)

clarify the relation between the instanton sectors and the current algebra primaries, in the
next section. But first we should finish constructing the Hilbert space.

The remaining states are obtained by acting on |n,m) with the raising operators, A:r,i.
This results in a Verma module, Vp, m,, spanned by |n,m) and its descendants:

o (Nog)7=5.) o= TT (Aly) ™ Inom). (475)
"

where N,, are positive integers, indicating how many times each creation operator acts, to
obtain the desired state. The energy gap between these states and the ground states, at
the bottom of the Verma module, is

Engy = Y. NaoV/An. (4.76)
nes
o=%
Finally, as a matter of convention, we choose the states such that states at different level
are orthogonal, and each state has unit norm, (n,m; { Ny }n, m; {Mns}) = 0in,,1 (Moo}
Moreover, states at different topological sectors are orthogonal by construction. Finally, the
full Hilbert space of the theory, is simply a direct sum of the Verma modules:

He= P Vam (4.77)

n,mezb2(¥)

To complete the study of the representation theory of our current algebra, what remains
is to compute the characters of each of the Verma modules: chy, ,.[q] = try, . ¢. We
have already performed the difficult task of calculating the energies, so all we have to do
now is sum them. This yields, at first:

1 0
chyld = | T @™ | TT X "™ |, (4.78)
ne nEN} No=0

which, after resumming the geometric series, becomes

qAn,m

= @ (4.79)

chy, ,.[q]

In the last equation we used the definition eq. (4.45), of the four-dimensional eta function.
The nx(g) term is resumming the contribution of the descendants, while the gAnm term is
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capturing the contribution of the primaries. Finally, summing over the Verma modules yields
an extended character of our current algebra. All the descendants give the same contribution,
while for the primaries we have to sum all their contributions. This gives:
Ox(g;t)
chlq] := chy, . lg) = —=5-
2 ’ ns(q)?

n7mEZb2 ()

(4.80)

Comparing with eq. (4.46), we see a remarkable identification of the S! x ¥ partition
function, as computed through the path integral, with an extended character of an infinite-
dimensional algebras:

Z[S}; x z;t] —chlg], gq=e". (4.81)

Let us comment on this result. Identifying the nome with e?, gives a physical meaning
to the character, chlg]. It is simply a thermal trace over the Hilbert space over ¥. From
this point of view, it ought to reproduce the path integral expression. It is known, however,
that there are subtleties in matching the two quantities. The compatibility of the manifestly
covariant path integral formalism with the manifestly unitary canonical formalism has been a
source of confusion [76-79], ultimately resolved in [80] by arguing the form of the canonical
partition function. Our formula eq. (4.81), provides a more explicit manifestation of Donnelly
and Wall’s unitarity proof [80]. Recovering unitarity is an important point, as it was a
crucial ingredient for the photonisation argument of section 2, which ultimately led to the
higher-dimensional current algebras.

It is interesting to keep track of which quantity is mapped to what in the identification
eq. (4.46) = eq. (4.80). In eq. (4.46), the Theta function stems from the sum over instantons.
This counts, effectively, insertions of Wilson-"t Hooft operators in Maxwell theory [75]. On
the other hand, on the canonical side, the Theta function comes from the primary states.
Both of them are subsequently decorated with oscillators that give rise to the eta functions.
This story is pointing at a special connection between the spectrum of operators and states
in Maxwell theory, which we shall explicate in the following section.

4.4 The spectrum on S? x S!

Among all three-dimensional topologies, of particular interest to us is ¥ = S? x S!, for reasons
that will become evident in the next section. Here we briefly specialise the generic results
of section 4.3 and collect the relevant formulas, for the case of S? x S!.

First, the geometry. Using a Weyl rescaling of the spacetime metric, we can set the
radius of S! to be unity and the only parameter is the radius of the sphere, or, really, the
dimensionless ratio of sphere over the circle radius, which we will denote as rg. We will
refer to this spatial slice as X,,. Its metric is:

ds%r0 =72 (d92 +sin? 0 dapQ) +dn?, (4.82)

where 0 € [0,7) and ¢ € [0,27) are coordinates on the sphere and n € [0,27) is the
coordinate on the circle.

As we review in appendix A, on S? x S! there is a single zero-mode of the one- or the
two-form Hodge Laplacian. The rest of the modes are labelled by the angular and magnetic
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quantum numbers, £ and m, on the sphere, and the momentum, k on the circle, as well as the

Beltrami label, o = 4. The eigenvalue of the Laplacian of a mode labelled by n = (¢, m, k) is
{41

M(ro) = PN 2 (4.83)

0

The Hamiltonian on this slice reads:

1 _ 1
Hy, = EQ(T Qo+ > Al A + Ey. (4.84)
n=(¢,m,k)
o=+
The primary states, are labelled by two integers: |n,m), with n,m € Z. The unique

harmonic two-form on ¥,, (normalised as in eq. (3.5)) is
7 = L sin?0df A dp, (4.85)
47

and yields G(EQBO = (27“(2])_1. This gives, via eqgs. (4.72) and (4.74), the charge and the energy
of the of the primary states, as:

1 n+tftm

4 .
= +7i , and 4.86
J V2rg Imt (4.86)
T |n+tm|?
A — 4.87
v r2 Imt (4.87)

respectively.?? The rest of the states are just obtained by acting with creation operators, like
in eq. (4.75). For example, the first excited states are obtained by acting with AEU, with
n= (1,m,0) or n = (0,0,1) depending on the value of ry and have energy
V2
E17m70(7‘0) = — and E07071(T0) = 1, (488)

7o

above the ground-state energy, respectively.

5 The state-operator correspondence

We now have all the ingredients to arrive at the culmination of this paper; the nonlocal
state-operator correspondence. While the matching of the partition function and the current
algebra extended character is valid on any connected, closed, torsion-free, orientable three-
manifold, for the state-operator correspondence we need to choose a specific manifold. In this
paper, we will only treat the easiest case, deferring more complex cases for future investigation.
We restrict ourselves with the topology ¥ = S§? x S!.

The picture we have in mind here is the following. States on Hyx are prepared by a path
integral on a manifold whose boundary is ¥ = S? x S!, with various operator insertions, which
we will clarify momentarily. Besides local operators, four-dimensional Maxwell theory is host

22This formulas may look funny, on dimensional grounds, but remember that rq is a dimensionless parameter.

To reinstate dimensionful parameters, the energy is proportional to the Gram matrix, which, in this case, is
vol(circle)

Tol(sphere)’ which has the correct dimensions to be an energy.
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Figure 2. The nonlocal state-operator correspondence. Any state on S? x S' can be prepared by a
path integral on B3 x S! with a line operator, 5(81 X {0}), at the centre of the ball, wrapping the S'.
The state then evolves in time on the Lorentzian “cylinder” R x S? x S!.

to a plethora of line operators (which we classify in section 5.1). We place these operators on
the S!. This leaves us with filling-in the S? to obtain a three-ball, B3. As we will see, the
path integral on Y := B3 x S!, with line operators inserted on S' x {0}, where by {0} we
denote the origin on B?, produces all the states, eq. (4.75), of Hy, that we described above.
See figure 2. In notation similar to section 3 we denote these states as

L) = - Dae 59 £(s! x {0}), (5.1)

where L is some line operator, and C[-] is, again an appropriate functional space over Y
(now encapsulating information about gauge equivalent configurations), pending additional
input regarding boundary conditions on dY. Once boundary conditions, say a(9Y) = ag,
are imposed, the path integral eq. (5.1) produces the wavefunctional

Velag] = (as|L) . (5.2)
Here we will show that these states reproduce the Hilbert space of section 4.3 entirely.

5.1 Line operators

First we outline the possible line operators in our disposal. Since in pure Maxwell theory there
are no local charged operators, the only gauge-invariant line operators must be supported
either on closed loops or infinitely extending lines. In what follows we will only consider closed
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loops (which we will denote as ), as we are dealing with compact spaces. Infinitely extending
lines can be obtained as a limit. The basic kind of line operator there is, is a Wilson loop:

W, (v) = exp(in La), n € Z. (5.3)

These operators are electrically charged under the one-form symmetry of Maxell theory, which
served as the starting point of photonisation (cf. section 2). In particular, if

Ug«lec 1= exp (i/c*f>, (5.4)

is the generator of the electric one-form symmetry, where C is a closed two-dimensional
surface, Wy, (y) carries charge n:

2rin

o W) = o2

Link(C, 'y))Wn(’y), (5.5)

where Link(C, ) denotes the linking number between the closed surface C' and the loop +.

Furthermore, there exist magnetically charged line operators. As we explained in section 2,
and as is well-understood in Maxwell theory [17], there is also a magnetic one-form symmetry,
with generators (in the absense of a theta term)

Up™® = exp(i/cf>. (5.6)

The operators charged under this symmetry are 't Hooft loops. In the electric presentation
of the theory these are described by excising a loop from spacetime, providing boundary
conditions for the gauge-fields that fix the value of [ f on a thin tube surrounding the
loop. They can be written more compactly, however, in the magnetic presentation, where we
exchange the gauge-field for a magnetic gauge-field, d, whose curvature is f = Ret f+ilmtxf.
The ’t Hooft loops become, in this presentation, Wilson loops for the magnetic photon:

tHyp, () := exp <im[yd), m € Z, (5.7)

and carry “electric” charge in the magnetic presentation:

Imt

, omim [t|?
exp (1/ *f) tHp, () = exp<7T1mHLink(C, ’y)) tHy (7). (5.8)
C
In the original, electric, presentation, they carry magnetic charge:
U™ - 'tHp (v) = exp(2mim Link(C, 7)) "tHy, (7). (5.9)

In the presence of a theta term, they also carry electric charge, due to the Witten effect.
This is given by:

U - tH,, (7) = exp (27Tim iniz Link(C, 7)) "tHpn (7). (5.10)
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More generally, we can consider dyonic, or Wilson-'t Hooft, line operators labelled both
by an electric and a magnetic charge:

an(fy) = exp(in/a+im/d>, n,m € 7. (5.11)
¥ ¥

Simultaneously, we will combine the one-form symmetries into their irreducible, self- and

anti-self-dual, incarnations, as in section 2:

Ug = exp(i/CJi). (5.12)

The Wilson-"t Hooft lines carry charge under Uét as:

t:i:
UE W = exp <ﬂﬂ“+m

Link(C, fy))an (5.13)

These are the basic, or primary, in a sense to be made precise below, line operators. But
this is not the complete story. We can obtain composite, or descendant (in the same to-be-
made-precise sense) line operators by smearing functions of gauge-invariant local operators
on 7. The only gauge-invariant local operators in our disposal are polynomials of (derivatives
of) J*. An unambiguous way to smear the local operators over the basic line operators, is to
excise an infinitesimal tube around , i.e. an S? x ~, on which we spread the desired local
operator, and shrink it onto « by taking the limit ¢ — 0. This is completely analogous to
how disorder operators, including the aforementioned basic 't Hooft loops (in the electric
presentation), are defined in quantum field theory. Using the mode expansion of J* on
a three-dimensional surface eq. (4.58), and the OPE of the currents we can convert the
complicated local operator into sums of powers of the modes, J, of J*. A sketch of this
construction, for a specific operator, is shown in figure 3. In the next few sections we will
make this picture precise.

5.2 Radial evolution

A crucial feature of the Hilbert space on S? x S!, is its Verma module structure under the
Kac-Moody algebra. In order to reproduce this structure, via a path integral on ¥ = B2 x S,
we need to find an expression of the current modes, Jf, that can be inserted in the path
integral. Key to doing so is solving the self-duality and conservation equations, for J* on
Y. We take the metric on Y to be,

dsy = dr? + r? dsg> + dsi,, (5.14)
—_———
I

2
dsz,
~T

i.e. we fix the S radius to be one, throughout, and label the spatial slice where the S? is of
radius r € [0,79] by X,, where ¥,, is the slice on which the states, in section 4.4, are prepared.
With these conventions, it is useful to decompose the currents as,

JE=draJi+ 5, (5.15)
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Figure 3. An example of descendant line operators. On the left-hand-side of the equation, a small
tube (depicted in blue, modulated to indicate different “density” along the circle) of the operator J*
smeared over a function, «, surrounds the curve v which supports a Wilson-’t Hooft line. On the
right-hand-side is the result of shrinking the tube on the line, namely a series of new, descendant,
line operators.

where Jf € Q1(%,) and Jzir € Q2(%,). In this decomposition, the self-duality equations,
*xyJE* = £J%, are expressed as a relation between J, + and J;r:

JE=txJ5 . (5.16)

Here, and in the following, we denote by *,, the Hodge star on ¥, induced by the metric
on the slices. Moreover, from the conservation equations, dJ* = 0, we read a Gauss law
and a dynamical equation controlling the radial evolution of the current. The Gauss law,
written equivalently in terms of Jgr or J¥, using eq. (5.16), reads:

dJi =0 & dlJF=o0. (5.17)

The bold differential, d, denotes the differential on ¥, and the codifferential is defined with
respect to the Hodge-star on X,. Similarly, the radial evolution equations both in terms
of J; and J read:

O dg, Fdm Ji =0 & %0 % J5 Frd]t =0 (5.18)

As explained in section 4.3 and appendix A, Ji, as a closed two-form, can be expanded in
the (orthonormalised) basis, ”//” (3,), given by eq. (A.25), of Hodge-duals of eigen-one-forms
of the Beltrami operator on ,:

J%:T = Jét( ) xr Go(r) + Z ) % Gno (1), (5.19)

neA
a::l:

where we now explicitly denote the dependence of the coefficients, Jni(r), and the basis
forms, ¢ns(r), on r. Plugging this expansion into eq. (5.18), yields a system of first order
ordinary differential equations for the coefficients:

0T () + LI (r) =0
0,721 + [AE()], T () = 0,

(5.20)
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together with boundary conditions fixing Ji (o) = Q3, and Ji£ (rg) = Q. These are
precisely the modes that were used to build creation and annihilation operators on X,,. Note
that this differential equation factorises modes of different energy, i.e. different n, but mixes
modes on the o7-plane which we shall call the Beltrami plane.

The differential equation for the zero-mode, can be immediately integrated, yielding
o
Jo(r) =22 Q5. (5.21)
For the non-zero-modes, the matrix AF(r) is given as

[A;t(r)]m— = <¢naa *rar *r ¢n7> + <¢n07*rd¢m-> . (5.22)

We provide details about the explicit construction of the basis #(X,), as well as all the
entries of the matrix AF in appendices A and C. The solution of the above equation takes
the form of a radially ordered integral:?3

Jao(r) = [Ug (r,70)] ,,Qnr, with (5.23)
UF(r,rg) := Rexp </r0 dr’ Af(r)) (5.24)

Altogether ‘]letr reads, then
= QF T w 60(r) + Y Qi [UE (170)] ., % B (1): (5.25)

For illustration purposes, let us concentrate temporarily on a subfamily of the basis
¥ (3,), returning subsequently to the general case, deferring the details to the appendix. This
subfamily concerns the eigenforms with no momentum along the S' of ¥,, i.e. the one-forms

—1/2
brnalr) = = (% an+o( ) s acwa, dn)) . (5.26)

In the above, Wy,,, are the real spherical harmonics, normalised on S?, with £ and m the usual
angular momentum and magnetic quantum numbers, with ¢ = 0, and 7 is the coordinate on
S'. One can check that these are orthonormalised eigenforms of the Beltrami operator on

1/2
Y, with eigenvalue U(%) / . For this family the matrix AF(r) becomes

1 (1F2/0(0+1) 1
AF (r) = 2r< . 1i2\/m>‘ (5.27)

In this case Afm(r) commutes with itself at different radii so the radially ordered exponential
reduces to a regular exponential, yielding, finally as solution

r\ (120 F 200+ 1) 1
(m) 1 1+20+2 /0001 1)

PN\ (14204200 +1) ~1
+<To> -1 1+20F 2000+ 1)) |

23That is, simply, a time-ordered integral, with the radius playing the role of time.

1
Uin(r:70) = 535

(5.28)
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Let us return to the general case. With the solutions egs. (5.21) and (5.23), we can
equivalently express the operators acting on ¥,, in terms of the fields J*, as

Qy :/z %(be(?“) NI (5.29)
5= [ OECr) dur ) 1 (530

Note how, as they should, the modes Qfﬁ (where ¢ stands either for 0 or no), are actually
independent of . In other words, connecting to the discussion of section 4.3, [U;E (r, ro)_l -i(r)
provide a basis of (anti-)chiral one-forms on Y:

Pid(U (r,70) 1-(;31(7”)) =0, (5.31)

subject to a gauge condition. In this case, the natural gauge condition is given by the
Coulomb gauge, that they lie in the kernel of d x; g, .

Knowing the expression of the charges in terms of the field content, we can now obtain
how such charges act on states, |£), of the form eq. (5.1). We simply perform the path
integral inserting Qf[ on a small ¥, and perform the OPE with the path integral insertion
sitting at the centre, sending subsequently r — 0:

QF|C) =lim [ DaeSH / UE(r,r0) - i) n J5 x £(8" % {0}), (5.32)
r—0 Cl-] PO T
where, in eq. (5.32), only smooth configurations of Jgr contribute, for the same reasons
as in section 3. This is a direct four-dimensional analogue of eq. (3.39). The behaviour
of this insertion as r — 0, requires some clarification. Let us illustrate the situation for
the empty state:

1) = - Dae ., (5.33)

The radial evolution matrix, UF(r,rq), gives rise to a smooth mode, behaving as

~ (:0)Z (5.34)

at the origin, r — 0, and a divergent one, behaving as

N (7;)4_1. (5.35)

In order to single out the configurations of the currents that contribute to the path integral,
we must project out the divergent modes. This is implemented by the projector to the kernel
of UF(0,79), which we will denote as IIF.2* Therefore, the part of Ji that contributes
in the path integral has an expansion:

+ + 70 =+ +
Js. = Qy — % $0(r) + D Qo o [Un (r,70)] ., %1 (7). (5.36)
smooth r _ n,o,p,T
~rsin 0 dpAdo basis of smooth two-forms

%4 Note that UF(0,70) from eq. (5.28) (cf. also appendix C) has rank 1, reflecting precisely the fact that
there is a smooth and a divergent mode.
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From this it immediately follows that the empty state is uncharged:

1) — 1 —Sla] r + _
Qy 11) ll_I}(l) C[.]Dae /Er 74()(;50(7“) Ng =0, (5.37)

as the smooth part of Ji goes to zero at » — 0. The action of the non-zero modes is
also straighforward:

Qi 1) = lim / Da ¢Sl /
r—0.Jc[ ] o

where here, and henceforth, repeated indices {0, 7,...} on the Beltrami plane are contracted.

U070 nr ()5, = [, Dae™ W I Q. (5.39)

From this it follows that, if v is any vector in the image of UF(0,rp), i.e. orthogonal to
ITF, the combination vE Q= annihilates the empty state:

+ H=*
Uno@no [1) = 0. (5.39)

This behaviour is in fact general. This linear combination of charges will take the role
of annihilation operators, for path integral states, with its Hermitian conjugate becoming
the new creation operators.

5.3 Squeeze, squeeze, squeeze

Let us make the above intuition precise. As before, we take v to be a vector orthogonal to ITF,
+ . *
II; - vy =0. (5.40)

Of course, since Hﬁc is a rank-1 projector on a two-dimensional plane, v,jf is unique, up to
rescaling and a global phase. We will take v to be such that

W5 o, 0vE =41, (5.41)

n

where o, is the Pauli z-matrix. With this choice of v?ﬁ, it is straightforward to check that
the operators

B+ = UrzmtaQnia = Uni:t-Ani +Urj1[:|t-’41:p (5.42)
- = _ =% —~t ’
Br]::l: ‘= Ungy n¥0' - vn:tAlT\:t + vn:F'An:F’

where the overline denotes complex conjugation, satisfy the correct Kac-Moody algebra
of ladder operators:

[BM,BLT] = ky/An(70)nmOors (5.43)

with all other commutators vanishing.
Notice, however, that eq. (5.42) is a Bogoliubov transformation. The new set of oscillators
can be obtained by a unitary transformation of the old oscillators:

6n(vn)Ani6:ﬂ(vn) = B,+ and

5.44
Gn(Tn) AL S (T0) = B .. (41
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The operator &, (v,) is known as a squeezing operator, and in particular as a as non-separable
two-mode squeezing operator [81-84]. Its explicit form, in terms of the original set of oscillators,
follows by an application of the Baker-Campbell-Hausdorff formula, and is given as:

6n(vn) = exp(—pn (eiEnAL_A:f]_ - e_iEnAn+An7>) exp (iwn+v4;r1+v4n+ + ii/)anLAnf),
(5.45)
where pn,&n, ne € R are related to v as

v, = e+ cosh(py)

vrj,E:F = el(¥ne+&n) sinh(pn).

(5.46)

Apart from the phases ¢+ — which are nevertheless necessary to capture the correct vectors

+

=~ — this corresponds to an su(1, 1) squeezing transformation.

v
A salient feature of squeezing transformations is that applying the squeezing operator

to the a ground state of the original set of operators,
Ant|0) 4, =0, (5.47)
yields a ground state of the new set of operators. Namely, the state
0)5, = Sn(vn) [0) 4, , (5.48)
satisfies
Bni 10)z = 0. (5.49)

These states are known as squeezed vacua. Excited states can be built in the standard way,
by applying creation operators of the new set of modes on the squeezed vacuum. They are
related to the excited states of the original set of modes by a squeezing transformation:

Bl 0)s = Gn(vn)AlL |0) 4 (5.50)

In other words, they remain squeezed.

Finally, recall that our setup involves infinitely many modes. Demanding that the new
ground states are annihillated by Bh+ for all n € 4", identifies it with an all-mode squeezed
state that is only pairwise non-separable. In other words there exists a squeezing operator
acting on all modes defined as:

shorthand

6({Un}newf) = H Sn(vn). (5.51)

net

for

Note here, that there is no ordering amgiguity in defining &, as modes at different levels
commute. It is for the same reason that it also acts on each energy level separately, i.e.

GAniGT = B+, “ne N, (5.52)

without mixing ladder operators at different levels. As a consequence, there are all-mode
squuezed vacua

0) :=60) 4, (5.53)
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annihillated by all B modes,

Byt |0)s=0, “ne AT, (5.54)
where |0) , is the ground state annihilated by all A modes,

Ant]0) 4, =0,  "ne A (5.55)

As an explicit illustration of this construction, let us focus again on the family without
momentum on the S!, corresponding to n = (£,m,0), and governed by the evolution matrix
eq. (5.28). The magnetic quantum number, m, does not enter any of the formulas, so
we will suppress it, denoting the modes just by the angular momentum number, ¢. The
Bogoliubov coefficients are given by

1 Vi+VE+1
v = (5.56)
200004+ 1)) " \VE -Vl +1
i VE—VE+1
v = (5.57)
2000+ 1)) \VE+ I+ 1
corresponding to the squeezing parameters
1 f+1 37
po=qlog(“r) G=m we—m and g = (5.58)

This yields a two-mode squeezing operator as:

Se(ve) = exp( log(f * 1) (A .AL - AZ.Ag_)> exp (177 <AE+A5+ + gA}Ae_>>.
(5.59)

5.4 The correspondence
After this interlude on squeezed states, we return to line operators, and the states they prepare,

via the path integral. First we consider the states of the Wilson-"t Hooft operators, eq. (5.11),

(Wam) = [ Dae ™l W, (8! x {0}). (5.60)
cl]

Let us see the action of the charges on these states.
Starting wit the zero-mode, we have:

QF (W) = hm/ Dac= [ Do) n JE x W (S'x {0}).  (5.60)
. T0 "

We will need the OPE between J%T and the Wilson-"t Hooft loop. In fact, here we will only
need the Wick contraction, as all the regular terms are bound to vanish, by regularity of
the rest of the zero-mode integrand. The desired OPE is:

T X Wi (S! x {0}) ~ (in<J§T /Sl a> +im <J§T /Sl é>)wn,m(sl x {0}),  (5.62)
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where the twiddle indicates that it is considered up to regular terms. To continue on we will
need the two-point function of the gauge-fields on R? x S'.25 Parametrising R? by coordinates
x and the circle by an angle, n, the two-point function reads:

4 G sinh [|z|

(0,0)) = _dependent terms. .
(au(z,n)a,(0,0)) Tt [z (cosh ]| — cos7)) + gauge-dependent terms (5.63)

Integrating one of the gauge fields on the circle, to get the holonomy, and differentiating
the other one to get the current yields immediately:

Lo ) (o)) =+ e e

From here, electric-magnetic duality implies

(L mmo ) (L)) =+ Fmime (09

and therefore, finally:

.1 n4+ttm

Compare this to eq. (4.86). The state |W,, ) has exactly the same zero-mode charges,
as the Kac-Moody primaries |n,m). It is tempting, therefore, to identify the Wilson-t
Hooft state with |n,m).

This is almost the right answer. To iron out that almost we need the action of the
non-zero modes. First, note that the OPE eq. (5.62) cannot give any singular contribution
upon integrated against any of the higher-modes. The reason is, simply, that <J§r Jst a>

and <J§ET Js1 a> are proportional to the volume form on the sphere. But the one-forms
on(r), that it will be integrated against, are periodic on the circle. Hence the net answer is
zero. Therefore, as far as non-zero modes are concerned, the OPE produces only regular
contributions. We are therefore in the same territory as for the empty state that we discussed
previously. Hence again we have that

Bot Wom) =0,  “ne s (5.67)

This is the precise sense, in which Wilson-'t Hooft lines are primary operators. They have
definite one-form charge, and the states they generate are primary states of the Kac-Moody
algebra eq. (5.43), sitting at the bottom of the Verma module labelled by n and m.

Reconciling the above fact with our digression on squeezed states, the Wilson-"t Hooft
lines correspond to squeezed primary states:

(Wom) =6 |n,m). (5.68)
Inverting this relation, we have, equivalently that the vacua |n,m) correspond to:

n,m) = &' [Wom) = [ Dae 56 &TW,, (8! x {0}), (5.69)
e[ ]

25Remember, we are taking this OPE in the limit » — 0, so the three-ball, ]Bfo is identical to the whole R3.
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where GTWn,m denotes the line operator obtained by shrinking & — expressed in terms of
the currents — onto the Wilson-'t Hooft loop, a la figure 3, or equivalently via the OPE:

S Wy (SI x {o}) = lim &[J5 | x Wi (Sl x {0}). (5.70)

Let us pause here to comment on the ground state, i.e. the state |0,0), of zero energy.
By the above discussion, it corresponds to the operator

0,0« &H(s!x {0}), (5.71)

This is clearly not the identity operator. In one sense, it is almost the identity operator, as
this is the only primary line operator it sees. It is completely transparent to the one-form
charges. However, it is also as far as one can get from the identity operator as it contains
photon excitations of arbitrary frequency — indeed, of all frequencies. This was, to some
extent, anticipated in [26], where it was shown that, in a generic CFT, the identity operator,
cannot prepare the vacuum state on the torus (or generally, on any spatial slice other than
the sphere). Our result is consistent with that statement, while still tractable in this example.

Continuing on, and moving up in the Verma module, all the other states can be reached
by acting with B! nt on the squeezed primaries, i.e.

‘ana{Nno—}neA/*> = H (BIJ)NM (Wi,m)

ne:ifif
= C[']Dae—S[a] ngﬁ (BIU)NnJWn’m(Sl y {0})‘ (5.72)

o=%+

The modes B,+ and B! n+ can be written, in terms of the local operators J + as
Bas (8" x {0}) = lim / vE [UZ(r, ro)};qum(r) NIE, (5.73)

(Sl X {0} = hm/ Upey (U (7, To)]aTqbnT( ) A Jzir, (5.74)

respectively. Acting them on Wilson-"t Hooft operators gives precisely the descendant operators
that we discussed in section 5.1. They are related to the descendant states eq. (4.75), by
a squeezing transformation. For example, a single excited mode is

Aty [n,m) = SBL, (W) = / Dac S &1l W,,W (S x (0}),  (5.75)

and similarly for the higher-excited states.

To recap, we have just constructed a one-to-one map between line operators on R? x S*
and states on S? x S!. The line operators that we have in our disposal are the Wilson-"t Hooft
lines and modulated versions thereof, i.e. smeared with modes of the basic gauge-invariant
operator, f, or equivalently J*. Each different allowed smearing, that is, each different
smooth configuration of J* gives a different state. The Wilson-"t Hooft lines are the primary
operators of the Kac-Moody algebra. Modulated operators are their descendants. They
prepare states on S? x S!, that are orthonormal and span the entire Hilbert space. These
states are related to the standard energy eigenstates on the Hilbert space by a squeezing
transformation. This map is displayed in figure 4.
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0,0) o &H(St x {0})

In,m) e~ STW,, o (ST x {0})

Al n,m) e GBI W (S! % {0})

Figure 4. The states and their corresponding operators. (Top) The squeezing operator, &' (S* x {0}),
containing photons of all frequencies, represented by a rainbow-coloured line prepares the vacuum
state. (Middle) The squeezing operator, surrounding a Wilson-'t Hooft line of charges n,m prepares
the primary state |n,m). (Bottom) The squeezing operator, on top of the mode BIi on top of a
Wilson-"t Hooft line prepares the descendant A |n, m).

Energies and overlaps

In this last paragraph, we will, briefly, compare the squeezed states we have arrived at to
the energy eigenstates. We begin by calculating the average energy of the squeezed primary
states |W,,m). A quick computation shows that their average energy is

<Wn,m‘HEr0 ‘Wn,m> = An,m + EO,G(TO)a (576>

where

Eoe(ro) = _ sinh?(pn)y/An(ro). (5.77)

n,o
is essentially measuring a zero-point energy, which has to do with the fact that the Hamiltonian
Hy _ is not normal-ordered with respect to the new set of ladder operators. More importantly,

0

2
T n+tm

— 5.78
’ 27"(2) Imt ( )

is the same as the energy of the (unsqueezed) primaries eq. (4.87), as well as the instanton
weights in the path integral eq. (4.38). This property reflects and refines the observation
of Verlinde [34] and the argument of Kapustin [33], that the Wilson-"t Hooft lines have a
quantum number A,, ,, akin to a scaling weight.?

For the first excited states, an elementary computation reveals their average energy

(W Boo Hs, Bl W im) = A + (cosh®(pn) + sinh?(pn) ) \/An(r0) + Eo s (o). (5.79)

26Do notice, however, that these are not the eigenvalues of the dilation operator of the theory under consid-
eration.
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In the no-squeezing limit, p, — 0, this becomes precisely the energy of the first excited
energy eigenstates.

Finally we can also compute overlaps between the squeezed and the unsqueezed pri-
maries. This is very much facilitated by the disentangling formula of su(1,1) squeezing
operators [85, 86]:

exp(oann"r - ann_) = exp(eiarg(a”) tanh |an|X,ﬂ')
exp<—2 log cosh ]an]XnO) exp(—e_iarg(o‘") tanh |an|/'\,’n_), (5.80)

where
1 Al Al
Xt .= I 5.81
NN (5.81)
— 1 An+An—
X7 = Tt 5.82
"5 (5.82)
1 Al A+ AL A
XY= 14 Tt d 5.83
n 2( + k /)\n ( )
are the generators of su(1,1):
X5 =2, A x| = ek (5.84)

In this case, the phases, 11, of the squeezing operator, eq. (5.45), do not matter as the
phase-shift operator they furnish is normal ordered, and thus, acts as the identity on |n,m).
In total we find:

(n,m[Wym) = [[ (cosh(pn))™>. (5.85)
neA

6 Discussion

In this paper, we studied CFTs with continuous generalised global symmetries.?” We showed
that an invertible continuous (p + 1)-form symmetry in a (2p + 2)-dimensional unitary CFT
automatically enhances to an infinite collection of codimension-one, i.e. zero-form, conserved
charges, labelled by (anti-)chiral p-forms. The algebra of these charges is spectrum-generating
(up to decoupled neutral factors) and characterises completely the CFT. The dynamics of
the CFT are those of free p-forms. Along a similar vein, we showed that a non-invertible
continuous (p+ 1)-form symmetry, leads to a non-invertible current algebra, which we describe
in terms of the fusion rules of the symmetry generators. As before, it characterises completely
the dynamics, leading, in this case, to an O(2) p-form gauge theory. In the invertible case,
and focussing on p = 1, hence in four-dimensional CFTs, we constructed the representation
theory of this algebra (for the invertible case), which we showed reproduces the path integral
calculation, as a non-trivial check. This allowed us to describe explicitly the Hilbert space

Z"There is a plethora of CFTs enjoying, instead, discrete generalised symmetries. The question of a
state-operator correspondence for those cases is more difficult to tackle, as discrete symmetries are not
spectrum-generating. Additional technology needs to be developed to understand these cases.
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of Maxwell theory on arbitrary closed spatial manifolds. On non-trivial topologies, the full
Hilbert space consists of the usual photon Hilbert space, as well as of Verma modules, built on
top of states with one-form symmetry charge. Additionally, we showed that the full spectrum
of states on S? x S! can be obtained by a path integral on B3 x S!, with various operator
insertions. The radial evolution on the ball acts as a squeezing transformation between the
path integral states and the energy eigenstates, requiring that line operators are subsequently
dressed with a squeezing operator, containing all photon frequencies, to reach the energy
eigenstates. Notably, the vacuum state of Maxwell theory on S? x S! is not produced by
the path integral with no insertions, but by the path integral with a squeezing operator
inserted. Nevertheless, this construction leads to a one-to-one correspondence between line
operators on R? x S! and states on S? x S! and a classification of line operators in terms
of the current algebra. In short, Wilson-"t Hooft lines,

1\ _ . . «
Wom (S ) = exp(m /Sl a+im N a), (6.1)

are charged under the one-form symmetries, Qﬁ, eq. (5.29):

i n+ttm
\/57”0 Imt

and annihilated by the lowering operators Bnt, eq. (5.73), of the Kac-Moody algebra:

Q(:)t X Wim (Sl) ~ =+ Wom (Sl), (6.2)
Bot X Wom (Sl) ~ 0. (6.3)

This defines them as primary operators. They have definite scaling weight, as defined in
the body of the paper, given by

Lyt 1 1
EQO Q[) X Wn,m S ) ~ A'rLJnVVn,m, (S ) (64)
7 |n+tm|?
' 2r§ Imt (6.5)

The path integral on B3 x S with an insertion of Waum (Sl), dressed by a squeezing operator,
eq. (5.70), prepares the primary energy eigenstates, |n, m) eq. (4.67). Descentant line operators
are given by acting with raising operators, Bii, eq. (5.74), on the primaries. Again, the
path-inegral on B3 x S', with a descendant, dressed with a squeezing operator, produces
the descendant states eq. (4.75).

We comment on several questions we have left unanswered and possible generalisations.

Non-invertible symmetries and orbifold branches. In section 4.3 we described a non-
invertible current algebra. This was described in terms of the fusion rules of non-invertible
topological operators. The free theory that realises the algebra is, in that case, that of an O(2)
p-form gauge theory. One very interesting question is to construct the representation theory
of these non-invertible current algebras. At p = 0, or equivalently in d = 2, an important
role is played by tube algebras [87, 88] and lasso actions [89] associated to the fusion of the
topological operators. A careful study of this, should land exactly on the orbifold branch of a
compact scalar, which has a much simpler algebraic description [59]. Similarly, exploiting and
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generalising representation theory of higher-dimensional non-invertible symmeties [60-63]
should give an algebraic point of view to orbifold branches of gauge-theories, operning a
window to new BKT-like phase transitions at points of enhanced symmetry.

Non-abelian current algebras. Despite the absence of non-abelian higher-form symmeries,
one could still consider the physics of a four-dimensional CFT with a non-abelian version
of our higher-dimensional current algebra, schematically of the form:

|8 Q] = F T @ + KV Aa0™ G, (6.6)

where the u(1) x u(1) indices, £, got replaced by some Lie algebra, g, indices, {a,b,c,---}.
There are a few indicators that such an algebra might be hiding behind four-dimensional su-
percofnormal field theories. For instance, the form of the Vafa-Witten partition functions [90],
for N = 4 super-Yang-Mills (SYM) theory and their relation to two-dimensional RCFTS is
reminiscent of our exact formulas for the Maxwell partition fuction and their two-dimensional
analogues. A more concrete indicator is Kapustin’s definition of scaling weight for %BPS
operators in N’ =4 SYM [33], which is arrived at in a similar way as the one for Wilson-t
Hooft operators, which as we saw, is intimately linked to the current algebra.

Modularity and factorisation. The form, eq. (4.46) of the partition function begs for
an investigation of the modularity properties of the partition function, as well as a possible
“holomorphic factorisation” of the partition function. Both of these directions deserve separate
attention. On the modularity side, if higher-dimensional CFTs behave like two-dimensional,
then swapping the thermal circle for a spatial one-cycles should leave the partition function
unaffected. Harnessing that statement leads to a generalised Cardy formula [22] and a
universal form of the Casimir energy [27]. Our exact form of the partition function of Maxwell
theory, can serve as a testing ground for modularity in higher-dimensional CFTs. Relatedly,
but with a different goal in mind, one could imagine making ¢ complex and study whether
the Maxwell partition function factorises in a holomorphic and anti-holomorphic piece:

2

ZMaxwell((L (j) = Z(q) Z(Cj) (67)

This would open a new window towards the physics of chiral one-forms (or more generally
chiral p-forms), whose importance in six-dimensional superconformal field theories and in
M-theory makes them subject of constant study [32, 91-98].

Other topologies. The choice of S? x S! for our state-operator correspondence is a natural
one for that the unique one-cycle allows line operators wrapping it and the unique two-cycle
allows a single flux. It is not clear that this is the only choice, though. For example, states
on a T2 topology are prepared via a four-dimensional path integral with some two-cycle filled
in. It is likely that to get the complete set of states we have to consider a mixture of states
prepared by filling in every two-cycle. Therefore, the state-operator map, would, in that case,
include a sum over topologies, with a given boundary, in the path integral. This is not the
case here, because of the requirement that the S! remains non-trivial.
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Surgery and overlaps. Given our state-operator correspondence, we now have a resolution
of the identity on S? x S!, in terms of line operators:

1= Z Z (W mi { Nno I X Wi { Vo }H - (6.8)

n,mez {Nno}

We can use this to simplify correlation functions on manifolds that can be cut along an
S? x S!. Relatedly, states can be glued to produce partition functions or correlation functions
on manifolds surgered along S? x S'. This fact opens up a new perspective on partition
functions. Take, for example, partition functions in d Euclidean dimensions with the topology
of the sphere. These are known to be related to counting problems through F-theorem
arguments [99], at least in d = 3. On the other hand, by the logic above, this partition
function should be related to the overlap between states prepared by computing path integrals
on some half spaces which do not necessarily produce the vacuum of the theory. An example
would amount to considering the Hopf fibration of the sphere and consider states defined on the
T? gluing surface. Now we know those states, while having a simple path integral construction,
are described by complicated superpositions of high-energy eigenstates. Therefore, these
partition functions could have a more natural counting interpretation shedding light on the
exact nature of the F-theorem. At this point this is just a plausibility argument, as we
have only focused on theories with higher-form symmetries in even dimensions. It would
be interesting to study this in more depth.
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A The transversal Laplacian

In this appendix we will give some outline some spectral properties of the transversal Laplacian
on three dimensional manifolds, which we denote generically by 3., and, subsequently, explicitly
construct its spectrum on X, = S2 x Sl

A.1 Spectral properties

First, by transversal Laplacian, on p-forms, on a d-dimensional, closed manifold M, we mean:

M
Dp = A , (A.1)
QP (M)Nker dt
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2
where A denotes the Hodge Laplacian, A = (d + dT) . On non-zero-modes, the transversal

Laplacian is equivalent to dfd on p-forms. However these operators have, potentially, different
number of zero-modes. We care about D;,W which has

dimker )" = dimker A, = b, (M), (A.2)

where by, (M) is the p-th Betti number of M. The zero-modes are given, simply, by the
harmonic p-forms on M. Finally, the transversal Laplacian is a self-adjoint operator, and
hence, its eigenforms provide a basis for coclosed (also known as transversal) p-forms. By
Poincaré duality, the spectrum of the Hodge Laplacian for 0 < p < d is determined by the
spectrum of the transversal Laplacian for 0 < p < L%J

Let us now focus on three dimensional manifolds, ¥, one-forms (i.e. p = 1), and non-zero-

modes.?® There is another seld-adjoint operator acting on one-forms, the Beltrami operator:
xd : QHZ) = QD). (A.3)

The transversal Laplacian is simply the square of the Beltrami operator, Dlz = (*d)2. As
such, they commute, so they can be diagonalised simultaneously, and, moreover, the non-zero
spectrum of the transversal Lalpacian consists of the squares of the eigenvalues of the Beltrami
operator. Since *d is self-adjoint its eigen-one-forms provide an (orthonormalisable) basis
of coclosed one-forms.

On a generic closed, oriented three-dimensional manifold, X, the Beltrami operator has
simple spectrum [74]. The same holds for the Hodge Laplacian [74] with an appropriate
clarification on the word generic.? For most of our applications, and importantly, for
the state-operator correspondence, we are interested in very non-generic manifolds, with
high-degree of symmetry, and therefore degeneracy, such as products of spheres. There, the
spectrum of the Hodge Laplacian is actually (at least) twofold degenerate. On S? it is a
classic result, see e.g. [102-104] for an account of it. On S% x S!', we construct explicitly
the spectrum below, in appendix A.2. Finally, on T3, it is straightforward to construct the
spectrum and see that it is spanned by

exp(ik - ) w(k).

In the above, 8 = (01,02, 03) are the three angles of the torus, k = (k1, k2, k3), with k; = %,
where n; € Z and L; are the radii of each circle, and w(k) = w(k); dz’ is an eigenform —
or equivalently w(k); is an eigenvector — of the matrix i€z‘jgk€. It is then easy to verify
that there are two such eigenvectors, both corresponding to the eigenvalues ||k||* for the
transversal Laplacian, verifying its twofold degeneracy.

A.2 Eigenforms and eigenvalues on S? x S!

WNow we move on to constructing the spectrum on %, = S? x S!. We use the following
metric and coordinates:

ds%r =r? (d92 + sin 6 dgog) +dn?, (A.4)

%8The story can be adapted, more generally, to p-forms on (2p + 1)-dimensional manifolds, mutatis
mutandis [100].

29More precisely, it is simple on the complement of a codimension-1 set of metrics, but not on the complement
of a codimension-2 set of metrics [101].
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where ¢ € [0,27) and 6 € [0,7) are the angles on the sphere and n € [0,2m) is the angle
on the circle. We will denote the eigen-one-forms of DlzT as ®, subscripted by their various
quanutm numbers.

Zero-mode

The easiest to construct is the zero-mode. This is given by the unique harmonic form on
>, dn. Therefore, the normalised zero-mode is given by

dn dn

Og = = . A5
0 vol(%,)  22nmr (A.5)
Non-zero modes
Let us introduce some convenient notation. First, we write
ﬁ cos(kn), k>0
._ 1 _
Te(n) =\ 7= k=0 (A.6)

ﬁ sin(|k|n), k<O,

with 1 € [0,27). These are the real, orthonormal eigenfunctions of the Laplacian on S!,
with eigenvalue k?:

1
05 Te(n) = =V*Ti(n) = K Ti(n). (A7)
Similarly, we denote by Y, (6, ) the real spherical harmonics on S2:

cos(mgp), m >0

P‘gm‘(cos 0) <1, m=0 (A.8)

Nem
Tfm(ev ()0) = %

sin(|mlp), m <0,

where,

N o ETTR

and P}*(z) are the associated Legendre polynomials. In the above, £ €Z>y and m are integers,
with —¢ < m < £. These are the real, orthonormalised eigenfunctions of the Laplacian on S2:

2 0+ 1
O T8, ) = —V?Tam(0,0) = LTV, (9, ). (A.10)

The degeneracy of the eigenvalue pg,(r) is
Doy = 20+ 1. (A.11)

Using these two building blocks, we can build all the non-zero eigen-one-forms.
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Momentumless. A first family is given by eigenforms with no momentum along the S*,
i.e. k = 0. These take the form

(1) dn
O, = Tpn(0, p)——, A2
b= Ten(0,0) 2 (A12)
with ¢ > 0 and —¢ < m < /¢, and have eigenvalue pg,,(r):
o L+
Yrg 2 7
O el = 3 o). (A.13)
One can explicitly check that
1
o= —— 4 dol)
() ALd
1 r 1 . (A.14)
= o T g O Ten (0,90 48 — s 6 T (8,) i ).

is also an eigen-one-form of DIET, with the same eigenvalue, pg,(r). All of these modes
are orthonormalised:

m m/

<CI)§Z) ) (I)gfl) > = 00/ Oy Ot i, i’ e {17 2}' (A15)

Momentumful. The rest of the modes, are modes with momentum along the S', i.e. k # 0.
They are given by

(1) 1 Pem (1) k2
P = Yo (0,0)dT; — | ———d Y (8,0)T;
Imk p@m(r)“‘kZ( ]{72 J4 ( 90) k‘(n) sz(r) ¢ ( QD) k(n)
1
1 T2 1 T
:(Wi >+k2> TWH JOTn) (g (A.16)
T T k
T
—kT; —————(0p X (0,0) do+09 Yo (0,0)dO) | ,
k(n) £(€+1)(“" em (0,0) dp+0pY 11 (6,0) d6)
and
(2) 2)
d = %, d®
Imk Pém(r) —|—k‘2 * Imk
1
= ———— - |[d Yy, (0, dT; .
pgm(r)k‘2*[ em (0, 9) A dTi(n)] (A.17)
r 877Tk(77)< 1 ; >
= Y, (0 do — 00y, (0 do ).
€(£+1) k Sin@aw Zm( a‘P) sin 6 Op ﬁm( ,4,0) 2

Their eigenvalue is Apr(r) = pom(r) + k2

i (l+1 i i
ol = (F 42l = A2l (a19
and are again orthonormalised:
(@ @) k) = S0t Ot i (A.19)
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We write collectively, both for the case with momentum and without momentum, the

) i Dy defining CDEQLO = (I’ZZL' Therefore, a complete orthonormal basis of the

modes as @gm

space of coclosed one-forms on ¥, is given by

213, = {0, {0} (A.20)
LA OATmk S ez o mel—e,, kez [ :

The degeneracy of the eigenvalue Mg,k () on one-forms is
DV =220+ 1). (A.21)

Finally, the Hodge duals of the above forms provide the spectrum of the longitudinal
Laplacian on two-forms, A|qe (S,)Nkerd- Relatedly, an orthonormal basis for those is:

B(Y,) = { % B {*T o) }i:m . (A.22)
I ’ bk f ocz o0, me[—0,0], keZ

A.3 A convenient basis

As we discussed above, the transversal Laplacian commutes with the operator ,.d. Therefore
they can be diagonalised simultaneously. The one-forms that diagonalise the operator *,.d
are related to the above basis as follows:

L pm
Pemko = \ﬁ(q’m
They are again orthonormal and statisfy

*rdopmrke = U\/m Demko- (A.24)

Therefore, we can also write the following two bases for coclosed one-forms and closed

p o), o=+ (A.23)

two-forms respectively:

/yj (Z'r) = {d)O(T)v {¢na(r)}:;;z7m7k)}7
(A.25)

7/”2(&) = { *r ¢o(T), { xr ¢“U(r)}:(ﬂ;,m,k)}’

where we also renamed the zero-mode to ¢o(r) = ®o(r). When we need to expand both one-
and two- forms in these bases, we will refer to them collectively as #(X,). This basis has
the advantage that it makes the Kac-Moody structure clear.

B Current algebra in the generic case

In this appendix we explain how the Kac-Moody algebra of section 4.3 gets modified in the
generic — in the sense of [74, 101] — case of a closed three-dimensional manifold, where the
spectrum of the transversal Laplacian is simple, i.e. the eigenvalues are non-degenerate (cf.
appendix A). We denote the three-dimensional Riemannian manifold we are treating, by a
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slight abuse of notation, as X, where it should be understood that we are actually considering
the pair (3, g) where g is a Riemannian metric on ¥ used to define the Hodge-star. We are not
interested in varying the metric to obtain genericity results, like in [74, 101], so we suppress it.

The Beltrami operator, xd, will still be wused to diagonalise the current
algebra eq. (2.27)/eq. (4.48). However, in the generic case, if v/A, appears in the spectrum of
*d, —v/\, doesn’t, and vice versa. So we will label the orthonormalised eigen-one-forms of xd as

{(pni}nieﬂ/i’ (Bl)

(where 4 is the index-set containing the labels ny) satisfying

*d¢ni = :l:\/ )\ni(lsnia (B'2)

where A\, > 0 is the corresponding (non-zero) eigenvalue of the transversal Laplacian on ¢, .
The labelling above, is such that eigenforms with label n_ contain the negative spectrum
of the Beltrami operator, and those with ny, the positive spectrum. The genericity result
mentioned above, implies that typically, Ay, # An_ for all ny,n_. This is unlike the case
we have treated in the main text — valid in highly symmetric, and fine-tuned, manifolds,
such as products of spheres. Moreover, on a three-dimensional manifold, the spectrum of
*d accumulates at +o0o and at —oo [105-107], which guarantees that both signs appear in
eq. (B.2). As before, we exclude the kernel of xd, as this is treated, unambiguously, via the

b1 (X)

harmonic forms, {¢gi};2;"’, of £. The one-forms ¢,, are such that

<¢ni7 ¢mi>z = 5nimi7 and <¢n+7 ¢n,>2 = 0 (B3)

As explained in appendix A, {¢oi, ¢n. } provide a complete basis of coclosed one-forms
on Y. We use this basis to expand AT in eq. (2.27)/eq. (4.48), and the dual, two-form basis,
given by the Hodge stars of the above, to expand J*:

b1(X)
iSAT = Z Afidoi + Z Z AT *s fn,, (B.4)
i=1 s==+ nseM
ba(¥)
BT =Y Qurs o+ Y. D> Qn*x én,. (B.5)
i=1 s=*t ng€.
The difference with eq. (4.58) is subtle, but important. This expansion leads to the mode
algebra:
[QE, Q] = £ks\/Andngm,.- (B.6)
Defining ladder operators
+ = - =
Ay, e QL s=+ Cand AL Qn. s=-+ 7 (B.7)
aniS S=— nt S=—,
leads to the algebra
|:-An5, Aiu] =k >\n56n5mt' (B8>
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Note that we still have two decoupled algebras, one for each sign of s, i.e. one for each side of
the spectrum of xd. In terms of these modes, the Hamiltonian takes the form

QiQoi+ 1 2 D AlA+ Eo, (B.9)
1

1
HZ — E
s==+ nsENs

with

EO:;ZZ\/)\» (B.10)

As can be seen from eq. (B.8), the operators Al raise the energy by VAne, and A, lower
it by the same amount.

From here on, it is an easy exercise to repeat the steps explained in the main text and
arrive at the conclusion that the Hilbert space is spanned by

o (Nt ) = T 1T (AL) ™ imem) (B.11)

s=+ ne. ¥

with |n, m) the primary states, given by eqs. (4.67) and (4.68), with the appropriate tweak
that they are annihilated by all A, . The rest of the discussion, including eq. (4.80) and
its implications follow immediately.

C Details on the radial evolution

Here we collect some details about the radial evolution on B? xS!. For the reader’s convenience
we repeat the radial evolution equation, eq. (5.20) here:

O (r) + [AE(r)],, Tk (r) = 0. (C.1)
The matrix AF(r) is given, in the basis 7 (2,) eq. (A.25), by

Ani (T) = <¢nm*r8r *p ¢n7‘> + <¢nm *rd¢nr> -

£(€+1)
1 = 11 (e+1) (1
=S w (1 1) - i S (C.2)

r2

where n = (¢,m, k). Writing
oo (r) = (U5 (,70)] - Jnor (o), (C.3)

the initial value problem consisting of eq. (C.1) and its boundary conditions at r = ry gets
mapped to the matrix ordinary differential equation:

Uz (r,r0) + AZ(r)Ui (r,r0) = 0, (C.4)
where the dot indicates derivative with respect to r, together with boundary conditions

Uy (ro,mo) = 1. (C.5)
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This has the unique solution

UE(r,rg) = Rexp (/:0 dr’ AE (r’)), (C.6)

where Rexp denotes the radially ordered exponential:

Rexp </Tm dr/@(r’)) = Ni.;) % /derl /rmdrg e _/:OdTN R(O(r1)0(r2) - - - O(rn)),

(C.7)
with
@1(7"1)@2(7“2) if ry < 7T,

@2(?“2)@1(7’1) if ro < rq.

When k = 0, it holds that [AF(r1), A¥(r2)] = 0 for all radii, and hence the ordered
exponential reduces to a regular one. The solution is given in this case by eq. (5.28):

UE (7o) = 1 (r)“ 14+20F2/0(0+1) 1
3700 o e [\ g 1 1+2042/000+1)

TN\ (142042000 +1) ~1
+(To> -1 14205 2/000+ 1)

Here and onwards we suppress the magnetic quantum number m in the labelling of the radial

R(@l(’r’l)@z(?“g)) = { (08)

(C.9)

evolution data, as they don’t depend on it. The eigenvalues of Uf (r,rg) are
—(—1 4
+ r + r
5(1)@ = (ro) and 6(2)2 = <’r’0> s (010)
with eigenvectors
1+ 20F 2/0(C +1)
uﬁ)z = and u

+
(2

1 1

- (12@;2,/€(£+ 1))7 n

respectively. It is evident that at  — 0 one of the eigenvalues vanishes and, thus, the
evolution matrix becomes rank one. Its kernel is spanned by v(ﬁ;)e. The projector Hzt,
appearing from eq. (5.36) onwards, is, in this case:

o U @ Uiz 1 1420+ 2/0(0+ 1) ~1 e
¢ H“@)eHQ 2(1+2¢) 1 14+20F 2000+ 1)

For k # 0, A (r) does not commute with itself at different radii and thus we have to
use the radially ordered exponential. While this we cannot solve exactly for arbitrary radius,

the crucial feature our the state-operator correspondence is its behaviour as r — 0. In
that limit, the differential equation eq. (C.4) reduces to the differential equation for k& = 0,
and reveals that Uztmk(r, r0), behaves identically to its k = 0 eigenpart. Namely it has a
singular and a regular part, scaling as

—0—1 ¢
~ <T> and ~ <T> , (C.13)
To To

respectively. Correspondingly, U}mk(o,m) becomes rank-1.
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