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In recent years, energy correlators have emerged as a powerful tool for studying jet substructure, with promising 
applications such as probing the hadronization transition, analyzing the quark-gluon plasma, and improving the 
precision of top quark mass measurements. The projected 𝑁-point correlator measures correlations between 
𝑁 final-state particles by tracking the largest separation between them, showing a scaling behavior related to 
DGLAP splitting functions. These correlators can be analytically continued in 𝑁 , commonly referred to as 𝜈

correlators, allowing access to non-integer moments of the splitting functions. Of particular interest is the 𝜈 → 0
limit, where the small momentum fraction behavior of the splitting functions requires resummation. Originally, 
the computational complexity of evaluating 𝜈-correlators for 𝑀 particles scaled as 22𝑀 , making it impractical 
for real-world analyses. However, by using recursion, we reduce this to 𝑀2𝑀 , and through the FastEEC method 
of dynamically resolving subjets, 𝑀 is replaced by the number of subjets. This breakthrough enables, for the 
first time, the computation of 𝜈-correlators for LHC data. In practice, limiting the number of subjets to 16 is 
sufficient to achieve percent-level precision, which we validate using known integer-𝜈 results and convergence 
tests for non-integer 𝜈. We have implemented this in an update to FastEEC and conducted an initial study of 
power-law scaling in the perturbative regime as a function of 𝜈, using CMS Open Data on jets. The results agree 
with DGLAP evolution, except at small 𝜈, where the anomalous dimension saturates to a value that matches the 
BFKL anomalous dimension.

1. Introduction

The Large Hadron Collider (LHC) is an ideal machine to study Quan

tum Chromodynamics (QCD) over a wide range, from asymptotically

free quarks and gluons to hadron cofinement. The concept of a QCD 
jet, which is a collimated collection of hadrons produced in high-energy 
collisions, provides a crucial stage for understanding perturbative parton 
dynamics as well as non-perturbative hadronization. While the commu

nity has converged on the anti-𝑘𝑇 algorithm [1] to describe jets, many 
jet-based observables have been proposed to probe the internal proper

ties of jets (see [2--4] for reviews).

Energy correlators were first proposed in [5--8] and used at the Large 
Electron-Positron collider (LEP) [9], where the primary focus was on 
the distribution of jets. In recent years, energy correlators have found 
fruitful applications for characterizing the energy flow patterns inside 
jets, due to their natural separation of scales and suppression of soft 
radiation effects. The original concept was generalized in [10,11], which 
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is argued to be a complete family of infrared (IR) safe observables and 
well-suited for phenomenology in jet substructure [11].

From a theoretical perspective, energy correlators inside jets can be 
described by collinear factorization [11,12], or equivalently the light

ray Operator Product Expansion (OPE) [10,13--15], exhibiting an inter

esting (approximate) scaling behavior. At the LHC, the excellent per

formance of modern detectors and large jet ensembles bring these the

oretical considerations to life in measurements. Initiated in [16] using 
CMS Open Data, energy correlators have been measured at ALICE [17], 
CMS [18] and STAR [19]. In particular, it currently gives the most 
accurate 𝛼𝑠 extraction from jet substructure [18]. Other important phe

nomenological applications include the determination of the top quark 
mass [20--22], studying the hadronization transition in QCD [16,23], un

derstanding the dead-cone effect [24], probing the emergent scales in 
the presence of a thermal medium [25--30], as well as unveiling gluon 
saturation in electron-ion collisions [31] using a nucleon energy cor

relator [32]. Performing measurements of energy correlators on tracks 
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benfits from the superior angular resolution with which tracks can be 
measured. The corresponding precision calculations have been devel

oped in Refs. [11,33--36], using the track function formalism [37,38]. 
There are also interesting formal theory developments for energy corre

lators in the collinear limit [39--48].

In this letter, we focus on the projected 𝜈-point energy correlators 
(𝜈-correlators), proposed in Ref. [11] as an analytic continuation of the 
projected (integer) 𝑁 -point correlators, dfined as

𝑑𝜎[𝑁]

𝑑𝑅𝐿

=
∑
𝑋

∫ 𝑑𝜎𝑋
∑

𝑖1 ,𝑖2 ,…,𝑖𝑁∈𝑋
𝑧𝑖1𝑧𝑖2 …𝑧𝑖𝑁

× 𝛿(𝑅𝐿 −max{Δ𝑅𝑖1 ,𝑖2
,Δ𝑅𝑖1 ,𝑖3

…Δ𝑅𝑖𝑁−1 ,𝑖𝑁
}) . (1)

Here 𝑑𝜎𝑋 is the differential cross section of producing the final state 
𝑋, 𝑧𝑖 = 𝑝𝑇 ,𝑖∕𝑝𝑇 ,jet is the momentum fraction of particle 𝑖. Δ𝑅𝑖𝑗 is the 
angular variable between particle 𝑖 and 𝑗, which can be approximated 
in the collinear limit, in terms of rapidity-azimuthal variable (𝑦,𝜙), as

Δ𝑅𝑖𝑗 =
√

(Δ𝑦𝑖𝑗 )2 + (Δ𝜙𝑖𝑗 )2 . (2)

The delta function in Eq. (1) projects the observable from 12𝑁(𝑁 − 1)
angular variables to the largest angle, denoted as 𝑅𝐿 . In the following, 
we also consider the equivalent cumulative version

Σ[𝑁](𝑅𝐿) =

𝑅𝐿

∫
0 

d𝑅′
𝐿

𝑑𝜎[𝑁]

𝑑𝑅′
𝐿

. (3)

One motivation to consider the analytic continued projected energy 
correlator 𝑑𝜎

[𝜈]

𝑑𝑅𝐿
or cumulative distribution Σ[𝜈] is that, they have an ap

proximate scaling behavior inside high-energy jets [11], e.g.

Σ[𝜈](𝑅𝐿) ∼𝑅
2𝛾̄(𝜈+1)
𝐿

. (4)

The exponent 𝛾̄(𝜈 + 1) can be expressed in terms of the DGLAP anoma

lous dimensions, specifically the 𝜈-moment of the splitting functions 
𝑃 (𝑥) [49--53]. As a consequence of this, considering the 𝜈-correlator in 
the 𝜈 → 0 limit provides an alternative way to study small-𝑥 physics [54--

69]. The splitting function can also be exposed by the soft-drop momen

tum sharing variable [70--72], but this explicitly excludes the small-𝑥

region due to the 𝑧cut from the soft drop condition. The 𝜈-correlator 
with 𝜈 = 0 corresponds to the hadron multiplicity, whose scaling has 
been studied to high precision [73--78].

In perturbative QCD, the result of the anomalous dimension, 𝛾̄(𝜈+1), 
is analytic in spin 𝐽 = 1+𝜈 [79--86], suggesting that it forms an analytic 
spectrum called a Regge trajectory. In the context of integrability or con

formal symmetry, the concept of Regge trajectory and analyticity in spin 
are studied more rigorously in the past few decades [87--92]. For exam

ple, in conformal theories, the current understanding is that while local 
operators are discrete in spin, light-ray operators are their analytically

continued version and form Regge trajectories [93--97]. Therefore, mea

suring the 𝜈-correlator in the high-energy jet ensembles provides an 
interesting way to probe the analytic Regge trajectory as well as small-𝑥

physics from the collider data. However, the 𝜈-correlators have not been 
practically implemented for real events due to their highly complex 
definition, in contrast to efficient measurement of low integer 𝑁 -point 
energy correlator [16,98]. Combining a recursion with the idea of Fas

tEEC [98], we here provide an efficient algorithm to measure the 𝜈

correlator and test it on CMS Open Data.

This letter is organized as follows: In Sec. 2, we begin by review

ing the formal definition of the 𝜈-correlator. For completeness, we also 
briefly discuss the leading logarithmic (LL) result which exhibits an 
approximate scaling behavior in the small angle limit. In Sec. 3, we 
discuss our recursive approach and its implementation in the FastEEC

algorithm, that enables the computation of 𝜈-correlators in a practical 
amount of time. We then describe the basic usage of our code [99] 
in Sec. 4, available as an update to FastEEC. In Sec. 5, we provide 
first results for non-integer values of 𝜈 computed on CMS 2011A Open 

Data [100,101]. In Sec. 6, we utilize our method to extract the power 
law scaling (in the perturbative regime) and compare it against the ana

lytic solution of the anomalous dimensions at LL. We conclude in Sec. 7.

2. 𝝂-correlators

In this section, we give a brief review of the 𝜈-correlator [11] and 
present a new recursion relation in (8) that will aid our implemen

tation. For the integer 𝑁 -point correlator in Eq. (1), if we drop the 
measurement of the largest distance 𝑅𝐿 encoded in the delta function, 
we recognize the sum of products of momentum fractions as a multino

mial expansion,

∑
𝑖1 ,𝑖2 ,…,𝑖𝑁∈𝑋

𝑧𝑖1𝑧𝑖2 …𝑧𝑖𝑁 =
(∑

𝑖∈𝑋
𝑧𝑖

)𝑁

=
∑
𝛼𝑖≥0

′ Γ(𝑁 + 1) ∏
𝑖∈𝑋 Γ(𝛼𝑖 + 1)

∏
𝑖∈𝑋

𝑧
𝛼𝑖
𝑖
.

(5)

Here 
∑′

means the sum is subject to the constraint 
∑

𝑖 𝛼𝑖 = 𝑁 . The 
multinomial expansion is broken by the 𝛿-function constraints on an

gular variables, which depends on the subset of particles 𝑆 ⊂𝑋 whose 
energy weight contributes,

𝛿(𝑅𝐿 −max{Δ𝑅𝑖𝑗}𝑖,𝑗∈𝑆 )
[∑
𝛼𝑖≥1

′ Γ(𝑁 + 1) ∏
𝑖∈𝑆 Γ(𝛼𝑖 + 1)

∏
𝑖∈𝑆

𝑧
𝛼𝑖
𝑖

]
. (6)

Note that the 𝛼𝑖 here are only those for the subset 𝑆 , hence 𝛼𝑖 ≥ 1. To 
perform an analytic continuation from integer 𝑁 to non-integer 𝜈, we 
rewrite the constrained sum over exponents 𝛼𝑖 as a sum over non-empty 
subsets 𝑆′ ⊂ 𝑆[∑
𝛼𝑖≥1

′ Γ(𝑁 + 1) ∏
𝑖∈𝑆 Γ(𝛼𝑖 + 1)

∏
𝑖∈𝑆

𝑧
𝛼𝑖
𝑖

]
=

∑
𝑆′⊂𝑆

(−1)|𝑆|−|𝑆′|( ∑
𝑧𝑖∈𝑆′

𝑧𝑖

)𝑁

. (7)

This naturally suggests how to analytically continue: simply replace 𝑁
with 𝜈 in the exponent

 [𝜈](𝑆) =
∑
𝑆′⊂𝑆

(−1)|𝑆|−|𝑆′| ⎛⎜⎜⎝
∑
𝑧𝑖∈𝑆′

𝑧𝑖

⎞⎟⎟⎠
𝜈

, (8)

such that the 𝜈-correlator is dfined as

𝑑𝜎[𝜈]

𝑑𝑅𝐿

=
∑
𝑋

∫ 𝑑𝜎𝑋
∑
𝑆⊂𝑋

 [𝜈](𝑆) 𝛿(𝑅𝐿 −max{Δ𝑅𝑖𝑗}𝑖,𝑗∈𝑆 ) . (9)

Ref. [11] constructed  [𝜈](𝑆) in a recursive way

 [𝜈](∅) = 0 ,

 [𝜈](𝑆) =
(∑

𝑖∈𝑆
𝑧𝑖

)𝜈

−
∑
𝑆′⫋𝑆

 [𝜈](𝑆′) . (10)

The new recursion in (8), introduced in this letter, will be important in 
speeding up the evaluation of 𝜈-correlators, as discussed in Sec. 3.

In the collinear limit 𝑅𝐿 ≪ 1, the 𝜈-correlator and its cumulative 
distribution Σ[𝜈] can be factorized as a convolution of a hard function 
𝐻⃗ and jet function 𝐽 [𝜈] [12]

Σ[𝜈]
(
𝑅𝐿, ln

𝑝𝑇 ,jet

𝜇

)
=

1 

∫
0 

d𝑥 𝑥𝜈𝐽 [𝜈]
(
ln

𝑥𝑝𝑇 ,jet𝑅𝐿

𝜇

)
⋅ 𝐻⃗

(
𝑥, ln

𝑝𝑇 ,jet

𝜇

)
. (11)

Both the hard and jet functions are vectors in flavor space, i.e., 𝐻⃗ =
{𝐻𝑞,𝐻𝑔} and 𝐽 = {𝐽𝑞, 𝐽𝑔} and each satifies a RG equation with the 
time-like splitting function matrix 𝑃 (𝑦) as the evolution kernel

d 
d ln𝜇2 𝐻⃗

(
𝑥, ln

𝑝𝑇 ,jet

𝜇

)
= −

1 

∫
𝑥 

d𝑦
𝑦 
𝑃 (𝑦) ⋅ 𝐻⃗

(
𝑥

𝑦 
, ln

𝑝𝑇 ,jet

𝜇

)
,
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d 
d ln𝜇2 𝐽

[𝜈]
(
ln

𝑝𝑇 ,jet𝑅𝐿

𝜇

)
=

1 

∫
0 

d𝑦 𝑦𝜈𝐽 [𝜈]
(
ln

𝑦𝑝𝑇 ,jet𝑅𝐿

𝜇

)
⋅ 𝑃 (𝑦) . (12)

The evolution equations can be used to resum 𝛼𝑛
𝑠 ln

𝑚 𝑅𝐿 series (with 
𝑚 ≤ 𝑛) in Σ[𝜈] that appear in the collinear limit 𝑅𝐿 ≪ 1.

At leading-logarithmic accuracy, this leads to an elegant analytic re

sult for Σ[𝜈]

Σ[𝜈] = (1,1) ⋅
(
𝛼𝑠(𝑝𝑇 ,jet𝑅𝐿)
𝛼𝑠(𝑝𝑇 ,jet) 

)− 𝛾̂(0)(𝜈+1)
𝛽0

⋅
(
𝑓𝑞

𝑓𝑔

)
. (13)

Here (𝑓𝑞, 𝑓𝑔) provides the probability of quark and gluon jets for a given 
jet ensemble, 𝛾̂ (0)(𝐽 ) is the Mellin moment of the LO splitting kernel, 
𝛾̂(𝐽 ) = − ∫ 1

0 𝑑𝑥 𝑥𝐽−1𝑃 (𝑥) which is also known as the DGLAP anoma

lous dimension for the spin-𝐽 twist-2 light-ray operators. Explicitly, the 
anomalous dimension matrix is

𝛾̂(𝐽 ) =
𝛼𝑠

4𝜋

(
𝛾
(0)
𝑞𝑞 (𝐽 ) 2𝑛𝑓 𝛾

(0)
𝑞𝑔 (𝐽 )

𝛾
(0)
𝑔𝑞 (𝐽 ) 𝛾

(0)
𝑔𝑔 (𝐽 )

)
+(𝛼2𝑠 ) , (14)

where

𝛾 (0)𝑞𝑞 (𝐽 ) = 4𝐶𝐹

[
Ψ(𝐽 + 1) + 𝛾𝐸 − 2 

𝐽 (𝐽 + 1)
− 3

4

]
, (15)

𝛾 (0)𝑔𝑞 (𝐽 ) = −2𝐶𝐹
𝐽 2 + 𝐽 + 2 

(𝐽 − 1)𝐽 (𝐽 + 1)
,

𝛾 (0)𝑞𝑔 (𝐽 ) = −2𝑇𝐹
𝐽 2 + 𝐽 + 2 

𝐽 (𝐽 + 1)(𝐽 + 2)
,

𝛾 (0)𝑔𝑔 (𝐽 ) = 4𝐶𝐴

[
Ψ(𝐽 + 1) + 𝛾𝐸 − 1 

𝐽 (𝐽 − 1)
− 1 

(𝐽 + 1)(𝐽 + 2)

]
− 𝛽0 .

Here Ψ is the digamma function and 𝛽0 =
11
3 𝐶𝐴 − 4

3𝑛𝑓𝑇𝐹 is the 1-loop 
QCD beta function constant. Higher logarithmic resummation has been 
studied in [11,44,102].

The consequence of Eq. (13) is that Σ[𝜈] exhibits an approximate 
power-law scaling in the small angle limit. Neglecting the matrix form 
in Eq. (13), corresponding to quark-gluon mixing, we find that

𝑅𝐿
d 

d𝑅𝐿

Σ[𝜈](𝑅𝐿) = 2𝛾̄(𝜈 + 1) Σ[𝜈](𝑅𝐿) . (16)

In the presence of quark-gluon mixing, the exponent 𝛾̄(𝜈 + 1) should be 
interpreted as some effective mean of the two eigenvalues of 𝛾̂ , where 
the relative contribution of the two eigenvalues also depends on ratio 
of quark and gluon jets. Similarly, the differential distribution 𝑑𝜎

[𝜈]

𝑑𝑅𝐿
also 

has an approximate scaling behavior with a shifted exponent 2[𝛾̄(𝜈 +
1) − 𝛼𝑠

4𝜋 𝛽0] − 1.

Based on the leading-logarithmic result, the scaling behavior of the 
𝜈-correlator provides a way to access the continuous Regge trajectory 
in experiment. There are some subtleties: the scaling exponent also re

ceives contributions from higher-loop corrections and the running cou

pling, and there are also hadronization effects. Nevertheless, Eq. (15)

gives a reasonable description of the 𝜈-correlator scaling exponent when 
𝜈 ≳ 1, as we will see in Sec. 6. However, as 𝜈 approaches 0, this compar

ison breaks down due to the 1∕𝜈 pole in the DGLAP anomalous dimen

sion. This limit is dual to the small-𝑥 regime in the splitting kernel 𝑃 (𝑥)
and is well-known to be governed by BFKL physics [54--57,103--105]. 
As suggested in [11], this is a potential way to look for BFKL physics in 
jets.

3. Fast evaluation of 𝝂-correlators

For integer values of 𝑁 , a direct implementation of the 𝑁 -point cor

relators scales like 𝑀𝑁∕𝑁!, where 𝑀 is the number of particles in a 
jet. For the values of 𝑁 of interest in practice, 𝑀 ≫ 𝑁 . In Ref. [98], 
we used the idea that for correlations at a given angular scale the de

tails at much smaller scales are irrelevant. One can, therefore, recluster 

the jet and calculate the energy correlator on subjets, yielding reliable 
results for angles sufficiently above the subjet radius. Since this approx

imation replaces the number of particles by the number of subjets, it 
yields a substantial speed up if the number of subjets is small. By em

ploying a dynamical subjet radius, we obtained reliable results at all 
angular scales, finding speed ups of up to several orders of magnitude, 
depending on the desired level of accuracy.

The 𝜈-point correlator is more challenging. If the definition in 
Ref. [11] is implemented, here given in Eq. (10), this would scale as 
22𝑀 : it involves a sum over all subsets (2𝑀 ) of 𝑀 particles, and for 
each subset the contribution from all its subsets (another 2𝑀 ) needs to 
be subracted. Therefore, only the 𝜈-correlator on final states with three 
particles was calculated in that paper, to verify the infrared safety of 
their analytic continuation. Even with our reclustering using a dynamic 
subjet radius, obtaining a reasonable level of precision within a practical 
time period is still prohibitive when using (10).

To obtain results in a reasonable amount of time, we remove one 2𝑀
by exploiting our recursion relation in (8). We now show explicitly how 
this emerges from (10), for a subset for 𝑛 particles,

 (𝜈)
𝑛 (𝑖1,… 𝑖𝑛) = (𝑧𝑖1 + ...+ 𝑧𝑖𝑛 )

𝜈

−
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−1≤𝑛
 (𝜈)

𝑛−1(𝑖𝑎1 ,… 𝑖𝑎𝑛−1 )

−
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−2≤𝑛
 (𝜈)

𝑛−2(𝑖𝑎1 ,… 𝑖𝑎𝑛−2 )

−
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−3≤𝑛
 (𝜈)

𝑛−3(𝑖𝑎1 ,… 𝑖𝑎𝑛−3 )

−…

= (𝑧𝑖1 + ...+ 𝑧𝑖𝑛 )
𝜈

−
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−1≤𝑛
(𝑧𝑖𝑎1 + 𝑧𝑖𝑎2

+ ...+ 𝑧𝑖𝑎𝑛−1
)𝜈

+
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−2≤𝑛
(𝑧𝑖𝑎1 + 𝑧𝑖𝑎2

+ ...+ 𝑧𝑖𝑎𝑛−2
)𝜈

−
∑

1≤𝑎1<𝑎2<..<𝑎𝑛−3≤𝑛
(𝑧𝑖𝑎1 + 𝑧𝑖𝑎2

+ ...+ 𝑧𝑖𝑎𝑛−3
)𝜈

+… (17)

We can thus calculate  (𝜈)
𝑛 recursively by subtracting the  (𝜈)

𝑛−1 for 
all its 𝑛 subsets of 𝑛 − 1 particles. For the terms involving 𝑛 − 1 parti

cles this directly works. For the terms involving 𝑛−2 particles, we need 
to include a factor of 1∕2!, since there are two orders in which the two 
particles are removed, leading to double counting. Similarly, there is a 
1∕3! for the term involving 𝑛−3 particles. Since the term with 𝑛−3 par

ticles in 𝑛−1 already has a 1∕2!, we only need to multiply with 1∕3, 
etc. These extra factors are easily accommodated by keeping the terms 
with different numbers of particles separate in intermediate steps of the 
calculation. This leads to a substantial speed up of 22𝑀 →𝑀2𝑀 , where 
𝑀 appears from keeping the terms separate at each step of recursion. 
However, 𝑀2𝑀 memory is now also required, so this is a trade-off be

tween speed and memory. Furthermore, the largest distance of a subset 
of particles can be calculated recursively as well, otherwise that would 
require 𝑀22𝑀 time.

We implement this in an update to FastEEC. As in Ref. [98], we 
recluster the jet, resolve subjets, calculate the energy correlator contri

bution on subjets involving both branches, and recurse on each branch. 
Concretely, we use the Cambridge/Aachen algorithm [106] to re-cluster 
the jet (with a large enough radius such that all particles remain in the 
reclustered jet). We then recursively traverse the clustering tree, at each 
step restricting to the contributions involving both branches of the split

ting, for which the approximation to limit the angular resolution of the 
branches is justfied. However, to avoid memory problems, we don’t use 
a fixed resolution parameter but a fixed maximum number of subjets in
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Fig. 1. Time per event for the case of integer 𝜈 values using our approach com

pared to Ref. [107]. The computation time of our method does not depend on 
the value of 𝜈 but on the number of resolved subjets, which determines the ac

curacy.

stead. In our implementation we allow up to 8 subjets for each branch 
of a splitting, for a total of 16 subjets.

Our approach makes it feasible to compute arbitrary 𝜈-correlators 
on realistic jets with a large number of particles. We demonstrate 
this by using the reprocessed data on jets from the CMS 2011A Open 
Data [100,101]. In Fig. 1, we show the time per event (in seconds) for 
the case of (integer) 𝜈 values with different maximum number of sub

jets 𝑛sub, compared to the standard computation of energy correlators 
for integer 𝑁 implemented through the EnergyEnergyCorrelators 
package [107]. These results were obtained with a single core on a M2 
MacBook Air. We see that for 𝑛sub = 16 the amount of time needed is 
roughly (0.01𝑠) per jet and, as we will show later, this corresponds to 
about a percent-level precision of the energy correlator distribution.

We note that our implementation of the 𝜈-correlator is indepen

dent of the specific value of 𝜈, unlike our previous implementation in 
Ref. [98], where the computation time grows with the value of (integer) 
𝜈. However, the point at which these implementations require a simi

lar amount of time, i.e. 𝑀𝑁∕𝑁! ∼𝑀2𝑀 corresponds to 𝑀 ∼𝑁 . Since 
𝑀 ≫ 𝑁 in practice, our previous implementation is faster for integer 
𝑁 -point correlators.1

Fig. 2. 𝜈-point energy correlator for integer values: 𝑁 = 3 (left) and 6 (right), calculated using Ref. [107] and our approximate method with different maximum 
number of subjets. In the lower panel, the relative error of our method is shown, which decreases as 𝑛sub increases. We find that for 𝑛sub = 16, the errors are only at 
the level of a (few) percent.

1 This may seem at odds with the (slow) exponential increase in computation time with 𝑁 of the original implementation in FastEEC, whereas here the computation 
time is independent of 𝑁 . However, here we fix the maximum number of subjets whereas we previously had a fixed resolution parameter, which is responsible for 
this difference.

4. Implementation and consistency checks

Our code for 𝜈-point energy correlators is released as an up

date [99] of the FastEEC code. The code is provided in the file 
eec_fast_nu_point.cc. The command line inputs remain the same 
as with FastEEC except that the jet resolution parameter is replaced 
by the maximum number of subjets 𝑛𝑠𝑢𝑏. Explicitly, the command line 
inputs read as

./eec_fast_nu_point input_file events 𝜈 𝑛sub

minbin nbins output_file

Here input_file specfies the dataset from which events should be 
read. The events is the total number of jet events that need to be ana

lyzed, 𝜈 specfies which 𝜈-correlator to compute (called 𝑁 internally in 
the code to match the previous version), 𝑛sub is the maximum number 
of subjets that should be used, minbin is the logarithm of the minimum 
bin value in the histogram, nbins is the total number of bins in the his

togram and output_file is the name of the output file in which the 
result needs to be stored. The maxbin value is set to 0 corresponding to 
𝑅𝐿 = 1. The histogram that is output is normalized, with the lowest and 
highest bin corresponding to the undeflow and oveflow bins, respec

tively. We provide reprocessed CMS Open Data on jets converted into a 
text format that can be used as the input set.

We implement the recursive computation of the weights as outlined 
in Eq. (17), finding the largest separation for the given subset of parti

cles, at each step of the recursion. We limit the number of subjets 𝑛sub
that can be used to a maximum value of 16, but it is straightforward to 
extend this to higher values, if needed. We have explicitly verfied that 
our implementation satifies the sum rule

1 

∫
0 

d𝑅𝐿
d𝜎[𝜈]

d𝑅𝐿

= 𝜎tot (18)

for all values of 𝜈.

We now validate our new code by comparing to the known results 
for integer 𝑁 , obtained using the EnergyEnergyCorrelators pack

age [107]. This comparison is shown in Fig. 2 for two different values, 
𝑁 = 3 and 6. In the lower panel, we also display the relative error be

tween our approximate method and the exact computation. We see that 
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Fig. 3. 𝜈-point energy correlator distribution for non-integer 𝜈 values. The different panels correspond to 𝜈 = 0.01,0.1,0.5 and 1.5 respectively, and the 𝜈-correlator 
approximated with a different maximum number of subjets is shown. In the lower panel, we present an error estimate by comparing to our best result, 𝑛sub = 16. We 
find that, for 𝑅𝐿 ≲ 0.1, the differences are less than a percent between 𝑛𝑠𝑢𝑏 = 14 and 𝑛sub = 16, indicating a reasonable convergence has been achieved.

Fig. 4. 𝜈-point energy correlator for non-integer 𝜈 values for 𝜈 > 1 (left) and 𝜈 < 1 (right) when using a maximum of 16 subjets. For 𝜈 > 1, we see that the transition 
region from perturbative scaling regime to the non-perturbative regime shifts towards the right as 𝜈 increases. For 𝜈 < 1, the transition region again shifts to the right 
as one approaches 𝜈 close to 0. We also observe that as 𝜈 approaches 0, the 𝜈-correlator saturates.

the error decreases as we increase the maximum number of resolved 
subjets 𝑛sub. For 𝑛sub = 16, the relative error in the perturbative regime 
is about ∼ 1% for 𝑁 = 3 and ∼ 2 − 3% for 𝑁 = 6. The different ap

proximations disagree near the jet boundary where the use of subjets 
breaks down and the detailed position of particles becomes important. 
However, most phenomenological applications focus on the region away 
from the jet boundary, since the behavior of the energy correlator in this 
regime is largely determined by details of the choice of jet clustering al

gorithms rather than physics.

5. Numerical results for non-integer 𝝂 values

In this section, we provide first results for non-integer 𝜈-correlators. 
The results presented here are obtained from the CMS 2011A Open Data, 
available in a publicly usable format through the MIT Open Data ini

tiative [100,101,108,109]. The dataset contains jets with a transverse 
momenta in the range 𝑝𝑇 ∈ [500,550] GeV and with pseudo-rapidity |𝜂| < 1.9.

For non-integer values of 𝜈, we start by checking the convergence of 
our method as the maximum number of subjets is increased. We show 
this in Fig. 3 for various 𝜈 values, i.e., 𝜈 = 0.01,0.1,0.5 and 1.5, finding 
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a good convergence to the result with a maximum of 16 subjets, away 
from the jet boundary. In the lower panel, we estimate the error of our 
method by comparing 𝑛sub = 6,10,14 to the 𝑛sub = 16 case, finding that 
there is less than a percent difference between the curves for 𝑛sub = 14
and 𝑛sub = 16 for 𝑅𝐿 ≲ 0.1 and all values of 𝜈 shown here.

Next, in Fig. 4, we compare the differential distributions of the 𝜈

correlators for various non-integer 𝜈 values. The 𝜈-correlator exhibits 
a different behavior depending on whether 𝜈 > 1 or 𝜈 < 1. While for 
𝜈 > 1, the distributions are positive, they become negative when 𝜈 < 1
and collapse to a delta function 𝛿(𝑅𝐿) for 𝜈 = 1. Additionally, we note 
that for 𝜈 < 1, the peak of the distribution becomes more and more pro

nounced as 𝜈 approaches 0, saturating at very small values of 𝜈. From 
the differential distributions we also observe that for 𝜈 > 1, the transi

tion between the perturbative and non-perturbative regions, which have 
distinct power-law scaling, shifts to the right (larger 𝑅𝐿) for increasing 
values of 𝜈. Interestingly, this transition also shifts to the right when 𝜈
approaches 0.

Following the arguments of Ref. [23] for the leading non-perturbative 
contribution, we find that the contribution to the 𝜈-correlator for a soft 
gluon emission is notably different depending on whether 𝜈 > 1 or 𝜈 < 1. 
In particular,

(𝑧𝑐 + 𝑧𝑠)𝜈 − 𝑧𝜈𝑐 − 𝑧𝜈𝑠 =

{
𝜈 𝑧𝑠 𝑧

𝜈−1
𝑐 for 𝜈 ≫ 1 ,

−𝑧𝜈𝑠 for 𝜈 ≪ 1 ,
(19)

where 𝑧𝑠 is the transverse momentum fraction of the soft gluon and 𝑧𝑐
that of an energetic particle. In Ref. [23] it was shown that for inte

ger values of 𝜈 > 2 this implies that the peak position, corresponding 
to the transition point, can be approximately described by 𝑅[𝜈],peak

𝐿
∼

(𝜈∕2) 𝑅[𝜈=2],peak
𝐿

relative to the two-point energy correlator. This result 
can be analytically continued for 𝜈 > 1.

On the other hand, for 𝜈 < 1, Eq. (19) implies that 𝜈-dependence of 
the transition point should appear in the power-law exponent. From the 
CMS open data analysis we find that the transition point has a weak 
dependence on 𝜈, and further investigation is needed to appropriately 
understand the size of non-perturbative contributions in the region for 
𝜈 < 1. We leave this for a future study.

While the differential distributions make it easier to read off the 
transition between the non-perturbative (free hadron) and perturbative 
(quarks and gluons) region due to their different scaling behavior, the 
scaling behavior of the 𝜈-correlators as function of 𝜈 is more apparent 
in the cumulative distribution in Fig. 5. From the figure, we clearly see 
that the slope, in the perturbative region, is positive for 𝜈 > 1, vanishes 
when 𝜈 = 1 and becomes negative for 𝜈 < 1. We will utilize the cumula

tive distribution to extract this power-law for a wide range of 𝜈 values 
in the next section.

6. Extracting the anomalous dimensions

To showcase the FastEEC algorithm for the 𝜈-correlator, we extract 
its scaling exponent in jets using CMS Open Data, and briefly comment 
on the physics interpretation. We do not provide a high-precision analy

sis but rather aim to motivate more detailed experimental measurements 
that address uncertainties, as well as more precise theoretical calcula

tions beyond our simple leading-logarithmic analysis.

We prefer to use the cumulative 𝜈-correlator to extract the scaling ex

ponent for its smoother behavior in 𝜈, particularly near 𝜈 = 1, compared 
to its differential counterpart. Based on the differential distributions in 
Fig. 4 and the discussion of the transition to the non-perturbative re

gion in Sec. 5, we choose the fit region 0.07 < 𝑅𝐿 < 0.3 to avoid both 
the (transition to the) non-perturbative region and jet boundary effects, 
indicated with vertical dashed lines in Fig. 5. The errors shown are the 
2𝜎 fit errors. We have also explored varying the fit range by 10%, find

ing that this is not more than the fit error.

As stated in Sec. 2, the scaling exponent of cumulative 𝜈-correlator 
is proportional to anomalous dimension. However, due to the existence 

Fig. 5. Cumulative distribution of 𝜈-point energy correlator for various non

integer 𝜈 values. While the slope is positive for 𝜈 > 1, it changes sign for 𝜈 < 1
and vanishes when 𝜈 = 1. The vertical dashed lines represent the fit region used 
to extract the power law scaling from the Open Data in Sec. 6.

Fig. 6. Comparison between the 𝜈-correlator scaling exponent and DGLAP/BFKL 
anomalous dimensions. Red dots are fitted exponents for 𝜈-correlator with the 
2𝜎 fit error. The light-blue bands and light-green band are the corresponding 
eigenvalue(s) of DGLAP anomalous dimension and BFKL anomalous dimension, 
respectively. Both bands are plotted by varying scale in 𝛼𝑠 from 𝜇∗∕2 to 2𝜇∗, 
with the central dashed line evaluated at 𝛼𝑠(𝜇∗) = 0.178.

of quark-gluon mixing, the anomalous dimension is a 2 × 2 matrix, 
whose eigenvalues should be averaged in a way that depends on the 
quark/gluon jet ratio. Indeed, Fig. 5 indicates that a fit to a single 
power-law, though good for most values of 𝜈, does not work as well 
for small 𝜈, leading to larger uncertainties in Fig. 6. Without estimating 
the quark/gluon jet ratios, we simply compare our extracted exponent 
to both of these eigenvalues, from which we can still get reasonable in

formation.

The anomalous dimension depends on strong coupling constant 𝛼𝑠
and hence is a scale-dependent quantity. The physical scale in this prob

lem should be chosen as the jet scale, which is proportional to 𝑝𝑇𝑅𝐿. 
There is no rigorous first-principle calculation known yet to determine 
the exact effective scale. Based on the experience from Ref. [12], for 
𝑝𝑇 ∼ 500 GeV jet with 𝜈-correlator angle 𝑅𝐿 ∼ 0.1, we believe an ef

fective scale 𝜇∗ = 10 GeV is an appropriate approximation. We take 
𝛼𝑠(𝑚𝑍 ) = 0.118 and use the two-loop running coupling, resulting in 
𝛼𝑠(𝜇∗) = 0.178. The comparison of the extracted exponent to the eigen

values of the leading-order anomalous dimension is shown in Fig. 6.

For 𝜈 ≳ 1, the DGLAP anomalous dimension gives a reasonable es

timate for the scaling exponent of 𝜈-correlator, which is illustrated in 
Fig. 6 by the extracted scaling exponent lying between two eigenval

ues of DGLAP anomalous dimensions. When 𝜈 is close to 0, one of the 
DGLAP anomalous dimensions in 𝛾̂(𝜈 + 1) eigenvalues diverges and no 
longer matches the 𝜈-correlator exponent. Instead, we expect the scal
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ing exponent can be approximated by −1+𝜈+ 𝛾BFKL(𝜈),2 where 𝛾BFKL(𝜈)
is the well-known BFKL eigenvalue

𝛾BFKL(𝜈) =
𝛼𝑠

𝜋
𝐶𝐴

[
Ψ
(
𝜈 + 1
2 

)
+Ψ

(
−𝜈 + 1

2 

)
+ 2𝛾𝐸

]
+(𝛼2𝑠 ) . (20)

We find that this BFKL eigenvalue provides a reasonable prediction for 
the intercept value at 𝜈 = 0, as shown in Fig. 6. Further details and a 
more thorough analysis is left to future work.

7. Conclusions

In this letter, we developed a method for evaluating 𝜈-correlators, 
the analytic continuation of the projected (integer) 𝑁 -point energy cor

relators, that is sufficiently fast to be used on real data. The 𝜈-correlator 
provides access to non-integer moments of the splitting functions. A 
better understanding of the 𝜈-correlator over the whole 𝜈 > 0 range 
also provides valuable information for Monte Carlo parton showers. The 
limit 𝜈 → 0 is particularly interesting, providing a way to probe small-𝑥

physics in jets!

In the original formulation, the computation of the 𝜈-correlator for 
a jet with 𝑀 particles involves a recursion over all 2𝑀 subsets, and for 
each of these subsets the contribution from all other subsets need to 
be subtracted, yielding a 22𝑀 scaling. Here we trade memory for speed, 
using a new recursion relation to reduce the computation time to 𝑀2𝑀 , 
at the expense of needing order 𝑀2𝑀 memory.

We implement this in FastEEC, replacing the number of particles 
𝑀 in the jet with the number of dynamically resolved subjets, capped 
to a maximum value 𝑛sub. In practice, we find that using 𝑛sub = 16 is 
sufficient to obtain results with precision at the (few) percent level, in 
the perturbative power-law region. Utilizing our efficient approach, we 
present initial results for the 𝜈-correlator using CMS Open Data.

As a first foray into phenomenology, we use this to extract the 
power-law scaling in the perturbative region and compare it with the 
anomalous dimensions at leading logarithmic accuracy. We find that 
the extracted power law from the Open Data is in reasonable agreement 
to the DGLAP evolution except for 𝜈 ≪ 1. Here the DGLAP anomalous 
dimension is known to exhibit a 1∕𝜈 divergence requiring resummation. 
Instead, we find that the extracted value as 𝜈 → 0 is well approximated 
by the corresponding eigenvalue of the BKFL anomalous dimension.

We hope that our analysis strongly motivates measurements of 𝜈

correlators on jets, that account for uncertainties, as well as high

precision theoretical studies, beyond the simple leading logarithmic ac

curacy that we restrict to and including the effect of hadronization. We 
emphasize that our approach makes it practical to put these theoretical 
ideas to the test on real-world LHC jets.
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