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Abstract: We combine the semi-analytical structure formation model, SASHIMI, which
predicts subhalo populations in collisionless, cold dark matter (CDM), with a parametric
model that maps CDM halos to self-interacting dark matter (SIDM) halos. The resulting
model, SASHIMI-SIDM, generates SIDM subhalo populations down to sub-galactic mass
scales, for an arbitrary input cross section, in minutes. We show that SASHIMI-SIDM agrees
with SIDM subhalo populations from high-resolution cosmological zoom-in simulations in
resolved regimes. Crucially, we predict that the fraction of core-collapsed subhalos peaks at a
mass scale determined by the input SIDM cross section and decreases toward higher halo
masses, consistent with the predictions of gravothermal models and cosmological simulations.
For the first time, we also show that the core-collapsed fraction decreases toward lower
halo masses. While the dependence of the collapse time on mass and concentration implies
such behaviour, our semi-analytical approach allows us to quantify and illustrate this trend
clearly across the full mass spectrum of subhalos, including for subhalo masses below the
resolution limit of any current cosmological SIDM simulation. As a proof of principle, we
apply SASHIMI-SIDM to predict the boost to the local dark matter density and annihilation
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rate from core-collapsed SIDM subhalos, which can be enhanced relative to CDM by an
order of magnitude for viable SIDM models. Thus, SASHIMI-SIDM provides an efficient and
reliable tool for scanning SIDM parameter space and testing it with astrophysical observations.
The code is publicly available at https://github.com/shinichiroando/sashimi-si.

Keywords: dark matter theory, semi-analytic modeling, cosmological simulations, dark
matter simulations
ArXiv ePrint: 2403.16633
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1 Introduction

Dark matter accounts for more than 80% of the total matter in the Universe. Yet, its
particle identity remains unknown, and understanding its properties as an elementary particle
is a pressing task in physics. Whether the dark matter particles have non-gravitational
interactions is one of the most intriguing questions one can tackle using modern astrophysical
observations. In fact, various observations at sub-galactic scales indicate that the collisionless
cold dark matter (CDM) scenario may not be complete, and that new physics may be needed,
see, e.g., [1, 2]. As a compelling solution, self-interacting dark matter (SIDM), which was
originally proposed to address the tensions between CDM predictions and observations of
galactic systems [3], has attracted broad attention from multiple communities of particle
physics, astrophysics, and cosmology; see [4, 5] for recent reviews.

In the SIDM scenario, dark matter particles can scatter with each other and exchange
momentum. At the first stage of the gravothermal evolution of an SIDM halo, the heat
is transported from the hotter outer region to the colder inner region, resulting in a flat
density core towards the center, in contrast to a density cusp in CDM [6]. At the later
stage, the inner region becomes hotter and the self-interactions transport heat outwards,
leading to a high central density — a phenomenon called ‘gravothermal collapse’ [7, 8].
The collapse timescale depends on the self-interacting cross section per particle mass and
the halo parameters, particularly, the halo concentration [9–11]. Therefore, SIDM predicts
more diverse dark matter distributions in galaxies than CDM [11–18]. For satellite halos,
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environmental effects such as tidal stripping could further accelerate the onset of the collapse
by lowering the temperature height of the halo [14, 19–24]. Thus, there is a novel interplay
between gravitational evolution and tidal evolution for subhalos.

N-body simulations are leading tools to make SIDM predictions; see, e.g., [25–27] for
recent work on subtleties of SIDM implementations in numerical simulations. Nevertheless,
they are typically computationally expensive and less flexible in exploring a broad range
of SIDM parameter space. Recently, ref. [18] proposed a parametric model for modelling
SIDM halos and it is a semi-analytical method that can map CDM (sub)halos to their SIDM
counterparts for a given particle physics realisation of SIDM. The model builds on a body of
recent work demonstrating that the gravothermal evolution of the bulk regions of SIDM halos
is universal [18, 28–30]. It uses an effective constant cross section to simplify the underlying
differential SIDM cross section [31, 32]. Moreover, an integral approach is introduced to
incrementally incorporate SIDM effects along the evolutionary histories of CDM. Ref. [33]
has extensively tested the model against halos and subhalos in cosmological SIDM zoom-in
simulations from refs. [11, 34], finding that it accurately predicts subhalo density profiles,
on a subhalo-by-subhalo basis, at the 10% to 50% level. In this work, we further implement
the parametric model into a semi-analytical tool for subhalo populations, Semi-Analytical
SubHalo I nference ModellI ng (SASHIMI).1 SASHIMI is based on the theory of structure
formation and it can compute CDM subhalo populations efficiently, avoiding issues related
to numerical resolution and shot noise inevitable for simulation-based approaches. Being
in good agreement with outcomes of cosmological CDM simulations such as subhalo mass
functions [35] and distributions of subhalo density profile parameters [36], SASHIMI provides
a reliable way to extend simulation results into sub-resolution regimes.

Here, we develop a new semi-analytical tool, SASHIMI-SIDM, for semi-analytically
modelling SIDM subhalo populations. We will demonstrate that SASHIMI-SIDM predictions
agree well with those from high-resolution cosmological SIDM simulations. For low-mass
subhalos, one of our main findings is that the fraction of subhalos that are core-collapsed
peaks at a mass scale determined by the SIDM cross section and decreases towards both
higher and lower subhalo masses. As an application, we will evaluate the enhancement factors
due to the collapse of SIDM subhalos for both direct and indirect detection experiments.
For indirect detection, we find a boost for the rate of dark matter annihilation by up to
an order of magnitude, with details depending on the SIDM model. Our method generates
subhalo populations to be computed within minutes for a given host halo, will enable efficient
scans over SIDM parameter space, and can be used to test regions of SIDM parameter
space in a continuous manner. SASHIMI-SIDM is publicly available at https://github.c
om/shinichiroando/sashimi-si.

The rest of the paper is organised as follows. In section 2, we describe SASHIMI-
SIDM by going over each model ingredient and discuss the model validity at sub-resolution
scales. In section 3, we show various SASHIMI-SIDM outputs, including density profiles
of cored and collapsed subhalos, subhalo mass function, and distribution of the density
profile parameters. Furthermore, we validate our results using the corresponding simulation
outputs, and then predict the subhalo populations in the sub-resolution regime. In section 4,

1See https://github.com/shinichiroando/sashimi-c for the CDM version of SASHIMI.
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we discuss applications of the subhalo populations with SASHIMI-SIDM for both direct
and indirect detection experiments, and the dependence on SIDM models. We conclude in
section 5. Throughout the paper, we adopt the following cosmological parameters: H0 =
100 h km s−1 Mpc−1 with h = 0.674, Ωm = 0.315, and ΩΛ = 0.685. We use ‘ln’ to represent
the natural logarithm, while ‘log’ is used for 10-based logarithm.

2 Semi-analytical modelling of SIDM subhalos

2.1 SASHIMI for CDM

SASHIMI is a publicly available numerical code for calculating various subhalo properties
using semi-analytical models of structure formation [35]. SASHMI computes the properties of
CDM subhalos semi-analytically without being hindered by numerical resolutions or statistical
noise. Given a host specified with its mass, redshift, and concentration parameter, it combines
the accretion of CDM subhalos onto the host based on the extended Press-Schechter (ePS)
formalism [37] with the modelling of subhalo evolution after accretion onto a host halo.

By adopting the ePS formalism, which has been well calibrated against the numerical
simulations (e.g., [38]), we obtain the average progenitor mass function per unit redshift za

per unit subhalo mass ma, d2Nsh/(dmadza). This quantity is represented as a function of
(linearly extrapolated) critical over-density δc(z) of halo collapse at a given redshift z and
mass variance σ2(m) for halo and subhalo masses m. We refer the reader to refs. [35, 38]
for detailed expressions of subhalo accretion rate d2Nsh/(dmadza). In this work, we sample
the average progenitor mass function in order to obtain statistical predictions for ensembles
of subhalo populations. It will be interesting to extend our framework to build individual
merger trees and thus model halo-to-halo variance, following ref. [39].

Once the subhalo with the mass ma accretes onto its host at za, it loses mass via tidal
stripping. The following differential equation describes the mass evolution:

ṁ(z) = −A
m(z)

τdyn(z)

[
m(z)
M(z)

]ζ

, (2.1)

where A and ζ are two parameters fitted against Monte Carlo simulations that are found
to vary weakly as functions of M and z [35] (see refs. [40, 41] for earlier work). For the
redshift evolution of the host mass M(z), we adopt the result of ref. [42]. We solve eq. (2.1)
with the initial condition of m(za) = ma to obtain the subhalo mass m at any redshift
z between za and 0.

While the subhalo loses mass, its density profile is described by the Navarro-Frenk-White
(NFW) function [6]:

ρCDM(r) = ρs

(r/rs)(r/rs + 1)2 , (2.2)

where ρs is the density profile normalisation, rs is the scale radius, and the profile is cut off
abruptly beyond the tidal truncation radius rt, which is obtained from mass conservation:

m = 4π

∫ rt

0
drr2ρCDM(r) = 4πρsr3

sf

(
rt

rs

)
. (2.3)
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We model the changes of rs and ρs in terms of the related parameters rmax and Vmax,

rs = rmax
2.163 , (2.4)

ρs = 4.625
4πG

(
Vmax

rs

)2
, (2.5)

where Vmax is the maximum circular velocity and rmax is the radius at which Vmax is reached.
The initial values of rs and ρs at accretion are obtained via

ma = 4π

3 ∆c(za)ρc(za)r3
vir,a, (2.6)

rs,a = rvir,a
ca

, (2.7)

ρs,a = ma

4πr3
s,af(cvir,a) , (2.8)

where ∆c = 18π2 + 82d − 39d2 [43], d = Ωm(1 + za)3/[Ωm(1 + za)3 + ΩΛ] − 1, ρc(za) is
the critical density of the Universe at za, and f(c) = ln(1 + c) − c/(1 + c). The virial
concentration parameter ca is generated following the log-normal distribution function with
the mean c̄vir(ma, za) from refs. [42, 44], with appropriate conversions based on our halo
mass definitions and a scatter of σlog c = 0.13 [45].

Following ref. [46], we parameterise the evolution of rmax and Vmax after accretion as

Vmax
Vmax,a

= 20.4(m/ma)0.3

(1 + m/ma)0.4 , (2.9)

rmax
rmax,a

= 2−0.3(m/ma)0.4

(1 + m/ma)−0.3 . (2.10)

Using eqs. (2.4) and (2.5) again, we obtain rs and ρs at an arbitrary redshift 0 < z < z0.

2.2 Parametric model of SIDM

The parametric model of SIDM introduced in [18] connects parameters of an SIDM subhalo
to the corresponding one in CDM. Ref. [33] demonstrates that it accurately predicts SIDM
subhalo density profiles, on a subhalo-by-subhalo basis, when compared to the cosmological
zoom-in simulation of our Model I, from ref. [34], and our Model III, from ref. [11]. Once
we know the evolution history of CDM subhalos and their density profile parameters, the
parametric model allows us to compute the SIDM counterpart following the prescription
detailed in this subsection. The parametric model accurately captures SIDM subhalos’ tidal
evolution because SIDM primarily alters the inner halo structure, while tidal stripping starts
from the outer regions and progressively moves inward. Consequently, most surviving subhalos
have mass evolution histories similar to their CDM counterparts, and the primary effects
of SIDM on these systems can be captured through the evolution of Vmax and Rmax (see
ref. [33] for further discussion). Given the difficulties of tracking disrupting, cored subhalos
in cosmological simulations, we conservatively assume that every CDM subhalo maps to an
SIDM subhalo (i.e., we neglect full tidal disruption) to provide an upper limit on the expected
subhalo populations. For Model I, this assumption is accurate based on the similarity between
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CDM and SIDM subhalo mass functions reported by ref. [11]. Note that our key results
concern the fraction of core-collapsed halos, which are resilient to tidal disruption, and are
thus unaffected by this assumption.

To apply the parametric SIDM model to our SASHIMI predictions, we adopt the same
ePS formalism d2Nsh/(dmadza) as in the case of CDM. (Likewise, we assume that the
concentration-mass relation and the formation redshift-halo mass relation are unchanged
due to the SIDM effect.) This is based on two assumptions: (i) the linear power spectrum
is unchanged between CDM and SIDM (i.e., we only consider “late-time” effects of SIDM),
and (ii) self-interactions generally have a minor impact on halo abundances and orbital
properties before infall [34, 47]. The second assumption should be revisited carefully for
models that reach very large cross sections (e.g., [11]). Note that our calculation of orbit-
averaged subhalo properties in CDM commutes with our application of the parametric SIDM
model. Future work that models subhalos’ spatial and orbital distributions will need to
revisit this assumption.

For the density profile of the SIDM subhalos, we adopt the following parameterisation:

ρSIDM(r) = ρs

[(rβ + rβ
c )1/β/rs](r/rs + 1)2

, (2.11)

up to the tidal truncation radius rt, beyond which the density decreases quickly (for a
more accurate treatment of the cutoff, see [18]). In eq. (2.11), rc is the core radius within
which the density profile is flat. We adopt β = 4 throughout this work. Instead of directly
using (ρs, rs, rc), we work in the basis of (Vmax, rmax) and then convert to these parameters.
Following the integral model approach of ref. [18], these parameter sets of SIDM can be
obtained from the density profile parameters of CDM through the relation:

V SIDM
max (t) = V CDM

max (t) +
∫ t

tf

dt′

tc(t′)
dVmax,Model(t̃′)

dt̃′ , (2.12)

rSIDM
max (t) = rCDM

max (t) +
∫ t

tf

dt′

tc(t′)
drmax,Model(t̃′)

dt̃′ , (2.13)

dVmax,Model(t̃)
dt̃

= V CDM
max (tf )

[
0.1777 − 4.399(3t̃2) + 16.66(4t̃3) − 18.87(5t̃4)

+9.077(7t̃6) − 2.436(9t̃8)
]

Θ(1.1 − t̃), (2.14)

drmax,Model(t̃)
dt̃

= rCDM
max (tf )

[
0.007623 − 0.7200(2t̃) + 0.3376(3t̃2) − 0.1375(4t̃3)

]
Θ(1.1 − t̃),

(2.15)

where tf is the time when the given subhalo is formed, t̃ = (t − tf )/tc(t), tc(t) is the core-
collapse timescale (defined below), and Θ is the Heaviside step function. The second term
of the right-hand side of eqs. (2.12) and (2.13) takes the SIDM effects into account such as
core formation and collapse, while the first term is obtained as a result of the tidal effects.
By using the step function Θ, we terminate the SIDM effect (i.e., the second term) once
the collapse phase has been reached, t̃ > 1.1, up to which the parametric model has been
calibrated against N-body simulations [18]. Note that this assumption is only relevant for
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extreme, deeply core-collapsed subhalos, and thus does not significantly affect our key findings,
particularly in the very low-mass subhalo regime.

The conversion from (Vmax, rmax) to (ρs, rs, rc) for SIDM subhalos can be implemented
as follows. Firstly, starting with V SIDM

max (t) and rSIDM
max (t) obtained above, we compute V CDM

max,0
and rCDM

max,0 using the following relations:

V SIDM
max (t)
V CDM

max,0
= 1 + 0.1777t̃ − 4.399t̃3 + 16.66t̃4 − 18.87t̃5 + 9.077t̃7 − 2.436t̃9, (2.16)

rSIDM
max (t)
rCDM

max,0
= 1 + 0.007623t̃ − 0.7200t̃2 + 0.3376t̃3 − 0.1375t̃4. (2.17)

For the subhalos which have reached the collapsing phase, we adopt t̃ = 1.1. V CDM
max,0 and

rCDM
max,0 are the initial values of these parameters of a fictitious CDM halo. Secondly, we

convert (V CDM
max,0, rCDM

max,0) to (ρCDM
s,0 , rCDM

s,0 ) using eqs. (2.4) and (2.5) for the same fictitious
CDM halo. Finally, using

ρSIDM
s (t)
ρCDM

s,0
= 2.033 + 0.7381t̃ + 7.264t̃5 − 12.73t̃7 + 9.915t̃9 + (1 − 2.033) ln(t̃ + 0.001)

ln 0.001 ,

rSIDM
s (t)
rCDM

s,0
= 0.7178 + 0.1026t̃ + 0.2474t̃2 − 0.4079t̃6 + (1 − 0.7178) ln(t̃ + 0.001)

ln 0.001 , (2.18)

rSIDM
c (t)
rCDM

s,0
= 2.555

√
t̃ − 3.632t̃ + 2.131t̃2 − 1.415t̃3 + 0.4683t̃4, (2.19)

we compute the density profile parameters of the SIDM subhalo at time t.
We adopt the formation redshift zf from ref. [42]:

zf = −0.0064[log(mvir,0/M⊙)]2 + 0.0237 log(mvir,0/M⊙) + 1.8837, (2.20)

where mvir,0 is the extrapolated subhalo’s virial mass at present (z = 0), if there were no
tidal processes or SIDM effects. To connect the virial mass at accretion ma and at present
mvir,0, we adopt eq. (19) of ref. [42]. The formation time tf is then computed as

tf = 1
H0

∫ ∞

zf

dz

(1 + z)
√

Ωm(1 + z)3 + ΩΛ
, (2.21)

and the lookback time corresponding to zf is tL(zf ) = tU − tf , where tU ≈ 13.8 Gyr is the
age of the Universe. We plan to revisit the assumption of a universal formation time for
subhalos of a given mass in future work. For our current study, the version of the parametric
model that uses eq. (2.20) is sufficiently accurate, as discussed above.

Finally, the core-collapse timescale, tc, can be expressed as [7, 48]

tc = 150
C(σeff/mχ)ρCDM

s rCDM
s

1√
4πGρCDM

s

, (2.22)

where C = 0.75 [8, 9, 19, 32]. This timescale is a function of the cosmic time t, through
the evolving density profile parameters ρCDM

s and rCDM
s as well as the effective scattering

cross section per SIDM particle mass, (σeff/mχ). We introduce this effective cross section
and our SIDM models in the following subsection.

– 6 –
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σ0/mχ [cm2 g−1] w [km s−1]
Model I 147.1 24.33
Model II 2.4 × 104 1
Model III 147.1 120
Model IV 5 100
Model V 10 —

Table 1. SIDM model parameters. Model I is adopted as our fiducial model [16, 34], and used
throughout the work, including to compare SASHIMI-SIDM predictions with cosmological simulation
results [34]. The other models are discussed in section 4.1. Model III was simulated in ref. [11], and
Model V is a velocity-independent case chosen for illustrative purposes.

To summarise, we use eqs. (2.12)–(2.15) to obtain (Vmax, rmax) for SIDM from those for
CDM, and convert them to (ρs, rs, rc) for SIDM via eqs. (2.16)–(2.19). As the parameters
(ρs, rs) of the CDM density profile at any redshifts are entirely determined by (ma, za, ca), we
can also obtain (ρs, rs, rc) for SIDM in a deterministic manner once we specify (ma, za, ca).
In other words, we have complete functional forms for any parameters of the subhalo density
profile that depends only on (ma, za, ca): θ = θ(ma, za, ca).

2.3 SIDM models

We consider the velocity-dependent scattering cross section
dσ

d cos θ
= σ0

2[1 + (v/w)2 sin2(θ/2)]2 , (2.23)

which is characterised by two parameters: the cross section amplitude σ0, and the velocity
scale of the transition between velocity-dependent and velocity-independent scattering, w.
As default values, we adopt σ0/mχ = 147.1 cm2 g−1 and w = 24.33 km s−1 [16, 34] for most
of the present paper.

In figure 1, we show the ‘viscosity’ scattering cross section [31] after integrating eq. (2.23)
over cos θ with the weight of 3 sin2 θ/2:

σV = 6σ0w4

v4

[(
1 + 2w2

v2

)
ln
(

1 + v2

w2

)
− 2

]
, (2.24)

for this and other models from the previous literature [11, 18, 49]; we summarise the
SIDM parameters of these models in table 1. Along with four velocity-dependent SIDM
models (Models I, II, III, and IV), we also consider a velocity-independent model with
σ0/mχ = 10 cm2 g−1 for illustrative purposes only, since observations on galaxy cluster scales
imply σ0/mχ < 0.1 cm2 g−1 for velocity-independent scattering [50, 51].

The viscosity cross section is suggested as a better representation of an angle-integrated
quantity than the total cross section σtotal = σ0/(1 + v2/w2)2 [31]. The effective cross section
σeff is obtained by [31, 32]

σeff = 1
512v8

eff

∫ ∞

0
dv

∫ 1

−1
d cos θ

dσ

d cos θ
v7 sin2 θ exp

[
− v2

4v2
eff

]
, (2.25)

which depends on subhalo density profile via veff = 0.64V CDM
max [28].
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Figure 1. Viscosity cross section per unit dark matter mass, σV /mχ, as a function of relative velocity
for five benchmark SIDM models. Our fiducial SIDM model (Model I) with σ0/mχ = 147.1 cm2 g−1

and w = 24.33 km s−1 [16, 34] is adopted throughout the paper, while the other models (table 1) are
discussed in section 4.1. Model III was simulated in ref. [11], and Model V is a velocity-independent
scenario for illustrative purposes.

2.4 Validity of SASHIMI in sub-resolution regimes

One of the advantages of adopting semi-analytical models like SASHIMI over approaches based
on numerical simulations is that they are free from issues related to numerical resolution
in cosmological simulations. If the physical ingredients such as our ePS formalism and
parametric SIDM model are assumed to be valid, then our SASHIMI-SIDM predictions will
be trustworthy. We may therefore make predictions for arbitrarily small subhalos under this
assumption. Before doing so, we will demonstrate in section 3 that SAHSIMI-SIDM matches
the predictions of cosmological SIDM simulations in resolved regimes.

The ePS formalism has been tested and proven to be a valid tool across a wide range of
masses, redshifts, and environments (e.g., [52]). The parametric model for SIDM discussed
in section 2.2 depends on the cosmic time since the subhalos’ formation, normalized by the
collapse timescale. The collapse timescale depends on the scattering cross section (per unit
dark matter mass) and halo density profile parameters, and thus our ansatz is that this
dependence continues to hold at much smaller scales. This, however, must be tested against
future numerical simulations with higher resolution.

Below, we provide the first direct comparison between SASHIMI-SIDM predictions and
high-resolution zoom-in cosmological simulations of SIDM. In order to do so and also to make
predictions for various observables, we will make appropriate cuts in the following sections.
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3 Model predictions and validations

Using SASHIMI, we generate a list of subhalos in a Milky Way-mass host with M200 = 1012 M⊙
at z = 0. The parameters related to the subhalo’s density profile are mass at both accretion
and at present (z = 0), redshift at accretion za, ρs and rs for both CDM and SIDM, the
core radius rc for SIDM, and the tidal truncation radius rt.

The properties of each subhalo are entirely characterised by three parameters ma, za, and
ca, throughout its evolution history. We generate these quantities following their distributions;
i.e., the ePS d2Nsh/(dmadza) for the former two, and the log-normal distribution P (ca) for the
latter. We assign each subhalo entry in the list a weight factor, i.e., the ensemble average of the
number of such a subhalo: wi = ⟨Nsh,i⟩. This approximates the distribution of (ma, za, ca) as∫

dza

∫
dma

d2Nsh
dmadza

∫
dcaP (ca|c̄vir(ma, za), σlog σ) −→

∑
i

wi. (3.1)

We then generate the distribution function of any combination of subhalo parameters, θ,

dNsh
dθ

=
∫

dza

∫
dma

d2Nsh
dmadza

∫
dcaP (ca|c̄vir(ma, za), σlog c)δD (θ − θ(ma, za, ca)) , (3.2)

by making a (multi-dimensional) histogram with weights wi.
Note in the current version of SASHIMI, we model the average properties of the subhalo

population within the host’s virial volume, without including spatial or orbital information
directly. This means that the effects of subhalo orbits on tidal mass loss and gravothermal
collapse are not captured. Previous studies, such as refs. [21, 24], highlight the importance
of orbital parameters in shaping the evolution of collapsed and cored subhalos, particularly
because core collapse can be accelerated by tidal stripping [14, 19]. Incorporating these orbital
distributions would allow us to account for the radial dependence of tidal interactions and
collapse timescales. Additionally, we do not account for the evaporation effect between host
and subhalo dark matter particles, which becomes significant when the cross section at the
host mass scale exceeds 1 cm2 g−1 [47]. This effect can be included in the parametric model;
see ref. [33] for details. We plan to extend SASHIMI in future work to incorporate these effects,
improving the fidelity of our predictions for the core-collapsed and cored subhalo populations.

3.1 Distribution of density profile parameters

Figure 2 shows the density contour in the two-dimensional parameter space: θ = (Vmax, rmax),
computed using eq. (3.2). The top panels are for the subhalos with the masses within the
truncation radius at z = 0 that are larger than 108 M⊙/h. We compare the distributions in the
case of SIDM with that of CDM. We also plot results from cosmological zoom-in simulations
of SIDM Model I, presented in the previous study by some of the present authors [18], as
green data points. Our SASHIMI-SIDM predictions broadly agree with these simulation
results for both the CDM and SIDM cases. We leave a detailed statistical analysis based
on matching individual subhalos in cosmological simulations to future work.

In the bottom panels of figure 2, we extend the SASHIMI-SIDM predictions to the
sub-resolution regime with the subhalo mass threshold of 106 M⊙/h. The resulting rmax
distribution extends to much lower values compared to the top panel, while the Vmax
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Figure 2. Subhalo number distribution in the (Vmax, rmax) parameter space for CDM (left) and
SIDM (right) for the SIDM Model I (table 1). The subhalos shown have masses larger than 108 M⊙/h

(top) and 106 M⊙/h (bottom). Green data points in the top panels are from cosmological zoom-in
simulations of SIDM Model I [18]. The dotted curve in each panel shows a contour of the collapse
timescale, obtained by setting tc from eq. (2.22) equal to the age of the Universe, 13.8 Gyr. The SIDM
subhalos below this curve are expected to be in core-collapse phase at z = 0.

distribution hardly changes. This follows because the rotation curves of collapsed SIDM
subhalos reach a similar maximum velocity at a much smaller radius, reflecting their higher
concentration.

Figure 3 shows a subhalo population generated by Monte-Carlo sampling the SASHIMI-
SIDM prediction with θ = (Vmax, rmax) and (rs, rc), in the left and right panels, respectively.
The colour of these scattered points shows the lookback time to the subhalo formation
redshift tL(zf ) in units of the collapse timescale tc. The subhalos in the collapsing phase,
tL(zf )/tc ≈ 1, show substantially smaller rmax values for the same Vmax values. The core
radius rc is strongly correlated with the scale radius rs. The relation saturates around
rs ≈ 5rc for the subhalos in the core-collapse phase.

3.2 Mass function and fraction of collapsed subhalos

We discuss the subhalo mass function, for which θ = m is the present-day bound subhalo
mass. In figure 4 (left), we show dNsh/dm for the subhalos. We also show the mass function
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Figure 3. A realisation of a SASHIMI-SIDM subhalo population with masses heavier than 106 M⊙/h,
on the (Vmax, rmax) (left) and (rs, rc) (right) planes for the SIDM Model I. The diagonal dotted line in
the right panel show the one-to-one rc = rs relation. The colour corresponds to the lookback time to
the subhalo formation redshift, tL(zf ), in units of the collapse timescale tc. The colours are saturated
for all the subhalos in the core-collapse phase, tL(zf )/tc > 1, as the evolution has been stopped once
it reaches tL(zf )/tc = 1.1.
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Figure 4. Left: subhalo mass function for the SIDM Model I, which is nearly identical to CDM. The
mass function of the collapsed subhalos with tL(zf )/tc > 1, 2, and 3 are also shown. Right: collapse
fraction Fcol: i.e., the ratio of mass functions of collapsed subhalos compared to the total population.

of the subhalos that have already collapsed with tL(zf )/tc > 1, 2, and 3. The fraction of
collapsed subhalos is shown in the right panel. The subhalo mass function is hardly changed
compared to that of the CDM case. This is based on the assumption that the ePS formalism
does not change, and that the subhalo masses are not significantly affected by self-interactions
(e.g., [34]). Strikingly, the fraction of core-collapsed subhalos with tL(zf )/tc > 1 peaks at
∼ 30% for the subhalos with the masses of 107–108 M⊙.

We can understand this result analytically as follows. The mass scale where the core-
collapsed fraction peaks is determined by the underlying SIDM cross section and the mass-
concentration relation. We parameterize the velocity dependence of the effective cross section
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as σeff ∝ σ0v−n, where the power-law exponent n is a number varying from 0 to 4 in our
SIDM scenarios. For a given halo, v ∼ Vmax ∝ (ρCDM

s )1/2rCDM
s . Hence, from eq. (2.22), we

see that the core-collapse timescale scales as

tc ∝ 1
(σeff/mχ)rCDM

s (ρCDM
s )3/2 ∝ (σ0/mχ)−1m(n−1)/3c(n−7)/2, (3.3)

where we have used the scaling relations ρCDM
s ∝ c3 and rCDM

s ∝ m1/3/c. In the limit n = 0,
tc ∝ (σ/mχ)−1m−1/3c−7/2 [9, 11].

According to our assumed mass-concentration relation from ref. [44], c ∝ m−0.036 in the
low-mass regime. Thus, for halos that probe the velocity-independent part of the SIDM
cross section (n = 0), tc ∝ m−0.2, implying that the core-collapsed fraction decreases toward
lower halo masses. Meanwhile, for halos in the velocity-dependent regime of the cross section
(n = 4), tc ∝ m1.1 and higher-mass halos collapse more slowly. This behaviour, including the
minimum of tc, was previously identified by combining cosmological CDM simulations and
semi-analytical models [53]. Our semi-analytical approach, however, allows us to explicitly
quantify the resulting core-collapsed fraction across a broad mass spectrum, illustrating the
peak and its dependence on the SIDM parameters. Crucially, our predictions span subhalo
masses below the resolution limit of any current cosmological SIDM simulation. In the
context of our SIDM parameterisation, the amplitude of the core-collapse fraction peak is
set by σ0, and the mass scale of the peak is set by w. For SIDM Model I, the core-collapse
fraction peaks at ≈ 30%, consistent with cosmological zoom-in simulation results for this
model [34]. This peak occurs for ≈ 108 M⊙ subhalos, which have maximum circular velocities
comparable to the w = 24.33 km s−1 in this model. In section 4.1, we present core collapse
fractions for other SIDM models to expand on these predictions and confirm the dependence
of the core-collapse fraction on σ0 and w.

3.3 Density profiles

We demonstrate several examples of subhalos’ density profiles, shown in figure 5. These
subhalos were randomly sampled following the subhalo distribution generated with SASHIMI-
SIDM under conditions of tL(zf )/tc ≈ 0.18 (left panels) and tL(zf )/tc ≈ 1.1 (right panels).
We chose subhalos, whose masses fall within a 107–109 M⊙ range, for the core-forming and
core-collapsed cases.

As expected, if the core-collapse timescale tc is shorter than the lookback time corre-
sponding to the halo formation tL(zf ), the subhalo is in the core-collapse phase. To make
our predictions conservative (i.e., such that we underestimate the density of the collapsed
subhalos), we stop our calculations and freeze the density profile evolution according to the
SIDM effects once the subhalo reaches tL(zf )/tc = 1.1. We note that the subhalos will keep
evolving after reaching the collapsing time tc and might form a black hole at the subhalo
centre in extreme scenarios (e.g., [54]).

4 Applications

We apply the SASHIMI-SIDM results to predict a few observables to probe the particle
properties of dark matter using future experiments and observations. More detailed analyses
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Figure 5. Density profiles of both CDM and SIDM subhalos with the parameters shown: the present
bound mass msh, mass at accretion m200,a, redshift at accretion za, and the lookback time of the
subhalo formation tL(zf ) in units of collapse timescale tc. The left panels show subhalos in a core-
forming phase (tL(zf )/tc ∼ 0.2), and the right panels show those in a collapsing phase (tL(zf )/tc ≳ 1).

are slated for several follow-up studies. Here, we demonstrate a couple of simple examples
of applications.

4.1 Distinguishing SIDM models

First, we discuss the dependence on the SIDM parameters σ0/mχ and w. The left panel
of figure 6 shows the fraction of collapsed subhalos with tL(zf )/tc > 1 as a function of the
subhalo mass. The parameters and cross sections of these SIDM models are as shown in
table 1 and figure 1, respectively. As expected, the larger the cross section σ0 is, so is the
collapse fraction. The velocity scale w, which sets the transition scale from σ0 ∝ v0 to ∝ v−4,
decides the mass scales of the core-collapsed subhalos. Particularly for SIDM Model II,
which saturates at the large value of σ0/mχ = 2.4 × 104 cm2 g−1, nearly all the subhalos
with the masses of 1–106 M⊙ collapse.

We emphasize that, in the subhalo mass regime where simulations can resolve core
collapse, these results are consistent with previous studies [11, 34, 53]. However, our semi-
analytical approach allows us to predict the core-collapse fraction down to very low subhalo
masses and to reveal its turnover. It will be interesting to design cosmological simulations
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Figure 6. Left: core-collapsed fractions (same as figure 4 right panel, tL(zf )/tc > 1), for various
SIDM models. Right: the annihilation boost factor — the ratio of the luminosity from dark matter
annihilation in all subhalos throughout the virial radius, relative to the smooth CDM host halo — as
a function of threshold subhalo mass mth

sh. For the parameters of SIDM models, see table 1.

that capture this turnover in future work. Future surveys of Milky Way dwarf galaxies
and follow-up measurements of their dark matter density profiles will help determine the
population of dwarfs that are potentially in the collapse phase. They may further help
distinguish different SIDM models, where our method provides essential tools.

4.2 Subhalo boost of dark matter annihilation

Next, we discuss a possibility that the SIDM particles self-annihilate into Standard Model
final states (motivated by several particle physics models, e.g., [55, 56]). Since the rate of
self-annihilation depends on the density squared, the subhalos in the core-collapse phase
will enhance the annihilation signal, and this signature will depend on the SIDM model
parameters through the core-collapsed fraction. We estimate the total luminosity of Standard
Model particles such as photons from the dark matter annihilation in all subhalos within
the host’s virial radius by

Lsh,tot ∝
∑

i

wi

∫
dr4πr2ρ2

sh,i(r). (4.1)

By dividing this quantity by the luminosity of the main halo component by assuming
the NFW profile (i.e., CDM without subhalos), we define the annihilation boost factor:
Bsh ≡ Lsh,tot/L0

host,NFW. We then compare this quantity for CDM and SIDM, and investigate
the dependence on the subhalo masses considered. Our assumption that the main halo is
CDM-like is reasonable even for our SIDM models because baryons contract the inner host
halo [57–60]. This choice allows us to isolate the effects of SIDM on subhalo populations.
We note that the effect of sub-subhalos and finer structures is not included in the following
calculations, and hence the results in this subsection is conservative.

The right panel of figure 6 shows the annihilation boost factor due to the subhalos more
massive than a threshold mass mth

sh, Bsh(> mth
sh). First, we focus on comparing SIDM Model I

to CDM. As we include smaller subhalos, the CDM boost factor gradually increases and
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exceeds 1 for msh > M⊙ [35, 61]. On the other hand, for the SIDM model, the contribution
from subhalos with masses larger than ∼ 108 M⊙ is small as many of them are cored. A
clear transition happens once the subhalos with masses smaller than ∼108 M⊙ are included.
Because of the large population of core-collapsed subhalos (tL(zf )/tc > 1) that have much
steeper profile than the CDM case, the signals of dark matter annihilation are boosted up to a
factor of 4. Given the null observations of dark matter annihilation in any existing gamma-ray
data, the model will be stringently constrained by using the existing gamma-ray data from
the Milky Way halo, dwarf spheroidal galaxies [36, 62], unassociated Fermi sources, clusters
of galaxies, and unresolved gamma-ray background. More careful analyses of these targets
are the subject for our future study. For example, it will be interesting to model the spatial
and orbital dependence of subhalo mass-loss rates, rather than calculating orbit-averaged
quantities, in order to predict the radial dependence of the annihilation boost.

SIDM models that predict larger fraction of collapsed subhalos yield more conspicuous
dark matter annihilation boosts. In particular, for SIDM Model II, the boost factor reaches
Bsh ∼ 10 but only if the halos with masses smaller than 1 M⊙ exist. For SIDM Model III,
the larger subhalos with msh > 109 M⊙ could collapse within the Hubble time, and thus
enhance the boost factor substantially.

4.3 Probability distribution of dark matter density

What is the dark matter density at a given point in the Galaxy? This is one of the most relevant
questions for dark matter direct detection experiments. It may also have some relevance for
several gravitational probes, such as gravitational lensing, gaps in stellar streams, and pulsar
timing arrays. To this end, we predict the probability density function P (ρ) = dP/dρ of dark
matter density at a given radius (e.g., r = 8 kpc for the solar system), ρ(r) = ρsh(r) + ρh(r),
where ρsh and ρh are the subhalo and host halo components, respectively. This is motivated
by several earlier studies [63–65].

Suppose we are in a dark matter subhalo i, which subtends to its truncation radius rt,i.
Then, the conditional probability of finding a subhalo density between ρsh and ρsh + dρsh,
P (ρsh|i)dρsh is obtained via

P (ρsh|i)dρsh =
∣∣∣∣dPsh,i

dr

∣∣∣∣
∣∣∣∣∣ dr

dρsh,i

∣∣∣∣∣ ∝ r2

|dρsh,i/dr|
, (4.2)

where Psh,i after the first equality is the probability of finding the point of interest at a
radius r from the subhalo centre, which goes as dPsh,i/dr ∝ r2. The denominator of the last
expression |dρsh,i/dr| can be evaluated using the density profile expressions for either the
CDM or SIDM case, in eqs. (2.2) and (2.11), respectively.

The volume of subhalo i is Vsh,i = 4πr3
t,i/3. We assume that the subhalos’ spatial

distribution follows the density function nsh(r) ∝ exp[(2/α)(r/r−2)α] independent of the
mass, where α = 0.678, r−2 = 0.81r200, and r200 is the radius within which the average density
is 200 times the critical density [66]. With this assumption, the probability per volume that
a random subhalo is located at the radius r from the halo centre, Psh,V , is proportional to
nsh(r). Therefore, at the radius r, the probability of finding a subhalo i at our location is
P (i) = wiVsh,iPsh,V . Note that the weight factor wi is needed as i represents a collection of
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the subhalos specified with the same parameters, whose total number is wi. Combined with
the conditional probability from eq. (4.2), the total probability density function for ρsh is

Psh(ρsh)dρsh =
∑

i

P (i)P (ρsh|i)dρsh. (4.3)

Our model predicts that the volume filling factor, fV,sh ≡
∑

i P (i), is 29% (r = 1 kpc),
22% (8 kpc), 8.7% (50 kpc), 4.0% (100 kpc), and 1.2% (200 kpc), and these figures hardly
change between CDM and SIDM. The remaining fraction, 1−fV,sh, is in the smooth host-halo
component. Following ref. [64], we model this host component as

Ph(ρ)dρ = 1 − fV,sh√
2π∆

exp
{

− 1
2∆2

[
ln
(

ρ

ρ0(r)e∆2/2
)]2

}
dρ

ρ
, (4.4)

where ∆ = 0.2. For ρ0(r), we adopt the NFW profile with ρs = 0.245 GeV cm−3, rs = 23.5 kpc,
which gives ρ0(8 kpc) = 0.4 GeV cm−3 for the local dark matter density around the solar
system. Combining with the subhalo component from eq. (4.3), we have the total probability
distribution function

P (ρ)dρ = Ph(ρ)dρ + Psh(ρ − ρh)dρ. (4.5)

We note that for obtaining the second term, we marginalise over the ρh following the
probability density function, eq. (4.4).

In the top left panel of figure 7, we show P (ρ) at the radius of the solar system, r = 8 kpc,
comparing the cases of CDM and SIDM Model I. Although many low-mass subhalos experience
core collapse with the SIDM parameters adopted, the probability for Earth to reside in such
a collapsed region is so tiny that the effect does not appear as an enhancement in the density
distribution P (ρ). Instead, the suppression of the density profiles for cored higher-mass
subhalos at larger radii in the SIDM case, as seen in figure 5, yields a more significant
effect. This is because the larger fractional volume associated with these regions is of a
more substantial impact. We also show the SIDM subhalo contributions from different mass
ranges as dotted curves. The smaller subhalos are denser, but their overall contribution to
the total density probability is more suppressed.

These findings, however, depend in detail on the SIDM model. In the top right panel of
figure 7, we show P (ρ) for the SIDM models I–V (table 1). In particular, SIDM Model III
enhances the high-density tail of P (ρ) compared to CDM due to the large collapse fraction
for massive subhalos (figure 6, left panel). This is noteworthy because SIDM Model III can
simultaneously explain astrophysical observations on a variety of scales [11, 67, 68] while
affecting P (ρ) in a distinct manner compared to the other SIDM models we study. Thus,
there is an interplay between the SIDM cross section at different velocity scales and the local
dark matter density, which both direct detection experiments and astrophysical probes of
the Milky Way’s density profile may be sensitive to.

Finally, the bottom left (bottom right) panel of figure 7 compares the probability density
function for SIDM Model I (Model III) at different radii. In both cases, the mean value
of these distributions shifts to lower densities at larger radii, as expected because densities
are lower in the outer regions of the host halo. Interestingly, the high-density tails of the
distributions become more pronounced at large radii, particularly for Model III.
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Figure 7. Top left: probability distribution function of the local dark matter density P (ρ) at
8 kpc from the host Milky-Way halo centre (dot-dashed), CDM subhalos and the halo (dashed) and
SIDM (Model I; table 1) subhalos and the halo (solid). The dotted lines show contributions from the
SIDM subhalos with masses larger than 1010 M⊙, between 1010 M⊙ and 108 M⊙, between 108 M⊙
and 106 M⊙, and smaller than 106 M⊙, from top to bottom at the left, respectively. Top right: the
probability density function at 8 kpc (subhalos and the halo) for SIDM Models I–V (table 1) and
CDM. Bottom: the probability density function of SIDM Model I (left) and Model III (right) at r = 1,
8, 50, 100, and 200 kpc.

It will be interesting to refine our model in order to compare these predictions with
cosmological zoom-in simulations in future work. For example, our assumption that subhalos’
spatial distribution is mass-independent breaks down for subhalos with large infall masses,
which sink to the host center more quickly due to dynamical friction [69, 70]. Incorporating
this effect will require explicitly modelling tidal stripping along subhalos’ orbits. Furthermore,
it will be important to model the effects of central galaxies on SIDM subhalo populations,
which can be important for subhalos with small pericenters [71, 72]. In SIDM, the disk may
further diversify subhalo populations by accelerating core collapse for some systems and
disrupting others that have sufficiently large cores. Understanding the extent to which the
disruption of cored SIDM subhalos is physical versus numerical will therefore be critical
(e.g., see refs. [73–76]).
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5 Conclusions

We have presented a new semi-analytical model, SASHIMI-SIDM, to efficiently predict SIDM
subhalo populations down to arbitrarily low masses. By combining the structure-formation
theory with a parametric model that connects the CDM subhalos to their SIDM counterpart,
calibrated using the CDM and SIDM cosmological simulations, SASHIMI-SIDM runs in
minutes without being limited by numerical resolution. Our main findings are as follows.

• By taking benchmark SIDM parameters with σ0/mχ = 147.1 cm2 g−1 and w =
24.33 km s−1 in eq. (2.23), we compared the distribution of Vmax (the maximum circular
speed) and rmax (radius at which Vmax is reached) with the results of the corresponding
cosmological simulations, for the subhalos with masses heavier than 108 M⊙/h. We
found good agreement for both the CDM and SIDM cases (figure 2).

• We then included subhalos with masses below the cosmological simulation’s resolution
limit. For our fiducial SIDM model (Model I), the fraction of core-collapsed subhalos
reaches its maximum of ∼30% around subhalo masses of 107 M⊙, and the core-collapsed
fraction decreases towards lower subhalo masses (figure 4).

• In the context of SASHIMI-SIDM, this behaviour can be explained by comparing the
core-collapse timescale, and its dependence on Vmax and rmax from eq. (2.22), to the
age of the subhalo. We also provide an analytic understanding of the core-collapse
fraction; see eq. (3.3) and the related discussion. Our predictions explain the behaviour
of the core-collapsed fraction for various SIDM models (figure 6, left panel).

• We studied the implications for dark matter indirect-detection experiments. For our
fiducial SIDM model (Model I), the rate of dark matter annihilation is enhanced by a
factor of up to ∼ 4 compared with the host-halo only expectation. This boost is further
enhanced for SIDM models that reach larger cross sections at low relative velocities. For
example, for Model II (table 1), the boost factor is as large as a factor of 10 (figure 6,
right panel).

• We discussed the implications for local dark matter densities in the Milky Way. For
SIDM Model I, even if a substantial fraction of the subhalos experience core-collapse,
the total volume associated with these collapsed subhalos is tiny. Instead, we found the
probability of finding a dense subhalo at the location of the solar system was decreased,
compared to the CDM case, due to core formation of more massive subhalos (figure 7).
This is, however, not the case for other models that predict larger fraction of collapsed
subhalos (e.g., Model III).

Our finding that the core-collapse fraction peaks at a particular mass scale set by
the underlying SIDM microphysics is particularly striking. For example, in our fiducial
SIDM Model I from refs. [16, 34], which is motivated by the diverse rotation curves and
inner densities of isolated dwarf galaxies and Milky Way satellites the core-collapse fraction
peaks at present-day subhalo masses of ∼ 107 M⊙. It will be interesting to search for these
systems in the Milky Way, both as hosts of faint satellite galaxies and through their impact
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on stellar streams. Meanwhile, SIDM Model III, which is motivated by observations of
low-concentration ultra-diffuse galaxies and extremely dense strong gravitational lensing
perturbers [11], the core-collapse fraction peaks at higher subhalo masses of ∼ 109–1010 M⊙.
Our analytic calculation of the core-collapsed fraction highlights that this result is sensitive
to the assumed mass-concentration relation, which should be studied in SIDM models at
very low subhalo masses.

We have demonstrated that SASHIMI-SIDM can rapidly and accurately generate SIDM
subhalo populations down to arbitrarily low masses. This will enable more comprehensive and
efficient scans of SIDM parameter space, allowing these models to be tested using astronomical
data. Relevant observables include dwarf galaxy number counts and density profiles [77, 78],
strong gravitational lensing flux ratio statistics and gravitational imaging data [79], stellar
stream perturbations [80], and pulsar timing array signals [81]. These can be probed with
current and future facilities such as the James Webb Space Telescope [82], Euclid [83], the
Vera C. Rubin Observatory [84], and the Nancy Grace Roman Space Telescope [85]. We
plan to pursue these tests of SIDM in future studies.
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