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Efficient least squares discretizations for Unique
Continuation and Cauchy problems

Abstract We consider least squares discretizations of Unique Continuation and
Cauchy problems for the Poisson equation based on ultra-weak variational formu-
lations. The dual norm that is present in the (regularized) least squares functional
cannot be evaluated exactly, and so has to be discretized which leads to a saddle-point
formulation. For uniformly stable pairs of ‘trial’ and ‘test’ finite element spaces, ap-
proximations are obtained that are quasi-best in view of the available conditional
stability estimates.

Compared to standard variational formulations, conditional stability estimates that
corresponds to ultra-weak formulations result in better convergence rates with the
same error-norm. Globally �1 finite element test spaces to accommodate the ultra-
weak formulation will be avoided by the application of nonconforming test spaces.
Thanks to the ultra-weak formulation, both Neumann and Dirichlet boundary con-
ditions are natural ones, which in particular enables a convenient discretization of
the Cauchy problem.

1 Introduction

This work is a continuation of the research from the joint papers [DSW22, DMS23]
with Wolfgang Dahmen on the numerical solution of ill-posed boundary value
problems �D = 5 that are conditionally stable.

The latter means that for some Hilbert spaces - , + , and �, where � ∈ L(-,+),
and some ! ∈ L(-, �), for all D ∈ - that satisfy an a priori bound ‖!D‖� 6 �,
there is a continuous dependency of the solution on the data in the following sense.
For some 9 : - → R+ and [ = [� : R+ → R+ with limC↓0 [(C) = 0, it holds that
9 (D) 6 [ (‖�D‖+ )

. In applications 9 (·) is a (semi-) norm that is weaker than the
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norm on - , and, e.g., [(C) = CB or even only [(C) = (−1/log C)B for some B ∈ (0, 1].
Examples of conditionally stable problems will be given in Sec. 2

For a family of finite dimensional subspaces (- X)X∈� ⊂ - (‘X’ refers to
‘discrete’), the approach that was developed in [DMS23] is to approximate D
by the minimizer DXY over - X of the regularized least-squares functional I ↦→√
‖�I − 5 ‖2+ + Y2‖!I‖2� . It was shown that for a suitable selection of Y, both
‖! (D − DXY)‖� is uniformly bounded, so that 9 (D − DXY) 6 [

(‖ 5 − �DXY ‖+ )
, and

‖ 5 − �DXY ‖+ is bounded by an absolute multiple of ‖ 5 − �D‖+ +minI∈- X ‖D − I‖- ,
being the sum of the consistency error and the error of best approximation. Con-
sequently, the bound on the error quantity 9 (D − DXY) that is realized is, in view of
the available conditional stability estimate, qualitatively the best possible one for an
approximation from - X .

In applications, + is a Cartesian product of the form . ′ ×, . The norm on the
dual space. ′ cannot be evaluated and has to be replaced by the dual norm on a finite
dimensional subspace . X ⊂ . . By realizing uniform inf-sup conditions for the pair
(- X , . X) of trial and test spaces, this can be done whilst retaining above optimality
results.

The conditional stability estimates that were applied in [DMS23] are the common
ones derived from standard variational formulations of the PDEs. In this work, we
will apply ultra-weak variational formulations, which will result in qualitatively the
same conditional stability estimates in terms of a weaker ‖ • ‖- -norm. Consequently,
the resulting least-squares approximations are shown to converge faster as function
of a decreasing mesh-size. A price to be paid for an ultra-weak formulation, however,
is that . will be a subspace of �2 (Ω), with Ω ⊂ R= being the domain on which
the PDE is posed. In order not being forced to apply �1 finite element spaces as
test spaces, we will extend the analysis of the least-squares method to the use of
nonconforming test spaces.

2 Examples of conditionally stable, ill-posed PDEs

In this work, we consider the following two problems: The Unique Continuation
(UC) problem of finding D : R= ⊃ Ω→ R that for some l b Ω satisfies{−4D = ℓ on Ω,

D |l = @ on l,

and the Cauchy problem of finding D : Ω→ R that for some Σ ⊂ mΩ satisfies
−4D = ℓ on Ω,
D = 6 on Σ,

mD
m= = k on Σ.
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For the moment we assume that the data, (ℓ, @) or (ℓ, 6, k), is consistent so that
solutions exist. Because with our numerical approximation all equations will be
imposed in a least-squares sense, this will automatically accommodate the relevant
case of having inexact data.

Besides for the Poisson problem, UC andCauchy problems can also be formulated
for the heat and wave equations.

A key ingredient in deriving conditional stability results is the following “Propa-
gation of smallness result” [ARRV09, Thm. 5.1] for harmonic functions, which is a
corollary of the “three balls estimate”, e.g., see [ARRV09, Thm. 2.1].

Theorem 2.1 (Propagation of smallness) For a bounded domain Ω ⊂ R=, and
subdomains l b � b Ω, there exists an U ∈ (0, 1) such that for all harmonic
| ∈ !2 (Ω),

‖|‖!2 (�) . ‖|‖U!2 (l) ‖|‖
1−U
!2 (Ω) . (1)

The common variational formulation of the UC problem reads as seeking D ∈
�1 (Ω) that satisfies { ∫

Ω
∇D · ∇{ 3G = ℓ({) ({ ∈ �1

0 (Ω)),
D |l = @ on l. (2)

Following arguments as e.g. given in [BNO23, Sect. 2.2], we write D = D0 + D̃ where
D0 ∈ �1

0 (Ω) solves ∫
Ω
∇D0 · ∇{ 3G = ℓ({) ({ ∈ �1

0 (Ω)),

so that {−4D̃ = 0 on Ω,
D̃ |l = @ − D0 |l on l.

Repeated applications of the triangle-inequality, and an application of Theorem 2.1
to D̃ shows that

‖D‖!2 (�) 6 ‖D0‖!2 (�) + ‖D̃‖!2 (�) . |D0 |� 1 (Ω) + ‖D̃‖!2 (�)
. ‖ℓ‖�−1 (Ω) + ‖D̃‖U!2 (l) ‖D̃‖

1−U
!2 (Ω)

. ‖ℓ‖�−1 (Ω) +
(‖D‖!2 (l) + ‖D0‖!2 (l)

)U (‖D‖!2 (Ω) + ‖D0‖!2 (Ω)
)1−U

. ‖ℓ‖�−1 (Ω) +
(‖@‖!2 (l) + |D0 |� 1 (Ω)

)U (‖D‖!2 (Ω) + |D0 |� 1 (Ω)
)1−U

.
(‖@‖!2 (l) + ‖ℓ‖�−1 (Ω)

)U (‖D‖!2 (Ω) + ‖ℓ‖�−1 (Ω) + ‖@‖!2 (l)
)1−U

.

(3)

Above estimate can be formulated as follows.

Theorem 2.2 (Conditional stability UC) With � ∈ L (
�1 (Ω), �−1 (Ω) × !2 (l)

)
defined by

�I =
(
{ ↦→

∫
Ω
∇I · ∇{ 3G, I |l

)
,
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for subdomains l b � b Ω and U ∈ (0, 1) from Theorem 2.1, it holds that

‖I‖!2 (�) . ‖�I‖U�−1 (Ω)×!2 (l)
(‖I‖!2 (Ω) + ‖�I‖�−1 (Ω)×!2 (l) )1−U (I ∈ �1 (Ω)).

The estimate from this theorem is a conditional (Hölder) stability result. Indeed,
provided that ‖I‖!2 (Ω) . 1, it shows that

‖I‖!2 (�) . ‖�I‖U�−1 (Ω)×!2 (l) (‖�I‖�−1 (Ω)×!2 (l) → 0).

Notice that on several places in above derivation, we applied Friedrich’s inequality
‖ • ‖!2 (l) . | • |� 1 (Ω) on �1

0 (Ω). For the application to estimate the error in our
least squares approximations, this has the consequence that we need to estimate
approximation errors in �1 (Ω), although in the end we arrive at an error estimate
in !2 (�)-norm. To avoid this discrepancy, we consider the following ultra-weak
formulation of the UC problem to seek D ∈ !2 (Ω) such that{− ∫

Ω
D4{ 3G = ℓ({) ({ ∈ �2

0 (Ω)),
D |l = @ on l, (4)

and redefine � correspondingly.

Theorem 2.3 (Conditional stability UC ultra-weak) With

� ∈ L (
!2 (Ω), �−2 (Ω) × !2 (l)

)
defined by

�I =
(
{ ↦→ −

∫
Ω
I · 4{ 3G, I |l

)
,

for subdomains l b � b Ω and U ∈ (0, 1) from Theorem 2.1, it holds that

‖I‖!2 (�) . ‖�I‖U�−2 (Ω)×!2 (l)
(‖I‖!2 (Ω)+‖�I‖�−2 (Ω)×!2 (l)

)1−U (I ∈ !2 (Ω)).

Proof. It holds that

‖ • ‖� 2 (Ω) h ‖4 • ‖!2 (Ω) on �2
0 (Ω). (5)

Indeed, consider a ball / ⊃ Ω. From the �2-regularity of the Poisson problem on /
with homogeneous Dirichlet boundary conditions, for i ∈ D(Ω) we have

‖i‖� 2 (Ω) = ‖i‖� 2 (/ ) . ‖4i‖!2 (/ ) = ‖4i‖!2 (Ω) .

Let H(Ω) := ran4|� 2
0 (Ω) ⊂ !2 (Ω). As a consequence of (5), we have that

H(Ω) is closed, and therefore is a Hilbert space. From �2
0 (Ω) being a proper

subspace of �1
4,0 (Ω) := {I ∈ �1

0 (Ω) : 4I ∈ !2 (Ω)} equipped with graph norm, and
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4 ∈ L(�1
4,0 (Ω), !2 (Ω)) being boundedly invertible, we infer thatH(Ω) is a proper

subspace of !2 (Ω).
The bilinear form (I, {) ↦→ −

∫
Ω
I4{ 3G onH(Ω) × �2

0 (Ω) is bounded,

sup
0≠{∈� 2

0 (Ω)

∫
Ω
I4{ 3G
‖{‖� 2 (Ω)

h sup
0≠{∈� 2

0 (Ω)

∫
Ω
I4{ 3G

‖4{‖� 2 (Ω)
= ‖I‖!2 (Ω) (I ∈ H (Ω)),

and

sup
0≠I∈H(Ω)

∫
Ω
I4{ 3G
‖I‖!2 (Ω)

= ‖4{‖� 2 (Ω) h ‖{‖� 2 (Ω) ({ ∈ �2
0 (Ω)).

We conclude that for any ℓ ∈ �−2 (Ω), there exists a unique D̂ ∈ H (Ω) with

−
∫
Ω
D̂4{ 3G = ℓ({) ({ ∈ �2

0 (Ω)),

and ‖D̂‖!2 (Ω) . ‖ℓ‖�−2 (Ω) .
We set D̃ := D − D̂. Then

∫
Ω
D̃4i 3G = 0 (i ∈ D(Ω)), and according to Weyl’s

lemma ([Wey40]) this means that D̃ is harmonic.
As before, repeated applications of the triangle-inequality, and an application of

Theorem 2.1 to D̃ show that

‖D‖!2 (�) 6 ‖D̂‖!2 (�) + ‖D̃‖!2 (�) . ‖ℓ‖�−2 (Ω) + ‖D̃‖U!2 (l) ‖D̃‖
1−U
!2 (!2 (Ω))

. ‖ℓ‖�−2 (Ω) + (‖D‖!2 (l) + ‖D̂‖!2 (l) )U (‖D‖!2 (Ω) + ‖D̂‖!2 (Ω) )1−U

. (‖@‖!2 (l) + ‖ℓ‖�−2 (Ω) )U (‖D‖!2 (Ω) + ‖ℓ‖�−2 (Ω) + ‖@‖!2 (l) )1−U,

which is the estimate to be proven. ut
The common variational formulation of the Cauchy problem reads as seeking

D ∈ {| ∈ �1 (Ω) : | |Σ = 6 in � 1
2 (Σ)} such that∫

Ω
∇D · ∇{ 3G = ℓ({) +

∫
Σ
k{ 3B ({ ∈ �1

0,Σ2 (Ω)), (6)

where Σ2 := mΩ \ Σ. The following conditional stability result was shown in
[ARRV09, Theorem 1.7].

Theorem 2.4 (Conditional stability Cauchy) With � ∈ L (
�1 (Ω), �1

0,Σ2 (Ω) ′ ×
�

1
2 (Σ)) defined by

�I =
(
{ ↦→

∫
Ω
∇I · ∇{ 3G, I |Σ

)
,

for a subdomain � ⊂ Ω that has positive distance to Σ2 there exists an U ∈ (0, 1)
such that
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‖I‖!2 (�) . ‖�I‖U
� 1

0,Σ2 (Ω)′×�
1
2 (Σ)

(‖I‖!2 (Ω)+‖�I‖� 1
0,Σ2 (Ω)′×�

1
2 (Σ)

)1−U (I ∈ �1 (Ω)).

So as with the standard variational formulation (2) of the UC problem, there
is a mismatch between the �1 (Ω)-space in which the solution is sought, and the
!2 (�)-norm in which the error in the approximation for D will be measured.

By integrating the left hand side of (6) oncemore for smooth {with supp { ⊂ Ω∪Σ,
we obtain the problem to find D ∈ !2 (Ω) such that

−
∫
Ω
D4{ 3G = 5 ({) := ℓ({) +

∫
Σ
k{ − 6 m{m= 3B ({ ∈ �2

0,Σ2 (Ω)). (7)

This formulation has the additional advantage that also the Dirichlet boundary
condition is natural, so that its imposition will be effortless.

A proof of the following conditional stability result for this ultra-weak formulation
is given in [MS24].

Theorem 2.5 (Conditional stability Cauchy ultra-weak) With the operator � ∈
L(!2 (Ω), (�2

0,Σ2 (Ω)) ′) defined by (�I) ({) = −
∫
Ω
I4{ 3G, for a subdomain � ⊂ Ω

that has positive distance to Σ2 there exists an U ∈ (0, 1) such that

‖I‖!2 (�) . ‖�I‖U(� 2
0,Σ2 (Ω))′

(‖I‖!2 (Ω) + ‖�I‖(� 2
0,Σ2 (Ω))′)

1−U (I ∈ !2 (Ω)).

3 Least squares approximations

We discuss the least squares method from [DMS23] for approximating the solutions
of the ultra-weak formulations (4) and (7) for the UC and Cauchy problem, respec-
tively. Let (- X)X∈� be some (infinite) family of finite dimensional subspaces of
!2 (Ω). Writing � from Theorem 2.3 as � = (�,�), where (�I) ({) := −

∫
Ω
I4{ 3G,

and �I := I |l , the idea of this least squares method is to approximate D by the
minimizer over - X of the regularized least squares functional

I ↦→ ‖�I − ℓ‖2
�−2 (Ω) + ‖�I − @‖2!2 (l) + Y

2‖I‖2!2 (Ω) , (8)

or

I ↦→ ‖�I − 5 ‖2(� 2
0,Σ2 (Ω))′

+ Y2‖I‖2!2 (Ω) ,

respectively.
The choice of the !2 (Ω)-norm in the regularizing terms is determined by its

appearance in the conditional stability estimates.
The dual norms in both least squares functionals cannot be evaluated, and have

to be replaced by discretized dual norms. From here onwards we will focus on the
functional (8) for the UC problem. Obviousmodifications (the replacement of�2

0 (Ω)
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by �2
0,Σ2 (Ω), and the removal of ‖�I − @‖2

!2 (l) ) will give the results for the Cauchy
problem.

Let (. X)X∈� be a family of finite dimensional (or closed) subspaces of �2
0 (Ω),

which will be referred to as test spaces, such that

inf
X∈�

inf
{I∈- X : �I≠0}

sup
0≠{∈. X

| (�I) ({) |
‖�I‖�−2 (Ω) ‖{‖� 2 (Ω)

> 0. (9)

Then by replacing ‖ • ‖�−2 (Ω) by sup0≠{∈. X
|• ({) |
‖{ ‖�2 (Ω)

in (8), an approximation to D is
obtained that is qualitatively equally good. Specifically, we have the following result.

Theorem 3.1 ([DMS23, Thm. 4.1]) Assume (9), and let (ℓ, @) ∈ �−2 (Ω) × !2 (l).
Then for Y > 0,

DXY := arg min
I∈- X

{
sup

0≠{∈. X
| (�I − ℓ) ({) |2
‖{‖2

� 2 (Ω)
+ ‖�I − @‖2!2 (l) + Y

2‖I‖2!2 (Ω)
}

(10)

satisfies, for D ∈ !2 (Ω),

‖�(D − DXY)‖�−2 (Ω)×!2 (l) + Y‖D − DXY ‖!2 (Ω) . Edata + Eappr (X) + Y‖D‖!2 (Ω) , (11)

where

Edata := ‖�D − (ℓ, @)‖�−2 (Ω)×!2 (l) , Eappr (X) := min
I∈- X

‖D − I‖!2 (Ω) .

Corollary 3.1 In the setting of Theorem 3.1, let Y > 0 be such that

Y‖D‖!2 (Ω) h Edata + Eappr (X). (12)

Then with U ∈ (0, 1) from Theorem 2.1 it holds that

‖D − DXY ‖!2 (�) .
(Edata + Eappr (X)

)U max
(Edata + Eappr (X), ‖D‖!2 (Ω)

)1−U
. (13)

Proof. Substituting (12) in (11) shows that{ ‖D − DXY ‖!2 (Ω) . ‖D‖!2 (Ω) ,
‖�(D − DXY)‖�−2 (Ω)×!2 (l) . Edata + Eappr (X),

so that an application of the conditional stability result from Theorem 2.3 gives the
result. ut

The approximation DXY defined in (10) is computed as the first component of the
pair (DXY , {XY ) ∈ - X × . X that solves the saddle point problem{〈4{XY , 4{̃〉!2 (Ω) +(�DXY) ({̃) = ℓ({̃) ({̃ ∈ . X),
(�Ĩ) ({XY ) −〈�DXY , �Ĩ〉!2 (l) − Y2〈DXY , Ĩ〉!2 (Ω)=−〈@, �Ĩ〉!2 (l) ( Ĩ ∈ - X),

(14)
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(see e.g. [DMS23]).

Remark 3.1 (Optimality of U in (13)) For (- X)X∈� with ∪X∈� - X = !2 (Ω), an
estimate as (13) with an exponent Ũ > Û := sup{U : (1) is valid for U} cannot be
valid for any scheme (ℓ, @) ↦→ (DX)X∈� ⊂

∏
X∈� - X that maps zero data ℓ = 0 = @

onto DX ≡ 0. Indeed, suppose such a scheme does exist, and consider ℓ = 0 = @ and
harmonic D ∈ !2 (Ω). Then

‖D‖!2 (�) . inf
X∈�
(‖D‖!2 (l) + min

I∈- X
‖D − I‖!2 (Ω) ) Ũ‖D‖1−Ũ!2 (Ω) = ‖D‖

Ũ
!2 (l) ‖D‖

1−Ũ
!2 (Ω) ,

in contradiction to the definition of Û.

Remark 3.2 (Discussion) To compare with results from the literature, let us choose
the regularization parameter Y such that Y‖D‖!2 (Ω) h Eappr (X) assuming Eappr (X) ≠
0, which corresponds to the choice made in Corollary 3.1 as long as Eappr (X) & Edata.
With this choice of Y, (11) shows{

‖D − DXY ‖!2 (Ω) .
(
1 + Edata

Eappr (X)
) ‖D‖!2 (Ω) ,

‖�(D − DXY)‖�−2 (Ω)×!2 (l) . Edata + Eappr (X).

Assuming that Edata + Eappr (X) . ‖D‖!2 (Ω) , substituting these bounds in the condi-
tional stability result from Theorem 2.3 gives

‖D − DXY ‖!2 (�) .
(Edata + Eappr (X)

)U
·
( (

1 + Edata

Eappr (X)
) ‖D‖!2 (Ω) + Edata + Eappr (X)

)1−U

h
(Edata + Eappr (X)

)U (
1 + Edata

Eappr (X)
)1−U‖D‖1−U!2 (Ω)

h
(
Eappr (X)U + Edata

Eappr (X)1−U
)
‖D‖1−U!2 (Ω) . (15)

This upper bound is proportional to Eappr (X)U‖D‖1−U!2 (Ω) as long as Eappr (X) & Edata,
and thus is proportional to (Edata)U‖D‖1−U when Eappr (X) h Edata, and it increases
unboundedly for Eappr (X) ↓ 0 when Eappr (X) . Edata. 1

Still for the purpose of comparison, let us consider - X to be a finite element space
of degree : w.r.t. a quasi-uniform partition of Ω with mesh-size ℎX into uniformly
shape regular =-simplices.

For the primal-dual weakly consistent regularized finite element method studied
in [BNO23], where the UC problem is considered with forcing term ℓ = 0, it was
shown that

‖D − DX ‖!2 (�) . ℎ
U:
X ‖D‖� :+1 (Ω) + ℎ (U−1):

X ‖D |l − @‖!2 (l) , (16)

1 Our choice in Corollary 3.1 of Y ‖D ‖!2 (Ω) h Eappr (X) + Edata prevents this latter increase, but it
results in a (qualitatively) equal minimal upper bound for ‖D − DXY ‖!2 (�) .
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and so
‖D − DX ‖!2 (�) . ‖D |l − @‖U!2 (l) ‖D‖

1−U
� :+1 (Ω)

for the minimum
ℎX h

( ‖D |l − @‖!2 (l)
‖D‖� :+1 (Ω)

) 1
: .

It was shown that the value of U in the exponents in (16) is optimal, but below we
see that the value of : in these exponents can be improved.

Indeed, using that Eappr (X) . ℎ:+1X |D |� :+1 (Ω) when D ∈ �:+1 (Ω), and by substi-
tuting this upper bound into (15) shows

‖D − DXY ‖!2 (�) .
( (
ℎ:+1X |D |� :+1 (Ω)

)U + Edata(
ℎ:+1X |D |� :+1 (Ω)

)1−U

)
‖D‖1−U!2 (Ω) .

Solving ℎ:+1X |D |� :+1 (Ω) h Edata gives

‖D − DXY ‖!2 (�) . (Edata)U‖D‖1−U!2 (Ω) (17)

for
ℎX h

( Edata

|D |� :+1 (Ω)
) 1
:+1 .

So thanks to the use of an ultra-weak formulation, our least squaresmethod gives a
qualitatively similar bound, but for a larger mesh-size, and so at lower computational
cost (cf. [BNO23, Rem. 3]). Alternatively, by taking finite elements of one lower
degree : − 1, we find (17) for ℎX h

( Edata
|D |�: (Ω)

) 1
: , so with a mesh-size as in [BNO23],

but under a relaxed regularity condition.
Finally, notice that our least squares method is not restricted to quasi-uniform

meshes, meaning that with appropriately locally refinedmeshes regularity conditions
can be relaxed even further. On the other hand, our least squares method requires
the construction of a family of pairs of trial and test spaces that satisfies the uniform
inf-sup condition (9).

An example of a uniform inf-sup stable family of pairs of trial and test spaces is
given by the following. Let T X be a conforming (uniformly) shape regular triangula-
tion of a polygon Ω ⊂ R2. Let - X be the space of piecewise constants w.r.t. T X . For
. X we take the Hsieh–Clough–Tocher (HCT) macro-element finite element space
w.r.t. T X , i.e.,

. X =
{
{ ∈ �2

0 (Ω) : { | ∈ {I ∈ �1 ( ) : I | 8 ∈ %3 ( 8), 1 6 8 6 3}( ∈ T X)}, (18)
where { 8 : 1 6 8 6 3} is the subdivision of  obtained by connecting the centroid
of  with the midpoints of its edges. A proof of the following result is given in
[MS24].

Theorem 3.2 The pair (- X , . X)X∈� satisfies the uniform inf-sup condition (9).
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Also for higher order finite element trial spaces appropriate corresponding test
finite element spaces in �2

0 (Ω) can be found. It is however fair to say that �1-finite
element spaces are not easy to implement. Therefore in the following section we
investigate whether nonconforming test spaces can be applied instead.

4 Least squares with nonconforming test spaces

As before, let (- X)X∈� be some (infinite) family of finite dimensional subspaces of
!2 (Ω). Let (. X)X∈� be a family of (finite dimensional) Hilbert spaces, not necessarily
included in �2

0 (Ω), with Hilbertian norms ‖ • ‖. X . Let �X ∈ L
(
!2 (Ω), (�2

0 (Ω) ×
. X) ′) be such that

(�X •) ({) = (�•) ({) ({ ∈ �2
0 (Ω)). (19)

and
inf
X∈�

inf
{I∈- X : �I≠0}

sup
0≠{∈. X

| (�XI) ({) |
‖�I‖�−2 (Ω) ‖{‖. X

> 0. (20)

For (ℓX , @) ∈ (. X) ′ × !2 (l), where ℓX approximates ℓ ∈ �−2 (Ω), for Y > 0 we
define

DXY := arg min
I∈- X

{
sup

0≠{∈. X
| (�XI − ℓX) ({) |2

‖{‖2
. X

+ ‖�I − @‖2!2 (l) + Y
2‖I‖2!2 (Ω)

}
. (21)

This DXY is the first component of the pair (DXY , {XY ) ∈ - X ×. X that solves the saddle
point problem{ 〈{XY , {̃〉. X +(�XDXY) ({̃) = ℓX ({̃) ({̃ ∈ . X),
(�X Ĩ) ({XY )−〈�DXY , �Ĩ〉!2 (l) − Y2〈DXY , Ĩ〉!2 (Ω)=−〈@, �Ĩ〉!2 (l) ( Ĩ ∈ - X).

(22)

The following theorem generalizes Theorem 3.1 to possible nonconforming test
spaces. A proof can be found in [MS24].

Theorem 4.1 Assume (19) and (20). Let (ℓX , @) ∈ (. X) ′ × !2 (l) and D ∈ !2 (Ω).
Let � X ∈ L(. X , �2

0 (Ω)) be such that

sup
X∈�
‖� X ‖L(. X ,� 2

0 (Ω)) < ∞. (23)

Then for Y > 0 the solution DXY ∈ - X of (21) satisfies

‖�(D−DXY)‖�−2 (Ω)×!2 (l) + Y‖D − DXY ‖!2 (Ω) . Edata + Y‖D‖!2 (Ω)+

min
I∈- X

{
‖D − I‖!2 (Ω) + sup

0≠{∈. X
| (�XI) ({ − � X{) + ℓ(� X{) − ℓX ({) |

‖{‖. X
}
.

(24)

Consequently, if, in addition,
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sup
0≠{∈. X

| (�XI) ({ − � X{) + ℓ(� X{) − ℓX ({) |
‖{‖. X

.

‖ℓ − �D‖�−2 (Ω) + ‖D − I‖!2 (Ω) + osc(X, ℓ),
(25)

where osc(X, ℓ) is some ‘data-oscillation’ term, then

‖�(D − DXY)‖�−2 (Ω)×!2 (l) + Y‖D − DXY ‖!2 (Ω) .

Edata + Eappr (X) + osc(X, ℓ) + Y‖D‖!2 (Ω) .
(26)

For completeness we state the following analogue of Corollary 3.1.

Corollary 4.1 In the setting of Theorem 4.1, let Y > 0 be such that

Y‖D‖!2 (Ω) h Edata + Eappr (X) + osc(X, ℓ).

Then with U ∈ (0, 1) from Theorem 2.1 it holds that

‖D − DXY ‖!2 (�) .(Edata + Eappr (X) + osc(X, ℓ))U max
(Edata + Eappr (X) + osc(X, ℓ), ‖D‖!2 (Ω)

)1−U
.

As is shown in [MS24], an example of a suitable family of pairs of trial and
nonconforming test spaces is given by the following. Let T X be a conforming
(uniformly) shape regular triangulation of a polygonΩ ⊂ R2. Let - X be the space of
piecewise constants w.r.t. T X . Let . X be the Morley finite element space w.r.t. T X ,
being the space of piecewise quadratic polynomials that are continuous at the internal
vertices of T X , and vanish at the boundary vertices of T X , and whose normal
derivatives are continuous at the midpoints of the internal edges of T X , and vanish
at the midpoints of boundary edges of T X . We equip. X with the the Hilbertian norm
‖ • ‖. X :=

√∑
 ∈T X | • |2� 2 () ) . With (�XI) ({) := −∑

 ∈T X
∫
 
I4{ 3G, the uniform

inf-sup condition (20) is satisfied, and uniformly bounded � X ∈ L(. X , �2
0 (Ω)) can

be constructed such that for ℓX := ℓ ∈ !2 (Ω), for arbitrary but fixed A ∈ N, (25) is
valid for

osc(X, ℓ) :=
√ ∑
) ∈T X

min
ℓ̄∈PA ( )

ℎ4
 ‖ℓ − ℓ̄‖2!2 ( ) .

Since osc(X, ℓ) is of higher order than Eappr (X), we conclude that under the
condition that ℓ ∈ !2 (Ω), the error bound with the nonconforming Morley test
spaces is qualitatively the same as with the conforming HCT test spaces.

It can be envisaged that these results extend to =-dimensions for = > 3, cf. [WX06].
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